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Abstract 

In recent years different inerter-based vibration absorbers (IVAs) emerged for the earthquake protection of 

building structures coupling viscous and tuned-mass dampers with an inerter device. In the three most 

popular IVAs the inerter is functioning either as a motion amplifier [tuned-viscous-mass-damper (TVMD) 

configuration], mass amplifier [tuned-mass-damper-inerter (TMDI) configuration], or mass substitute 

[tuned-inerter-damper (TID) configuration]. Previous work has shown that through proper tuning, IVAs 

achieve enhanced earthquake-induced vibration suppression and/or weight reduction compared to 

conventional dampers/absorbers, but at the expense of increased control forces exerted from the IVA to the 

host building structure. These potentially large forces are typically not accounted for by current IVA tuning 

approaches. In this regard, a multi-objective IVA design approach is herein developed to identify the 

compromise between the competing objectives of (i) suppressing earthquake-induced vibrations in 

buildings, and (ii) avoiding development of excessive IVA (control) forces, while, simultaneously, 

assessing the appropriateness of different modeling assumptions for practical design of IVAs for earthquake 

engineering applications. The potential of the approach to pinpoint Pareto optimal IVA designs against the 

above objectives is illustrated for different IVA placements along the height of a benchmark 9-storey steel 

frame structure. Objective (i) is quantified according to current performance-based seismic design trends 

using first-passage reliability criteria associated with the probability of exceeding pre-specified thresholds 

of storey drifts and/or floor accelerations being the engineering demand parameters (EDPs) of interest. A 

variant, simpler, formulation is also considered using as performance quantification the sum of EDPs 

variances in accordance to traditional tuning methods for dynamic vibration absorbers. Objective (ii) is 

quantified through the variance of the IVA force. It is found that reduction of IVA control force of up to 3 

times can be achieved with insignificant deterioration of building performance compared to the extreme 

Pareto optimal IVA design targeting maximum vibration suppression, while TID and TMDI achieve 

practically the same building performance and significantly outperform the TVMD. Moreover, it is shown 

that the simpler variant formulation may provide significantly suboptimal reliability performance. Lastly, 

it is verified that the efficacy of optimal IVA designs for stationary conditions is maintained for non-

stationary stochastic excitation model capturing typical evolutionary features of earthquake excitations. 

 

Keywords: Inerter-based vibration suppression; seismic protection; multi-objective design; first-passage 

reliability; stationary response; peak inerter force  
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1. Introduction 

Earthquake resistant design of building structures for reduced upfront cost is regularly addressed 

through ductile behavior of their lateral load resisting system, involving dissipation of the input seismic 

(kinetic) energy through inelastic (hysteretic) behavior (see e.g, [1] and references therein). Nevertheless, 

this seismic design strategy may incur significant structural damages, yielding excessive repair cost and 

downtime in the aftermath of severe earthquake events. To this end, considerable research for development 

and application of passive viscous and viscoelastic dampers endowing supplemental damping to building 

structures has been undertaken over the past three decades to minimize seismic losses, achieving, ideally, 

linear structural response during major earthquake events [2]. To this aim, these dampers, coupled with 

stiffeners and connectors, are placed in between building floors [3], hence, acting as diagonal struts engaged 

by the relative lateral motion of building slabs under seismic excitation. Alternatively, they are used in 

tuned mass dampers (TMDs) to connect a pre-specified secondary free-to-oscillate mass (close) to the top 

floor, tuned to counteract the building motion [4]. Stiffness and damping properties of both the above 

passive vibration control configurations are designed/tuned to enhance the seismic performance of the 

uncontrolled (host) building structure by mitigating critical to seismic loss earthquake response quantities, 

termed engineering demand parameters (EDPs) in modern performance-based earthquake engineering [5], 

such as relative displacement between building floors, henceforth storey drifts, and absolute floor 

accelerations. 

 In this setting, recently, different linear passive inerter-based vibration absorbers (IVAs) emerged 

[6-17] achieving improved seismic building performance and/or secondary attached mass reduction by 

incorporating an inerter to conventional energy dissipating diagonal struts and TMDs. The inerter has been 

theoretically defined by Smith [18], aiming to facilitate passive network synthesis approaches for general 

vibration control applications, as a linear massless two-terminal mechanical element resisting relative 

acceleration by a force proportional to a constant termed inertance and measured in mass units (kg). 

Moreover, in [18], the feasibility to materialize an inerter device whose inertance scales up practically 

independently of its weight has been established by considering mechanisms transforming, through gearing, 

the translational motion of the device terminals into rotational motion of a flywheel (i.e., a lightweight fast-

spinning disk) [19, 20]. Lately, alternative fluid-based inerter devices (e.g., [21, 22]) as well as inertance 

emulation in the electrical domain using electromagnetic motors (e.g., [23, 24]) have further been 

developed. Nevertheless, prior to and independently of the above works, the viscous mass damper (VMD) 

introduced by Arakaki et al. [25], also termed as rotational damper or gyro-damper [26], was historically 

one of the first vibration control devices for earthquake engineering applications to incorporate a ball-screw 

inerter-like mechanism. Specifically, in the VMD, the ball-screw mechanism acts as a motion amplifier to 

increase seismic energy dissipation in a viscous damper by transforming relatively slow translational 
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motion (e.g., between two floors of a building connected through a VMD diagonal strut) to fast rotational 

motion of a circular drum placed in viscous (solid or fluid) material [14]. In this regard, the VMD device 

can be viewed as an IVA represented by an inerter in parallel with a dashpot [26]. In later years, a flywheel 

was incorporated to the VMD for increased inertance and a spring tuned to a particular (targeted) mode of 

the host building structure was added in series with the VMD giving birth to the tuned viscous-mass-damper 

(TVMD) [7, 13]. The latter is the first IVA to have been implemented in actual structures in Japan [27]. 

More recently, two different IVAs have been independently proposed, namely the tuned mass-damper-

inerter (TMDI) [9, 17] and the tuned inerter-damper (TID) [6], utilizing the inerter as a weightless mass 

element to improve the efficiency of TMDs for seismic protection of buildings while relaxing, for the 

TMDI, or eliminating, for the TID, requirements for excessive secondary TMD mass typically necessitated 

in earthquake engineering applications (see e.g., [28] and references therein). Specifically, in the TMDI, 

the inerter acts as a mass amplifier contributing inertia (but not weight) to a conventional TMD by 

connecting the secondary mass to a different floor from the one that the TMD is attached to. While in the 

TID, the inerter is used as a surrogate of the TMD secondary mass resulting in a diagonal strut comprising 

a viscoelastic damper (spring in parallel to dashpot) in series with an inerter connecting two adjacent floors. 

Alternative IVAs comprising more than three (i.e., a single spring, damper, and inerter) elements have been 

pursued lately for further seismic building performance improvement relying on passive network synthesis 

approaches [11, 12]. Once an optimal IVA configuration is reached for a particular host structure through 

these approaches, less complex diagonal struts (e.g., TID, TVMD or some variants) favoring practical 

implementation may be sought after by establishing similar seismic performance (to the identified optimal 

configuration) within a frequency band of interest [17].  

Irrespective of their complexity and layout, optimal design of the aforementioned IVAs has been 

frequently addressed by relying on traditional tuning approaches to a particular host structure natural 

frequency widely applicable to mass dampers, such as the “fixed-point tuning” in [29], aiming to suppress 

the peak of the frequency response function (FRF) of the host structure [6, 7, 11, 30]. Shortcomings of such 

H∞ style optimal design approaches are that (I) seismic excitation frequency content and, therefore, 

structural response, is broadband and uncertain in nature deviating significantly from single harmonic 

conditions [31] implied by H∞ optimization, and (II), contrary to traditional mass dampers, IVAs have been 

shown to impact dynamic behaviour of the host structure in a wide frequency range, beyond the specific 

frequency they are tuned at [32-34]. The above shortcomings incentivized several researchers to pursue 

optimal IVA design against stationary stochastic structural performance metrics modelling dynamic 

(seismic) excitation as white noise [35-37] or, more appropriately (see e.g., [31]), as colored noise [12, 17, 

32]. Indeed, adopting a stochastic description of the performance facilitates a more faithful description of 

seismic excitation while it  explicitly considers the ability of IVAs for wideband vibration suppression, as 
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stochastic response is evaluated considering contribution from all frequencies [31] leading to an H2 style of 

optimality. This ability can further be exploited, if deemed necessary, by considering floor accelerations as 

EDPs which are more sensitive to higher-order vibration modes in multi-storey buildings and associated 

with seismic loss due to failures (e.g., sliding and/or toppling) of sensitive equipment, furniture, and 

artefacts housed in buildings. Meanwhile, representing the seismic input action by a stochastic process 

circumvents the need to design for any particular (recorded) ground motion, as for example considered in 

[38], which does not necessarily facilitate optimal seismic performance to future seismic excitations due to 

the natural uncertainty of earthquake ground motions.  

