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Numerical investigation of the bending of

slender wall-mounted cylinders in low Reynolds

number flow

Gabriel Axtmann, Ulrich Rist, Franziska Hegner and Christoph Bruecker

Abstract The aim of the present studies is construction of reference data for the

prediction of the bending of sensor hairs close to the wall in a boundary-layer flow.

Three-dimensional direct numerical simulations (DNS) of finite cylinders in sin-

gle and tandem configuration are carried out. The numerical setup is guided by a

towing-tank experiment performed at the Technical University of Freiberg. All nu-

merical configurations are chosen to complement and extend the experimental work.

The bending curve of the cylinders is estimated by a static approach according to

1st -order Euler-Bernoulli beam theory. Based on the forces, extrapolated from the

DNS of the flow field, the influence of wall- and top-end effects and Reynolds num-

bers between 5 and 40 is examined more deeply. Also, varying positions of cylindri-

cal tandem configurations in stream- and spanwise directions are investigated. The

present work shows good agreement between simulation and experiment.

1 Introduction

With this work we want to contribute to a better understanding and theoretical pre-

diction of so-called micro-pillar sensor arrays for detection of flow phenomena close

to a wall, see Bruecker et al. [1]. The basic element of such a sensor array is a

slender, wall-mounted circular cylinder of finite length at small Reynolds numbers

which bends under the action of the fluid forces like a bristle. In practice, the de-

flection of the sensor tips can be measured by optical means and, once calibrated

in a reference flow, converted to wall shear. Theoretically, the underlying processes

are not well understood such that error characteristics and the influence of different

parameters are not yet fully known.
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2 Numerical investigation of the bending of slender wall-mounted cylinders

In flow over surfaces with attached micro-pillar sensors, the pillars interact with

the flow by changing their orientation in response to the acting fluid forces. Typi-

cal fibers have a diameter of 20-50 µm and 40-500 µm length. The flow around a

hair sensor is approximately the flow around a circular cylinder. Aspect ratios are

varying between 2 and 25 while the Reynolds number is below 40. Analytical solu-

tions for creeping flow around circular cylinders with Red < 1 are well-known [9].

Between 1 ≤ Re ≤ 47 the flow field over a infinitely long cylinder normal to the

flow direction separates with a recirculation region made up of two symmetrically

placed vortices on each side of the symmetry plane [8]. This is highly affected by

end-effects in the case of a finite-length cylinder [6]. Here, the aspect ratio of the

finite cylinder effects the critical Reynolds number as well. Norberg [3] poured this

into the relation: Redcrit
= 47.4+1.8×103(h/d)−2 with height h of the cylinder and

its diameter d. According to this, the onset of vortex shedding for micro-pillars can

be neglected up to: hmax/dmin = 500/20 ⇒ Redcrit
= 50.3.

The study of the flow over two cylinders in tandem configuration is investigated

very well for Red > 40. Ohya et al. [4] considered Reynolds numbers between 80

and 2.3×105 and cylinder spacings up to 30 diameters. They found out that the drag

force is largely dependent on the Reynolds number and the spacing. Although there

is a lot of previous work on single- and tandem configurations, the authors could

not find research especially on tandem configurations for low Reynolds numbers

in the range of 1-40. In this report, a numerical investigation of finite aspect ratio

cylinders in a single- and tandem configuration for 5 ≤ Re ≤ 40 is shown. The cylin-

ders are wall-mounted on a flat plate. Calculation of bending due to fluid forces on

surfaces are done according to 1st -order Euler-Bernoulli beam theory. This theory

represents the static bending behaviour of the cylinder due to flow-induced forces on

its surface. In tandem configuration, varying positions in streamwise and spanwise

direction between 10d ≤ dx ≤ 18d and 1d ≤ dy ≤ 6d, respectively, are examined.

2 Experimental setup and numerical method

Experiments were conducted in a towing-tank experiment at the Technical Univer-

sity of Freiberg, see Figure 1a). The circular cylinder is mounted on a horizontal

moving plate. The length is 200 mm and its diameter 20 mm. This corresponds to

an aspect ratio of 10. The measurements were performed for different Reynolds

numbers, based on towing speed, cylinder diameter and viscosity of the fluid. For

comparisons with the experiments, the numerical model is set up with a domain that

extends from 50 diameters upstream to 75 diameters downstream of the cylinder.

The lateral sides of the domain are implemented as slip walls and placed in a dis-

tance of 37.5 diameters from the center of the cylinder. The experimental top wall

is located at 16 diameters distance parallel to the ground plate, see Figure 1b). An

overview of the numerical boundary conditions is given in Table 1. The flow field

around the single cylinder is discretized by a structured mesh, as shown in Figure 2a)

for one wall-parallel plane. Equidistant wedge elements are used in the area around
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constant at ρ = 1.0kg/m3. The outlet is modelled by a pressure outlet. A grid con-

vergence study following Roache [5] was conducted to evaluate discretization errors

with determination of the Grid Convergence Index (GCI). The error stays within an

error-band of 0.5%. This shows a non significant influence of the discretization error

and confirms the chosen mesh.

