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Abstract

We revisit the computation of the 1-loop string correction to the “latitude” minimal
surface in AdSs x S° representing 1/4 BPS Wilson loop in planar A'=4 SYM theory pre-
viously addressed in arXiv:1512.00841 and arXiv:1601.04708. We resolve the problem of
matching with the subleading term in the strong coupling expansion of the exact gauge
theory result (derived previously from localization) using a different method to compute
determinants of 2d string fluctuation operators. We apply perturbation theory in a small
parameter (angle of the latitude) corresponding to an expansion near the AdS; minimal
surface representing 1/2 BPS circular Wilson loop. This allows us to compute the correc-
tions to the heat kernels and zeta-functions of the operators in terms of the known heat
kernels on AdSs. We apply the same method also to two other examples of Wilson loop
surfaces: generalized cusp and k-wound circle.
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1 Introduction

The expectation value of a Wilson loop (WL) operator in planar N = 4 super Yang-Mills
theory is conjected to be given, at strong coupling, by the AdSs x S° superstring path integral
with appropriate boundary conditions [1-3]. The computation of the leading strong-coupling
correction to the classical area term given by the logarithm of the 1-loop string partition
function was addressed in [4—6] and, in general, is technically challenging.

Simplest examples correspond to supersymmetric Wilson loops, e.g., 1/2 BPS circular
loop [6-8], 1/4 BPS family of “latitudes” [9-14], the k-wound circle case (dual to WL in
k-fundamental representation) [7,15], etc. Even in the circular WL case the first string cor-
rection appears to disagree with the subleading term in the strong coupling expansion of the
gauge-theory result [16-22].

To avoid the subtle issue of the overall normalization of the string path integral one may
consider the computation of the ratio of partition functions for minimal surfaces of the same
(disc) topology. Then the universal UV divergences and possible string tension factors associ-
ated with the Killing vector volume [6,18] that are independent of local world-sheet geometry
should cancel out and the result should be a well-defined function of the non-trivial WL (i.e.
world-surface) parameters. This strategy was followed in [13], where the one-loop determi-

nants for fluctuations about the classical string solutions corresponding to a generic 1/4 BPS
“latitude” WL of [9-11] were evaluated with the Gel’fand-Yaglom (GY) method. The same



result for the string partition function was obtained in [14], with a slightly different applica-
tion of the GY method.! Still, the resulting string prediction was found to be in disagreement
with the exact gauge theory result obtained by the localization method [20,21].

In this paper we will reconsider the computation in [13,14] using a different approach to
evaluation of the fluctuation determinants. We shall use the perturbation theory in a small
parameter «, such that for o = 0 the world-surface becomes the same as the circular WL
surface, i.e. is equivalent to the Euclidean AdS5. Then the leading correction in « can be found
by the perturbative expansion of the heat kernels (see, e.g., [23,24]) using that for o = 0, i.e.
in the AdSs case, the heat kernels for the bosonic and fermionic operators are known explicitly
[25—28]. This will allow us to find the leading-order correction to the string partition function
for the near-AdSs geometry corresponding to the latitude in S? C S° parametrized by a small
angle 6y. Since for 6y = 0 it reduces to the AdSy (circular WL) geometry, here the small
expansion parameter may be chosen as o = 98.

Remarkably, we will be able to reproduce the first non-trivial term in the small-6y expansion
of the exact gauge-theory result [20,21] for the latitude WL expectation value Z = (W(\, 6y))
in the strong-coupling (A > 1) limit. Explicitly, the gauge-theory prediction for the string
“effective action” I' = —log 7 is

T'(\, 0p) — (X, 0) = VA (1 — cosby) + 3 log cos by + O(A"1/2) (1.1)

and we will reproduce precisely the leading small-§y term in the O(A?) part of (1.1), i.e.
3 log cos By = —26% + O(63), from the one-loop string-theory computation (see (3.2),(3.45)).
A possible reason why the two previous attempts in [13] and [14] failed to find the agreement
with the gauge theory result may be related to some subtleties in their application of the GY
method to computation of functional determinants.? Compared to the heat-kernel approach,
here the spectral problem is treated (after Fourier-transforming in 7) as effectively a one-
dimensional operator problem; one also uses a zeta-function-like regularization in o world-
sheet direction and a cutoff regularization of the sum over the Fourier modes in 7-direction.
This method also requires considering ratios of determinants for differential operators with the
same principal symbol, which in turns implies a functional rescaling by a conformal factor.?
Together with a possible regularization ambiguity in the sum over modes mentioned above,
what may account for the disagreement is the fictitious boundary (a cut at the origin of
the disk) introduced in [7,13,14] to allow for the calculation of determinants on a compact
interval (see also [37,38]). It would be interesting to perform an explicit comparison of the
two computations eliminating the need for this regulator, which does not appear in the heat

Tn [14], the fermionic contribution was found starting with the Dirac-like first-order operator rather than
its square, as in [13]. Using a particular organization of the determinant ratios, ref. [14] computed the analytic
expression for the resulting string 1-loop correction (while the analysis in [13] was partially numerical). Ref. [14]

presented also a detailed study of the supermultiplet structure of the fluctuations.

2This method was originally suggested in [29] and later improved in [30-35]; for a review see, for example,
[34,36], or Appendix B of [13].

30ne may quantify (see, e.g., Appendix A of [6]) how such conformal rescaling of the operators affects the
finite part of the regularized determinants. However, a simple check for the ratio of two bosonic operators
in [13,14] reveals that adding this contribution does not explain the discrepancy with the result obtained here.



kernel approach.?

Below we will also test our perturbative approach based on constructing heat kernels for
2d fluctuation operators in an expansion in a small parameter on two other examples. The
first will be the near-BPS limit of the generalized cusp of [40], corresponding to the the
strong coupling expansion of the “Bremsstrahlung function” of N' = 4 SYM theory, derived
exactly using supersymmetric localization in [41]. In this case the GY method applied to the
computation of the string 1-loop correction reproduced [40] the gauge-theory result.” Our
perturbative computation will also be consistent with this matching.

Another example will be the 1-loop partition function for the surface ending on the k-wound
circle that should be representing the k-fundamental circular Wilson loop [3,46]. Here the
gauge theory result is a generalization of the k = 1 circular WL case [9,20], see (3.107). The
string one-loop computation was previously discussed in [7] (using the GY method and again
introducing an unphysical cutoff) and in [15] (using heat kernel construction on a cone of
AdSy with angular deficit 27(1—k)). Both approaches failed to find an agreement with gauge
theory. We will use an expansion about the k = 1 case, i.e. set the small parameter to be
a =k —1. Our result (3.105) for the coefficient of the O(k — 1) term in the 1-loop correction
will differ from the gauge theory one just by an extra y-term (the Euler-Mascheroni constant).
We will suggest that this disagreement is due to a regularization ambiguity related to the fact
that the expansion near the regular k =1 (i.e. AdSs) surface appears to be problematic due
to a conical singularity appearing for k # 1.

We will start in Section 2 with the description of the perturbative procedure for computing
the heat kernel in a small-parameter expansion. In Section 3 we will apply this method the
1-loop string computations of the leading corrections to the three WL surfaces mentioned
above. We will collect useful formulae and details of the calculations in Appendices A and B.

2 Perturbative expansion of heat kernel and determinant of

an elliptic operator

To prepare for the computation of leading string 1-loop corrections to Wilson loop expectation
values in expansion in some small parameter « here we shall present the general relations
for the perturbative expansion of the heat kernel and determinant of a differential operator
parametrized by «.

Let O be a second order elliptic operator defined on (sections of a bundle over) a d-
dimensional Riemannian manifold M with metric g;;. The standard expression for the loga-

1A more general application of the GY method [39] suggests that in the case of a non-compact interval one
may try to proceed by selecting suitably “well-behaved” eigenfunctions of the auxiliary initial value problem.

SHere the application of the GY method does not require an unphysical regulator and thus the agreement
could be expected. The GY procedure is known also to reproduce the predictions of integrability on gauge-
theory side in other non-trivial fluctuation problems [42—-45].



rithm of its determinant defined using zeta-function regularization is (see, e.g., [47,48])

log Det , O = —Co (0) (2.1)
1 R _ )

go@y:F@)A dtt* " Ko (t) , Ko@y_/ﬁ%wgukbcamw, (2.2)

(0 + Op) Ko(z,2'5t) =0, Ko(z,2';0) = Ld(d) (z—a')0l. (2.3)

V9
Here tr and the unit operator [ correspond to the internal indices in the (vector or spinor)
bundle.

Suppose the metric g;; on M as well as O depend on some parameter «, such that for
a = 0, corresponding to M with metric gij, the spectral problem can be solved exactly. Then
we can compute Ko and Det ,, O in perturbation theory in a. Namely, let us set

9ij = Gij + @ §ij + O (@?) |
0=0+a0+0(a?), (2.4)
K@(ﬂj‘,ﬂf,;t) :K(Q(ﬂf,ﬂj‘,;t)—|—OZK(9(JE,JE/;75)+O(OZ2) s

where K¢ is the heat kernel corresponding to O, i.e.