Independently of the design approach, seismic performance enhancement offered by IVAs comes at the 

expense of increased (control) forces developed within the IVA and transferred to the host structure [15, 

27, 33, 36, 39]. Such large forces govern the upfront cost of inerters and dampers. Further, they need to be 

accommodated by the host structure, potentially through local strengthening of structural members (i.e., 

columns, beams and braces) supporting the IVA, a feature that is becoming increasingly a concern in 

applications of control devices to typical medium- and high-rise building structures [40]. In this regard, this 

paper examines the multi-objective design of IVAs, focusing on the three most widely considered in the 

literature IVAs, that is the TVMD, TMDI, and TID, for seismic risk mitigation of building structures aiming 

to quantify in a practical context the compromise between the competing objectives of improving seismic 

performance and avoiding large IVA control forces. For formulating the design problem, fixed 

configurations of dashpot, spring and inertia (inerter and mass for the case of the TMDI) elements is 

assumed and optimal properties of all elements within a practically meaningful search range are identified 

for a given host structure. Seismic excitation is modeled as stationary colored stochastic process and 

structural behavior through a linear dynamical system, utilizing a state-space formulation. Two different 

formulations are used to define the first objective, representing the seismic building performance. The main 

formulation uses first-passage reliability criteria associated with the probability that the adopted EDPs (i.e., 

storey drifts and/or floor accelerations) overshoot prescribed design-specific thresholds. An alternative, 

simpler, formulation uses the sum of variances of the adopted EDPs. Note that the former reliability-based 

seismic performance quantification has previously been considered only in [32] for single-objective optimal 

design of TMDI, and is better aligned with objectives set by current performance-based structural 

engineering standards [26, 27] compared to stationary response variances considered by the rest of the 

above reviewed works for H2 style optimal IVA design. Herein, optimal designs derived from the two 

different formulations are compared. The second objective, representing the upfront IVA cost as well as 

local strengthening of the host structure, corresponds to the stationary force transferred by the IVA to the 

structure. Beyond the multi-objective design, in this work the achieved performance of dual-objective 

optimal IVA designs under stationary excitation is also assessed under non-stationary in amplitude colored 



Taflanidis AA, Giaralis A and Patsialis D (2019) Multi-objective optimal design of inerter-based vibration absorbers 

for earthquake protection of multi-storey building structures. Journal of the Franklin Institute, accepted (13/02/2019) 

 

 
5 

stochastic seismic excitation using appropriately defined metrics corresponding to the two objectives 

adopted in design.  This assessment serves as a validation of the assumption of stationary conditions at the 

design stage, by performing a comparison of the performance under stationary and non-stationary excitation 

conditions. 

The major contribution of the present study is that it offers a comprehensive mapping of the trade-off 

between the competing objectives of vibration suppression and peak developing control force under optimal 

IVA design, adopting seismic performance quantification metrics and excitation model tailored for the 

application at hand. This is also accomplished by furnishing numerical results in the form of optimal Pareto 

design solutions for a 9-storey benchmark steel frame building structure purpose-developed for assessing 

vibration control solutions in earthquake engineering [41], as opposed to simpler examples of ideal, shear-

type frame buildings adopted in works found in the literature addressing optimal IVA design. In this respect, 

it is parenthetically noted that Pan et al. [36] also examined multi-objective optimization of a TVMD-

variant. Their study was constrained, though, to a single IVA type, a single-storey host structure, a 

simplified description of the excitation (white noise) and of the performance (response variance), while it 

did not present a comprehensive evaluation of the Pareto optimality established by considering the 

compromise between the competing objectives. Note that the latter is essential for facilitating decisions 

within a multi-criteria design setting [42]. Other novel contributions of the present work include the 

comparison of optimal IVA designs achieved using reliability-based criteria vis-à-vis EDP variances for 

seismic performance quantification, as well as the validation of the assumption of stationary conditions at 

the design stage vis-à-vis non-stationary amplitude-dependent excitation conditions.  

In the remainder of the paper, the governing equations of motion of the dynamical system in state-space 

are presented in the next section, followed (Section 3) by the stationary response statistics calculation and 

(Section 4) by the multi-objective design problem formulation. Section 5 furnishes pertinent numerical data 

of optimal IVA designs and performance for the case-study benchmark building structure exposed to 

stationary stochastic seismic excitation, while Section 6 verifies these designs against non-stationary 

seismic excitation within a Monte Carlo-based context. Concluding remarks are summarized in Section 7. 

 

2. Equations of motion of multi-storey structures equipped with inerter-based vibration 

absorbers 

Consider the planar n-storey frame building, shown in Figure 1, whose oscillatory motion due to a ground 

acceleration gx  is to be suppressed hosting an IVA. As discussed in the introduction different IVAs can be 

established by combining an inerter with springs (stiffness elements), dashpots (damper elements) and, 

even, secondary masses in series and/or parallel connectivity. In this regard, a generic 5-element IVA is 
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herein considered connecting two not necessarily consecutive floors, id and ib, and comprising an 

intermediate (secondary) mass, md, attached to the upper id  floor via a viscoelastic link (linear spring and 

dashpot in parallel) and to the lower ib floor via a VMD (dashpot in parallel with inerter) as shown in Figure 

1. By judicially eliminating one or more elements (i.e., setting to zero certain properties), the considered 

generic IVA enables modelling the three most-widely studied IVAs discussed in the introduction, namely 

the TVMD, the TMDI and the TID, as indicated in the inlets of Figure 1. Since TVMD and TID are mostly 

used as diagonal struts, practical and architectural configurations require that they connect adjacent floors, 

i.e., ib-id=1. Nevertheless, the TMDI may observe ib-id>1 as practical [32], with the secondary mass allowing 

implementations that span multiple floors as in the commonly considered in practice case of pendulum-like 

TMDs [4].  

 
Figure 1: Multi-storey structure equipped with different inerter-based vibration absorbers.  

Let
n

s x  be the vector of floor displacements of the host structure relative to the ground and gx   

be the ground acceleration. Denote by 
n

d R the spring location vector specifying the floor the spring 

(along with potential dashpot) is attached to, that is vector of zeros with a single one in its id entry, and by 

n

b R  the inerter location vector specifying the floor the inerter (along with potential dashpot) is 

connected to, that is vector of zeros with a single one in its ib entry. Let, also, y  be the displacement 

of the spring relative to the id floor and define the connectivity vector by  Rc=Rd-Rb. With this notation the 

force of the spring kd and dashpot cd are ( )dk y t  and ( )dc y t , respectively, the inerter force is 



Taflanidis AA, Giaralis A and Patsialis D (2019) Multi-objective optimal design of inerter-based vibration absorbers 

for earthquake protection of multi-storey building structures. Journal of the Franklin Institute, accepted (13/02/2019) 

 

 
7 

 ( ) ( )c sb y t t+R x  and the force of the dashpot cb is  ( ) ( )b c sc y t t+R x . The total forces transferred to the 

host structure by the spring/dashpot and inerter/dashpot parallel combinations are, respectively,  

( ) ( ) ( )d d df t c y t k y t= +    (1) 

   ( ) ( ) ( ) ( ) ( )b c s b c sf t b y t t c y t t= + + +R x R x .   (2) 

Note that for md=0 these forces end up being equal and opposite (equilibrium of the connection of the two 

parallel combinations).     

