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Highlights

e A numerical framework to simulate transcritical and supercritical flows utilising the compressible form of the Navier—Stokes equations
coupled with the Perturbed Chain Statistical Associating Fluid Theory (PC-SAFT) equation of state (EoS) is presented.

e Both conservative and quasi-conservative formulations have been tested.

e Advection test cases and shock tube problems are included to show the overall performance of the developed framework.

e Two-dimensional simulations of nitrogen and dodecane jets are presented to demonstrate the multidimensional capability of the devel-
oped model.
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Abstract

The present paper describes a numerical framework to simulate transcritical and supercritical
flows utilising the compressible form of the Navier-Stokes equations coupled with the
Perturbed Chain Statistical Associating Fluid Theory (PC-SAFT) equation of state (EoS);
both conservative and quasi-conservative formulations have been tested. This molecular
model is an alternative to cubic EoS which show low accuracy computing the thermodynamic
properties of hydrocarbons at temperatures typical for high pressure injection systems. Liquid
density, compressibility, speed of sound, vapour pressures and density derivatives are
calculated with more precision when compared to cubic EoS. Advection test cases and shock
tube problems are included to show the overall performance of the developed framework
employing both formulations. Additionally, two-dimensional simulations of nitrogen and
dodecane jets are presented to demonstrate the multidimensional capability of the developed
model.
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Nomenclature
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AAD Average Absolute Deviation
CFD Computational Fluid Dynamics
CFL Courant—Friedrichs—Lewy
ENO Essentially Non-Oscillatory
EoS Equation of State

FC Fully Conservative

HLLC Harten-Lax-van Leer-Contact
LES Large Eddy Simulation

PR Peng-Robinson

PC-SAFT Perturbed Chain Statistical Associating Fluid Theory
QC Quasi-Conservative

RK2 Second-order Runge—Kutta

SRK Soave-Redlich-Kwong
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List of Symbols

a® Reduced Helmholtz free energy [-]

C Sound speed [m s™']

d Temperature-dependent segment diameter [A]
g Radial distribution function [-]

1 Integrals of the perturbation theory [-]

ky Boltzmann constant [J/K]

m Number of segments per chain [-]

m Mean segment number in the system [-]

p Pressure [Pa]

R Gas constant [J mol”! K]

T Temperature [K]

X; Mole fraction of component i [-]

Z Compressibility factor [-]

U Conservative variable vector

F x-convective flux vector

G y-convective flux vector

F, x-diffusive flux vector

G, y-diffusive flux vector

Greek Letters

£ Depth of pair potential [J]

n Packing fraction [-]

Jo Density [kg/m’]

P, Total number density of molecules [1/A°]
o, Segment diameter [A]

Superscripts

dsp  Contribution due to dispersive attraction
he Residual contribution of hard-chain system
hs Residual contribution of hard-sphere system
id Ideal gas contribution
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1. Introduction

Transcritical and supercritical states occur in modern combustion engines that operate at
pressures higher than the critical pressure of the fuels utilised. In Diesel engines for example,
the liquid fuel is injected into air at pressure and temperature conditions higher than the
critical point of the fuel [1]. The liquid injection temperature is lower than the fuel critical
temperature but as the liquid is heated, it may reach supercritical temperature before full
vaporisation. This is known as a transcritical injection. Similarly, in liquid rocket engines,
cryogenic propellants are injected into chambers under conditions that exceed the critical
pressure and temperature of the propellants.

A single-species fluid or a mixture reaches a supercritical state when the pressure and
temperature surpass its critical properties. In the critical region, repulsive interactions
overcome the surface tension resulting in the existence of a single-phase that exhibits
properties of both gases and liquids (e.g., gas-like diffusivity and liquid-like density). A
diffuse interface method is commonly employed in supercritical and transcritical jet
simulations to capture the properties of the flow [2]-[4]. Several difficulties should be
overcome for simulating the mixing of the jets using a diffused interface [5]. The presence of
large density gradients between the liquid-like and the gas-like regions, the need of using a
real-fluid EoS, or the spurious pressure oscillations generated in conservative schemes are the
main challenges.

High order reconstruction methods are usually applied to capture the large density
gradients. The authors of [6] performed a two-dimensional large-eddy simulation (LES) of
supercritical mixing and combustion employing a fourth-order flux-differencing scheme and a
total-variation-diminishing (TVD) scheme in the spatial discretization. In [7] a fourth-order
central differencing scheme with fourth-order scalar dissipation was applied in order to
stabilize the simulation of a cryogenic fluid injection and mixing under supercritical
conditions. Moreover, [8] employed an eighth-order finite differencing scheme to simulate
homogeneous isotropic turbulence under supercritical pressure conditions, while in [9] a
density-based sensor was utilized, which switches between a second-order ENO (Essentially
non-oscillatory) and a first-order scheme to suppress oscillations. In the present study a fifth-
order WENO (Weighted Essentially Non-Oscillatory) scheme [10] is applied due to its high
order accuracy and non-oscillatory behaviour.

Cubic EoS models like PR (Peng-Robinson) [11] and SRK (Soave-Redlich-Kwong) EoS
[12] are usually used in supercritical and transcritical simulations. In the studies reported in
[4], [13]-[15] the SRK EoS was employed in order to close the Navier Stokes equations and
compute the fluid properties under supercritical and transcritical conditions. Moreover, the
works reported in [3], [9], [16], [17] modeled the non-ideal fluid behavior applying the PR
EoS. However, cubic models commonly present low accuracy computing the thermodynamic
properties of hydrocarbons at temperatures typical for injection systems [2]. To overcome
this, the Statistical Association Fluid Theory Equation of State (SAFT EoS) can be employed.
This molecular model is based on the perturbation theory, as extensively studied in [18]-[21]
by Wertheim. The authors of [22], [23] developed this EoS by applying Wertheim’s theory
and extending it to mixtures. Figure 1 shows a schematic representation of the terms
considered in the SAFT equation. Each molecule is represented by segments of equal size,
assumed to form a repulsive, hard sphere reference fluid. Next, the attractive interactions
between segments are added to the model. The segment-segment energy needed to form a
chain between the hard-sphere fluid segments is included and, if the segments exhibit
associative interactions, such as hydrogen bonding, a term for this interaction is also added.
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Among the different variants of the SAFT model, the PC-SAFT is the one implemented
here. In this model, hard chains are used as the reference fluid instead of hard spheres. While
the SAFT EoS computes segment-segment attractive interactions, the PC-SAFT EoS
computes chain-chain interactions, which improves the thermodynamic description of chain-
like, fluid mixtures [24].

