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Abstract

The Determinantal Assignment Problem (DAP) is one of the central problems of
Algebraic Control Theory and refers to solving a system of non-linear algebraic
equations to place the critical frequencies of the system to speci ed locations.
This problem is decomposed into a linear and a multi-linear subproblem and the
solvability of the problem is reduced to an intersection of a linear variety with the
Grassmann variety. The linear subproblem can be solved with standard methods
of linear algebra, whereas the intersection problem is a problem within the area
of algebraic geometry. One of the methods to deal with this problem is to solve
the linear problem and then nd which element of this linear space is closer -
in terms of a metric - to the Grassmann variety. If the distance is zero then a
solution for the intersection problem is found, otherwise we get an approximate
solution for the problem, which is referred to as the approximate DAP.

In this thesis we examine the second case by introducing a number of new tools
for the calculation of the minimum distance of a given parametrized multi-vector
that describes the linear variety implied by the linear subproblem, from the Grass-
mann variety as well as the decomposable vector that realizes this least distance,
using constrained optimization techniques and other alternative methods, such as
the SVD properties of the so called Grassmann matrix, polar decompositions and
other tools. Furthermore, we give a number of new conditions for the appropri-
ate nature of the approximate polynomials which are implied by the approximate
solutions based on stability radius results.

The approximate DAP problem is completely solved in the 2-dimensional case
by examining uniqueness and non-uniqueness (degeneracy) issues of the decom-
positions, expansions to constrained minimization over more general varieties
than the original ones (Generalized Grassmann varieties), derivation of new in-
equalities that provide closed-form non-algorithmic results and new stability radii
criteria that test if the polynomial implied by the approximate solution lies within
the stability domain of the initial polynomial. All results are compared with the
ones that already exist in the respective literature, as well as with the results
obtained by Algebraic Geometry Toolboxes, e.g., Macaulay 2. For numerical im-
plementations, we examine under which conditions certain manifold constrained
algorithms, such as Newton’s method for optimization on manifolds, could be
adopted to DAP and we present a new algorithm which is ideal for DAP approx-
imations. For higher dimensions, the approximate solution is obtained via a new
algorithm that decomposes the parametric tensor which is derived by the system
of linear equations we mentioned before.
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Chapter 1

Introduction

Control methodologies are central in the development of engineering design
solutions to modern challenging applications. Control Technology is supported by
a systems framework, where the study of system properties and the development
of solutions to well de ned problems are crucial. Control theory provides the
backbone of control synthesis methods and control system design. It’'s main
aspects are:

i) Study of systems properties.

i) Characterization of solvability conditions of exact control problems.
iii) Synthesis methods for control problems.
iv) Design methods.

These aspects are central to the development of design strategies and method-
ologies since they provide the tools of analysis, formulation of objectives and
development of control design approaches and methodologies. Control theory
is model dependent and the richest part of it is that dealing with linear, time-
invariant, nite dimensional (lumped parameter) systems. Such simple models
seem to be appropriate for the Early Design stages where there is neither the
scope nor the possibility for detailed modeling.

Control approaches may be classi ed to those referred to as synthesis and those
referred to as design methodologies. Synthesis methodologies are based on well
de ned models and tackle a well-formulated problems associated with the solution
of mathematical problem. These problems aim at producing solvability conditions
(de ning necessary and/or su cient conditions) for the existence of solutions ex-
pressed frequently as relationships between structural invariants (functions char-
acterizing families of systems under di erent transformations) as well as desirable
system properties. Synthesis methods lead to algorithms for computation of solu-
tions. Design methodologies on the other hand use sets of speci cations and rely
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on the shaping of performance indicators usually following iterative approaches
and they aim to satisfy system properties in an way to satisfy overall design
objectives. Bridging the gap between synthesis and design methods involves the
development of synthesis methods to a set up where model uncertainty is handled
appropriately and approximate solutions to exact synthesis problems is derived,
when exact solutions do not exist. This is a very valuable task since it will lead
to the development of more powerful design methodologies relying on a combined
shaping of performance indicators, handling model uncertainty and optimization
based methods for deriving approximate solutions to exact problems.

Amongst the important synthesis methods are those referred to pole assignment,
zero assignment, stabilization, etc., under a variety of static or dynamic, central-
ized or decentralized compensation schemes. Integral part to such methods is
the characterization of solvability conditions in term of properties amongst the
system invariants and the development of algorithms that provide solution to
exact design problems. A major challenge in the development of e ective design
methodologies is the development of approximate solutions to exact synthesis
problems. The need for such developments arises due to issues of model uncer-
tainty, as well as investigating approximate solutions when the exact problems do
not have a feasible solution from the engineering viewpoint (when solutions to the
exact problems are complex or when there is uncertainty on the realistic values
for the design objectives). This thesis aims to extend the potential of frequency
assignment synthesis methods by enabling the development of approximate solu-
tions to exact algebraic problems by formulating them as optimization problems
that may be tackled by powerful numerical methods.

In general, we distinguish two main approaches in Control Theory. The de-
sign methodologies (based on performance criteria and structural characteristics)
are mostly of iterative nature and the synthesis methodologies (based on the use
of structural characteristics, invariants), are linked to well de ned mathematical
problems. Of course, there exist variants of the two aiming to combine the best
features of the two approaches. The Determinantal Assignment Problem (DAP)
belongs to the family of synthesis methods and has emerged as the abstract
problem formulation of pole, zero assignment of linear systems [Gia. & Kar. 3],
[Kar. & Gia. 5], [Kar. & Gia. 6], [Lev. & Kar. 3]. This approach uni es the
study of frequency assignment problems (pole, zero) of multivariable systems
under constant, dynamic centralized, or decentralized control structure, has been
developed. The Determinantal Assignment Problem (DAP) is equivalent to nd-
ing solutions to an inherently non-linear problem and its determinantal character
demonstrates the signi cance of exterior algebra and classical algebraic geometry
for control problems. The current thesis aims to develop those aspects of DAP
framework that can transform the methodology from a synthesis approach to a
design approach that can handle model uncertainty, capable to develop approx-
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imate solutions and further empower it with potential for studying stabilization
problems. The importance of algebraic geometry for control theory problems has
been demonstrated by the work in [Bro. & Byr. 2], [Mart. & Her. 1], etc. The
approach adopted in [Gia. & Kar. 3], [Kar. & Gia. 5], [Kar. & Gia. 6], di ers
from that in [Bro. & Byr. 2], [Byr. 1] in the sense that the problem is stud-
ied in a projective, rather than an a ne space setting and contrary to that of
[Bro. & Byr. 2], [Byr. 1] it can provide a computational approach. The DAP
approach relies on exterior algebra, [Mar. 1] and on the explicit description of
the Grassmann variety [Hod. & Ped. 1], in terms of the QPR, has the advantage
of being computational, and allows the formulation of distance problems, which
are required to turn the synthesis method to a design methodology.

The multilinear nature of DAP suggests that the natural framework for its study
is that of exterior algebra [Mar. 1]. DAP [Kar. & Gia. 5] may be reduced to
a linear problem of zero assignment of polynomial combinants and a standard
problem of multi-linear algebra, the decomposability of multivectors [Mar. 1].
The solution of the linear subproblem, whenever it exists, de nes a linear space

in a projective space of the form P(™) 1 for n m, whereas decomposability is
characterized by the set of Quadratic Plucker Relations (QPR), which de ne the

Grassmann variety of p(m) 1 [Hod. & Ped. 1]. Thus, the solvability of DAP is
reduced to a problem of nding real intersections between the linear variety and
the Grassmann variety of the projective space. This Exterior Algebra-Algebraic
Geometry method, has provided new invariants (Plucker Matrices and the Grass-
mann vectors) for the characterization of rational vector spaces, solvability of
control problems, ability to discuss both generic and non-generic cases and it is

exible as far as handling dynamic schemes, as well as structurally constrained
compensation schemes. The additional advantage of the new framework is that it
provides a unifying computational framework for nding the solutions, when such
solutions exist. The multilinear nature of DAP has been handled by a \blow up"
type methodology, using the notion of degenerate solution and known as \Global
Linearisation™ [Lev. 1], [Lev. & Kar. 3]. Under certain conditions, this method-
ology allows the computation of solutions of the DAP problem.

The Determinantal Assignment Problem (DAP) has been crucial in unifying fam-
ilies of frequency assignment as well as stabilization problems which underpin the
development of a large number of algebraic synthesis problems but has also led to
the introduction of many new challenges and problems of mathematical nature.
Amongst these problems we distinguish:

(i) the development of methods for de ning real intersections between varieties,
a problem linked to realizability of solution in an engineering sense;

(i) the ability of determining existence of solutions not only in a generic setting,



but also in the context of concrete problems (engineering problems are
de ned on concrete models);

(iif) computation of solutions to intersection problems (existence of intersections
is only part of the problem);

(iv) handling issues of model uncertainty which requires the study of approx-
imate solutions of DAP. The development of criteria for real intersections
has been handled by developing cohomology algebra tools [Lev. & Kar. 2].

The issues linked to computation of solutions has led to the development of the
Global Linearisation framework [Lev. 1], [Lev. & Kar. 3], which together with
the set of Grassmann Invariants [Kar. & Gia. 5] provide the means for addressing
problems de ned on given models, as well as computing solutions. This frame-
work is by no means completely developed and challenging problems exist such
as overcoming di culties of sensitivity of the Global Linearisation framework
and extending it to the case where the models are characterized by uncertainty.
The sensitivity issues may be handled by using Homotopy based methodologies
[Chow., etc. 1] and by embedding the overall problem into the framework of con-
strained optimization.

The model uncertainty issues opens up a new area where distance problems such
as computing the distance of:

(i) a point from the Grassmann variety;
(i) a linear variety from the Grassman variety;
(iii) parameterized families of linear varieties from the Grassmann variety;

(iv) relating the latter distance problems with properties of the stability domain
[Bar. 1].

The study of these problems relate to classical problems such as spectral analy-
sis of tensors, homotopy methods, constrained optimization, theory of algebraic
invariants etc. This thesis addresses the development of DAP along the lines men-
tioned above, and deals with a number of related mathematical problems which
are crucial for the development of control problem solutions. The thesis has an in-
terdisciplinary nature since it is in boundaries between Control and Mathematics.
Control Theory de nes the problems and the background concepts, Mathematics
provides the solutions to well formulated problems and control Engineering deals
with the implementation of the solutions of the mathematical problems and the
development of algorithms and design methodology.

Development needs beyond the State of the Art: This thesis is based on polyno-
mial matrix theory, exterior algebra and properties of the Grassmann variety of
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projective space and aims to introduce an analytic dimension by developing dis-
tance problems and optimization tools. Thus, the novelty of this thesis is that it
proposes the development of approximate solutions to purely algebraic problems
and thus expand the potential of the existing algebraic framework by develop-
ing its analytic dimension. The development of the "approximate™ dimension of
DAP involves the study of a number of problems that can transform the existence
results and general computational schemes to tools for control design. There are
many challenging issues in the development of the DAP framework and amongst
them are its ability to provide solutions even for non-generic cases, handle prob-
lems of model uncertainty, as well as providing approximate solutions to the cases
where generically there is no solution of the exact problem. The development of
the approximate DAP requires a framework for approximation (provided by dis-
tance problems) and the formulation of an appropriate constrained optimization
problem.

Objectives: The objectives of this thesis are:

(i) To develop tools for the computation of the distance between the Grass-
mann variety and point and a linear variety and the Grassmann variety of
a Projective space, and nd approximate solutions of Exterior equations.

(i) To develop an integrated framework for approximate solutions of DAP and
its extension to the case of stabilization problems.

(iii) To develop suitable algorithms that could provide the desirable approximate
solutions in higher Grassmann-variety dimensions where tensors are used
instead of matrices.