The coupled equations of motion of the structure with the inerter-based protective device are finally 

( ) ( )

( )s

( ) ( ) ( ) ( )

                                                 ( ) ( ) ( )

T T T

s d d d c c s d d c s c b c s

T

c b s d d d s g

m b t m b y t c t

c y t t m x t

+ + + + + +

+ + = − +s

M R R R R x R R C R R x

R K x M R R R
 (3) 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )T T T T

d d d c s d b b c s d d d s gm b y t m b t c c y t c t k y t m x t+ + + + + + + = −R R x R x R R  ,   (4) 

where 
xn n

s M ,
xn n

s C , and 
xn n

s K are the mass, damping, and stiffness matrices of the host 

building structure, respectively, 
n

s R   is the earthquake influence coefficient vector (vector of ones), 

and a dot over a symbol denotes differentiation with respect to time t. Furthermore, the dimensionless 

frequency ratio rd, damping ratios ζd and ζb, inertance ratio β and mass ratio μ are defined as  

1/ ; ;   ; ;
( ) 2( ) 2( )

d d b d
d d b

d d d d d

k c c mb
r ω ζ ζ β μ

m b m b ω m b ω M M
= = = = =

+ + +
, (5) 

where ω1 and M are the fundamental natural frequency and the total mass of the host structure, respectively, 

and 1d dω r ω=  represents the IVA natural frequency based on Eq. (4). These dimensionless ratios are 

considered, ultimately, as the design variables in the optimization problem leading to design vector, 

representing the controllable parameters of the IVA, defined as  

 

d

d

b

r

ζ

ζ

β

μ

 
 
 
 =
 
 
  

φ  . (6) 

Note that not all components of φ are present for the different devices examined here (some are by default 

zero). This definition of design variables is consistent with what has been adopted so far in the literature 

for the examined here devices [6, 7, 9]. 
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3. Modeling assumptions and response statistics calculation 

3.1 Modeling assumptions and state space description 

The design of building structures against earthquakes requires appropriate description of the stochastic 

characteristics of the seismic excitation [31]. For structural control design applications this is commonly 

established [43-46]  by modeling ground motion gx  as stationary Gaussian processes with spectral density 

Sg(ω), where ω denotes frequency. This modelling approach is equivalent to describing gx  as a stationary 

filtered Gaussian white noise stochastic process and is the one adopted here. The implications of this 

assumption to the performance of the controlled building structures are further examined in Section 6 within 

the context of the illustrative example. To solve the associated random vibration problem (since excitation 

is stochastic process) and estimate ultimately the stationary response statistics of the structure, required in 

the solution of the optimum design problem outlined in the next section, a state-space formulation is adopted 

here. Note that such a state-space approach is the preferred one from computational perspective for linear 

random vibration problems [46, 47].    

In this setting (i.e., using a state-space formulation for solving the random vibration problem), the 

excitation model is described by  

( ) ( ) (t)

( ) ( ),

q q q q

g q q

t t w

x t t

= +

=

x A x E

C x
    (7) 

where ( )w t   is a zero-mean Gaussian white-noise process with spectral intensity equal to Sw=1/(2π), 

( ) qn

q t x  is the state vector for the excitation, 
xq qn n

q A ,  
x1qn

q E  and 
1x qn

q C  are the state-space 

excitation matrices, chosen so that state-space model of Eq. (7) leads to output gx  having desired spectral 

description Sg(ω). Combining excitation model of Eq. (7) with the equations of motion of the structural 

system in Eqs. (3) and (4)  provides the augmented state-space system  

( ) ( ) ( ) ( ) (t)

( ) ( ) ( ),

t t w

t t

= +

=

x A φ x Ε φ

z C φ x
   (8) 

where ( ) xn
t x  is the state vector with nx=2n+2+nq; ( ) znt z  is the response output of the system with 

zi denoting the ith output; and A(φ), E(φ), C(φ) are the state-space matrices that are a function of vector φ. 

Vector z(t) includes all variables used in formulating the IVA design problem; in this study it consists of 

storey drifts and floor accelerations used to describe seismic building performance [48], as well as the forces 

transferred by the IVA to the host structure fd(t) and fb(t) in Eqs. (1) and (2). Note that the proposed 

formulation takes into account the spectral characteristics of the stochastic excitation, by appropriate 
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augmentation of the state equation [46]. This allows for an efficient calculation of the response statistics 

for the augmented system. The derivation of the state-space matrices is outlined in Appendix Α.  

3.2 Response statistics determination 

Under the modelling assumptions discussed above, the output of the system z(t) is a Gaussian vector process 

with zero-mean and covariance matrix given by   

Τ( ) ( ) ( ) ( ) ;  ( ) ( ) ( ) ( ) ( ) ( ) 0T T= + + =zzK φ C φ P φ C φ A φ P φ P φ A φ E φ E φ .  (9) 

where P(φ) is the state covariance matrix, obtained, by the solution of the following algebraic Lyapunov 

equation [47].  

Τ( ) ( ) ( ) ( ) ( ) ( ) 0T+ + =A φ P φ P φ A φ E φ E φ .   (10) 

The variance of each of the nz system output variables 
T

i iz = n z  (i=1,2,…,nz) is given by the diagonal 

elements of Kzz expressed as 

2 ( ) ( ) ( ) ( )
i

T T

z i iσ =φ n C φ P φ C φ n   (11) 

where ni is a nz dimensional vector of zeros with the ith component being one. 

In earthquake engineering applications, performance is typically quantified through the probability that 

EDPs (i.e., the peak of structural response quantities indicative of seismic damage such as storey drifts and 

floor accelerations) exceed acceptable thresholds specified by relevant seismic design codes [5, 48]. This 

probability can be used to evaluate the fragility of different damageable components of the structure, and 

for stationary excitation conditions is expressed through the out-crossing statistics rather than second-order 

(variance) response statistics. The probability that some output zi exceeds threshold βi (defining acceptable 

performance) within some time-window T representing the duration of the strong part of a typical seismic 

ground motion, is defined as  

( )( | , )  for some [0, ]i i i iP β T P z τ β τ T =   φ .   (12) 

It can be calculated as the first-passage probability for output zi out-crossing threshold βi. Under the 

stationarity assumption, the considered probability is approximated by [49]  

( )
( | , )  1 e ;   ( ) ( ) ( )iν T +

i i i i iP β T ν λ r
+− += − =
φ

φ φ φ φ ,   (13) 

where 

( ) ( ) ( )+

i i iν λ r+ =φ φ φ ,   (14) 



Taflanidis AA, Giaralis A and Patsialis D (2019) Multi-objective optimal design of inerter-based vibration absorbers 

for earthquake protection of multi-storey building structures. Journal of the Franklin Institute, accepted (13/02/2019) 

 

 
10 

is the conditional out-crossing rate for zi  given by the product of Rice’s unconditional out-crossing rate, 

( )+

ir φ  [50], and of the temporal-correlation correction factor ( )iλ φ . The latter is heuristically introduced 

to address correlation between out-crossing events [47]. Further details for the estimation of these two 

factors are included in Appendix B.  

 

4. Multi-objective design framework 

4.1 Selection of performance objectives  

The proposed multi-objective design framework considers two different objectives, one associated with the 

level of vibration suppression for the controlled building structure and one associated with the size of the 

(control) forces exerted by IVA to the building.  

The first objective is defined following current performance-based earthquake engineering standards 

[5, 51] as the consequences related to different failure modes of the structure. Each of these modes 

corresponds to a particular response output zi related to the building response exceeding acceptable 

threshold βi and is quantified through probability ( | , )i iP β Tφ , whose estimation was discussed in Section 

3.2. To formalize this concept, let if represent the index set associated with the failure modes under 

consideration and nf the total number of failure modes examined. Note that response vector z may contain 

additional response outputs, beyond the ones required for estimation of the occurrence probabilities of the 

different failure modes. In other words, nf is not necessarily equal to nz. The design objective, JP, is given 

by the combination of probabilities ( | , )i iP β Tφ  over set if 

( ) ( | , )
f

P i i i

i

J w P β T


=
i

φ φ , (15) 

where wi are weights representing the relative consequences for each failure mode. Estimation of objective 

JP requires calculation of the out-crossing rates ( )iv φ  which entails a component, the temporal correction 

factor, ( )iλ φ , numerically estimated as detailed in Appendix B. Even if this correction factor is ignored, 

obtaining derivative information for ( )iv φ  can be only numerically performed [46]. This greatly increases 

complexity of the associated design optimization, which is one reason that such reliability-based criteria, 

though evidently more closely related to objectives set by current performance-based engineering practices, 

are not widely utilized in structural control applications [46].  

