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Abstract. In this study, the PC-SAFT equation of state is used for vapour-liquid equilibrium calculations
using as independent variables the mixture composition, density and temperature. The method is based
on unconstrained minimisation of the Helmholtz Free energy via a combination of the successive
substitution iteration and Newton-Raphson minimisation methods with line-search; the positive
definiteness of the Hessian is guaranteed by a modified Cholesky decomposition. The algorithm consists
of two stages; initially, the mixture is assumed to be a single-phase and its stability is assessed; in case of
being found unstable, a second stage of phase splitting (flash) takes place, in which the pressure of the

fluid and compositions of both the liquid and vapor phases are calculated. The reliability of two different
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methods presented in the existing literature, (i) using mole numbers and (ii) using the logarithm of the
equilibrium constants as iterative variables, is evaluated in terms of both iterations and computational
time needed to reach convergence, for seven test cases. These include both single and multicomponent
Diesel fuel surrogates, known to give incomplete density information when using pressure and
temperature as independent variables. Results show that iterating with the logarithm of the equilibrium
constants also reproduces this issue, while it requires a smaller number of iterations than using with
mole numbers as independent variables. However, the total computational time needed for the latter
case is vastly inferior. Pressure and vapor volume fraction fields are discussed for a range of
temperatures and densities, apart from the number of iterations needed during the flash calculation
stage. A performance comparison is obtained against the Peng-Robinson equation of state, showing
similar number of iterations required but a computational time increasing with the number of
components. While for a single component PC-SAFT needs around 3 times more CPU time, for 4
components it is 6 times and for a mixture of 8 components it increases up to 14 times. Finally, the

method is demonstrated to converge unconditionally for all conditions tested.

1 Introduction

The PC-SAFT equation of state (EoS)! is a theoretically derived model, based on perturbation theory?>,
that requires five molecular-based parameters per component for associating fluids and only three for
non-associating ones. Several advantages accrue when using the PC-SAFT EoS compared to a cubic EoS
to calculate fluid properties. The PC-SAFT EoS more accurately predicts derivative properties, reducing
errors by a factor of up to eight®’, as compared to predictions with a cubic EoS, such as the Peng-
Robinson® (PR) or Soave-Redlich-Kwong® (SRK) EoS. Density predictions with the PC-SAFT EoS exhibit six
times lower error for a widely used surrogate such as dodecane’® and half the error of those made with
improved cubic equations, such as volume-translated versions!. The PC-SAFT EoS provides satisfactory
agreement between calculated and experimental properties of reservoir fluids'?, natural gas®® and

asphaltene phase behaviour'® %>
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There is a wide body of research comparing the accuracy of PC-SAFT against other EoS in multiphase

problem, not exclusively on vapor-liquid equilibrium. Arya et al.®

and more recently Vieira de Melo et
al.Y” compared the PC-SAFT and Cubic-Plus-Association®® EoS for phase calculations of asphaltenes
present in crude oils where although both EoS gave acceptable results, the authors drew different
conclusions. Gong et al.'® compared Peng Robinson and PC-SAFT EoS while modelling the VLE of mixed
refrigerants, with no clear advantage of using one EoS over another. The group of the authors (Vidal et
al.?®) used it to precisely model the volatility curves of Diesel surrogates up to eight components. Held et
al.?! modelled the solubility of sugar and sugar alcohols in ionic liquids, with reasonable accuracy.
Peyvandi et al.?? compared PC-SAFT, SAFT+CUBIC and PR EoS in the modelling of cryogenic fluids, with a
clear disadvantage on the use of PR EoS. Economou et al.?® investigated the VLE of gaseous mixtures
related to carbon dioxide capture technologies using several EoS: SRK, PR, SAFT, and PC-SAFT EoS,
among them PC-SAFT showed to be the most accurate when no binary interaction parameters (BIP) are
used, although comparable accuracy was observed with a fitted BIP. However, most of the studies focus
on the modelling of the phase equilibria as 'static’ problems, without considering flowing systems,
where the VLE problem is only part of the whole framework of Computational Fluid Dynamics
simulations. Exceptions can be found on the latest work in Diesel sprays®* or Diesel injections?®, however
the fuel in these two cases is a single component or a pseudo-component and various techniques are
used to work around the problem of density undefinition inside the saturation curve. Overall, there
seems to be evidence to indicate that independent variables other than pressure and temperature are
needed for complex computational fluid dynamics simulations.

The use of flash with density (or specific volume), temperature and composition is particularly useful
whenever the pressure is unknown in an enclosed fluid and the phase change is a possibility. This
happens in storage tanks design, during the capturing process of acid gases within oil reservoirs, or
compositional reservoir simulations as there is no balance equation for pressure?®. Also, in most real
fluid equations of state, e.g. PC-SAFT or cubic EoS, the formulation is given depending naturally on

density, or volume, temperature and composition, which also makes the choice of these variables for
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the VLE calculations the most straight-forward. However, the existing body of research has only
employed pressure and temperature as independent variables for vapor-liquid equilibrium calculations
(PT-VLE) with the PC-SAFT EoS. Moreover, this method shows its limitations when the phase change is at
constant temperature and pressure, characteristic of single components. At constant pressure and
temperature, the state of the substance is undetermined at saturation conditions. However, the volume
(or density) changes provide the complete information. Lastly, this undefinition is not restricted only to
single components as it also appears in multicomponent mixtures for three phase systems?’ and those
composed of similar components, as will be shown in the results section for a Diesel surrogate.