Several papers have been published pointing out the advantages of the SAFT models
with respect to the cubic EoS commonly used in CFD simulations. For example, [25]
describes how the PC-SAFT model is better than cubic EoS for predicting gas phase
compressibility factors and oil phase compressibilities. In [26] the superiority of the PC-
SAFT performance is demonstrated relative to the Cubic Plus Association (CPA) EoS in
correlating second order derivative properties, like speed of sound, dP/dV and dP/dT
derivatives, heat capacities and the Joule-Thomson coefficient in the alkanes investigated.
Similarly, [27] points out the superiority of the SAFT-BACK EoS over the PR EOS,
particularly at high-density conditions, for computing second order derivative properties such
as sound velocity and isobaric and isochoric properties. The study of [28] states that cubic
EoS predict a linear increase of the Z factor (compressibility factor) with pressure, while the
PC-SAFT EoS shows a better pressure dependence. Finally, [29] shows how the sPC-SAFT
(simplified PC-SAFT) is more precise than SRK and CPA to compute the speed of sound of
normal alkanes and methanol.

If a fully conservative (FC) formulation is employed along with a real-fluid EoS,
spurious pressure oscillations may appear; the work of [4] has related this problem to
computational stability issues, turbulence, and acoustics accuracy loss. The same authors of
[4] developed a quasi-conservative (QC) scheme solving a pressure evolution equation
instead of the energy conservation equation, while [30] developed a quasi-conservative
framework where the artificial dissipation terms in the mass, momentum and energy
equations are related and the pressure differential is considered to be zero. In [31] the double
flux model was developed to avoid spurious pressure oscillations in simulations of
compressible multicomponent flows that employ a perfect gas EoS; [32] extended it to
reactive flows; and finally, [3], [17], [33] extended the double flux model to real-fluids and
transcritical conditions. However, recently it has been reported that the large energy
conservation error in quasi-conservative schemes maybe produce an unphysical quick heat-up
of the jet [2].

. Intermolecular attractive forces
Hard sphere Attractive
fluid forces between
molecules
Associative Cha b hard SAFT EoS PC-SAFT
forces between ans with har EoS
sphere segments
molecules

Figure 1. Schematic representation of the attractive and repulsive contributions of the SAFT EoS
and the PC-SAFT EoS [24]

The novelty of the approach described here is the coupling of the PC-SAFT EoS with
the Navier-Stokes equations, which it is not present in the literature. During the last years
conservative and quasi-conservative formulations have been employed in the simulation of
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supercritical and transcritical jets. For this reason, two codes have been developed employing
both schemes: the conservative and the so-called quasi-conservative approach, where the
double flux model of [3], [17], [33] is utilized. The aim of this research is not to solve the
spurious pressure oscillations characteristic of FC schemes when real-fluid EoS are applied or
the energy conservation error of QC formulations but to present how the Navier-Stokes
equations can be closed with the PC-SAFT in both scenarios. Advection test cases and shock
tube problems are included to show the overall performance of the developed framework
using both formulations. Moreover, two-dimensional simulations of nitrogen and dodecane
jets are presented to demonstrate the capability of the code to predict fluid mixing.

2. Numerical Method
The Navier-Stokes equations for a non-reacting multi-component mixture containing N
species in a x-y 2D Cartesian system are given by:

U OF G OF, 0G,
+—=—"+

Tt = - 1
ok ay ox oy O
The vectors of eq. 1 are:
P [ opuy, ] [ e ] U
Y uY, vY, J,
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L PE | (PE+ pu | L (PE+p)v | | U0, +VO,, —q, |
- i, _
G,= o
v O_yx
O-yy
|uo,, +vo,, —q, |

where p is the fluid density, u# and v are the velocity components, p is the pressure, £ is the
total energy, J; is the mass diffusion flux of species 7, ¢ is the deviatoric stress tensor and ¢ is
the diffusion heat flux vector.

The finite volume method has been applied in this work for obtaining a numerical
solution to the above equations. The PC-SAFT EoS is implemented to simulate supercritical
and transcritical states. The developed numerical framework considers a condition of
thermodynamic equilibrium in each cell. Phase separations or metastable thermodynamic
states are beyond the scope of this research and are not considered.

2.1 Formulations
Since PC-SAFT EoS is rarely used in CFD simulations, two codes have been
developed employing different formulations (conservative and quasi-conservative) to
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determine which one is more appropriate for the simulation of transcritical and supercritical
fluid jets.

2.1.1 Conservative formulation

Operator splitting [34] is adopted to divide the physical processes into hyperbolic and
parabolic sub-steps. The global time step is computed using the CFL (Courant—Friedrichs—
Lewy) criterion of the hyperbolic operator.

Hyperbolic sub-step

The HLLC (Harten-Lax-van Leer-Contact) solver is used to solve the Riemann
problem. The conservative variables are interpolated onto the cell faces using a fifth-order
WENO scheme [10] due to its high order accuracy and non-oscillatory behaviour. TVD
(Total Variation Diminishing) limiters [34] are applied to avoid oscillations near
discontinuities. Time integration is performed using a SSP-RK3 (third-order strong-stability-
preserving Runge—Kutta) method [35].

Parabolic sub-step

The method developed in [36] is applied to calculate the values of the dynamic
viscosity and thermal conductivity of the mixture. The model of [37] is implemented to
compute the diffusion coefficient. A RK2 (second-order Runge—Kutta) scheme is employed
to perform the time integration of this sub-step. Linear interpolation is performed for
computing the conservative variables, enthalpy and temperature on faces from cell centres.

2.1.2 Quasi-conservative formulation

The physical processes are divided into hyperbolic and parabolic sub-steps using
operator splitting as well [34]. The CFL criterion of the hyperbolic operator is used to
compute the global time step.

Hyperbolic sub-step

The double flux model of [3], [17], [33] has been implemented. The HLLC solver is
used to solve the Riemann problem. In the one-dimensional cases presented, the primitive
variables are interpolated onto the cell faces using a fifth-order WENO scheme [10]. In the
two-dimensional cases, a sensor that compares the value of the density in the faces and the
centre of the cells is employed to determine in which regions a more dissipative scheme must
be applied [3] . If the sensor is activated, TVD limiters [34] are employed. The solution is
then blended with a first-order scheme (90% WENO). Time integration is performed using a
SSP-RK3 method [35].