To further examine the impact of the chosen design objective on the performance of the controlled 

structure, a variant problem is also examined, adopting the second-order statistics to characterize the level 

of vibration suppression. This corresponds to an analytically tractable measure given by the weighted sum 

of variances of output z. As discussed in the introduction such quantification of stochastic performance 
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directly though variance statistics is the common approach adopted for design of IVAs. To facilitate here a 

consistent comparison to JP only components of z belonging in set if are examined, whereas each 

performance variable is normalized by corresponding threshold βi, and is given priority based on 

consequence weight wi. This leads to design objective 

2

2 2
2 2

2 2

( )
( ) ( )i

i

f f

z i
i z

i ii i

σ w
J w σ

β β 

= = 
i i

φ
φ φH ,   (16) 

where 
2 ( )
izσ φ  is the response variance of output zi given by Eq. (11). 

In the linear control theory literature, this measure is associated with H2 optimal control (when the problem 

is posed deterministically, in the frequency domain), or as Linear Quadratic Gaussian (LQG) control (when 

it is posed stochastically).  In the interest of brevity, we will refer to 
2
( )J φH

 as the H2 measure. This measure 

is analytically tractable with computation of derivative information also being straight-forward [52]. Thus, 

its adoption greatly simplifies the associated design optimization compared to the reliability-based objective 

function in Eq.(15). 

The second objective herein adopted relates to the control forces exerted by the IVA to the building 

structure to account for potential local strengthening of the structure required for the safe transmission of 

these forces. For the TID and the TMVD either fb or fd can be used for this purpose, since they are equal in 

magnitude. For the TMDI, though, differences may exist between these two forces since equilibrium 

between them is established based on Eq. (4) by also considering the inertia forces associated with the 

absolute acceleration of mass md. To establish a common secondary objective for all devices, the maximum 

between forces fb and fd is adopted, that is the maximum force transferred to at any of the two ends of the 

device to the building. Since under the stated stationary assumptions the peak response for zi can be 

approximated by the product of stationary variance 2

izσ  times a constant, the peak factor [53], the maximum 

of the standard deviation of forces fb and fd is taken as the second design objective. That is,   

 2 ( ) max ,
b df fJ σ σ=φ , (17) 

in which the standard deviations 
bf

σ and 
df

σ  are readily obtained through Eq. (11). Note that consideration 

of the device forces as design objective may be also interpreted as an approach to incorporate in the design 

cost-characteristics of the IVA [36], since cost of many type of passive vibration control devices relates 

well to their peak force demand/capacity [54]. The devices considered here, though, consist of several 

devices/components, such as connectors (springs), viscous dampers (dashpots), and inerters, with 

fundamentally different relationships between force demand and cost. More importantly, contrary to linear 

dampers, inerter devices are not currently commercially available for large-scale civil engineering 
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applications. In this regard, no dependable force-cost relationship for the case of the inerter element/device 

yet exists and, consequently, no such relationship may be dependably established for the considered IVAs. 

Therefore, the adoption of IVA forces as design objective is primarily addressing the strengthening required 

to accommodate the transfer of these forces and may not necessarily scale-up with the overall IVA cost. 

 4.2 Multi-objective design problem formulation 

The multi-objective design problem is finally formulated by considering concurrently the design 

objectives in the previous section as 

 1 2
Φ

 argmin ( ), ( )
T* J J


=

φ
φ φ φ , (18) 

where first objective J1(φ) corresponds to either JP given by Eq. (15) or 
2

JH given by Eq. (16), and  Φ 

represents the admissible design space, defined by considering appropriate box-bounded constraints for 

each of the design variables in vector φ. Since the two design objectives are competing there is no design 

configuration that simultaneously minimizes them both. The design optimization problem is transformed 

to identification of the Pareto optimal solutions, also known as dominant designs. A design configuration 

is Pareto optimal, denoted φp, if there is no other configuration that improves one objective without 

detriment to the other. The set of all such configurations is denoted as the Pareto set Φp. The Pareto front 

is the representation of the Pareto set in the objective function space 
1 2{[ ( ) ( )] | }p pJ J= J φ φ φ Φ . 

Examples of such Pareto fronts will be provided in the illustrative example considered later. It is generally 

impractical to find all Pareto optimums so the optimization strategies usually aim at finding a subset of 

them that represents Jp well and can provide the decision maker with a comprehensive picture of trade-offs 

[55]. To this end, the multi-objective design problem aims to identify a range of design configurations 

(Pareto optimal solutions) striking a trade-off among (i) vibration suppression efficiency and (ii) 

strengthening required for accommodating the force transferred by IVA to the controlled building structure. 

The designer or decision maker (e.g. building owner) can ultimately make the final decision among the 

Pareto optimal solutions, incorporating any additional considerations including architectural constraints in 

implementing different IVA configurations.   

4.3 Solution to multi-objective problem 

The multi-objective optimization problem of Eq. (18) is solved by the epsilon-constraint method [56]. This 

numerical optimization approach is preferred here due to its ability to discover nonconvex regions of the 

Pareto front (compared to, for example, the weighted sum approach) and the fact that it can provide a front 

with a pre-determined resolution (compared to, for example, evolutionary approaches). Without loss of 

generality, objective J1(φ) is used as optimization function and objective J2(φ) as constraint function. The 

epsilon-constraint method converts the multi-objective optimization problem to a set of single-objective 

constraint optimization problems with different constraints rε   
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1 2
Φ

( )argmin  such tha )t ,(p

kr J J ε


= 
φ

φ φ φ  (19) 

where the superscript k is utilized to describe the k-th such constraint. Systematic variation of rε facilitates 

identification of the Pareto front. The formulation of Εq. (19) allows ultimately the identification of design 

configurations for optimal seismic protection of building structure while maintaining the device forces 

below the target threshold of εk. Optimization problem of Eq. (19) corresponds to a nonlinear, constrained 

optimization problem and can be solved through any appropriate numerical technique. In this study it is 

solved using the powerful optimization environment TOMLAB [57].  

For deciding the range for εr
 the anchor point of the Pareto front corresponding to the maximum of J2(φ) 

is first obtained by solving of the unconstrained single objective-optimization  

1 1
Φ

argmin  ( )an J


=
φ

φ φ .  (20) 

The maximum value for J2(φ) across the front is 2 1( )anJ φ . The minimum is equal to zero (uncontrolled 

structure, corresponding to the other anchor point of the Pareto front). The range for feasible epsilon 

constraints ε is therefore 2 1[0 ( )]anJ φ . If np equally spaced solutions are desired, then each εr is chosen as 

1( );  1,...,ank

p

p

J k n
k

ε
n

== φ .  (21) 

Evidently, for k=np the optimal configuration is 1

an
φ whereas for k=0 (i.e. corresponding to the other anchor 

point of the front) the solution corresponds to the uncontrolled structure (zero forces).    

 

5. Illustrative case-study 

The proposed design approach is illustrated in this section by considering a 9-storey steel moment 

resisting frame (MRF) building as the structure to be controlled. The structure is one of those considered in 

the third generation of structural control benchmark problems [41], and has been adopted as illustrative 

application in a number of studies examining the efficiency of different seismic protective devices (see for 

example, [58, 59]).  

5.1 Structural and excitation models 

The stationary seismic excitation 
gx  is described by a high-pass filtered Kanai-Tajimi power spectrum 

[31]: 

( ) ( )

4 2 2 2 4

2 2
2 2 2 2 2 2 2 2 2 2

4
( )

4 4

g g g

g o

g g g f f f

ω ζ ω ω ω
S ω s

ω ω ζ ω ω ω ω ζ ω ω

+
=

− + − +
 . (22) 
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In the above equation the Kanai-Tajimi parameters ωg and ζg represent the stiffness/frequency and damping 

properties, respectively, of the supporting ground modeled by a linear damped SDOF oscillator excited (at 

the bedrock) by white noise. Further, the parameters ωf and ζf control the cut-off frequency and the 

“steepness” of a high-pass filter used to suppress the low frequency content allowed by the Kanai-Tajimi 

filter. Lastly, so is chosen to achieve a desired pre-specified value for the root mean square ground 

acceleration aRMS of the considered seismic input. The state-space representation of this excitation model is 

given in Appendix A. For the purposes of this study parameters ωg, ωf , ζg  and ζf  of the filtered Kanai-

Tajimi seismic input spectrum in Eq. (22) are taken to have values ωg=3π, ωf =π/2, ζg=0.4 and ζf=0.8, 

representing soft soil conditions [31] whereas the intensity of the excitation is taken as aRMS=0.06g, where 

g=9.81 m/s2 is the gravitational acceleration, representing moderate intensity. This selection leads to value 

of so equal to 0.0063 m2/s3. The strong ground motion duration T is taken as 15 s.   

