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This paper advocates the use of long-memory multivariate GARCH models to forecast spot return volatilities and correlations 
for crude oil and related products.  The findings show from a risk management perspective that the multivariate models 
incorporating long-memory features outperform the short-memory counterparts in providing the most accurate Value-at-Risk 
measures.  The paper provides useful insights to non-commercial oil traders and other energy markets agents engaged in 
hedging and risk management operations. 
 
 

Introduction 
 
dŚĞƌĞ� ŝƐ�Ă�ĐŽŶƐĞŶƐƵƐ� ŝŶ�ƚŚĞ�ĞŵƉŝƌŝĐĂů� ůŝƚĞƌĂƚƵƌĞ�ŽŶ�ƚŚĞ�ĞīĞĐƚŝǀĞŶĞƐƐ�ŽĨ�ŵƵůƚŝǀĂƌŝĂƚĞ�'�Z�,�;D'�Z�,Ϳ�
ŵŽĚĞůƐ�ƚŽ�ĨŽƌĞĐĂƐƚ�ǀŽůĂƚŝůŝƚŝĞƐ�ĂŶĚ�ĐŽƌƌĞůĂƚŝŽŶƐ�ŽĨ�ĐƌƵĚĞ�Žŝů�ĂŶĚ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ƌĞƚƵƌŶƐ͘� ,ŽǁĞǀĞƌ͕�Ăůů�ƚŚĞ�
D'�Z�,�ŵŽĚĞů�ƐƉĞĐŝĨŝcations used in the literature so far implicitly impose a short-memory decay rate 
on volatilities and correlations.  This is problematic since they have been shown to display a strong degree 
of persistence, i.e., the impact of shocks to them decays very slowly.  Several univariate long-memory 
ŵŽĚĞůƐ͕� ŝŶĐůƵĚŝŶŐ� ƚŚĞ� ĨƌĂĐƚŝŽŶĂůůǇ� ŝŶƚĞŐƌĂƚĞĚ� ĂƵƚŽƌĞŐƌĞƐƐŝǀĞ� ;�Z&/D�Ϳ model and the fractionally 
ŝŶƚĞŐƌĂƚĞĚ�'�Z�,�;&/'�Z�,Ϳ�ŵŽĚĞů͕�ŚĂǀĞ�ďĞĞŶ�ƐƵĐĐĞƐƐĨƵůůǇ�ƵƐĞĚ�ƚŽ�ĨŽƌĞĐĂƐƚ�ƚŚĞ�ǀŽůĂƚŝůŝƚŝĞƐ�ŽĨ�ĐƌƵĚĞ�Žŝů�
ĂŶĚ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ƌĞƚƵƌŶƐ�;�ůŽĐŬ�et al., 2015; Tong et al., 2013; Chang et al., 2010; Borenstein et al., 
ϭϵϵϳͿ�ďƵƚ͕�ƚŽ�ƚŚĞ�ďĞƐƚ�ŽĨ�ŽƵƌ�ŬŶŽǁůĞĚŐĞ͕�ŶŽ�ĂƚƚĞŵƉƚ�ŚĂƐ�ǇĞƚ�ďĞĞŶ�ŵĂĚĞ�ƚŽ�ĚĞŵŽŶƐƚƌĂƚĞ�ƚŚĞ�ĂĚǀĂŶƚĂŐĞ�ŽĨ�
incorporating the long-memory feature in multivariate models.  
 