(8t + @m) Ko(z,2';t) =0, Ko(z,2';0) = 54 (:17 - x/) 0. (2.5)

al-

Then Ko may be found by solving

(0 + Oy) Ko(z,2':t)+O0,Ko(z,2';t) =0, Ko(z,2';0) = 293/2 6@ (z—2')1. (2.6)
The resulting solution is (see Appendix A.1 for details)
- ' y
Ko (z,2';t) = 293/25( )z — a')l
/ dt’ /dd "ViKo (z,2";t — ') Opn ( _3/25(d)( x/))
- / dt / dia"\JGRo (2,2t — ') O Ko (", 2':t') . (2.7)
0
Then the trace Ko (t) in (2.2) takes the form
Ko()—f_fo()+ako()+0(2) (2.8)
Ko (t) = —t/ddx\/_ tr[@ Ko (z,2'; t)} o (2.9)
Thus the perturbative expansion of the determinant of O in (2.1) becomes
D“queﬂﬂwﬂmfh log Det,, O = —(p (0) — ap (0) + O(a?), (2.10)
Det O
o (s) ! /mﬁﬁ*K‘@ o (s) ! /mﬁﬁ*K t) . (2.11)
@ = @ ’ o = o0 . .
I'(s) Jo I'(s) Jo



From (2.8),(2.9) one can find similar perturbative expansions for the coefficients in the small-¢
expansion of the heat kernel, i.e. for the Seeley coefficients that control the UV divergent part
of log Det,, O in, e.g., the proper-time regularization (see, e.g., [48,49]). As a check of (2.7)
we show in Appendix A.2 that the small-t expansion of (2.9) reproduces the results of the
standard perturbation theory applied directly to the Seeley coefficients of the scalar Laplace
operator on a manifold with no singularities.

In the following section we will consider examples where scalar and spinor operators will
be defined on the two-dimensional M which will be real hyperbolic space H?. In this case
the homogeneity of H? allows one to construct the relevant heat kernels Ko for generic pair
of points x, 2’ [25-28] (see also Appendix B) and thus to compute the first corrections Ko
according to (2.7).

3 Perturbative expansion of 1-loop string correction to Wilson

loop minimal surfaces

Our aim will be to use the above expressions to develop a perturbative approach to com-
putation of AdSs x S° superstring partition function Z expanded near a particular minimal
surface ending on the AdS boundary that represents the leading strong-coupling correction
to the corresponding Wilson loop in gauge theory. In general,

Z=WWh\a)=eT, L =VATr9) +TW(a) + OAY2) . (3.1)

Here v AT') () is the classical string action (\2/—75 is the string tension) evaluated on a minimal

surface with parameter a and I'")(a) is the 1-loop correction expressed in terms of ratios of
determinants of 2nd order fluctuation operators [4-6].

While computing these determinants for a generic minimal surface is hard, expanding in
some small parameter « (such that for a = 0 the surface becomes simple) that can be done
in perturbation theory. We shall demonstrate this below in a number of cases:

(i) “latitudes” in S% C S® (Section 3.1);

(ii) generalized cusp (Section 3.2);

(iii) k-wound circle (Section 3.3).

In these cases the av = 0 limit of the minimal surface will be the Euclidean AdSs space or H?

for which the heat kernels and determinants or relevant operators are known explicitly, i.e.
M) =M is known. Our aim will be to find the first correction to I'™(0):

I'D(a)=TW +al® 4+ 0 (a?) . (3.2)

3.1 Latitude Wilson loop

Let us start with a family of 1/4-BPS Wilson loops with the minimal surface of half-sphere
topology ending on a unit circle at the boundary of AdS5 and stretched also along the latitude
located at the polar angle fy in a S? C S° [9-11]. The minimal surface is embedded into a



subspace H? x S? of AdSs x S° with the metric

dsts, g0 = 2 2(da? + dz} + dz?) + df* + sin? 0 d¢? (3.3)
as follows
Ccos T sin T
T = T2 = z =tanho, (3.4)
1
Sin9 = m s COSH = tanh(a + O'(]) s qb =T, (35)
o€ [0,00), T € 0,2m), tanh o = cos b . (3.6)

The world-sheet boundary at ¢ = 0 is located at the boundary of AdSs5, and o9 € [0, 00)
related to 0y € [0, 5] describes a one-parameter family of latitudes on S5, The maximally
supersymmetric (1/2-BPS) case corresponds to 6y = 0 or o9 = oo when the latitude in
S? shrinks to a point (§ = #y = 0) and thus the minimal surface becomes the same as of
the circular Wilson loop. In what follows 6y will thus play the role of the small expansion
parameter «.

The induced world-sheet geometry is that of the 2d Euclidean manifold M with the metric

ds3 = Q% (o) (d7'2 +do?) ,
1 1 1
02 (o) = + = +0 (83) ,
(@) sinh?c  cosh? (¢ +0g) sinh?c (%)

(3.7)

which for o9 = 00, i.e. 6y = 0, becomes the hyperbolic plane H?. The leading term in (3.1),
i.e. the area of this minimal surface, regularized in a standard way by introducing a small
cutoff near the boundary of AdSs, at z = ¢ — 0, or, equivalently, at ¢ = arctanhe — oo is
then

2
@ gy) = / dT/ do Q*(0) = = — cosfy — —cos by . (3.8)
arctanh e

The singular term here is fp-independent and thus is the same as in the singular part of the
volume of Euclidean AdS; space.®

Expanding the AdSs x S° superstring action to second order in the fluctuation fields leads
to the following one-loop contribution to (3.1) [12-14] 7

[lpispo—sr Det? 4|02, ., (60)]
Det?/2 [Olwo)} Det?/2 [02(90)] Det!/2 [03+(90)} Det!/2 [(93_ (90)} '

W (6y) = —log (3.9)

5The linearly divergent part %, proportional to the length of the boundary at z = ¢, may be subtracted by
a Legendre transform of the Wilson loop as in [6,19,46].

"As in earlier discussions [6,12] it is assumed here that the same boundary conditions are imposed on the
operator of the longitudinal bosonic modes and the one of the ghosts associated with the diffeomorphisms
gauge-fixing, so that their net contribution to the ratio (3.9) equals to one.



Here the bosonic second-order operators

_ 1 P 1y 2
01(90) = QQ(U) ( a‘r aa + Sinh2 O'> @ (00) = QQ(O_) < 87' 80 COSh2 (O’ T 0_0)) ’
(3.10)
1 )
O34 (6p) = (o) { — 02 — 9% 4 2i (tanh (20 + 0p) — 1) O
— 1 — 2tanh (20 + 0¢) + 3tanh? (20 + 0'0)] (3.11)

act on the world-sheet scalars, and the fermionic first-order operators

Opro.pss (0o) = Q(ig) ((% + 299((00)))01 + Q(lg) (—i@T + I% [1 — tanh (20 + O’Q)]) 09

+ D12 on — P12 P56 )
02(0)sinh? o ’ 02(o) cosh? (o + a9)

(3.12)

act on two-dimensional spinors and are labeled by p12, ps¢ = £1 (0; are Pauli matrices).9 The
determinants of these operators have been evaluated exactly (for any 6p) in [13,14].

To apply the perturbative approach developed in Section 2, we choose

alatitude = 08 ) (313)

so that the reference manifold M for o = 0 is H? corresponding to the circular Wilson loop
(6p =0, or g = 0), i.e.

dr? + do? 1
ds?, = ———5— = dp* + sinh? pdr? inh p = 3.14
M sinh? & Pt S par, SHp sinho’ ( )
with the S! boundary at

p=A— 0, A = arccosh(e™!) . (3.15)

The string action proportional to the (renormalized) volume of this space is
(o) ! V ! /%d /Ad inh ! 1— -1 (3.16)

= — = — T sinhp = — — — .
2T e 2T 0 0 P p € ’

which is the 6y = 0 term in (3.8). In the limit 6y = 0 the operators (3.10)-(3.12) take the
form of the Laplacian (B.8) and the Dirac operator (B.11)

O, = —Apﬂ— + 2, @2 = @31 = —Apﬂ—, O;Dlz,psa = —Z'Wpﬂ_ + p1203. (3.17)

The spectrum of physical excitations which contribute to I'V) (g = 0) in (3.9), is composed of
3 massive scalars (m? = 2), 5 massless scalars and 8 massive 2d Majorana spinors (m? = 1)

8The operators Qs+ (6p) in (3.10) of [13] coincide with the ones in (3.11) upon the replacement —id, —
—i07 = 1, which implements the shift explained in Section 4 of [13]. This is equivalent to a choice of the normal

bundle gauge connection [12] that is regular everywhere on the world-sheet (see discussion below (4.20) of [14]).
9Compared to the notation used in (3.26) of [13], the fermionic determinants are raised in (3.9) to an

additional power of two because the irrelevant label psg is suppressed. We also made the replacement —i0, —
—i0- + B¢ to arrive at (3.12), as motivated in Section 4 of [13].