A seminal study in this area is the one of Michelsen?, who proposed the use of volume and
temperature as independent variables and the minimising the Helmholtz Free energy rather than the
Gibbs free energy for the multiphase problem. In addition, for pressure-explicit EoS this approach would
also avoid the need for an iterative process to find the density from pressure, as the pressure becomes
then an output of the minimisation process. This approach was then implemented for the stability
testing of hydrocarbon mixtures? using the SRK and the PR EoS with the tunnelling method*°. Following
work used the successive substitution iteration (SSI) method and the PR EoS for the flash problem3?.
Over the past decade, studies related to minimising the Helmholtz free energy have been focused on
the Newton method??. Moreover, new frameworks have been published using variations of the
independent variables or decoupling the pressure equality condition during the flash stage®3. Recently, a

[.3*in a generalized

framework using constrained minimisation has been also published Paterson et a
form for specifications based on state functions other than pressure and temperature. There have been
works using density and temperature as independent variables for the calculation of the saturation
curves of single components in PC-SAFT>> 36, However, to author’s best knowledge, stability analysis and
flash calculations using the this equation of state have been restricted to temperature T and pressure P
as independent variables®.

Following the above limitation when pressure and temperature are used as independent variables,

the novelty of this work is the provision and assessment of the necessary numerical framework using
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composition, density and temperature as input variables for the calculation of the vapor-liquid
equilibrium within the structure of PC-SAFT, via the unconstrained minimisation of the Helmholtz Free
energy.

In this study, the minimum of the molar Helmholtz Free energy A is calculated, defined in terms of

density p, temperature T and composition z as:

nc

A(z,p,T) = z zl-Aﬁ-d (P(z,p,T),T) + A™(2z,p,T) (D

i=1

Where the superscripts id and res refer to the ideal, given by the fundamental gas relation, and
residual contributions of the Helmholtz Free Energy, modelled by PC-SAFT, respectively. This
optimisation problem is solved via a combination of the successive substitution iteration (SSI) and the
Newton minimisation method with a two-step line-search procedure, and the positive definiteness of
the Hessian is guaranteed by a modified Cholesky decomposition3®. The algorithm consists of two
stages: first, the mixture is assumed to be in a single phase state and its stability is assessed via the
minimisation of the Tangent Plane Distance (TPD); in case the minimum of the TPD is found to be
negative, the mixture is considered unstable and a second stage of flash, i.e. phase splitting, takes place
consisting on the search for the global minimum of the Helmholtz Free Energy. As a result, the pressure
of the fluid and the compositions of both the liquid and vapor phases are calculated, from which every
other thermodynamic property can be calculated, i.e. internal energy, enthalpy, entropy, speed of
sound, etc, using the PC-SAFT!. The reliability of two different methods for the flash stage, NVL * and
Ink33, are evaluated in terms of both iterations and computing time needed to reach convergence.
Following the work of von Solmons et al in VLE calculations, this work also assesses the computational
time needed for its completion. The robustness of the algorithm is then tested with a mixture of 50
components and several other examples often found in the literature in two-phase equilibrium
calculations. Particular attention is paid to the case of a single component and a Diesel surrogate, known

to reproduce the already highlighted incomplete density information when using pressure and
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temperature as independent variables. The overall accuracy of the VT-VLE algorithm combined with PC-

SAFT is tested against experimental data for a selected number of examples.

Following the above introduction, the second section provides the theoretical framework, describing
the Newton method, the stability and flash stages, the strategy followed for the initialisation, the initial
phase splitting in case the mixture is found unstable. The third section shows the results obtained for 7
test cases, providing the number of iterations and the computational time needed for convergence for
both the NVL and InK methods. Then, the pressure and vapor volume fraction fields for selected
examples are discussed for a range of temperatures and densities, apart from the number of iterations
needed for convergence during the flash stage. A performance comparison is obtained against Peng-
Robinson, showing a substantial decrease in computational time when using the cubic than using the
molecular based EoS. Finally, validation cases against experiments are provided before concluding. The
Supplementary Information provides detailed information regarding the components used in this study

and the analytical derivatives needed for the algorithm.



135 2 Method

START
Inp+ut5: 136 Any isolated system at constant
Composition z
Density p 137  density and temperature tends

Temperature T
Critical parameters: T, pg, W

PC-SAFT pa’ﬂ":fteﬁ m, g, Elkg 138  spontaneously to an equilibrium state
Calculate single phase pressure P* 139 while decreaSing the Helmholtz free
Estimate individual saturation pressures Pgg
l 140  energy of the system, until the global
Mo Yes .. . . el s
@ 141 minimum is reached, i.e. equilibrium.
k4 PO =3 5 P (1) However, it may be the case that the
i=1
pO=pr o v Py
| S0y = 4oaat il o o . .
pili=p~ PO =% 2 state at which the equilibrium occurs is
=1 ’

| 144  that of vapor and liquid coexisting.

20 _ o PratilT) 145  Thus, the amount of each phase, their

" P (T) 146  composition and pressure need to be

147 calculated.

Calculate initial trial densities o''”!
from PC-SAFT for every pair of A0 ang @ 148 In this work, the presented
)

«

Stability analysis

149  algorithm studies the stability of the

150 homogeneous mixture using the PC-

151 SAFT EoS for a given composition

Yes
|5 it stable?
152 Z1,...,Znc With density p and at a certain
Mo
153 temperature T; in case it is found to be
Phase Splitting b 4
(Flash) . .
END unstable, the vaporized fraction of the
Output: 155 substance, the compositions of both
Phaze compositions X, x*
Vapor fraction g A A
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1re Both algorithms for the stability and

Scheme 1. General diagram for multiphase calculations

159 flash stages have been already developed and published for the Peng Robinson EoS; only minor changes

160 are needed for the PC-SAFT EoS regarding the convergence criteria in the iterations and constraints.