In practice, failure to account for this very slow decay rate in the volatility and correlation processes 
ŝŵƉůŝĞƐ�ŵŝƐƐƉĞĐŝĮĐĂƚŝŽŶ�ŽĨ�ƚŚĞ�ƚƌƵĞ�ĚĂƚĂ�ŐĞŶĞƌĂƚŝŶŐ�ƉƌŽĐĞƐƐĞƐ�ǁŚŝĐŚ͕�ŝŶ�ƚƵƌŶ͕�ĐĂŶ�ƉŽƚĞŶƚŝĂůůǇ�ůĞĂĚ�ƚŽ͗  ;ŝͿ�
biased conclusions about the response of rĞĮŶĞĚ� ƉƌŽĚƵĐƚƐ� ǀŽůĂƚŝůŝƚǇ� ƚŽ� ĐƌƵĚĞ� Žŝů� ƉƌŝĐĞ� ƐŚŽĐŬƐ͕� ;ŝŝͿ�
ŝŶĂĐĐƵƌĂƚĞ�ǀŽůĂƚŝůŝƚǇ�ĨŽƌĞĐĂƐƚƐ�ĂŶĚ�;ŝŝŝͿ�ĨůĂǁĞĚ�ƌŝƐŬ�ŵĂŶĂŐĞŵĞŶƚ�ƉƌĂĐƚŝĐĞƐ͘� 
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This paper fills a gap in the literature by assessing whether, as regards the out-of-sample prediction of 
volatilities and co-ŵŽǀĞŵĞŶƚƐ�ďĞƚǁĞĞŶ�ĐƌƵĚĞ�Žŝů�ĂŶĚ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ƌĞƚƵƌŶƐ͕�ƚŚĞ�ƵƐĞ�ŽĨ�ŵƵůƚŝǀĂƌŝĂƚĞ�
long-ŵĞŵŽƌǇ�'�Z�,�ŵŽĚĞůƐ�ǁŝƚŚ�ůŽŶŐ-memory leads to gains in statistical accuracy as well as benefits 
from a risk management perspective. 
 
The paper models the volatilities and correlations of crude oil returns ;tĞƐƚ�dĞǆĂƐ�/ŶƚĞƌŵĞĚŝĂƚĞ-�ƵƐŚŝŶŐͿ�
ĂŶĚ�ƚǁŽ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ƌĞƚƵƌŶ�ƐĞƌŝĞƐ͕�ĐŽŶǀĞŶƚŝŽŶĂů�ŐĂƐŽůŝŶĞ�;EĞǁ�zŽƌŬ�,ĂƌďŽƌͿ�ĂŶĚ�ŚĞĂƚŝŶŐ�Žŝů� ;EĞǁ�
zŽƌŬ� ,ĂƌďŽƌͿ͕� ďǇ� ŵĞĂŶƐ� ŽĨ� ĚŝīĞƌĞŶƚ� D'�Z�,� ŵŽĚĞůƐ͕� ŝŶĐůƵĚŝŶŐ� ƚŚĞ� ĨƌĂĐƚŝŽŶĂůůǇ� ŝŶƚĞgrated dynamic 
ĐŽŶĚŝƚŝŽŶĂů�ĐŽƌƌĞůĂƚŝŽŶ�;���Ϳ�ŵŽĚĞů͘� The models are rigorously compared in-sample and from an out-of-
sample forecasting perspective to assess whether long-memory specifications with dynamic correlations 
and asymmetries outperform their short memory counterparts.  The models’ attractiveness in terms of 
ƌŝƐŬ�ŵĂŶĂŐĞŵĞŶƚ�ŝƐ�ĂƐƐĞƐƐĞĚ�ďǇ�ĨŽƌĞĐĂƐƚŝŶŐ�ƚŚĞ�sĂůƵĞ�Ăƚ�ZŝƐŬ͘�� 
 