Quantifying the influence of wall-boundedness and geometrical domain restrictions,

relevant parameters such as Reynolds number Red , mean drag coefficient CD and

blockage ratio BR are introduced in Equation (1).

Red =
u∞d

ν
, CD =

Fd

1/2ρu2
∞

Are f

, BR =
h

H
, (1)

where d is the diameter, ν the kinematic viscosity, Fd the force acting on the surface

of the cylinder, Are f the projected surface normal to the flow, h the height of the

cylinder and H the height of the channel. As seen in Figure 3, the simulation results

run somehow parallel to the prediction of Tritton‘s empirical ansatz for circular

cylinders in 2D flow. The drag is up to 22 % higher for Red < 5 than Tritton‘s curve

and decreases for Red > 10. The difference is caused by the three-dimensionality

of the finite-cylinder flow together with wall end-effects. Therefore, the influence

of the boundary layer of the ground plate is investigated for Red = 10. The drag

decreases to 12% with no boundary layer and fits Tritton‘s curve. In comparison to

the towing-tank experiments [2], the difference is around 1.8 % for Red = 5.
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Fig. 3: CD for single cylinder, towing-tank experiments [2] and Tritton [7]

With less blockage, i.e. decreasing blockage ratio BR, the maximal u-velocity above

the tip at z/d = 11 is reduced by 11 %, as seen in Figure 4a). This also affects the

mean drag CD, as seen in Figure 4b). The mean drag grows linearly with blockage

ratio. For BR = 0.6, the resulting CD is 3.6 and 14 % higher than Tritton‘s experi-

mental data.
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Fig. 4: a) u/u∞ at y/d = 0, b) CD for different blockage ratios BR

3 Results and discussion

3.1 Influence of Reynolds number on single cylinder

Next, the Reynolds number is varied between Red = 5 and 40. As seen in Figure 5a),

the flow for Red = 5 contains almost no regions of flow separation. The streamlines

diverge as they approach the cylinder, wrap around and re-contract downstream,

similar to two-dimensional flow. Small three-dimensional effects occur at the top

and at the bottom of the cylinder, due to the boundary layer on the ground plate of

the cylinder and around the tip. Along the frontal stagnation line there is a down-

wash effect, while an upwash effect is observed on the rear side. At Reynolds num-

ber Red = 40, the wake behind the cylinder increases dramatically, see Figure 5b).

Quasi 2D flow behind the cylinder is no longer existent and a separation bubble de-

velops over the whole length of the cylinder.

To better understand the three-dimensionality and the influence of the tip vortex, the

velocity distribution on the symmetry plane y/d = 0 of the cylinder is visualized in

Figures 5c)+d). For Red = 5, the flow shows no separation at the tip of the cylin-

der and resembles creeping flow. The rear stagnation point is slightly below the top

end of the cylinder and the flow resembles a backward facing step flow. For higher

Reynolds numbers, two separation zones on the rear side are arising, as seen in Fig-

ure 5d) for Red = 40. The flow contains a huge tip separation bubble as long as one

third of the cylinder length and a further separation zone from the ground plate.

Now, the bending of the cylinder, due to local drag forces by pressure Fp and friction

Ff , is investigated sectionwise along the wall-normal coordinate, using Equation (2):

Fp(z) =
∫

S

(p(z)− p∞).n̂.îdA, Ff (z) =
∫

S

τw(z).t̂.îdA, (2)
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(a) Red = 5 (b) Red = 40

(c) Red = 5 (d) Red = 40

Fig. 5: u/u∞ for finite, wall-mounted single cylinder at Red = 5 and Red = 40

where p∞ is the ambient pressure, n̂ the vector normal to the surface with area dA,

î the unit vector normal to the surface, τw the shear stress acting on the surface and

t̂ the tangential vector relative to the surface. The non-dimensional drag coefficients

are defined as follows:

cp(z) =
Fp(z)

1/2∗ρ∗uloc(z)
2∗L∗d

, c f (z) =
Ff (z)

1/2∗ρ∗uloc(z)
2∗L∗d

, CD(z) = cp(z)+ c f (z), (3)

where uloc(z) is the case-dependent Blasius boundary-layer similarity solution, L the

sectional reference length and d the diameter of the cylinder. The variation of pres-

sure along the cylinder length generates a non-linear section-dependent force. This

leads to the drag curve, shown in Figure 6a. For better comparison, all curves are

normalized by uloc(z) of each case. The aspect ratio is 10. Intuitively, an influence

of wall effects on the bottom and at the tip of the cylinder is expected. Accordingly,

the lower local velocity in the boundary layer leads to higher drag at the bottom

(zone 1) which decreases towards the top. The drag peak at the top (zone 3) of the

cylinder is different, caused by a non-linear shear stress dependency on Reynolds

number, as shown in Figure 6b). Overall, the general drag curve is lowering with

higher Reynolds numbers, see Figure 6c).