propagating in H? [6,7]. The regularized determinants were computed in [8] with the heat
kernel method using (B.30) and (B.31)

25 3

C0,(0) = =15 + 5 log 2 — 2log 4, (3.18)
= = 1 1
(bz (0) = (bgi(O) = — 12 log 2m —2log A, (3.19)
= 5
/ _ —— —
Coﬁm,p% (0) = 3 +2log2m —4log A, (3.20)

where A is the Glaisher constant (see (B.33), (B.34) and (B.39)). As a result, the one-loop
correction (3.9) in the circular Wilson loop case is

35 3 1 1 1 = 1
1 _ —
T(0) = =50, 0) = 5C0,(0) = 5C04, (0) = 50, () + 5 D 5, 0) = o827
P12,P56=

(3.21)
Expanding (3.7) in small o = 63 we find that the leading correction to the metric (3.14) in
(2.4) is given by

. 10 - et 0
gi'(va) = . > gi'(p7 T) = (Itcosh o) cosh p— : (322)
/ <0 sinh? ,0> J 0 COSEZ_&
From (3.10)-(3.12) we find that the expansion of the relevant differential operators '°
Oi(0y) = @ +620; +0(63), i=1,2 34, 3—, (3.23)
OP127p56 (00) = P12,P56 + 98 @p1271756 + 0(961) ’ (324)
012)1271056 () = 0512 pse 0 {@plz,psm @p127p56} +0(8p) (3.25)
contains
. 1
01 =0y=— (A, —2), 3.26
! ? (14 cosh p)? (B0, ) (3.26)
~ 1 sinh? p
0] zi[AT—72ii& , 3.27
= (14 coshp)?L7"" (14 coshp)? ( ) (327
~ B i B i (1 — cosh p) -
PP 9 (1 + cosh p)? " " 2sinh p (1 4 cosh p)?
ps6 sinh® p P12
09 — 03+ psg l2) - 3.28
4 (1 + cosh p)* ? (1 4 cosh p)? (73 + Pao o) (3.28)
For the bosonic operator O;(6p) in (3.23), substituting (3.26) into (2.9), we obtain
2 __sinhp _ ;.
Ko, (t) = —t dr [(AP,T —2)K_ayo(p, 1,0, 7'51) , (3.29)
1 + cosh p)? p=p',T=T'

where A was defined in (3.15). As O; in (3.17) is the Laplacian for a scalar field of mass
m? = 2, its heat kernel satisfies

(815 - Aﬁﬂ' + 2) Kol (107 T, /0/7 7—/; t) =0 (330)

%Here by {,} we indicate the anticommutator of two (matrix-valued) differential operators.



so that we can trade the Laplacian in (3.29) for the derivative 0y, and then take the coincident-

point limit, getting

21
Smhp _
K ——t/ dT/ O K ST, 0, T3 1) . 3.31
o ( Pt cosh o2 ! o, (p, 7,0, 731) (3.31)

Here we can send the upper limit to infinity (A — oo corresponds to € — 0 in (3.15)) and
then use the integral representation of the traced heat kernel (B.23) for mass m? = 2

Ko, (t / dvvtanh (mv) (V2 + 9) e —t(v*+9) | (3.32)

To evaluate fol(s) one proceeds as in Appendix B.1, interchanging the integration over the
spectral parameter v and the proper time ¢ in the definition (2.11) of the zeta-function, and
writing tanh(7v) = 1 —2/(e?™ + 1) to get

- o sv o sv
C@l(S) = /0 d?)m —/0 dv (627”} n 1) (v2 n %)s . (333)

As the first integral above converges only for Re s > 1, one can first integrate over v assuming

this is true and then analytically continue to all values of s

s (9\1=s _ * %
Co, (s) = oo (1) S/O dv(e%v YL (3.34)

and one obtains

Co, (0) =—135. (3.35)

The same steps may be followed for O3(6p), for which one gets
Ko, (t / dvvtanh (mv) (v + 9) e —t(v*+5) , (3.36)
‘, = _sv (Ll 1 ) _ sV 2
CO2(S) - f(] d’U (024_%)8 (2 + 1}2_1_%) f(] dv(62wv+1)(02+i)s <1 + 02_1_%)
s 1\1=s | 1 /1\—s o0 v o0 v
) (Z) T3 (Z) o Sfo dv(e2m+1)(vz+%)s —2s fo dv (ezmﬂ)(vzﬁ)sﬂ ’

Cop (0) = —35 +7. (3.37)

Here we used (B.36) and + is the Euler-Mascheroni constant.

The operators Os (6p) and O3_(6y) coincide for y = 0 in (3.17) and therefore the deriva-
11

tives O; in (3.27) cancel each other in the sum

K(93+( +K(93 t)

27 W2
__sinhp sinh” p -
=—2¢ d [(A 7—27>K_ Ty 0 /;t]
/ T/ 1 + Coshp) P (1 + cosh p)? alp,m P75t p=p' 7=

= v v tanh (wv) (v (”+4)
t/o dvvtanh (o) (v + 5) e~ . (3.38)

"'The derivatives come with opposite signs in (3.27) as the fields acted upon by (3.11) in the fluctuation
Lagrangian [12-14] are a complex scalar and its complex conjugate, coupled to a U(1) connection with opposite
charges [14].
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Then for the combined zeta-functions one obtains

5(93+( ) + Cos( =l d”( 211y (1+ 2ii) + Jo dv 627r11+_1§?:}}2+l)s 1+ vzii) (3.39)
= s (Lyms 1 1yTs oo o0 v
= 2(s—1) (4) +3 (4) 2s J, dv(e2w+1)(u2+ —2s [y d 62wu+1)(v2+%)s+1 )
oy, (0) +Co, (0) = —F +7, (3.40)

where we used (B.36). In the fermionic case the relevant operator is the square of Op,, pss (60),
a positive-definite operator with a well-defined y-expansion of its heat kernel defined in (3.24)

2T o
Koglw56 (t) = —t/o dT/O dp sinh,otr[{(’)lgi2 PoG’OP127p06}K—W2+1(p7 T, p,,T’;t)]

= t/oo dv v coth (mv) (v 4 2) emt(v*+1) | (3.41)
0

p=p’,;T=1"

Here one has to work with the full heat kernel (B.13) for m? = 1 and the rest of the compu-
tation is essentially unchanged, giving

_ [0 SV 1 e} 2sv
COEIZ,%G (s)=Jy dv (W2 +1)° 1+ ) + Jo dv (€@ —1)(02+1)° (1+ 02+1)

= ooy + 3 128 g i 25y dv TG (3.42)
Co 0)= - 4. (3.43)

P12:P56

where we split coth(mv) = 1 + 2/(e?™ — 1) and the last relation follows from (B.41).

We can now sum over the bosonic and fermionic contributions to get

T (69) =TV (0) = 65T + 0(8) , (3.44)
F = %c@() 30,0) = 304, (0) = 5o, O+ et o3, (0
_ s (3.45)

Remarkably, we thus find the agreement with the strong-coupling expansion of the exact
gauge-theory result (1.1), expanded also in small 6.

Let us note that to the same result (3.45) can be found by reversing the order of taking
the derivative in the zeta-function variable s and summing over the scalar and spinor fields.
The expressions for zeta-functions in (3.33)(3.42) above are written as o (s) = Co F{power) (s) +
é((QeXp)( ), where power)( ) includes the 1 from the expansion of the hyperbolic functions and
is defined for Res > 1, and ¢, F{exP) (s) is well-defined for s close to 0. The analytic continuation
of each () F(power) (s) is not necessary if one considers, before taking the derivative, the sum of
all (perturbed) zeta-functions. It can be easily checked that the sum of “power” contributions

%~&ower) (S) + 3 ~((9p;0wer)(s) + %N((ngower) (S) . % s a1 ((onwer) (S) (346)

3sv 1 1 1 25V
= Jom vl (2+ 7y @t e ) Ty (U ) ~ wr +(1+ )]

P12:P56

is well defined for Re s > s( for a certain negative sg. One may then first take s-derivative of
the integrands in

Grot (5) = 5C01 (5) + 3C0,(5) + 5C0ay () + 5C0a(8) = 52, prmtr G0z, (8) . (347)
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set s = 0 and then integrate over v. It is easy to check that this leads again to (3.45).

One may track down the origin of such regular behavior for the full sum (3.47) by studying
the small-t expansion of the leading correction terms in heat kernels in (3.32), (3.36), (3.38),
(3.41). For that one may isolate the exponentials of ¢ and integrate the rest 2,

oo U2 9
Ko (t) = § [y dv ( fu—egfwrl)(v + e —Hv +7)

9
_ 41465215 A 22 dy b (02 + De —t* ) = L4 o),
Ko,(t) = £+3+0(), Ko, (t)+ Ko, (t) =5 +3+0(),
Koz () =5+34+0(). (3.48)

Then considering the zeta-function

/ dtt* 1Ko (t) / dtt* 1Ko (t) (3.49)

one finds that the second integral here is finite for s = 0 while the first one is singular due to
the asymptotics in (3.48) '%. This explains the need to analytically extend zeta-functions to
s = 0 before computing their derivatives.