The following steps were followed to implement the double flux model [3], [17], [33]:
1) In each cell are stored the values of 7/* (eq.3) and e; (eq.4).

2

y =25 3)
P

e, =e— PY “4)

y -1
where p is the pressure, ¢ is the sound speed, e is the internal energy and Vv is the

specific volume.
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2) Runge-Kutta scheme
e Step 1: The fluxes at the faces are computed using the primitive variables. The total
energy in the left (L) and right (R) states are computed using eq.5.

pZ,R * 1
(pE)Z,R = *,n—+ pZ,ReO,; +_pZ,RuZ,R 'uZ,R &)
y, -1 2
e Step 2: Update conservative variables using the RK scheme
e Step 3: Update primitive variables (using the double flux model to compute the

pressure).

3) Update total energy: The total energy is updated from primitive variables based on the EoS
(eq.6). Only at this point the PC-SAFT EoS is used to compute the internal energy, sound
speed, temperature and enthalpy.

pE:pe+%pu-u (6)

Parabolic sub-step
The diffusion fluxes are calculated conservatively in the same way that is explained in the
conservative formulation.

2.2 PC-SAFT EoS subroutine
A different subroutine has been developed for each formulation because of the different
inputs of the EoS subroutine.

Conservative formulation

The thermodynamic variables computed in the CFD code by the PC-SAFT EoS are
the temperature, pressure, sound speed and enthalpy. The algorithm inputs are the density,
internal energy, molar fractions and three pure component parameters per component
(number of segments per chain, energy parameter of each component and segment diameter),
see Table 1. The density and the internal energy are obtained from the conservative variables
of the CFD code. The molar fractions are computed using the mass fractions employed in the
continuity equations and the molar weights of the components. The pure component
parameters are specified in the initialization of the simulation. A detailed description of the
PC-SAFT EoS can be found in the Appendix A.

The Newton-Raphson method is employed to compute the temperature that is needed
to calculate the value of all other thermodynamic variables. The temperature dependent
function used in the iterative method is the internal energy. Initially, a temperature value is
assumed (for example the value of the temperature from the previous time RK sub-step or
from the previous time step) to initialize the iteration process. In most cells, this value is close
to the solution. Then the compressibility factor is calculated as the sum of the ideal gas
contribution (considered to be 1), the dispersion contribution and the residual hard-chain
contribution (Appendix A):

Z=1+27" 4 z% (7)

The pressure is then calculated using eq.8 once the compressibility factor is known [38]:
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p=2Zk,Tp, (10‘0)3 (8)

where k is the Boltzmann constant and p, is the total number density of molecules.

Finally, the internal energy is estimated as the sum of the ideal internal energy and the
residual internal energy. The ideal internal energy is computed using the ideal enthalpy. The
residual internal energy is calculated using eq.9 [39]:

£:_T adres (9)
RT o ) .

where a@"' is the reduced Helmholtz free energy.

If the difference between the internal energy computed with the PC-SAFT model and the
value obtained from the conservative variables is bigger than 0.001J/kg, the Newton-Raphson
method is applied to calculate a new value of the temperature and the aforementioned steps
are repeated, see Appendix D.

Quasi-conservative formulation

The thermodynamic variables computed in the CFD code by the PC-SAFT EoS are the
temperature, internal energy, sound speed and enthalpy. The algorithm inputs are the density,
pressure, molar fractions and three pure component parameters per component. The density
and mass fractions (used to compute the molar fractions) are obtained from the conservative
variables. The pressure is obtained employing the double flux model. The temperature is
iterated until the difference between the pressure computed with the PC-SAFT model and the
value obtained from the double flux model is lower than 0.001Pa, see Appendix D.

2.3 Peng-Robinson EoS and PC-SAFT EoS comparison

The most attractive feature of the PC-SAFT EoS is the better prediction of derivative
properties such as compressibility and speed of sound. [27] shows the inaccuracy of cubic
models to predict second derivative properties such as isobaric heat capacity and sound
velocity in hydrocarbons at high density ranges. In the case of the sonic fluid velocity, the
AAD% (Average Absolute Deviation) by PR EoS for methane, ethane, and propane are
28.6%, 14.7%, and 61.2%, respectively.

Figure 2 presents a comparison of the thermodynamic properties of n-dodecane at
6MPa computed using the PC-SAFT EoS and the Peng-Robinson EoS. NIST Refprop [40]
has been used as reference due to its extensive validation with experimental data. While the
results of both EoS are quite similar at density values lower than 550 Kg/m’ there is a
significant difference at higher densities, especially in the sound speed. Cubic models
commonly present low accuracy computing the thermodynamic properties of hydrocarbons at
temperatures typical for injection systems [2]. However, the PC-SAFT EoS shows an
accuracy similar to NIST without the need of an extensive model calibration as only three
parameters are needed to model a specific component. Another advantage is the possibility of
computing the thermodynamic properties of mixtures; NIST has limited mixture
combinations.
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Figure 2: Comparison of thermodynamic properties of n-dodecane at 6MPa computed using the

PC-SAFT EoS and the Peng-Robinson EoS: (a) density, (b) sound speed, (c) internal energy

3. Results

Initially, advection test cases and shock tube problems are solved to validate the
hyperbolic part of the numerical framework employing the conservative and quasi-
conservative formulations, while the parabolic part is omitted. Following, two-dimensional
simulations of transcritical and supercritical nitrogen and dodecane jets are presented,
including the parabolic part, to prove the multi-dimensional capability of the code.

3.1. One-dimensional cases
3.1.1 Advection test cases
Conservative formulation

Figure 3 shows the results of the supercritical Advection Test Case 1, see Table 2.
Nitrogen is used as working fluid (The critical properties of nitrogen are pen> = 3.4 MPa and
Ten2=126.2 K). The computational domain is x € [0, 1] m; the initial conditions in 0.25m < x
< 0.75m are p=250 kg/m®, p=5 MPa, and T=139.4 K; in the rest of the domain are p= 45.5
kg/m®, p=5 MPa, and T=367.4 K. The advection velocity applied is 50m/s; periodic boundary
conditions are utilized; a uniform grid spacing of 0.01m is employed; the simulated time is
t=0.02s; and the CFL is set to be 0.5. Four spatial discretization schemes are compared: fifth-
order WENO, second-order (based on the Minmod limiter), first order and a blend of the
fifth-order WENO and the first-order schemes (95% WENO and rest 1st order).