Relevance of the Research Question 
 
Crude oil prices are central to global economic activity.  Crude oil is of limited direct usage as a fuel.  It is 
ƚŚĞ�ƌĂŶŐĞ�ŽĨ�ƉƌŽĚƵĐƚƐ�ǇŝĞůĚĞĚ�ďǇ�ƌĞĮŶŝŶŐ�ĐƌƵĚĞ�Žŝů�ǁŚŝĐŚ�ĂƌĞ�ĐŽŶƐƵŵĞĚ�ĞŝƚŚĞƌ�ĚŝƌĞĐƚůǇ�;Ğ͘Ő͕͘�ŐĂƐŽůŝŶĞ�ĂŶĚ�
ĚŝĞƐĞů�ĨŽƌ�ŵŽƚŽƌ�ǀĞŚŝĐůĞƐͿ�Žƌ�ŝŶĚŝƌĞĐƚůǇ�;Ğ͘Ő͕͘�ĨƵĞů�Žŝů�ƚŽ�ŐĞŶĞƌĂƚĞ�ĞůĞĐƚƌŝĐŝƚǇ͕�Žƌ�ŶĂƉŚƚŚĂ�Ăs petrochemical 
ĨĞĞĚƐƚŽĐŬͿ͘  �ĞĐĂƵƐĞ�ŽĨ�ƚŚĞ�ŶĞĞĚ�ƚŽ�ƚƌĂŶƐĨŽƌŵ�ĐƌƵĚĞ�Žŝů� ŝŶƚŽ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ͕�ƚŚĞ�ŝŶƚĞƌĂĐƚŝŽŶ�ďĞƚǁĞĞŶ�
upstream producers and downstream consumers is not direct.  WƌŝĐĞƐ�ĨŽƌ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ĐĂŶ�ďĞ�ůŝŶŬĞĚ�
back to those of crude oil through the netback mechanism.  ZĞĮŶĞĚ�ƉƌŽĚƵĐƚ�ƉƌŝĐĞƐ�ƐŚŽƵůĚ�ƚŚĞŽƌĞƚŝĐĂůůǇ�
ďĞ� ůŝŶŬĞĚ�ƚŽ� ƚŚĞ�ĐŽƐƚ�ŽĨ�ĂĐƋƵŝƌŝŶŐ� ĐƌƵĚĞ�Žŝů� ;ŽĨ�ǀĂƌŝŽƵƐ�ƋƵĂůŝƚŝĞƐ�ĂŶĚ�ƉƌŽǀĞŶĂŶĐĞƐͿ͕� ƚƌĂŶƐƉŽƌƚŝŶŐ� ŝƚ� ;ǀŝĂ�
ƉŝƉĞůŝŶĞƐ�Žƌ� ƚĂŶŬĞƌƐ͕�ŽĨƚĞŶ�ĨƌŽŵ�ĂďƌŽĂĚͿ� ƚŽ� ƚŚĞ�ƚƌĂŶƐĨŽƌŵĂƚŝŽŶ�ƉŽŝŶƚ͕� ƐƚŽƌŝŶŐ� ŝƚ͕� ƌĞĮning it, storing the 
ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�ĂŶĚ�ĚŝƐƚƌŝďƵƚŝŶŐ�ƚŚĞƐĞ�ƉƌŽĚƵĐƚƐ�ƚŽ�Ă�ŵǇƌŝĂĚ�ŽĨ�ĐŽŶƐƵŵƉƚŝŽŶ�ƉŽŝŶƚƐ͕�ǁŚŝĐŚ�ŵĂǇ�ďĞ�ůŽĐĂƚĞĚ�
abroad as well.  Such calculations might be feasible if all the relevant information were publicly available 
and easily accessible.  As this is not usually the case, researchers investigate the linkages empirically using 
ŵŽĚĞůƐ�ĞƐƚŝŵĂƚĞĚ�ǁŝƚŚ�ĚĂƚĂ�ĨŽƌ�ƚŚĞ�ŵŽƐƚ�ĐŽŵŵŽŶůǇ�ƚƌĂĚĞĚ�ĐƌƵĚĞ�ŽŝůƐ�ĂŶĚ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ͘� 
 
