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Notation

R,C,N Sets of real, complex and natural numbers
R(s) field of rational functions in s with real coefficients
Rs] the set of real polynomials in the variable s
oD Boundary of set D

U-contour Closed contour in Nichols chart

THE) Horowitz templates

f(e) Disturbance templates

K Family of all stabilising controllers

S Set of all stable closed-loop systems

T Set of all stable control sensitivity functions
M, Maximum peak

tp Peak time

ts Settling time

t, Rise time

Throughout this thesis matrix dynamical systems appear inside parenthesis so that

they are distinguished from constant matrices which are denoted by square brackets.
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Abstract

This thesis presents results in the area of robust control design using the Quantitative
Feedback Theory (QFT) methodology. The thesis outlines the main philosophy and the
various stages of this design approach and develops computational tools for carrying
out a systematic design of uncertain feedback control systems in this framework
using techniques of graphical design and computational geometry. Further, the thesis
develops optimisation-based control design methods which can be carried out within
a QFT computer-aided-design environment, with main emphasis on automatic loop-
shaping. Two main design algorithms are proposed. The first involves the robust design
of uncertain systems using fixed-structure controllers (PID, phase-lead/lag etc) which
are widely used in practice. The second method is based on linear programming,
and attempts to design the optimal controller in the frequency domain, subject to
robust stability and performance specifications, augmented by additional realisability
constraints based on the Bode gain/phase integral relationship. The proposed methods
are tested via simple design examples and a detailed case-study involving the design of a
non-linear hydraulic actuator. Simulation results of the closed-loop system demonstrate
the applicability of the proposed techniques for the effective design of uncertain complex

systems.



Chapter 1

Introduction

In this work we develop robust control design techniques based on a methodology
known in the literature as Quantitative Feedback Theory (QFT). This method, first
introduced by I. Horowitz [28] in the early 70’s, applies to the control design of dy-
namic systems which are subject (to potentially large) uncertainty in plant dynamics.
QFT is a systematic procedure for designing systems of this type, and can guarantee
“worst-case” performance and stability properties to the designed closed-loop system,
in the sense that these properties apply over the whole family of models describing
the uncertain plant dynamics. This characteristic makes QFT a robust control design

methodology.

QFT is essentially a loop-shaping design procedure. The design objectives are typically
formulated in terms of bounds on the closed-loop frequency response characteristics,
which in turn can be translated to constraints on the open-loop frequency responses
of the plant. The design requires shaping the open-loop frequency-response character-
istics, so that these constraints are satisfied (over all frequencies). If the constraints
are feasible, an appropriate optimality criterion is typically introduced, which allows
the designer to select the “best” design by choosing the most appropriate feedback
control scheme. In this sense, QFT is also an optimal control-design methodology,
since loop-shaping is normally performed with this optimality criterion in mind. In
this chapter the QFT design methodology is outlined for uncertain, linear, single-input
single-output systems subject to typical stability and performance requirements. Be-
fore this description, however, we introduce the main characteristics of the method by

describing two important control-design methodologies, optimal and robust control.



Optimal Control: Optimal control is a design approach which aims at getting the best
possible performance out of a plant. This objective is normally achieved by optimis-
ing a mathematical expression which incorporates all aspects of the design which are
deemed to be important, e.g. stability margins, performance objectives, etc. This ex-
pression is called the performance index (P.I.). The optimal controller is obtained by
solving an optimisation problem, typically involving a number of constrains. One of
the most successful optimal control methodologies was LQR/LQG (Linear Quadratic
Regulator/Linear Quadratic Gaussian). In this method one assumes that the exoge-
nous inputs (disturbances and noise signals) entering the system can be modelled as
coloured or white noise signals, and minimises a quadratic performance index involv-
ing the rms average power of the regulated variables, which typically include a linear
combination of the state variables and the control signals. When all state variables
are available for feedback, the optimal solution consists of an optimal state-feedback
matrix which is calculated by solving an Algebraic Riccati Equation. When a number
of (noisy) output signals (other than states) are available, the optimal solution is ob-
tained via the separation principle and consists of an optimal state estimator (Kalman
filter) combined with the optimal state feedback obtained using the LQR procedure.
Although the LQR design has excellent robust stability properties (good guaranteed
gain and phase margins), these are typically lost when a Kalman filter is employed.
An optimal controller method which takes into account explicitly robust stability and
performance requirements is Hy, - optimal control which was developed in the last two
decades. This method shares many aspects of its philosophy with QFT; however, the
performance index which is optimised is formulated in terms of the infinity norm of
the closed-loop tranfer functions; this is in contrast to QFT design which optimises
the open-loop frequency response characteristics similarly to classical control. Despite
these differences, it is argued in this thesis that the two methods can fruitfully com-

plement one another.

Robust Control: During the control design process it is typically assumed that the
plant is represented by an linear time-invariant (LTI) model, typically obtained by
linearising a non-linear process around a fixed equilibrium point. In practice, the plant
is subjected to various changing conditions in its interactions with its environment

which tend to move the plant’s set point, and as a result the linearised model will also



change. Additional sources of uncertainty may be due to factors like wear and tear
due to aging of components or due to changing environmental conditions. The plant
may also encounter unaccounted external factors like disturbances, or its mathematical
model may have errors arising due to lack of knowledge of the exact values of certain
of its parameters by the designer, approximations made in the modelling process itself
due to simplicity requirements, or inconsistencies in the transducers used to measure
various signals used for feedback. A control system which is capable to accommodate
the effects caused by all these uncertainty factors is called robust. In general, when it
can be shown that the controller design is stable for all plants within a specified family
which contains all possible sources of uncertainty (“model - uncertainty set”), then we
say that the controller provides robust stability. Apart from robust stability, we are also
interested in robust performance, i.e. the performance of the design should not degrade
excessively when plant uncertainty is taken into account and control signals should be
kept within realistic lever/rate bounds. Typically, robust design methods (including
QFT) employ optimality criteria of a “minimax” type, i.e. they optimise the design
for the “worst-case” situation (e.g. signal, parameter) that can occur among those
allowed by the corresponding uncertainty model. This implies that “robust” control
methods can be conservative, and care must be taken to describe the uncertainty set

as accurately as possible.

Quantitative Feedback Theory is a systematic robust control design methodology for
systems subject to large parametric or unstructured uncertainty. QFT is a graphical
loop-shaping procedure, traditionally carried out on the Nichol’s chart, which can be
used for the control design of either SISO or MIMO uncertain systems, including non-
linear and time-varying models [17, 28, 57, 16]. Relative to other robust-control design
methodologies, QFT offers a number of advantages, apart from its utilisation of clas-
sical control-design techniques. These include: (i) The ability to assess quantitatively
the “cost of feedback” [29)], (ii) the ability to take into account phase information in the
design process (this is ignored in many norm-based approaches, e.g. H, optimal con-
trol which is based on singular values), and (iii) the ability to provide “transparency” in
the design, i.e. clear tradeoff criteria between controller complexity and the feasibility
of the design objectives. Note that (iii) implies in practice that QFT often results in

simple controllers which are easy to implement.



The QFT design procedure is based on the two-degree of freedom feedback configura-
tion shown in Figure 1.1. In this diagram G(p, s) denotes the uncertain plant, while
K(s) and F(s) denote the feedback compensator and pre-filter, respectively, which are
to be designed. Note that model uncertainty is described by the r-parameter vector
p € P C R* taking values in the set P; it is further assumed that G(p, s) has the same
number of RHP poles for all p € P. Translating the uncertainty into the frequency

domain, gives rise to the plant’s “uncertainty templates” which are the sets:
g.={G(p,jw) : p€ P}

For each fixed frequency w, G, defines a “fuzzy region” on the Nichol’s chart which
describes the uncertainty of the plant at frequency w in terms of magnitude (in dB’s)
and phase (in degrees). For design purposes, we construct N uncertainty templates
corresponding to a discrete set of frequencies {wy,ws,...,wy} chosen to cover ade-

quately the system’s bandwidth.

The robust performance objectives of the design include good tracking of reference
input r(s) and good attenuation of the disturbance signal d(s) entering at the system’s
output, despite the presence of uncertainty. The robust tracking objectives are captured

by the set of inequalities:

nax A G(p, jwi) K (jw;)
peP |14 G(p,jwi) K (jwi) |4p

< 8(ws) i= Bu(wi)lgg — Bi(wi)lag

foreachi=1,2,...,N,i.e. if, for each frequency w;, the maximum variation in closed-
loop gain as p € P does not exceed the maximum allowable spread in specifications
6(w;), typically specified via two appropriate magnitude frequency responses B,(w) =
| B.(jw)| and B;(w) = |B,(jw)|. Note that it is not necessary to bound the actual gain
(but only the gain spread) since we assume that, (i) no uncertainty is associated with
the feedback controller K(s), and (ii) the pre-filter F(s) can provide arbitrary scaling
to the closed-loop gain.

The robust disturbance-rejection objective can be satisfied by bounding the sensitivity
function, i.e. by imposing constraints of the form

1
e |1 + G(p, jwi) K (jw;)

for a (subset) of the design frequencies {w;,ws . ..,wn}. Again these are typically spec-

S D(w,-)
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G(p.s) y(s)

Figure 1.1: Feedback Configuration
ified via an appropriate magnitude frequency-response D(w) = |D(jw)|.

Robust stability is enforced by ensuring that: (i) no unstable pole-zero cancellations
occur between the plant and the controller (for every p € P), (ii) the nominal open-
loop frequency response L,(jw) = G(p,, jw)K (jw) (defined for any p, € P) does not
cross the —1 point (i.e. the (—180°,0) point on the Nichols chart) and makes a total
number of (anti-clockwise) encirclements around it equal to the number of unstable
poles of L,(s) = G(p,, s)K(s), and (iii) no (perturbed) open-loop response crosses the
—1 point, i.e.

-1 ¢ U K(]w)gw

weR
Note that condition (i) is automatically satisfied if K'(s) is restricted to be stable and

minimum-phase, while conditions (ii) and (iii) can be easily tested graphically [13, 12].
In practice, a more severe condition than (iii) is imposed: To establish a minimum
amount of damping, it is required that the nominal open-loop frequency response does
not penetrate a closed contour in the Nichol’s chart (U-contour); this is constructed
from an appropriate M-circle and information about high-frequency uncertainty of the

plant {17, 28].

The robust tracking and disturbance rejection objectives have been formulated as gain
inequalities of the closed-loop transfer functions (sensitivity and complementary sen-
sitivity) at the design frequencies. For the purposes of QFT design, these inequali-
ties must be translated into constraints on the nominal open-loop response L,(jw).
This procedure results into a number of contours (“Horowitz templates” f}(¢) and

“disturbance-rejection templates” fZ(¢)) for each frequency w;, @ = 1,2,...,N; these

5



are functions of the phase variable ¢ € (—360°,0°]. Thus, robust tracking is satis-
fied at frequency w; if |Lo(jw;)|ap = fi(¢:) where arg L,(jw;) = ¢;; similarly, robust
disturbance-rejection is attained at frequency w; if |L,(jw;)las = f(¢). The robust-
performance templates (Horowitz and disturbance-rejection) can be easily constructed
(within an arbitrary gain tolerance and for a discretised phase-grid) using a simple

bisection algorithm.

Once the contours corresponding to the robust stability and performance specifications
have been defined, the design proceeds via loop-shaping. First, an arbitrary nominal
plant G,(s) = G(p,, s) is selected, corresponding to an arbitrary p € P. The open-
loop frequency response characteristics of L,(s) = KG,(s) are then shaped so that
the robust stability and performance specifications are satisfied. This procedure is
typically carried out by the designer in a CAD environment on the Nichols chart and
requires a significant trial-and-error element. If the QFT constraints can be met, the
best design is considered to be the one that requires as ”little gain as possible”. This
requirement is formulated rather vaguely at present, but will be made precise in the
sequel. Clearly, the objective here is to avoid an “over-design” of the system, by using

higher gains than necessary. There are two main reasons for this requirement:

¢ A high open-loop gain implies a wide closed-loop bandwidth for the “complemen-

tary sensitivity” functions:

G(p, s)K(s)
1+ G(p,s)K(s)

Now note that the transfer function from a sensor noise input n(s) to the plant

T(p,s) =

output y(s) is =T'(p,s). Assuming that the spectrum of the sensor noise input
is sufficiently ”wideband”, the larger the bandwidth of T'(p, s), the more “noisy”
the output signal will appear. Thus, to prevent a noisy output signal y(t) we

need to restrict the bandwidth of T'(p, s) and thus the system’s open-loop gain.

e A more important reason for the open-loop gain and thus also the closed-loop
bandwidth of T'(p, s) is related to robust stability: For unstructured multiplica-
tive perturbations, the robust stability margins are inversely proportional to
|T(p, jw)|. Since high frequency unstructured perturbations are typically present
in practical systems due to the loss of phase information at high frequencies,

unmodelled high frequency dynamics, etc, it is always desirable to avoid exces-

6



sive closed-loop bandwidths which may cause instability. Note than unstructured
high frequency dynamics cannot be accounted by parametric uncertainty typi-
cally used to describe uncertainty in the standard QFT framework, although it

is possible to modify the approach to take it into consideration.

Due to these two reasons, an optimal QFT design should make use of the minimal
amount of gain, i.e. just enough to meet the robust performance objectives. Thus, it
is typically attempted to shape the open-loop frequency response of the system so that
L(jw;),i=1,2,...,N lies exactly on, or just above, the corresponding Horowitz tem-
plates. This typically requires a significant amount of skill on the part of the designer
and may be too difficult to perform adequately using a trial-and-error procedure. In the
present work, it is attempted to alleviate this difficulty by automating the loop-shaping
design procedure via a number of optimisation algorithms. These will be described in

full in subsequent chapters of the thesis.

When an appropriate feedback controller has been designed, such that all robust
stability and performance constraints are satisfied, the QFT procedure is concluded by
designing a pre-filter to satisfy reference signal tracking specifications. This is typically
a scaling exercise and can be performed using either a manual or an optimisation-
based technique. Finally, closed-loop simulations are typically performed to validate

the adequacy of the designed control scheme.

1.1 Thesis outline

The first chapter of the thesis outlines the QFT design procedure and formally defines
the problem in an optimisation framework. The related areas of robust and optimal
control are also briefly reviewed. A brief literature survey of the work related to this
project is included in Chapter 2, with particular emphasis to QFT-based control design

methods.

Chapter 3 describes the basic background of the QFT approach, including its main
motivation and the various analysis tools employed, with particular emphasis on those

related to the description of model uncertainty and graphical stability tests.



In Chapter 4 the QFT design method is described in detail. A number of theoretical
results related to the method are stated, along with various examples illustrating each
step. Since it is common practice to carry out the design using the Nichol’s chart,
some related background material is also included. The emphasis of the exposition is
on the development of novel CAD tools and algorithms which can assist the designer
or automate altogether the more difficult steps of the procedure. A description of a
number of such tools is included, and a number of known results are reformulated so
that they can be checked automatically (e.g. robust stability conditions on Nichols

chart).

Chapter 5 proposes two new controller design methods based on automatic loop-shaping
techniques, and tests their effectiveness via design examples and simulations. In the
first method, the robust performance objectives (arising from the Horowitz and U-
contours) are used to define the set of linear constraints of the linear programme.
These are augmented by another set of constraints (realisability, analyticity) which
ensure that the optimal frequency response is realisable by an LTI dynamic system
corresponding to the feedback controller. The second algorithm is related to the design
of simple controllers of a fixed structure (PID, phase lead/lag, second-order). Here,

the optimisation is carried out over the set of controller parameters.

Chapter 6 describes in detail the various steps of the complete set of QFT design al-
gorithms, leading to the implementation of the software tool. This includes routines
related to graphical representation of various contours in the Nichols chart (e.g. stabil-
ity regions, robust performance contours, M-circles, plant uncertainty templates, etc),
routines drawn from computational geometry (e.g. convex hulls) and various routines
implementing optimisation algorithms, mainly related to automatic loop shaping and

controller design.

In chapter 7 a detailed case study of a non-linear hydraulic actuator modelling a real
system is presented. The model is linearised around an operating point and the uncer-
tainty in the nominal plant is quantified in terms of ten uncertain parameters assumed
to vary independently over their corresponding ranges. The methods developed in the

thesis are used to design a robust QFT controller which meets the defined robust sta-



bility and performance specifications. The design is validated via extensive simulations
and direct comparison with designs reported in the literature [41] implemented on the

real system.

The main conclusions of the thesis, together with an outline of the scope for future work
are included in Chapter 8. Finally, the appendices appearing at the end of the report
contain background material related to the project, derivations and proofs of various

technical results, together with the Matlab software tool developed in this project.

1.2 Thesis Contribution

o The thesis develops novel optimization-based techniques for analysing and
designing robust feedback controllers using the QFT method. Robust stability
and performance bounds are represented as mathematical constraints and are
subsequently used to formulate optimization problems and thus automate the
loop-shaping design procedure. This replaces traditional design methods relying
on manual loop-shaping which require expert knowledge from the designer and

may result in sub-optimal control schemes.

e The emphasis throughout the work is to design simple-structure controllers which
can be used in practical industrial control. This is consistent with the design
philosophy of the QFT method and provides “transparency” to the design. Thus,
more complex controllers are introduced only when simple structures are deemed

to be inadequate in some sense.

e Part of the work described in the thesis develops a novel computer-based design
environment for carrying out robust-control designs using the QFT method
and for assessing their performance and stability properties. This is based on
fusing together techniques from computational geometry and optimization. The
environment can be used for the purposes of representing plant uncertainty,
visualizing the problem constraints, carrying out manual and optimization-
based feedback control designs and validating the properties of the resulting
control schemes. All optimisation algorithms developed in this work have been
successfully tested in this environment, along with a detailed case-study of a

non-linear actuator.