The oscillations are more severe when high-order reconstruction schemes are applied.
By blending a high-order scheme and a low-order model, dissipation can be used to smooth
the numerical solution. If the advection test case is initialized using a smooth profile no
spurious pressure oscillation appear in the solution as the sharp jumps in the thermodynamic
properties between cells are avoided, see Figure 4. The smooth initial interface was generated
as described in [13] using eq.10.
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Where L and R refers to the left and right states respectively and AR is the distance from the

initial interface. £=C.Ax, where Ax is the grid spacing and C, is a free parameter to

determine the interface smoothness set to be 8.
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Figure 3. Advection Test Case 1 (N2), FC formulation, CFL = 0.5, u = 50 m/s, 100 cells,
t=0.02 s. Comparison of the (a) density, (b) temperature, (c) pressure and (d) x-velocity
between the analytical and the numerical solution.
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Quasi-conservative formulation

Figure 5 presents the results of the transcritical Advection Test Case 1 solved using the
QC formulation. The advection velocity applied is 50m/s; periodic boundary conditions are
applied; a uniform grid spacing of 0.01m is used; the simulated time is t=0.02s; and the CFL
is set to be 1. Unlike the fully conservative scheme, spurious pressure oscillations are not
present in the solution.
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(a) (b)
5ol ——a— ANALYTICAL
— FC 350F
300 | —— QC
—250F i 300¢
£ —_
D 200 F f j\ X, 250
=, -
(=% E
150 ook
100} } \‘
5 150 F
0 02 0d 06 08 1005 02 0d 06 08
x[m] x[m]
5.1 56
(c) (d)

54l

5' NIV VOO
s950 484 V“ YVVVV

P[MPa]
u[m/s]

49} s

4855 0.2 04 06 0.8 445 0.2 0.
x[m]

Figure 5. Advection Test Case 1 (N2), FC and QC formulations, CFL(FC) = 0.5,
CFL(QC)=1.0, u = 50 m/s, 100 cells, t=0.02 s. Comparison of the (a) density, (b)
temperature, (c) pressure and (d) x-velocity between the analytical and the numerical
solution.
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Figure 6 presents the results of the transcritical Advection Test Case 2 where nitrogen
is used as working fluid, see Table 2. The computational domain is x € [0, 1] m; the initial
conditions in 0.25 m < x < 0.75 m are p=804.0 kg/m’, p=4 MPa, and T=84.41 K; in the rest of
the domain the initial conditions are p=45.5 kg/m’, p=4 MPa, and T=299.0 K. The advection
velocity utilized is 100 m/s; periodic boundary conditions are used; the computational domain
is X € [0, 1] m; 150 cells are employed; the simulated time is t=0.01 s; a fifth-order WENO
discretization scheme is used; and the CFL is set to be 1.0. It can be observed how large
density gradients are solved without spurious pressure oscillations applying the double flux
model.

Figure 7 shows the results of the transcritical advection of n-dodecane at supercritical
pressure and subcritical temperature (pen-dodecane =1.817 MPa, Tcn-dodecane =658.1 K) in
supercritical nitrogen, Advection Test Case 3 (Table 2). The computational domain is X €
[0,1] m; the initial conditions in 0.25m < x < 0.75m are pu-dodecane =700.0 Kg/M?, Pu-dodecane =
6MPa, and Th-dodecane =360.1 K in the rest of the domain px2 =20.0 kg/m3, pn2 =6 MPa, and Txo
=965.7 K. The advection velocity utilized is 100 m/s; periodic boundary conditions are used;
150 cells are employed; the simulated time is t=0.01 s; a fifth-order WENO discretization
scheme is used; and the CFL is set to be 1.0. Unlike conservative codes, velocity and pressure
equilibriums are preserved in multicomponent cases if the double flux model is applied.
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404 Table 1. PC-SAFT pure component parameters [38]

m olA] e/k[K]
NITROGEN 1.2053 3.3130 90.96
DODECANE 5.3060 3.8959 249.21
405
406
407 Table 2. 1D Test Cases
ADVECTION TEST CASES
CASE 1 Pressure [MPa] Density [kg/m?] Temperature [K]
025m<x<0.75m N2, 5 N2, 250 N2, 139.4
025m>xorx>0.75m N2, 5 N2, 45.5 N2, 367.4
CASE 2
025m<x<0.75m N2, 4 N2, 804 N, 84.4
025m>xorx>0.75m No, 4 N2, 45.5 N2,299.0
CASE 3
025m<x<0.75m n-dodecane, 6.0 n-dodecane, 700.0 n-dodecane, 360.1
025m>xorx>0.75m N2,6.0 N2,20.0 N2,965.7
SHOCK TUBE PROBLEM
PROBLEM Pressure [MPa] Density [kg/m’] Temperature [K]
x<0.5m n-dodecane, 13.0 n-dodecane, 700.0 n-dodecane, 372.8
x>0.5m n-dodecane, 6.0 n-dodecane, 150.0 n-dodecane, 944 .4
408
409
410 Table 3. 2D Test Cases
CASE A Pressure [MPa] Density [kg/m?] Temperature [K]
JET N2, 4.0 N2, 804.0 N2, 84.4
CHAMBER N2, 4.0 N2,45.5 N2,299.5
CASE B
JET N2, 4.0 N2, 440.0 N2, 127.0
CHAMBER N2,4.0 N2,44.5 N2,305.0
CASE C
JET n-dodecane, 11.1 n-dodecane, 450.0 n-dodecane, 687.2
CHAMBER N, 11.1 N2, 37.0 N2,972.9
411
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Energy conservation error in the quasi-conservative formulation
The evolution of the energy conservation error of the Advection Test Case 2 is presented in
Figure 8 . The error has been evaluated employing eq.12 [3].

_|LleExo ey
[ (PE)0)dx

where € is the relative error of the total energy respect to initial conditions and €2 is the
computational domain.