The subject of the paper is important because return volatilities and correlĂƚŝŽŶƐ�ŽĨ�ĐƌƵĚĞ�Žŝů�ĂŶĚ�ƌĞĮŶĞĚ�
products are key inputs to macroeconomic models, option pricing models, investment portfolio 
construction, and hedging and risk management practices inter alia.  These practices are of particular 
ƐŝŐŶŝĮĐĂŶĐĞ� ƚŽ� ƚŚĞ� ƌĞĮŶŝŶŐ� ŝŶĚƵƐƚƌǇ͕� ǁŚŝĐŚ� ĨŽƌŵƐ� ƚŚĞ� ŶĞǆƵƐ� ďĞƚǁĞĞŶ� ĐƌƵĚĞ� Žŝů� ƉƌŽĚƵĐƚŝŽŶ� ĂŶĚ� ĮŶĂů�
ĐŽŶƐƵŵƉƚŝŽŶ�ĂŶĚ�ǁŚŝĐŚ�ŝƐ�ĞǆƉŽƐĞĚ�ƚŽ�ƌŝƐŬƐ�ĨƌŽŵ�ƚŚĞ�ƐƵƉƉůǇ�ĂŶĚ�ĚĞŵĂŶĚ�ƐŝĚĞƐ of the marketplace. 
 
Data and Models 
 
The paper estimates ϰϴ� ĚŝĨĨĞƌĞŶƚ� D'�Z�,� ŵŽĚĞůƐ� ƵƐŝŶŐ� ĚĂŝůǇ� ƐƉŽƚ� ƉƌŝĐĞ� ƌĞƚƵƌŶƐ� ŽŶ� ĐƌƵĚĞ� Žŝů� ;�KͿ͕�
ĐŽŶǀĞŶƚŝŽŶĂů� ŐĂƐŽůŝŶĞ� ;�'Ϳ� ĂŶĚ� ŚĞĂƚŝŶŐ� Žŝů� ;,KͿ� ĨƌŽŵ� ϭ� :ƵŶĞ� ϭϵϵϯ� ƚŽ� ϭ� :ƵŶĞ� ϮϬϭϴ� ĨƌŽŵ� ƚŚĞ� �ŶĞƌŐǇ�
/ŶĨŽƌŵĂƚŝŽŶ��ĚŵŝŶŝƐƚƌĂƚŝŽŶ�;�/�Ϳ�ŽĨ�ƚŚĞ�h.S. Department of Energy.  The daily return is calculated as the 
ĚŝīĞƌĞŶĐĞ�ŝŶ�ƚŚĞ�ůŽŐĂƌŝƚŚŵŝĐ�ĐůŽsing price.  
 
�ǆĂŵŝŶŝŶŐ�ƚŚĞ�ĚĂƚĂ͕�ŝƚ�ŝƐ�ŽďƐĞƌǀĞĚ�ƚŚĂƚ�ƚŚĞ�ĂǀĞƌĂŐĞ�ĚĂŝůǇ�ƌĞƚƵƌŶƐ�ĂƌĞ�ǀĞƌǇ�ƐŵĂůů�ĐŽŵƉĂƌĞĚ�ƚŽ�ƚŚĞ�ƐĂŵƉůĞ�
standard deviations.  dŚĞ�ƌĞƚƵƌŶƐ�ĚŝƐƉůĂǇ�ƐŽŵĞ�ĞǀŝĚĞŶĐĞ�ŽĨ�ƐŬĞǁŶĞƐƐ�ĂŶĚ�ĞǆĐĞƐƐ�ŬƵƌƚŽƐŝƐ�;ĚĞǀŝĂƚŝŽŶ�ĨƌŽŵ�
ŶŽƌŵĂůŝƚǇͿ͘� More importantly for the present purposes, the correlogram and the Ljung–�Žǆ�Y�ƐƚĂƚŝƐƚŝĐ�ĨŽƌ�
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serial correlation of the squared returns suggests a very strong degree of persistence in all volatility series, 
consistently with a long-memory decay rate.  The latter is confirmed by estimating semi-parametrically 
for each series the long-memory parameter d ƵƐŝŶŐ�ƚŚĞ�ůŽĐĂů�tŚŝƚƚůĞ�ĞƐƚŝŵĂƚŽƌ�ŽĨ�ZŽďŝŶƐŽŶ�;ϭϵϵϱͿ�ǁŝƚŚ�
bandwidth m = 100 and no trimming.  dŽ�ĂĐĐŽƵŶƚ�ĨŽƌ�ƐĞƌŝĂů�ĐŽƌƌĞůĂƚŝŽŶ�ŝŶ�ƚŚĞ�ĚĂƚĂ͕�ǁĞ�Įƚ�Ă�s�Z;ƉͿ�ŵŽĚĞů�
ƚŽ� ƚŚĞ� ƌĞƚƵƌŶƐ� ĨŝŶĚŝŶŐ� ƚŚĂƚ� Ă� s�Z;ϭͿ� ƉĂƌĂŵĞƚĞƌŝǌĂƚŝŽŶ� ƐƵĨĨŝĐĞƐ� ƚŽ� ĂĐĐŽƵŶƚ� ĨŽƌ� ƚŚĞ� ĐŽŶĚŝƚŝŽŶĂů� ŵĞĂŶ�
dynamics of the series.  dŚĞƌĞ�ŝƐ�ŶŽ�ĞǀŝĚĞŶĐĞ�ŽĨ�ƐƉŝůůŽǀĞƌ�ĞīĞĐƚƐ�ďĞƚǁĞĞŶ�ƚŚĞ�ŵĞĂŶƐ�ƐĞƌŝĞƐ͘� 
 