1.3 Publications resulting from this work

e R. Nandakumar, G. Halikias and A. Zolotas, “An optimization algorithm for
designing fixed-structure controllers using the QFT method”, 2002 IEEE Inter-
national Symposium on Computer Aided Control Systems Design Proceedings,

Glasgow, Schotland UK, September 18-20 2002.

e R. Nandakumar, G. Halikias and A. Zolotas, “A new Educational tool for robust
¢ control design using the QFT method”, Proc. of the 42nd IEEE Conference on
Decision and Control, Vol. 1, pp. 803-808, 9-12 December 2003.

e R. Nandakumar, G. Halikias and A. Zolotas, “Robust Control Design of a
Hydraulic Actuator Using the QFT Method” Proc. European Control Conference
2007, no WeA10.4, Kos, Greece, July 2-5, 2007.

e G. Halikias, A. Zolotas and R. Nandakumar, “Design of optimal robust fixed-
structure controllers using the quantitative feedback theory approach”, Proc.
IMechE Part I: J. Systems and Control Engineering, 221(4), pp. 291-312, July
2007.
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Chapter 2

Literature Survey

Quantitative feedback theory (QFT) was initially proposed by I.M.Horowitz in 1963
[28]. It is a design method for designing robust control systems for uncertain plants
subject to structured, unstructured or mixed-type uncertainties. QFT was initially
developed for SISO systems and later extended to the multivariable case. The main
contribution of Horowitz’s work was to formulate the loop-shaping problem for an un-
stable and /or non-minimum phase plant and show that this is equivalent to a problem
involving a stable non-minimum phase plant, by appropriately re-defining its robust
stability and performance bounds. Initially, the proposed design procedure did not
involve unstable plants; however this procedure was later extended by Horowitz to the
unstable case in [30]. In 1972 Horowitz and Sidi proposed a new procedure for car-
rying out the robust control feedback design, by shifting the plant’s stability bounds
[29]. Although this procedure was generally efficient it lacked a formal proof, an issue
that was successfully addressed by Chen and Ballance [12]. The QFT technique was
extended to SIMO systems by Breiner [5].

A major issue with controller design using the QFT method is enforcing stability to
the closed-loop system. As in any control problem, system stability is the most im-
portant objective and has to be established before attempting to satisfy performance
specifications. A method dealing with this issue was suggested by Cohen, Chait, Yaniv
and Borghesani [43]. This is based on the well known stability criterion proposed
by Nyquist. Since the Nichols chart is traditionally used for control design in QFT,
the Nyquist stability criterion must be translated into the Nichols chart and, ideally,
must be verified via an automatic graphical technique. Nyquist stability in the Nichols

chart was further developed by Ballance and Chen [13], with particular emphasis on
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non-minimum phase and unstable systems. Their work resulted in a simple test which
can be verified automatically via purely graphical means. This is especially useful for

QFT design within a automated CAD environment and is used extensively in this work.

Although the main objective of the QFT design is to achieve robust stability, it is also
important to satisfy robust performance specifications. In QFT these are typically
imposed in the form of frequency-domain bounds on the sensitivity, complementary
sensitivity and control-sensitivity functions, over a discrete frequency grid. The robust
performance objectives are normally regarded as the constraints of an optimisation
problem, the optimality criterion being formulated in terms of system over-design and
controller complexity. Thus, the optimal loop-shaping of the open-loop characteris-
tics becomes a significant aspect of the design, i.e. identifying the design (among all
“feasible” designs) which achieves an “optimal” solution for the system. Design of ro-
bust controllers using QFT for plants with uncertainty was investigated by Jayasuriya
and Zhao [32, 33]. Sidi [44, 45] and Horowitz and Sidi [30] presented a robust con-
trol design method for uncertain non-minimum phase plants with required closed-loop
performance. No explicit optimisation problem was formulated; however their method
gives the designer valuable insights into the tradeoff between closed-loop performance
and bandwidth limitation [29]. A solution to the control problem is achieved during
the loop-shaping stage of the procedure, using geometric contours derived from the
robust performance specifications and the description of plant uncertainty. This essen-
tially involves a modification of the open-loop response of the system, required to lie in
certain regions of the Nichols chart and specified by the geometric contours described

above. [36] provides a method for designing non-minimum phase MIMO system.

In the procedure initially suggested by Horowitz, manual loop-shaping was used. This
is performed via an iterative design procedure and requires considerable skill from the
part of the designer. Manual loop-shaping is essentially a trial and error method.
Consequently, if the graphical constraints seem infeasible, it is not possible to decide
conclusively whether this is due to the simple structure of the controller used, to the

limitation of the designer’s abilities, etc.

After the arrival of computers capable of carrying out complex calculations, a signif-
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icant amount of effort has been devoted in trying to develop automatic loop-shaping
QFT procedures. Polygonal approximation of the uncertainty templates was employed
by Longdon and East (1978). A similar computational technique applicable to non-
rational transfer functions aiming to alleviate the construction of uncertainty templates
of QFT was reported by Gautam and Natarai [22]. Template generation using param-
eter discretisation methods suffers from the “curse of dimensionally”. As a result in
most problems the designer is forced to trade-off between choosing a coarse plant grid
to minimize the computational burden versus a fine grid to maintain highly accurate
robustness specifications. An attempt to alleviate this problem using methods not re-

lying on gridding is proposed in [4].

Another fundamental problem of QFT involves the design of the feedback controller
satisfying satisfies a discrete set of robust stability and performance specifications.
Yaniv and Chait [61] proposed a design method using quadratic inequalities, which
applies both to continuous and discrete-time systems. A technique based on including
a measure of unstructured uncertainty, the amount of which is dictated by the circle
criterion, was proposed by Wang [55]. An efficient design technique was first obtained
by Gera and Horowitz [24]. An automatic loop-shaping algorithm using convex opti-
misation which optimises the location of the zeros of the controller was proposed by
Chait [9]. This has the clear limitation that the denominator of the controller must
be specified in advance. Certain ad hoc rules for this task have been proposed in [9],
but these require significant skill and experience from the part of the designer. The
single-loop feedback design technique by Horowitz and Sidi [29], matches sensitivity
as well as robustness specification for the ezact amount of model uncertainty, and its
criterion for a good design is the high-frequency gain originating by the ideal Bode
characteristic of a loop transmission function [2]. An adaptive algorithm to modify the
controller’s parameters by reducing the effects of plant uncertainty without affecting
closed-loop performance was proposed by Yaniv [56]. Gutman [26] developed an algo-

rithm to identify the reduced plant uncertainty.

The common grounds between QFT and H.-optimal control were explored by Theodor
and Shaked [48], resulting in a combination of both QFT and H, methods, aiming

at designing robust H, controllers with almost no over-design. A similar method for
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reconciling QFT and robust multivariable control was proposed by [48] using an ap-
proximation technique. Using this method it was shown that Nichols chart robustness
bounds can be calculated without gridding of the uncertainty set and instead can be
approximately solved using standard tools of robust multivariable control. Further
connections between QFT and modern robust control were established by Lee, Chait
and Steinbuch [37]. In this work it is argued that the integration of optimal control
synthesis and manual tuning in QFT design environment enables design of controllers
with levels of performance that surpasses what can be achieved using only a single
technique. A constructive example is used to demonstrate that QFTs open-loop tun-
ing can be more transparent than tuning closed-loop weights, as in modern robust
control. Another approach aiming to develop a design methodology by utilising the
best features from both modern robust control and QFT is proposed in [1]. In con-
trast to QFT, modern robust control typically results in high-order (observer-based)
controllers. In the above cited work the authors characterise a class of second-order
three-parameter controllers (including PID and lead/lag compensators) satisfying given
H. norm closed-loop specifications using simple geometric considerations. An exam-
ple illustrating the method is applied to the design of a PID controller in the case of
bounded sensitivity specifications. These results were extended in [35] to the problem
of obtaining the complete set of PID parameters that attains prescribed gain and phase

margins.

in [50] the authors review modern QFT design in the light of modern robust con-
trol, motivated by the desire to develop a more rigorous treatment of non-minimum
phase systems and/or plants characterised by mixed parametric and non-parametric
uncertainty models. In this “new” approach traditional QFT robust performance and
stability bounds (Horowitz templates) are replaced by sensitivity function bounds. A
modified sensitivity-based QFT formulation is proposed in which limitations on the
choice of nominal plant are made transparent; this formulation results in open loop de-
sign bounds which are equivalent to the traditional QFT problem at zero phase angle,
while over-bounding them elsewhere. This formulation is also shown to meet the same
necessary condition for Bode feasibility as traditional QFT. A gradient-based formu-
lation for obtaining sensitivity QFT performance bounds is reported in [49] leading to

constrained optimisation methods for determining controller parameters. Topological
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aspects of QFT-based methodologies are reported by [51], who also show that QFT

design can be formulated as a “strong” H,, optimisation problem.

Thompson and Nwokah [51} developed an algorithm for shaping minimum-gain con-
trollers. A more recent trend in automatic loop-shaping involves the use of conver
optimisation methods. Bryant and Halikias [6] introduced a design procedure based on
linear-programming. Another method of optimal loop-shaping involving simple fixed-
structure controllers was proposed by Zolotas and Halikias [63]. The last two methods
(linear programming approach and fixed-structure controller optimisation) are devel-
oped further in this work. Gain-bandwidth optimisation methods of PID controllers in
the context of QFT design are also developed in [53]. [53] also describes a constrained
optimisation method aimed at reducing the excess gain-bandwidth of an initial control
design thereby improving its performance, while robustness can be incorporated in the

design if the parameter bounds are suitably specified.

A two-step approach for automatic QFT closed-loop design is proposed in [14]. Auto-
matic loop shaping of low-order QFT controllers by non-iterative methods designed in
an open-loop method were proposed in [59] and [60]. Linear programming optimisa-
tion techniques for solving the same problem are reported in [10]. It is argued that the
proposed method outperforms alternative automated loop-shaping techniques based
on convex optimisation, as QFT bounds are typically non-convex; over-bounding QFT

bounds by convex sets can thus be strongly conservative.

QFT was initially developed as a SISO design methodology, although extensions to
the multivariable case are possible via a technique which decomposes the problem to
a number of independent MISO designs by assuming a diagonal feedback controller
see [38]. Recent developments in this area include the work of [34] using a sequential
approach (closure of “one-loop at a time”), [11] via a pseudo-diagonalization technique
combined with diagonal-dominance methods and [39, 20] which relies on a non-
sequential methodology. Another approach suggested by [21], to model MIMO system
involves tracking error specifications. This method treats effects of uncertainty as
output disturbances.

QFT is essentially a graphical design methodology and an important reason for
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its relative success over recent years is that it develops classical control concepts
in a natural and transparent way. As the complexity of the method, however, is
considerably higher than classical control, the development of effective graphical user-
friendly software tools are essential for its applicability. The standard commercial
Matlab tool developed recently [3] is sufficiently versatile for the effective design of
SISO systems with moderate complexity. It is important, however, for the success
of the method that QFT-based software does not lag behind theory developments in
the field. Open-source QFT tools applying recent QFT techniques are reported in
[31] and [42]. In this work, a new Matlab-based toolbox has been developed based on
the techniques reported in this thesis which, it is hoped, can make the QFT design
technique accessible to the wider control community and serve as a test-bed for the

implementation of novel techniques and algorithms.
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Chapter 3

Design Background

In this chapter we provide the necessary background information about the various
techniques used in this thesis for the design of robust controllers using the QF T method.
The main platform for the QFT design is the Nichols chart. The first section in this
chapter deals with the procedure for the construction of various design contours on
the Nichols chart, especially M and N-contours. M circles in the Nyquist diagram
are used in classical design to define regions which must be avoided by the open-loop
frequency response, in order to provide a minimum damping for the closed-loop sys-
tem (i.e. good stability gain and phase margins, limits on the sensitivity function,
etc). They can be thought of as regions imposing stronger requirements on closed-
loop stability than Nyquist conditions specifying the encirclements of the critical point
(—1). In QFT M contours are important for two reasons: (i) They are used to de-
fine the “high-frequency U-contour” which imposes robust minimum damping bounds
to the design in the high-frequency range, and (ii) They can be used to define the
“Horowitz templates” which specify the minimum open-loop gain necessary to achieve
the maximum allowable spread in tracking specifications despite the presence of plant

uncertainty. Both these contours are described fully in the sequel.

One of the main tools used to check closed-loop stability of a control system is the
Nyquist stability criterion. Since the QFT design is entirely carried out in the Nichols
chart, it is essential to have a rigorous procedure to verify the stability of the system
in this domain. Section 3.2 of this chapter explains the transformation of the Nyquist
stability criterion into the Nichols chart. Since the main advantage of the QFT design
methodology is its ability to deal with plants with high uncertainty, section 3.3 in this

chapter gives a brief description of various types of model uncertainty encountered in
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practice. In addition, stability tests based on the nominal plant are generalised to robust
stability tests, which ensure closed-loop stability for certain quantifiable measures of

plant uncertainty.

3.1 Nichols Plot

The Nichols chart is a rectangular coordinates plot of magnitude and phase. It was

first introduced by Nathaniel Burgess Nichols, b. 1914.

The Nichols plot is a graph of the open-loop phase (in degrees) vs open-loop magnitude
(in dB) with the addition of superimposed closed-loop constant magnitude and phase
contours. The system’s closed-loop frequency response characteristics may be easily
determined from these super - imposed contours once the frequency response of the

open-loop system has been displayed.

The M and N circles in the Nyquist diagram which indicate the corresponding closed-
loop gain and phase properties of the feedback design transform into non-circular M
and N contours on the Nichols chart. Thus, closed-loop information can be immedi-
ately obtained from the open-loop frequency response plot of the system. In particular,
the gain and phase margin of the design can be derived by considering the points where
the open-loop frequency response crosses the magnitude axis and phase axis, respec-

tively.

3.1.1 M-Circle

A M-Circle in the Nyquist diagram is defined as the locus of all open-loop frequency
response points which corresponds to a fixed closed-loop magnitude M [52]. Consider

the closed-loop plant shown in figure 3.1, whose frequency response is

__G(w)K(w)
1+ G(jw) K(jw)
Here G(jw) and K (jw) denote the frequency response of the (nominal) plant and the

T(jw) (3.1)

controller, respectively.
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Figure 3.1: M circle on Nyquist Plot

The magnitude of the closed-loop system at frequency w is:

G(jw) K(jw)

TG = T G K@)

(3.2)

We are interested in characterising the geometric locus of all points of the Nyquist
plane at which |T(jw)| = M (constant). Let the open-loop frequency response of the
plant at frequency w be G(jw) K(jw) = u + jv. Then:

M = lutgvl  _ Vul + 02 M= u? + o2
11+ u+jv| (T4 u)?+ 02 (14 u)? + 22
Thus:
u?(1 — M?) + v*(1 = M?) - 2uM? = M? (3.3)
or,
u? +v? —2u MM (3.4)

1-M?%)  (1-M?)

By completing the squares in equation 3.4 we get:

M2\, M
<u+_M2—-l) +v° = <M2—1> (3.5)

This equation represents a circle with its centre at (-1\—4%, O) and radius |M“{I_—l| in the
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Figure 3.2: M circle for Casel, Case2 and Case3

polar (Nyquist) plane.

From equation 3.5, it can be noticed that the position of the M circle on the Nyquist
plot varies with the value of M. This gives rise to three special cases which are

considered in detail next:

Case 1

. . . . 2
The first case is M > 1. Since the centre of the circle is at (—ﬁMr,

T 0), we have:

—M?
M? -1

Thus the centre of the circle in this case lies on the negative real axis. A typical plot

<l1

is shown in figure 3.2. It is also easy to show that the M - circle lies to the left of the

1

vertical line A through the co-ordinates (—5, O) in this case.
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Case 2

The second case is when M = 1. Substituting M = 1 in equation 3.3, the coordinates
of the point A are (—3,0). In this case the plot is the vertical straight line 4 (—31,0)

as shown in the figure 3.2.

Case 3
The last case is M < 1. Since:
—M?2
M2-1
the centre of the circle will lie on the right half of the plot as shown in figure 3.2, and

>1

the co-ordinates of the point B are (1\7[—1;{2—1)

3.1.2 N-Circles

While the closed-loop gain of the plant can be obtained from the M circle on the
Nyquist plane, the closed-loop phase information is provided by the N circles. Let N
be a constant angle, and let K(jw) = u + jv at an arbitrary frequency w. Then the

phase of the closed-loop system T'(jw) is:

arg T(jw) = arg K(jw) — arg(1 + K(jw)) (3.6)
so that

1+ ()=

I+u

v_ v
arctan(N) = arctan (—-—‘i—li"—5>

By rearranging the above equation we get:

v
u? + u + v?

(o)) e

Equation 3.7 is an equation of a circle with centre at (-1, 5L-) and radius 53cvVN? + 1.

which implies that

The intersection of the open-loop locus of G(jw) on the N circle gives the phase of the

closed-loop at the frequency corresponding to the point of intersection.
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Figure 3.3: M circle for M > 1

3.1.3 Transfer of M circles to Nichols Plot

Based on the value of M, the pattern of the M circles on the Nichols chart can be
obtained for the three cases outlined in the previous section. To transfer the M circles to
the Nichols chart, consider a straight line (constant phase) through the origin described
by the equation

v=lu (3.8)

where u and v denote the real and imaginary parts of the open-loop frequency response
respectively. To transfer the M-circles to the Nichols chart we need to solve the two

equations (M-circle and straight line) simultaneously.