(12)

The energy conservation error is higher using the PC-SAFT EoS than Peng-Robinson EoS.
This is related to the fact that the profiles of 7* and e; are smoother employing the cubic

model. There are shaper jumps in the internal energy and speed of sound employing the PC-
SAFT EoS, see Figure 10. The error in the conservation of the energy depends on the jumps

in the variables 1/ ( }/* - l) and e [3]. A convergence of the error to 0 exists increasing the

refinement.

N =400 PR

N = 400 PC-SAFT
N =200 PR

N = 200 PC-SAFT
N=100PR

N = 100 PC-SAFT
N=50PR

N = 50 PC-SAFT

Energy conservation error

0 0002 0004 0006 0008 001
t[s]
Figure 8. Relative energy conservation error computed using eq.10 of the QC formulation for the

Advection Test Case 2 (Transcritical nitrogen) using the Peng-Robinson EoS (PR) and the PC-
SAFT EoS. N is the number of cells employed.
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Figure 9. Relative energy conservation error computed using eq.10 of QC formulation for the
Advection Test Case 3 using the PC-SAFT EoS. N is the number of cells employed.
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Figure 10. Advection Test Case 2 (N2), QC formulation, CFL = 1.0, u = 150 m/s, 100 cells,
t=0.01s. Comparison of y* and eo* computed using the Peng Robinson EoS (PR EoS) and
the PC-SAFT in the Advection Test Case 2.

Figure 9 presents the evolution of the energy conservation error of the Advection Test
Case 3. Because of the different thermodynamic properties of the components, a higher
energy conservation error than in the single-species cases appears. Although, a convergence
to 0 is observed in one-dimensional cases increasing the refinement like in the single-species
cases.

3.1.2 Shock tube problems
The Euler equations are solved in this validation so a direct comparison with the exact solver
can be done. The exact solution has been computed using the methodology described in [41].

Quasi-conservative formulation

The domain is x € [0, 1] m. The working fluid employed is dodecane. A fifth-order
WENO scheme is employed to interpolate the primitive variables onto the cell faces. 800
equally spaced cells were used. Wave transmissive boundary conditions are implemented in
the left and right sides. The double flux model is applied. The pressure exceeds the critical
value in all the domain while there is a transition in the temperature from subcritical to
supercritical from left to right. The initial conditions in the left state are pr=700 kg/m’, p;=13
MPa, ur=0 m/s; and in the right state are pr=150 kg/m’, pr=6 MPa, ur=0 m/s. The simulated
time is t=0.2 ms.

Figure 11 displays the results obtained for density, temperature, pressure and
velocity. Despite being a quasi-conservative scheme, the double flux model [3], [17], [33] can
solve strong shock waves in transcritical cases with a high degree of accuracy without
generating spurious pressure oscillations.
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Figure 11. Shock Tube Problem 1 (Dodecane), QC formulation, CFL = 1.0, 800 cells,
t=0.2 ms. Comparisons of (a) density, (b) temperature, (c) velocity and (d) pressure
profiles: exact solution and numerical solution.
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Figure 12. Shock Tube Problem 1 (Dodecane), FC formulation, CFL = 0.5, 4000 cells,
t=0.2 ms. Comparisons of (a) density, (b) temperature, (c) velocity and (d) pressure
profiles: exact solution and numerical solution.
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Conservative formulation

The same shock tube problem described before is solved. A fifth-order WENO
scheme is employed to interpolate the conservative variables onto the cell faces. Large
spurious pressure oscillations appear in the solution because of the sharp jumps in the
thermodynamic properties between cells, see Figure 12.

Comparison with the Peng-Robinson EoS (Quasi-conservative formulation)

Figure 13 shows the density, temperature, pressure, velocity, sound speed and
internal energy of the same shock tube problem solved in a larger domain x € [0, 2] m using
the PC-SAFT and the Peng-Robinson EoS. The simulated time is t=0.3 ms. The quasi-
conservative formulation has been employed. 800 equally spaced cells were used. A
significant difference can be observed in the results between the two EoS. Due to the high
deviation in the sound speed computed by the Peng-Robinson EoS in the high-density region,
the expansion wave travels much faster using the cubic model. Moreover, the calculated
temperatures are much lower using the Peng-Robinson EoS in the high-density region.
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Figure 13. Shock Tube Problem 2 (Dodecane), QC formulation, CFL = 1.0, 800 cells,
t=0.3 ms. Comparison of the (a) density, (b) temperature, (c) pressure, (d) x-velocity, (e)
sound speed, (f) internal energy between the numerical solutions obtained using the
Peng-Robinson EoS and the PC-SAFT EoS.
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3.2 Two-dimensional cases

Planar two-dimensional simulations of transcritical and supercritical jets are presented
in this section. The initial conditions are summarized in Table 3. The parabolic sub-step is
included into these simulations, without sub-grid scale modelling for turbulence or
heat/species diffusion.

Transcritical nitrogen injection (Quasi-Conservative formulation, Case A)

A structured mesh is applied with a uniform cell distribution. The cell size is 0.043 mm
% 0.043 mm. The domain used is 30mm % 15mm. Transmissive boundary conditions are
applied at the top, bottom and right boundaries while a wall condition is employed at the left
boundary. A flat velocity profile is imposed at the inlet. The case is initialized using a
pressure in the chamber of 4 MPa, the density of the nitrogen in the chamber is 45.5 kg/m’
and the temperature is 299.5 K. The temperature of the jet is 84.4 K and the density is 804.0
kg/m. A summary of the initial conditions can be found in Table 3. The velocity of the jet is
100 m/s and the diameter of the exit nozzle is 1.0 mm.

p [kgim’] - I

45 128 212 295 379 462 546 629 713 797

TIME = 7.66e-005s TIME = 1.66e-004s

TIME = 3.12¢-004s ~ TIME = 4.00e-004s &
Figure 14. 2D Test Case A, CFL = 1.0, 245000 cells, QC formulation. Density results of the
simulation of the planar cryogenic nitrogen jet at various times.

When the jet enters the elevated temperature environment of the chamber, the
velocity gradients at the jet surface generate a vortex rollup that finally breakup into ligament-
shaped structures, see Figure 14. The Kelvin Helmholtz instability can be observed in the
shear layer, which is similar to a gas/gas turbulent mixing case. No droplets are formed at
these conditions. The jet is quickly heated to a gas-like supercritical state after the injection
takes place. It must be highlighted that the mesh resolution is not enough to resolve all the
scales (the aim of these simulations is to test the developed numerical framework). Moreover,
2D simulation cannot resolve turbulence. Figure 17 shows the density, temperature, pressure
and sound speed results at 4 x 10 s.