Our research has three aspects which are interlinked and are essential for the
development and computation of approximate solutions of DAP. The rst is the
development of the approximate solutions of exterior equations and the study
of all related mathematical problems. The second deals with the development
of stability methodologies for general constrained Optimization Problems and
nally its application to DAP. The rst two are purely mathematical tasks and the
last involves their integration to produce solutions to problems of control theory
and control design which requires a combination of the two early parts together
with control theoretic results to produce a methodology for robust approximate
solutions to algebraic synthesis control problems. The main Activity area in
which we will work is the area of Approximate Solutions of Exterior Equations
and Distance Problems: The solution of exterior equations is an integral part
of the DAP methodology, since it de nes the muIti-IineQ; part of the problem.
The problem of decomposability of a multivector z 2 ™ (U), where U is an
m-dimensional vector space of R", is equivalent to the solvability of the exterior

equation
z=v;™N vy v 2U (1.1)



Note that versions of such equations may be considered, where v; and z vec-
tors are polynomial vectors (the latter corresponds to dynamic versions of DAP
[Lev. & Kar. 4]). The solvability of such equations is referred to as decompos-
ability of the multi-vector z and are given by the set of quadratics which are
known as the Quadratic Plucker Relations (QPRs) [Hod. & Ped. 1] of the space,
or of the equivalent projective space PY and they characterize the Grassmann

variety G(m;n) or G(R") of p(w) ! [Hod. & Ped. 1]. Whenever a solution to
(1.1) exists, this is a vector space V, = spfv;g; i = 1;:::;;m and for the control
problems de nes the corresponding compensator. The overall solution of DAP is
reduced to nding common solutions of (1.1) and of a linear equation Pz = a,
where a is a given vector characterizing the assigned polynomial and P an in-
variant matrix of the given problem (existence of real intersections of the two
varieties). Model uncertainty, or non-existence of a solution of (1.1) requires the
de nition and solution of appropriate problems, which are essential parts in the
development of the DAP framework. The expected results will provide the math-
ematical concepts and tools to develop the new approximate framework for DAP
and the research is of pure mathematical nature.

The development of solutions to the research challenges de ned before requires
addressing speci ¢ problems and undertaking research by adopting appropriate
methodology which is described below. The overall research is organized in work
areas as described below:

(1) Approximate Decomposability Problem (ADP): Assume that for a given
vector z 2 p(+) ! equation (1.1) does not have solution. De ne a vec-
tor 2 2 P(") 1 with the least distance from Z, which is decomposable, or

equivalently de ne the distance of z from the corresponding Grassmann
variety.

(2) Variety Distance Problem (VDP): Given a vector 2 2 P() * and a linear
variety K := K(a); a 2 R" of P(%) 1 de ned by the solution of Pz = a,
de ne the distance of K from the corresponding Grassmann variety.

(3) Approximate Intersection Problem (AIP): Given a vector 2 2 p(w) 1 and

a linear variety K := K(a); a 2 R" of P(%) 1 de ned by the solution of
Pz = a, de ne a vector & 2 R" such that the linear variety intersects
with the Grassmann variety and the following conditions hold true: (i) &
has minimum distance has minimum distance from a ; (ii) &' has minimum
distance from a and corresponds to a stable polynomial.

A new framework for searching for approximate solutions has been recently pro-
posed based on the notion of \approximate decomposability” of multi-vectors



[Kar. & Lev. 9]. This approach is based on the characterization of decompos-
ability by the properties of a new family of matrices known as Grassmann Ma-
trices [Kar. & Gia. 6] which has been introduced as an alternative criterion to
the standard description of the Grassmann variety provided by the QPRs. This
new approach handles simultaneously\l}he question of decomposability and the
reconstruction of V,. For every z 2 ™ (U) with coordinates ay; ' 2 Qmn,
the Grassmann matrix ['(z) of z is de ned. In fact it has been shown, that
rank '(z) n mforall z& 0 and that z is decomposable, if and only if, the
equality sign holds. If rank (z) =n m then it was shown that the solution
space V; is de ned by V; = N, ( '(2)). The rank based test for decomposability
is easier to handle than the QPRs and provides a simple method for the compu-
tation of V,. The new test provides an alternative formulation for investigation of
existence, as well as computation of real solutions of DAP (R-DAP). Solvability
of R-DAP is thus reduced to nding a vector such that the rank condition is
satis ed.

The study of the above distance problem may be formulated as distance of a
Grassmann matrix from the variety of matrices having certain rank and can be
studied using approaches such as structural singular values. The characteriza-
tion of the element with the least distance are the tasks here. This problem is
also referred as approximate decomposability and it is a very di cult problem of
multi-linear algebra that is not completely solved [Bad. & Kol. 1], [Dela., etc. 1].
In its general form, it is related to several important problems of multi-linear al-
gebra, such as:

(a) Low rank tensor approximation;
(b) Multi-linear singular value decomposition;
(c) Determination of the tensor rank.

The main theme of these problems is to decompose a tensor T as a sum of rank
one tensors, i.e., a sum of decomposable tensors. For the purposes of our work we
will consider skew symmetric tensors, i.e, multi-linear tensors T that arise from
determinantal problems and we will try to approximate them by decomposable
multi-vectors, i.e., to nd vectors a,;::;; @, such that the norm kT a,™ “~a/k
is minimized, where r is the rank of the tensor. This problem can be viewed
into two ways, either as a low rank approximation of skew symmetric tensors,
or as a distance problem from the Grassmann variety of a projective space that
can be formulated in terms of structural singular values, or as nonconvex con-
strained optimization problem. In this thesis, we will work via the rst approach
for higher-order Grassmann varieties whereas the second methodology will be
discussed for the G,(R") cases.



In this thesis we will focus on providing a new means for computing approximate
solutions for determinantal-type of problems, without the use of any generic (i.e.,
for almost all dynamical systems) or exact solvability conditions and algorithms
which are based on them. Note that at rst, the genericity problem was thought
to be negligible in the sense that it lies in a union of algebraic subsets of lower
dimension, [Her. & Mar. 1]. But several authors, e.g., [Ki. 1], [Caro., etc. 1],
[Yan. & Ti. 1], [Ki. 2] have showed that under generic pole-assignable condi-
tions, several essential control engineering attributes, e.g., sensitivity, stabil-
ity, etc., may be lost. The algorithms that were presented for the solution of
determinantal-type problems, mostly for the output feedback pole placement
problem, [Rav., etc. 2], [Wan. & Ros. 2], [Ki., etc. 2] as well as the approach
in [Sot. 1], [Sot. 2] have the same drawback; they are based on Kimuras generic
pole assignability condition m + p > n for an m-input, p-output, n-state MIMO
system. The algorithms presented in this thesis may provide approximate solu-
tions in any case, independently of generic or exact solvability conditions.

Our work is based on the observation that

(a multivector/matrix/tensor belongs to the Grassmann variety) ,
(the multivector/matrix/tensor satis es the QPR) ,
(the multivector/matrix/tensor is decomposable) ,
(the multivector/matrix/tensor has rank-1)

The rst two equivalences have been well-examined in [Hod. & Ped. 1] and they
are considered classic within the context of Algebraic Geometry. A number of
some more recent results regarding the di erent forms these may take is met in
[Gee. 1]. The last equivalence, with respect to the rank approach of a multivector,
is mostly met in tensor theory; in the simplest case of matrices, a matrix A is
said to have rank one if there exist vectors a; b such that

A=a b (1.2)

Consequently, the well-known rank of A (the minimum number of column vectors
needed to span the range of the matrix) is the length of the smallest decomposition
of A into a sum of such rank-1 outer products, i.e.,

A=a b+ +a, by (1.3)

In higher dimensions, matrix A is represented by a tensor and the above sum is
referred to as higher-order tensor decomposition, i.e.,

A= A (1.4)

where A; are rank one/decomposable tensors. If the matrix A in the sum (1.3)
is skew-symmetric we will show that one of the terms of this sum is the so-called
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best rank-one/decomposable approximation and this term is the best approximate
solution 2 of the determinantal assignment problem written as Pz = a, when z
is decomposable that we mentioned before. For higher dimensions, the sum (1.4)
can not guarantee which term is as closest to tensor A, [Kol. & Bad. 3], but at
least we may achieve one decomposable approximation if A is a skew-symmetric
tensor. In both cases the approximate solution yields an approximate polynomial
a(s) such that P2 = &. We will study the stability properties of &(s) with re-
spect to the approximation 2 and stability radius results and we will derive a new
criterion for the stability of the approximate solution of DAP. Moreover, these
results will be connected with the Grassmann matrix and alternative simpli ed
formulae will be derived, which are completely new for best approximation prob-
lems of this form.

For all the 2-dimensional Grassmann varieties, the Approximate Determinantal
Assignment problem is completely solved as a manifold constrained optimization
problem, where the derivation of the decomposable vector that best approximates
the original controller, is based on eigenvalue decompositions (EVD), singular
value decompositions or its generalizations, e.g., compact SVD, [Edel., etc. 1]
or combinations of them. We present how these methods are expanded in or-
der to yield parameterized approximate solutions in the projective space which
is the natural space to examine a problem such as DAP. Uniqueness and non-
uniqueness (degeneracy) issues of the decompositions that may arise are also
examined in detail. Furthermore, we investigate how the approximate DAP is
expanded into constrained minimization over more general varieties than the
original ones (Generalized Grassmann varieties) and we derive a new Cauchy-
Schwartz type inequality that provides a closed-form non-algorithmic solutions
to a wide family of optimization problems related to best decomposable/ rank-
1 problems. We provide a new criterion, to test the acceptability of the new
approximate solution, i.e., whether the approximation lies in the stability do-
main of the initial polynomial or not, by using stability radii theory. All results
are compared with the ones that already exist in the respective literature (least
squares approximations, convex optimization techniques, etc.), as well as with
the results obtained by Algebraic Geometry Toolboxes, e.g., Macaulay 2. For
numerical implementations, we examine under which conditions certain manifold
constrained algorithms, such as Newton’s method for optimization on manifolds,
could be adopted to DAP and we present a new algorithm which is ideal for DAP
approximations.

In higher dimensions, we present for the rst time a rank-one tensor approxi-
mation algorithm based on the CANDECOMP/PARAFAC decomposition which
allows parameters at the entries of the tensor/multivectors that is to be approx-
imated. Our results consider a speci c higher order Grassmann variety, the rst
non-trivial 3- dimensional Grassmann variety. Even though our case does not
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involve non-uniqueness issues, several degenerate cases of higher order decom-
positions may occur for the numeric CANDECOMP/PARAFAC decomposition,
due to the fact that the rank of a tensor is not uniquely de ned, as in the case of
a matrix. This is also the reason that the method does not always guarantee that
the approximation implied is actually the \best™, but it may be in any case one
decomposable approximation of the nominal tensor. These problems are much
more complicated than the two dimensional case and only special cases of ten-
sors have been examined so far, [Kol. & Bad. 3], [Raj. & Com. 1] regarding their
non-uniqueness properties. The parametric decomposition of 3rd- order tensors
is among the most important results of this thesis, since all tensor decompositions
in the literature work for numerical data exclusively.

More analytically, in Chapter 2, we provide some of the control related math-
ematical tools and notions. We present several descriptions of linear systems
followed by the respective algebraic control theory background. We also discuss
some aspects of general feedback con guration and we present the de nition of
the determinantal assignment problem (DAP) as the unifying problem of all fre-
guency assignment-type problems.

In Chapter 3 we present all the mathematical tools that we are going to use
through out this thesis. The purpose of this chapter is to clarify in simple terms,
whenever this is possible, all the key mathematical tools that lie behind DAP and
the several forms it may take. We begin with the basic concepts of multilinear
algebra in order to construct the special space in which determinants are de ned
and examined, the so-called k-th exterior power implied by an ordinary vector
space. This special space is obtained via the properties of the Exterior (or Grass-
mann) Algebra which is a sub-algebra of the Tensor Algebra. We elaborate on
the construction of these sets, since the basic frame of this thesis is based on the
concept of tensors and we explain how a tensor/ multi-dimensional array is con-
structed step-by-step by the vectors of the corresponding vector space. Finally,
we present some basic notions and results regarding real a ne and projective
varieties, in order to de ne the Grassmann variety, a set whose several proper-
ties and equivalent expressions are going to be used excessively in the following
chapters.

