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Variation of acoustic energy at low frequencies across sudden
area expansions sustaining a subsonic flow

Renaud Gaudron∗, Juan Guzmán Iñigo† and Aimee S. Morgans‡
Imperial College London, UK

The acoustic energy balance of a sudden area expansion is known to be altered in the

presence of a mean flow. In this work, Ronneberger’s quasi-steady model describing the

acoustic response of a sudden area expansion sustaining a subsonic mean flow of arbitrary

Mach number is revisited using the acoustic absorption coefficient, shown to be a function of the

inlet Mach number 𝑀𝑢, cross section area ratio 𝜃, and upstream acoustic reflection coefficient

R𝑢. These analytical predictions are tested using a two-step numerical strategy, whereby the

mean flow variables are obtained using RANS simulations and the fluctuating variables are

computed using in-house Linearised Navier-Stokes Equations solvers. The agreement between

the analytical model and the numerical results is found to be excellent for all geometries, mean

flows, and acoustic boundary conditions investigated. The generation of acoustic energy by the

flow expansion is observed analytically and numerically for high Mach number flows undergoing

a slight sudden area increase for given acoustic boundary conditions. Conversely, it is found

that substantial acoustic energy damping occurs across sudden area expansions characterised

by a wide range of parameters (𝑀𝑢, 𝜃,R𝑢). Moreover, entropy and vorticity fluctuations are

found to be generated at the sudden area expansion but entropy fluctuations are shown to have a

negligible impact on the acoustic response of the area expansion at low and intermediate Mach

numbers. Finally, the analytical model is found to be reasonably accurate up to Helmholtz

numbers He ∼ 0.05− 0.1, corresponding to the frequency range of many industrial applications.

I. Introduction
The production and damping of acoustic energy across sudden cross section area expansions sustaining a subsonic

mean flow is of interest in many industrial applications. These range from predicting the noise of ventilation ducts [1]

and other industrial duct networks [2, 3] to assessing the efficiency of internal combustion engine exhaust silencers

[2, 4] and predicting the onset, growth and saturation of thermoacoustic modes in gas turbines [5, 6].
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The acoustic response of sudden area expansions sustaining a subsonic mean flow was originally described using

quasi-steady models [4, 7–9]. In these models, the conservation of mass, momentum, and energy are linearised and

integrated over a control volume enclosing the sudden area expansion. The mean flow in the downstream duct is either

assumed to expand [3, 4, 7, 9] or form a jet of constant width [8, 10]. Three types of waves may coexist in the presence

of a mean flow: acoustic waves, entropy waves and vorticity waves [11]. Acoustic waves are irrotational isentropic

waves propagating at the speed of sound [12, 13] while entropy and vorticity waves are respectively irrotational isobaric

and isentropic isobaric waves convected by the mean flow [11, 13]. These waves are independent in a steady uniform

flow but may interact with each other in more complex flows [9, 11, 14]. For instance, entropy and vorticity waves

are generated when acoustic waves impinge on a sudden area expansion with large-scale flow separation [4, 7, 9].

Ronneberger’s model is widely recognised as the most advanced quasi-steady model because it accounts for entropy and

vorticity wave generation, as well as the presence of a mean entropy jump, corresponding to a stagnation pressure loss,

across the area expansion [7, 9, 15].

Quasi-steady models describing the acoustic scattering at sudden area expansions are limited to relatively low

frequencies, and more recent investigations have aimed to include frequency-dependent effects [1, 16–20]. Vortex-sound

interactions were either described using a Wiener-Hopf technique with a Kutta condition applied at the rim of the

area expansion [1, 18, 21] or as a source/sink term in the wave equation, subsequently solved using Green’s functions

[16, 19, 20, 22]. Alternatively, the scattering of sound across sudden area expansions was modelled using a multimodal

method [17, 23]. These frequency-dependent models are notably more complex than their quasi-steady counterparts

and additional assumptions about the mean flow and/or fluctuating variables are usually required. For instance, the

generation of entropy waves across the area expansion is commonly neglected [1, 16–23] and the mean flow is sometimes

assumed to have a low Mach number [16, 19, 20, 22].

The acoustic scattering of sudden area expansions was also characterised experimentally at low and intermediate

Mach numbers [7, 9, 15, 16, 24, 25]. Ronneberger’s datasets date back to the 1960s-1980s but are still the most

comprehensive and are thus used in many recent numerical [26–28], analytical [17, 18], and experimental [29] studies.

Conversely, numerical investigations are relatively recent and based on either the CFD/SI approach [27, 30] or the

two-step CFD approach [26, 28, 31]. In the CFD/SI approach, the mean and fluctuating variables are obtained

simultaneously using URANS simulations [30] or Large-Eddy simulations [27]. The acoustic response of the sudden

area expansion is then extracted using System Identification (SI) techniques. In the two-step CFD approach, the mean

flow is first obtained using RANS simulations [28, 31] or Large-Eddy simulations [26]. The fluctuating variables are

then obtained using either a Linearised Navier-Stokes Equations (LNSE) solver [26, 28, 31] or a Linearised Euler

Equation (LEE) solver [26]. In theory, both approaches can be used to characterise the acoustic response of sudden
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area expansions containing a (subsonic) compressible mean flow. In practice, several numerical difficulties arise at

intermediate and high Mach numbers [28, 32], and the existing numerical studies focus on low Mach number flows only

[26–28, 30]. It was established in these numerical studies that the acoustic response of sudden area expansions is almost

frequency-independent at low Helmholtz numbers [26–28].

A subsonic flow passing through a sudden area contraction (or a slowly-varying area change) can be assumed to be

isentropic [4, 33, 34]. In that case, the production or damping of acoustic energy across the area change is negligible

[34]. Conversely, a subsonic flow going through a sudden area expansion is not isentropic because of large-scale flow

separation occurring at the rim of the area expansion [4, 9, 34]. Acoustic energy may then be damped or generated in

the shear layers and recirculation zones downstream of the area expansion. The amount of damping or generation can be

quantified using an acoustic energy balance [6, 35]. An expression for the acoustic energy balance in the presence of a

subsonic mean flow was first established for an homentropic irrotational flow [36]. The concept of acoustic energy

was then extended to non-uniform flows, and a corresponding expression for the acoustic energy balance was derived

[37]. This expression was further extended to arbitrary steady flows in a later article [14]. The source terms in a

macroscopic acoustic energy balance fully characterise the generation and damping of acoustic energy across any given

geometry. However, estimating these source terms is intricate because time-averaged surface and volume integrals

need to be computed [6, 38]. An alternative formalism based on the acoustic absorption coefficient can be used to

estimate these source/sink terms for a given geometry by either determining the acoustic energy generation/damping

potentiality [39, 40] or by directly computing the acoustic energy generation/damping for given acoustic boundary

conditions [6, 21, 22, 34].