161  Scheme 1 shows the general diagram of the algorithm used in the multiphase calculations. For
162 consistency, the whole algorithm is described here, and any novelty introduced is clearly stated in the

163  following subsections.
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2.1 Newton method

The Newton method #! provides a good approximation for the root of an objective function.
Essentially, the independent variables vector € of the objective function is iteratively updated from step
k to the following k + 1 by

where A is the step length, which defines how far the next step moves along the Newton direction p.
The step length is set in two stages. First, an initial value of 1 is given and it is continuously halved until
€(k*1) satisfies the variable constraints of each problem, specified in the following sections. These
constrains may be related, for instance, to the feasible values of density or compositions. Then, an
inexact line search is executed to obtain a step length that satisfies the Wolfe conditions*?, which gives
an efficient decrease of the objective function.

The Newton direction p*is calculated by solving the system of equations:

H®pW = _ g 3)

where g and H are the gradient and Hessian of the objective function to be minimised. In case the use
of successive substitution iterations (SSI) method is needed, the only difference with the Newton
method is that the Hessian is equal to the identity matrix 1.

For the system (3) to have a solution, the Hessian H needs to be positive definite, i.e. its eigenvalues
are all positive real numbers. To satisfy this condition, the modified Cholesky factorisation3® is applied in
this study. The modifications introduce symmetric interchanges of rows and columns, via a permutation
matrix P, and the addition of a non-negative diagonal matrix E which is zero if the Hessian H is positive.
Therefore, the system of equations (3) gets transformed, for every iteration step k, into:

[P(H + E)P"](Pp) = —Pg (5)

Once the positive definiteness of the modified Hessian is satisfied, it is factorised as:

P(H + E)PT = MM" (6)
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where M is a lower triangular matrix. Finally, the system is solved by performing backward and
forward
substitution with the triangular matrix, which consists in the following sequence of operations:

1. Solve Mu = —Pg to obtain u.

2. Solve MT%i = wu to obtain L.

3. Calculate the gradient g = PT 1.

Convergence criteria

The Newton method is assumed to have converged whenever one of the following criteria is
achieved:

1. The Euclidean norm of the change in the iteration variables ||Ap||®is less than 107.

2. The Euclidean norm of the gradient ||g||?is less than 107%°,

2.2 Stability stage

The stability problem is solved in a similar fashion as that presented by Baker et al. **for a mixture at
constant temperature T and pressure P. A homogeneous mixture at a certain temperature Tisin a
stable state if the tangent plane to the Helmholtz free energy surface at composition z and density p
does not intersect the Helmholtz free energy surface at any other point. The stability is tested by
purposely dividing the homogeneous mixture in two phases, one of them in an infinitesimal amount and
it is referred to as 'trial phase’. For any feasible two-phase mixture, if a decrease in the Helmholtz free
energy is not achieved, then the mixture is stable. The so-called tangent plane distance (TPD) as function

of the density times the composition of the trial phase p'x;’is:

PI_P*

TPD(p'x;) = — RoT + X p'x;(log f{ —log ;") (7)

where the tildes over the variables indicate those calculated at the trial conditions and the asterisk

indicates those calculated at the feed conditions. Ry is the universal gas constant and fiis the fugacity of

10
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the component i. Within the structure of PC-SAFT, it is advisable to write the expression in terms of the

residual reduced Helmholtz free energy, having then:

g3
P= <1 + Pm %) kgTpm <101° %) €))
Where p,, is the number density of molecules and kg is the Boltzmann constant. Regarding the
fugacity,
logf; =log(x;P;) )

Where the logarithm of the fugacity coefficient ¢ of the component i is defined as:

logp; = RQLT (aA ) —logZ (10)

ONi/ 7y Ny#i
where Z is the compressibility factor and A”is the non-reduced Helmholtz free energy. This equation is
used for the Peng Robinson EoS following the formulation of Nichita33. For PC-SAFT, the original

formulation of Gross and Sadowski® is used:

l e 4 da’es N dares i dares (11)
09 q)l =a Pm apm axl_ j_li axj

The derivation of the TPD function can be seen in the work of Mikyska and Firoozabadi**. The stability
is assured if for any feasible solution p’x;’ the TPD function is non-negative. Therefore, the problem is
reduced to the search of the global minima of the TPD function, subjected to the material constraints:

p'x; >0 Vi (12)
nc
D P < P, T) (13)
i=1

where pmax refers to the maximum packing fraction at fixed composition x;" and temperature T. For

the Newton method, the required gradient is given by:

OTPD
a(p'xy)

=log f{ —log f; (14)

Nichita ** studied alternatives to use as iteration variables such as log(p'x;") and a; = 2./p'x;’ ,ina

similar manner as shown by Michelsen?. His study concluded that the a;ensured the most robust and

11
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fast convergence for the stability problem and it is the one used in this work. For this case, the gradient
is:

BTPD

= p'x;(log f{ —log f;") (15)

and the Hessian is:

dTPD
aal

an] p'x;

=08;; ++/p'xi |p'x; (16)

alogﬁ 811]

In order to avoid unnecessary iterations when the Newton is converging to a trivial solution, i.e. TPD =
0, in this work another stopping criterion is used, also first introduced but for the TPN case by
Michelsen?®, At every iteration the convergence variable r is checked:

2TPD®
2, (o'x; = pz)(log f; —log f;")

r= 17

which tends to 1 as the method converges to the trivial solution. Therefore, the iterations are stopped
if [r-1| <0.2 and TPDW < 1073,

2.3 Initialisation

The stability stage needs an initial condition to start the iterative process. Tipically, Wilson’s

correlation *® is used to guess the initial equilibrium constants Ki:

P.; T,
K; = %exp [5.37(1 + w;) (1 - %)] (18)

where for every component i, Pc;and T.;are the critical pressure and temperature and w;is the
acentric factor. These three values are used in most cubic EoS and are widely available in the literature,
but not in PC-SAFT EoS. However, the exact critical values specific for the PC-SAFT EoS can be calculated
following a published algorithm*®’, which comprises an iterative process in order to verify the three

critical specifications:

P(Tc' pc) —FP=0 (19)
P
R = 0 at (T, p;) (20)

12
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9%pP
— =0at (T, p.) (21)

ap?
Unlike for the PT-multiphase problem, the pressure of the mixture is unknown a-priori for VT

specifications, so a different strategy must be used, as the one used by Nichita®*. According to Raoult’s

law:

_ Psat,i(T)

K; -

(22)
where P i(T) is the saturation pressure of the component i at a temperature T. From this law, follows

that Psati(T) = P when K;= 1, therefore from eq. (13) it follows:

Tei
Poai(T) = Pegexp [5.37(1 + o) (1 - )] (23)
The strategy for the initial composition of the trial phase is slightly different if it is considered to be

vapor-like or liquid-like. Michelsen 28 proposed the initial composition of the trial phase, for both cases,

to be:

v(0) (0) 1(0) 1
x 0 =zKW and x; = —x (24)

ZL'KL-

which, using Raoul’s law (14) transform to:
P i (T) Z;
v(0) _  Zsati 1) _ ! 1(0)

X, =1z 0 and x; Poei (D) P (25)

where the initial pressures PY(®) and is P!(®) are first taken as that given by the EoS for the single
phase system at T, p and composition z. If the calculated pressure is negative, Mikyska and Firoozabadi

44 astimated them as:

Psa i(T)
PY©@ = 3¢ 7P i(T) and PUO = yne —sabii- (26)

zj
The initial density of the trial phase is then calculated iteratively using the EoS for both initial

compositions xf(o) and xl?(o) at fixed temperature T and at the corresponding initial pressures P¥(® and

13
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PO, As there may be two densities for every composition and pressure, there can be up to 4 initial
estimates; all the initial estimates are used in the stability stage.

2.4 Initial Phase splitting

In case the mixture is found to be unstable, an initial splitting of the homogeneous phase is executed.
From the stability analysis, the composition and density of the trial phase are fixed to p”’and x;. With
variations with respect to the method shown by Jindrova and Mikyska*?, the initial density and
composition of the second phase, i.e. p” and x;, are estimated in terms of the molar fraction of the trial

phase over the feed, § = N’/N*, from the material and volume constraints:
Bxi + (1 —PB)xi’ =z 27)
1 1 1
ﬁ;*‘(l—ﬁ)?:; (28)
The initial amount of each phase is estimated in the following way:
1. An arbitrary initial trial molar fraction f is chosen. In two phase systems, € (0,1), thus the
chosen initial value in this work is 0.99.

2. The composition and density of the second phase are calculated from the material and volume

constraints (19) (20) by:

X = % (29)
and
p = %1_‘;; (30)
3. The density of the second phase is checked to be lower than that given by the maximum packing
fraction
P" < Pmax(x;’, T) (B

If not, a new lower molar fraction value is assumed (i.e. halving the previous value), and the algorithm
returns to step 2.

4. The variation in the Helmholtz free energy is calculated by:

14



303

304

305

306

307

308

309

AA = Athase —A* = (A’(x’,p’,T) +A”(x”,p”,T)) — A* (32)

5. It is checked whether AA < 0, meaning that the current phase split produces a decrease in the
Helmholtz free energy. If AA > 0 the molar fraction is halved and step 2 is repeated. If AA <0 the
process is stopped, and the flash stage begins. The phase with the highest density is considered to be

the liquid phase (/) and the other one the vapor phase (v).

15



310 2.5 Flash stage

311 Following the initial phase splitting, the flash stage calculates the amount and compositions of both
312 phases in equilibrium, in addition to the final equilibrium pressure. This calculation is done via the

313 minimisation of the variation of the Helmholtz free energy, as in equation 24. Depending on the

314 iteration variables, two methodologies have been tested. Firstly, the one described by Jindrova and
315 Mikyska 3 uses the number of moles in both phases and the phase volumes. Secondly, the one

316  described by Nichita ** uses the natural logarithm of the equilibrium constants. The two methods have
317  been coupled with the PC-SAFT framework and the derivatives needed can be found in the

318  Supplementary Information.

319  Number of moles and volume as iteration variables

320 When using the number of moles and the volume of both phases, per mole of feed, the problem

321 comprises (2 nc)+2 iteration variables n?, ..., n%., V¥, n!, ..., nk., V. However, because of the material
1 nc 1 nc

322 and volume balances:

323

324 n? +nl =z (33)
1

325 vyl =2= (34)
o)

326 the variables of one phase are dependent on those of the other phase. Therefore, as described by

327  lJindrova and Mikyska®, it is possible to solve a reduced system in terms of the nc+1 vapor variables. For

328  the reduced problem, the gradient of the system is given by:

_0AA _ log f¥ — log f}

329 gi = on? 7 for i =1,nc (35)

330 P S i (36)
ovv  V2R,T

331 and the Hessian:

16
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H=1/2| I (37)
cT : D/
Where
dlogf’ dlogf!
ij = agvfl + 3 glfl (38)
n; n;
dPY P!
C _L-}_ a_nf 39
T R,T 39
0P’ P!
v l
D = — aV—GV (40)
Ry T
In order to obtain the variation of the variables for both phases, the Newton direction p is
transformed back into the full (2 nc)+2 dimension premultiplicating by the reducing matrix Z:
1 /1
7 = _( nc+1 ) 41
\/E _Inc+1 ( )

Finally, the composition and density of both phases are calculated by first obtaining the vapor mole

fraction B = X7, n{ and then:

and x!= (42)

p¥ = £ and pt = 1-B (43)
Following the work of Paterson et al.34, the effect of initial Successive Substitution Iterations
(SSl)during the flash stage were tested. However, no improvement was observed and on average more

iterations were needed to reach convergence.

Logarithm of equilibrium constants log K as iteration variables
The use of the logarithms of equilibrium constants, log K; = log(x? /x}), as iteration variables in the
flash problem is one of the most used methods when the multiphase problem is defined in terms of

pressure and temperature. Nichita 33 applied it to the VT-Flash problem by decoupling the pressure
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equality condition P¥(x?,p?, T) = P!(x},p!,T) = P®%, which is calculated at every iteration step.
Therefore, the iteration variables are reduced to the nc components defining log K. Then, at every step
the Rachford-Rice equation is solved to obtain the vapor mole fraction 8 using the Newton-Raphson

method:

ne _zilKi-1)
=100 O (44)

Which allows to obtain the molar fractions of both phases for every iteration k by:

Zj

ST —D (45)
and
x! = Kixi (46)
Then, the equilibrium pressure P¢? is calculated iteratively by solving the volume distribution
equation:
ﬁm+(1—ﬁ)m=% (47)

When calculating the density at certain pressure, many roots may be encountered. In such a case, the
density giving the least Gibbs free energy is chosen. The iterative method chosen is that of Brent*®. The

gradient in this case reads:

dAA

dlogK; log f —log f} (48)
and the Hessian:
<6P” N aPl>(aP" N aPl>
UT TNy N/ o N} Ry T opv 0P
avy gyt

As proposed in the original paper of Nichita®3, a first iteration using the SSI method is applied.

18



375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

3 Results and Discussion

In this section, results for the VLE problem using composition, density and temperature are shown for
a set of seven cases. Case 1 is a single component Diesel surrogate, (n-dodecane) widely used in the
Diesel industry; this case will show the performance of the algorithm for single components where the
PT FLASH fails. Cases 2 and 3 are binary mixtures, typically used as benchmark cases for testing
multiphase equilibrium algorithms?!. The composition for Case 2 is 0.547413 methane and 0.452587
pentane, while for Case 3 is 0.547413 carbon dioxide and 0.452587 decane. Case 4 is another binary
mixture used in the widely used database of the so-called ‘Spray A’*°, 0.3 nitrogen and 0.7 dodecane.
Case 5 is a four-component mixture, also widely used for testing of multiphase algorithms®!, composed
of 0.2463 nitrogen, 0.2208 methane, 0.2208 propane and 0.3121 decane. Case 6 is a hydrocarbon eight-
component mixture created also as a Diesel fuel surrogate*°, composed of 0.202 octadecane, 0.027
hexadecane, 0.292 heptamethylnonane, 0.144 1-methylnaphthalene, 0.154 tetralin, 0.055 trans-decalin,
0.051 butylcyclohexane and 0.075 1,2,4-trimethylbenzene. Finally, case 7 explores the application of the
presented method to a multi-component mixture consisting of 50 different hydrocarbons, with equally
distributed composition ranging from methane to octadecane. The complete set of hydrocarbons is
given in the Supplementary Information. Cases 3 and 4 are validated against experiments, apart from an
additional synthetic mixture of 6 components, commonly named Y8%!. For all cases, the EoS parameters
and binary interaction parameters are given in the Supplementary Information. Table 1 shows the
density-temperature grids studied for each case, apart from the number of total points tested with the
algorithms.

A summary of the iterations needed for convergence for every stage and flash methodologies used in
this work can be found in Table 2. The average values are calculated as the sum of the iterations needed
until convergence for the whole domain and then divided for the number of points studied. As seen in
the first row, the stability analysis grows with the number the components of the mixture. While for a
single component (Case 1), the number of iterations needed for convergence in stability is around 4, for

binary mixtures (Cases 2-4), it increases to around 7. For the 4 components mixture (Case 5), the
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number of stability iterations needed are not much affected with respect to the binary mixtures. For the
eight-component hydrocarbon mixture (Case 6), the average number of iterations needed grows around
50%. Finally, for the 50-component mixture (Case 7), the number of iterations is higher but close to the

previous case.

Case nc T(K)window T(K) no. p (Kmol/m?) p no. Total no. points
points window points
1 1 [280-700] 400 [0.001-5] 400 160000
2 2 [320-430] 110 [0.001-12] 1200 132000
3 2 [250-600] 350 [0.001-9] 900 315000
4 2 [250-650] 400 [0.001-10] 900 360000
5 4 [250-600] 350 [0.001-12] 1200 420000
6 8 [300-750] 450 [0.001-4.5] 450 202500
7 50 [300-650] 400 [0.001-6] 400 160000

Table 1: Density-Temperature window and total number of points.