The t — 0 singularities cancel in the sum of heat traces, due to the special spectrum of
scalar and spinor fields and the values of their masses

N N N N . 0
Ko, (t) + 3Ko,(t) + 3Ko,, () + Ko, () —5 Y, Ko ()= +0+0(t). (350)

p12,ps56==1

Thus, in the 62 term in the total zeta-function (3.47) no analytic continuation to s = 0
is necessary. This regularity of the leading correction (3.50) to the sum of traces of heat
kernels or, equivalently, the UV finiteness of the 08 term (and, in fact, higher terms) in the
expansion of the logarithm of the string 1-loop partition function has a simple explanation.
The logarithmic UV divergences (determined by the Seeley coefficient as of the t° part in the
small-t expansion of heat kernel) in 2d are proportional, for smooth manifolds, to the Euler
number which is the same for both the minimal surface (3.7) and its 6y = 0 limit (3.14), both
having the same topology (see also [13]).!* These divergences thus cancel in the ratio of the
partition functions of the latitude and the circle minimal surfaces, i.e. in I'(6y) — I'(0).

3.2 Cusped Wilson loop

Next, let us consider the string world-sheet ending on a pair of oppositely oriented (“antipar-
allel”) lines in R x S3 C AdSs, separated by a geometric angle 7 — ¢ along a great circle of

2Equivalently, as explained in Appendix A.2, one could use (A.19).

3More generally, since the operators (3.10)—(3.11) and the square of (3.12) have positive eigenvalues, the
Mellin transform of their heat kernel traces (2.11) is convergent at the upper limit of the integral and singu-
larities originate only from ¢ = 0 (cf. [47,48]).

14 The part of the 1-loop superstring partition function on the disc given by the ratio of determinants as
n (3.9) is known to contain a universal logarithmic UV divergence which is cancelled in the total partition
function against the cutoff dependent factors in the conformal Killing vector measure included [6].

12



S3 (that can be mapped to a cusp on the plane) and with an internal (R-symmetry) angle 6.
The classical solution was written in [11] in terms of Jacobi elliptic functions '°. Here we will
consider only the case of vanishing 6 [43,46]. Then the angular opening ¢ and the parameters
b, p,q of the classical solution in Appendix B of [40] can be expressed in terms of just one

independent parameter k € [0, %)

_ V1-2k2 _ bt _ _ 2p?
b= Vg2, pP= T 4=0, o=7m-— b\/bi+p2|: (b4+p2|k2) (k"z)} (3.51)
and the classical surface M lies entirely inside an AdS3 subspace of AdSs with the metric
d8124d53 = —cosh® pdt? + dp? + sinh? pdp?. After t — it, the induced world-sheet metric is
Euclidean
i = 5 i ar?),  —K() <o <K(), rcR (3.52)
M en? (o]k2?) ’ ’ ’ '
where o, 7 are related to p,t by
Al 2

coshp = vitb t= _bp T. (3.53)

ben (olk?)’ /oA 1 p2
Introducing large cutoffs 0 < p < pg, 0 <t < T translates into

2 4 2
—1(7”“’%2), 7= YU (g

_ 0 = -
JG( 00, 0-0)7 TG[ 77-] ’ g0 =cn b cosh py bp

The classical string action (the first term in (3.1)) proportional to the regularized area of
the surface is given, after the subtraction of the divergence due to the two boundary lines at

p = po — 00, in terms of elliptic integrals [40]

1— k2
d d
277/ T/_UO 7 en2(ok?) (o|k?)

[ 24 (S - £02) 0

p b4+ 2
T2\/b4+p B2+ 10)p? 5
5 [ g [K(k: ) — E(k )} . (3.55)
The one-loop effective action reads formally (cf. (3.9)) [40,43]
D t8/4 2 (L
W (k) = —log et [OF (k)] (3.56)
Det®/2[O (k)] Det?/2[O; (k)] Det /%[Oy (k)]
with the bosonic and the fermionic fluctuation operators given by
2 k‘2
O (k) = % (—02 — 02) Or (k) = O (k) + 2, (3.57)
k‘2 4 k72
O (k) = O (k) +2 — % , (3.58)
e (olk?) sn (o]k?) dn (o|k?) _cn (o]k?)
OF (k) = —1W01 (8 oen (O"kz) > —ZWO’Q(?T—FO’?,. (359)

5We adhere to the notation in Appendix F of [40]: sn,cn, dn are the three basic Jacobi elliptic functions, K
is the complete elliptic integral of the first kind and II is the complete elliptic integral of the third kind.
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The limiting case of k = 0 (¢ = 0) corresponds to a surface M stretching between a pair
of lines that are antipodal in R x S3 !0 at the AdS boundary, a configuration for which the
corresponding Wilson loop is a 1/2 BPS protected observable with the expectation value equal
to one [50]. Thus the natural choice for the expansion parameter « is

o, =k, (3.60)

cusp

In this case the world-sheet cutoffs in (3.54) also depend on « and that may be confusing. A
sensible expansion would require introducing new world-sheet coordinates r, w with the range
independent of k. For the world-sheet time, one can simply choose it to be the AdS time

wEt:bipT w e 0, T], (3.61)

Vo +p?
while finding a suitable spatial world-sheet coordinate appears to be more problematic 7. A
good candidate [51] in the py — oo limit is

o m™ T
rr 3.62
"= K2 re 2’2>’ (362)

as in this limit o9 = K(k?), see (3.54). At finite and large pg, however, the maximum value of
7| is moo/(2K(k?)) = m/2 + O(e™") and k reappears in the exponentially suppressed terms.
We will later take into account that the integrals over r may generate such k-dependent
contributions (see footnote 23).

In the limiting case k = 0 egs. (3.53) and (3.61)-(3.62) simplify to sinh p = |tano| = |tanr|
and t = 7 = w, the cutoffs (3.54) become oy = arctan(sinh py) and 7 = T', and (3.52) reduces
to that of the infinite-strip parametrization or H? that we will call H?2 (with boundary R
instead of S')

ds

1
2 _ 2 2
M= o (dr* + dw?) . (3.63)

In this case the regularized volume or the value of string action vanishes (cf. (3.55))

arctan(sinh po) T
TOW0) = =V = o / dw / dr [e +O0(e™)] — 0, (3.64)

2
arctan(sinh pg) COS™ T 27T

in agreement with the £ = 0 limit of (3.55). For k = 0 the operators (3.57)-(3.59) become
those of the straight line Wilson loop [5, 6]

@0 = _AT7W7 @1 = @2 == —Ar7w + 2, @F = _Z'Wr,w + 03 9 (365)

16Considering the theory in R*, related to the theory in R x S® by the stereographic projection, this is the
infinite straight line.

"For instance, we discard p because its minimum value arccosh(v/1 + b2 /b) is a function of k, and the relation
(3.53) between o and p is not one-to-one. Another possibility is v’ = 7o /(200) which varies in the constant
interval (—m /2, 7/2), however this choice would introduce the cutoff pg via oo into (3.52) and (3.57)-(3.59) once
the change of coordinates is made. This implies that the metric at k = 0 is still dependent on one parameter
and cannot have the geometry of H?. The perturbative analysis for small k& would be then problematic, as
the procedure relies on the knowledge of the heat kernels at £ = 0, which in this case one would still need to
evaluate.

14



with the Laplacian given in (B.9) and the Dirac operator in (B.12). Here the multiplicities
and the masses coincide with those in the spectrum (3.17) corresponding to a circular Wilson
loop in R*. The zeta-functions (B.30) of these operators are proportional to the volume Vige

whose renormalized value is zero (3.64) and thus we get [8,18] 18
r(0) = =53¢0, (0) = 360, (0) — 3¢0,(0) + 1¢0z (0) = 0. (3.66)
For small values of o, = k% the angle in (3.51) is also small, ¢ = wk + O(k?). In this

near-BPS limit we get, expanding the elliptic integral in the metric (3.52) (cf. (2.4))

_ 1 10 N — 0
gij(r,w) = cos? r <0 1) , gulr ) = < 0 525 — %) ‘ 397

2cos? r

D=

The order k? terms in the operators (3.57)—(3.59) are found to be barred operators given by
(3.65) and their perturbations by

Op=0; = @ { — cos?rd? + (2 + sin?r) 81%} , (3.68)
Oy = # [ — cos?rd? + (2 + sin? 7’) 02, — 4 cos? 7‘] ) (3.69)
@F — _ico:S TO'lar o i(cos 37“1—690057“) 0'28w _ 3isin7écos2r0_1 ) (370)

As in (3.25), we will actually be using the expansion of the square of the fermionic operator:
O%(k) = 0% + k* {Op,Op} + O(k?) . (3.71)

For each operator in (3.56) we will repeat a procedure similar to that explained between
(3.29)—(3.35), with two differences. Since we rescaled the world-sheet coordinates (3.61)—
(3.62) differently, none of the operators (3.68)—(3.70) can be written in terms of the Laplacian
(B.9) or the Dirac operator (B.12). Therefore we will use the full heat kernels (B.10) and
(B.13) instead of their simpler expressions at coincident points. Also, in the integrals over
the (regularized) world-sheet, the domain of integration of r depends on the perturbative
parameter k, and divergences appear if the radial cutoff pg — oo is removed at fixed k. By
analogy with (3.64), we shall assume that a sensible regularization at small k consists in doing
the integrals for finite pg, expanding in pg — co and dropping all positive powers of €. It is
easy to check that since negative powers of k2 are absent, in what is left we can simply take the
limit k& — 0 (see also footnote 23). Applying this to the bosonic operator Oy = Oy + k200 + ...