In Chapter 4, we try to solve DAP with the use of some existing well-known
methodologies, before applying our new approximate methodologies, in order to
show why a new type of methodology is required for determinantal frequence
problems. At rst we present the Grobner basis method which is the most direct
technique for solving determinantal type problems, since DAP may be seen as
a system of multivariate polynomial equations. We easily see that this method-
ology can not provide helpful results in higher dimensional cases. The rest of
the techniques are separated into algebraic and geometric methodologies. From
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the former category, we provide a purely numeric procedure, a full rank algo-
rithm which was built for the output feedback problem where with some simple
modi cations it is adopted to DAP. However, owing to the nonlinear nature of
the problem, the algorithm cannot be guaranteed in all cases to converge to a
solution, [Pa. 1]. From the geometric techniques we refer to the Schubert calcu-
lus methodology, the global linearization method, [Lev. 1], [Lev. & Kar. 3] and

nally to the projective methodologies, [Fal. 1], [Gia. 1], [Kar. & Gia. 5] from
which we will introduce the approximate DAP.

In Chapter 5, we interpret the approximate DAP, as a distance problem form
the corresponding Grassmann variety for the 2-dimensional and its Hodge-dual
case. We start from the simplest Grassmann variety which is described by one
QPR only, in order to observe that the least distance from this variety is related to
the singular values of a special matrix, the Grassmann matrix, [Kar. & Gia. 6].
The optimization problem is solved via the method of the Lagrange multipliers.
We see, that this method can not be easily expanded to the higher dimensions due
to the randomly increasing number of the QPR. We then derive a very important
formula for 2-vector/2-skew symmetric tensor decomposition, the so called prime
decomposition where a 2-vector is written as a sum of decomposable vectors, one
of which is its \best™ approximation, i.e., the one in the Grassmann variety that
achieves the least distance. The problem is studied at rst via the Euclidean
norm and then in the corresponding projective space via the gap metric.

In Chapter 6, we examine the case of degenerate, i.e., repeated eigenvalues in the
prime decomposition of the previous chapter. This is a very common procedure
in tensor decompositions in general, since equal or special-structured eigenval-
ues/singular values yield non-uniqueness issues for a decomposition and therefore
the approximate solution. After connecting the problem of uniqueness with the
uniqueness of matrix least squares distance functions problems, [Hel. & Shay. 1],
which helps us derive solid uniqueness criteria for the prime decomposition, we
investigate the non-uniqueness case (which has not been thoroughly examined in
the respective literature so far, except for special applications in isotropic ma-
trix theory, [Sal. & Cr. 1]) via a completely new approach, the use of Extremal
Varieties. We prove that when we have degenerate eigenvalues, the approxima-
tion implied by the prime decomposition is the worst and the respective gap
is calculated. The new varieties are de ned in terms of path-wise connectivity,
polynomial sums of squares and congugacy-duality properties. These results are
applied for the derivation of the best decomposable approximation via some new
formulae, which o er for the rst time a prototype non-algorithmic approach to
rank-approximation problems, where even unsolved or phenomenally unresolved
issues, such as the computation of the Lagrange multipliers for manifold con-
strained problems may be derived in closed-form formulae.
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In Chapter 7 we present how the problem of deriving the best decomposable/rank-
1 approximation of a multivector for the 2-dimensional case, is actually a special
case of the least distance problem between the multivector and the Generalized
Grassmann varieties, a set that expands the notion of decomposability of the
standard Grassmann variety, i.e., for a 2-vector a, a”~a = 0 corresponds to a
decomposable/rank-1 vector, a”~a”a = 0 to a sum of 2 decomposable vectors,
a”™~a”™a”a =0 toasum of 3 decomposable vectors, etc. This kind of gen-
eralizations are very common within the area of linear-multilinear algebra due
to the remarkable applications they may o er; a rst generalization along with
some useful computational analysis applications is observed in [Gol. & Van. 2],
where a best-low rank matrix approximation was achieved for a matrix whose
speci ed columns remained xed. A generalization for low matrix-rank approxi-
mation was also used in [Lu-S., etc. 1] for the design of two dimensional digital |-
ters, whereas several low-rank approximation generalizations of the Eckart-Young
theorem, [Eck. & You. 1] were discussed in [Fri. & Tor. 1] and [Kol. 2], among
others. Another generalization related to the Grassmann variety is presented in
[Rav., etc. 1] via the use of the so called generalized Plucker embedding which
was introduced for applications on dynamic output feedback problems. A di er-
ent but well-known approach views the generalization of the Grassmann variety
as the standard Grassmann variety which is preserved under any endomorphism
from a vector space to itself, [Kolh. 1]. Nevertheless, this approach is only use-
ful within the context of Lie algebra, which studies these varieties in relation
with other algebraic objects, such as the Schur-S polynomials, rings, etc, and
not for calculating best approximate solutions on hyper-sets, as in our case. Our
approach lies in the concept of expanding the standard exterior algebra/tensor
theories, [Hod. & Ped. 1], [Mar. 1] which is also met in the construction of the
so-called generalized Grassmann algebras, where the properties of the classic ex-
terior (Grassmann) algebra are equipped with multi-linear structures instead of
bilinear ones, [Ohn. & Kam. 1], [Kwa. 1]. The most important result however
of this chapter is the derivation of a new Cauchy-Schwartz type inequality which
is suitable for solving these generalized approximation problems, based on the
eigenvalues of the 2-vector. This inequality may cover all classic 2-dimensional
decompositions, including degenerate issues (equal or similar structured eigenval-
ues) and it may be consider prototype, since this is the rst time a spectral-type
inequality is directly applied to manifold constrained optimization/ best rank-r
approximations when r 1.

Chapter 8 is the core of this thesis: we solve the approximate DAP and com-
pute the stability properties of the approximate solution, by applying the prime
decomposition, the gap metric and several other techniques and formulae that
were examined in the previous chapters. We expand the results for parameter-
ized 2-vectors since this was main purpose from the beginning, i.e., best approx-
imate solutions subject to the linear subproblem of DAP. For the computational
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construction of the approximate controller we select the non-trivial Grassmann
variety G,.5, where we show that the problem of the gap minimization from this
variety is equivalent to the minimization of a 4-th order polynomial constrained
to the unit sphere. This is a very signi cant result not only for deriving the ap-
proximate controller in practical applications of determinantal-type assignment
problems without any solvability restrictions, but it may be also seen as a new
technique for optimization in the projective space, [Mah. 1]. Note, also that this
approach may be also suitable for higher order 2-dimensional Grassmann vari-
eties G,.,, where the approximation derived may be considered as a sub-optimal
decomposable approximation, a case often met in tensor decompositions and best
approximate solutions, [Kol. & Bad. 3]. Furthermore, we examine and we im-
plement for the rst time a number of manifold optimization techniques on the
approximate DAP; we present how the classic Newton’s method is formulated
for optimization over Grassmann manifolds, [Edel., etc. 1], [Abs., etc. 2] and we
compare the gap we aim to minimize with the Rayleigh quotient, trace-style ob-
jective functions used in [Abs., etc. 1], [Abs., etc. 2], [Bas., etc. 1], [Edel., etc. 1].
We show that these algorithms may produce a solution for the approximate DAP
only under speci ¢ assumptions with regard to the gap and the dimensions of the
Grassmann variety. Hence, we built a new algorithm which may work for DAP
approximations without special restrictions. Furthermore, we compare our results
with the ones obtained by the Numeric Algebraic Geometry Toolbox, Macaulay
2. Finally, new stability criteria are derived with respect to the approximate so-
lution without the calculation of the roots of the approximate polynomial, using
stability radius formulae, [Hin. & Pri. 2].

In Chapter 9, we present how to solve the approximate DAP in 3-dimensional
Grassmann varieties. In this case the prime decomposition which was studied in
the 2-dimensional case, is transformed into the CANDECOMP/PARAFAC (CP)
decomposition and the construction of the approximate solution follows the nu-
meric laws and properties of these higher-order tensor SVD-like techniques. We
transform the algorithms presented in [Kol. & Bad. 3] that worked only for nu-
merical data, i.e., constant tensors, to algorithms which allow parameters at the
entries of the tensor. We then apply a parametric alternating least squares/ CP
decomposition (parametric ALS/CPD algorithm) where we imply the parametric
decomposable approximation. In order to test the acceptability of the solution
(since in the parametric case, contrary to the constant case, the comparison of
the implied approximation with the original tensor is not straight-forward), we
use the QPR set. With the help of this set we obtain at least one decomposable
approximation of the initial controller, since the method does not guarantee in
general the optimal solution, [Kol. & Bad. 3]. This is the rst result that con-
cerns the computation of the approximate controller in determinantal assignment
problems in higher dimensions.

13



We have tried this thesis to be as complete and independent as possible by pre-
senting all the related background material from the respective areas (algebraic
control theory, tensor theory, manifold optimization, rank-1 tensor approxima-
tions), so that the nature and the signi cance of the new results is clear and
understandable, even for the reader who is coming in touch with frequency as-
signment/ determinantal assignment problems, as well as best approximation
problems for the rst time. The emphasis is given to the examination of man-
ifold constrained optimization techniques and distance calculations on varieties,
since this is implied by the nature of the approximate determinantal assignment
problem. We wish, that the approach we propose for DAP and its results regard-
ing approximation/optimization on manifolds, may be useful to control theory,
algebraic geometry and other scienti ¢ elds where conventional methods may
be unsatisfactory.
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Chapter 2

Preliminary Results from
Systems Control Theory

2.1 Introduction

The aim of this chapter is to set the scene for the control theory part of the
problem that we will examine in this thesis. We provide a review of background,
theoretical control results, basic de nitions, fundamental concepts and properties
to make this presentation as independent and complete as possible. Nevertheless,
a more detailed exposition of the background topics is given in the listed refer-
ences, [Kar. 4], [Kar. & Mil. 12], [Kar.& Vaf. 13], [Kar. 3], [Hin. & Pri. 1].

In particular, in the rst section we present the state space model representation
of linear systems that we will use in this thesis. We elaborate on its mathematical
features and remark on the general family of models which the state space model
belongs.

In Section 2.3, we recall the notion of the transfer function and we explain the
notions of poles and zeros which appear in multivariate systems. In the same
section we also connect the notions of poles and zeros with the stability, control-
lability and observability of a dynamic system. In Section 2.4, we demonstrate
some of the aspects of the general feedback con guration, in the cases of dynamic
feedback for two subsystems and static feedback.

In the last section, we present the Determinantal Assignment Problem (DAP),
[Kar. & Gia. 5], [Kar. & Gia. 6], as the unifying form of several frequency as-
signment problems. We examine their similarities and we present some necessary
and su cient conditions for their solvability.
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2.2 State Space Models

In this section we examine the fundamentals of a state space system, following

[Kar

. & Mil. 12] and [Hin. & Pri. 1]. This concept has evolved as a uni cation

of a variety of notions which have been used in, for example, the classical theory

of di

erentiable dynamical systems, circuit theory and control.

In order to de ne a dynamical system, i.e., a system that evolves in time, we

need

)

i)

i)

to introduce:

Atime domain T R, so that the variables which describe the behavior of
the system are functions of time. The time domain T may be continuous,
i.e., an interval of the form [0; +1) or discrete, e.g., T = N.

The External variables of the system, which describe the interactions of
the system with the exterior world. These are usually divided into a family
u = (ug; up; ) of inputs and a family y = (yy;Y»; :::) of outputs. By \inputs"
we indicate those variables which model the in uence of the exterior world
on the physical system and can be of di erent types - either controlled inputs
or uncontrolled inputs (for instance, disturbances). By \outputs" we mean
those variables with which the system acts on the exterior world. Sometimes
the outputs are divided into two (not necessarily mutually disjoint) sets of
variables. Those which are actually measured are called measurements and
those which must be controlled in order to meet speci ed requirements are
called regulated (Figure 2.1). The vector spaces of the inputs and outputs

. ——= regulated output
uncontrolled input ——— = cguiate P

controlled input —— = ——> measured output

Figure 2.1: External Variables

signals U, Y are called input-space and output-space, respectively.

The internal variables or states of the system, which describe processes
in the interior of the system. The internal variables of a system can be
regarded as a state vector x(t) if: a) the present state along with the chosen
input determine the future states of the system, b) at time t, the present
state x(t) is not in uenced by the present and future values u(t;); t;
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t and if ¢) the output value at time t is completely determined by the
simultaneous input and state values. The vector space of all states of a
system following the previous properties is denoted as X and is called state-
space of the system.