Figure 15 shows a scatter plot of pressure as a function of density for the planar
cryogenic nitrogen jet. The simulated case remains in the hyperbolic region of the governing
equations with a real-valued speed of sound (Appendix B). The mixing trajectory passes close
to the critical point with a few individual points inside the saturation curve, which means that
phase separation does not occur [42]. The larger fluctuations caused by the confined domain
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or the two-dimensionality of the case could be the reason why a small number of cells are in
the unstable region [3].

Although one of reasons of the prevailing usage of cubic EoS is their efficiency,
practical simulations can be performed using the PC-SAFT EoS. The quasi-conservative
formulation is computationally less expensive than the conservative scheme because the PC-
SAFT EoS has to be used only once in the hyperbolic operator in each time step. The
computational time is 65-70% higher using the PC-SAFT EoS than utilizing the PR EoS.
Figure 16 shows the time taken by the code to solve the transcritical nitrogen injection case
depending on the number of cells used (only one core is used to perform the simulation).

The PC-SAFT EoS is implemented using loops that depend on the number of
components solved, which means that it takes more time to compute the properties of
mixtures. However, knowing the mass fractions it is possible to determine how many
components are present in a cell a priori. The PC-SAFT is then only solved for that specific
number of components. Most cells along the simulation in the combustion chamber contain
only nitrogen. For this reason, a significant increment on time has not been observed
performing two-component simulations.

E ® Scattered data
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2 ot \ ——— Saturation curve
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Figure 15. Scatter plot of pressure as a function of density for the transcritical nitrogen jet (Case
A). The vapor dome, non-convex region and the region with complex speed of sound (SOS) are
included.
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Figure 16. Computational time employed to compute the solution of the transcritical nitrogen jet
(Case A) at t = 4 x 10 employing a variable number of cells.
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Supercritical nitrogen injection (Conservative formulation, Case B)

The case is initialized using a pressure in the chamber of 4 MPa, the density of the
nitrogen in the chamber is 45.5 kg/m3 and the density of the jet is 440.0 kg/m® (Table 3). The
velocity of the jet is 50 m/s. The spatial reconstruction is carried out using a blending of the
fifth-order WENO and the first-order schemes (95% fifth-order WENO). The CFL number is
set at 0.4. Transmissive boundary conditions are applied at the top, bottom and right
boundaries while a wall condition is employed at the left boundary. A flat velocity profile is
imposed at the inlet.

If sharp interface methods (i.e. front tracking method) are not applied, the interfaces
are not sharp one-point jumps but smooth as they are resolved [43]. This is the reason why the
wiggles that appear in this 2D simulation are not as severe as in the 1D cases presented in
Section 3.1 initialized using a sharp interface, see Figure 18. The study of [43] shows how
smooth interfaces can reduce the spurious pressure oscillations.

The minimum pressure encountered along the simulation is higher than the nitrogen
critical pressure so there are no cells in the vapor-liquid equilibrium region. The heat-up of
the jet follows the same density-temperature trajectory employing a FC or a QC formulation
in single-species cases, see Figure 19. In the works of [2], [44] a different behaviour in
multicomponent cases can be observed, where QC formulations follow an isobaric-isochoric
mixing model for binary mixtures while conservative schemes follow an isobaric-adiabatic
mixing model.

0.012
E o0.008
>
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Figure 18. 2D Test Case B, CFL = 0.4, 180000 cells, FC formulation. Results of the simulation of
the supercritical nitrogen jet at t = 7.84 x 10**s: (a) density, (b) pressure.
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Figure 19. 2D Test Case B solved using the FC and QC formulations. Scattered data of density
and temperature. The nitrogen vapor dome is included.

Supercritical dodecane injection (Conservative formulation, Case C)

Dodecane/nitrogen mixtures are Type IV as stated by [45], which means that the
critical temperature of the mixture is an intermediate value of the critical temperature of both
components and the mixture critical pressure is higher than the critical pressure of either
component, see Figure 23. A simulation of a dodecane jet where VLE (Vapor-Liquid
Equilibrium) conditions are avoided injecting the dodecane at a temperature higher than its
critical value has been included to prove the multi-species capability of the code. To check
that any cell is in a thermodynamic metastable state, the vapor-liquid saturation curves were
computed (Appendix C).

A structured mesh is applied with a uniform cell distribution. The cell size is 8.3um x
8.3um. The domain used is Smm x 2.5mm. Transmissive boundary conditions are applied at
the top, bottom and right boundaries while a wall condition is employed at the left boundary.
A flat velocity profile is imposed at the inlet. The case is initialized using a pressure in the
chamber of 11.1 MPa, the density and the temperature of the nitrogen in the chamber are 37.0
kg/m® and 973 K (high-load Diesel operation conditions [46]) respectively. The density and
temperature of the jet are 450.0 kg/m® and 687 K (Table 3). The velocity of the jet is 200 m/s
and the diameter of the exit nozzle is 0.1 mm.

As in the transcritical nitrogen case ligament-shaped structures appear and the Kelvin
Helmholtz instability can be observed in the shear layer, see Figure 20. The jet is quickly
heated-up from a liquid-like supercritical state to a gas-like supercritical state. Some spurious
oscillations appear in the pressure field because of the high non-linearity of the EoS. The
quasi-conservative formulation was not employed because of the incorrect prediction of the
jet heat-up that appear in multi-component cases [2], [44].

A comparison of averaged scattered data of composition and temperature and an
isobaric-adiabatic mixing process can be seen in Figure 21. As [44] stated, fully conservative
schemes describe an isobaric-adiabatic mixing process. The isobaric-adiabatic line in the
Figure 21 was computed using eq.13-14 and the initial conditions of this case.
my, =m, +m,

(13)

tihy = rivh + rin,h (14)
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Figure 21. Scattered data of composition and temperature of the planar dodecane jet Case C.
Solid lines are dodecane-nitrogen phase boundaries from VLE at 4.5 MPa and 6 MPa.