'8 The minimal surface (3.4)-(3.6) bounded by a circle and the one ending on a straigh line or two antiparallel
lines have the same local geometry of H?, as they are mapped to each other through an isometry of AdSs.
The difference in the values of their regularized volumes (3.16) and (3.64) is a regularization effect due to the
different global properties of the two spaces — different topology of the boundary (see [8,15,18] for a discussion
of this point).
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we find for the correction to its heat kernel (see (2.9))

- 2K(k2) dw T~ -
Ko, (t) = —t/ _dr 5 [OOK_A(r,w,r/,w/;t)} o
_2[K(k0 ) o COs*Tr r=r’ ,w=w

=& [(36”0 —27+0(e™™)) + O(k‘2)]tT/0 dvvtanhmv (v2 + 1) e_t(”2+i)
tT [
— _T/ dvvtanhmo (v2 + 1) e_t(”2+%), (3.72)
0

where we used that 7oo/(2K(k?)) = arctan(sinh pg) + O(k?) after taking the large-po limit.
The corresponding zeta-function is

~ sT [ 1 2v
COO(S) = _T/O dv (1)2+ %)S<U— e27rv_|_1>

sT 1 sT [ v

1-s
=——7(- — d 3.73
8(s—1) (4) 3 0 U(e%”—kl)(v?—i-%)s ’ (3.73)
Coy(0) = 57T . (3.74)
Similarly, for the remaining bosonic and fermionic operators one gets
_To0 T
Ko, (t) = —t O dr/ dq;) [@1K_A+2(r,w,r',w';t)] (3.75)
_2;(202) o Cos“r r=r’ w=w’
= —% ; dvvtanh o (1)2 + %) etV +) )
~ sT [ 1 2 2v
Col(s):—j ; d07(02+%)s (1—U2+%)(v— 627rv+1) (3.76)
sT 9.1-s T ,9._g sT [ v
= — (= — d
8(3—1)(4) 1@ 3 o (@019
0 v ~/
—sT dv , Co (0)=(—2 +iy)T, 3.77
0 (627rv_|_1)(,u2+2)5+1 0,(0) ( 24 27) ( )
- 2K(k2) T dw [~ - P
Ko, (t) = — d . [OQK_A+2(r,w,r W ;t)] (3.78)
_2[:(‘;02) 0 cos“r r=r w=w’
tf dvvtanhm)[ (v2 + i) + 2} e_t(v2+%) ,
- _sT 4 2v
4'02 - / d'U ( ,02 + %)(U - 627'('1) + 1) (379)
9 1—s T 9 sT [ v
= —(= d
8(8—1) (4) + 2(4) T 2 /0 v(e2wv+1)(v2+%)5
—23T/oodv ? . Co,(0) = (= E 4T, 3.80
0 (627”) + )( )s+1 COZ( ) ( 24 ’Y) ( )
~ . zk(k? T dw raw raw o }
Ko, (t) = 2;(?2) /0 -y OF ,Op } _g2q (row, W't S
_ T L 2 —t(v2+41)
2/, dv v coth mv [1 — (v + 1):|€ , (3.81)
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x sT [ 1 1 2v
Coz.(s) = 7/0 dv(v2+1)s(vg+1 )+ ) (3.82)

. sT +Z_/°°dv sTw +/°°dv sTv
As—1) 4 Jo (2 -1)(2+1)°  Jo (&2 —1) (02 1)
5;9%(0) =(-4+)T, (3.83)

where (B.37) was used to compute (3.77) and (3.80), and (B.41) — to find (3.83).

The resulting one-loop effective action is then

T (k) = 1M (0) = &2 (—%5290(0) — 300, (0) = 3C0, (0) + %fng (0)) +O(kY)
= 3Tk? + O(k*) = £2:T¢* + O(¢") (3.84)

where in the last line we substituted the expansion of (3.51). This reproduces, as it should,
the result of [40] for the so-called Bremsstrahlung function [41].

As in the case of the latitude Wilson loop, it is not difficult to check that considering the
sum of perturbed contributions to the zeta-functions

étot(s) = %&90(3) + %COI (S) + %CO2(S) -

|00

Con (s) (3.85)

eliminates the need of an analytical continuation in s: setting s = 0 in the total integrand
and then performing the integration gives (3.84). This is again consistent with the fact that
the trace of the full heat kernel, which equals to the sum of (3.72), (3.75), (3.78) and (3.81),
vanishes for small ¢

_ _ _ _ _ 0
Rin(t) = §Ko, (1) + 2Ko, (1) + 1Ko, (1) — §Ko, () = £ +0+0(t),  (3:86)

which implies that (3.85) does not develop any singularity in s = 0.

3.3 k-wound circular Wilson loop

Our next example is the minimal surface generalizing the circular Wilson loop one (given by
the 6y = 0 limit of (3.4)-(3.6)) to the case of an arbitrary integer winding number & along the
circle. The string theory solution should be representing, at strong coupling, the gauge-theory
circular Wilson loop in the k-fundamental representation.

This classical solution can be found simply by the replacements o — ko and 7 — k7 in
(3.14) [7,9], so that the induced metric becomes

k

ds* = (o) (do” +d7°) Do) = Zors

o€ [0,00), T € [0,27).
(3.87)

The corresponding geometry is a cone of AdSs with negative angular deficit § = 27 (1 — k).
Given a singular nature of this geometry one may wonder if a perturbation theory near k = 1
limit is meaningful. We will first proceed formally and then comment on possible issues at
the end of this section.
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The relation z = tanh(ko) from (3.4) implies that the world-sheet coordinate o is to be cut
off at k~'arctanh e in order keep the same physical cutoff at z = € for any value of k. Then
the classical string action is [7] (cf. (3.16))

1 2m [e's) 2
2m 0 k—larctanhe sinh (kO') €

One may define the new coordinate p that ranges in the same interval [arccosh(e™1), 00) for
any k by
sinh p = (sinh(ko)) ™! . (3.89)

The one-loop correction in (3.1) is [7,15]

() — 1o D2t *[O0(k)] Det*2[01 (k)]
T (k) = —log Dot i On (] , (3.90)
where
Oy (k) = Sinh:# (02 -092), O1(k) =0 (k) +2, (3.91)
Op (k) = 4 sinh(ko)oy [0 — gcoth(ka)] — Lsinh(ko) 020, + 03 . (3.92)

For k = 1 the corresponding world-sheet surface (3.87) becomes that of M = H?, i.e. (3.14),
with the boundary S' at p = arccosh(e™!) and the regularized area in (3.16). The spectrum
of excitations then coincides with (3.17)

@0 = —Apﬂ-, O, = —Apﬂ- + 2, @F = —Z'Wpﬂ- + o3 (393)
so that the 1-loop correction in (3.1) is also the same as in (3.21)
T (k= 1) = =50, (0) = §C0, (0) + §Cp2 (0) = g log 27 . (3.94)

For k = 2,3, ... the space (3.87) is a cone of H? with a conical singularity at p = 0. We shall
formally treat k as a real number and expand in k — 1, i.e. define the small parameter « as

! =k-—1. (3.95)

k—circle

The small-a expansion of the metric (3.87) yields the leading and subleading terms as

1 0 0 0
G (o) = 7 521 (0, 7) = . . 3.96
9ij (p,7) ( 0 sinh? p) Gij (p,7) <0 9 sinh? ,0) ( )
For the leading-order corrections in the operators (3.91),(3.92) we find

~ ~ 2 ~ 1
G0 =01 = m@, Or = sinhngaT'

(3.97)

In the perturbative expansion in k — 1 of the heat kernels and zeta-functions the integrals will
contain similar % divergences as in the volume (3.88). As in Section 3.2, we will first compute
the integrals at finite cutoff, then take the limit ¢ — 0 in the result and finally drop terms with
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negative powers of . Using this regularization prescription we find (here A = arccosh(e™1) as
in (3.15))

% A o 2 2 1o /ol
Ko, (t) = —t d d K_ it
Oo ( ) /0 p/() TSiIlh,O |:87' A(p7 T,P,T; )]

p=p',T=1"
= —t/ dvvtanh (mv) (v? + 1) etV +1) , (3.98)
0
~ _ [ —sv 00 2sv
Co (s) = fy dv (v2+1)° + Jo dv (21 1) (2 1)°
s 1—s o0 v it
= T3G-D) (%) +2s [ dv (@1 1) (24 1) Co, (0) = % 5 (3.99)