A linear time invariant multivariable system, i.e., if f(x(to); u(t)); t tog im-
plies the output y and f(Ta (X (t0)); Ta(U(1))); t  tog implies Ta(Xl) (where T,
denotes the displacement operator that transfers by a time units the state, the
input and the output vectors to the right-hand side if the input and the output
spaces are closed under these displacements) is represented in the time domain
by the state variable model

x(t) = Ax(t) + Bu(t); A2R" ",B2R" X

S(A;B;C;D): y(t) = Cx + Du(t); C2R™ ", D2R™k

(2.1)
Matrix A is called the internal dynamics matrix of the system and matrices B; C
are called input ( or actuator ) and output ( or sensor ) matrices respectively,
with rankB = k, rankC = m and they express the so-called coupling of u; .
Furthermore, if matrix D is equal to the zero matrix, then S(A; B; C; D) is called
strictly proper.

Time-invariant systems are an equivalence class in the family of linear systems.
In general, functions de ned on a model which remain the same under certain
types of transformations are called system invariants and are usually described
by models with the simplest possible structure, i.e., the least number of param-
eters, which are called canonical forms [Kar. 1]. Canonical forms, corresponding
to representation transformations, provide a vehicle for model identi cation since
they contain the minimal number of parameters within a given model structure
to be de ned. For control analysis and synthesis, aspects of the structure (as
it is expressed by the system invariants) characterize the presence or absence of
certain system properties; the type and values of invariants provide criteria for
solvability of a number of control synthesis problems. In the area of control de-
sign, the types and values of invariants frequently impose limitations in what it
is possible to achieve. Although the link between system structure and achiev-
able performance, under certain forms of compensation, is not explicitly known,
system structure expresses in a way the potential of a system to provide certain
solutions to posed control problems. More results with regard to canonical state
space representation may be found in [Kar. 1], [Kar.& Vaf. 13].

On the other hand, the choice of a state for a system is not unique. However,
there are some choices of state which are preferable to others; in particular, we
look for vectors x with the least dimension.

De nition 2.2.1. [Hin. & Pri. 1] The number of the n states, i.e., the coordi-
nates of X, is de ned as the order of the system. The minimal order, i.e., the
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dimension of the smallest state vector, is called the McMillan degree of the system.
Furthermore, systems which can be described with a nite number of variables are
called nite-dimensional systems or in nite-dimensional otherwise.

In this thesis, we will deal with continuous-invariant time, nite-dimensional,
linear systems of the form (4.19). For equivalent representations and for the
parametrization problems that these systems appear in speci ¢ applications, one
may refer to [Kar.& Vaf. 13], [Kar. & Mil. 12].

Remark 2.2.1. If s = d=dt denotes the derivative operator, then (4.19) may be
expressed as

P (s)wy(t) = w, (2.2)
where
sl, A B X 0
P(s):= "¢& p W®:= |, W=

The polynomial matrix P (s) is a special type of polynomial matrix, called system
matrix pencil, [Kar.& Vaf. 13]. In general, matrix pencils appear as linear oper-
ators of the type sk G where s is an intermediate, frequently representing the
Laplace transform variable and they are naturally associated with state-space type
problems. They are used for state space calculations and geometric system theory
and they provide a unifying framework for the study of the geometric properties
of both proper (matrix D is constant) and singular systems (systems of in nite
condition number), by reducing problems of singular system theory to equivalent
problems of proper system theory, [Kar. 2], [Kal. 1], [Kar. 3]. Pencil matrices
have been also used in the well-known Algebraic Eigenvalue Problem [Wilk. 1].

2.3 The Transfer Function Matrix

If one is not interested in the internal dynamics of a system, then the input-
output system is basically just a map which associates with any input signal, the
corresponding output signal. Speci cally, if x(t = 0) = 0 are the initial conditions
for the states, the Laplace transform of system (4.19) implies,

sx(s) = Ax(s) + Bu(s)

SABIEDY T y(s) = cx(s) + Du(s) @9
where by eliminating the states we obtain
y(s)= C(sl, A) 'B+D u(s) (2.4)
De nition 2.3.1. [Kai. 1] The m k matrix
G(s):=(C(sln A) '‘B+D (2.5)
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is called the transfer function or transfer matrix of the state space model (4.19)
and describes how the system transforms an input et into the output G(s)est.
Furthermore, G(s) is called proper if G() isa nite constant matrix and strictly
proper if G(L) = 0; if at least one entry of G(s) is in nity, then G(s) is called
non proper.

The set of proper rational functions is denoted by Ry+ and for every G(s) 2
Rg‘rf K[s] there always exists a state space model S(A;B;C;D) such that (2.5)
holds. Such state-space models are called realizations of G(s).

De nition 2.3.2. [Kai. 1] The realization with the least possible order is called
minimal realization and this order is called the MacMillan degree of G(s).

Remark 2.3.1. For an non proper system, it can be shown, [Lew. 1], that it
achieves a realization of the form Ex = Ax + Bu; y = Cx, when E is not
invertible.

It is easily shown that G(s) may take the form G(s) = N(s)D (s) which
is called Polynomial Matrix Fractional Description. Moreover, if the degree of
detD(s) is minimal amongst all other matrix fraction descriptions, then this
description is called irreducible.

2.3.1 Stability, Controllability and Observability

From the de nition of the transfer function and the results on zeros and poles,
it is evident that the poles of G(s) must be contained among the eigenvalues of
A. In this section, we see that the poles of G(s) are actually contained among the
controllable and observable eigenvalues of A, as only the controllable and observ-
able part of the realization contributes to the transfer function. For this purpose,
we brie y summarize at rst the basic de nitions and results, on controllability,
stability and observability for a system S(A; B; C; D).

De nition 2.3.3. [Hin. & Pri. 1] Let a T - time domain dynamical system and
tHh2T.

a) A state x, is called equilibrium state (or equilibrium point) if

X(t) =x, 8t2T

b) X, is called asymptotically stable if

i) 8 >0;,9;:>0: kx(tp) xk< 1D kx(t) xk< ;8t tp.
i) 92>0: kx(to) X.k< 2D x(t) ¥ x,;t¥ 1.

Condition (i) is called stability in the sense of Lyapunov for the equilibrium
point x,, in which case is speci cally referred as attractive point. An equilibrium
point that is not stable in the sense of Lyapunov is called unstable.
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Theorem 2.3.1. [Hin. & Pri. 1] A dynamical system is Lyapunov - stable if and
only if all eigenvalues of the matrix A of the respective autonomous system, have
non positive real part and those whose real part is zero are simple structured. If
all eigenvalues of A are negative then x, is asymptotically stable.

Next, we recall the notion of controllability, i.e., whether and how we may
choose the input so as to move the system from x(0) = 0 to a desired target state
X(t;) = x, at a given time t;.

De nition 2.3.4. [Kai. 1] Let the system S(A;B) : x = Ax+ Bu
i) S(A,B) is called controllable or (A;B) controllable at a time t =t if
8Xo; X1 2 R™; QU(D)jitorty); T 2 (to; L) & X(to) = Xo; X(t) = X4
Otherwise, it is called uncontrollable.
i) The eigenvalues ; 1 =1;2;::;n of A for which
rank( ijl, A;B)=n (2.6)
are called controllable eigenvalues (or modes) of the system.

iii) A system whose all uncontrollable eigenvalues are stable is called stabiliz-
able.

For continuous time systems, the notion of controllability coincides with the
notion of reachability and the two terms are used equivalently. In case of discrete
systems this is not possible, since matrix A may not be invertible.

Observability, on the other hand, is a measure for how well internal states of
a system can be inferred by knowledge of its external outputs. The observability
and controllability of a system are dual notions, i.e., controllability provides that
an input is available that brings any initial state to any desired nal state whereas
observability provides that knowing an output trajectory provides enough infor-
mation to predict the initial state of the system.

De nition 2.3.5. [Kai. 1] Let S(A; C) be the system (4.19) for D = 0.

1) S(A;C) is called observable or (A,C)- observable at [to; t=] if for an input
u(t) and an output y(t) we get a unique state X(to) = X,. If one of the states
of x does not satisfy the previous rule, the system is called unobservable.

i) The eigenvalues ; 1 =1;2;::;n of A for which
iln A —
rank C n 2.7)

are called observable eigenvalues of the system.
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iii) A system whose all unobservable eigenvalues are stable is called detectable.

Next we discuss the fundamental notions of poles and zeros of a system which
are closely related to the notions described in this section.

2.3.2 Poles and Zeros

The poles and zeros of a system play an important role for its study; Poles
could be described as the characteristic of the internal dynamical machinery of
the system while zeros are the characteristic of the ways in which this dynamical
machinery is coupled to the environment in which the system is embedded, and
are associated with speci ¢ values of complex frequency at which transmission
through the system is blocked. In picturesque terms, poles can be thought of as
associated with system resonances coupled to input and output and zeros as as-
sociated with anti-resonances at which propagation through the system is blocked.

Loosely speaking, multivariable poles and zeros are resonant and anti-resonant
frequencies respectively, that is to say they are frequencies whose transmission
explodes with time, or whose transmission is completely blocked. This, of course,
is intuitively appealing since it forms a natural extension of the de nitions given
for the scalar case, where the poles and zeros of a scalar transfer function are
de ned as the values of the complex frequency s for which the transfer function
gain becomes 1., or 0 correspondingly. The inversion of roles of poles and zeros
suggested by their classical complex analysis de nition motivates the dynamic
(in terms of trajectories) properties of zeros. The physical problem used to de-

ne multivariable zeros is the \output zeroing" problem, which is the problem of
de ning appropriate non-zero input exponential signal vectors and initial condi-
tions which result in identically zero output. Such a problem is the dual of the
\zero input” problem de ning poles, which is the problem of de ning appropriate
initial conditions, such that with zero input the output is a nonzero exponential
vector signal. Those two physical problems emphasize the duality of the roles of
poles and zeros.

De nition 2.3.6. [Kar. 4] Let the transfer function G(s) of S(A; B; C; D). Then,

1) s=5p is a pole of G(s), if the denominator of some entry of G(s) becomes
zero at So.

ii) s = s; is a zero of G(s) if G(s) drops rank at s = s;, or equivalently, if
there is a rational vector u(s) such that u(s;) is nite and nonzero and
lims x5, (G(s)u(s)) = 0.

Example 2.3.1. Let
G(s) = 5.2

o
(BN
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It is clear that G(s) has a pole at s = 2, but it may not be immediately obvious
that it also has a zero at s = 2. We observe that while s is approaching 2, the
second column of G(s) approaches alignment with the rst column, so the rank of
G(s) approaches 1, i.e., there is a rank drop at s = 2. To con rm this, we may

choose
1

s 2

Then, u(2) is nite and nonzero and limgs , (G(s)u(s)) = 0.

u(s) =

Furthermore, the multiplicity associated with each pole and zero is not unique
as in the single- variable case; each pole is associated with a set of multiplicities,
e.g., if

s+2 S
(s+3)2" (s+2)(s+3)

then we see that G(s) has poles at 3 of multiplicity 2 and 1 respectively. The
concepts of pole, and zero have emerged as the key tools of the classical methods
of Nyquist-Bode and root locus for the analysis and design of linear, single-
input, single-output (SISO) feedback systems. The development of the state
space S(A,B,C,D) description, transfer function G(s) description, and complex
variable, (g(s), algebraic function) methods for linear multivariable systems has
led to a variety of de nitions for the zeros and poles in the multivariable case
as De nition 2.3.6 and the emergence of many new properties. The variety and
diversity in the de nitions for the zeros and poles is largely due to the di erences
between alternative system representations the di erence in approaches used, the
objectives and types of problems they have to serve. A classic immediate method
for the derivation of all poles and zeros without having to test any properties is
via the Smith-MacMillan form [Kai. 1];

G(s) = diag

Theorem 2.3.2. (Smith-MacMillan) For any G(s) 2 R™ ¥ there exist non sin-
gular, square polynomial matrices Py; P,; det(P;) =¢; 2 Rnf0g; i = 1;2 such
that

f1(s). fo(s). ... i (S)

PUSIGEIP(S) = diag - ey 0066) ™ 5rs)

; r =rank (G(s)) (2.8)

where f;; g(i); 1 = 1;2;:::;r are co-prime, monic polynomials such that fj+, =
ifi: i = Qi+, 1=1,2;:5r 1forsome ; i 2R.
Matrices Pj(s); i = 1;2 are called unimodular and the roots of the numerator

polynomials fi(s) in (2.8) are the zeros whereas the roots of the gij(s) are the
poles of G(s).