Results 
 
In-ƐĂŵƉůĞ�ƌĞƐƵůƚƐ�ƐŚŽǁ�ƐƚƌŽŶŐ�ĞǀŝĚĞŶĐĞ�ŽĨ�'�Z�,-type dynamics, long-range dependence and leverage 
ĞīĞĐƚƐ�ŝŶ�ƚŚĞ�ŝŶĚŝǀŝĚƵĂů�ǀŽůĂƚŝůŝƚŝĞƐ͘  In terms of the multivariate structure, the data strongly support the 
hypothesis of dynamic conditional correlations. 
 
dŚĞ�ŵŽƐƚ�ŝŵƉŽƌƚĂŶƚ�ĨŝŶĚŝŶŐ�ŽĨ�ƚŚĞ�ƉĂƉĞƌ�ŝƐ�ƚŚĂƚ�ƚŚĞ�ƵƐĞ�ŽĨ�ŵƵůƚŝǀĂƌŝĂƚĞ�'�Z�,�ŵŽĚĞůƐ�with a long-memory 
significantly improves the out-of-sample forecasting accuracy of volatilities and correlations from the 
viewpoint of statistical loss functions and economic loss functions.  
 
hƐŝŶŐ� Ă� ĮǆĞĚ� ƌŽůůŝŶŐ�ǁŝŶĚŽǁ� ƐĐŚĞŵĞ͕� ƚŚĞ� ĂƵƚŚŽƌƐ� ĂƐƐĞƐƐ� ƚŚĞ� ϭ-, 5- and 20-day ahead out-of-sample 
ĨŽƌĞĐĂƐƚŝŶŐ�ĂĐĐƵƌĂĐǇ�ŽĨ�ƚŚĞ�ŵŽĚĞůƐ�ƵƐŝŶŐ�ĚŝĨĨĞƌĞŶƚ�ƐƚĂƚŝƐƚŝĐĂů�ĂƉƉƌŽĂĐŚĞƐ�ĂŶĚ�ĐƌŝƚĞƌŝĂ�;>ĂƵƌĞŶƚ�et al., 2012; 
,ĂŶƐĞŶ͕� ϮϬϬϱͿ͘� ^ŝŶĐĞ� ƚŚĞ� ƉƌŽĐĞƐƐĞƐ� ƵŶĚĞƌ� ƐƚƵĚǇ� ;ǀŽůĂƚŝůŝƚŝĞƐͿ� ĂƌĞ� ƵŶŽďƐĞƌǀĂďůĞͬůĂƚĞŶƚ͕� ƚŚĞ� ĂƵƚŚŽƌƐ�
consider varŝŽƵƐ�ŵĂƚƌŝǆ�ůŽƐƐ�ĨƵŶĐƚŝŽŶƐ�ǁŚŝĐŚ�ĂƌĞ�ƌŽďƵƐƚ�ƚŽ�ƚŚĞ�ĐŚŽŝĐĞ�ŽĨ�ƚŚĞ�ǀŽůĂƚŝůŝƚǇ�ƉƌŽǆǇ͘� Then they 
evaluate the models’ forecasting performance in an economically meaningful way by using the model 
ĨŽƌĞĐĂƐƚƐ�ĂƐ�ŝŶƉƵƚƐ�ƚŽ�ŽďƚĂŝŶ�sĂůƵĞ-at-Risk predictions.  
 