Case 1

When M > 1 the circle will lie to the left or the negative half of the Nyquist plot as

shown in figure 3.3.

From figure 3.3 it can be noticed that as the fixed phase line rotates through 360° it
can be the tangent of the circle on two occasions, at point z; and 2. Thus the M circle

on the Nichols plot will be defined only for the phase range:

~180° — sin™! (%) < ¢ < —180° +sin™! (i%)
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Figure 3.6: M circle when M < 1

For any ¢ (strictly) inside this interval there are exactly two (positive) solutions to
the system of simultaneous equations corresponding to the M - circle and the straight
line. It follows that the M circle on the Nichols chart in this case is a closed contour

as shown in the figure 3.5.

Case 2

As shown in figure 3.4 the M circle is a vertical line through the point (—1,0). Thus
the closed-loop magnitude will tend to infinity when the open-loop phase approaches
—-270° and —90°. Clearly, in this case the simultaneous equations have one positive
and one negative solution, the later being discarded since it cannot represent a gain
variable. Converting this plot to Nichols chart corresponds to an open contour defined
for phases in the open interval —270° to —90° only and tending to infinity as we ap-

proach these two phases.

Case 3

M"%l < %I the M circle in the Nyquist diagram encloses the

Since in this case
origin. Thus the constant phase line v = lu will cross the circle at two distinct points

which means that on solving the system of equations corresponding to the circle and
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Figure 3.7: Nichols Plot

the straight line we always get two distinct positive solutions for z; and z,, i.e. 1; # z,.

Thus the plot of M-circles on the Nichols chart will be an open-ended contour as shown
in the figure 3..

For an open-loop stable system G(s), the maximum magnitude ratio Mp is obtained
by finding the largest M contour which touches, but does not cross the G(jw) locus.
Mp is a useful design parameter since it indicates the maximum (“resonance”) peak of
the closed-loop magnitude frequency response, or indirectly the “minimum damping”
of the system. The frequency corresponding to M, w, say, is not a direct reading,
but can be easy obtained by interpolating the frequency-response G(jw) data points.
The bandwidth of the closed-loop system is similarly found from the intersection of
the G(jw) locus with the —3dB contour. Since all M - circles on the Nyquist plane

are symmetric with respect to the negative real axis the corresponding contours in the
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Nichols chart will be symmetric relative to the ¢ = —180° line.

3.2 Stability

A stable system is an absolute requirement for any control design. The system’s sta-
bility conditions can be different in its open-loop and closed-loop state, and thus an
open-loop stable system does not necessarily imply a closed-loop stable system. There
are various methods available to check system stability. The most direct method is to
identify the location of the closed-loop poles, which must all lie in the open left-half
of the complex plane (i.e. have negative real parts). However, this test requirs the
full knowledge of the plant model and does not generalise easily to a test for “robust”
stability, since this would typically require the calculation of the poles of an infinite
number of systems (each corresponding to an uncertain plant). The most versatile sta-
bility test is based on the Nyquist stability criterion. This requires only the frequency
response of the open-loop system (and the number of open-loop unstable poles) and

generalises easily to produce robust-stability tests.

As mentioned earlier the QFT problem is traditionally formulated using the Nichols
chart. Thus, in this section, the Nyquist stability criterion is re-formulated in this

domain.

3.2.1 Nyquist Stability Criterion

The Nyquist stability criterion relates the total number of encirclements of the open-
loop frequency response around the critical (—1) point to the number of the system’s
closed-loop poles that lie in the right half of the s - plane. The Nyquist stability crite-
rion is based on the result from complex analysis, known in the literature as Cauchy’s

principle of the argument. [23, §].

Number of Poles and Zeros: Let G(s) be analytic on the s - plane except at except
at a finite number of points (namely, the poles of G(s)) (figure 3.8). Then we may

write G(s) using Laurent’s series expansion as:
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Figure 3.8: S - Plane

A_, A_
G(S)=m+...+s_;

The coefficient A_, is called the residue of G(s) at s, and may be evaluated as

+ B, + Bi(s—58,) +... (3.9)

1
A_; = Res[G(s); s,] = —]{ G(s)ds (3.10)
2T Cc
where ¢ denotes a closed arc within an analytic region centered at s, that contains no

other singularities.

Theorem: Let G(s) be an analytic function inside and on a closed contour C except for

a finite number of poles inside C. Then, as we transverse C' in the clockwise direction,

1 [G'(s),
-2—71’ (S) ds=7Z-P
Equivalently:
1

where Z is the number of zeros and P is the number of poles inside C.

Proof - Let s, be a zero of G with multiplicity k. Then in some neighbourhood of that

point we may write G(s) as:

G(s) = k(s = 50)" 7 (8) + (s = 50)" f'(5) (3.12)
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where f(s) is analytic and f(s,) # 0. If we differentiate equation 3.9, we get
G'(s) = k(s — 8,)* 71 f(5) + (5 — 8,)* f'(s)

from which it follows that:

Gs) __k_, ()

G(s) T s—s, f(s)
Therefore £ has a pole s = s, with residue k. This procedure is repeated for every

G(s)
zero. Hence the sum of the residues of g((;)) is the number of zeros of G(s) inside C. If

S, is a pole with multiplicity I/, we may write G(s) as
h(s) = (s — 8,)'G(s) (3.13)

where h(s) is an analytic function and h(s) # 0. From equation 3.13 we get:

__Nh(s)
G(s) = 5= o)
Differentiating the above equation gives:
oy (s) Lh(s)
Gls) = (s —50)"  (5—so)t*!
so that
G'(s) -1 h'(s)

G(s) s—s, h(s)

This analysis is repeated for very pole. It follows that the sum of the residues of %%5_)2

at every pole of G(s) is equal to —P. Using equation 3.10

1
= f{c d(InG(s)) = Z— P

G

where d(InG(s)) was substituted for GI((:)) ds. If we write G(s) in polar form then

f;d(lnG(s)) = fd (In|G(s)| + j arg(InG(s))

r
= In|G(s)[[525} + JargG(s) 3233

$=s1

Since I is a closed contour, the first term is zero, and the second term is s times the

net encirclements of the origin. Thus:

1

i b d(inG(s)) = Z— P

as required. a
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Remark: If G(s) is stable, then its unity feedback closed-loop system is also stable if
and only if, the Nyquist contour does not encircle the (—1,0) point. If G(s) has P poles
in the right-half of the s-plane, then the number of counter-clockwise encirclements of
the (—1,0) point must be equal to P for the corresponding closed-loop system to be
stable. [58].

3.2.2 Stability criterion on the Nichols Chart

Since QFT design is carried out on the Nichols plane, it is sensible to have a criterion
to specify stability of a system directly in this plane. A version of Nyquist stability cri-

terion on the Nichols chart was first developed in [43]; this was further improved in [12].

The stability criterion on the Nichols chart is a re-formulation of the Nyquist stabil-
ity criterion. Stability of a system in the Nyquist plane is mainly based in the Zero
exclusion theorem, i.e. for a system to be stable the condition 1+ L(jw) # 0 should
hold, and the net encirclements of the critical point —1 should be zeroi.e. N=P—-Z2
where P is the number of poles and Z is the number of zeros of the system. In the
Nyquist plot the direction of the system response produced by an unstable pole is in
the anti-clockwise direction in the left half of the Nyquist - plane and this is called
Negative crossing of the stability line S.. The response produced by a zero in the
system is in the clock-wise direction in the left half of the Nyquist - plane, and this is
called Positive crossing of the stability line S.. The stability line together with typical

positive and negative crossings are shown in the figure 3.9.

Firstly the stability line S, which contains the critical point —1 in the Nyquist plane
is translated onto the Nichols chart. The stability line in the Nyquist plane is given by

S.={(z,y):y=0,z < -1} (3.14)

S, is translated onto the Nichols chart using the relations Z = a + ib, where a = r cosf
and b = rsinf (in this case a = —1 and b = 0), and so the stability line on the Nichols
chart 5, is given by |

S, =:{(6,r):6=-180°r > 1}dB (3.15)
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Figure 3.9: Positive and Negative crossing, and stability lines S. and S,, on the Nyquist
plane and Nichols chart

The stability lines on the Nyquist plane and on the Nichols chart are shown in figure
3.9. The stability criterion on the Nichols chart is formulated by applying the Nyquist
stability criterion on the Nichols chart. The stability line in the Nichols chart is given
by S,., this line corresponds to the stability line S, in the Nyquist chart as shown in
figure 3.9. The stability analysis of a plant in the Nichols chart is based on the number
of positive and negative crossing’s of the stability line S,, by the open-loop response of

the system.

To introduce the stability condition a stable system with n stable poles in equation

3.16 is considered. Let:
N(s)
L =
=55

The poles of the above system lie in the left half of the s - plane. The closed-loop

(3.16)

stability of the system for various cases is guaranteed by the conditions below:

e For a system whose response lies above the line r = 0 dB the open-loop response
should pass through the line r = 0 dB, in the range —180° < 180° to make the

system response stable.

e As a direct consequence of the Nyquist stability criterion, the net positive
and negative crossings of the stability line R, =: ¢ = —180°r = [0,00) and
Ry, =: ¢ = 180°,r = [0, 00), should be zero, i.e. if the system response crosses

the stability lines R; or Rp, then, in order for the system to be stable, the
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Figure 3.10: Stability region shown on Nichols chart, Fig (a) A. One crossing B. No
corssing, Fig (b) Several crossings

response should re-enter the stability region. Then the response should cross the

line r = 0dB within the stability lines, thus satisfying the above condition.

e For a plant whose open-loop response starts below the line » = 0dB, the system

is always stable.

Nichols stability criterion for Unstable/Non minimum phase plants

The region of the open-loop response plot on the Nichols chart will be dictated by
the presence of an unstable pole or zero in the plant. Depending on the number of
unstable poles or poles the system response is shifted towards the right in multiples of
n, where n is the pole-zero excess of the system. The stability of a system is checked
using Nichols stability criterion by first transforming the unstable/non-minimum phase
plant into a stable/minimum-phase plant, then shifting the robust stability bounds by
a specific amount in the horizontal axis (phase value), and finally applying the stability
criterion. In the process of converting the unstable/non-minimum phase plant into a
stable/minimum-phase plant, the gain of the plant response should not be altered, in
order to retain the plant characteristics. A procedure for finding the required phase shift

for the robust bounds is given in {13, 25]. First consider an unstable/non minimum-
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phase system factored as:

_ N(s)Z(=s)
PN(S) = D(S)P(_s) (317)

where Z (—s) is an unstable polynomial containing all the non-minimum phase zeros
of N(s), i.e. all zeros in the right half of the s - plane; similarly P(—s) contains
all unstable poles, i.e. all plant poles in the right half of the s- plane. The general

expression for robust stability margin for a plant in QFT design is given by:

where Ly(s) = Py(s)Kn(s) and « is a constant. Here Py(s) denotes the transfer

(3.18)

function of the plant and Ky(s) the transfer function of the feedback controller. The
subscript N is used to avoid confusion with previous sections, and emphasises that the
discussion here is based on the Nichols chart. Let the nominal plant for this system be

given by: )
N,(8)Z,(—s
Py (5)  Nele)Zul=)
Do(s)Fo(—s)
In order to achieve a stable/minimum phase system, without affecting the magnitude

(3.19)

frequency response of Py,(s), while shifting its phase response along the horizontal

axis, define:

Zo(—3)Bu(s) (3.20)
Zo(5)Po(—s) '
|A(jw)| =1 for all w € [0, 00). Define also:

A(s) =

Clearly A(s) is an all-pass function, i.e.

Py,(s) = Py,(s)A7'(s) (3.21)
— No(s)Zio(s) (322)
D,(s)P,(s)

and note that the system in equation 3.22 is stable and minimum-phase. Now,

Ly(s) = Pn(s)Kn(s) = Pn(s)Kn(s)A(s) = Ly (s)A(s)

where L'y (s) = Py(s)Kn(s) and Py(s) = Pn(s)A™!(s). Then, for a general frequency

w, the robust stability condition is given by:

Ly(jw) Ly(jw)
—| = - - < 3.23
T+ LuGo) |~ | AG) + T Go)| = (5:29)
Since Ly(jw) = 5}:‘; (é:)) Ln,(jw), the robust stability condition in equation 3.23 for a

nominal plant is given by:

Prnjw) L (]w)
P”Pjv‘;’w) <~ (3.24)
L+ PGy Lo (1)
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Substituting Ly,(jw) in terms of L)y (jw) we get

A L (W) A(jw)
1+ 2O 11 (jw) A(jw)

PNo(jw) o

<7

Substituting Ly, = re’® in the above equation we get

Py (jw) 0 Yl pd (6—arg A(Gw))
P Gy AU TE T ‘ (3.25)
Pn(j - B—arz Al :
1+ FI%%A(]W)TCJ(G arg A(jw;))

From equation 3.25

¢ =0 - arg A(jw) and r'=r

where L}y (jw) = r'ef®. It can be noticed from the above equation that the robust
bound for the new system L’y (jw) can be obtained by shifting the robust bounds for
the system Ly, (jw) horizontally be an additional phase of — arg A(jw), while the gain
remains the same. The new stability line in the Nichols chart after the modification of

the system is given by:
Rn(w) = (0,7) : 0 = —(29 + 1)180° + arg(A™!(jw))

where r >0 and ¢ =0,+1,+2,....

Remark:- The closed-loop response of the transformed nominal plant L, (jw) is stable
if only if the number of net positive and negative crossings of the new stability line R,,

is equal to the difference of the number of right-half-plane zeros and poles of L(s).[13]

3.3 Uncertainty

The plant model used for design purposes is essentially an approximation of the true
plant. Due to this fact the output response of the actual plant varies from that of the
modelled plant when the two systems are excited by the same input [46, 62]. In control
systems, model uncertainty gives rise to the need for robust design, i.e. the stability
and performance specifications should be ideally maintained despite the presence of

uncertainty in the model.

There are two main classes of uncertainty models. These are (i) Unstructured uncer-
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tainty models, and (ii) Structured (parametric) uncertainty models. [38]

In an unstructured uncertainty model it is assumed that the plant’s input-output char-
acteristics are known only approximately. Thus this type of uncertainty is typically
described by frequency-domain bounds on the magnitude response of the system, e.g.
via bounds on the deviation from a nominal response. For a multivariable system,
for example, an unstructured uncertainty model implies that we do not know how the
uncertainty is distributed among the different entries of the system. Unstructured un-
certainty models are typically used to describe high-frequency un-modelled dynamics
or loss of phase information at high frequencies. Structured or parametric uncertainty,
on the other hand, typically arises due to uncertain parameters in the coefficients of

the corresponding transfer function or state-space model of the process.

There are many different ways of modelling unstructured uncertainty in dynamic
systems. Two of the most common models are the additive uncertainty model and

the multiplicative uncertainty model [38]. Additive uncertainty is represented by:
Gi(s) = G(s) + A(s) (3.26)

where G,(s) is the true plant, G(s) is the nominal model and A(s) is the uncertainty.

A Multiplicative or Relative uncertainty model is given in the form:
Gi(s) = (I - A(s))G(s) (3.27)

where again G(s) is the true model, G(s) is the nominal model and A(s) is the
uncertainty. In both cases it is assumed that A(s) is any transfer function satisfying an
inequality of the form ||A(jw)]] £ p{w) for an appropriate real-valued function u(w).
Here ||Al| represents an appropriate norm of A, which in general can be assumed to be
a matrix. Note that for a multiplicative uncertainty model, uncertainty is defined at
the output of the plant. Thus this model would be appropriate to represent a system
with uncertain or noisy sensors. A dual model of input multiplicative uncertainty could
be described by the equation G;(s) = G(s)(I — A(s)) which could model a system with
uncertain actuators. Of course the above distinction is valid only for multivariable
systems. In the scalar case where G(s)A(s) = A(s)G(s) the two models are equivalent.
Figures 3.11a and 3.11b show a plant subject to additive and multiplicative uncertainty
A(s).
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Figure a: Additive Uncertainty Figure a: Multiplicative Uncertainty

Figure 3.11: Plant with Additive fig(a) and Multiplicative fig(b) Uncertainty’s

A parametric uncertainty model is typically of the form G(s, @) and is described by
a parameter vector ¢. The plant’s coefficients depend on ¢, whose elements may take
values in certain intervals in the parameter space, e.g. ¢, < ¢ < ¢y. As the pa-
rameters ¢; vary between their lower and upper limits a complete family of systems
is generated which describes the permissible structured uncertainty set. A nominal
model may be obtained, if desired, by selecting a permissible (fixed) vector ¢° such

that ¢, < ¢; < ¢y for all i, G(s, ¢°).

3.3.1 Parametric Uncertainty

To design a robust control system we first have to define the model’s region of uncer-
tainty. This is a set which includes the actual plant and all neighboring admissible
plants. The uncertainty can be described in parametric space. For example, consider

a simple second order system,

b O
~ s(s+a)

where k and a are assumed to be real uncertain parameters which vary independently

G(s) (3.28)

in the intervals 1 < k£ < 10 and 1 < a < 10 respectively (Note: This example will be
developed in Chapter 4 of the thesis to illustrate the general QFT design approach).
The uncertainty is represented by the shaded rectangle in figure 3.12. The variation in
parameter k£ and a implies that both the gain and phase of the plant are uncertain at

each frequency.