The Smith form, and in some more detail the Kronecker form, [Kar. 4] of the
state space system matrix introduce the zero structure of the state space models;
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for transfer function models the pole zero structure is introduced by the Smith-
McMiillan form. Such links reveal the poles as invariants of the alternative system
representations under a variety of representation and feedback transformations.
The strong invariance of zeros (large set of transformations) makes them critical
structural characteristics, which strongly in uence the potential of systems to
achieve performance improvements under compensation.

From the Polynomial Matrix Fractional Description of G(s) we discussed in sec-
tion 2.3, we may have:

G(s) = Nr(S)Dg(s) = DL(SN, 1(5) (2.9)

where Ngr(s) 2 R™ K[s]; Dgr(s) 2 R¥ K[s] and N_(s) 2 R™ K[s]; D.(s) 2
R™ ™M[s] are the so called Right Polynomial Matrix Fractional Description and
Left Polynomial Matrix Fractional Description of G(s) respectively when matri-
ces Dgr; D. are invertible. This description of the transfer function gives another
alternative characterization of the poles and zeros of G(s); the poles of G(s) are
the roots of the polynomial det(D._(s)) = c¢(Dgr(s));c 2 R n f0g and the zeros
are the roots of the product of the invariant polynomials of N (s) or Ng(s).

Remark 2.3.2. The zeros of G(s) are often called transmission zeros in order to
distinguish them from another fundamental category of zeros, the invariant zeros,
[MacFar. & Kar. 1], which are the zeros of the polynomial matrix

_ slhn A B
P(s) == C D) (2.10)
where matrix P (S) is obtained by the necessary and su cient condition
P (s) )—\(/0 =0 (2.11)

which has to hold true in order an input of the form u(t) = vH(t)e?; a 2 C for
a system S (A;B; C; D(s)) to yield

u(t) = vH(®)e™; y(t) 0; t>0

where x, 2 R" is the initial state condition vector, v 2 R¥ and H (t) the Heaviside
unit-step function. A third group of zeros was introduced in [Ros. 1] which were
named input-output decoupling zeros and they are obtained as the zeros of the
invariant polynomial matrices

sl, A

Pi(s) :=(sln  ASB); Pa(s) := C

(2.12)
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respectively. The input-decoupling zeros correspond to the zeros of [Dy (S); N_(S)]
and the output-decoupling zeros to the zeros of [Dr(s); Nr(S)]t for a left-right co-
prime MFD of G(s) since N_(s); Nr(s) have essential parts of Smith form de ned
by the matrix diag(f,(s);:::; fr(s)) and D (s); Dr(s) have essential parts of Smith
form de ned by diag(g:(s);:::; 9r(s)), [Kar. 2] and for this reason they are also
called Smith-zeros. Both of them are associated with the situation where some
free modal motion of the system state, of exponential type, is uncoupled from the
system’s input or output. Note that pencils P.(s); P,(s) are the same matrices
which were used in (2.6) and (2.7) to test the controllability and the observability
of a system, respectively. The sum of the transmission zeros and decoupling zeros
is called system zeros of (2.10).

Finally, we have the following result that connects the notions of controllabil-
ity and observability of the previous section with the poles and zeros.

Theorem 2.3.3. [Kar. 4] The following hold true:

i) If a system is controllable and observable, then the sets of invariant zeros
and transmission zeros are the same.

i) Every uncontrollable eigenvalue is a system zero.
iii) Every unobservable eigenvalue is a system zero.

iv) The spectrum fA BD !Cg is precisely equal to the set of the systems
transmission zeros.

v) The poles of the transfer function G(s) are precisely equal - in location and
multiplicity - to the controllable and observable eigenvalues of A and the
multiplicity indices associated with a pole of G(s) are precisely the sizes of
the Jordan blocks associated with the corresponding eigenvalue of A.

Every square system (same number of input and outputs) has zeros ( nite
and/or in nite); however, non-square systems generally do not have zeros and
this is an important di erence with the poles that exist independent from input,
output dimensionalities. Although non-square systems generically have no zeros,
they have \almost zeros™; this extended notion expresses \almost pole-zero can-
celations™ and it is shown in [Kar. 4] that in a number of cases behaves like the
exact notion.

Poles and zeros are fundamental system concepts with dynamic, algebraic, ge-

ometric, feedback and computational aspects. A detailed account of the above
material may be found in [Kar. 4] and [MacFar. & Kar. 1].
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2.4 Composite Systems and Feedback

On the general state-space description (4.19), a number of transformations
may be applied, which are of the representation type (di erent coordinate sys-
tems) and expressed by coordinate transformations, and of the feedback com-
pensation type; the latter is made up from state, output feedback and output
injection. These transformations are denoted below, [Kar.& Vaf. 13]:

() R:k Kk input coordinate transformation, detR & 0.
(i) T :m m output coordinate transformation, detT & O.
(iii) Q;Q ':n n pair of state coordinate transformations, detQ & 0.
(iv) T :m Kk constant output feedback matrix.
(v) L:n k state feedback matrix.
(vi) T :n n output injection matrix.

The above set of transformations (R;T;Q !;L;K) when applied on the original
system S(A; B; C; D) described by the matrix P (s) in (2.10), i.e.,

_sl, A B
P(s) = C D
then a new system S"(A’; B’; C% DY) is produced, described by

PY(s) :=

Q! K sl, A B cB 2.13)

0
0 T C D R
As shown in [Kar.& Vaf. 13], P(s); P’(s) are related by a certain form of equiv-
alence, which is de ned on matrix pencils. Such transformations are referred to
as the full set of state-space transformation, or as the Kronecker set of transfor-
mations. In [Kar.& Vaf. 13] there are various representations the Kronecker set
of transformations, such as the so-called S(A) description where the transforma-
tions on the T (s) pencils are similar, i.e., T(s) = Q (sl, A)Q. Before we
end this section, we brie y present the feedback compensation on composite sys-
tems, in order to generalize some of the results presented in the previous sections.

A composite system is a system which consists of a number of several subsys-
tems, describing an original system and a number of controllers. A trivial way of
building a composite system from a collection of systems is the so called direct
sum system where each subsystem can be studied independently of the other,
i.e., if j = (Aj; Bi; Ci; D;) are systems with state space X;, input space U; and
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output space Yj, i 2 N := f1;2;:::ng; n 2 N, the direct sum is the system
(A; B; C; D) with state space X, input space U and output space Y given by

h'd h'd h'd
X= XpU= U:Y= Y, (2.14)
i=1 i=1 i=1
and
M (| M (N
A= A, B = B;; C= Ci; D= D; (215)
i=1 i=1 i=1 i=1

Hence, the direct sum is just a collection of uncoupled systems. This is not the
case if the subsystems ; are interconnected within the composite system or if the
original system is interconnected with itself (feedback). In this section we examine
the second case for two subsystems, the original system (plant) and the system
of the controller as in the following gure. The input, state and output spaces
of the composite system are denoted by U; X; Y and by K = (Kjj);jon: K :
U ¥ U;; KP:Y; ¥ Y we denote the so called matrix of interconnections of the
subsystems and the input and output coupling matrices respectively.

TN
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Figure 2.2: General composite system of two subsystems

If we connect the output of ; to the input of , and the output of , to the
input of 4, then the above con guration 2.2 is called Dynamic Output Feedback.
Thus, by settingui  u; 2U;yi  y.2Y andu2 U, the couplings u, =y; and
u; =Yy, + U lead to the feedback equations

u; = Cyx, + Dz(C]_X]_ + D]_U]_) +0; u, =Cix; + D]_(C2X2 + Dyu, + U) (216)

These equations can be solved for u, and u, if and only if the matrices I,, D,D;,
or equivalently 1y, D;D; are invertible. This is the so-called well-posedness
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condition for the feedback con guration and if it is satis ed, the feedback system
is said to be well de ned. It has input space U = Uy, output space Y =Yy, state
space X = X; X, and its system equations are given by the data

A1+ Bi(ln D;D;) 'D,Cy B:(In D.D;) 'C,

A= ;
B,(I, D:D,) !C; A; +By(l, D;D;) 'D;C,
§ — Bl(ln D2D1) ! .
B.(In D:D,) '‘D;
C= C;+Ds(I, D;D;) ! D,C; Di(I, D,Dj) !C,

D =D;(I, D,D;)*!

Next theorem provides a necessary and su cient for a composite system to be
proper.

Theorem 2.4.1. [Vid. 1] Let G1(S); G2(s) be the transfer matrices of a plant
and its controller.

i) The transfer function matrix of the composite system is
G(s) := G1(s)(In  Ga(s)Gu(s)) * (2.17)
ii) G is proper if and only if
t((1)2R (2.18)
where t(s) = det(l, G1(5)G2(9)).

The next two results [Chen. 1] now generalize the notions of stability, con-
trollability and observability for the general feedback con guration.

De nition 2.4.1. A composite well-posed system is called internally stable if its
respective autonomous system X = AX is asymptotically stable.

Proposition 2.4.1. Let a composite well-posed system .

i) s controllable, if and only if f ;; ,g are both controllable.
ii)  is observable, if and only if £ ;; g are both observable.

iii)  is stabilizable, detectable if and only if both ¥ ;; ,g are stabilizable,
detectable.

The above result is fundamental, since it provides the means for studying
internal stability in terms of BIBO stability and it provides the basis for the
study of stabilization and pole assignment of the feedback con guration. More
results regarding the structural properties of the feedback con guration may be
found in [Kar. & Mil. 12].
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2.5 Frequency Assignment Problems

The problem of pole placement for systems of the form (4.19) in order to
obtain the required stability and other properties, is a core problem in Systems
Theory. In this section, we see that these two problems along with other frequency
assignment problems such as the design of an asymptotic observer and the prob-
lem of zero assignment by squaring down, lie in a wider category of problems, the
so called Determinantal Assignment Problem [Kar. & Gia. 5], [Kar. & Gia. 6].

De nition 2.5.1. (Pole Assignment by state feedback) [Won. 1]. Let a state
space model of the form (4.19). The Pole Assignment by state feedback problem
is de ned as the derivation of a matrix K 2 R* "; rankK = k, such that the
equation:

Xx=(A BK)x+Bu;A2R" " B2R" ¥ (2.19)

has the following characteristic polynomial:
det(sl, A+ BK) =det(M(s)K) = a(s) (2.20)

where a(s) is an arbitrary polynomial of n degree and M(s) = (sl,, A;B); Kt =
(15 K9.
This problem has been completely solved in [Won. 1], where the following

theorem was proved.

Theorem 2.5.1. A system is (completely) pole assignable by state feedback, if
and only if the system is controllable.

In [Kai. 1] the problem of the asymptotic observer has been established as
the dual problem of the state feedback problem:

De nition 2.5.2. (Design of an asymptotic observer) [Kai. 1]. The problem of
the asymptotic observer design is de ned as the derivation of a matrix T 2 R" ™,
such that

det(sl A+TC)=det TC(s) a(s) (2.21)

where a(s) is an arbitrary polynomial of n degree and C'(s) = ((sl, A)4;CY; T =
(In; T).

Due to the duality of the state feedback problem and the asymptotic ob-
server’s design, the latter is solvable if and only if the system is observable.

On the other hand, the problem of pole placement via output feedback is still
an open problem on research, [Kim. 3].
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De nition 2.5.3. (Pole Assignment by constant output Feedback) [Kim. 1]. The
problem of pole assignment by constant output feedback is the derivation of a
matrix F 2 RK ™ such that

det(sl, A BFC)=det(sl, A)det(l, (sln A) 'BFC)=
=det(sl, A)det(l, G(S)F) =det(FrTr(s)) =
=a(s) (2.22)
where a(s) is an arbitrary polynomial of n degree and
Dr(s)
Nr(s)

are obtained by the Right Polynomial Matrix Fractional Description of the respec-
tive transfer function.