The main objective of this study is to characterise the damping and generation of acoustic energy across sudden area

expansions sustaining a subsonic mean flow using analytical and numerical strategies. Both approaches are applied to a

variety of configurations covering a wide range of expansion ratios, subsonic Mach numbers (including high Mach

numbers), and acoustic boundary conditions. Section II contains the derivation of an analytical model predicting the

acoustic absorption coefficient of a sudden area expansion containing a subsonic flow. The mean and linearised jump

conditions across the area expansion are obtained by following Ronneberger’s quasi-steady approach and are then

combined with a generalised expression of the acoustic absorption coefficient obtained for arbitrary boundary conditions.

Numerical simulations based on the two-step CFD approach are then introduced in Sec. III to assess the accuracy of the

analytical model at low, intermediate, and high Mach numbers. The mean flow variables are first obtained using RANS

simulations. The fluctuating variables are then determined using in-house Linearised Navier-Stokes Equations solvers

with eddy viscosity, including for flow conditions at high Mach numbers for the first time. The flow and geometry

conditions giving rise to acoustic damping and generation are analysed. Finally, the impact of the Helmholtz number
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Fig. 1 Sketch representing a sudden area expansion sustaining a subsonic mean flow.

on the acoustic response of the area expansion is investigated numerically to assess the accuracy of the model as the

frequency is increased.

II. Quasi-steady analytical model
The scope of this work is limited to the absorption and generation of acoustic energy across an axisymmetric sudden

cross section area expansion sustaining a high-Reynolds number subsonic mean flow. The configuration considered is

sketched in Fig. 1. A perfect gas flows from left to right. Three reference locations are defined: 𝑥𝑢 (respectively 𝑥𝑑)

corresponding to the inlet (respectively outlet) of the geometry and 𝑥0 corresponding to the location where the cross

section area 𝐴 suddenly increases. Without loss of generality, 𝑥0 will be set to zero in the following derivations. The

subscripts 𝑢, 𝑑 and 0 are used to denote variables assessed at these reference locations. Each physical variable 𝑦 is then

decomposed into a mean 𝑦 and a fluctuating 𝑦′ variable such that 𝑦′ ≪ 𝑦, with the exception of velocity, where the

previous inequality is replaced by 𝑢′ ≪ 𝑐 where 𝑢′ is the velocity fluctuation and 𝑐 is the sound speed.

A. Mean flow

Axisymmetric sudden cross section area expansions containing a high-Reynolds number subsonic mean flow have

been characterised extensively using analytical models [41, 42], experiments [42–46], and numerical simulations

[42, 45, 47, 48]. The corresponding mean flow topology is thus well-known. First, large-scale flow separation occurs

at the rim of the sudden area expansion, thus forming a turbulent free shear layer. Recirculation zones are generated

between the walls and the shear layer, which bends towards the wall due to a slight pressure difference across it. At a

certain distance from the area expansion, the shear layer reattaches to the wall. This mean flow is not isentropic because

of viscous dissipation occurring in the shear layer and recirculation zones [4, 9].

Neglecting body forces, thermal conduction and thermal radiation, the mean conservation of mass, momentum and
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stagnation enthalpy are given by:

∇ · (𝜌 u) = 0 (1)

∇ · (𝜌 u ⊗ u) = −∇ 𝑝 (2)

∇ ·
(
𝜌 u 𝐻) = 0 (3)

where 𝜌, u, 𝑝, and 𝐻 are the mean density, mean velocity, mean pressure, and mean stagnation enthalpy respectively.

Following the typical procedure [9, 41], those conservation equations are then integrated over the control volume

corresponding to the region located between 𝑥𝑢 and 𝑥𝑑 , as represented in light blue in Fig. 1, thus yielding the following

dimensionless equations:

𝑀𝑑 Ξ = 𝛼𝜃𝑀𝑢 (4)

1 + 𝛾𝑀2𝑑 = 𝛼

(
1 + 𝜃𝛾𝑀2𝑢

)
(5)

1 − Ξ2 =
𝛾 − 1
2

(𝑀2𝑢 Ξ2 − 𝑀2𝑑) (6)

where 𝛾 is the adiabatic index, 𝑀𝑢 and 𝑀𝑑 are the inlet and outlet Mach numbers, 𝜃 = 𝐴𝑢/𝐴𝑑 is the cross section

area ratio, 𝛼 = 𝑝𝑢/𝑝𝑑 is the mean pressure ratio and Ξ = 𝑐𝑢/𝑐𝑑 is the mean sound speed ratio. Eqs. (4)-(6) are

obtained assuming that all mean flow variables are one-dimensional at 𝑥𝑢 and 𝑥𝑑 . Equation (5) is obtained by further

assuming that the mean pressure on the vertical wall (Σ) is equal to the mean pressure just before the area expansion

[3, 8, 9, 41]. This assumption will be discussed in Sec. III. Equations (4)-(6) can be solved numerically for any given set

of two dimensionless parameters, chosen here as 𝑀𝑢 and 𝜃, and are equivalent to those derived by Batchelor [41] and

Ronneberger [7, 9, 15].

B. Fluctuating variables

It is now assumed that acoustic waves and entropy waves are present on each side of the area expansion. Furthermore,

acoustic and entropy fluctuations are assumed to be plane waves for 𝑥 ≤ 𝑥𝑢 and 𝑥 ≥ 𝑥𝑑 respectively. In these two regions,

the Riemann invariant associated with the acoustic wave propagating in the flow direction (respectively opposite to the

flow direction) is denoted by 𝑓 (respectively 𝑔). It is assumed that the domain located between 𝑥𝑢 and 𝑥𝑑 is acoustically

and hydrodynamically compact, i.e. that the frequency is low enough such that wave propagation between 𝑥𝑢 and 𝑥𝑑 is

negligible. This assumption is also called the quasi-steady assumption. Under the previous assumptions, the upstream

acoustic pressure 𝑝′𝑢 and upstream acoustic velocity 𝑢′𝑢 are then simply expressed in terms of the corresponding Riemann

invariants 𝑓𝑢 and 𝑔𝑢 [49]. Similar expressions are also derived for 𝑝′𝑑 and 𝑢
′
𝑑
in terms of 𝑓𝑑 and 𝑔𝑑 . A link between the
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upstream and downstream variables is then established by considering the linearised conservation of mass, momentum

and stagnation enthalpy, given by:

∇ · (𝜌′ u + 𝜌 u′) = 0 (7)

∇ · (𝜌′ u ⊗ u + 𝜌 u′ ⊗ u + 𝜌 u ⊗ u′) = −∇ 𝑝′ (8)