The 9-storey structure has a rectangular plan with dimension 45.73 m with lateral load resisting system 

comprised of two (perimeter), five-bay steel moment-resisting frames (MRFs). First floor height is 5.49 m 

while height of all other floors is 3.96 m. The seismic mass of the structure (defining mass matrix Ms) is 

1.01×106 kg for the first storey, 9.89×105 kg for the second through eighth storeys and 1.07×106 kg for the 

ninth storey. The total seismic mass of the structure is 9.00×106 kg. Analysis is performed along the NS 

direction of the structure and the corresponding stiffness matrix, Ks, is obtained through static condensation 

of the structural model detailed in [41]. Natural periods (and participating modal mass ratios in parenthesis) 

for the first three modes are 2.27s (82.8%), 0.85s (10.9%) and 0.49s (3.4%) respectively. For defining the 

damping matrix Cs modal damping equal to 2% is assumed for all modes of vibration [31]. Further details 

for the benchmark structure, including plan and elevation views may be found in [41].  

5.2 Performance quantification and details for implementations examined 

A total of 18 building performance variables are used in the IVA optimal design problem which include 

all 9 above-ground storey drifts and absolute floor accelerations with thresholds taken as 1.5% of story 

height, for the drifts, and 0.45g for the accelerations. These thresholds are selected to represent moderate 

failure modes for steel MRFs and structural contents, respectively [6]. Without loss of generality, equal 

weights wi=1/nf  are considered for all the building performance variables. This assumes equal 

consequences for all failure modes and was chosen to provide a comparable contribution to JP by the drift 

and acceleration related failure modes. The value of JP for the uncontrolled structure is 20.1%. When 

considering only drift or acceleration responses this value becomes 20% and 20.2%, respectively.   

Placement of a single IVA (i.e., either TVMD, TMDI, or TID in Figure 1) is considered either at the 

ground (1st) storey or at higher stories: top (9th) story and penultimate (8th) story. The former IVA location 

choice is justified by the fact that TID was found to perform better when placed at the ground storey of 

buildings in previous studies [6, 32]. The latter IVA location is motivated by the fact that conventional 
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TMDs tuned to suppress the first (dominant) mode of building structures are commonly attached to the top 

floors [4, 33]. Furthermore, an additional placement in which IVAs span the two highest floors is also 

examined inspired, as discussed in Section 2, by pendulum type of TMD implementations in buildings with 

large slab opening allowing suspension of secondary mass using cables longer than a single storey height 

(see e.g., Taipei 101). In summary, the following 4 IVA placements are examined, codified in terms of id 

and ib values shown in Figure 1 as (a) id=9 and ib=8, (b) id=8 and ib=7, (c) id=9 and ib=7 and (d) id=1– ib=0. 

Hereafter, these placements will be referenced as “top-storey”, “8th-storey”, “9/7-storeys”, and “1st-storey”, 

respectively.  

5.3 Details for design optimization and applications examined  

The admissible design space is taken to be [0.005 10] for ζd  and ζb, [0.1 3] for rd, [0 5] for β and [0.001 

0.05] for μ. Optimal TMDI design is undertaken by treating the mass ratio μ as a design variable as well as 

by taking it fixed to μ=0.01 (case denoted as TMDIm). The latter case is intended to investigate applications 

for which the TMDI is used as a retrofit measure to an existing TMD installation, for which explicit 

optimization of μ is not possible. Note that for the case of the TVMD larger values have been proposed in 

the literature for optimal tuning ratio than the upper bound rd=3 utilized here [35].  For such values, though, 

the TVMD gradually starts behaving more like a diagonal bracing (stiff element) rather than as an energy 

dissipation mechanism as intended [7]. The range for rd was chosen so that optimal implementation 

maintains the tuning as viscous mass damper [7], though in all instances the optimization converged to the 

boundary of the considered range leading to rd=3. The range of the mass ratio was chosen based on practical 

considerations about the feasible mass to facilitate a mass damper implementation (choice of lower bound) 

without excessively increasing gravity loads of the structure (choice of upper bound). For the remaining 

design variables, the admissible bounds were chosen to avoid convergence to their respective boundaries.  

Two different formulations of the multi-objective design problem are considered. The main one adopts 

J1=JP as objective for quantifying vibration suppression efficiency and is referenced herein as Dp design. 

The variant adopts J2=
2

JH and is referenced herein as Dv design. Moreover, three different optimal IVA 

design applications are investigated with respect to the performance variables of the benchmark building. 

One application includes only the 9 storey drifts in the if set in Eqs. (15) and (16) as performance variables 

referenced hereafter as drift-sensitive design, while a second application, referenced as acceleration-

sensitive design, takes only the 9 floor accelerations as performance variables in the if set. The drift-sensitive 

and the acceleration-sensitive designs are readily implemented by setting weights wi=0 to all floor 

accelerations and to all storey-drifts, respectively, in defining the objective functions in Eqs.(15) and (16), 

while the remainder of the weights are set equal to  wi=1/nf =1/9. The third design application utilizes all 

storey drifts and floor accelerations as performance variables in the if set in Eqs. (15) and (16) equally 

weighted by wi=1/nf=1/18 and is referenced as balanced design in what follows.   
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5.4 Results and discussion 

The presentation and discussion starts from the computationally more involved Dp problem formulation 

and balanced design. Figures 2 and 3 show, respectively, the Pareto front and Pareto optimal solutions for 

top-storey placement for all different IVAs considered. The Pareto optimal solutions are plotted in Figure 

3 as a function of objective J2, whereas for objective J1 (corresponding to JP in this case) both linear and 

logarithmic scales are used in Figure 2. The logarithmic scale is chosen to depict better differences across 

the entire front, since the variation of JP is significant (order of magnitude difference between maximum 

and minimum values of JP).  

 

Figure 2: Pareto front for Dp problem formulation, balanced design application and top-storey IVA placement 

plotted against objective J1 (building performance measure) in (a) linear scale; and (b) logarithmic scale.  

Commenting first on the Pareto front data in Figure 2, significant variation is seen for both objectives 

across the front. This demonstrates the usefulness of the proposed multi-objective design approach which 

pinpoints the compromise between the two competing objectives. The structural design engineer can 

ultimately choose a design configuration from those identified using any desired criteria. Practically 

meaningful design choice may be the one that requires strengthening below a desired level (constraint on 

J2), or the one yielding smallest force transfer that accomplishes a specific level of performance 

improvement (constraint on J1), or, perhaps more appropriately, the one that strikes a good balance between 

both objectives. In multi-criteria optimization, a common choice for the latter [60] is the design that in the 
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Pareto front has the minimum distance from the Utopia point, corresponding to the unachievable mimimum 

of both objectives [J1= 1 1( )anJ φ , J2=0]. This distance can be estimated considering any appropriate 

normalization/transformation for the objectives, using, for example, either linear or logarithmic scale for 

JP. Commonly, the minimum distance from the Utopia point lies close to the middle of the front which is a 

desired location. This is because close to the two anchor points (i.e., boundaries) of the Pareto front, small 

improvements in one objective are achieved with big sacrifices of the other one and, therefore, it is 

reasonable to argue that solutions towards the two ends (anchor points) of the Pareto front should be avoided 

in search for a well-balanced solution between the competing objectives. 