Fr = (I;F) 2 Rk (M0 T (s) =

The problem has been mostly examined generically, i.e., for almost all polyno-
mials a(s), [Wil. & Hes. 1]. Note that if there exist real matrices F that satisfy
the above form (2.22) of the closed-loop characteristic polynomial we refer to the
problem as completely pole assignable by static output feedback, whereas if there
exist open dense sets of real coe cients (a;;::;;a,) de ned by the polynomial
a(s) for all matrices F that satisfy (2.22), then we refer to the generically pole-
assignable by static output feedback problem.

Most authors have examined the problem in terms of solvability and assignabil-
i

—LD |
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- ;
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Figure 2.3: Static state and output feedback

ity conditions; From [Dav. & Wan. 1], [Kim. 1] and [Ser. 1] where the su cient
condition m+k n+ 1 for a generic pole assignment system with m outputs,
k inputs and n states was examined, to [Her. & Mar. 1] and [Herm., etc. 1] and
the necessary and su cient condition mk  n (which is based on the results
presented in [Kim. 1]) and the latter results in [Bro. & Byr. 2], [Wil. & Hes. 1],
[Ro. 1], all results concerned the derivation of generic output feedback assignabil-
ity conditions. Note that the DAP framework which we will introduce next is
the rst unifying approach that provides a treatment of all these frequency as-
signment problems.
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The methodology proposed in [Lev. & Kar. 2]-[Lev. & Kar. 5] was the rst to
provide a systematic procedure not only for the derivation of solvability condi-
tions for generic assignability that covered a much wider category of systems,
but it could also provide the construction of the desired solution. With the use
of a blow-up methodology, known as Global Linearization the authors managed
to present a unique computational framework that is suitable for computing so-
lutions for a wide variety of determinantal-type assignment problems, contrary
to the a ne space approach, [Byr. 1], [Mart. & Her. 1]. We will refer to this
methodology again in the next chapters with more details, when we will elabo-
rate on the construction of solutions of several determinantal-type pole placement
problems, since in this thesis we are also interested in the construction of solutions
rather than the derivation of special conditions. The majority of these results
and a further discussion concerning the output feedback problem in general, it
may be found in the survey paper [Syr., etc. 1].

The \squaring down™ problem [Kou. & Mac. 1],[Gia. & Kar. 2] is studied in
the case of a multi-variable system whose number of measured output variables is
greater than the number of control inputs (m > k) when we want to combine all
outputs together into a new set of outputs, whose number is equal to the number
of inputs. Itis evident that the solution of the general squaring down problem has
signi cant consequences on the zero structure of the corresponding loop trans-
mission transfer function matrix and therefore that it vitally a ects the design
procedure. In general, the problem of zero assignment by squaring down is to

nd a matrix K 2 RK ™ such that the Smith-MacMillan form of G(s) := KG(s)
has a given zero structure, i.e., apart from the zeros (if any) inherited from the
given rational transfer function G(s), has an additional number of desired zeros
and can be considered as a generalization of Rosenbrock’s assignment problem
[Ros. 1].

De nition 2.5.4. (Zero Assignment by Squaring Down) [Kou. & Mac. 1]. The
zero assignment by squaring down problem is de ned as the derivation of a matrix
K 2 RX ™M such that

det (K N(s)) = a(s) (2.23)

where N(s) is an appropriate matrix and a(s) is an arbitrary polynomial of n
degree.

The derivation of necessary and su cient conditions for zero assignment under
squaring down was considered in [Kar. & Gia. 7] using projective geometry tech-
niques. In [Kar. & Gia. 7] in particular it has been shown that k(m k) +1,
is a necessary and su cient condition for zero assignment, where is the Forney’s
dynamical degree, [For. 1].
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Remark 2.5.1. In [Apl. 1] it was demonstrated - under speci c¢ conditions -how
the output feedback problem can be transformed into a squaring down problem and
vice versa.

The problems listed above have been de ned for regular state-space systems.
Similar problems for extended state-space or descriptor type systems [Ver. 1]
may also be formulated in a similar manner. The common formulation of these
problems clearly suggests that they are special cases of a more general problem
which is known as Determinantal Assignment Problem.

De nition 2.5.5. (The Determinantal Assignment Problem)[Kar. & Gia. 5],
[Kar. & Gia. 6]. Let M(s) 2 RP 9[s]; q p with rankfM(s)g = q and also
let H=fH 2 RP 9;rankH = qg. The problem of nding an H 2 H such that

fm(s;H) =det(H M(s)) =a(s) (2.24)

where a(s) is an arbitrary polynomial of an appropriate degree d, is called the
Determinantal Assignment Problem(DAP).

Remark 2.5.2. Equation (2.24) is sometimes mentioned as the constant de-
terminantal assignment problem whereas the problem of nding H(s) such that
det(H(s) M(s)) = a(s) is referred as the general determinantal assignment
problem. However, since all dynamics can be shifted from H(s) to M(s), the
general problem can be described by (2.24).

Remark 2.5.3. The degree d of a(s) depends on the degree of M(s), i.e., the
polynomial with the maximal degree among the entries of M (s) and on the struc-
ture of H. Through-out this thesis, we have d = deg M (S).

As shown in [Kar. & Gia. 6], DAP may be reduced to a linear system of
equations where the unknowns are constrained to several quadratic relations.
Hence, DAP is solvable when the number of free parameters is greater or equal
to the number of constraints. This suggests that DAP has the complexity of a
variety intersection problem only in the boundary case when the number of free
parameters is equal to the number of constraints. In the case where the degrees of
freedom are greater than the constraints, there is a need for alternative methods
which explore e ciently the additional degrees of freedom. DAP, being similar to
the output feedback pole placement, has allowed the use of the same techniques,
provided one takes into consideration the structure of the matrices H and M(s),
that may di er from those of the output feedback problem. From that aspect
and working via degenerate feedback gain, i.e., det(H M(s)) = 0 for all s, some
new solvability conditions have been derived.

Theorem 2.5.2. [Lev. 1] If mk > n, then DAP has a solution, for almost all
polynomials a(s).
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Remark 2.5.4. The same condition holds for the static output feedback case, as it
was proved in [Lev. & Kar. 2]. More results using this methodology and a gener-
alization for the dynamic output feedback case, may be found in [Lev. & Kar. 3]-
[Lev. & Kar. 6].

In the following chapters, we will approach problem (2.24) in a di erent way,
which is the derivation of a matrix A that best approximates matrix H, when
the computation of the initial matrix H fails, or when its computation becomes
very di cult. As we will see, this problem will be de ned as the Approximate
Determinantal Assignment Problem.

2.6 Conclusions

In this thesis, the emphasis is given on the study of the most general case of
frequency assignment problems, which is the Determinantal Assignment Prob-
lem. The similarities between DAP and the rest frequency assignment problems,
as presented in the previous section, provide a number of well known and estab-
lished techniques for DAPs further investigation. Our viewpoint in this chapter
has been to underpin the nature of dynamic and feedback properties in order
to set up the control theory framework of DAP. Notions such as the poles and
zeros have thus been central to this approach. Poles express the internal dynam-
ics of the system and they are directly related to stability and other aspects of
performance and they are a ected by the di erent types of feedback transforma-
tions. On the other hand, zeros are measures of the interaction between internal
dynamics and their coupling to inputs and outputs. They are invariant under
fundamental feedback transformations and their alternation may be achieved un-
der dynamic compensation, or by design or re-design of the input, output system
structure. The theory of invariants and canonical forms of state space systems
can be considered from the perspective de ned by the theory of matrix pencils,
which was brie y presented. Further information about the role and signi cance
of invariants for Control Synthesis and Control Design problems may be found
in [Kar. & Mil. 12] and the references therein.
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Chapter 3

Exterior Algebra and Algebraic
Geometry Tools

3.1 Introduction

In this chapter we present the main mathematical tools that we are going to
use in order to transform DAP’s equation (2.24) in a way that it could provide
concrete solutions, perhaps even in a closed form-formula.

The main idea of this transformation, is that the determinant in (2.24) is viewed
as a general multilinear skew symmetric function on the entries of matrix H. This
implies that DAP should be approached via Multilinear Algebra methods, where
the notions of tensors, tensor products and tensor algebras, play a crucial role
for the construction, development and implementation of the respective theory.
As we will see, DAP is subject to the laws of a speci ¢ sub-algebra of the tensor
algebra, called Exterior Algebra, which is the area of study of the skew-symmetric
tensors that can be considered as the generalization of antisymmetric matrices.

Furthermore, the roots of the polynomial in (2.24) will provide the link between
the problem’s skew-symmetry with a relevant algebraic variety. To this purpose,
we give some basic background results and properties from the eld of Algebraic
Geometry with respect to projective algebraic varieties, which will help us de ne
the so called Grassmann variety. The properties of this variety as well as its
related features are closely related to DAP, something that will be more clear in
the following chapters when DAP will be connected with the solution of a speci ¢
optimization problem over the Grassmann variety.

The basic de nitions and the background concept of Exterior Algebra Theory

- a special subalgebra of the tensor algebra whose subspaces are known as Exte-
rior Powers- are introduced in Section 3.2, since that would be the study area of
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DAP in higher dimensions. The special form that some of the elements of these
subspaces have, called multivectors, will help us de ne the so called decomposable
multivectors, which play a signi cant role in this thesis. In the same section, we
also introduce the notion of the Hodge -star Duality, as an important tool for
calculations in the area of Exterior algebra.

In the next section we introduce the notion of the compound matrix, which it
will be used through out this thesis for the derivation of decomposable vectors.
Moreover, in Section 3.4 we introduce the Grassmann variety and its related
projective space. This variety will be connected with the previous notion of
decomposability and will be very helpful in DAPs investigation. Furthermore,
we introduce several features of the Grassmann variety, such as the Quadratic
Plucker relations (QPR).

In Section 3.4.2, we introduce the notion of the Grassmann matrix which con-
stitutes an alternative tool for the decomposability of multivectors that we will
use later for the solution of the approximate DAP. Finally, in Section 3.5, we
present the notion of the Grassmann invariants, such the Plucker matrices, that
also constitute an alternative means of testing decomposability.

3.2 Basic Notions of Exterior Algebra

This section provides the most important results from Exterior (or Grass-
mann) Algebra, i.e., de nitions, propositions and theorems that we will need
throughout this thesis.

De nition 3.2.1. [Mar. 1] Let Vy;Vy;:::; Vi and W be vector spaces of nite or
in nite dimensionovera eld Fand0 k<. IfVKk:=V, V, 1 Vis
the set of all the k-tuples of the form (x;;X,;::;; X, ), then the map £ : vk ¥ W
is called k-linear or multilinear of k degree if it is linear in each of its argument,
ie.,

FXonX Y+ 20X inX) = FXun Xy x) + T %5525 005 X, )
where ; 2 F and Xj;Y, 2V. If W F then f is called k-linear function in V.
The set of multilinear maps as above, forms a vector space denoted by

Home (V1; Vy; i Vi, W) and the dual spaces of V; are de ned as V; = Hom(V;; F)
which are called forms.

Example 3.2.1. Let A = (a;;8,;:::;a,) 2 R™ ". Then the determinant d(A) is
a function d : R™ ¥ R such that

dla; s g+ g;inay) = d@g e inay) + d@snngnnna,)  (B1)

Equation (3.1) states that the determinant is an n-linear function in R".
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The de nition of DAP in equation (2.24) suggests that in order to calculate
matrix H we need to investigate the analysis of the relevant determinant. The
properties of the determinant lead to the conclusion that the determinant in
(2.24) should be considered as a skew-symmetric multilinear map.