35



mv

Figure 3.12: Parameter Uncertainty

3.3.2 Frequency Domain

The uncertainty associated with a plant can also be represented in the frequency do-
main either in the Nyquist diagram or the Nichols chart. The next section describes

the plant uncertainty representation in the Nyquist plane.

Nyquist Plot

Figure 3.13 shows a typical plot of uncertainty in the frequency domain in the Nyquist

plane, together with the nominal frequency response G,(jw).

The uncertain region at a given frequency wj is representated by a circle of radius r;
around the nominal plant G,(jw;). In this case this represents additive uncertainty
of the form G(jw;) = G,(jw;) + A(jw;) with |A(jw;)| < 7. The uncertainty region

may not necessarily be a circle, for example if phase information is available for A(jw;).

Provided the nominal closed-loop system is stable, the closed-loop system correspond-
ing to any perturbed plant will also be stable so long as the number of encirclements
of the —1 point by the entire uncertainty envelope does not change, since the Nyquist

stability criterion will also be satisfied by every perturbed plant. Thus a sufficient
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Figure 3.13: Uncertainty Represented on Nyquist plot

condition for robust stability is
1+ K(jw)G(jw)| #0

which is assumed to hold for every uncertain plant G and every frequency w.

A relation between robust stability and the closed-loop response of the plant can be
derived based on this condition [23]. For the system shown in figure 3.11 the stability

condition can be written as:
11 + K(jw)G,(Jw)(1 + €A)| # 0 (3.29)

for every e with 0 < € < 1 and every w with 0 < w < 0o. We can interpret this condition
as follows: As ¢ increases continuously between 0 and 1, the “fuzzy” region representing
the frequency response of the uncertain system deforms continuously without ever
crossing the —1 point. Since the nominal closed-loop system ( corresponding to € = 0)
is assumed stable, and the number of encirclements around the critical point do not

change, the perturbed system will also be stable. Equation 3.29 is true if and only if:
11+ K(jw)Go(jw)(1 + eA(jw))| > 0
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from which we get
|K (jw)Go(jw)[(K (jw)Go(jw)) ™ + 1 + eA(jw)]| > 0
The last condition holds, if | K (jw)G,(jw)| # 0 and
(K (jw)Go(jw)) ™ + 1 +€A(jw)] > 0
which gives
1 + (K(jw)Go(jw)) ' > |A(jw)] (3.30)

Equation 3.30 gives a sufficient condition for robust stability. It can be shown [61] that
this is also a necessary condition in the sense that a permissible A can be found on
the boundary of the uncertainty set which de-stabilises the system. This is subject to
the assumption that G, and G,(1+ A) have the same number of right-half-plane poles
[43].

This chapter has shown in detail the translation of the established Nyquist stability

criterion to a stability criterion in the Nichols chart.
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Chapter 4
QFT Design

In this chapter the QFT design procedure is described in detail. The first section of this
chapter is used to define the system design specifications. These are given in the form
of upper and lower bounds on the target closed-loop frequency responses, normally
specified with the help of a prototype second order transfer function. These specifi-
cations include tracking design objectives (in the form of upper and lower bounds in
the magnitude frequency response of the complementary sensitivity function which de-
termine the allowable gain spread across all frequencies), disturbance rejection (upper
bound on the sensitivity function), etc. Having defined the design specifications, the
uncertainty of the system is mapped in the frequency domain (Nichols chart) in the
form of Uncertainty Templates. These are contours in the Nichols chart which specify
the magnitude and phase spread of the plant at a number of discrete frequencies. At
this stage we also choose a nominal plant, corresponding to a specific parameter vector
within the admissible range. In theory, since the design specifications must be satisfied

for every plant in the uncertainty set, the choice of nominal plant can be made arbi-

trarily.

Next the robust stability and performance bounds are defined. This involves trans-
lating the specifications in an open-loop setting, i.e. specifying regions in the Nichols
chart in which the nominal open-loop frequency response must lie to meet the pre-
defined specifications (formulated in terms of the target closed-loop transfer function).
The robust stability specifications can be translated into a universal High Frequency
Region, called the U-Contour. This is a closed-contour in the Nichols chart containing
the critical point. The robust performance specifications (tracking and disturbance

rejection) are mapped into Tracking Bounds and Disturbance-rejection Bounds. These
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are typically open contours and divide the chart into two régions, the low-gain and the
high-gain region. They specify the minimum amount of nominal open-loop gain (for
each possible phase) which is required to achieve the corresponding objective (tracking
or disturbance rejection) at each design frequency. Taking the point-wise maximum of
each pair of contours for each design frequency, defines the overall bounds of the QFT

problem ( “Horowitz templates”).

The design proceeds via a Loop-Shaping procedure to obtain the desired feedback con-
troller. The open-loop frequency response must now lie on or above the corresponding
Horowitz template at each design frequency, it must not penetrate the U-contour and
must satisfy the Nyquist stability criterion in terms of the number and direction of
encirclements around the critical point. In order not to over-design the system, the
open-loop frequency response at the design frequencies should be as close as possible
to the Horowitz templates and the U-contour. Finally, the design is concluded by de-
signing the Pre-Filter.

QFT is a design methodology which describes the effects of feedback quantitatively.
The objective is to design a robustly - stable system whose output variation is kept
within acceptable limits in the presence of plant uncertainty and external disturbances.
It is assumed that plant P is associated with a certain amount of uncertainty, described

by the set P € P.

The space P may denote either parametric or unstructured uncertainty. In addition,
external disturbances are assumed to be represented by the set D € D. The objective
of the design is to guarantee that the input - output transfer ratio Tr(s) and output -
disturbance ratio Tp(s) are members of appropriate sets 7z and 7p, where 7T is the
acceptable set of control ratios and 7p is the acceptable set of disturbance ratios, for

all plants P € P and disturbances D € D. Here we have defined:

_ Y(s)

(s) and Tp(s) = == (4.1)

TR(S)

which denote the input - output and disturbance output ratios defined with reference

to figure 1.1. where Y{(s) is the output signal, R(s) is the reference input and D(s) is
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the disturbance.

4.1 Design Specification

Typical design specifications require that the plant response is bounded within
predefined frequency bounds, called Tracking bounds, i.e. that the system response
is forced to track this model. The tracking models are typically defined via a second
order system chosen to satisfy all or just the necessary step response parameters like
M, (maximum peak), t, (peak time), t, (settling time), ¢, (rise time) and K, (gain)
in case of an under-damped system. Design of an over-damped system is based on
parameters i,, t, and Kj;. A prototype second order system is given by

wh

T(s) =K
(s) 82 4 2(wns + w?

where w, is the natural frequency and ¢ the damping factor. These parameters
determine the transient step response characteristics of the system. Peak time (¢,), rise
kg

time (¢,) and settling time (¢,) are related to wy, and ¢ by the relations: ¢, = oyt
wny/1-¢2

t, = 18 and t, = £ for 2% of the response settling time.

Illustration 4.1 The under-damped system is designed with the rise time ¢, of 1 sec and

settling time t, of 3 sec. By using the above relations we get:

B 11.641
T s+ 2665+ 11.641

The over-damped system is designed by fixing the value of the damping coefficient ¢

Try, (s)

to 0.8 and the settling time ¢, to 3 sec, corresponding to the second-order system

2.75
T =
ml8) = T oo 7o

The step response and magnitude frequency response bands are shown in figures 4.1 and

4.2. The response of these two systems taken together from the tracking bound for the
design, which means that the acceptable step response y(t) of the system must ideally
lie within the two bounds shown in figure 4.3, although this can not always be achieved
in practice. In formulating the QFT design specifications, it is required that the closed-
loop magnitude frequency responses (for all uncertain plants) lie within |Tg, (jw)| and

|Tr,(jw)| at every design frequency (frequency of interest), where Tg,(jw) is the up-
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Figure 4.2: Bounds on the magnitude and phase responses of the plant
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Figure 4.3: Modified bounds on plant step response

per bound and Tk, (jw) is the lower bound, as shown in figure 4.4. Shaping the step-
responses is a more difficult problem which has not been completely solved [52]. Using
the (upper and the lower bounds) tracking ratios Ty, and Tk, shown in the Bode
plots we next calculate their difference 6r(w;) = |Tg, (jw:)| — |Tr, (jw:)| at each design
frequencies w;. This is subsequently used to synthesize the loop transmission L,(s). To
accommodate the effects of unstructured uncertainty which is typically dominant at
high frequencies, it is necessary that the function dr(w) increases at high frequencies.
To ensure this condition, the tracking ratios Tg, (s) and T, (s) must be appropriately

modified.

As can be seen from the example in figure 4.2, dp(w) increases initially, but tends to
a constant value at high frequencies. This is due to the fact that both bounds are
derived from second order systems with no zeros, and hence their asymptotic slope is
the same (40 dB/decade). In order to make sure that the “spread” dg(w) increases
sufficiently fast in the high frequency region, especially after the bandwidth frequency
of the upper bound, we need to modify the high-frequency behaviour of Ty, (jw) and

Tg, (jw) without effecting their initial step-forcing characteristics.
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Figure 4.4: Modified bounds on magnitude and phase responses

This can be achieved by adding a fast stable zero in the case of the upper bound and
a fast stable pole for the lower bound. The zero and the pole should be placed close
enough to the origin, yet, at the same time, they should not significantly affect the
step response characteristics of the two systems. These modifications ensure that now
we can achieve a sufficient increase in the value of di(jw) in the high frequency range,
as the magnitude Bode plots diverge at high frequencies. The new bounds achieved by

these modifications are:

0.582s + 11.64

= 52+ 2.66s + 11.641
55

~ s34 22.6552 + 55.755 + 55

Upper Bound Ty(s)

Lower Bound TL(s)

In the case of the upper bound we have added a stable zero at 20 rads/sec, and for
the lower bound a stable pole at 20 rads/sec. It can be seen in figure 4.3 that the step
response of the two systems are not significantly affected by these modifications. The
Bode plot of the modified systems in figure 4.4 shows that dg(w) has increased in the
high frequency range. The adjusted response is now used to form the tracking bounds

in the Nichols chart.
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4.2 Uncertainty Templates

The uncertainty present in the plant will cause a variation in the tracking ratio Tx(s)

of the system defined in figure 1.1. The tracking ratio of the system is given by:

_ F(s)K(s)G(s) _ F(s)L(s)
Tr) = T R5IG6) ~ T+ L(s)

so that

Alog T(s)) = log Ta(s) — log F(s)
(L)
=log (1+L(s>)

The main aim of the procedure is to reduce the variation in the tracking ratio due
to the uncertainty in the plant, thus restricting it in the region between the tracking

bounds defined previously.

The uncertainty of the plant must be represented in the frequency domain, so that the
design can be carried out using the Nichols chart. This is done by taking samples at
various points on the plot G in figure 4.5, to obtain the gain log |G(jw;)|dB and the
phase arg G(jw;) for different frequencies w;. The choice of the frequencies w; is based
on the bandwidth of the system. The plant with nominal loop parameters is denoted

as G,.

The nominal loop transmission for the plant G(jw;) is given by
log |L,| =1ogKG, = logK + log G, (4.2)

Thus the variation é,(jw;) in log L(jw;) at w = w; is given by

8p(jwi) = log L(jw;) —log Lo(jwi) = log G(juw;) — log Go(jwi) (43)

since the controller is assumed to have zero uncertainty. The corresponding phase

variation is:

AargL(jw;) = argL —argL, = (argK + arg G) — (argK + arg G,) = arg G — arg G,
(44)
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Figure 4.5: Parameter Uncertainty

Figure 4.6: Uncertainty Template
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As an example consider the second order plant:

a+s
G(s) = ———
) =T De o
The magnitude |G(jw)| is given by
. Vw? + a?
IG(w)| =
Vw? + b2 vVw? + ¢?

and its phase is

arg G(jw) = tan™" (%) —tan™! (%) —tan™! (%)

where w is an arbitrary frequency.

Illustration 4.2 In order to construct the Horowitz templates we chose eight frequency

points w € {0.5, 1, 2, 3, 5, 10, 30, 60} rads/sec such that they cover the operating

region of the system; the corresponding magnitudes and phases are shown in Table 1.

(ws) Point 0.5 1 2 3 5 10 30 60

(log P) 5 -3 -13 | -19.54 | -28.1 | -40 | -59.08 | -71.12
(argP)s | -116.6 | -135 |-153.5 | -161.56 | -168.7 | -174.3 | -178.09 | -179.04
(log P)p 25 17 7 0.45 | -8.01 | -20 | -39.08 | -51.12
(arg P)p |-116.6 | -135 |[-153.5 | -161.56 | -168.7 | -174.3 | -178.09 | -179.04
(log P)gc | 25.8 19 11 533 | -2.6 | -14.2 | -33.06 | -45.1
(arg P)ppc | -104.1 | -116.6 | -13.5 | -146.3 | -15.2 | -168.7 | -176.18 | -178

(logP)pc | 26 | 198 | 133 | 9.12 3 -7 | -25.22 | -37.176
(arg P)pc | -95.7 |-101.3 | -11.8 | -120.96 | -135 |-153.5 | -170.5 | -175.236
(log P)¢ 26 20 | 13.8 | 10.08 5 -3 | -19.54 | -31.24

(arg P)c -93 | -95.7 |-101.3 | -106.69 | -116.6 | -135 |-161.56 | -170.5
(log P)p 6 -0.04 | -6.2 -991 |-1495| -23 -39.54 | -51.24
(arg P)p -93 | -95.7 |-101.3 | -106.69 { -116.6 | -135 |-161.56 | -170.5
(log P)ap 6 -0.17 | -6.67 | -10.87 | -17 -27 | -45.22 | -57.176
(arg P)ap | -95.7 |-101.3 | -111.8 | -120.96 | -135 |-153.5| -170.5 | -175.23
(log P)app | 5.65 | 0.97 -9 -14.66 | -22.6 | -34.2 | -53.08 | -65.110
(arg P)app | -104.1 [ -116.6 | -135 | -146.3 | -158.2 [ -168.7 | -176.18 | -178

Table {.1: Magnitude and phase values for corresponding frequencies
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Figure 4.7: Nominal Open-loop and Uncertainty Templates

The translation of the uncertainty from the parameter space to the Nichols chart is

shown in Figure 4.5 and 4.6.

The magnitude and phase values shown in table 4.1 can be plotted as templates in
the Nichols chart for the eight selected frequencies, thus resulting in eight uncertainty

templates which will be used in the design.

Apart from these templates we need to specify the nominal plant G,(jw), which in our
example corresponds to the transfer function obtained by substitutinga =1 and £k = 1
in the equation 3.28 for uncertain parameters. Figure 4.7 shows the nominal frequency
response of the plant on Nichols chart. The points indicated by circles correspond to

the eight chosen frequencies.
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4.2.1 U-Contour

Design specifications for the QFT design procedure are normally defined in terms
of tracking bounds and disturbance rejection bounds at a finite set of frequencies
{w1, wa, ...wn}. However, we still need to maintain a minimum amount of damp-
ing at high frequencies w > wy. This minimum damping corresponds to a resonance
peak in the closed-loop magnitude frequency response, or equivalently, to a maximum
M-value on the Nichols chart. To enforce this requirement, we have to ensure that
the high-frequency response of the open-loop system does not penetrate the M - cir-
cle of an appropriate value. However the open-loop system itself is uncertain (due to
the uncertainty of the plant). When the uncertainty is parametric, the high frequency
templates typically tend to a vertical line on the Nichols chart (gain variation but fixed
phase). Therefore, to ensure a minimum worst-case damping (i.e. a minimum amount
of damping for every uncertain plant), we must ensure that the high-frequency part
of the nominal open-loop frequency response does not penetrate the contour which is
obtained by translating the lower part of the M-circle downwards by an appropriate
amount, specified by the high frequency uncertainty templates. This region is called

the Universal High Frequency Bound (UHFB) [58].

We enforce the minimum damping condition via an M-circle with M > 1. Since in this
case the M-circle does not contain the origin in the Nyquist plane, in the Nichols chart
it is a closed contour defined only for an interval of phases, and is symmetric about

the phase line ¢ = —180°.

Figure 4.8: M-circle in Nyquist plane (M > 1)
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By drawing the tangents to the circle from the origin (see figure 4.8), it is clear that

1
— gin~!
Ymax = Sin (M)

and hence the M-circle is defined on the Nichol’s chart only for the phase interval

1 1
— o - -1 —_— < < —- o . —1 -
180° — sin (M) < ¢ < —180° + sin (M)

Next we need to derive the equation of the M-circle in terms of magnitude (m) and
phase (¢), where

v
m=Vvu2+v? and ¢ = arctan—
u

in which u and v denote the real and imaginary variables, respectively. Referring to

Figure 4.8, it follows by simple geometry that

cosY = M + M sf
m -1 wmr—1
m siny = Y sin 6

Eliminating variable 6 using the trigonometric identity sin? 6 +cos? @ = 1 results in the

second-order equation:

2 2M? cos® M?