B A 2T _
K(91 (t) = _t/ dp dr |:872-K—A+2(p7 T, plv 7—/; t)]
0 0

sinh p

p=p',;7=1"

= —t/ dvvtanh (mv) (v2 + 1) etV +1) , (3.100)
0
~ _ [® —sv 2 0 2sv 2
Col (S) - fO dv (v2+%)5 (1 ’U2+%> + f(] dv (627r11+1)(02+%)s <1 ’U2—|—%)

s 1-s —s oo v
=-p (1) + (@) T +2s ) Ly o

—ds [ dv EyERyLE (o, (0)= =3 +2v, (3.101)
~ A 2m — ~ _
Koz, (t) = —/0 d,o/0 deinhptr[{(’)I@’T,O%’T} K—WZH(/)’ T, p’,T';t)] o
= —t/ooo dv v coth (v) (2v® + 1) e t(v*+1) , (3.102)
5@% (s) = fooo dv ﬁ (2 B ﬁ) ™ fooo dv (e27w—_12)?52+1)5 (2 o v21+1)
=S 41 —ds [ dv e T 28 I~ dv (em_l)fml)sﬂ : (3.103)

., _a
Coz (8) =5 +7, (3.104)
where we used (B.37) and (B.41). Combining these results, the one-loop effective action reads

T (k) -TW (k=1) = c1(k — 1) + O((k — 1)?) , (3.105)
e1=—5C0,(0) = §C0,(0) + §C0e () =3 — 7 . (3.106)

At the same time, the strong-coupling expansion of the gauge theory prediction for the ex-
pectation value (W (X, k)) = e TA#) of k-fundamental circular loop normalized to the k = 1
value is (cf. (1.1)) [9,20]

T\K) —T(\k=1)= VA1 —k)+ 32 loghk+ O\ /?) . (3.107)

Our string theory result (3.106) thus coincides with the & — 1 expansion of the log k term in
(3.107) just up to an extra «y (the Euler-Mascheroni constant) term in c;.

Our value for ¢; = % — v = 0.923 may be compared to the results of the two previous string
theory computations of '™ (k) in [7] and in [15]. The I-loop correction in [7] was

T (k) = LIn(27) + (2k + L) Ink —InT(k + 1), (3.108)
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so that (¢1)gr = % + 7 &~ 2.077, which, surprisingly, differs from (3.106) just by the sign of
the v term. This suggests that the presence of this extra = term in both approaches is a

regularization artifact (see also below). The result of [15] was given by
T} (k) = Sklog(2m) + I(k) | (3.109)

I(k) :_i/o ysmhy[(f)e Y+ 3e%)(coth £ — kcothy) +16e—2y(ﬁ%—ﬁ)] :

so that (c1)pr = 3 In(27) + I'(1) ~ 0.9189 + 0.3161 = 1.235 which is closer but still different
from the gauge-theory prediction ¢; = 1.5 in (3.106).

From a technical point of view, the presence of the extra v term in (3.106) can be traced
back to the dependence on a regularization used to define the s = 0 limit in the zeta-functions,
which, in contrast to the examples in the previous two subsections, does not cancel out in the
sum of leading-order corrections to the zeta-functions. Splitting the power and exponential
terms in the integrands in (3.98)(3.102) (cf. (3.46)), i.e. o = §(powor (s) + o (oxp) (s), we find

2<.(powor ( ) 3C powcr ( ) Cpowcr ( ) (3110)

00
— _ 55V _ 3sv _ 2 25V 1
_/0 dv{ s(+3)" 2(02+3) (1 v2+%> RRCE (2 vQH” :

which is divergent for s — 0. Proceeding without performing an analytical continuation in s

gives
£ (~3C0u(s) — 3o1(s) + §o2 () (3.111)
/ do 22+ (<535(5) — 385 (5) + 5P(s))

s=0

where the integral diverges logarithmically for large v. This reflects the presence of tV term
in the small-t expansion of the leading k — 1 correction to the heat kernel (cf. (3.50),(3.86))

Kiou(t) = Ko, (1) + 3Ko, (t) = § Koz (1) = §+ 5 + O(1) (3.112)
where we used that according to (3.98), (3.100), (3.102),
Koo(t) = =5 +0(t), Ko,(t)=—5+1+0(), Kepa()=-1+3+0(). (3.113)

It is interesting to note that (3.113) matches the small-t asymptotics of the heat kernels on
the cone of H? found in [15] when expanded for k — 1 ¥

R 00

~ _ e 1 _y2y —sinhycoshy

[KOO (t)]BT = K—A(t) + \/H dy e ¢ Sinh3 = _% + O(t) ) (3114)
- _ - _ %2y — sinh y cosh

(Ko, (t)]sT = K_a+2(t) / dye Smhi{ Y= 141400, (3.115)
- ycoshy — sinhy 11

[KO% (t)]sT —W Jrl(t) \/ZF ; dye Sy =—1+5+0(t) . (3.116)

9Here we give the terms proportional to k — 1 in the expansion of eqs. (2.19) (with m? = 0,2) and (3.17)
(with m? = 1) in [15].
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Here we used the expansions (B.25)-(B.26) and performed the change of variable y — v/t y.

The non-vanishing t° term in the O(k — 1) correction to the total heat kernel Kot in (3.112)
implies the presence of k-dependent logarithmic UV divergence in the logarithm of the one-
loop string partition function (implicit also in [15]). The presence of this k-dependent UV
divergence appears to be in contradiction with the fact that the Euler number of the cone of
AdS, is the same as of the disc (x = 1) for any k& which suggests that the UV divergence should
actually cancel in the ratio of k # 1 and k = 1 partition functions (as in the latitude example
of Section 3.1). In general, it is known that conical singularities produce extra contributions
to the heat coefficient ag [47,48] (cf. (A.14)). What happens is that the regular k-dependent

bulk contribution to the Euler number is cancelled against the k-dependent tip contribution.?’

One may then suspect that our perturbative approach to computation of heat kernels may
be missing some subtleties of the heat asymptotics around the tip of the cone.?’ Namely,
it may be missing the singular tip of the cone contribution to as so that instead of being
proportional to the full (k-independent) Euler number equal to 1 it appears to be given just
by the regular bulk contribution x»® = k (we drop the % part in x5, ° in footnote 20 as

our usual IR regularization prescription). Explicitly, one may then interpret (3.112) as the
O(k — 1) term in the total heat kernel where the t° term is given by x4 2, i.e.

KB =945 0) =04 |1+ k-1 |2+ 0(1), (3.117)

Then the effect of proper accounting for the tip contribution should be, in particular, the
replacement of the %to term in (3.117) by %to and thus the cancellation of the % term in
(3.112).

This suggests that the presence of the extra 7 term in (3.106) (which represents the differ-
ence with the gauge theory result) may be an artifact of the superficial presence of k-dependent
UV divergences before the tip contribution is taken into account. We leave a careful resolution
of this issue for the future.
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A Perturbation theory for heat kernel and Seeley coefficients

In this Appendix we collect some details on the derivation of (2.7),(2.9) and show, as non-
trivial consistency check, that our perturbative expansion reproduces the standard perturba-
tion theory applied directly to the Seeley coefficients of the scalar Laplacian operator.

A.1 Perturbation theory for heat kernel

To obtain the first correction K (z,x';t) to the heat kernel in (2.4), we solve equation (2.6)
using the standard method of variation of constants. We start with the ansatz

Kol(z,z';t) 2%2())5“ |]+/dd "V i@ Ko(z,2";t)Co(x",2'5t), (A1)
g

lim Co(z,2';t) =0,
t—0t+

which guarantees that the initial condition in (2.6) is satisfied, and solve for Co (2", 2';t)

gl /—g(x”)Ko(x,m//;t) atCo(x//,x/;t) —0, ( 57/(2() )5(d) (r—2x )) OxKo(x,x/;t). (A.2)

We now multiply both sides by 1/g(z)Ko (2™, z;—t) 2 and integrate over x, using the com-
position law

/ddzz:'\/g(x’)Ko(x,x';t)Ko(x',x”;t') = Ko(z, 2"t +1), t,t'>0. (A.3)

With the initial condition in (2.5), we then obtain

0Co (2", 2';t) dz\/g(x) Ko (2", z;—t)O, <gg/( ()x)&(d)(x—a:')>

ddx \Y g(m)K@(x”/, xZ; _t)@xKO(x7 .’L'/; t) . (A4)

"

Relabeling =" — 2", x — 2/, t — t' it is straightforward to integrate over the proper time

to get

n
Co(z",2';t) /dt/dd "G Ko (2", 2" —t") O (%5“( a:’”))
_ / dr / 4\ SN R o (2, 2" —) O Ko (2" a5 1') . (A5)
0

22This step is not fully rigorous because the identity (A.3) holds only for positive values of the proper times.