De nition 3.2.2. [Mar. 1] Let a k-linear map f : VK I W overa eld F.

i) We say that f is alternating if f(x;;:;;x,) = 0; for some i with x; =
Xjspand1l 1 kL

i) We say that f is skew-symmetric if
f X+ +X g =sign F(x;;05x) (3.2)
for every permutation in the group of permutations Sy of k objects.
De nition 3.2.2 leads to the following Proposition.
Proposition 3.2.1. [Mar. 1] Let a k-linear map f : VK I W overa eld F.
i) Every alternating multilinear map is skew-symmetric.

i) Every k-linear map f determines a skew symmetric k-linear map g which
is given by >
g= sign < _;f > 3.3)

where <; > denotes the inner product of the corresponding vector-form _ of
and f.

iii) If char(F) & 2 then every skew-symmetric multilinear map is alternating.

Remark 3.2.1. If dimV = n and k > n, then every skew symmetric k-linear
map f:V ¥ W is identically equal to zero.

By using the previous proposition, we imply the following important result:

Proposition 3.2.2. [Mar. 1] If f : VK ¥ W is an alternating k-linear map such

that
X
;= aixpl J kKy:x2V (3.4)
i=1
then
Fly,;uny,) = det(ai) Xy x,) (3.5)

It is clear now, that the determinant of an n  n matrix with entries in F, is an
n-linear skew-symmetric function in F". Now, many authors ([Gal. 1], [Mar. 1]
among many others), in order to obtain the vector space and the respective
algebra of determinants, have used the tensor algebra T (V) that may be de ned
for all k-linear maps.
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De nition 3.2.3. [Mar. 1] Let V be a vector space over a eld F and let  be
the standard tensor product, [Mar. 1]. If

Vm = _{Z \ﬁ (36)
m times
then
i) The vector space
M
T():= Vi Vo F;V,  V 3.7)
m 0

is called a tensor algebra.

i) If 1 is the two-sided ideal of T (V) generated by all tensors of the formu u,
then the k-th Exterior Power of V is de ned as

AR
(V) =V, =1\V, (3.8)

iii) The Exterior Algebra (or Grassmann Algebra) of V is de ned as

7\ M AR
(V) =T V)=l = V) (3.9)
k 0

Proposition 3.2.3. [Mar. 1]

\V/
i) If Ak n I‘(V) i§/a skew symmetric k-linear map, then the vectors
NK(x,; 00X, ) generate k(V) for every x; 2 V.

i) 1fg: VvV ¥ W is any skew symmetric k-linear map, there exists a linear
map f: “(V) ¥ Wsuchthatg=~F 7k

iii) If Alt(V; F) denotes the set of all alternating maps over the eld F, then

(V) =Alt(V;F) (3.10)

AR

VvV
The elements of I‘(V) are called alternating k- vectors or alternating mul-
tivectors. From the de nition of T (V), the following properties hold:
\4
i) (V) is an associative and anti-commutative graded algebra.
. Vi, V. V.V, _ V. V,
i) V)= (V) ( (V)andifx2 °(V);y2 “(V) then

XNy =( Dy~x (3.11)
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i Vi ®
iv) If V =R", then (RM 7 R/,
v) The pair (V); ™ is uniquely de ned by V.

\V/
We can now construct a basis for the exterior powers k(V). We need at rst to
de ne a total ordering in our bases, therefore we introduce lexicographical order.

Proposition 3.2.4. [Mar. 1] Let V be an n dimensional vector space over a eld
F and let fe;;e,;:::;e,g be a basis of V. Then

\Y4
i) The set fe; ~e,~ 7 gisabasisof  “(V),forl i;<i,< <ix n
(lexicographical order).
oo Vi no; Vi .
i) dim v) =, if 0 k nand “(V)=f0gifk=>n.
\Y4
iii) Any multivector x 2 k(V) can be uniquely written as
>

X = ailizlliikgil Agiz N Agik

(3.12)

where aj, i,..i, are the coordinates of X, with respect to the basis fe;;e,;::;; €,9
of V called Plucker coordinates.

\Y
Remark 3.2.2. The dimension of (V) now readily follows; Due to the previous
proposition we have that
- N\ X n
dim V) = . o=2" (3.13)

i |
i=0

The following de nition is going to be used excessively in the rest of this
thesis;

De nition 3.243[Mar. 1] Let V be an n dime\psional vector space, K n and
the k-vector X = aii,i &, &, ~ e, 2 (V).
\Y4
i) If x belongs in the one-dimensional subspaces of k(V) or equivalently, if
it is written in the form
Xg M XN N X (3.14)

then it is called decomposable. If x;; 1 = 1;:::;k are linearly independent
then x is called totally decomposable.

ii) The minimal number of decomposable k-vectors in the expansion
x=x"+x*+ +x" (3.15)

where x' are decomposable, is called rank of the k- vector x.
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Remark 3.2.3. It can be proved that, Xx;; ::;; X, are linearly dependent if and only
if X A% A =0.

We nish the fundamentals of exterior algebra theory with the following def-
inition.
De nition 3.2.5. [Tol. & Cast. 1] Let V be an n dimensional vector space over
a eld F.

i) The product of two vectors x; y 2V will be denoted as
XNy:=x oy y X (3.16)
and will be called exterior (or wedge or Grassmann) product.
i) Similarly, the product of three vectors x;; X,; X3 2 V will be denoted as
X M XM X3 =X Xp X3 X X Xzt Xy X3 X
Xg Xp Xp+Xs Xp X X X3 X, (3.17)
and will be also called exterior product.

iii) Inductively, if k 2 is the number of vectors x; 2 V; i = 2;:::;k then the
wedge product is de ned as

N N — aiaz ak
Xy Xk = 127 kXa Xax (3.18)

where a; 2 z, = f1;2;::5;ng; 12 zx = f1;2;::,kg; a; 6 a, & 6 ay
and 8 are the Kronecker deltas, i.e.,

8
< 1, if 1;2;::;n are an even permutation of a;a,  ag
e d= _ 1; if 1;2;:;n are an odd permutation of aja,  ax
= 0; otherwise
From this de nition, it is clear that
) XAx=0; 8x2V:
i) XNy = y~x 8xy2V:

i) xNyNz= yNxNz= = zMNYNX 88X x,22V:
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3.2.1 The Hodge Star-Operator

As we have mentioned earlier, it is common in tensor algebra and analysis
(and in Linear Algebra in general ofcourse) to work on the dual set rather than
the set itself - via a corresponding isomorphism - if the former implies information
that the given set can not provide. In this sense, the Hlege star-\Qperator (or
Hodge ?-operator) has been de ned as an isomorphism : (V) | (V) that
generalizes the Laplacian :CK ¥ Ck 2, (f) = r?f in order to be applied to
di erential forms on a Riemannian manifold.

De nition 3.2.6. [Mar. 1] Let V an n dimensional vector space and 0 k n.
If < ; > denotes the inner product on V, we de ne

<u N Nuygy, N Ny >=det < ujpy; > (3.19)

. Vy
as an inner product on (V).

It is straight-fqrward to see that if fe,;::;;e,0 is an orthonormal basis of V,
then the basis of \)(V) consisting of the vectors e,; ! = fiy;:::;ikg, is an or-
thonormal basis of (V) Since the inner product on V can induce an inner
Q/oduct on V , via isomorphisms, then we can also obtain an inner product on

(V).

Furthermore, if V is oriented vector space, i.e., its vectors are the linear
combinations of the vectors of a selected basis fe;;::;;e,g of V, then it is easy to
see that V is also oriented by fe;;::;;e,0.

De nition 3.2.7. [Mar. 1] Let V an oriented n dimensional vector space and
0 k n. The map

AR N\
70 (V)L (V)
?(€nen) T ™ &y (3.20)
is called the Hodge Star-Operator.
Example 3.2.2. We take two cases for k; n respectively;
) Ifn2N; k=0, then ?2(1) =e; ™~ "e,.
i) If n=4; k=2, then

> PaN

X= Xij€ ™ €;;

o (R*) 3 X = (X12; X13; X14; X23; X4} X34)

1i<j 4
Therefore

2X) =X12?(6; 7€) + X132 (6, Ney) + Xz ?(e3Ne,) =
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= X34(81 N €y)  Xoa(By NE3) +  + Xpa(B37N€y)

Thus, the vector representation of ?(x) is
?2(X) = (Xaa;  Xoa; X237 X147 X135 X12)

The next result summarizes some important properties of the Hodge Star-
Operator.

Proposition 3.2.5. [Gal. 1]Let V an n dimensional vector spaceand0 k n.
Then

\Y
i) ?2(?(x)) = ( DKM Wsx; 8x 2  K(V), where s is the signature of the inner
product on V, i.e., the number of real eigenvalues of the matrix obtained by
< . >,

V
i) <xy>=? <x?2(y)> =2 <y;?20) > ; 8xy2 (V).

q
i) a, ™~ "a, = det <a;a >e ™ e, for any orthonormal basis

fe,; ::;;e,0 and any other basis fa,; ::;;a,9 of V.

3.3 Representation theory of exterior powers of
linear maps

In this section, we present the basic results of the general representation of
multilinear maps between exterior powers, |n ordervto obtain the form of the
matrix representation of a mapping from (V) to (W) The main result of
this section is the derivation of the notion of the compound matrix, which is
closely related with the decomposability of a multivector.

Theorem 3.3.1. [Mar. 1] Let f : V ¥ W a linear map, where V; W are
two nite dlmensmn\gll vector Qpaces over a eld F. Then, there exists a unique
homomorphism T : (V) | (W) such that f(v) = f(v); 8v 2 V and for all
K.

Remark 3.3.1. {, eorem 3.3.1 also suggests a way to construct a multilinear
map from VK to (W) We observe that since f is a\)near map of a vector
space V to a vector space W then f(x,) ™~ f(xk) 2 (W) may correspond
to the k-tuple (Xx;; 333?\6«) 2 VK. This de nes a skew- -symmetric multilinear map
g such that g : VK 1 " X(w):

The above results Iead\}o the foQ,owing important result that describes how the
matrix of a map from k(V) to k(W) is obtained.
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\V/ n
Theorem 3.3.2. [Mar. 1] Letf :V ¥ W alinear map and ”; : k(V) L F(k),

Vk (m) .
750 (W) ¥ F\«J two linear maps such that
o 1 o 1

11(5)28 ;01 X; ,Z(X):(% ;)2 R

\Y4 \V/
If ’\"(D is a k-linear map from k(V) to I‘(W) and B is the matrix represen-
tation of the linear map : F™ ¥ F" with respect to the elementary bases of
F™, F" respectively, the\? the n{z}trix representation A of ’\"(D, with respect to

the elementary bases of k(V), k(W) respectively, satis es the equation
0 1 o 1

A B p xX=8 p X (3.21)

and the entries of A are of the form

0h. - 0h: -
/Olljl /olle

%iljk %ikjk
where %;; are the entries of matrix B.

Remark 3.3.2. It is evident that matrices A; B in Theorem 3.3.2 satisfy the
equality C,(B) = A and that equivalence relatipns may\}Je obtained; if we de-
note ~K(e") and ~K(") two di erent bases for = “(V); (W) respectively, B!
the matrix representation of in terms of the new bases and Qi; Q. the matrix
representations of maps from the old bases (Theorem 3.3.2) to the new, then

A = Cp(B) = Cp(Q1)Co(B)Cp(Q2) (3.22)

Furthermore, if L(V;W) is the set of all linear maps from V to W, it can be
shown, by using the properties of the compound matrices we mentioned before, that
the maps ~i; i = 1;2 in Theorem 3.3.2 which associate eve\r}/ mapv’\k(f) with

its matrix representation A, constitute an isomorphism L “(V); (W) 1

FG) ©),

3.3.1 Compound Matrices

The previous results clearly show how a decomposable multivector is related to
the minors of a given matrix. For the case of 2-vectors, if fe; €;0¢ijy2f1.2::ng; 1 €
J,isabasis of V. V; dimV = n, then

XNy = (xig) N (yigy) = (xie)  (Vigg)  (vig) (X&)
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=XiYi&i & YiXi€ & = XiYj€& g
= Xiyj& g + Xjyig; Nei; 1<]
=(Xiy;  Xjyei e i<j

— Xi Vi Ao i<

Xj yj gl gj’ 1 J
Thus a decomposable 2-vector may be derived by the 2-minors of a matrix. The
results of the previous section may now be simpli ed by introducing some useful
notation and de nitions on the sequences of integers and on the submatrices of a

given matrix to obtain decomposability for k-vectors in a simpli ed form as well.