4. Conclusions

The Perturbated Chain Statistical Associating Fluid Theory (PC-SAFT) is utilized to close the
Navier-Stokes equations using both a conservative and a quasi-conservative formulation,
where the double flux model of [3], [17], [33] is applied. The PC-SAFT EoS presents a
precision similar to NIST without the need of an extensive calibration as only three
parameters are needed to model a specific component. It is presented as an alternative to the
commonly used cubic EoS that present a low accuracy for computing the thermodynamic
properties of hydrocarbons at temperatures typical for high pressure injection systems.
Advection test cases and shock tube problems have been used to validate the hyperbolic
operator of the developed numerical framework. The conservative formulation generates
spurious pressure oscillations, like it has been reported with other diffuse interface density-
based codes employing a real-fluid EoS. Due to fact that the interfaces are not sharp one-point
jumps but smooth, as they are resolved in 2D simulations, the wiggles generated do not
compromise the stability of the simulation. The quasi-conservative scheme can model
transcritical single- and multicomponent cases without spurious pressure oscillations. Errors
in the energy conservation that appear employing this formulation may produce an unphysical
quick heat-up of the injected jet in multicomponent cases. Two-dimensional simulations of
nitrogen and dodecane jets have been presented to demonstrate the multidimensional and
multicomponent capability of the numerical framework.
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Appendix A PC-SAFT EoS

The PC-SAFT EoS is expressed as the sum of all the residual Helmholtz free energy
contributions. These contributions correspond to the distinct types of molecular interactions.
The residual Helmholtz free energy is computed using eq.15 [38].

~re

a“c=a“+a™ (15)
The hard-chain term, @", for a mixture of nc components, is given in eq. 16
a" =ma" Zx(m -)Ingk(o,,) (16)

where 7 is the number of segments for a multicomponent mixture (eq. 17), X, is the mole

fraction of every component i in the fluid, " is the hard sphere contribution (eq. 18), g[};‘Y is

the radial distribution function of the hard-sphere fluid (eq.23) and m, is the number of

segments per chain of every component.

The number of segments for a multicomponent mixture is:

m= ixlmi (17)
i

The hard sphere contribution is:

e 1| 366, 52 (gz J

ar =— + 22 —¢, |In(1-¢;) (18)
So (1—@,’3) [ (1_§3 )2 G3 ' ’

G, is defined as:
A n

S, :gpnlzximidi ne {0,1,2,3} (19)

where 0, is the molecular density and dl. is the temperature-dependent segment diameter of

component i (eq.21).

-1
P, = £77 (z ximidf] being 77 =¢, (20)
T i

E.
d=0,]1-0.12¢ -3 21
i dl|: Xp( ij:| ( )

where k is the Boltzmann constant, 7" is the temperature and &, is the depth of pair potential

of the component.
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The mixture parameters 0 ; and & which are defined for every pair of unlike segments are

modeled using a Berthelot-Lorentz combining rule.

1
O-ij 25(61 +O—j) (22)

£ = /g,.gj (1-k;) (23)

where ki/ is the binary interaction parameter.

The radial distribution function of the hard-sphere fluid is:

2
g'h's — 1 + didj 3g2 + dl'd/ 3GZ2 (24)
! (I_G3) di+dj (1—§3)2 di+d_/ (1—§3)3

The dispersion term is defined as:

adivp — _zwmll (77’ ﬁ’l)m280'd3 _wmﬁ/lqlz (779 ﬁl)mof (25)

where 77 = ; , is the reduced density, /; and /, are integrals approximated by simple power

series in density

— 6 -
L,(7.,m) =Y a,(mn’ (26)
i=0
Y
L,(17,m) =3 _b,(m)ny 27)
i=0
The coefficients a; and b; depend on the chain length:
— m-1_ m-1m=-2
a.(m)=ay, +——a, +———=—a,, (28)
m m m
— m—1, m—-1m-2
b(m) = by, + b, +——""=p, (29)
m m m
Where a,,;,a,;,a,,,b,,,b,,,b,, are constants [38].
C, is defined as:
ath -1
C=[1+Z"+p =
dp
1 (30)

—8n— 8 (1) 20m 27 +1207° —21* |
(1-n)° [a-m@-n]

The terms szO;[3 and nie 0;,3 are defined as:
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—_— nc nc 8

2 3 ij 3

meéeo, = Zlexjmlmj [kTJO-ij
i

N\ &\
m'e’o, :ZlexlmlmJ | %
1

J

Compressibility factor

€2))

(32)

Then the compressibility factor is calculated as the sum of the ideal gas contribution
(considered to be 1), the dispersion contribution and the residual hard-chain contribution [38]:

Z=1+2"+Z"

Zhs _ S3 + 3G1g2 . + 3g23 —§3§233
(1_53) §0(1_§3) g0(1—§3)

¢ _ =rphs o1 . Ogh
A

m

7 disp _ 27p. 8(87711) ngo_d3 —ﬁpmn_{Cl a(aﬂ]z) +C27712}m2820'd3
n n

where:

—E:—c {——477 +207+8 rom 277 +12n° 4877+40]
1 (1-n) [a-m2-n]

ag;*‘ _ & +( dd, j[ 3¢, N 64,0, j+

Pop T =gy \d+d | (=¢)  (a-¢)
didj 2 4422 6;2 43

di+dj (1_§3 (1 53

a(aL;l) =, + D

a(aL;z) \ Zb (m)(j + )y

Derivative of the Helmholtz free energy respect to temperature.