In fact, the inverse heat kernel K,'(z",z;t) = Ko (2", x; —t) is not guaranteed to be a well-defined operator
when it acts on arbitrary functions f(z) taking values in a vector bundle. However, this potentially problematic
operator will not enter the final formula (2.7), which indeed contains heat kernels with only positive arguments
t'" and t — t'. We could alternatively start with (2.7) and check that it is a solution of (2.5) without the need
of inverting heat kernels. A similar discussion is found in Chapter 14 of [24].
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Substituting in (A.1) this leads to the explicit integral form (2.7), with a few more steps that
employ (2.5) and (A.3).

Next, the order o correction Ko(t) in (2.8) receives contributions® from both the a-
correction to volume factor \/g(—a;) (cf. (2.4)) and from the a-correction to the heat kernel in
(2.7), i.e

/dd trKo x,z;t) /dd:m/g YtrKo(z, z;t) (A.6)
Va(z)

Plugging here the diagonal element x = 2’ of (2.7), we get

Ko(t)= [ d 9(x) trKo(z,x;t) — 5(d)(0)/ddaz 9(z) trl (A.7)

o 2%5(z)
_/Otdt//ddxm/ddx” G [ Ko(a,a”st — )0 Ko (o, ;)|
+ /0 L / d'z\/g(x) / a5 tr| Ko, a5t = £)0u <Ma<d>(w—w”>>]-

29(%”)3/2

This expression is potentially affected by two types of divergences. The first one is the (%) (0),
short-distance divergence originating from (2.7); it will eventually cancel against the delta-
function in the last integrand. The second is a possible infrared divergence that may appear
if M and M are non-compact. In the applications to string theory in Section 3 the volume
divergences will be regulated by a cutoff and then subtracted through the renormalization
prescription suggested in similar calculations in [8,15].

To bring the integral (A.7) into a more convenient form, we shall assume that O is a

self-adjoint operator on a vector bundle of the manifold M 24

/ d2+/5(2) 11(@)Osh( / d42/5(2) (O f (1)) h(x) (A.8)

Combining this with (2.5) and setting ¢ =t — t/, we rewrite the last term in (A.7) as

(a//K@(x xT; t ))

/dt dix \/(g_

di2—I0) R w:t) + 6D (0) / d%%mn, (A.9)

\/_

which simplifies (A.7) to

Ko(t) /dt/ diz\/g(z) | diz” ”)tr[Ko(x,x";t—t')(’jmuK@(x”,a;;t/)}. (A.10)

28 There is no correction due the integration over the z‘ because they range in a subset of R™ that is the
same for M and M. Although one may argue that the expansion (2.4) needs to assume that the range of
coordinates should not depend on «, the analysis in Section 3.2 shows that one may allow their domain to
change infinitesimally when expanding in small a. This weaker condition on the choice of coordinates should be
valid as long as the change in the integration domain in the final formula (2.9) produces only small additional

terms, proportional to positive powers of «, that are eventually neglected in (2.8) at linear order in a.
24 A natural inner product is defined as (f,h) = diz\/g(x) fT(x
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We can now use the cyclicity of the trace to write

t
K@(t):—/ dt' | dz\/g(z) | d%a"” g(m”)tr[@xu(I_(o(a;",x;t')l_(o(x,x';t—t'))]
0

ol =g

(A.11)
where it is understood that the limit 2’ — z” is taken after O,» has acted on the argument
in round brackets. Making use of (A.3) we then get the compact expressions in (2.9).

A.2 Perturbative expansion of Seeley coefficients of scalar Laplacian

Consider the scalar Laplacian on a compact non-singular space M with metric g;;

0= —%ai (V99" 9;) + E . (A12)

Under the standard conditions the corresponding heat kernel may be expanded as [48,49]

1 o= o
(i) 172 Zt(k d)/2 bija() | Kolt) ~ Zt(k /24, (A.13)
k=0 k=0

where ay = (47)~%2 [ d%z\/g(x) by(x). Then the UV divergences of log DetO may be ex-
pressed in terms of the Seeley coefficients ap with £ < d. As in Section 3 we are interested

Ko(z,z;t) ~

in the case of d = 2, here we shall concentrate only on the leading ag. For compact man-
ifolds without boundary, odd Seeley coefficients ag;11 vanish and the first non-trivial ones
read [48,49]%°

W = Ty 1)d/2/d2a:\/_ “2 = e 1)d/2/d2xf( E). (A.14)

2aQ(x)

Consider now two conformally equivalent metrics g;; and g;;, ¢ij = e gij, with o being

a small parameter. Setting F = E + a E 4+ O(a?) and using (2.4) we get

0O=0+a0+0(a? (A.15)

_ _%ai(\/ggijaj)jLE} o[~ (a-2) 370,00 + 20, (Via0;) + B] + 0 (a?) |

Using also the expansion for the scalar curvature

\/_

26

R=R+aR+0(*) =R~ 2a [QR + d—\;;a,- (V33" 0;Q) } + 0(a?), (A.16)

2»The manifolds discussed in Section 3 are not compact. We regularize integrations over infinite regions by

introducing a cutoff, i.e. a boundary at a finite distance. This renders the integrals defining the Seeley coeffi-

cients ap and a2 finite, and suggests that we should also consider the boundary term a1 = —i (ﬁ) ot fBM
proportional to the length of the boundary. However, if we assume that all the IR divergences are completely
subtracted, that implies that the renormalized value of a; is effectively zero and we can restrict consideration
to ao and the (the volume part of) as (cf. also [6,12,53]).

%6Under a conformal rescaling of the metric, R — R = e 2%¢ [R — M\/ﬁﬂ)&- (v9570;9) — o (d — 1)(d —
2)58:09; Q] .
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one obtains to linear order in « the following expansion for the relevant Seeley coefficients,

% = 8+l + (o), (A17)
1 d _ 1 d
T 4m)? /d a2 = (am)? /d 5’3[ R E) (A.18)
d d,, o 1 _ 3 ~ ~
(10_ 47T)d/2/d a2—m/d $\/§<TQR—dQE—E>(A19)

As a consistency check of the perturbative approach developed in Section 2 let us show that
ap and ag in (A.19) are reproduced from the small-t expansion of the heat kernel trace in
(2.8),(2.9). Using (A.15) we get

Rol(t) = / { (d - 2)v/3(@)g" ()57 Qx) (97 Ko (w,2'51)),_, (A.20)
—2Q(x {8"’” (\/—g” )07 Ko (x,2'; t))] —Vi@)E(@)Ko(z, z; t)}

Integrating by parts in the first term using that the unperturbed Laplacian satisfies (2.5) gives

—t/dd —(d—2)d <\/—g” )Ko(az ;1) (A.21)
—20/5(x) Qz) 8 Koz, x:t) — \/@ (29(x)E(az) —|—E(3:)> K@(:E,:E;t)} .

Expanding in ¢ — 0 and using (A.13) we get

Ko(t) :Ko(t)+ﬁ[ At [ dl\/5(2) Qx (A.22)

102 [ la\/5(@) (5520() R(z) - dQ(a)E <>—E<x>)+0<t<3—d>/2>]+0<a2>.

Reading off the values of the first corrections ag,do one finds that they match the ones
n (A.19).

B Heat kernels and zeta-functions for operators on H?

In this Appendix we will review the known expressions for heat kernels of Laplace and Dirac
operators on the Euclidean AdSs or 2d hyberbolic space H? with the metric

ds? = dp® + sinh? pdr?, p>0, T €10,27) , (B.1)

where 7 parametrizes the S! boundary at p = co. The geodesic distance d(z,2’) between two
points z = (p,7) and 2’ = (p/,7') is

cosh d(x, ") = cosh pcosh p’ — sinh psinh p’ cos(7 — 7). (B.2)

We will also considered the “infinite-strip” parametrization = = (r,w) of AdS, that we call
H?, which has the real line instead of S! as its boundary

ds® =

(dr? + dw?), re(-%,3), weR, (B.3)

VB

cos? r
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with geodesic distance function

cosh(w — w')

coshd(x,2') = —tanrtanr’ + - (B.4)
COST COST
The change of coordinates between the two systems is
cosh p = coshw sint = ——Snr____ cosT = ——smhw (B.5)
cosr y/sin? r+sinh? w y/sin? r+sinh? w
tanr = sinh psin 7, tanhw = tanh pcos 7. (B.6)

We shall consider a Laplace type operator acting on function in a vector bundle —%(@ +

A;) (\/ﬁgij (05 + Aj)) + F and also a Dirac type acting on two-dimensional spinors —i¥ +V =
b

ie,,T*V; + V, where the spinor derivative is V; = 9; + iw“bcecifab.” e’ is the zweibein, w®,

)

is the spin connection and I, are hermitian SO(2) Dirac matrices
Ti=01, Dy=o02, T3=-iT'"T?=03, {T4,0%} =20, (B.7)

The explicit expressions for the scalar Laplacian in the two coordinates (B.1) and (B.3) are

1 g
= %82- (V99" 9;) , A= 8[2) + coth pd, +sinh ™2 p 92, (B.8)
Ay = cos®r (02 +02) . (B.9)

The operator —A is hermitian with a continuous spectrum of positive eigenvalues A € (%, o0l
The corresponding heat kernel for the massive operator —A +m? is [25,26, 54-56]

K_aime(z,2'5t) = %/ dvvtanh(m;)P_% (coshd(z,z')) et +gtm?) (B.10)
0

J’_

where the Legendre function is indexed by v = /A — i > 0 and the geodesic distance is given
by (B.2) and (B.4) in the coordinate sets (B.1) and (B.3) respectively.