∇ ·
(
𝜌′ u 𝐻 + 𝜌 u′ 𝐻 + 𝜌 u 𝐻 ′) = 0 (9)

where 𝜌′, u′, 𝑝′, and 𝐻 ′ are the density, velocity, pressure, and stagnation enthalphy fluctuations respectively. Those

equations are then rearranged, simplified, and integrated over the control volume corresponding to the region located

between 𝑥𝑢 and 𝑥𝑑 . This approach was introduced by Ronneberger in a series of works [7, 9, 15]. The common

assumption that the fluctuating pressure on (Σ) is equal to the fluctuating pressure just before the area expansion is used

to close the model [4, 8, 9]. This assumption will be discussed in Sec. III. The corresponding expressions are then

further simplified using Eqs. (4)-(6), thus leading to:



𝑓𝑑

𝑔𝑢

𝑠′
𝑑


=



𝛼(1 + 𝑀𝑑) 𝑀𝑑 (𝑀−1
𝑢 − 1) − 𝛼𝑀𝑑

𝛼(1 + 𝑀𝑑)2 𝑀𝑑Ξ(2 − 𝑀𝑢) − 𝛼 − 𝛼𝑀2
𝑑

𝛼(1 + 𝑀𝑑) Ξ2 (𝑀𝑢 − 1) 𝛼/(𝛾 − 1)



−1 

𝑀𝑑 (1 + 𝑀−1
𝑢 ) 𝛼(1 − 𝑀𝑑) − 𝑀𝑑

𝑀𝑑Ξ(2 + 𝑀𝑢) + 𝛼 − 𝛼(1 − 𝑀𝑑)2 − 𝑀𝑑𝑀𝑢Ξ

(1 + 𝑀𝑢)Ξ2 𝛼(𝑀𝑑 − 1) Ξ2/(𝛾 − 1)

︸                                                                                                                                  ︷︷                                                                                                                                  ︸
A



𝑓𝑢

𝑔𝑑

𝑠′𝑢


(10)

where 𝑠′
𝑗
= 𝑠′

𝑗
𝜌 𝑗𝑐

2
𝑗/𝑐𝑝 (for 𝑗 = 𝑢, 𝑑) re-scales the entropy fluctuations to have the same dimension as 𝑓 𝑗 and 𝑔 𝑗 , i.e.

Pa. Equation (10) fully describes the response of a sudden area expansion to incoming acoustic and entropy waves. The

focus of this study being on acoustic waves, 𝑠′𝑢 is further set to zero, but entropy waves are still generated at the sudden

area expansion, i.e. 𝑠′
𝑑
≠ 0 [4, 8]. In that case, the acoustic response of the sudden area expansion is fully characterised

by the Scattering Matrix (or S-matrix) S, corresponding to the first two rows and columns of A. The impact of incoming

entropy waves on the response of sudden area expansions has been investigated in separate works [31, 32].

C. Acoustic absorption coefficient

The acoustic absorption coefficient Δ corresponding to the region located between 𝑥𝑢 and 𝑥𝑑 is defined as[6, 21, 22]:

Δ = 1 −
|𝑊+

𝑑
| + |𝑊−

𝑢 |
|𝑊+

𝑢 | + |𝑊−
𝑑
| (11)

where𝑊±
𝑗
is the time-averaged surface-averaged acoustic energy flux associated with the wave propagating in the
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positive/negative direction at 𝑥𝑢 (for 𝑗 = 𝑢) or 𝑥𝑑 (for 𝑗 = 𝑑). The acoustic absorption coefficient compares the average

amount of acoustic energy entering and leaving the geometry. There is no outgoing acoustic energy on average for Δ = 1.

The relative amount of outgoing acoustic energy then increases as the acoustic absorption coefficient decreases, until it

becomes equal to the amount of incoming acoustic energy for Δ = 0. Finally, there is more acoustic energy leaving

the control volume than entering it on average for Δ < 0. A further decrease in the acoustic absorption coefficient

corresponds to proportionally more outgoing acoustic energy. There is a strong link between this definition of the

acoustic absorption coefficient and the notion of acoustic energy sink/source. The local time-averaged acoustic energy

balance at low frequencies is given by [14, 37]:

∇ · 𝐼 = −D (12)

where 𝐼 is the time-averaged acoustic energy flux andD is the time-averaged acoustic energy sink per unit volume (which

can be a source if D < 0). In this study, D is defined using Myers’ approach [14] and contains terms corresponding to

the conversion of sound into mean and perturbed vorticity only. When integrated over the control volume corresponding

to the light blue region in Fig. 1, Eq. (12) shows that characterising the acoustic energy source/sink between 𝑥𝑢 and 𝑥𝑑

or the time-averaged surface-averaged acoustic energy fluxes at 𝑥𝑢 and 𝑥𝑑 is fully equivalent. The acoustic absorption

coefficient can thus be used to determine if the sudden cross section area expansion acts as a source (Δ > 0) or a

sink (Δ < 0) of acoustic energy [6]. The acoustic absorption coefficient can also be used to quantify the strength of

the acoustic energy attenuation (or generation) across the area expansion. Physically, the corresponding surplus of

acoustic energy is extracted from the mean flow and/or from a different type of perturbation [11, 37]. The expressions

of the time-averaged surface-averaged acoustic energy fluxes in an arbitrary flow are available in the literature [14].

Equation (11) can thus be recast into the following equations by assuming that the flow is irrotational at 𝑥𝑢 and 𝑥𝑑 (but

not necessarily inside the domain)[6, 34]:

Δ = 1 − (1 + 𝑀𝑑)2 | 𝑓𝑑 |2 + 𝜃Ξ𝛼−1 (1 − 𝑀𝑢)2 |𝑔𝑢 |2

𝜃Ξ𝛼−1 (1 + 𝑀𝑢)2 | 𝑓𝑢 |2 + (1 − 𝑀𝑑)2 |𝑔𝑑 |2
(13a)

= 1 − (1 + 𝑀𝑑)2 |S12 + R𝑢 det S|2 + 𝜃Ξ𝛼−1 (1 − 𝑀𝑢)2 |S22 |2

𝜃Ξ𝛼−1 (1 + 𝑀𝑢)2 |R𝑢S22 |2 + (1 − 𝑀𝑑)2 |1 − R𝑢S21 |2
(13b)

= 1 − (1 + 𝑀𝑑)2 |S11 |2 + 𝜃Ξ𝛼−1 (1 − 𝑀𝑢)2 |S21 + R𝑑 det S|2

𝜃Ξ𝛼−1 (1 + 𝑀𝑢)2 |1 − R𝑑S12 |2 + (1 − 𝑀𝑑)2 |R𝑑S11 |2
(13c)