-1 "t 0

m
which can be solved as:

M? /1 . 9
m—m—_—l—(coswi —M—2-—31n z,/))

Thus, using the substitution ¢ = —180°—1), the M circle in the Nichols chart is a closed

contour which may be decomposed into the union of the graphs of the two functions,

1 ) M?
M*(¢) = 20log,, (— cos ¢ + i sin? ¢> +201log,q (X/[_z—_—l')

1 ) M2
M~(¢) = 20log,, (— cos ¢ — 4 /_m _ sin? ¢) +20log,, (7\_/1__2__1)

Following Horowitz [29], the U contour is obtained by translating M ~(¢) vertically by
Vs dB’s, where

and

Ve = 1 (s G el = G0 ) (45

wW—00
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This gives the U contour as the union of the graphs of the two functions:
U (¢) =M*(¢) and U (¢) =M (¢)— Vi
over the phase interval

¢ := —180° —sin~! (%) < ¢ < —180° +sin~! <%) = ¢n

m (dB)

R,//////////

7
7

\ M-ci/rcle

#

.

fi

1 -180 <i>h

Figure 4.9: M-circle and U-contour in Nichols chart (M > 1)

Hllustration 4.3 In illustration 4.2, suppose we choose the nominal plant to correspond

to parameter values kK = a = 1. By substituting these values into equation 4.5, V, can

be calculated as:

Vi, = 2010g(ka)maz — 20log |jw|? — 20log(ka)min — 20 log |jw|?
= 201log(10 - 10) — 201og(1- 1)

and hence Vo = 40 dB in this case. Thus, the lower part of the M circle needs to be

extended downwards by this amount as shown in figure 4.10. The M circle with its

extended region defines the U contour. During loop-shaping, the nominal open-loop

frequency response must lie outside this contour at every frequency. If, in addition, the

correct number of encirclements of the critical point is enforced (zero in this example),

the design will meet the required robust-stability specifications.
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Figure 4.10: U-contour

4.3 'Tracking Bounds

The tracking bounds define the minimum open-loop gain required in order to meet the
closed-loop tracking specifications, despite the presence of model uncertainty. Overall,
n bounds are generated, one for each design frequency w;. The tracking bounds are
functions of the open-loop phase and when plotted in the Nichols chart generate n

tracking templates.

In the previous example the uncertain plant was defined as the second order system:

k

G(s; k,a) = s(s——i—a)

(4.6)

where & = [1,10] and @ = [1,10]. Based on these two uncertain parameters the
uncertainty templates P(jw;) were produced for a number of frequencies w;. From
figure 4.3 the maximum allowable gain variation of the closed-loop specifications dr(w;)

at a frequency w; is determined as shown in table 4.2, using the difference
Or(wi) = |Tr, (jwi)| — |Tre(jws)|
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between the upper and lower bonds of the closed-loop specifications. The calculation
of the tracking bounds is based on dg(w;) and the plant uncertainty and is summarised

next:
Procedure for calculating tracking bounds:

e Consider an uncertainty template P at a certain design frequency w; as shown in
figure 4.11. Choose a nominal plant G, € P; this choice is used throughout the

design process.
e Fix the phase of the nominal open-loop system to v, say.

e Move the template vertically in the Nichols chart, along the 1-phase line, until:

_Lo(iw) ‘ — 20log min Lo(7

min = 20log 6p(w;)

20log max
peP

)
1+ Lo(jw) 14 Lo(jw) |

This is equivalent to the condition:
A[max - A[min = 6(wi)

where M., and M,,;, denote the M circles of maximum and minimum value,
respectively, touched by the uncertainty templates in the Nichol’s chart at any
given position of the template on the vertical line arg L,(jw;) = 1. In the
pre-CAD era, the required condition (closed-loop gain spread is equal to &(w;))
required a - rather torturous- procedure, based on the inspection of M,,,, and
M in from a grid of AMf-circles superimposed on the Nichols chart. These days, the
step can be implemented via a simple bisection algorithm between appropriate
low and upper gain bounds. This algorithm determines the minimum open-loop
gain (corresponding to an open-loop phase %) for which the robust performance

specifications are met.

e The template is shifted horizontally (i.e. a different phase ¢ is selected) and
the above steps are repeated. The procedure is repeated for every point of a

discretised phase grid in the range —360° < ¢ < 0°.

e The template formed by joining all points determined in this way, when plotted

in the Nichol's chart, defines the tracking bound of the design for frequency w;.
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Figure 4.11: Tracking Bound placements on the Nichols chart using Uncertainty
Templates

e When the above steps are repeated for every design frequency w;, i = 1,2,...,n,

the complete set of tracking bounds is obtained.

The horizonal (phase) translation of the template to form the tracking bound is
limited only by the phase range in which the UHFB is defined. The nominal open-
loop frequency response should not penetrate this region, since the maximum peak of
the tracking specification cannot exceed Mp. Thus the tracking bounds are typically

terminated at the boundary of the U - contour, when these intersect.

wirad/s | 0.5 1 2 3 5 10 | 30 |60

d(jw;)dB | 0.39 | 1.822 | 8.02 | 14.31 | 15.81 | 15.4 | 22.8 | 33
Table 4.2: Values of d(jw;) over 8 design frequencies

In the loop-shaping phase of the design, the nominal open-loop frequency response is
shaped so that it is entirely outside the U-contour, and its gain at the design frequencies
is at least equal to the gain specified by the tracking bounds. Loop-shaping is essentially
the function of the feedback controller, which is cascaded with the plant to define the
open-loop system. In order to shape the open-loop frequency response, the gain and

phase of the controller should be chosen appropriately at the design frequencies. This
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Figure 4.12: Horowitz Bounds

may not be a straightforward exercise when the specifications are tight, since the gain

and phase variables cannot of course be chosen independently.

Illustration 4.4 Figure 4.11 shows the process of constructing the bounds. First a
nominal plant has to be chosen from the plant uncertainty templates. This choice
has to be retained for the rest of the design process. There are no fixed rules for
choosing the nominal plant, but by convention the plant corresponding to low gain
and maximum phase-lag is normally preferred. First we choose point A at frequency
w; = 0.5 rads/s, where 20log |A(jw;)] = 5 dB and arg A(jw;) = —116.6°. Note
that from table 2, 0(jw;) = 0.39 dB at w; = 0.5. So the system will tolerate a
change of 0.39 dB at frequency w; = 0.5 rads/s. Based on this tolerance value, the
uncertainty template ABCD can be shifted vertically to position A’B’C’D’ such that
the maximum difference in the value of M between any two points of the template is
equal to this tolerance level. This process is repeated for various values of phase along
the horizontal axis, until sufficient data are obtained in order to construct the bound
Br(jw;). If this template intersects the U contour, we can restrict the phase range

of the template, so that it ends at the boundary of the U contour. The procedure
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is repeated for each uncertainty template corresponding to a design frequency, in this
case w; € {0.5,1,2,3,5,10,30,60} rads/s. The set of templates obtained in this way is

displayed in figure 4.12.

4.4 Disturbance Rejection

Apart from tracking specifications, a typical design should also reject external distur-
bances (d(s) in figure 1.1). Disturbance signals can occur at the input or at the output
of the system. Here, only output disturbances are considered; input disturbances can
be treated in a similar way. A disturbance can cause the plant to deviate from its op-
erating point, which can make the system unstable. In order to compensate the effect
of disturbances, a first or second-order disturbance-rejection model is introduced [17].
The selection of appropriate disturbance rejection models is based on the time-response
and frequency-response characteristics of the system. Note that we are interested in
robust-disturbance rejection, i.e. the robust-rejection properties of the design should

apply for every plant which belongs in the model uncertainty set.

The disturbance-rejection model considered in this section should satisfy the conditions

of equation 4.8 for a step disturbance input D, = u_;(t), i.e.
ly()] £ o, for t>t, (4.7)

where «,, is an appropriate disturbance-rejection level and ¢ is the settling time. Thus,

for an initial condition y(0) = D, we typically require that:
ly()] < ap (4.8)

for all t > ¢t,. A typical second-order under-damped disturbance-rejection model in the

time domain is of the form:

y(t) = D,e” cos(bt)
For this model, the disturbance-rejection ratio Mp can then be defined as:

, _Y(s)  s(s+a)
Mols) = By = Grap+ @
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where

Illustration 4.5 For the plant model used in this chapter the disturbance model is

designed by assuming the following values for the design parameters:

D,=1

Pu = 25%
op=0.1
t, = 2 sec

Here D, is the size of the disturbance step input and py is the peak overshoot
or undershoot level of the response to the disturbance signal. The corresponding

disturbance model Mp(s) in this case is:

s(s +1.15)

Mpls) = G5y 1 2392

The step-response of the disturbance rejection model Mp is shown in figure 4.13, and

its Bode plot in figure 4.14.

4.5 Disturbance Bounds Bp

In order for the plant to reject robustly the effects of external disturbance, the
disturbance rejection model designed in the previous section is transformed to
constraints on the (nominal) open-loop frequency response. The corresponding contour
in the Nichols chart is known as the disturbance bound Bp. A procedure similar to
the one used for transforming tracking specifications to tracking bounds is used here
to transform the disturbance rejection model into disturbance bound: We first select
a phase 9 in the range —360° < ¢ < 0° for the nominal open-loop system L,(s) (note
that the nominal plant has already been selected). By sliding the uncertainty template

of the plant at design frequency w; along the vertical phase line 1, the minimum open-
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loop gain is recorded for which the sensitivity function is “uniformly” sufficiently small,

i.e.
1
1+ K(jw:)G(p, jws)

for all p € P, i.e. the minimum gain for which the inequality becomes an equality

< |Mp(jw;)|

for some p € P. Again, this step can be performed via a simple bisection algorithm
between specified upper and lower gain bounds (and a specified tolerance). Repeating
the procedure for each phase 9 in a discretised grid of the interval [—360° 0°] gives
the corresponding disturbance-rejection template for frequency w;. Repeating for the

n design frequencies gives the whole set of disturbance-rejection bounds.

The disturbance ratio used to obtain the disturbance bounds Bp is given by:

1

Tp(jw) = T L)

frequency (rad/sec) | 0.5 | 1.0 | 2.0 | 3.0 | 5.0 | 10.0 | 30.0 { 60.0

Gain A; 20.98 11251 1.54 | 2.5511.59 | 0.43 | 0.05 | 0.01
Table 4.3: Open-loop for robust disturbance rejection

Table 4.3 gives the gain values at the required frequencies for the disturbance rejection

model Mp, which is obtained from the Bode plot for Mp shown in figure 4.14.

To satisfy both tracking and disturbance-rejection specifications, the nominal open-
loop gain needs to lie on or above the overall bound which is the pointwise maximum
of the tracking and disturbance-rejection bounds. The overall bounds (for all design

frequencies) along with the UHFB will form the overall QFT constraints for the system.

Figure 4.15 shows the disturbance bounds Bp on the Nichols chart, and figure 4.16
shows the overall bounds which are formed from the UHFB, tracking bounds and dis-

turbance bounds on the Nichols chart.
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4.6 Loop-Shaping

Upon obtaining the overall bounds the next task is to shape the open-loop frequency

response L(jw) so that it satisfies the robust stability and performance requirements.

In this section we review the method of manual loop-shaping. In the next chapter we
propose two main algorithms for performing this task automatically. This is particu-
larly useful when there are many design frequencies and the specifications are tight.

The automatic approach is also used to induce a measure of optimality into the design.

Typical control structures used in loop-shaping

The types of controllers which can be used for manual loop-shaping are summarised
next. These may be used on their own (in simple applications) or in series (cascade)

combination to result in more complex controllers.

Simple Gain
The simplest type of controller is the simple gain:
K(jw) =k (4.9)

This introduces a simple gain of 20log,, |k| dB and thus simply shifts the frequency
response vertically in the Nichols chart without introducing any phase change (or

simply a phase shift of —180° if k is negative).

Simple Pole or Zero

The frequency response of this controller type is:

K(jw) = [ (4.10)
K(jw) = b(jw+a) (4.11)
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The use of a first-order controller will result in L(jw) being shifted vertically by a gain
of —10log(-x%5r) dB and will introduce a phase shift of —tan™'(%) deg (phase lag).
Both gain and phase are frequency-dependent in this case. In the case of a zero the
additional gain introduced is 20log,,(b) +101log,,(w?+a2?) dB; the corresponding phase
shift is tan™'(%) deg. Note that a pole introduces negative phase angle (phase lag),
while the zero introduces positive phase (phase lead). Note also that a zero term can

be introduced only if the overall controller is proper.

Lead Lag controller

The more general controller used for loop-shaping is of the phase lead/lag type

jw+a

K(jw) = Jw+b

(4.12)

This is a phase lead controller if a > b and a phase lag controller if a < b. A phase lead

controller introduces positive phase to L(jw) at all frequencies; the maximum phase

¢ = 90° — 2arg tan (\/g) (4.13)

w=Vab (4.14)

shift is:

at frequency

A phase lead controller acts as a high pass filter by injecting high gain in the high
frequency region. For this reason it can lead to noise amplification and should be
used carefully. Conversely, a phase lag controller (a < b) introduces negative phase at
all frequencies. Its maximum phase lag is also given by ¢ in equation 4.13, attained
at frequency w (equation 4.14). In contrast to a phase lead controller, a phase lag

controller acts as a low pass filter.

Second order pole, zero

The third type of controller used for loop-shaping is a second order system with complex
poles and no zeros, as shown below. A second order controller will normally not be
used on its own, but in cascade with the controllers discussed above. Its frequency

response is:
1

w2 —w? + 2j¢ww

K(jw) =
The second order controller introduces a gain:
9(w) = —10logy((w] — w*)? +4¢%wiw?)
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and phase

o= ()

w? —w?

This type of controller is normally used at high frequencies to introduce a fast “roll-
off” to the frequency response of the open-loop system in order to reduce the effects of
measurement noise on the output signal or to increase the robust stability margin to

multiplicative uncertainty.

The different types of controllers discussed above can be used in any cascade combina-

tion to achieve the desired loop-shaping result for L(jw).

To facilitate the loop-shaping design procedure, a Matlab software tool was developed
for designing a cascade of phase lead/lag controllers. For two selected points on the
Nichols chart, the required gain and phase shift are determined; these are then used
to obtain the required type (lead or lag) and parameters of the controller. The tool
also enables the designer to iterate over various design stages, by displaying frequency
responses, backtracking on the design by eliminating the last design step, etc. Details

can be found in chapter 6.

Illustration 4.6 In this example we demonstrate the manual loop-shaping procedure.

Here we are only interested in achieving the robust stability and performance QFT
constraints and not any measure of optimality. From figure 4.10 we can see that in
order to achieve the robust stability condition, the open-loop response needs to lie
outside the high frequency bound. In order to achieve this, a considerable amount of

phase lead (around 50°) is needed at a gain of 30dB, resulting in the controller:

s+ 11.45

K\(s) = 5oo18

(4.15)

Although the response has now moved to the right,completely outside the U-contour,
the performance bounds are not yet satisfied, as the response at the eight design
frequencies is below the corresponding bounds. This is corrected by increasing the
gain by a factor of K; = 25. To further optimise the response further loop-shaping is

carried out. The lead/lag controller

_ s+ 74.86

Ks(s) = 15520

(4.16)
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Figure 4.17: Loop-shaping phase correction

is used for concluding the loop-shaping procedure. The overall controller is:

s+ 74.86 s+ 11.45
s+ 8549 s+ 0.218

The initial loop-shaping phase correction plot is shown in figure 4.17. The final open-
loop frequency response is shown in figure 4.18 using the designed controller. It can be
seen that the shaped response lies to the right of the U-contour (zero encirclements) and
thus achieves robust stability. Moreover, the response at the eight design frequencies
lies above the corresponding Horowitz templates, implying that the robust tracking
and disturbance-rejection objectives have been met. The proximity of these points to
the bounds indicates that the system has not been over-designed (i.e. no excessive gain

has been used).
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Figure 4.18: Final Loop-shaping

4.7 Pre-Filter

The principal task of a pre-filter is to scale the responses of the complementary
sensitivity function log l i PG| on the Bode plot, so that they lie within the tracking
specifications Tx, and Tg,. Recall that tracking specifications constrain only the gain
spread, not the actual gain of the closed-loop system. The required condition can be

written as:

PG(j
g —(J—;Ua)))l < Try — Try, = Or, (4.18)

or, equivalently as
PGF(jw)
o) pallicsiall " st 3
aw) < ‘1 + L(jw)

for two appropriate functions a(w) and f(w).

<Bw) VPeP (4.19)

The pre-filter transfer function can be obtained by solving a “model-matching” problem
over the design frequencies. Its frequency-response must satisfy the inequalities:

G(jw)

log a(w) — mlnlog T3 L0w)

] < log |F(jo) (4.20)
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Figure 4.19: Step response of the system with the Pre-filter and controller in cascade

and
G(jw)

log 3(w) — max log 1710w

pEP

] > log |F(juw) (4.21)

Illustration 4.7 This is the last design step of the example developed throughout this

chapter. By using a straightforward model-matching procedure, the pre-filter was

obtained as:
24

Fe) = e its o
Numerous simulations were carried for the system using the controller and the pre-filter
designed above. The simulation results involving step and frequency responses of the
designed system for various uncertain plant parameters are shown in figures 4.19 and

4.20 respectively. These show that the design specifications have been met.
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Figure 4.20: Frequency response of the closed-loop system

4.8 Multivariable system

Figure 4.21 shows a multivariable system with n x n inputs and outputs. Plant G(s)

and the controller K(s) are n x n transfer function models.

u(s) y(s)

— G —*

Figure 4.21: General Multivariable system

The problem with designing controllers for multivariable systems is the existence of
interaction between the inputs and the outputs. The predominant method adapted
by control system design engineers is to minimise or if possible completely eliminate
any interactions between the various inputs and the outputs; this essentially results in

a system where any one output will only respond to a specific input. Upon achieving

such a setup it is possible to use the single input-single output design techniques for
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designing the controller. Figure 4.22 shown a 2 x 2 multivariable system.