A case dependant result is found for the flash stage. For the NVL method (second row of Table 2), the
binary mixture of Case 2 is the one with the lower number of flash iterations needed, followed by the
single component Case 1 and the other two binary mixture Cases 3 and 4. A substantial increase is found
for the 4-component mixture, which almost triples the iterations needed for the binary mixtures.
Although doubling the number of components in Case 6, for the 8-component the flash iterations gets
reduced by 10 for the conditions to converge. Finally, the 50-component mixture shows a doubled
number of iterations with respect to Case 6, needing on average around 30 iterations until convergence
during the flash stage.

In the case of the InK method (third row on Table 2), the number of iterations is significantly reduced
by more than 40% with respect to the NVL method. However, as explained in the methodology section

for the InK independent variables, this method suffers from the same limitation of the PT-Flash problem
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and it can’t be used for single components and mixtures of similar components, as Cases 1 and 6.
Regarding the rest of cases, Case 2 is the one with the least iterations needed (up to 4), followed by the
other binary mixtures Cases 4 and 3. For Case 5, the 4-component mixture needs between 3 and 4 times
more iterations than for the binary mixtures. For the 50-component surrogate, the difference between

the methods gets reduced to only 2 iterations less than those needed for the NVL-VLE algorithm.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

Stability 3.93 7.63 6.26 6.87 11.25 15.31 17.82
Flash (NVL) 7.24 6.26 9.05 9.21 26.82 16.20 30.80
Flash (InK) - 3.99 5.32 4.24 15.12 - 28.33

Table 2: Average number of iterations needed for convergence using every method studied here for

both the stability and flash algorithms.

Table 3 shows the average total convergence time, i.e. both stability and flash stages, forany pand T
conditions, in ms. The CPU used during this study was an Intel(R) Xeon(R) CPU E5-2690 v3 at 2.60GHz
and a memory of 128GB of RAM. From the number of iterations, it would seem clear that the InK
method was the best one to be used in processes needing fast but reliable calculations, such as those
needed in CFD simulations. However, the time needed for convergence clearly points in the opposite
way, as the InK method lasts a minimum of 20 times longer than the time needed for convergence with
the NVL. This difference in computational time is caused during the calculation of density in the pressure
equality condition, as it needs to be obtained iteratively, while NVL only satisfies it once convergence is
reached. For the single component Case 1, the NVL method needed 0.6 ms, while no results could be
obtained for the InK method as it fails. For the binary mixtures (Cases 2-4), around 1 ms was needed for
the NVL method against the 20-25ms for the InK. The computational time needed for the 4-component
mixture of Case 5 was around 5ms for the NVL method and 135ms for the InK method (25 times longer).
Case 6 needed 15.6 ms with NVL while the InK method failed to converge to the correct solution
whenever the phase transition was isobaric-isothermal. For the 50-components mixture of Case 7, each
complete VLE calculation took close to 2 seconds, while for the InK flash procedure it took 10 times

longer. Therefore, the NVL method is chosen in the following sections.

Flash strategy Casel Case2 Case3 Case4d Case5 Caseb Case?7
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NVL 0.68965 1.0782 1.1203 0.77236 7.2450 35.401 1,955
InK - 19.933 24.141 23.72 13548 - 18,378
Table 3: Average time, in ms, per case needed for convergence using both flash methods studied here.

In the following subsections, results from using NVL iterations are shown regarding the pressure field,
vapor volume fraction and number of flash iterations for convergence. Finally, results are validated

against experimental VLE data. All the calculation data can be found in the supplementary information.
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3.1 Pressure Field
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Figure 1. Pressure field for all cases studied in the paper, the black curve draws the saturation line. The

colour scale is unique for every figure.

Figure 1 shows the pressure field for every case, marking with a black curve the saturation line.

Depending on the components and composition, the pressure field varies significantly. Cases 1 and 6,

those which are meant to model Diesel fuel, show similar horizontal isobaric lines when in the VLE

region, where the PT-VLE algorithm is known to fail. Case 1 shows isobaric-isothermal phase transition

by definition, as it is a single component. Case 6, the 8-component mixture, shows a similar trend due to

the similarity between the components, although the small differences among them can be seen close

to the dew curve, where the isobars bend upwards. Cases 2, 4 and 5 show isobars with significant slope

which isobaric vapor-liquid transition comes with a massive decrease in temperature, typical of mixtures
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exhibiting extremely different phase transition properties. For instance, from Case 2 the critical
temperature of pentane is close to 2.5 times than that of methane, while more obviously in Case 4 the
critical temperature of dodecane is more than 5 times higher than that of dodecane. Case 3 shows an
intermediate field between Cases 1 and 2, where while at high temperatures the slope is sufficiently
pronounced, at low temperatures and high densities the isobars become progressively flat, where the
PT-VLE problem is expected to start failing. Regarding the 50-component hydrocarbon mixture, the
isobars show significant slope as there are both very light and very heavy hydrocarbons, for instance

methane and octadecane.
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460 3.2  Vapor volume Fraction Field
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Figure 2. Vapor volume fraction field for all cases studied in the paper, the black curve draws the

saturation line. The colour scale is the same on every figure.
461 Figure 2 shows the vapor volume fraction field for every case, marking with a black curve the
462  saturation line. Cases 1 and 6 show the typical vapor volume fraction field for every single component,
463  where the isolines converge at the critical point, being in this case the maximum temperature and
464  pressure at which a two-phase state can be found. On the rest of cases, the critical point is not located
465  on the maximum two-phase temperature or pressure, but on a lower value. This phenomenon gives rise
466  to the retrograde vaporisation®?, which accounts for the anomalous isothermal vaporisation of the

467  mixture when the pressure is increased. Case 4, in addition, shows at 320K a liquid-liquid critical point,
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468  where the equilibrium pressure is higher than 100MPa, clearly seen on the change in curvature of the

469 saturation curve.
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470 3.3  Flash iterations until convergence
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Figure 3. Flash iterations field for all cases studied in the paper, the black curve draws the saturation

line. The colour scale is unique for every figure.