Equation (13a) shows that the variation of acoustic energy across the sudden area expansion depends on: 1) five

dimensionless parameters characterising the mean flow, and 2) the amplitudes of the Riemann invariants on each side

of the area expansion. Since the Riemann invariants at 𝑥𝑢 and 𝑥𝑑 are functions of the acoustic response of the area

expansion and its acoustic environment, Eq. (13a) shows that the acoustic absorption coefficient characterises both
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of them simultaneously. Equation (13a) generalises previous expressions obtained with more restrictive assumptions

[16, 20, 22]. Equation (13a) can also be expressed in terms of the coefficients of the Scattering Matrix and the upstream

acoustic pressure reflection coefficient R𝑢 = 𝑓𝑢/𝑔𝑢, corresponding to Eq. (13b), or the downstream acoustic pressure

reflection coefficient R𝑑 = 𝑔𝑑/ 𝑓𝑑 , corresponding to Eq. (13c). In this work, the upstream and downstream acoustic

reflection coefficients represent the impact of the elements placed upstream and downstream of the area expansion

and are not coefficients of the Scattering Matrix. Equations 13a)-Eq. (13c) are equivalent and can be obtained from

one another. For instance, Eq. (13c) can be obtained from Eq. (13b) by expressing R𝑢 as a function of R𝑑 using the

following characteristic equation:

S11S22R𝑢R𝑑 = (1 − S21R𝑢) (1 − S12R𝑑) (14)

More details about the derivations of Eqs. (13a)-(13c) can be found in [6, 34]. Combining Eqs. (4)-(6) with Eq. (10)

and Eq. (13b) - or equivalently Eq. (13c) -, the acoustic absorption coefficient of an area expansion is shown to be a

function of three independent parameters: two dimensionless numbers characterising the mean flow and a boundary

acoustic reflection coefficient. The inlet Mach number 𝑀𝑢, cross section area ratio 𝜃 and upstream acoustic reflection

coefficient R𝑢 will be used in the remainder of this study.

Previous studies used the Scattering Matrix to determine the extremal values of the ratio of the dissipated/generated

acoustic energy over the incident acoustic energy for all possible acoustic boundary conditions [39]. The corresponding

criterion depends solely on the properties of the acoustic element but does not give a quantitative estimate of the amount

of acoustic energy dissipated for given acoustic boundary conditions. The approach presented in this study is different

as it provides the exact amount of acoustic energy dissipation/generation (with respect to the incident acoustic energy)

for given acoustic boundary conditions but does not analyse the potential for acoustic energy dissipation/generation over

all possible acoustic states.

Explicit expressions for the acoustic absorption coefficient in the low Mach number regime can be derived by

neglecting terms of order higher than 𝑀𝑢 in Eqs. (4)-(6), Eq. (10), and Eqs. (13b)-(13c), thus yielding:

Δ =
4𝜃 (𝜃 − 1)2
(𝜃 + 1)

|R𝑢 − 1|2
|R𝑢 + 1|2 + 𝜃 |R𝑢 − 1|2

𝑀𝑢 (15a)

=
4(𝜃 − 1)2
(𝜃 + 1)

|1 − R𝑑 |2
𝜃 |1 + R𝑑 |2 + |1 − R𝑑 |2

𝑀𝑢 (15b)

Equations (15a)-(15b), which can be used interchangeably, predict that the acoustic absorption coefficient initially
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Fig. 2 Acoustic absorption coefficient of a sudden area expansion as a function of the modulus (y-axis) and
phase (x-axis) of the upstream acoustic reflection coefficient for three different upstream Mach numbers and
cross section area ratios. (Top) 𝜃 = 0.01. (Center) 𝜃 = 0.1. (Bottom) 𝜃 = 0.5. (Left) 𝑀𝑢 = 0.1. (Middle) 𝑀𝑢 = 0.5.
(Right) 𝑀𝑢 = 0.9. Point A corresponds to (𝑀𝑢 = 0.9, 𝜃 = 0.1, R𝑢 = −0.59). Point B corresponds to (𝑀𝑢 = 0.9,
𝜃 = 0.5, R𝑢 = 0.39). Acoustic energy is generated for Δ < 0 corresponding to a blue hue.

increases linearly with the upstream Mach number. In the absence of a mean flow, the acoustic absorption coefficient

becomes zero since the damping and generation of acoustic energy across the area expansion comes from the coupling

between the acoustic waves and vortical waves that are convected by the mean flow [16, 21, 28, 50]. Another mechanism

that could lead to a non-zero acoustic absorption coefficient in the absence of a mean flow is acoustically excited vortex

shedding. This phenomenon is negligible here because of viscous effects at the rim of the area expansion and because

the amplitude of perturbations is assumed to be small enough [51, 52]. The deviation between the acoustic absorption

coefficient predicted by the general model, given by Eqs. (4)-(6), Eq. (10), and Eq. (13b) and the low Mach number

approximation, given by Eq. (15a) was found to be remain lower than 0.06 in the low Mach number regime (𝑀𝑢 < 0.1)

whatever 𝜃 and R𝑢, thus validating Eqs. (15a)-(15b).

D. Effect of the acoustic reflection coefficient

The impact of the modulus and phase of the upstream acoustic reflection coefficient on the acoustic absorption

coefficient is investigated in Fig. 2. The mean flow and acoustic response of the area expansion are described using

Eqs. (4)-(6) and Eq. (10) respectively. The acoustic absorption coefficient is then computed using Eq. (13b). Nine

different cases are retained, corresponding to a large (𝜃 = 0.01), medium (𝜃 = 0.1) and small (𝜃 = 0.5) area expansion

sustaining a low (𝑀𝑢 = 0.1), moderate (𝑀𝑢 = 0.5) or high (𝑀𝑢 = 0.9) Mach number flow. The values of the acoustic
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absorption coefficient depicted in Fig. 2 are symmetric with respect to 𝜑R𝑢
= 𝜋. This observation is due to the symmetry

properties of Eq. (13b) for real-valued Scattering Matrices.

Figure 2 demonstrates that the acoustic absorption coefficient is close to zero for 𝑀𝑢 = 0.1 whatever the cross section

area ratio and upstream reflection coefficient. As the Mach number increases, the impact of the reflection coefficient

becomes progressively more important. At high Mach numbers, the upstream reflection coefficient determines if the

incoming acoustic energy is partially damped (0 < Δ < 1), entirely damped (Δ = 1), or even amplified (Δ < 0) across

the area expansion, as can be seen for instance in Fig. 2-(Bottom Right), corresponding to 𝜃 = 0.5 and 𝑀𝑢 = 0.9. A

region where the absorption coefficient is close to unity is found for moderate-to-high Mach numbers and for phases

of the upstream reflection coefficient close to 𝜋. For instance, Δ = 0.994 for 𝜃 = 0.1, 𝑀𝑢 = 0.9 and R𝑢 = −0.59,

corresponding to Point A in Fig. 2-(Center Right). Conversely, a region where the absorption coefficient is negative

is observed for small area expansions sustaining a high Mach number flow and for phases of the upstream reflection

coefficient close to 0. For instance, Δ = −0.079 for 𝜃 = 0.5, 𝑀𝑢 = 0.9 and R𝑢 = 0.39, corresponding to Point B in

Fig. 2-(Bottom Right). The analytical model thus predicts that small area expansions will generate acoustic energy,

and thus whistle, in the high Mach number regime for specific acoustic boundary conditions. Conversely, large area

expansions with 𝜃 ≪ 1 are not prone to whistling according to the model.