Ui(s) ~ g0 > - Yy(s)
- g,(s)
Uq(s) " 9,6
9,,(s) ; Y,(s)

Figure 4.22: Expanded Multivariable system

This system can be shown as

Ya(s) 921(s)  ge2(s) | | Ua(s)

The interactions between inputs and outputs in equation 4.22 can be eliminated by

Yis) | _ [911(3) g12(s) ] [ Ui(s) ] (4.22)

forcing the elements gi2(s) g21(s) to 0, thus making G(s) a diagonal matrix. Any sys-
tem with a diagonal transfer function matrix will suffer no interactions thus effectively

making it a set of individual SISO systems.

To extend this design method and design a controller using the QFT design technique
[38] the design specification is defined by

aij(w) < [t;(jw)| < bij(w)
where ¢;;(jw) is the (i, j) element of the closed-loop transfer function T(s).

Figure 4.23 can be written as

(I+GK)y=GKFr

assuming matrix G in the above equation is square and writing G~! as G we get

(G+K)y=KFr
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— F(s) K(s) G(s)

Figure 4.23: General feedback control system

Considering the function ¢,, which represents the transfer function of the system from

the vth input to vth output as shown in figure 4.24, if r; = 0 for j # v, then the v

element of the vector K F'r is given by

(KFT)U = (KF)‘UVTU
= Z kvlflv'ru
l

The vth element of the vector (é + K)y is given by

([a + K]y)u = Z(gul + kvl)tlu'ru
l

since y; = t;, 7.

To achieve a diagonal system we impose the constrains k;; = 0 for i # j.

Equating equations 4.24 and 4.25 we get

Ty Z avltlu + Ty (gvv + kvv)tvu = kvvau'ru
l#v

Now by defining h;; = 5—;—, eq 4.26 can be written as

- h‘U‘U k’U‘Uf’UV hvudvu

o =
1+ hvvkvv 1+ hvvkvv

where

tlu

I#v h'ul

dvu =

(4.23)
(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

It can be observed from the above equation that t,, now represents an output for a

SISO system as shown in figure 4.24. Now that a multivariable system is represented

by a set of SISO transfer function we can use the QFT method described in the

previous chapters to design a controller.

69



Fu(s)

- d'uv(s)

Figure 4.24: Expanded Multivariable system

kuv(S)

1

hw(s)

tw(s)

70



Chapter 5

Loop-shaping

In chapter 4 the main steps of the QF T design methodology were described. This culmi-
nates in the loop-shaping design procedure, in which the nominal open-loop frequency
response is shaped in the Nichols chart, so that the design meets the robust stability
and performance specifications. This chapter describes two automatic optimisation-

based loop-shaping methods.

The first method optimises the frequency response of the plant. In this formulation
the optimisation variables consist of the open-loop magnitudes and phases at a discrete
set of frequencies. The robust performance and robust stability bounds are formulated
as linear inequalities, and form the constraints of a Linear Programming (LP) optimi-
sation problem [6], which minimises the asymptotic open-loop gain of the system. To
ensure that a realisable controller can be recovered from the solution to the optimisa-
tion problem, LP is augmented with additional analyticity and realisability constraints,

obtained by discretising Bode’s gain-phase integral relationship.

The second approach carries out the loop-shaping procedure by optimising over the
parameters of certain types of fixed-structure controllers. Controllers which have been
considered include PID, phase lead/lag and second-order pole/zero structures. The
main idea of the approach is that fixing the phase of each of these type of controllers
at two distinct frequencies, fixes its phase at all frequencies. With the dynamic part
of the controller fixed, it is then straightforward to optimise its gain so that an ap-
propriate performace index (asymptotic gain, nominal/worst-case cross-over frequency,
nominal /worst-case closed-loop bandwidth, etc) are minimised, subject to the robust

stability and robust performance QFT constraints defined graphically via the Horowitz
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templates and U-contour bounds. Repeating this procedure over a two-dimensional dis-

cretised phase grid produces the optimal solution to the design problem.

5.1 Linear Programming

Linear programming is an optimisation method which minimises a linear cost function
subject to a set of linear inequality or equality constraints. The method has a wide
range of applications in many diverse areas, including Operations Research, Control
Systems Design and Signal Processing. Linear problems of a very high dimension
can be solved efficiently using a variety of different algorithms, including the Simplex

algorithm and the more recent Interior point methods [15].

5.2 Bode integral

In this section we outline the first optimisation method. This is carried out directly
in the frequency domain, i.e. the optimisation variables involve the magnitudes and
phases of the open-loop system at a discrete-set of frequencies and no control structure
is a-priori specified. To ensure that the optimised frequency response can be realised
by an LTI dynamic system, we need to impose further constraints between the magni-
tude and phase variables. This is because the magnitude and phase response of an LTI
system are intimately related via Bode’s integral. Before formulating these additional
constraints in a LP framework, we first examine the constraints arising from the robust

stability and performance specifications (U-contour and Horowitz templates).

In order to formulate these constraints as linear inequalities, the robust stabil-
ity /performance bounds need to be defined [19, 18]. Assuming the pre-filter is free
from uncertainty, the open-loop needs to fulfill the following conditions to ensure ro-

bust stability at an arbitrary frequency w;:

|Tu (g

L(w,)) € ®; & supAlo T(iw)l <1 —_— 5.1
(w ) Tlelg glo | (Jw )I OglO ITI(Jwi)I ( )
where
Alogyo [T(jur)| = maxlogyy | 022 ’ T(s), T(s) €T (5.2)
T(jw;)

72



in which T,,(jw;) and T;(jw;) are the permissible upper and lower bounds magnitude
for the closed-loop response and 7 is the permissible closed-loop gain set at frequency

Ws.

The design also needs to achieve robust disturbance rejection, i.e. to reject disturbances
entering at the plant output for each (uncertain) plant in the specified uncertainty set.

The condition below needs to be satisfied by the plant in order to achieve this objective:

20log,q

(jwi)
1+ L(jw,-)' Sk

This equation defines a restricted region ®,ens in the Nichols chart at frequency w;.

The optimum design for the plant under the robust stability conditions given by equa-
tions 5.1 and 5.2, is the one which satisfies the constraints using as little feedback as
possible. This is in order to avoid overdesigning the system, e.g. by using larger band-
width than really required. This can have adverse effects on the system stability due to

unmodelled high frequency dynamics/parasitics and due to sensor noise amplification.

Under certain assumptions, Horowitz and Sidi [30] showed that, L., (jw) lies on the
boundary of the region given by ®; and &,.,;. However, the magnitude - phase charac-
teristics of L,p:(jw) in the high frequency region is highly discontinues, which makes the
design impractical. This issue can be solved by finding an approximation for L (jw).
The approximate response L, (jw) still needs to avoid the restricted regions by using
sufficiently low gains. An alternative to the trial and error method used by Horowitz
and Sidi to derive Lgp,(jw) was proposed by Bryant and Halikias [6] which uses the
method of Linear Programming. The optimisation is carried out at a discrete set of
frequencies w;, i = 1,2, ....., N. To ensure that a realisable controller can be recovered
from the optimal frequency response, the Bode phase-gain integral relation for L(s) is
discretised at frequencies w; and the resulting equalities are then imposed as additional

constraints to the LP optimisation.

The Bode phase - gain integral is essentially a relation between the phase arg L and the

gain 20log,, |L| of a system which is stable and minimum phase and has a pole/zero

excess of at least two. This last condition is always satisfied by practical systems. The
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derivation of the relation [18] is given in the next section.

5.2.1 Derivation

In order to establish Bode’s gain-phase relation the following preliminary result is
required:

Theorem 5.1:- Assume that L is proper, L and L™! are analytic in Re s > 0, and
L(0) > 0. Define G :=In|L|. Then

RG = In|L|, 3G =arglL

where R(:) and G(-) denote the real and imaginary parts respectively. G has the

following properties:

e (G is analytic in some right half - plane containing the imaginary axis.
e RG(jw) is an even function of w and IG(jw) is an odd function of w.

e 571G(s) tends to zero uniformly on semicircles in the right half-plane as the ra-

dius tends to infinity, that is

G(Re)|
Rei® |

lim sup
R—oo _z<g<z

Proof:- Since

G(Re’®) = In|L(Re?®)| + jarg L(Re’®)

and arg L(Re*) is bounded as R — oo, we have

G(Re') |In]L(Re?®)||
Re? |7 R
Now L is proper, so for some c and k > 0,
c
L(s) = x = |s] — o0
Thus
G(Re) |1n |L(Re?)||
Re® | R
_ |
R
InR
"R
-0



jwué
-jon)

Re

Figure 5.1: Differentiability region

Lemma 5.1: For each frequency wy

SG(juwo) = 22 / RG(w) = RG(jwo) 4,
0

2 _ 2
w? —w?

Proof: Define the function:

G(s) = RG(jwo) _ G(s) = RG(jwo)

Fle) == Jwo s + jwo
. G(s) = RG(jwo)
= 2jwy o ng .

Then F is analytic in the right half-plane and on the imaginary axis, except for poles
at +jwp. The integral of F' around the Nyquist contour (which goes up the imaginary
axis indenting to the right at the points —jwg and jwy along the semicircles of radius 7,
and then closing the contour by a large semicircle of radius R in the right half-plane)
is zero (Cauchy’s theorem). This integral equals the sum of six separate integrals
corresponding to the three intervals on the imaginary axis, the smaller semicircles, and
the large semicircles. Let I; denote the sum of the three integrals on the imaginary
axis. I, the integral around the lower small semicircle, Is around the upper small

semicircle, and I around the large semicircle. It is shown that:
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R—oo,r—0 o0 Ld2 —_ w(2) dw
llII(l) Iz = —W%G(jwo),
llII;l) I3 = —W%G(jWo),
r—

R—0

The lemma follows immediately from these four equations and the fact that RG(jw)
is even.

First consider,

L= [ iFGe),
where the integral is over the set
[-R, —wo — 1] U [~w, + rywo — 7] U [w, + 7, RY.
As R — oo and r — 0, this set becomes the interval (—o0, 00). Also,

iF(jw) = 2w, G(jw) — RG(jwo)

w? — wi )
Since
SG(jw)
w? — w?

is an odd function, its integral over set equals zero, and we therefore get the required
result.

Secondly,

(ML)

—i Jjoy _ ; )
L= / G +re”) = RGljuwo) ;. gy
_ —Jwg + 1e?% — Jwyg

-/

£l

[(SE] o

— Jjoy — ; .
G( pr +re ) %'G(on)jre]ada.
—jwo + rei® + juwo

(ME]

As r — 0, the first integral tends to 0 while the second integral tends to:

(G(=jwn) — RC(jws)] i / * 40 = 19C(jw,).

X
2
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This proves the second integral relation for I. The proof for I3 is similar.

Finally,
Ii=— | F(Re®) jRedo,
-3
and so
20.10 [G(R@jo) - RCG(]LUO)]

I < _ Rr.

s s [P |
Thus

16
|I4] — (const) sup &Re)l- — 0.
6

This proves the result.

Rewriting the formula in the lemma in terms of L we get

) 2wy [ In|L(jw)| = In|L(jw
arg L(jwo) = —> / LG )|2 ,J Y 0)|dw. (5.3)
This is now manipulated to get the gain-phase formula. a

Theorem 5.2: For every frequency wy

o dln|L|1
dv

ol

arg L(jwg) = %/ n coth 7dv. (5.4)

—00

where the integration variable v = ln(wio). This is called the Bode phase-gain integral.

Proof: Change variables of integration in 5.3 to get

, 1 [*° In|L(jw)| = In|L{jw
arg L(jwo) = ;r'/ I )slinhv O)Idv.

o0}
Note that in the integral In|L] is really In|L{jwoe®)| considered as a function of v. Now

integrating by parts, from —oc to 0 and from 0 to oo gives:

1 0o
arg L(juo) = — = [(1n |L| = In|Z(jwo)]) In coth g]o (5.5)
1 [®dl|L| v
+ ;/0 - In coth Edv (5.6)
+ % [(m |L| — In |L(jwo)|) In coth -‘53] (5.7)
0
1 [° dln|L] —v
+ -7?/_00 = In coth Tdv. (5.8)
The first and third terms sum to zero. O
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Equation 5.4 is called the Bode phase - gain integral. This equation is used in the rest
of this chapter (in descretised form) to obtain linear inequalities which are then used

for automatic loop-shaping.

5.2.2 Approximate Discretisation of Bode’s integral

In this section we try to find a linear approximation relation between |L(jw)| and ¢(w)
by discretising the Bode integral relation in equation 5.4. The Bode integral relation

in equation 5.4 is rewritten here as:

_ 1 [ dn|L(jQ)| Al
d(w) = - /_oo Tln coth Td)\ (5.9)
where
A=1In £
w
and

¢(w) = arg L(jw)

The approximation of the Bode integral relation is done by discretising the equation.

The infinite range of integration is divided into n + 1 intervals, i.e.
(=00 AJ U (An Ano1] U U (A2 AJ U [Ag 00)

where )\, < A1 < ... < Ay < A;. The )\; are selected to cover adequately the
bandwidth of the system. This approximation was suggested by [6, 38, 54].
Thus:

1 A din|L(5Q) A
d(w) = - /_oo Tln coth |§|d/\ (5.10)
135 M din|L(5¢)] A
1 [*dln|L{jQ)| A
+- /,\,. N lncoth|2|d)\ (5.12)
(5.13)

The approximation is now carried out by assuming that the term dln|L(j¢)|/d) is
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constant in each interval. This gives:

O(wg) = %i—g—f%/_i& In coth |%|d/\
+ 1 D (L-I;{T) s Incoth |é|d/\
Ti=siln ((—i’—'ﬁ) IngL 2
1In (%f)

for k=0,2,...,n — 1. The integrals in the above expression can be calculated to any
desired degree of accuracy via numerical integration. On noting that In(L;,,/L;) =
In(Liy1) — In(L;), we can see that each ¢ = ¢(wy) is a linear combination of the
In(L;)’s, i.e.
qbk:iakiM,- k=23,...,n—1
i=1

for some constants ay;. Here,
M; = 20log;, | L(jw;)|

represent the open-loop gain at frequencies w; in dB’s. A full derivation is included in

Appendix A.

Illustration 5.1 The phase reconstruction method explained above is illustrated using

two transfer functions in equations (5.14) and (5.15).

S$+5
L) = a0 71 (5.14)
La(s) = s+3 (5.15)

s'4+6s3+Ts2+6s+1
The MATLAB file used to generate the approximate and true phases is included
in appendix C. The results are shown in figures 5.2 and 5.3. These show that this
procedure reconstructs the phase highly accurately when a reasonable number of gains

are used.
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5.3 Analytic constraints

Imposing just Bode constraints to the linear programme will result to a controller which
although realisable, may have a highly discontinuous frequency response. In order to
obtain a smooth response, we need to impose additional constraints to the LP which
ensure that In|L(s)| is differentiable on the imaginary axis. Such constrains were pro-

posed by Unstead and MacLeod in the form of cubic polynomials [54].

A function f(s) of a complex variable s is said to be analytic in a domain D of the
complex plane if f(s) is defined and the derivative exists at all points in D. Given that

the limit exists, the derivative of f at a point sq is written as f'(s) and is defined as:

(5.16)

The function is said to be analytic, or differentiable at a point s = s¢ in D if f(s) is
analytic in a neighborhood of s;. Based on the above definition the differentiability
constraints are derived, on the basis that In L(s) must be analytic on the jw axis. The
constraints ensure that the above limit is the same when s, is approached from both

directions along the imaginary axis.

Let L(s) =InL(s). Then
L(jw) = In|L(jw)| + j arg L(jw) = u(w) + ju(w)

and using above equation we get

ey Hliw+ 0] - L)
L(]w)_l—»o jw+e€) —jw

u(w + €) + jv(w + €) — u(w) — jv(w)

= 1i_rg -
_ ng [v(w + GZ - v(w)j _; [u(w + ez - u(w)]

In this relation u(w) and v(w) are approximated for an interval [w;,w;y1] as cubic

polynomials in terms of u;(w) and v;(w) where:

w(w) = paw® + Piw® + Pisw + pia (5.17)

vi(w) = ginw® + qaw? + gisw + gig (5.18)
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Figure 5.4: Differentiability region

In order to formulate the constrains, equation 5.17 and 5.18 needs to be represented as
a matrix relation between the magnitude and the phase of the system. The derivation

of these linear relations is given in appendix B.

A Linear Programme may now be formulated in terms of the unknown variables L;
and ¢; which represent the nominal open-loop gain and phase at a discrete set of
frequencies. The (linear) constraints of the LP are: (i) Linear approximations of the
U-contour and the Horowitz templates (at specified phase intervals) which define the
robust stability and robust performance specifications; (ii) Equality constraints arising
from the discretised Bode gain/phase integral relation, which ensure that a realisable
LTI controller can be recovered, and (iii) Equality analyticity constraints which ensure
that the solution will exhibit a smooth frequency response. The objective function of
the LP which is minimised can be taken to be the asymptotic open loop gain or some

other measure of the open-loop gain response which limits system over-design.