471 Figure 3 shows the number of flash iterations needed for convergence using the NVL-algorithm for
472  every case, marking with a black curve the saturation line. Case 1 shows a reasonably homogeneous
473 distribution, with maximum number of iterations of 10 at low temperatures and intermediate densities.
474  The distribution of Case 2 iterations is as homogeneous as in Case 1, with a maximum iteration number
475  of 10. For Case 3, the highest numbers are localised at temperatures lower than 350K and close to the
476 bubble-point curve, where the number of iterations reach 15. Regarding Case 4, the higher number of
477  iterations are found at temperatures lower than 350K and at densities higher than 9,000mol/m?3, where

478  the calculated equilibrium pressure reaches 1,000MPa. For the 4-component mixture in Case 5, more
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than 50 iterations are needed along to the bubble point curve at high temperatures. High number of
iterations are also observed for temperatures lower than 300K and close to the dew-point curve at high
temperatures. Overall, at high temperatures the phase change needs a particularly high number of
iterations for convergence. The 8-component surrogate in Case 6 the maximum number of iterations,
which may reach 100, are found close to the critical point and at high temperatures close to the dew-
point curve. For the 50-component hydrocarbon mixture, the number of iterations grow considerably
compared with the previous cases, where the threshold of 150 iterations is reached again at the critical
point and the dew curve, in addition to localised high number of iterations at 1,000mol/m? and

temperatures lower than 350K.
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3.4 Performance comparison against Peng Robinson EoS

The performance of the algorithm can be influenced significantly by the chosen equation of state, as
every iteration needs the calculation of many properties and its derivatives for the two phases. The use
of PC-SAFT EoS has been already reported to increase the computational time needed for a single
equilibrium calculation with respect to Peng Robinson®3. Previous works, using a PT-VLE calculation,
have obtained differences in CPU time of 2-3 times between the Peng Robinson EoS and PC-SAFT EoS*°
for a variety of mixtures. For some mixtures, even, the computational time was found smaller for the
original PC-SAFT than for the cubic EoS. However, von Solms*® estimated that the CPU time needed for
the calculation of all the derivatives involved in the PT-VLE was 4-5 times higher than for the SRK EoS,
using the simplified PC-SAFT for a mixture of 15 components. The simplified PC-SAFT is known to be
significantly more efficient in VLE calculations as some of the terms of the original version become
composition-independent. Therefore, the difference between cubic EoS and the PC-SAFT is expected to

be higher than 4-5 times, even if the number of function evaluations is similar.

60 | 60
- 1 [—PC-SAFT - —PC-SAFT
" I : \= = Peng-Robinson n = = Peng-Robinson
= =]
g 407 \ ! S40;
+ f +
= f ®
= y z
220 : 207
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0 s L L
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(a) (b)
Figure 4. Flash iterations needed for Cases 5 and 6 at 300K using Peng-Robinson and PC-SAFT as

Equations of State at 300K.

Figure 4 shows two performance comparisons for Cases 5 (4 component mixture) and 6 (8 component
mixture) regarding the iterations needed for calculating the equilibrium at 300K for a range of densities,
using both Peng Robinson and PC-SAFT EoS. Flash iterations are both initialized from a previous stability

analysis. As shown, for the 4-component mixture the iterations needed are quite similar for both
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Equations of State, apart from particular conditions at which the cubic equation seems to spike. Overall,
the iterations needed at lower densities than 5000mol/m3 are higher than those at higher densities. For
the 8-component surrogate, the number of iterations needed at low densities are significantly higher for
PC-SAFT, although at densities higher than 1500mol/m3 the convergence is achieved in a similar number

of iterations.

EoS Case 1l Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
PC-SAFT 629.79 1340.6 1143.8 1059.4 1878.1 13996 363270
Peng Robinson 156.25 182.62 191.98 210.94 250.31 937.53 10332
Ratio 4.03 7.34 5.96 5.02 7.5 14.9 35.16

Table 4: Computational time in ps, per single VLE calculation, needed for all cases using Peng Robinson

and PC-SAFT. The last row shows the ratio between both CPU times.

Table 4 shows the computational time, per VLE calculation, needed for all cases using both Peng
Robinson and PC-SAFT EoS. Results indicate a significant difference between both EoS, which increases
with the number of components. While for a single component the CPU time for PC-SAFT is about 4
times higher than for Peng-Robinson, for two components it grows to about 6 and up to 15 for the 8-
component surrogate of case 6. An extreme case is seen for case 7, where the computational time
needed to calculate the VLE for a 50-component mixture increases to 35. These differences can be
explained due to the high dependence on composition of the PC-SAFT EoS, which increases the number
of calculations needed for the derivatives exponentially. The reader may acknowledge the extent of the
derivations in the complete formulation of the algorithm found in the Supplementary Information. This
can be also seen in Table 5, where the computational time per single calculation of the derivatives is
shown. The range in temperature and density per case is the same as in previous chapters. As seen, the
difference between the CPU time of Peng Robinson and PC-SAFT grows with the number of components
in a similar fashion than for the complete VLE calculations. Discrepancies between the single EoS and
complete VLE calculations can be explained because of differences in the number of iterations needed

for the convergence, which is not necessarily the same, although similar as already seen in Figure 4.
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EoS Casel Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

PC-SAFT 8.844 13.37 13.70 14.66 31.20 100.0 25380
Peng Robinson 1.800 2.323 2.341 2.342 3.421 7.046 58.75
Ratio 491 5.76 5.84 6.25 9.12 14.19 43.2

Table 5: Computational time in ps, per single calculation of all the needed derivatives, for all cases using

Peng Robinson and PC-SAFT. The last row shows the ratio between both CPU times.