III. Numerical simulations
The predictions according to the quasi-steady analytical model described in Sec. II will now be compared against

numerical simulations for a large (𝜃 = 0.01), medium (𝜃 = 0.1) and small (𝜃 = 0.5) area expansion sustaining a low

(𝑀𝑢 = 0.1), moderate (𝑀𝑢 = 0.5) and high (𝑀𝑢 = 0.9) Mach number flow. The mean flow variables have a significant

impact on the acoustic response of the area expansion [25, 28] and it is thus essential to accurately capture the mean flow

topology. On the other hand, the fluctuating variables are much smaller than the mean flow variables [2, 49, 53] and their

influence on the mean flow topology can thus be neglected [28, 31, 54, 55]. As a consequence, a two-step CFD approach

where the mean and fluctuating variables are determined sequentially will be used in this study. For each case, the mean

flow variables are first obtained using a 3D Reynolds-Averaged Navier–Stokes (RANS) compressible solver with a 𝑘 −𝜔

SST turbulence model. The fluctuating variables are then determined using two in-house Linearised Navier-Stokes

Equations (LNSE) solvers (with and without acoustic-entropy coupling). The numerical acoustic absorption coefficient

is finally computed using both the mean and linearised flow simulations.
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𝜽

0.01 0.1 0.5

0.1 5.80 × 105 1.39 × 105 2.67 × 104

Mu 0.5 5.79 × 105 1.35 × 105 2.52 × 104

0.9 5.76 × 105 1.27 × 105 2.19 × 104
Table 1 Reynolds number Re𝐻 based on the step height for each configuration of interest.

A. Mean flow simulations

The first step is to obtain the mean flow for all nine configurations of interest. To this end, the compressible RANS

equations are solved with the finite volume solver OpenFOAM version 7 [56]. Steady-state variables are obtained using

a SIMPLE algorithm. The effects of turbulence are described using a 𝑘 − 𝜔 shear-stress-transport (SST) turbulence

model, well-adapted to wall-bounded flows [57].

The computational domain is a sequence of two concentric cylindrical wedges with a 5◦ angle. A single cell is used

in the transverse direction and appropriate boundary conditions are applied on the associated walls, which makes the

geometry 2D axisymmetric. Each duct has an axial extent of 50𝐷𝑢 where 𝐷𝑢 is the diameter of the upstream duct. The

diameter of the downstream duct is obtained from 𝐷𝑢 and 𝜃. The inlet (respectively outlet) is located at the extremity

of the leftmost (respectively rightmost) duct. A uniform velocity profile corresponding to the desired Mach number

is prescribed at the inlet. A constant temperature 𝑇 = 273 K and a zero-gradient condition for the pressure are also

prescribed at the inlet. Conversely, a constant pressure 𝑝 = 1.013 × 105 Pa and a zero-gradient condition for the velocity

are imposed at the outlet. A slip boundary condition is applied on the lateral wall of the upstream duct, along with a

zero-gradient condition for the temperature and pressure. This ensures that the mean flow variables remain uniform

in the upstream duct, which greatly simplifies the post-processing procedure with negligible impact on numerical

results at low frequencies, as demonstrated in a separate work [32]. Finally, a no-slip boundary condition along with a

zero-gradient condition for the temperature and pressure is prescribed on all remaining boundaries. A structured mesh

consisting of hexahedral elements is optimised for each set of upstream Mach number and cross section area ratio. The

number of cells is comprised between 72, 400 and 604, 500 depending on the exact configuration, with more cells close

to the area expansion, shear layer, and boundary layer in the downstream duct. Each mesh is designed such that 𝑦+ < 1

at the downstream no-slip walls to fully resolve the viscous sublayer.

The Reynolds numbers Re𝐻 = 𝜌𝑢𝑢𝑢𝐻/𝜇 based on the step height 𝐻 = (𝐷𝑑 − 𝐷𝑢)/2 are summarised in Tab. 1 for

each configuration of interest. These Reynolds numbers are comparable to those of previous studies [42, 44–46, 58]

and are high enough for the distance to reattachment to be independent of Re [43, 46, 59]. Moreover, these Reynolds
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Fig. 3 Local Mach number for an upstream Mach number 𝑀𝑢 = 0.5 and for various cross section area ratios.
(A) 𝜃 = 0.5. (B) 𝜃 = 0.1. (C) 𝜃 = 0.01. Streamlines are represented in black.

numbers ensure that the mean flow topology is the same for all nine cases. This is clearly visible in Fig. 3 which shows

the local Mach number and associated streamlines for the large, medium, and small area expansions and for an upstream

Mach number 𝑀𝑢 = 0.5. Similar figures are obtained for lower 𝑀𝑢 = 0.1 and larger 𝑀𝑢 = 0.9 Mach numbers. For all

nine cases, the turbulent shear layer first detaches from the rim of the sudden area expansion and grows in the axial

direction by entraining fluid from both the potential core and the outer recirculation bubbles. The shear layer slightly

bends towards the wall due to a small pressure difference between the potential core and the recirculation bubbles,

until it finally reattaches at a certain distance 𝑥 𝑓 from the area expansion. The dimensionless distance to reattachment

𝑥 𝑓 /𝐻 is equal to 10.24 (respectively 9.75) for 𝜃 = 0.1 (respectively 𝜃 = 0.5), which is in good agreement with previous

experimental studies [42, 44–46, 58]. For the largest area expansion with 𝜃 = 0.01, the reattachment distance is found to

be 𝑥 𝑓 /𝐻 = 6.54. These distances are unchanged for lower 𝑀𝑢 = 0.1 or larger 𝑀𝑢 = 0.9 Mach numbers.