5.4 Fixed-structure controllers

5.4.1 Introduction

In this section a simple optimisation algorithm is proposed for designing fixed-structure
controllers for highly-uncertain systems. This allows the design of robust controllers

widely used in industry, such as PID (Proportional, Integral, Derivative) and phase-
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lead/phase-lag filter-structure. The method can be used to automate the loop-shaping
step of the QFT design procedure and guarantees robust stability and performance
to the feedback loop for all parameters in the plant’s uncertainty set. To avoid over-
designing the system, the algorithm can be used to minimize either the asymptotic
gain, the open-loop cross-over frequency or the 3-dB bandwidth of the closed-loop
system (nominal or worst-case). The resulting algorithm for each structure is easy to

implement and relies only on simple magnitude and phase calculations.

5.4.2 Problem description

The QFT design procedure is based on the two-degree of freedom feedback configu-
ration shown in Figure 1. In this diagram G(p, s) denotes the uncertain plant, while
K(s) and F(s) denote the feedback compensator and pre-filter, respectively, which are
to be designed. Note that model uncertainty is described by the r-parameter vector
p € P C R* taking values in the set P; it is further assumed that G(p, s) has the same
number of right-half-plane (RHP) poles for all p € P. Translating the uncertainty into
the frequency domain, gives rise to the plant’s “uncertainty templates” which are the

sets:
G.={G(p,jw) : p€ P}

For each fixed frequency w, G, defines a “fuzzy region” on the Nichols chart which
describes the uncertainty of the plant at frequency w in terms of magnitude (in dB’s)
and phase (in degrees). For design purposes, we construct N uncertainty templates
corresponding to a discrete set of frequencies @ = {wi,ws,...,wy} chosen to cover

adequately the system’s bandwidth.

The robust performance objectives of the design include good tracking of reference
input r(s) and good attenuation of the disturbance signal d(s) entering at the system’s
output, despite the presence of uncertainty. The robust tracking objectives are captured

by the set of inequalities:

G(p, jw;) K (jws) N N .
T | TH Gl jun K G| = @) 1= Bulllan = Bilei)las

foreachi=1,2,...,N, ie. if, for each frequency w;, the maximum variation in closed
loop gain as p € P does not exceed the maximum allowable spread in specifications

d(w;), typically specified via two appropriate magnitude frequency responses B,(w) =
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| B.(jw)| and Bj(w) = |B,(jw)|. Note that it is not necessary to bound the actual gain
(but only the gain spread) since we assume that, (i) no uncertainty is associated with
the feedback controller K(s), and (ii) the pre-filter F'(s) can provide arbitrary scaling

to the closed-loop gain at every frequency.

Ks) || Glp.s) O v(5)

Figure 5.5: Feedback Configuration

The robust disturbance-rejection objective is satisfied by bounding the sensitivity

function, i.e. by imposing constraints of the form

1
< D(w;
P |1+ G o) KGay) | = ()

for a (subset) of the design frequencies {w;,ws...,wn} (normally in the low-frequency
range). Again these are typically specified via an appropriate magnitude frequency-

response D(w) = |D(jw)|.

Robust stability is enforced by ensuring that: (i) no unstable pole-zero cancellations
occur between the plant and the controller (for every p € P), (ii) the nominal open-loop
frequency response L,(jw) = G(p,, jw)K (jw) (defined for any p, € P) does not cross
the —1 point, i.e. the (—180°0) point on Nichols chart), and makes a total number
of (anti-clockwise) encirclements around it equal to the number of unstable poles of
Lo(s) = G(p., s)K(s), and (iii) That no (perturbed) open-loop response crosses the —1
point, i.e.

-1¢ |J K(jw)G.

wER
Note that condition (i) is automatically satisfied if K(s) is restricted to be stable and

minimum-phase, while conditions (ii) and (iii) can be easily tested graphically [13], [12].
In practice, a more severe condition than (iii) is imposed: To establish a minimum

amount of damping, it is required that the nominal open-loop frequency response
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does not penetrate a closed contour in the Nichols chart (universal high-frequency
U-contour); this is constructed from an appropriate M-circle and information about
high-frequency gain uncertainty of the plant [30]. Formulation of robust stability via
the U-contour assumes that at high-frequencies the phase-uncertainty spread of the
system is minimal, an assumption which is reasonable for most systems subject to
parametric model uncertainty. If this assumption fails (or if model uncertainty is in part
unstructured) the U-contour must be replaced by a set of frequency-dependent closed-
templates containing the critical point. This does not affect significantly the proposed
method, although for simplicity it is assumed that robust-stability specifications can

be formulated via the U{-contour.

The robust tracking and disturbance rejection objectives have been formulated as
gain inequalities of the closed-loop transfer functions (sensitivity and complementary
sensitivity) at the design frequencies. For the purposes of QFT design, these
inequalities must be translated into constraints on the nominal open-loop response
L,(jw). This procedure results into a number of contours (“Horowitz tracking
templates” f!(¢) and “Horowitz disturbance-rejection templates” fZ(4)) for each
frequency wj, 1 = 1,2,..., N; these are functions of the phase variable ¢ € (—360°, 0°].
Thus, robust tracking is satisfied at frequency w; if and only if |L,(jw;)las > ff(¢:)
where arg L,(jw;) = ¢;; similarly, robust disturbance-rejection is attained at frequency
w; if and only if |L,(jw;)|as > f#(4). The robust-performance templates (Horowitz-
tracking and disturbance-rejection) can be easily constructed (within an arbitrary
gain tolerance and for a discretised phase-grid) using a simple bisection algorithm.
This method uses the uncertainty templates of the plant defined at the design
frequencies, normally obtained by “gridding” the uncertainty parameters (which
may be computationally expensive), although more sophisticated methods have been

proposed, e.g. [13], [12].

In conclusion, assuming that the condition prohibiting unstable pole/zero cancellations
between the plant and the controller is independently verified, the following conditions

guarantee robust-stability and performance:

e The winding number of the nominal open-loop system L,(jw) around the —1

point is equal to the number of RHP poles of L,(s).
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e The nominal open-loop frequency response L,(jw) does not penetrate the U

contour.
e The following inequalities are satisfied for all i = 1,2,...,n:
|Lo(jwi)las = f;(¢:)
and

|Lo(jwi)las = f{ (1)

in which ¢; = arg L,(jw;); these inequalities correspond to the robust tracking

and robust disturbance-rejection specifications respectively.

The thesis presents a novel algorithm for designing fixed-structure controllers which
satisfy the QFT constraints and minimize a measure of system “over-design”
(asymptotic gain, cross-over frequency, closed-loop bandwidth). In section 5.4.3 the
QFT constraints are formulated in the form of a feasibility programme. Section 5.4.4
outlines an optimization algorithm which can be used to design simple fixed-structure
controllers (PID, phase-lead/lag, second-order) in the QFT framework. The algorithm
is illustrated in section 5.4.5 with simple design examples, while the main conclusions

appear in section 5.4.6.

5.4.3 Formulation of QFT constraints as frequency-dependent
inequalities

In this section the QFT robust stability and performance constraints are first
formulated as a feasibility programme. This leads to an optimisation algorithm
for carrying out optimal QFT designs using a family of simple fixed-structure
compensators. This is in contrast to other approaches (e.g. the method presented
in the previous section) which optimise the open-loop response of the system in the

frequency-domain and subsequently fit a (potentially high-order) compensator.

As was shown in the last section, the QFT robust-stability and performance objec-
tives can be translated to graphical constraints on the Nichols chart. The constraints

associated with robust-performance (“Horowitz-tracking” and “Horowitz disturbance-
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rejection” templates) correspond to open contours, i.e. they split the Nichols chart in
two regions (for each design frequency), the high and low-gain region. To meet the
tracking or disturbance-rejection objective, each nominal open-loop frequency-response
point L,(jw;) must be placed on the high-gain region of the contour, i.e. forced to
satisfy the inequality |L,(jwi)|las = ff(¢:) (tracking) or |L,(jw;i)|ar = f2(¢:) (distur-
bance rejection), where arg L,(jw;) = ¢;. In contrast, the robust-stability template
(U-contour) is a closed contour containing the critical point. The construction of the
U-contour and the translation of the M- circle to the Nichols plot is described in section

4.2.1.

The ultimate objective of this section is to characterise the regions of the Nichols chart
in which the open-loop frequency response point L,(jw;) can lie in order to satisfy the
robust stability and performance constraints. To this purpose define the composite

function

' (¢) = max{f(¢), f(4)}

where the maximum is taken point-wise in ¢ € (—360°, 0°]. Further define,

fi(d) = f(¢) for ¢ < ¢,
= max{f"(¢),U"(¢)} for gy < ¢ < @n
= fi"(#) for ¢ > ¢y,

Alsolet &; = {¢p : ¢ < ¢ < ¢n, f(¢) < U (¢)}. Then, the robust stability and
performance constraints at frequency w; are satisfied if and only if L,(jw:) € R; U S,

where
R, = {L,(jwi) : |Lo(jwi)|as > fi(¢), ¢ = arg Lo(jwi)}

and

Si = {Lo(jwi) : fil®) < |Lo(jwi)las S U (), ¢ = arg Lo(jw;) € ®;}

An illustration of the region R;US; is given in Figure 3. Note that in practice, when a
performance constraint is active, we typically have ®; = S; = @&. This is because
performance objectives are normally specified at low frequencies, rarely exceeding
the closed-loop bandwidth of the system. However, the present formulation makes
it possible to take into account “unconstrained” design frequencies, i.e. frequencies

at which no performance inequalities apply. For such a frequency w; we would have
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fi"(¢) = —oco and hence ®; = (¢, ¢n), Si = {Lo(Jwi) : |Lo(jwi)las < U (9), ¢ =
arg Lo(jw;) € (¢, érn)} (ie. the region below the U contour), while R; U S; would

represent the region outside the U-contour.

The conditions that guarantee the robust-stability and robust-performance specifica-
tions at the design frequencies can now be summarised by the following two graphical

tests:

e The winding number of the nominal open-loop system L,(jw) around the —1

point is equal to the number of RHP poles of L,(s).
e For each frequency w;, L,(jw;) € R; U S;.

Again, it is assumed that no unstable pole/zero cancellations occur between the
controller and G(p,s) for every p € P, a condition which must be checked
independently. Of course, similarly to any QFT-based method, these tests do not
really guarantee that L,(jw) does not enter the U contour at frequencies other than
the design frequencies. This, however, does not cause a problem in practice, provided
a reasonably large set of design frequencies is selected near cross-over, or, alternatively,

by slightly tightening the specifications by means of an appropriate tolerance.

5.4.4 Optimisation algorithm

In this section we outline an optimisation algorithm for designing fixed-structure
compensators of certain types subject to the QFT constraints developed earlier.
Every design (i.e. loop shaping of L,(jw)) which satisfies the two graphical tests
of the last section is in principle “admissible”, i.e. satisfies the robust-stability and
the robust-performance objectives. Since in general many different designs may be
admissible, we require a method of classifying them by formulating an appropriate
optimisation criterion. Adopting the arguments of Horowitz and Sidi [30], [29], such
a criterion must penalise the “over-design” of the system, €.g. an unnecessarily
high closed-loop bandwidth, since this increases the “cost of feedback” in terms of
sensor-noise amplification and potential instability due to high-frequency un-modelled
dynamics/parasitics. Appropriate “cost functions” to be minimised include the

following quantities:

e Open-loop cross-over frequency (nominal or worst-case).
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o Closed-loop bandwidth (nominal or worst-case).
e Asymptotic open-loop gain.

e A measure of the excess gain-bandwidth area which can be expressed as the
integral

W2

Alwy,ws) = / log | K (juw)|duw

1

where [wy,w.] is an appropriate frequency interval.

Each of the above measures can be calculated in a straightforward manner from the
frequency response of the system. For example, the open-loop cross-over frequency
corresponds to the point where the open-loop frequency response crosses the 0 dB line
on the Nichols chart. The closed-loop bandwidth is the frequency where the closed
loop gain of the system is 1/v/2 (-3 dB approximately). To calculate the closed-loop
bandwidth graphically let L = rexp j¢ be the open loop response and set:

|L| 1 r2

1
=—= =_
N+Ll 2  1+4+r24+2rcos¢ 2

This leads to the quadratic equation r? — 2rcos¢ — 1 = 0 whose only admissible
solution is 7 = cos ¢ + y/cos? ¢ + 1. Thus the closed-loop bandwidth of the system is

the frequency at which the open-loop frequency response crosses the curve:

N(¢) = 20log,, (cos¢ + y/cos? ¢ + 1)

on the Nichols chart, where ¢ denotes open-loop phase. The curve N(¢) is plotted
in Figure 5.6 over the phase interval (—360°,0°]. Finally, the excess gain-bandwidth
measure A(w;,w;) may be easily calculated by numerical integration in terms of the

controller parameters.

Note that the open-loop response of most systems encountered in practice crosses the
0 dB line (or curve N(¢)) only once. An important exception consists of systems with
lightly-damped modes (e.g. flexible structures) exhibiting multiple “resonance” peaks.
In such cases we simply define the cross-over frequency (or closed-loop bandwidth) as

the lowest frequency at which crossing occurs. We also define the “worst-case” cross-
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Figure 5.6: Curve N(¢) used to calculate closed-loop bandwidth

over frequency or closed-loop bandwidth as the largest frequency among all uncertain
frequency responses (contained in the uncertainty template set) crossing the 0 dB line
or curve N(¢), respectively. Note that all these optimization measures can be easily
calculated from the frequency response of the system, possibly using interpolation

techniques if high accuracy is required.

The algorithm presented here may be used to automate the loop-shaping step of the
QFT design algorithm. This is the most demanding step of the QFT design procedure
[6], for which significant research effort has been devoted in the recent literature, e.g.
the approach of [57] based on Youla’s parametrization and linear programming, the
approach of [15], [61] which extends the results of [16] to the robust QFT framework,
techniques which rely on Bode’s gain-phase integral to impose controller realizability

constraints [22], [51], [6], etc.

The types of compensators considered here are listed below. Note that some of these
must be used under appropriate relative-degree assumptions satisfied by the transfer

function of the plant.
1. PID: K(s) = k, + kas + % and PDD% K(5) = ky + kys + kss2.
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2. First-order lead/lag: K(s) = &&tb

s+a

3. Second-order with complex-poles (zeros): K(s) = ;rpp—7or (0 S*+2(wns+w3).

PID and phase lead/lag controllers are widely used in industry because they are
simple and easy to tune. Thus optimal controllers of the first two types may provide
simple solutions to robust control designs based on the QFT method. Note also
that every rational controller of arbitrary complexity can be constructed from cascade
interconnections of controllers in (2) and (3) above. Thus, it is possible to improve the
design continuously by building higher-order controllers in a step-by-step procedure: At
each step the optimisation algorithm is carried out (for a specified controller structure)
and the resulting optimal controller K(s) is accumulated into the nominal open-
loop system by redefining L,(s) « L,(s)K(s). This process may continue until a
satisfactory design is obtained, or until the cost fails to decrease significantly. Of
course, the controller resulting from this procedure will not, in general, be optimal

over the higher-order controller set!

The proposed algorithm is based on the fact that fixing the phase of the compensator
at two distinct frequencies determines the compensator uniquely up to scaling. Thus,
the phase-response of the nominal open-loop system is also completely determined,
and only a simple calculation is needed to determine the minimum amount of gain
required to meet the QFT robust stability and performance specifications (if these are
feasible). Geometrically, this corresponds to shifting the frequency response of L,(s)
vertically in the Nichols chart by the minimum gain required to place the the points
L,(jw;) in the R; U S; regions while simultaneously satisfying the Nyquist stability
encirclement criterion. Repeating this procedure for all possible phase combinations
(suitably discretised) will eventually produce the optimal design (if one exists). Next,

we consider each controller type in turn:

PID and PDD? controllers:

We first consider the classical PID controller, specified by three parameters k;, kg and

k, corresponding to the integral, derivative and proportional gain, respectively.
Theorem 5.3: (i) Let K(s) = k, + kg5 + & with kj, kq, k; real parameters. Suppose
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that arg K (jw;) = ¢; and arg K(jw;) = 9; where w; # w;. Then the matrix:

1 — 1 _ tan(y)

A= Wi wi
Y 1 tan(1;)
1 =5 57"

has full (row) rank. Let (V¥) = [VZ V47 V;7] € R? be a (real) non-zero vector in the
(one-dimensional) kernel of A;;. Then,

wi tan; —w; tan;

a 4y Ak
Bl =2 v | = 2| ewilvitandi—witany;)
: 2 Ui —UJ
ij
kp % 1

where A is an arbitrary real constant. Moreover, the gain and phase of the controller

at any frequency w is given by:

w(w;tany; —w; tany;)  ww;(w;tany; — w; tany; 2
|K (jw)| = P‘I\/ 02 — u_)2] - : Jw(wz —u?) )
Wy 3 i f

= |ACy(w

and

w(w; tany; — w; tan ;) _ wiwj(w; tan1h; — w; tan zp,-)>

w? — w? w(w? — wf)

arg K (jw) := ¢¥(w) = arctan (
3

respectively.

(ii) If the controller gains k,, k; and kg4 are restricted to be non-negative, then the

constraints arg K (jw;) = ¥; and arg K (jw;) = ; are feasible if the two scalars V{7,

V,? are positive. In this case,

, wi(witany; — w;tany;)  ww;(w; tany; — w; tanvy;)
¢i = arg G,(jw) + arctan ( W —w? - wi (w2 — w?)

where we have defined

¢ = arg Lo(jw)

Also, L,(jwy) € R U S iff

(S (dx)—IGalGwy) aB) /20
o || 2 st when ¢k ¢ 91 ¢n).

o [A] > WIEIZEIIY when g € [¢1 ¢n) and f (k) = M~ (d).