The Dirac operator —iY has the following explicit form
—i¥,, = —il'" (9, + Lcoth p) —isinh ™' p 7?0, , (B.11)
—inU = ! (cos 0, + %Sin 7‘) —icosr 20, (B.12)
in the two coordinate sets (B.1) and (B.3). The spinor heat kernel for the Dirac operator
with a constant chiral mass term —Z'ij +mT?3 (with m € R) that satisfies the heat equation
for —Y72 +m? can be written in a coordinate-independent form as the product of the parallel

spinor propagator U(z,z’) and a scalar function of the geodesic distance d(x,z’) between the
two points z, z’ [28]

K_go 0o (z,2'5t) = 5= U(x,x')/o dv v coth mv cosh <%d(:17,:17’)) (B.13)

x oF} <Z'U +1, —iv+1, 1, % — %COSh(d(IL‘,J},)))E_t (v 4m?2)

27 The coordinate indices are i, ,... = 1,2, the indices of the local orthonormal frame are a,b,... = 1,2 and
a, B, ... = 1,2 are the indices of the spinor bundle over M (we follow mainly the conventions of Appendix A
of [13]).
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The unitary 2 x 2 matrix U(xz, z) is the regular solution of the parallel transport equation [27]
n'(w) ViU (2(0), z(u)) =0, U (2(0),z(0)) = Iz, (B.14)

where n;(u) = 0;d(z(0), z(u)) is the unit vector tangent to the shortest geodesic z(u) between
x(0) = 2’ and (1) = z. The explicit expression of U(p, T, p’,7’) for the metric (B.1) in the
matrix representation (B.7) reads [15]

Ulp,7,0',7") = lacosO(p,7,p,7') +ilssinf(p,7,p,7), (B.15)
cosh(%”l)tan(%)

cosh(%d)

O(p,,p',7') = arctan( ). (B.16)

The expression in (B.13) is the solution of the heat equation

(0 — Wi.r + m2)K—Y72+m2 (p,, pla 7'; t)=0,
6(p— p)o(r =7 | (B.17)
sinh p 2

lim K—W2+m2(’0’7—’ 10/77—/;75) =

t—0t

To change the coordinates to the infinite-strip parametrization (B.3) through (B.6) recall that
spinors and the parallel spinor propagator are scalars under the diffeomorphisms, while under
local rotations of the orthonormal frame they transform as

Y(x) = (@) = S@)p(a(@),  Ulr,2') = U(#,2') = S(@)U(x(2), 2" (2'))S1(@"),

S(z)TeST (&) = A% (&)T°,  S(&) € Spin(2),  A(Z) € SO(2).

Here z = (p,7) and & = (r,w) represent one point and z’ = (p/,7’) and &’ = (r’, w’) another
point. The tangent frame rotation A(%), satisfying e%(:%) = A% () ag—g) ebj(a;(:%)), reads

cos (&) sind(z)

A%(#) = (_sma(ae) cos 8()

> , SlIl(S(Li') — cos r sinh w , COS 5(£) — sin r cosh w , (Blg)

and the associated unitary rotation on the spinor indices is
S(z) = cos (@)U + i3 sin (@) . (B.20)
The parallel spinor propagator in the infinite-strip coordinates (B.3) is thus explicitly

U(r,w,r",w') = 3 cos (9(,0,7', o)+ %5(7‘,10) — %5(7",10’)) (B.21)
+¢I'3sin (9(,0,7', o)+ %5(7‘,10) — %5(7”,11/)) ) .

In these coordinates the spinor heat kernel K g2, (ryw,r’,w'st) is given by (B.13) with
d(z,2') in (B.4) and U in (B.21) satisfies
(& — W?w + m2) K_W2+m2(r,w,r’,w’;t) =0,

tl_i)r(1)1+ K_W2+m2(r,w,r’,w’;t) =cosr6(r—1")o(w —w')ly.

(B.22)
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B.1 Zeta-functions of the Laplace and Dirac operator

The finite parts of the determinants of the massive Laplace and Dirac operator in H? are given
by the derivative of the corresponding spectral zeta-function which itself can be expressed in
terms of the functional trace of the heat kernels (B.10) and (B.13) (see also Appendix B of [§]
and [57]). The integrated heat kernel for the massive Laplace operator —A + m? is [25,26]

Vire
[(—A+m2 (t) = 21;_

/ dv v tanh (7v) et (v +i+m?) , (B.23)
0

and for the square of the massive Dirac operator —iV + mI'3 is [27,28]

Vi
K_ g () =2

/ dv v coth (7v) et +m?) (B.24)
T Jo

The Seeley coefficients can be read off from the small-¢ expansions

Ropp () < Y [0 [ o et (B.25)
—adm2 = o 2t y e 1€ ‘
Viz [1 (1
- 41: i <§+m2> —i—O(t)]
_ Ve _€_m2t > 2v —t(v2+m?)
K—W2+m2 (t) = p 2t +/(; dvme (B26)
2 (1
- ‘Zf: o+ <§ - 2m2> —I—O(t)]

by replacing tanh(mv) = 1 — 2/(e?™ + 1) and coth(7v) = 1 + 2/(e*™ — 1), and they agree
with the general results in [49]. The zeta-function for the massive Laplace operator is

Vire /°° v tanh o
— v .
2r Jo o (vP4+m2+1)°

C—atm2 (s) = (B.27)

This expression is valid for Res > 1. For the analytic continuation to a neighbourhood of
s =0, we first use tanh(mv) = 1 —2/(e*™ + 1) so that

VH2 /oo v /OO 2v
B ; [Ty |, (B8
C_Atm2 (s) o [ ; v (1)2 T m2 + %) 0 U(eng +1) (1)2 +m?2 4+ %) } ( )

where the second integral is exponentially convergent for large v at s = 0. The analytic
continuation of the first integral can be easily found giving

Ve [(m2 + %)1_5

C-ama (9) = or L 2(s—1) 2/0 dv(e27”’ +1) (v2+m?+ %)8] . (B.29)

Then taking the derivative with respect to s and using the integral in (B.32), we obtain

Vi 11+ log 2 m?+1/4 1
¢ neme (0) = 22 [Tg “log A+ /0 dz <\/§ + 5) - (B.30)

28



Similarly, for (B.24) using coth(mv) = 1 +2/(e*™ — 1) and (B.38) we get 2®

_VH2 (m2)1—s (o) ., v
e = 2, ey ) (B.31)
/ V2 1 m2 ’

As for any homogeneous space, for which the heat kernel Ko(z,x;t) is independent of the
point z, the integrated heat kernels above are all proportional to the volume of H2. The latter
has to replaced by its renormalized value, as discussed in Section 3.

B.2 Useful integrals

Here we collect some integrals useful for the computation of the regularized determinants of
the Laplace and Dirac operators in H? (see also [6,8,57]). Below, c is some non-negative
constant, A ~ 1.282 is the Glaisher constant, v ~ 0.577 is the Euler-Mascheroni constant and
¥ (z) = LlogI' (z) is the digamma function:

/ dvvl(;ngerJ; Dot toge) ¢ e ga %/OC dep(Vz+3)  (B.32)
/000 d”% =3~ 7 Flog A - g (B.33)
/Ood”%:%Jrslggz TR+ log A - B (B.34)
0

/oOo dv(eQ’”’ + 11; (W2 +c) —%E 50 (Ve 3) (B.35)
/0°° W 11)) e % -3 (B.36)
/oOo dv(e%” + 11)) (> +9) _1o§g +3-3 (B.37)
/Ooodv%:ﬁ(logc—l)—kl—lz—logA—g—%/Ocd;m/,(ﬁ) (B.38)
/0°° dv% = =5+ %% —log A+ 15t (B.39)
/OOO dv(e%” — 11; (W2 +c) e e ~ 2V (Vo) (B.40)
/0°° d”(e%v - 1?; (W2 +1) —its (B.41)

28Compared to [8], here we do not include the minus sign of fermionic statistics of the spinor fields in the
definition of the zeta-function, but we account for it in the sum over the scalar and spinor contributions to
the one-loop effective actions (3.21), (3.66) and (3.94). We also recall that the spinor heat kernel in Appendix
B of [8] and [15] is for Majorana fermions, so the integrated heat kernel and zeta-function include an extra
factor of 1/2 with respect to the expressions (B.24) and (B.31) for Dirac spinors derived from the heat kernel
in [27,28].
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