The mean flow velocity, pressure, temperature, density, turbulent kinetic energy and specific rate of dissipation

are further represented in Fig. 4 for the medium area expansion (𝜃 = 0.1) sustaining a moderate Mach number flow

(𝑀𝑢 = 0.5). The mean temperature (respectively the mean density) suddenly increases (respectively decreases) across

the shear layer. This is due to an increase in the mean entropy across the shear layer, which is itself due to viscous

dissipation [60]. Conversely, the mean pressure slowly recovers after the area expansion over a distance of about 15𝐷𝑢,

roughly corresponding to the length of the recirculation bubble.
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Fig. 4 Mean flow variables for an upstream Mach number 𝑀𝑢 = 0.5 and a cross section area ratio 𝜃 = 0.1.
(A) Magnitude of the mean velocity in m/s and associated streamlines. (B) Mean pressure in Pa. (C) Mean
temperature in K. (D) Mean density in kg/m3. (E) Turbulent kinetic energy in m2/s2. (F) Specific rate of
dissipation in 1/s. 13



𝜽

0.01 0.1 0.5

0.1 1.0000 1.0000 1.0001
Mu 0.5 1.0006 1.0008 1.0015

0.9 1.0025 1.0029 1.0066
Table 2 Numerical values of 𝐾 = 𝑝𝑢/𝑝𝑏 for each configuration of interest.

The quasi-steady analytical model presented in Sec. II is based on the assumption that the pressure acting on the

backplate is equal to the pressure just before the area expansion [3, 8, 9, 41]. The accuracy of this typical assumption

will now be investigated. For all nine configurations, the mean pressure at 𝑥/𝐷𝑢 = −0.5 is extracted from the RANS

simulations and averaged over the cross section area. The same operation is performed for the backplate pressure

and the ratio 𝐾 = 𝑝𝑢/𝑝𝑏 is computed for each configuration. The corresponding results are summarised in Tab. 2.

The difference between the mean pressure at 𝑥/𝐷𝑢 = −0.5 and the mean backplate pressure is negligible for a large

area expansion with 𝜃 = 0.01 sustaining a low Mach number flow with 𝑀𝑢 = 0.1. This difference then increases

for increasing upstream Mach numbers 𝑀𝑢 and cross section area ratios 𝜃 but remains lower than 0.7% for all cases

investigated. The assumption that the backplate pressure is equal to the upstream pressure just before the area expansion

is therefore validated. It is also worth noting that 𝐾 is slightly larger than one for all cases investigated, which is

consistent with the presence of a curved shear layer attributed to a slight pressure deficit in the recirculation bubbles.

The predictions according to the mean conservation equations introduced in Sec. II.A are now compared with

the numerical results obtained from RANS simulations. The upstream (respectively downstream) numerical flow

field variables are assessed at 𝑥/𝐷𝑢 = −20 (respectively 𝑥/𝐷𝑢 = +40) and averaged over the cross section area. The

numerical values of the downstream Mach number 𝑀𝑑 , mean pressure ratio 𝛼 and mean sound speed ratio Ξ are then

computed. Equations (4)-(6) are solved for the same cross section area ratios and for upstream Mach numbers spanning

from 0 to 1. Figure 5 depicts the evolution of 𝑀𝑑 , 𝛼 and Ξ with the upstream Mach number 𝑀𝑢 for these different cross

section area ratios. The match between the analytical predictions and the numerical simulations is excellent for the large

(𝜃 = 0.01) and medium (𝜃 = 0.1) area expansions whatever the upstream Mach number and for the narrow (𝜃 = 0.5)

area expansion with low-to-moderate upstream Mach numbers (𝑀𝑢 ≤ 0.5). For the narrow area expansion with a high

upstream Mach number (𝑀𝑢 = 0.9), the match is still good with a deviation between the numerical simulations and the

analytical model of about 5% (respectively ≤ 1.5%) for 𝛼 (respectively 𝑀𝑑 and Ξ). The portion of the analytical model

describing the evolution of the mean flow variables is thus validated for the wide range of expansion ratios and Mach

numbers investigated in this study.
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Fig. 5 Downstream Mach number (Left), mean sound speed ratio (Middle) and mean pressure ratio (Right)
as functions of the upstream Mach number for three different cross section area ratios. (Blue) 𝜃 = 0.01. (Red)
𝜃 = 0.1. (Green) 𝜃 = 0.5. The solid lines represent the predictions according to Eqs. (4)-(6) while the dots
represent the numerical values.

B. Linearised flow simulations

The acoustic response of all nine area expansions is then investigated numerically using two in-house Linearised

Navier-Stokes Equations (LNSE) solvers: the coupled solver accounts for the coupling between acoustic and entropy

fluctuations while the uncoupled solver assumes that these perturbations are decoupled. Both solvers are 2D axisymmetric

compressible solvers in the frequency domain based on second-order Finite Elements. A density-weighted triple

decomposition, well adapted to the study of turbulent compressible flows, is employed for both solvers [61]. High-Mach

number linearised flow simulations are made possible by the use of a 𝑘−𝜔 SST turbulence model. Turbulence is assumed

to be unaffected by deterministic fluctuations such that the eddy viscosity is equal to the value obtained for the mean flow.

The linearised conservation of energy is solved in addition to the linearised conservation of mass and momentum in the

coupled solver. Entropy fluctuations may thus be generated or damped inside the domain in that case. Conversely, the

linearised conservation of energy is replaced by the expression 𝐷𝑠′/𝐷𝑡 = 0 in the uncoupled solver. Entropy fluctuations

may be convected through the domain but may not be generated or damped in that case. Used jointly, the coupled

and uncoupled solvers can thus be used to assess the impact of entropy fluctuations on the acoustic response of area

expansions. A Galerkin/Least-Squares formulation (G/LS) is also employed for both solvers. The Least-Squares (LS)

method is used to stabilise the solvers as per previous studies [26, 62, 63]. The incoming Riemann invariants at the inlet

and outlet can be set to any complex value. More information about these solvers and their validation can be found in [32].

The 2D computational domain is a sequence of two rectangles corresponding to the planar projection of the domain

employed for the mean flow simulations. Three unstructured meshes consisting of about 400, 000 triangular elements

are optimised for each cross section area ratio 𝜃. More elements are used close to the backplate, separation point, and

boundary layer in the downstream duct. The same mesh is employed for all inlet Mach numbers 𝑀𝑢 for a given geometry.

The normal velocity fluctuations (respectively all components of the velocity fluctuations) are set to zero on the upsteam
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lateral wall (respectively on the remaining walls). The acoustic boundary condition is set in terms of incoming Riemann

invariants at the inlet and outlet of the computational domain. The inlet is located at 𝑥/𝐷𝑢 = −20 while the outlet

is located at 𝑥/𝐷𝑢 = +40. Any arbitrary acoustic reflection coefficient located just before (R𝑢) or just after (R𝑑) the

area expansion may be obtained by properly choosing these incoming Riemann invariants at the inlet and outlet of the

computational domain. The Helmholtz number based on the radius of the upstream duct is set to He = 0.007 for all runs

unless otherwise stated. This ensures that the sudden area expansion is acoustically and hydrodynamically compact (for

the range of Mach numbers investigated in this study). Finally, the incoming entropy 𝑠′𝑢 and vorticity 𝛀′
𝑢 fluctuations

are both set to zero for all runs.