The static bending curve w(z) of the cylinder is computed from the local drag coef-

ficient by 1st order Euler-Bernoulli theory, using Equation (4):

d2

dz2

(

EI
d2w(z)

dz2

)

= q(z) (4)
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Fig. 6: a) log(CD(z)), b) CD(z/d) for 6 < z/d < 8, c) CD(z/d) for 8 < z/d < 10

with the following boundary conditions:

Q(h) = 0 →C1, ϕ(0) = 0 →C3 = 0,

M(h) = 0 →C2, w(0) = 0 →C4 = 0,
(5)

where q(z) is the distributed load, Q(z) the shear force, M(z) the bending moment,

ϕ(z) the bending angle and w(z) the deflection of the beam. Bending near the ground

plate is nearly neglectable and hence independent of Red , as seen in Figure 7. To-

wards the tip of the cylinder, a linear bending of the cylinder is observed. The maxi-

mal bending is calculated for Red = 40 whereas towards Red = 5 the bending curve

decreases.
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Fig. 7: Static bending curve w(z/d) for 5 ≤ Re ≤ 40
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3.2 Tandem configuration

In this section, a tandem configuration is investigated for various distances between

the two cylinders in stream- and spanwise direction. The streamwise distance is set

to dx = 10d,14d,18d and 26d at Red = 10. The local drag CD(z/d) and bending

w(z) are calculated in analogy to the previous section. Figure 8 shows the rear side

of the first and second cylinder for the tandem configuration with dx = 10d and

dx = 18d. Reverse-flow zones for each cylinder are visualized by the isosurface at

u/u∞ = 0. The reverse-flow zones of the first cylinder are similar, while those for

the second cylinder increase with higher distance dx.

cyl1

dx = 10d

cyl2 cyl1

dx = 18d

cyl2

Fig. 8: Reverse-flow zones behind cylinders in tandem configuration dx = 10d (left)

and 18d (right)

Figure 9a) shows the mean drag coefficient CDT
of the tandem configuration normal-

ized by the mean drag CDS
of an isolated cylinder. The mean drag of the first cylinder

of the tandem configuration is slightly lower than for an isolated cylinder, dependent

on the distance dx. The cause of this drag reduction is that the downstream cylinder

affects the upstream cylinder‘s wake when the two cylinders are in close proximity.

With increasing distance dx the wake of the first cylinder becomes weaker and the

drag of the second one increases towards the drag of the isolated cylinder, as seen

in Figure 9a). The drag coefficients CD(z/d) for the second cylinders are compared

in Figure 9b). The largest influence of the wake of the first cylinder occurs over

the midspan area of the cylinder. The bending curves of the second cylinder follow

the local drag distribution. With increasing dx the bending of the second cylinder

increases, see Figure 9c).

The spanwise variation for dy = 0d,1d,2d,4d and 6d of the tandem configuration is

investigated for Red = 10 at dx = 14d. For dy ≤ 4d the total drag of the first cylinder

is slightly lower than for the single cylinder, as seen in Figure 10a). For dy = 1d the

drag for the second cylinder is around 32 % less than for the isolated cylinder and

linearly increases towards dy = 4d. This changes at dy = 6d, where even slightly
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higher drag than for the first one is observerd. In this last case the second cylinder

has practically left the influence of the first cylinder. The local drag CD(z/d) in-

creases for dy = 0d towards dy = 6d, see Figure 10b). The bending curves of the

beam follow these results, as seen in Figure 10c).
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4 Conclusions and Outlook

The present work has shown that the streamwise forces acting on a wall-mounted,

thin, slender, circular cylinder in a steady, viscous shear flow below Red ≈ 40 are

very close to those of circular cylinders in two-dimensional flow which is well-

documented in textbooks. Wall and free-end effects which are fully included in the

present direct numerical simulations have only a local influence on the flow forces

without significance for the bending of the cylinder, which is also corroborated by

the observed good agreement of the present results with experiments performed at

TU Freiberg. These observations have important consequences for the continuation

of the present project. Direct numerical simulation of a boundary layer containing

a micro-pillar sensor array is still impossible because of the widely different scales

between the size of the integration domain, the different sizes of eddies in the flow

and the cylinder diameters. The present results imply that displacements of ideal

sensors can be faithfully computed with one-dimensional beam theory using the

velocity extracted along the cylinder‘s center line from a fluid-flow simulation with-

out cylinders. This will solve the first part of the otherwise intractable fluid-structure

interaction-problem related to micro-pillar sensors. The second part, i.e., the inter-

action of the sensors with the flow and hence with each other will be treated by

imposing appropriate body forces in the fluid-flow simulation.
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