 

Figure 3: Design variable values of Pareto optimal solutions plotted against objective J2 (IVA control force 

measure) for Dp problem formulation, balanced design application, and top-storey IVA placement 

Regardless of the approach adopted to choose the final design, the Pareto fronts provide invaluable 

information for the compromise of the considered objectives and for shedding light on the vibration control 

effects provided by different optimal IVA designs. For the examined IVAs, it is evident that the vibration 

suppression level can be maintained close to optimal performance with an important reduction of the force 

transferred to the host building structure which is a critical practical design consideration. Comparison 
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between different types of IVAs (Figures 2 and 3) shows that TID, TMDI and TMDIm achieve practically 

identical performance across the entire front. This is not surprising: it has been shown that independent of 

the mass ratio μ a similar vibration suppression level may be established through proper tuning of the TMDI 

[9, 32], and that this level is close to the one achieved by the TID [32] interpreted as a special TMDI with 

μ=0. Only for very large mass ratios may there be a deviation from this trend [32]. This is validated here, 

and, more importantly, it is shown that it applies across the entire Pareto front within a multi-objective 

setting. The Pareto optimal design configurations are also very similar for all IVAs (Figure 3) except for 

relatively low control force range J2<1MN. This can be attributed to the numerical optimization; in low 

control force regimes small sensitivity exists for the performance close to the Pareto optimal solution since 

performance improvement compared to the uncontrolled structure is small and, thus, significantly different 

design parameter values yield similar performance leading to convergence to different optimal designs of 

similar performance.  

Notably, the above noted similarities in both performance and optimal design variables between TMDI 

and (massless) TID are also convenient from a practical design viewpoint since they show that the mass of 

the physical devices, which might be ignored in design (i.e., by setting md=0 for TID), will not alter either 

the performance or the design itself, even if this mass ends up being non-negligible in practice. The level 

of similarity of performance among TMDI, TID and TMDIm shown in Figure 2 holds for problem 

formulation Dy as well as for all IVA placements and design applications examined. For this reason, results 

for TMDI, TID and TMDIm are mostly grouped together for the rest of this paper, and referenced as 

TMDI/TID. 

Nevertheless, the performance of TVMD is significantly different from, and lower than, the TMDI/TID 

(Figure 2), with lower optimal inertance values and stiffness that converges to the boundary of the feasible 

design region (Figure 3). As discussed in Section 5.3 the latter might be contributing to the lower 

performance of this particular IVA, but is essential to ensure that TVMD does not act as a mere stiffener 

but rather as an energy dissipator endowing supplemental damping to the building. From the perspective of 

the dashpot placement, the essential difference between TVMD and TMD/TID, it is evident that having the 

spring acting in isolation in the TVMD (without a dashpot in parallel connection) increases the force 

demand on it, required for the TVMD to balance the combined inerter/dashpot forces, something that yields 

an optimal stiffness value at the upper boundary of the design region and ultimately reduces overall device 

effectiveness. The comparison between TVMD and TMDI/TID is further discussed after presentation of 

results for the remaining implementation cases. 

Next, Pareto fronts for different IVA placements within the benchmark building structure are shown in 

Figure 4 for Dp problem formulation and balanced design plotted against J1 objective. For all Pareto fronts 

presented from this point on logarithmic scale is utilized for J1=JP to better illustrate differences at small 
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values. The characteristics with respect to the Pareto front itself are similar to the general trends observed 

in Figure 2, so emphasis in all discussions from now on is placed on the comparison across the different 

implementations cases and devices. IVA placement at lower floors improves vibration control efficiency as 

manifested by lower J1 values. This trend agrees with results reported in [32, 33], but herein it is further 

shown that placement at lower floors reduces control force J2 exerted to the building for the same value of 

J1. Even more improved vibration suppression efficiency is achieved by allowing IVA to span two storeys 

in which both objectives are simultaneously reduced across the entire Pareto front. Therefore, 

notwithstanding architectural constraints envisioned to be more relaxed for the TMDI case, IVA placement 

across multiple floors should be preferred.   

 

Figure 4: Pareto front for Dp problem formulation, balanced design application and different placements for (a) 

TMDI/TID and (b) TVMD.  

Turning the attention to the ability of IVAs to suppress different building kinematics (i.e., storey drifts 

vis-à-vis floor accelerations), Figures 5 and 6 show Pareto fronts for acceleration-sensitive, drift-sensitive 

and balanced design applications for top-storey and 1st-storey IVA placement, respectively, while Figures 

7 and 8 show Pareto fronts for drift-sensitive and acceleration-sensitive, respectively, designs for top-storey 

IVA placement (i.e., they equivalently replicate Figure 3 for the other two design applications).  
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Figure 5: Pareto front for Dp problem formulation and different design applications for top-storey placement of (a) 

TMDI/TID and (b) TVMD.  

 

Figure 6: Pareto front for Dp problem formulation and different design applications for 1st-storey placement of (a) 

TMDI/TID and (b) TVMD. 
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It is seen that all devices exhibit superior ability to mitigate storey-drifts (drift-sensitive design 

application) compared to floor accelerations (acceleration-sensitive design application). This is a common 

limitation for most of passive control devices [2]: since accelerations are influenced by higher-order 

dynamics, the proper design/tuning of seismic protective devices to efficiently suppress vibration across 

the entire frequency range of importance for accelerations poses typically a greater challenge than 

deformation control dominated by a narrower (low) frequency range. The differences between acceleration 

and drift sensitive designs are especially evident for TVMD or for TMID/TID placed at the 1st storey. The 

TVMD in particular faces significant challenges in suppressing accelerations, leading to small improvement 

for J1 (Figures 5, 6) and small Pareto optimal inertance values (Figure 8) for the acceleration-sensitive 

design application. For the drift-sensitive design application the optimal inertance values for the TVMD 

become even higher than the ones for the TMDI/TID, with associated higher forces (J2 values) for some 

parts of the Pareto front (Figures 5, 7). The inefficiency of TVMD to suppress floor accelerations is similar 

to that observed for viscous dampers [2], and the fact that TVMD is a variant of viscous dampers as 

discussed in the introduction is no coincidence. Still, even for drift-sensitive design the performance of the 

TVMD is inferior to the TMDI/TID.   

 

Figure 7: Design variable values of Pareto optimal solutions plotted against objective J2 () for Dp problem 

formulation, drift-sensitive design application, and top-storey IVA placement. 
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Figure 8: Design variable values of Pareto optimal solutions plotted against objective J2 (IVA control force measure) 

for Dp problem formulation, acceleration-sensitive design application, and top-storey IVA placement. 

Another interesting trend is that across the TMDI, TID and TMDIm implementations more significant 

(compared to the balanced design application in Figure 3) differences exist for Pareto optimal designs for 

small J2 values for acceleration-sensitive design application while practically no difference for the drift-

sensitive design application. Since such differences stem, as discussed earlier, from potential trade-offs 

between the different failure modes (note that performance remains the same despite these differences), this 

should be attributed to the sensitivity of accelerations to higher order dynamics: such a trade-off is not 

possible when response is dominated by the fundamental mode of the structure (since all different 

performance variables share same variation trends), as is the case for drifts. Overall, the herein furnished 

numerical data suggests a need to carefully examine the importance of the different peak response demands 

in seismic applications; designing for displacement/deformation quantities is not sufficient when failure 

modes related to accelerations may be critical. And, contrary to TMDs targeting a single (usually the 

first/fundamental vibration mode), TMDI/TID are very capable to mitigate concurrently storey drifts and 

floor accelerations achieving wideband vibration suppression (see also [32, 33]) as long as both are included 

in the objective function of the optimal IVA design problem.  
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Finally, Figure 9 examines the difference between Dp and Dv design formulations. It shows the  

performance achieved by both designs with respect to the JP metric definition, which as stressed earlier is 

the performance metric compatible with modern performance-based earthquake engineering practices. 

Results for Dp correspond to the actual Pareto optimal solution while Dv case traces a sub-optimal solution 

that would be achieved if one adopts the simpler design approach of sum of variance minimization (but 

ultimately cares about performance expressed in relevant to engineering practice quantities). Results show 

that for domains of the Pareto front corresponding to highly efficient IVAs (i.e., small JP values and 

therefore better vibration suppression) significant differences may exist. Differences are bigger for 1st-

storey or TMDI/TID implementations, for which the anchor point of the front corresponding to optimal 

vibration suppression is associated with both higher control forces (larger J2 value) and lower protection 

level (larger JP value). This demonstrates that adoption of design objectives should be done with appropriate 

care; adoption of the simpler sum of variances might lead to suboptimal configurations for performance 

quantification that is associated with consequences of the different failure modes of the structure.    