The temperature derivative of @' is the sum of two contributions.
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a& res &hc aadisp
= + (41)
oT oT oT
PXi PX; PXi

The temperature derivative of the Helmholtz free energy hard-chain reference contribution is:

a&hc . adhs e ag”hs
= — (m. —-D(g.™ =i 42
(arjﬂx m[aTj%x Z}xm, (g™ [aT - (42)

The temperature derivative of the Helmholtz free energy residual contribution of the hard-
sphere system is:

3(gl,Tg2+g1g2,T)+3g1g2g3,T n 3g22g2,r +g23g3,T(3g3_1)+

(ad}”] :i (1—§3) (1_§3)2 §3(1—§3)2 532(1_9'3)3 (43)
oT P (3§22§2,Tg3 3—2§23§3,T jln(l ¢, ) +[§0 _g_zz] Sir
I S, & )(1-¢6,)
with abbreviations for two temperature derivatives:
. = Jdé, _« pY xmnd,(d)" ne{0,1,2,3} (44)
T dT 6045 ’
d, =% _o (3 b ) —0.12exp(—3i)
’ oT kT kT
The temperature derivative of the radial pair distribution function is:
hs 3 6
og; __ S _ +(ldi Tj 52 - +(ldl)£ Sor _+ §2§3,T3 j_i_
oT (1—§3) 2 - (1_§3) 2 (1—§3) (1—§3) (45)

2 2( 4 602
(ldidiTj 2gz 3 +(ldij gzgz’T3 + 2 gﬂ;
277 )=-g) \2 (1-¢) (-g)

The temperature derivative of the Helmholtz free energy contribution due to dispersive
attraction is:

oa™ =2 (%—ijze‘o‘ S om
o ) . Plar ~ar ¢

aoC ol 1
L)_Tl L+C, 8_72" -2C, ?2} m'e’c,’

(46)

with
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all S N i-1

F ;al- (m)ig, 117 47)
a] 6 .. i—

a—; = ;bi(m)zgﬂn ! (48)
aC

a_Tl = g3,TC2 (49)

Estimation of enthalpy and sound speed.

The enthalpy is used to compute the thermal diffusion vector in the parabolic sub-step. It is
computed as the sum of the ideal contribution (obtained by integrating the ideal heat capacity
at constant pressure with respect to the temperature) and the residual enthalpy [38]:

h- :—T(aa j H(Z-1) (50)
P

RT oT

Sound speed is computed using the equation applied by [47]:

oo |G [ P
= =3 (51
G\, ),

where C » and C| are the heat capacities at constant pressure and volume respectively [39].

The derivatives needed to compute the sound speed are:

a_PJ :(G_Pj [8_77} )
P )y, \ON ) 9P )y,

8_77} = %(Z ximidfj (53)
T,x; i

ap,,

P 3| (o2 P

®) rfafZ) f)
anJT,xi ’ ( ) 877 Tx; an Tx;

E)p 6 3 B

ZFm - m.d; 55
( an l’xf ”(Zx,m, i j (55)
(a—zj can be found in [48]. (56)
877 T,x;
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Appendix B Hyperbolicity of Euler system with PC-SAFT EoS

The hyperbolicity of the Euler system relies on a real speed of sound [3]. Using the
PC-SAFT, the speed of sound is always real outside of the vapor-liquid equilibrium state.
Inside the vapor-liquid equilibrium region, the spinodal curves (determined by

(ap/ av)T =0) enclose the unstable / non-convex region where a complex speed of sound

could be found, see Figure 22.

Appendix C Pressure-composition phase diagram for the N;+Ci2Hzs

system

The calculation of the number of phases present in a mixture in a certain condition is
a recognized problem in the utilization of any EoS. In some cases, the number of phases is
assumed a priori and then the composition in every phase is calculated by imposing
equilibrium conditions. However, this technique often leads to divergence in the iterative
methods used to achieve these. In our case, this is solved by an isothermal flash calculation
after a stability analysis using the Tangent Plane Criterion Method proposed by [49] and
applied to the PC-SAFT EoS by [50], see Figure 23.
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Figure 22. The vapor dome, non-convex region and the region with complex speed of sound of
dodecane computed using the PC-SAFT EoS.
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785 Figure 23. Experimental [51] and calculated pressure-composition phase diagram for the N2 (1)
786 + Ci12Hz6 (2) system. Solid lines: PC-SAFT EoS with ki; = 0.144
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816  Appendix D PC-SAFT EoS subroutines

817  Algorithm 1: Fully conservative formulation
818

From conservative variables: p,e,Y,
Inputs Temperature from the previous time step
Specific values of each component: o,&/ K,kij ,m

1) Compute the mole fraction of each component

DO
if [ (abs (e(CSV)-e(PC-SAFT)) > 0.001 | then
2) Compute segment diameter of each component (eq.21)
3) Compute mean segment number (eq.17)
4) Compute the coefficients a,and b, (eq.28-29)
5) Compute abbreviations (eq.31-32)
5) Compute ¢, (eq.19)
6) Compute radial distribution function of the hard sphere fluid (eq.24)
7) Compute contribution of the hard sphere fluid to the compressibility factor (eq.34)
8) Compute contribution of the hard chain to the compressibility factor (eq.35)
9) Compute dispersion contribution to the compressibility factor (eq.36)
10) Compute total compressibility (eq.33)
Algorithm 11) Compute pressure (eq.8)
12) Compute partial derivative of the Helmholtz free energy respect to temperature
13) Compute residual internal energy
14) Compute residual enthalpy
15) Compute sonic fluid velocity
16) Compute ideal enthalpy
17) Compute ideal internal energy
18) Compute total enthalpy
19) Compute total internal energy
20) Compute the new temperature using the Newton-Raphson method. The temperature
dependent function used is the internal energy
ELSE
819 RETURN
END IF
END DO
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Algorithm 2: Quasi-conservative formulation

Algorithm

From conservative variables: p, Y,
From double flux model: p
Inputs . .
Temperature from the previous time step
Specific values of each component: o,e/ K ,k,,,m

ij?

1) Compute the mole fraction of each component

DO
if [ (abs (p(double flux model)-p(PC-SAFT)) > 0.001 | hen

2) Compute segment diameter of each component (eq.21)
3) Compute mean segment number (eq.17)
4) Compute the coefficients a,and b, (eq.28-29)
5) Compute abbreviations (eq.31-32)
5) Compute ¢, (eq.19)
6) Compute radial distribution function of the hard sphere fluid (eq.24)
7) Compute contribution of the hard sphere fluid to the compressibility factor (eq.34)
8) Compute contribution of the hard chain to the compressibility factor (eq.35)
9) Compute dispersion contribution to the compressibility factor (eq.36)
10) Compute total compressibility (eq.33)
11) Compute pressure (eq.8)
12) Compute partial derivative of the Helmholtz free energy respect to temperature
13) Compute residual internal energy
14) Compute residual enthalpy
15) Compute sonic fluid velocity
16) Compute ideal enthalpy
17) Compute ideal internal energy
18) Compute total enthalpy
19) Compute total internal energy
20) Compute the new temperature using the Newton-Raphson method. The temperature
dependent function used is the pressure
ELSE
RETURN
END IF
END DO
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