The magnitude of the fluctuating pressure, velocity, entropy, and vorticity is represented in Fig. 6 for 𝑀𝑢 = 0.5 and

𝜃 = 0.1 according to the coupled solver. The associated Riemann invariant at the inlet (respectively outlet) is 𝑓 = 100 Pa

(respectively 𝑔 = 0 Pa). Figure 6 shows that plane waves are essentially recovered at a downstream distance 𝑥/𝐷𝑢 ∼ 20.

This result was checked to hold for other inlet Mach numbers and acoustic boundary conditions but depends on the

cross section area ratio. Furthermore, the pressure fluctuations are continuous across the sudden area expansion, as

expected from the literature [8, 9, 30]. This observation, which holds for all cases explored, validates the assumption

that the pressure fluctuations on the backplate and just before the area expansion are equal. Figure 6 also confirms that

both entropy and vorticity fluctuations are generated by acoustic waves impinging on a sudden area expansion sustaining

a subsonic flow [4, 7, 9]. When the uncoupled LNSE solver is employed, vorticity fluctuations are still generated

across the area expansion, but not entropy fluctuations since the linearised conservation of energy is not solved in that case.

The coupled and uncoupled LNSE simulations are then used to extract the numerical S-matrix for all cases explored.

For each simulation, the two incoming Riemann invariants are imposed on each side of the domain. The complex

pressure wave in the upstream (respectively downstream) duct is then reconstructed for −18 ≤ 𝑥/𝐷𝑢 ≤ −5 (respectively

25 ≤ 𝑥/𝐷𝑢 ≤ 38) using the Multi-Microphone Method [64, 65] and propagated to the location of the sudden area

expansion. Since the S-matrix has four distinct coefficients, two simulations with independent acoustic boundary

conditions at the inlet/outlet are needed to reconstruct the S-matrix for each case and each solver [66–68].

The analytical S-matrix obtained following Ronneberger’s approach and the corresponding numerical results

according to the coupled and uncoupled solvers are represented in Fig. 7. The imaginary parts of the coefficients of the

S-matrix are at least two orders of magnitude smaller than the corresponding real parts and are thus neglected here. The

coefficients of the S-matrix according to the coupled and uncoupled solvers are equivalent for 𝑀𝑢 ≤ 0.5 whatever 𝜃.

Conversely, discrepancies between the results according to these two solvers can be observed for 𝑀𝑢 = 0.9, especially

when 𝜃 = 0.5. It is thus concluded that the acoustic response of the area expansion to incoming acoustic waves is not
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Fig. 6 Fluctuating variables for an upstream Mach number 𝑀𝑢 = 0.5, a cross section area ratio 𝜃 = 0.1 and
𝑓 = 100 Pa obtained using the coupled LNSE solver. (A) Magnitude of the fluctuating pressure in Pa. (B)
Magnitude of the fluctuating velocity in m/s. (C) Magnitude of the fluctuating entropy in J/(kg.K). (D) Magnitude
of the fluctuating vorticity in 1/s.
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Fig. 7 Coefficients of the S-matrix as functions of the upstream Mach number for three different cross section
area ratios. (Blue) 𝜃 = 0.01. (Red) 𝜃 = 0.1. (Green) 𝜃 = 0.5. The solid lines represent the analytical predictions.
The dots and crosses represent the numerical values obtained using the uncoupled and coupled LNSE solvers
respectively.

affected by entropy fluctuations at low and intermediate inlet Mach numbers. As the Mach number increases, entropy

fluctuations then have an increasingly large influence on the coefficients of the S-matrix. Figure 7 also demonstrates that

the agreement between the analytical S-matrix and the corresponding numerical results is excellent, especially with the

coupled solver.

The numerical acoustic absorption coefficient is now computed using Eq. (13b) along with the numerical S-matrices

according to the coupled and uncoupled solvers. The numerical acoustic absorption coefficient is also computed

directly from the incoming and outgoing Riemann invariants using Eq. (13a) for a number of mean flow parameters and

acoustic boundary conditions. Both approaches lead to the same value for the acoustic absorption coefficient (within

a small numerical tolerance) but the former is retained in this study. The numerical acoustic absorption coefficients

are represented in Fig. 8 as functions of the modulus and phase of the upstream acoustic reflection coefficient for all

nine cases of interest. The left (respectively right) plot in each subfigure represents the numerical results according

to the coupled (respectively uncoupled) solver. The numerical absorption coefficients according to the coupled and

uncoupled solvers are found to be equivalent for 𝑀𝑢 ≤ 0.5 whatever 𝜃. The damping of acoustic energy across

sudden area expansions is thus unaffected by the presence of entropy fluctuations at low and intermediate Mach

numbers. Conversely, for a medium (𝜃 = 0.1) or small (𝜃 = 0.5) area expansion with 𝑀𝑢 = 0.9, some deviations

appear between the acoustic absorption coefficients obtained with the coupled and uncoupled solvers. A notable
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Fig. 8 Numerical acoustic absorption coefficient of a sudden area expansion as a function of the modulus (y-axis)
and phase (x-axis) of the upstream acoustic reflection coefficient for three different upstream Mach numbers and
cross section area ratios. (Top) 𝜃 = 0.01. (Center) 𝜃 = 0.1. (Bottom) 𝜃 = 0.5. (Left) 𝑀𝑢 = 0.1. (Middle) 𝑀𝑢 = 0.5.
(Right) 𝑀𝑢 = 0.9. The left (respectively right) part of each subplot is obtained using the coupled (respectively
uncoupled) Linearised Navier-Stokes Equation solver. Acoustic energy is generated for Δ < 0 corresponding to a
blue hue.
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difference is found for R𝑢 ∼ 0.5, corresponding to a significant amount of acoustic energy generation across the

sudden area expansion according to the uncoupled solver while the coupled solver predicts a more limited amount

of acoustic energy generation. It is thus concluded that the presence of entropy fluctuations has a significant impact

on acoustic energy generation across sudden area expansions sustaining high Mach number flows. Furthermore, the

numerical results according to both the coupled and uncoupled solvers are in excellent agreement with the analytical

predictions at low and intermediate Mach numbers, as can be seen by comparing Fig. 2 with Fig. 8. At high Mach

numbers, the uncoupled solver fails because entropy fluctuations are not allowed to be generated inside the domain,

which violates the conservation of energy. The best match is thus obtained for the coupled solver at high Mach

numbers. The quasi-steady analytical model presented in Sec. II is thus validated for the wide range of geometries,

mean flow parameters and acoustic boundary conditions investigated in this study. This includes high subsonic Mach

numbers, which had not been investigated in previous studies. Finally, the presence of regions where Δ < 0 is

confirmed by these numerical simulations, which demonstrates that sudden area expansions may experience whistling

for specific sets of parameters (𝑀𝑢, 𝜃,R𝑢). Since there are no incoming entropy 𝑠′𝑢 and vorticity 𝛀′
𝑢 fluctuations in ei-

ther the analytical model or the LNSE simulations, this acoustic energy surplus is necessarily extracted from themean flow.