The results suggest that models with a long-memory decay rate surpass the short-memory counterparts 
ĨƌŽŵ� Ă� ƐƚĂƚŝƐƚŝĐĂů� ĂƐ� ǁĞůů� ĂƐ� ĂŶ� ĞĐŽŶŽŵŝĐ� ƉĞƌƐƉĞĐƚŝǀĞ� ĂŶĚ� ƚŚĞŝƌ� ƵƐĞ� ĐĂŶ� ƐŝŐŶŝĮĐĂŶƚůǇ� ŝŵƉƌŽǀĞ� ƚŚĞ�
assessment of oil market risk.  The sensitivity of the results tŽ�ƚŚĞ�ƐĂŵƉůĞ�ƉĞƌŝŽĚ�ƵŶĚĞƌ�ƐƚƵĚǇ�ŝƐ�ĞǆĂŵŝŶĞĚ�
by considering, in addition to the full sample, three sub-samples.  dŚĞ�ĮŶĚŝŶŐƐ�ŝŶĚŝĐĂƚĞ�ƚŚĂƚ�ŝƚ�ŝƐ�ƉĂƌƚŝĐƵůĂƌůǇ�
important to incorporate long-memory in the multivariate models when the period to be forecasted is a 
ƚƵƌďƵůĞŶƚ�;ĂƐ�ŽƉƉŽƐĞĚ�ƚŽ�ƚƌĂŶƋƵŝůͿ�ŽŶĞ͘� Finally, it is also shown that accounting for long-memory in the 
modeling tools is particularly important when the forecasting horizon is as lengthy as 21 days ahead. 
 
Conclusions  
 
dŚŝƐ�ƉĂƉĞƌ�ĂĚǀĂŶĐĞƐ�ƌĞƐĞĂƌĐŚ�ŽŶ�ƚŚĞ�ŵŽĚĞůŝŶŐ�ŽĨ�ĐƌƵĚĞ�Žŝů�ŵĂƌŬĞƚƐ�ĂŶĚ�ƚŚĞ�ŵĂƌŬĞƚƐ�ŽĨ�ƌĞĮŶĞĚ�ƉƌŽĚƵĐƚƐ�
by comparing the return volatility and correlation forecasts obtained from multivariate long-memory 
'�Z�,�ŵŽĚĞůƐ�ǁŝƚŚ�ƚŚŽƐĞ�ŽďƚĂŝŶĞĚ�ĨƌŽŵ�ƚŚĞ�ƐŝŵƉůĞƌ�ƐŚŽƌƚ-memory models that have been used thus far 
in the energy markets literature.  The results endorse the former and are particularly important for agents 
including ƌĞĮŶĞƌƐ�ĂŶĚ�Žŝů�ƚƌĂĚŝŶŐ�ĐŽŵƉĂŶŝĞƐ�ǁŚŽ�ŚĂǀĞ�ƌŝƐŬ�ĞǆƉŽƐƵƌĞƐ�ƚŽ�ďŽƚŚ�ƚŚĞ�ĐƌƵĚĞ�ĂŶĚ�ƌĞĮŶĞĚ�ƐŝĚĞƐ�
of the market.  Risk managers in such companies may consider the long-memory models advocated in this 
ƉĂƉĞƌ�ƚŽ�ŝŵƉƌŽǀĞ�ƚŚĞŝƌ�sĂůƵĞ-at-Risk forecasts and risk management practices. 
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