 

Figure 9: Comparison between Dp and Dv designs for balanced design application and IVA placement at (a) top-

storey or (b) 1st-storey. 
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6. Optimal IVA design assessment for non-stationary seismic excitation  

In the previous section, the widely-used stationary excitation model in Eq.(22) accounting for the 

influence of local soil conditions to the frequency content of the seismic ground motion has been employed 

for optimal multi-criteria IVA design. Nevertheless, typical acceleration traces of ground motions recorded 

during historic seismic events attain time-varying amplitude; they exhibit an initial short period of signal 

energy rise followed by a fully-developed in amplitude segment and a final decaying segment. 

Consequently, seismic structural response to actual earthquake excitations is non-stationary. In this respect, 

it is deemed prudent to verify whether structural response trends and optimality conditions for IVA design 

purposes previously identified under stationary excitation for the benchmark case-study building remain 

the same for excitation with non-stationary (evolutionary) amplitude. Rather than using recorded ground 

motions, which would be mostly relevant for seismic risk assessment purposes to an existing structure, non-

stationary seismic excitation is modeled here using a stochastic ground motion modeling approach [61, 62], 

by modulating in time the colored stationary excitation in Eq.(22) through an analytically defined temporal 

envelop function. This consideration facilitates a consistent comparison between stationary excitation used 

in optimal IVA design and non-stationary excitation used for verification of optimal IVA design by equating 

the stationary excitation conditions (and duration T) with the respective characteristics of the fully-

developed in amplitude segment of recorded accelerograms as detailed below.   

A plethora of parametrically defined envelope functions have been proposed in the literature for 

capturing typical amplitude non-stationarity trends of recorded accelerograms. Herein, the commonly-used 

function proposed by Housner and Jennings [63] is adopted, defined by  

2

2

1 1

1 1 2

( )

1 2

( / )  for 

( ) 1 for 

 for .

t

α t T

t T t T

e t T t T T

e t T T− −

 


=   +
  +

   (23) 

The above envelope consists of a quadratic rise of duration T1, a plateau of duration T2 corresponding to the 

fully-developed in amplitude time-history segment, and an exponential decay with rate α (see also Figure 

10(a)). Non-stationary time-history excitation is obtained by modifying the output equation of the state-

space excitation model in Eq. (7)  to be 

( ) ( ) ( )g t q qx t e t t= C x .   (24) 

For numerical application, the parameters of the envelope in Eq.(23) are selected as T1=T2=15s and α is 

chosen so that the envelope value is 0.05 for t=50 s. Note that the T2 value is equal to the stationary 

excitation duration T considered in the optimal IVA design for the illustrative case-study building in the 

previous section,  so that a consistent comparison between stationary (design) and non-stationary 
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(verification) excitation conditions is established. The adopted envelope function and a sample synthetic 

ground motion acceleration time-history are plotted in Figure 10.  

 

Figure 10: (a) Envelope function used for modeling non-stationary excitation and (b) sample acceleration time-

history used to evaluate non-stationary response.  

Figure 11 plots response time-histories of the uncontrolled benchmark building and of the same 

equipped with three different TMDI/TIDs Pareto optimal implementations following the DP optimization 

formulation. In particular, optimal designs corresponding to the Pareto front anchor point for minimum J1 

objective (maximum vibration suppression) and top-storey or 1st-storey IVA placement are shown (second 

and fourth row, respectively, in Figure 11). These two cases are denoted as IVA1 and IVA3, respectively. 

For the top-storey placement, the Pareto optimal design corresponding to the minimum distance from the 

Utopia point is also shown (third row), denoted as IVA2. Recall that this case represents a judicial trade-off 

between J1 and J2 objectives. The parametric configuration φ for the three IVA implementations is also 

provided in Figure 11. Outputs shown include drift for the 8th story, absolute top floor acceleration and IVA 

force, that is, all relevant quantities examined in the IVA optimal design. The specific stories for drifts and 

accelerations are selected as this is where response quantities are maximised. Note, though, that trends for 

all other stories are quite similar, as expected for a linear structure with a dominant fundamental mode. The 

trends observed in Figure 11 under the non-stationary conditions verify the trends observed for stationary 

excitation. The TMDI/TID provides significant response reduction compared to the uncontrolled structure: 

peak top-storey drift and peak top floor acceleration are reduced by at least 25% and 50%, respectively.  

Further, IVA placement at 1st-storey improves performance compared to top-storey placement in terms of 

root mean square (RMS) top-storey drift, though not in terms of peak response top-storey drift and top floor 

acceleration as evidenced by comparing the first two plots of 2nd and 4th rows in Figure 11. More 
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importantly, the Pareto optimal solution in the 3rd row of Figure 3 which strikes a good compromise between 

structural performance J1 and IVA force J2 develops three times lower peak inerter force with minor 

deterioration in vibration suppression as seen by comparing the plots in the 2nd vis-avis 3rd row in Figure 

11.  

 

Figure 11: Response time-histories of uncontrolled benchmark building [top row] and controlled building with three 

different IVAs [second to fourth rows] under the non-stationary excitation shown in Figure 10(b). Time-histories 

correspond to: (a) drift of 8th story [first column], (b) absolute acceleration of top floor [second column] and (c) 

inerter force [third column].   
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Figure 12: Normalized frequency response functions (FRFs) for the uncontrolled benchmark building and the three 

different IVA implementations shown in Figure 11. FRFs for the three different outputs shown in Figure 11 are 

shown.  

Further insight for the performance of the implementations in Figure 11 is provided in Figure 12, 

showing the frequency response function (FRF), given by  

1

2( 1)( | ) ( )[ ( )] ( )
i

T

sz i s n s sH ω jω −

+= −φ n C φ I A φ Ε φ    (25) 

where As(φ), Εs(φ) and Cs(φ) are state-space matrices structure with IVA, described in Appendix A. The 

normalized FRF for the same three outputs (definition of zi) as in Figure 11 are shown. Normalization is 

established so that peak value attained in each figure corresponds to 1. Therefore, FRFs for drift and 

acceleration are normalized with respect to the peak FRF value of the uncontrolled structure and FRF for 

forces are normalized with respect to peak FRF value of IVA1 equipped structure. The FRF themselves 

follow same patterns observed in past studies [32] with introduction of the IVA influencing response across 
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a wide frequency range. FRF results across the IVAs demonstrate the same trends as observed in Figure 11, 

especially for the comparisons close to the fundamental system frequency. IVA3 provides improvement 

compared to IVA1 across all examined outputs, whereas IVA2 offers compromise compared to IVA1 with 

respect to vibration suppression (FRF for drift and acceleration) and IVA force (FRF for force).   

 

Figure 12: Performance under non-stationary excitation for balanced design application and for different placements 

for (a) TMDI/TID and (b) TVMD.  

Whilst indicative, the deterministic performance verification of optimal IVAs designed under stationary 

excitation in Figure 11 is limited as it pertains to a single non-stationary excitation signal. To extend this 

assessment to a probabilistic context, an ensemble of 104  non-stationary ground motions is first generated 

using Eq.(24) and non-stationary response time-histories of the benchmark building equipped with IVAs 

optimally designed under stationary conditions are obtained through standard time-integration of Eq.(8) for 

the above generated ground motions. Next, ensemble response statistics are calculated to quantify structural 

performance under non-stationary conditions within a standard Monte Carlo simulation context. The 

metrics used for verifying performance for non-stationary conditions are consistent to the ones adopted at 

the IVA design stage under stationary excitation. Specifically, objective JP in Eq. (15) is transformed to its 

equivalent expression, with probability ( | , )i iP β Tφ  given by same expression in Eq. (12), with T substituted 

by the entire duration of the non-stationary excitation and zi corresponding to the non-stationary response. 