These observations can be used to design sudden area expansions with optimal damping properties. For large area

expansions with 𝜃 ≪ 1, a moderate or high Mach number flow will damp most of the acoustic energy for an upstream

acoustic boundary condition close to that of an open end (R𝑢 ∼ −1). For small sudden area expansions with 𝜃 ∼ 1, a

high Mach number flow is required to obtain a similar amount of acoustic energy damping. In that case, the upstream

acoustic reflection coefficient must be considered carefully as acoustic energy generation will occur for specific ranges

of R𝑢.

C. Linearised flow simulations at finite frequencies

The quasi-steady analytical model used in this work has been validated numerically for a very low Helmholtz

number He = 0.007 but its applicability at higher frequencies is also of interest. Consequently, the S-matrices of a

large (𝜃 = 0.01), medium (𝜃 = 0.1) and small (𝜃 = 0.5) area expansion sustaining a moderate (𝑀𝑢 = 0.5) Mach number

flow are determined using the coupled LNSE solver for increasingly large Helmholtz numbers and compared with the

quasi-steady analytical predictions. Since the value of the inlet Mach number is prescribed for all simulations presented

in this section, the Strouhal and Helmholtz numbers can be used interchangeably, but the latter is used here. It should be

noted that the coefficients of the S-matrices become complex as the frequency is increased [9, 25, 27]. Figures 9-10

represent the moduli and phases of the four coefficients of these S-matrices as functions of the Helmholtz number. The

quasi-steady analytical predictions are depicted as arrows in these figures. Figures 9-10 demonstrate that the moduli and

phases of all four coefficients of the S-matrices remain close to their quasi-steady value for Helmholtz numbers up
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Fig. 9 Modulus of the coefficients of the S-matrix as functions of the Helmholtz number for three different cross
section area ratios and for 𝑀𝑢 = 0.5. (Blue) 𝜃 = 0.01. (Red) 𝜃 = 0.1. (Green) 𝜃 = 0.5. The dots represent the
numerical values obtained using the coupled solver. The arrows represent the quasi-steady analytical predictions.
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Fig. 10 Phase of the coefficients of the S-matrix as functions of the Helmholtz number for three different cross
section area ratios and for 𝑀𝑢 = 0.5. (Blue) 𝜃 = 0.01. (Red) 𝜃 = 0.1. (Green) 𝜃 = 0.5. The dots represent the
numerical values obtained using the coupled solver. The arrows represent the quasi-steady analytical predictions.
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to He ∼ 0.05 − 0.1, thus providing an upper validity limit for the quasi-steady analytical model. A large number of

industrial configurations, including exhaust systems [3, 4], engine intakes [3], and gas turbine combustors [5, 68] fall

under this frequency limit.

IV. Main conclusions
The acoustic energy balance of sudden cross section area expansions sustaining a high Reynolds number subsonic

mean flow is of interest to predict the thermoacoustic stability of gas turbines and the efficiency of car mufflers, among

others. The objective of this study was to investigate the damping and generation of acoustic energy across sudden

area expansions for a large spectrum of geometries, mean flows, and acoustic boundary conditions using numerical

tools as well as an analytical model based on Ronneberger’s quasi-steady approach. This was achieved by considering

the acoustic absorption coefficient Δ of various sudden area expansions, acoustic energy being generated (respectively

damped) for Δ < 0 (respectively Δ > 0). The analytical acoustic absorption coefficient was shown to be a function of

two mean flow parameters (e.g. the inlet Mach number 𝑀𝑢 and cross section area ratio 𝜃) and one acoustic boundary

condition (e.g. the upstream acoustic reflection coefficient R𝑢). The impact of the upstream reflection coefficient was

found to be increasingly important as the Mach number was increased. For small area expansions sustaining a high

Mach number flow, the acoustic absorption coefficient was found to range between slightly negative values (limited

acoustic energy generation, corresponding to a whistling configuration) to almost one (total acoustic energy damping)

depending on the specific value of R𝑢.

These analytical predictions were then examined using a two-step numerical stategy. Nine reference cases,

corresponding to a large (𝜃 = 0.01), medium (𝜃 = 0.1) and small (𝜃 = 0.5) area expansion sustaining a low (𝑀𝑢 = 0.1),

moderate (𝑀𝑢 = 0.5) and high (𝑀𝑢 = 0.9) Mach number flow were first defined. The mean flow variables corresponding

to these reference cases were then obtained using RANS simulations with a 𝑘 −𝜔 SST turbulence model. The mean flow

topology was found to be correctly captured by these RANS simulations. The mean pressure on the backplate and just

before the sudden area expansion were found to be the same within 0.7% for all cases investigated. Finally, the agreement

between the RANS simulations and the equations describing the mean flow in the model was found to be excellent. Two

in-house Linearised Navier-Stokes Equations solvers were then used to characterise the acoustic response of the area

expansion to incoming acoustic waves for all nine reference cases. A density-weighted triple decomposition along with

a 𝑘 − 𝜔 SST turbulence model were used in both solvers, thus making them well adapted to high-Mach number flow

simulations. Vorticity fluctuations were allowed to be generated and damped inside the domain in the coupled and

uncoupled solvers, but not entropy fluctuations, which were only allowed in the former. The Helmholtz number based

on the radius of the upstream duct was set to He = 0.007. The numerical results according to both solvers were found to
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be equivalent for 𝑀𝑢 ≤ 0.5 but not for 𝑀𝑢 = 0.9, thus indicating that the impact of entropy fluctuations on the acoustic

response of sudden area expansions becomes important at high Mach numbers. The agreement between the analytical

S-matrices and their numerical counterparts was found to be excellent for all parameters investigated, especially with

the coupled solver. The numerical acoustic absorption coefficient according to the coupled solver was also shown to be

in excellent agreement with the analytical model whatever (𝑀𝑢, 𝜃,R𝑢). It was also confirmed numerically that specific

values of R𝑢 lead to acoustic energy generation across small sudden area expansions sustaining a high Mach number

flow, thus indicating that these configurations are prone to whistling. The acoustic energy surplus is extracted from the

mean flow in that case. Conversely, large sets of parameters (𝑀𝑢, 𝜃,R𝑢) were found to be associated with considerable

amounts of acoustic energy damping across the area expansion. Finally, the damping and generation of acoustic energy

across sudden area expansions was investigated numerically as the Helmholtz number was increased. It was found that

the quasi-steady analytical model was accurate up to He ∼ 0.1, thus covering a broad range of industrial applications.
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