10{M ™ (¢ )-|Go(jwi)laB)/20 > A > lO(fk (D) —1Go(Gw)lgr)/20 10(M+(¢k) |Go(jwi)lag)/20
or || >
Cij(“’k) - I l Cl](“"k) | I Cu(“)k)

when ¢ € (@ ¢n] and (D) < M~ (x).
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where C;;(wy) is defined in part (i).
Proof: (i) The frequency response of the PID controller is given as
. : ki
K(jw) = kp + jkaw o

with gain and phase

. 2 k _ Kk
IK(]“-’)l = \/kg + (kdw - %) and arg K(]w) = arctan (%ﬂ_
P

respectively. Now suppose we fix arg K(jw;) = v¥; and arg K(jw;) = v; for two

frequencies w; # w;. Then,

kg — —5 — =0
Wy Wi

kd - k; kp tan(’lb]) — 0
w]- wj

1 _% tan(v;) ka
wf wi k =0

1 - 1 tan(y;) t

Wi e k

P

Clearly, Rank(A;;) = 2, since w; # w; and thus the controller parameter vector is
constrained to lie in the one-dimensional subspace Ker(A;;). Writing Ker(4;;) =
AMV{? V% V3?) gives the required expressions for kg, k; and k, from which the magnitude
and phase expressions of K (jw) follow after some simple algebra. (ii) It is clear that
when the controller gains are restricted to be non-negative, the scalars V{7 and V;’
must be non-negative. The conditions for L,(jwi) € Rk U Sk then follow immediately

from the formulation of the QFT constraints given in the previous section. O

Theorem 5.4 shows that fixing the phase of the PID controller between —90° and 90°
at two distinct frequencies, fixes the phase of the controller at every frequency. The
Nyquist plot of the PID controller (a vertical straight line with real part k,) shows
geometrically that in this case the three controller gains are uniquely determined (up

to scaling) provided that —90° < ¢; < 9; < 90° for w; < wj.

If the pure-derivative term in the controller is considered to be undesirable, the
controller can be modified to the form:

ki kds
S 1+ st
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where 7 is a (fixed) sufficiently small parameter. In this case, Theorem 1 can be applied

with minor modifications by redefining the uncertain plant as

, G(p, s
G'(ps) = 22

and solving for the new variables k,' = k, + k;7, k' = k; and k' = k; + k,7. See [63]

for details.

Using essentially the same arguments we can obtain a parallel result for the PDD?
(proportional-derivative-double derivative) controller K(s) = k; + kos + k3s2. Of
course, this type of controller can be used only if the relative degree of the plant
is at least two. Alternatively, parts of the feedback controller (e.g. integrators arising
from steady-state error specifications) can be absorbed into the uncertain plant family,
and the optimization can be carried out for the remaining (unspecified) part of the

controller.

Theorem 5.5: (i) Let K(s) = ky + kas + kss® with ky, k; and k; real parameters.
Suppose that we impose the constraints arg K (jw;) = 9; and arg K (jw;) = 9; where
w; # w; and w;tan®y; # w;tant;. Then all controllers of this form are fixed up to a
scaling parameter A € R and are parametrised as:

Wi (w; tan ¢; — wj tany;) _ (w2 — wf) tan; tanv;

ki= A
! wjtany; — w;tanyy; wjtan; —w;tanyy; '

k3=/\

The magnitude and gain of K(s) at any frequency w is given as:

\/ [(w? — w?)w; tant; + (W2 — wi)w; tan ;]2 + w?(w} — wW?) tan? y; tan® 9,

lw; tan ¥; — w; tan ;|

|K(jw)| = Al

= |A|Cy(w)

and

_ w(w? — w?) tan1; tany;
arg K (jw) = arctan ((w,2 — w?)w; tan 1;,- + (w? — w?)w; tan 1/)J-)
respectively.
(ii) If the controller gains ki, k2 and kj are restricted to be non-negative, then the
constraints arg K (jw;) = v; and arg K (jw;) = ¢; with 0 < ¢; < m and 0 < ¢; < 7 are

feasible if and only if

w; tan ¥; — w; tan; >0 and (wi — wj;) tane; tanp; >
wj;tan1); —w;tany; — w;tany; —w;tany;

94



In this case,

. . wi(w? — w?) tan; tany;
arg L,(jwi) 1= ¢ = arg G,(jw arcta ’ J !
g Lo(jwi) := ¢ = arg Go(jws) + ar n((wf—wz)wjtanw,-+(wz—w})w,-tam/),-)

AISO, Lo(jwk) € Ry U S, iff

)=1Go(jwi)lap)/20

U
° l)\l Z 10 kCij(uk) when (bk ¢ [¢[ ¢h]

o [N > WO BN when ¢ € [gr gn] and S (dk) > M~ ().

10(M ™ (¢x) - |Go(iwg)lap)/ 20 lo(f;'c"(d’k)-IGo(iwk)IdB)/20 10(M+(¢k)-|Go(J'wk)|dB)/20
° > >
Cij(wk) - 1/\| = Cij(wk) or |/\] 2 Cij(wk)

when ¢ € [¢r ¢n] and f{"(dx) < M~ ().

where C;;(wy) is defined in part (i).

Proof: Follows similarly to the proof of Theorem 5.3. Similar conclusions can also be
drawn about the gain and phase of the open-loop system and its permissible regions

subject to QFT constraints (details are omitted). O

Phase lead/lag controller

We next consider the case of a first-order phase-lead (phase-advance) controller. These
are widely used in classical control designs to improve the stability margins of the
system, of to meet steady-state error specifications. The dual result for a phase-lag

controller also follows easily.

Theorem 5.6: Let K(s) = k(s +b)/(s + a) with a > b > 0 ( “phase lead” controller).
Then the constraints arg K (jw;) = ¢; and arg K (jw;) = 1; for two distinct frequencies
w; # w; with 0 < ¢; < 90° and 0 < p; < 90° are feasible if and only if the following
two conditions are satisfied:

_ wiw;(wj tany; — w; tan ;)

2 2
w?: —ws)tanyY; tany;
=(’ ;) v 1/}]>0 and c¢:= <0
w; tany; — w; tany; w; tany; — w; tany;

In this case, the quadratic equation:
¥ +Xb+c=0

has one positive root b, and one negative root b_ and the controller parameters b and
a are determined uniquely as b = b, and @ = b, + A = —b_. In addition,

arg L, (jwx) 1= ¢ = arg G,(jws) + arctan (%) — arctan (%)
and L,(jwi) € Re U S iff
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(FH(#k)—1Go(jwi)ap)/20
[ ] k) Z 10k > when ¢k ¢ [¢1 ¢h]

Clwk)

° k Z 10{ k(@K )=iGolwy)lgp)/20 When ¢k € [¢[ ¢h] and f,:n(¢k) 2 M—(¢k).

C(wk)

. 10(M ~ (¢k)=1Go(iwk)lqB)/20 2 k 2 lo(f;:n(fﬁk)-IGo(J'wk)ldB)/20 or k Z 10(M+(¢k)-|Go(J'wk)|dB)/2°

C(wk)

C(we) Clwk)

when ¢ € [¢ #r] and fi*(dr) < M~ (%)

where C(w) = /(b? + w?)/(a? + w?).

Proof: The frequency response of the phase-lead controller is given as

with gain and phase

jw+b

K(jw) =k
(ju) jw+a

, w? + b? , w w
K =ky/——— and K = udl R jud
| K (jw)] Ty g 2nd arg (jw) = arctan (b) arctan (a)

respectively. Now suppose we fix arg K(jw;) = ¢; and arg K(jw;) = ¢; for two

frequencies w; # w;. Then,

arctan (-uﬁ) — arctan (%-) = Y;
b a
arctan (%) — arctan (%) = 9

Using the trigonometric identity:

tana — tan B

we get (after some algebra),

tan(ar - £) = 1+ tanatang
w?tany; —wia +w;b+ abtany; =0 (5.19)
w? tant); — wja +w;b + abtanty; =0 (5.20)

Multiplying equation 5.19 by tani;, equation 5.20 by tant; and subtracting the

resulting two equations gives

(w? — w}) tantf;taney;

=b+ A
w; tany; — w; tan; +

a=b+

Since a > b for a phase-lead controller, we must have A > 0. Substituting for a = b+ X

in (1) leads to the quadratic equation:

(w?

b+

i_

witany;tany; ww;(w; tany; — w; tan ;) -0

w; tany; — w; tany; w; tany; — w; tany;
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This must have a positive root b, if the constraints are feasible, so that a = b, + X >
by = b > 0. To see that at most one of the two roots of the quadratic equation

_ -2+ VA2 -4

° 2

is positive, note that the transfer functions (s + b)/(s + a) and (s — a)/(s — b) have
identical phase responses; hence if one root of the quadratic is b, the other root must

be —a. Formally, when A > 0 the roots of the quadratic can be classified as follows:
e ¢ < 0: One positive (b;) and one negative (b_) root.
e ¢ = 0: Zero and negative (b = —A) roots.
e 0 < ¢ < A\?/4: Here v/A? — 4c < A so both roots are negative.
e ¢ > \?/4: Complex conjugate roots.

and so parameters a and b with a > b > 0 are uniquely determined from the two phase

conditions when A > 0 and ¢ < 0. To show that b_ = —a note that
“A+vA2 -4 A+VA2 -4
a=b, + )= +2 C+A=—i—2——c=—b_

The phase equation for L,(jw:) is immediate, while the gain inequalities on k for
Lo(jwi) € R U Sy follow directly from the discussion of the previous section on noting

that |K(]wk)] = kC(wk) O
Example: Consider the following cases:

e w; = 1 rads/s, w; = 4 rads/s, ¥; = 10° and 9; = 30°: We obtain A = 11.9339,
¢ = —66.6806 and so the constraints are feasible. The quadratic equation gives

b=0b, =4.1467 and a = by + A = —b_ = 16.0806.

e w; = 1 rads/s, w; = 4 rads/s, ¢¥; = 60° and ¢; = 10°: We obtain A = 0.6785,
¢ = 0.6083 and the roots of the quadratic are complex: b; » = —0.3393 £ j0.7023.

The constraints are infeasible.

e w; = 1rads/s, w; = 4 rads/s, ¢; = —10° and ¢; = 30°: Clearly the constraints
are infeasible for a lead (or a lag) controller. We obtain A = 1.1905, ¢ = 7.7518
and the quadratic has complex roots b, , = —0.5953 £ 72.7198.
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e w; = 1 rads/s, w; =4 rads/s, ¥; = —10° and ¢; = —30°: Clearly constraints are
infeasible for phase-lead controller (but not for a phase-lag controller). We obtain
A = —11.9339, ¢ = —66.6806 while the quadratic equation gives b, = 16.0806
and b_ = —4.1467.

The corresponding result for a phase-lag controller is as follows:

Theorem 5.7: Let K(s) = k(s+b)/(s+ a) with b > a > 0 ( “phase lag” controller).
Then the constraints arg K (jw;) = ¥; and arg K (jw;) = 1; for two distinct frequencies
w; # w; with —90° < ¢; < 0° and —90° < ®; < 0° are feasible if and only if the
following two conditions are satisfied:

_ wiwj(w; tany; — w; tan i)

(wf = w}) tan; tan<p; .
= <0 and c:= <0
w; tan 'l/lj — Wy tan '(f)i w; tan ¢j - Wj tan ’(f),'

In this case, the quadratic equation:
B+ Xb+c=0

has one positive root b, and one negative root b_ and the controller parameters b and
a are determined uniquely as b =b, and a = b, + A = —b_. In addition,
arg L,(jw) := ¢ = arg Go(jwi) + arctan (C—Ubi) — arctan (-‘ﬂc-)
a

and Lo(jwk) € R, U S, iff

ol e (¢ —1Goliwk)lap)/20

e k>1 oo when ¢ ¢ [#1 ¢n).

o Jo 2 WEEO LD whon ¢ € [ 4] and S (86) 2 M-(90)

o 10(M ™ (¢r) = |Go(iwg)laB)/20 > k> 1045 (¥k)=IGoliwk)lap)/20 10(M ™Y (91)-1Go (Gwi)lqp) /20

or k >

Clwi) = = Clwi) Cwy)
when ¢y € [y ¢n] and f*(dr) < M~ ().
where C(w) = /(B + w?)/(a® + w?).
Proof: Along similar lines to the proof of Theorem 5.6. O

Theorems 5.6 and 5.7 show that fixing the phases of the phase lead or phase lag
controller in the intervals (0°, 90°) or (—90°, 0°) respectively determines uniquely the
dynamic part of the controller when the the constraints are feasible. Feasibility of the
constraints is easily checked from two sign conditions, and the controller parameters

are determined by solving a quadratic equation.
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Second-order controller with complex poles or zeros

We finally consider the case of a second-order controller with complex (conjugate)
poles. The corresponding dual result for second-order controllers with complex zeros

also follows easily.

Theorem 5.8: (i) Let K(s) = k/(s® + 2¢wps + w?2) with w, > 0and 0 < { < 1
( “complez-pole second-order lag” ). Then the constraints arg K(jw;) = ; and
arg K(jw;) = 9; for two distinct frequencies w; # w; with —180° < ¥; < 0° and
—180° < 9; < 0° and ®; # v; are feasible if and only if the following conditions are
satisfied:

o If ; # —90° and ¢; # —90°,

_ wjtany); — w;tany
w; tan 'l,Z)j — Wj tan ’(pi

__tandzi w~/\_ Wi
0<(i=—5 (,/:}i ,//\wj)<1 (5.21)

in which case w, and ¢ are defined uniquely as w, = \/w,w;A and via (3)

>0

and

respectively.

e If i), = —90° then either of the two conditions must hold: (i) ¥; € (-90°, 0°)
and w; < w;, or (ii) ¥; € (—180°, —90°) and w; > wj, in addition to the condition

(W} —wi)tanyy

2wiwj

(5.22)

in which case w, and { are uniquely determined as w, = w; and via (4),

respectively.

e If ¢); = —90° then either of the two conditions must hold: (i) ¢; € (-90°, 0°)

and w; < wj, or (ii) ¥; € (-180°, —90°) and w; > w;, in addition to the condition

(w? — w?)tan®;

¢ = ——

2(4),‘(4)]'

<1 (5.23)

in which case w, and ( are uniquely determined as w, = w; and via (5),

respectively.
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(i) When the phase conditions are feasible we have

arg L,(jwi) := ¢ = arg G,(jwi) + arctan (wcw"tj;)
k

and L,(jwi) € Ry U Sy iff

]0”’6 (¢k) |GO(JUk)!dB)/20 ,
o k > Clon) when ¢k ¢ [¢1 ¢h]

° k' > 10(fk(¥x)—IGoliwr)laB)/20 hen d)k € [QS[ d)h] a.nd f;n(qsk) 2 M—(¢k)

C(we)

10(M ™ (¢ ) —IGo(iw)4B)/20 10¢E (9x)—1Go(Gwi ) laB)/20 10(M+(¢k) |Go(wg)lgp)/20
™ >k > >
Clwn) 2 Clon) or k Tlon)

when ¢k € [¢l ¢h] and f,zn((bk) <M~ (¢k)

where C(w) = 1/4/(wn — w)? + 4C2w2w?.

Proof: The frequency response of the controller is given by

k
w2 — w? + 2jCww

K(jw) =

from which its magnitude and phase responses can be obtained as:

. k . 2Cwpw
|K(jw)| = T = F i = kC(w) and arg K(jw) = arctan (W)
respectively. Setting arg K (jw;) = ¢; and arg K(jw;) = ¥; gives
2Cwnw; 2Cwnw,
m = ta n’tﬁ, and wn — w] = wj (5.24)

for ¢; # —90° and 9; # —90°. Solving simultaneously the above two equations gives:

s wiwj(w; tan; — w; tany;)
n (4 tan ’l/)j — Wj tan ’l/);‘

which defines w, uniquely iff A > 0. Substituting into (6) then gives the expression for
¢ and the corresponding condition for an under-damped response (0 < ¢ < 1). When
¥; = —90° we must have w, = w; and hence ¢ is given by (5). This is positive
when (w; — w;)tany; > 0 from which the two stated conditions follow. Finally,
the phase equation for L,(jw) follows immediately, while the gain conditions for
L,(jwr) € Ry U Sk can be derived from the discussion in the previous section on

QFT constraints. g

Again, Theorem 5.9 shows that fixing the phase of the controller at two distinct

frequencies, determines completely the dynamic part of the controller, when the
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constraints are feasible. In the Theorem formulation the controller is restricted to be
under-damped. This restriction can be removed, if required, by ignoring throughout
the ( < 1 condition. An almost identical procedure may be used to determine the
dynamic part of a minimum-phase non-proper controller k(s? + 2¢w,s + w?) from its
two phases in the interval (0°, 180°) at two distinct frequencies w; and wj; details are

omitted.

In all three cases considered above we have derived simple gain conditions on the
nominal open-loop gain, so that the QFT robust stability and performance performance
constraints are satisfied. These are of the form L,(jwi) € Ry U Sk, which for a fixed

phase arg L,(jwi) = ¢, correspond to gain intervals

(k1 (wiy @), k2(ws, di)] U [ks(wi, dk), o0

where 1 = 1,2,...,N. Thus the optimisation problem takes the form: “Minimise the
optimisation criterion (i.e. cross-over frequency, closed-loop bandwidth, asymptotic
open-loop gain, etc), so that for each design frequency w;, i = 1,2,..., N, L,(jw;) €
Sx U Ry, and Nyquist’s encirclement criteri