These results show why when computational power is the main restriction in simulations, past works
tend to choose the Peng-Robinson over more accurate EoS such as the PC-SAFT. For instance, in
Computational Fluid Dynamics, equilibrium calculations may be needed in more than 1 million cells per
timestep, making the EoS choice the main decision criterion regarding the trade-off between accuracy

and computational efficiency.
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3.5 Validation against experiments

Figure 6 shows validation cases to assess the accuracy of the model when compared to experimental
data. The data was collected and compared for Case 2°%, Case 4 °° and the Y8 synthetic mixture®'. The Y8
mixture is composed of 6 components with composition: 0.8097 methane, 0.0566 ethane, 0.0306
propane, 0.0457 n-pentane, 0.0330 n-heptane and 0.0244 n-decane. The binary interaction parameters
were set to 0 for the Y8 mixture. As it can be seen, there exists good agreement for every case using the
corresponding binary interaction parameters. The first two figures show the typical binary phase
diagram at different constant temperatures, while the first figure shows the equilibrium constants for

every component in the mixture at fixed temperature.

0 T=319.1K]

t O methane
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= < ]()u‘ g 59 A pentane
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Figure 6: Predicted vapor-liquid equilibrium compared with experimental data for (a) Case 2, (b) Case 4

and (c) the Y8 mixture [37].

Table 5 shows the Average Absolute Deviation (AAD [%]) of the calculations with respect to the

experimental values for the above cases and it is defined as:

Ny

AAD[%] = E
o —_
i

D

(e, y) &P — (g, yy) e
(x5, y)&*P

(50)

Where N, is the number of compared experimental data points.
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Case 2 Case 4 Y8 Mixture

AAD[%] 2.7901 0.9281  3.6289

Table 5: Average Absolute Deviation (AAD [%]) of the three cases shown in Figure 6.

As observed in the table, the agreement with experiments is good even for the 6-component mixture,
where the average deviation is lower than 4%. However, it is necessary to notice that this agreement is
significantly dependent on the binary interaction parameter k;; which is obtained by fitting with

experimental VLE data.
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4 Conclusions

In this study, the PC-SAFT EoS was used for Vapor Equilibrium calculation at specified composition,
density and temperature. The presented algorithm was tested on several cases of both single and
multicomponent substances. The calculation utilised the Newton iterations to reach the global minimum
of the Helmholtz free energy in two stages, namely stability analysis and flash. As a result, the pressure
of the fluid and the compositions of both the liquid and vapor phases were calculated. The reliability of
two different methods for the flash stage, one based in number of moles and volume (NVL) and another
based in the logarithm of the equilibrium constants (InK), were evaluated in terms of both iterations and
computer time needed to reach convergence.

Results showed that although the InK method needs less iterations until convergence, the total
computational time needed is considerably longer. This difference in computational time is caused
during the calculation of density in the pressure equality condition, as it needs to be satisfied iteratively.
The NVL method does not need to satisfy this condition at every iteration, therefore no inner iterative
loops are needed, and faster convergence was obtained. Moreover, the InK method cannot be used for
single components, as its value is unity during all iterations, and it fails continuously for mixtures with
similar components, as the 8-component Diesel surrogate studied in Case 6. A performance comparison
was obtained against the Peng-Robinson EoS, showing a substantial decrease in computational time
when using the cubic compared to the molecular based EoS. Validation against experiments show good
agreement of the numerical model.

Future work should be headed towards more complex mixtures, resourcing to the latest applications

57 58

of PC-SAFT introducing associating®®, multipolar and/or aqueous ionic liquid solutions®, as the

accuracy of this molecular-based EoS is of great value for academic and industrial applications.
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6 Nomenclature

N

NRI~TQUATIT v MmN

SN

SERQRXRFT IS

TPD

Helmholtz free energy
pressure

molar density

temperature

modified Cholesky diagonal matrix
permutation matrix

pressure

search direction

Cholesky lower triangular matrix
Hessian submatrix

Hessian submatrix

Hessian submatrix

gradient vector

Hessian matrix

identity matrix

universal gas constant

mole fraction of component i in a phase

mole fraction of component i in the
feed

reducing matrix

number of components

number of moles of component i
fugacity of component i

number of segments

Boltzmann constant

equilibrium constant
intermediate Cholesky vector
intermediate Cholesky vector
volume

Tangent Plane Distance
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Greek letters
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Subscripts
Lj
c
sat
max
Superscripts

*

v
l

(k)
eq

res
id

transformed stability
variables

segment diameter
Kronecker delta

step length

energy parameter
variables vector
acentric factor
Vapor fraction

component index
critical property
saturation
maximum

feed property
vapor phase
liquid phase

iteration number
trial phase
equilibrium

residual contribution
ideal contribution
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