Objective J2 is replaced by the peak IVA force, given by the maximum force (in magnitude) developed 
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during the entire duration of the non-stationary excitation. Figures 12 and 13 show results for the non-

stationary excitation, replicating Figures 4 and 9, respectively, with respect to non-stationary performance 

metrics. Trends are identical in all instances to the ones reported earlier for stationary conditions; 

performance has still characteristics of a Pareto front whereas comparison among different IVA placement 

(Figure 12) and design formulation (Figure 13) lead to same conclusions as for the stationary case. This is 

a practically important result, demonstrating that the stationary excitation/response assumption suffices to 

address typical amplitude non-stationary features exhibited by seismic ground motions. Indeed, even values 

for performance metrics are similar. The relationship between peak device force (non-stationary response) 

and standard deviation of that force (stationary response) is around 2-2.5, close to the expected peak factor 

value for the adopted illustrative building structure in which the relationship of strong ground motion 

duration to fundamental period is close to 7 [53]. On the other hand, the value of JP is very similar for the 

two excitation conditions, especially for IVA designs corresponding to smaller JP values (i.e., better 

vibration suppression). The better agreement for such IVA designs is justified by the fact that they endow 

the building with higher supplemental damping (hence the improved vibration suppression), for which non-

stationary response statistics are expected to converge more rapidly to the stationary ones during the plateau 

of the excitation envelope [47].  

 

Figure 13: Comparison under non-stationary excitation of Dp and Dv formulations for balanced design application 

and IVA placement at (a) top-storey or (b) 1st-storey.  
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7. Concluding remarks 

The efficiency of linear passive inerter-based vibration absorbers (IVAs) for seismic protection of multi-

storey building structures has been examined under optimal design against two competing objectives: (i) 

suppressing building (host structure) earthquake-induced vibrations, and (ii) avoiding development of 

excessive IVA (control) forces exerted to the host structure. This was achieved by formulating a multi(bi)-

objective optimal design problem and solving it via the epsilon-constraint approach to tune stiffness, 

damping, and inertia (inertance and/or mass) IVA properties given a linear host structure base-excited by 

stationary colored noise. The latter was defined in the illustrative case study by the filtered Kanai-Tajimi 

model widely-used in earthquake engineering to account for the frequency content of the seismic action to 

structures. One rigorous and one simpler optimal design formulations were considered with respect to the 

metric used to quantify objective (i), representing seismic performance of the host structure. The rigorous 

formulation quantified objective (i) through an equally weighted sum of probabilities that the engineering 

demand parameters (EDPs) of interest within a performance-based seismic design context (i.e., storey drifts 

and/or floor accelerations) exceed a pre-specified threshold. These probabilities were calculated semi-

analytically through first-passage reliability criteria using the EDP out-crossing rates. The variant, simpler, 

formulation quantified structural performance (objective (i)) using equally weighted sum of EDP variances 

in accordance to traditional H2-style optimal tuning methods for mass dampers in stochastically excited 

structures. In both formulations, objective (ii) was quantified through the variance of the force transferred 

from the IVA to the host benchmark building. 

In the numerical part of the paper, comprehensive optimal Pareto designs were furnished, obtained 

by both problem formulations, for the three best-established in the earthquake engineering literature IVAs, 

namely the tuned mass-damper-inerter (TMDI), the tuned inerter-damper (TID) and the tuned viscous-

mass-damper (TVMD), and for various practically relevant IVA placements along the height of a 

benchmark (realistic) 9-storey steel building. Moreover, the efficacy of the above IVA designs optimized 

under stationary excitation and structural response conditions was verified for a non-stationary stochastic 

excitation model consistent with the stationary one in terms of duration and frequency content capturing 

typical evolutionary features of the amplitude of recorded earthquake accelerograms. The comparison 

between stationary and non-stationary performance was enabled by adopting equivalent with the stationary 

case metrics for quantifying objectives (i) and (ii) under non-stationary excitation/response conditions 

computed via standard Monte Carlo simulation. The overarching conclusions drawn from the numerical 

results presented are summarized as follows:  

• The proposed multi-objective design approach can trace effectively the compromise between 

the two considered competing objectives (building performance in terms of storey drifts and 
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floor accelerations versus IVA control force exerted to the building), providing a range of 

Pareto optimal IVA designs to choose from.  

• Considerable reduction of IVA control force transferred to the building of up to 3 times can 

be achieved with small deterioration of building performance compared to the extreme Pareto 

optimal IVA design targeting maximum building vibration suppression level.  

• TID and TMDI achieve practically the same building performance and significantly 

outperform the TVMD, especially when targeting primarily floor acceleration mitigation 

(acceleration-sensitive design application adopting only floor accelerations as EDPs).  

• Placement of IVAs at the ground (1st) storey improves performance across both objectives (i) 

and (ii) considered compared to placement at the top storey and even more so does IVAs 

spanning the two upper stories. This indicates that proper placement of the IVA device is an 

important consideration.  

• The simplified design formulation minimizing the sum of EDP variances may provide 

significantly suboptimal performance compared to reliability-based performance criteria 

related to the probability of trespassing acceptable EDP thresholds which are better aligned 

with the modern performance-based seismic design framework.  

• The assumption of stationary excitation/response conditions for IVA optimal design neither 

affects the quality of the converged Pareto optimal solutions nor the identified corresponding 

trends compared to non-stationary conditions and, therefore, stationary colored noise 

excitation models capturing local soil conditions suffice for effective IVA tuning for the 

seismic protection of building structures.   

 

Appendix A: State-space formulation details 

This appendix includes details about the formulation of the different state-space models discussed in this 

paper. Starting with the n-storey structure in Eqs. (3) and (4), its equivalent state-space description is  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ),

ss s ss s g

s ss

t t x t

t t

= +

=

x A φ x E φ

z C φ x
 (A.1) 

where xss
2 2n+  is the state vector collecting relative to the ground displacements and velocities of all 

stories and of the spring/inerter connection point (relative to ib floor), [ ]T T T

ss s sy y=x x x , and the 

matrices in Eq. (A.1) are defined as 
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In the above expressions, the output matrix ( )sC φ  accounts for a performance (output) variables vector z 

that includes inter-storey drifts and absolute accelerations for all floors, and forces fb(t) and fd(t), 

respectively. Further, Ia is the identity matrix of dimension a, 0axb is the zero matrix of dimensions axb, Ts 

is a transformation matrix defining relative responses between consecutive floors (i.e., a square matrix with 

dimension ns with 1 in the diagonal and -1 in the first off-diagonal), and the auxiliary matrix Mt(φ)  reads 

as 

( )
( , )

T T

s s d d d c c d d c

t s T T

d d c d

m b m b

m b m b

 + + +
=  

+ + 

M θ R R R R R R
M φ θ

R R
 . (A.3) 

Combining Eqs. (A.1) and (7) leads to the representation in Eq. (8) where 

2( 1)x1
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0 A φx E
 (A.4) 

Lastly, the state-space matrices of the excitation model utilized in the illustrative example, leading to a 

stochastic process with spectral density given by Eq. (22),  read as  

2
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  (A.5) 

Appendix B: Out-crossing rate calculation  

This appendix discusses the estimation of the two different components of the out-crossing rate described 

in Eq.(13).  Rice’s unconditional outcrossing rate [50] is given by  
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where 2

izσ  is the variance of iz  which is given by  

2 ( ) ( ) ( ) ( ) ( ) ( )
i

T T T

z i iσ =φ n C φ A φ P φ A φ C φ n    (B.2) 

assuming that the condition C(φ)E(φ)=0 holds. Note that this condition is necessary to ensure that the out-

crossing rate of the zi stochastic process is finite [46]. For the temporal correction factor, the one proposed 

by Taflanidis and Beck [49] is utilized here since it has been shown to provide good accuracy for dynamical 

systems with important higher order dynamics, as will be the case for multi-storey structures, especially 

when response outputs corresponding to structural acceleration are considered. This factor is given by: 
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where ( | )
i iz zS ω φ  is the spectral density function for zi which can be calculated as   

2

( | ) ( | ) ,
i i iz z w zSS ω H ω=φ φ   (B.4) 

with ( | )
izH ω φ  corresponding to the frequency response function for zi. Leveraging the state-space 

formulation of Eq. (8) the latter can be obtained as   

1( | ) ( )[ ( )]
i x

T

z i nH ω jω −= −φ n C φ I A φ Ε .   (B.5) 

The two one-dimensional integrals in denominator of q(φ) in Eq. (B.3) are calculated via standard numerical 

integration, using Eqs. (B.5) and (B.4) to estimate at each desired frequency ω  the spectral density  

( | )
i iz zS ω φ . 
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