De nition 3.3.1. (Compound Matrix)[Mar. & Min. 2] Let Qy., denote the set
of strictly increasing sequences of k integers, 1  k n, chosen from 1;2;:::;n,
e.g., Qa3 = (1;2); (1;3); (2;3)g, where the number of sequences of Qy;n is | .
i) If a;b 2 Q.n, We say that a precedes b and we write a b, if there exists an
integer t 2 [1; k] such that a; = by;a, =by;ar 1 = by 1;a¢ < by, Where a;; b;
denote the elements of a;b respectively. This describes the lexicographic
ordering of the elements of Qy., which will be designated as ! := (iy; ;1)
and if cq; ;¢ are elements of a eld F then ¢y :=¢j,Ci, Ci,.

i) The k- compound matrix of a matrix A2 F™ "; 1k minfm;ng is a
" n matrix whose entries are det(A(1; 7)), where A(1;1%) 2 Fk K
denotes the sub-matrix of A which contains the rows ! = (iy; 5 ix) 2 Qxm
and the columns 1" = (jy;::;jp) 2 Qw:n and it will be designated by Cy(A).

Clearly now, the special case k =  implies an | - dimensional column-

vector C(A), which is decomposable. Hence, if A = (a;;a,;::;;a,) 2 F" K 1
k nthen
Ck(A)=a,"a, ™ "a (3.23)

and the entries of Cx(A) are the Plucker coordinates.

Example 3.3.1. Let

0
A=0

[l
W w N
NN W
N I N
> B
N
Py
w
‘_-h
3

I
w
>

I
AN

For k = 2, we have that
Q23 =1(1;2);(1;3);(2;3)g:=T1; 1,; 130
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and
Q24 = F(1;2); (1;3); (1;4);: (2:3); (2:4); (3;4)g := F1; 15, 15, 15, 15: 1ig
Then

O . . o o . . 1
AT ) A 51 JA(TG 15 JACG 1) JA(TG 1) JA(Y X

Co(A) = @ JA(T2; Vi JA(Y2 130 JA(Y2 Y51 JA(Y2 1) JA(T2 TE) JA(Y2 1) A
JA(T 1) JA(Y 150 JAYs 130 JA(Ts Ya) JA(Ys; Y JA(Ys; 1G]

o
5 10 15 5 10 5
=@ 1 1 0 5 4 4 A
9 6 15 0 9 6

For the decomposability case, it is easy to verify in a similar way, that the matrix

o 1
1 2

B=@3 4 A
5 6

corresponds to the decomposable vector C,(B) = ( 2; 4; 2).

The following fundamental theorem will be used in several important parts in
the next chapters.

Theorem 3.3.3. (Binet-Cauchy) If A 2 F™ ", B 2 F" XK and 1 k
minfm; n; kg then the following equality holds

Ck(A B) =Ck(A) C«(B) (3.24)

which expresses in a form of compound matrices the composition law of the exte-
rior powers of linear maps when matrix representations are considered.

Remark 3.3.3. Other useful properties of the compound matrices which are used
next are:

i) (Ck(A))' = Cr(AY), where At is the transpose of A.
i) C( A) = KCx(A); 2F.
i) Ce(ly) = I(E)’ where Iy is the k  k identity matrix.

As we will see, the solution that best approximates the real solution of DAP,
will be given as a decomposable multivector, say x. In order to nd the matrix
H in eqn.(2.24), we have to solve the equation C,(H) = X, in terms of H.
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Proposition 3.3.1. [Hod. & Ped. 1] If X = (i Xa; an: i)t 2 R(%) is a decom-
posable vector and X,, a, @ nonzero coordinate of X, where 1  a; < < am
n, then the entries h;; of H that satisfy the equation C,(H) = x have the form

hij = Xai:zai 1jaieiiam: i=1:;m; j=1:5n (3.25)

>3<ample 3.3.2. Let X = (X123; X124; X125; X134; X135; X145; X234; X235; X245, X345) 2
(R®). Then
X123 0 0

0 X123 0
H= 0 0 X123
X234 X134 X124
X235 X135 X125

Remark 3.3.4. The form of H in the previous example is not random; it can be
proved, [Hod. & Ped. 1], that matrix H can be written also as

H = a12:::m|m;><t ' 2R™" (3.26)

WIth Xij = Xa;a; jaivaams 1= L05m; j=m+ 1050,

3.4 The Grassmann variety

The fact that DAP, as introduced in equation (2.24), requires the poles of
a polynomial a(s), suggests that it should be examined in a space where one
is interested for the poles of the polynomial and not the polynomial itself. In
other words, we need a space where polynomials of the form p(s) =s s; and
q(s) = as as; or the respective vectors of their coe cients, are cqpsidered
equivalent due to the common root s;. This implies the embedment of ~ (V) in
a relevant projective space, where the set of the decomposable k-vectors is viewed
as the set of equivalence classes representatives of the so called Grassmann variety.
In this section we de ne the projective space and the Grassmann variety and we
present their main properties following.

De nition 3.4.1. [Hod. & Ped. 1] Let the vector space F¥** of (k+1) tuples of
the form (Xy; X2; 25 Xk+1). Two multivectors x; y 2 F**1 will be called equivalent
if

(X;y) & (0;0) and x = cy
for some ¢ 2 F n f0g.

This equivalence relation between the vectors can separate them into equiva-
lence classes, where each class consists of all non-zero elements in a one-dimensional
subspace of F**1. This means that the equivalent classes are in one-to-one cor-
respondence with the straight lines through the origin of FX*1,
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De nition 3.4.2. [Hod. & Ped. 1] The set of all equivalence classes of non-
zero vectors on FX*! is called the Projective space of dimension k over F and is
denoted by PX(F). Each equivalence class de nes a point in the projective space
whose coordinates are called homogeneous coordinates. Equivalently, PX(F) is the
set of all lines in R™! passing through the origin 0. If k = 1; 2 we speci cally
refer to the projective line and the projective plane, respectively. The complex
projective line is also called the Riemann sphere.

Remark 3.4.1. In Topology and Di erential Geometry, one can see the projective
space as the set of all antipodal points (p; p) of the unit sphere x*> +y? +2z2 =1
or the set of points in the unit sphere such that p p [Kob. & Mom. 1]. In
other words, lines in the projective space always intersect. We will use this aspect
of the projective space in the following chapters.

Next result, interprets the Plucker coordinates mentioned in De nition 3.3.1, as
the homogeneous coordinates of a representative of the related equivalence class
in the projective space PX(F).

Lemma 3.4.1. [Hod. & Ped. 1] Let f:V ¥ W a linear map, where V; W are
two nite dimensional vector spaces over a eld F. Then any two sets of Plucker
coordinates which correspond to two di erent bases of V, with respect to a xed
basis of W, di er by a non-zero scalar factor.

It is natural to investigate if the opposite direction of this statement also holds
true, i.e., if a point - a representative of an equivalence class in the projective
space - can be represented via Plucker coordinates. In other words, we want to
see if the multi-vector a, which de nes a representative in the projective space
via its coordinates a,, can be written as a decomposable vector a; ~a, ™ a,
or under which condition this is feasible. To answer that, we need the following
results;

De nition 3.4.3. [Hod. & Ped. 1] Let F be an algebraically closed eld, i.e.,
F contains a root for every non-constant polynomial in F[x]. Let also A" be an
n-a ne space over F, i.e., the space obtained by its associated vector space V
over F without a preferred choice for the origin and P"(F);dimP"(F) = n, be a
projective space over F.

) If (X1, X0, Xn); 1=1;2;::;r are (not necessarily homogeneous) polyno-
mials over F, then the subset

F(X1; X0, %n) 2 A" Fi(Xe; X0, 55 %n) = 0; 1 =1;2; 005 rg (3.27)
of A" is called (a ne) algebraic variety.

i) If fi(Xq; X2, Xn+1); 1 = 1;2; 5 r are homogeneous polynomials over F,
then the subset

F(X1; X0, i Xna1) 2 P Fi(Xe Xop i Xne1) = 0; 1 =1;2;:55rg - (3.28)
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of P" is called projective (algebraic) variety.
iii) The points of the projective space P"(F) that satisfy the equations
Fi(X1; X2 1 Xn1) 05 (X15 X255 Xna1) = 0, 1= 102,05 J = 152700510
(3.29)

de ne the projective variety V; [ V., which is called the union of the pro-
jective varieties Vi; V,, de ned respectively by the polynomials f and g.

iv) The subvariety of points common to two projective varieties Vq; V; is called
the intersection of Vy; V, and is denoted by V; \ V, and it is non-empty if
dimV{+dimV, n.

v) If V. =V; +V,, where V;; V, are two projective varieties, then V is called
a reducible projective variety and its dimension d is given by

d=n ng (3.30)

where ng is the minimal number of equations de ning the variety V. Oth-
erwise the variety is called irreducible.

Remark 3.4.2. It can be proved that an algebraic variety does not depend on the
coordinate system chosen.

3.4.1 The Grassmannian and the Plucker Embedding

The map we mentioned at the beginning of this section that helps embed from
the a ne space to the projective space, is the so called Plucker embedding.

De nition 3.4.4. [Hod. & Ped. 1] Let V be a vector space over a eld F. The
Grassmannian Gr(m;V) is de ned as the set of all m-dimensional subspaces of
V.

The Grassmannian admits the structure of an analytic manifold, i.e., the
Grassmann manifold. Now, if p is the map p : Gr(m;V) ¥ P"(F), then the
Grassmann variety G,(V) is the image of the map p in the projective space
P"(F), i.e., Gm(V) = p(Gr(m;V)).

De nition 3.4.5. The map p : Gr(m;V) ¥ P"(F) from the Grassmannian to
the projective space P"(F) is called the Plucker embedding.

Proposition 3.4.1. [Hod. & Ped. 1] Let the Plucker embedding p. Then
i) p is unique up to scalar multiplication and thus well de ned.

i) p is injective.
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Now the de nition of the Grassmann variety readily follows.

De nition 3.4.6. [Hod. & Ped. 1] Let a vector space V with dimV =n and U
an m dimensional subspace of V over a eld F.

i) The Grassmann variety, denoted as G,(V) or Gn,.m or (n;m), is the ir-
reducible algebraic variety which contains the decomposable vectors of the

projective space P(») 1(F).

i) A point in G, (V) will be called the Grassmann representative of the Grass-
mann variety.

We know give the de nition of the Quadratic Plucker Relations(QPRs).

De nition 3.4.7. (QPRs)[Hod. & Ped. 1]For1 m n; m; n 2N, let
Gm:n be the set of N™ elements of length m in the form a; where

1 & n;i=12:m: (3.31)

Dm:n the set whose elements are obtained by all possible permutations of the
elements of Qm:n.

a(9%) : k denote a sequence in Gn,., such that the as term is deleted and replaced
by Kk, i.e.,

a(8) : k= (an;has 1K @s+1s 010 @m)

Sh the set of all possible permutations of the elements of f1;2;::;;ng. If % :
Gmn ¥ F is amap such that w( )=sign %( ); 2Gmn; 2 Sm, then for
every @ 2 Dpyn; 2 Dp+1:n the conditions

o
(Y 'wa®: )% G =0 (3.32)

i=t
are called Quadratic Plucker Relations (QPR) and % is said to satisfy the QPR.

Now, from the de nition of a decomposable vector in the previous section, the
following important theorem is established.

Theorem 3.4@. [Hod. & Ped. 1] If V is a vector space over a eld F, then a
multivector in ~ ™(V) is decomposable if and only if, its coordinates satisfy the
QPR.

The previous theorem has given a number of signi cant results, regarding the
algebraic and geometric structure of the Grassmann variety.

Corollary 3.4.1. [Got. 1],[Die. 1] Let V be an n dimensional vector space over
a eld F and an m dimensional subspace of V, m < n. The dimension of the
Grassmann variety G,(V) of the projective space p(w) Y(F) is given by

m(in m); F&C

dim (Gm(V)) 2m(n m); F=C

(3.33)
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To end this section, we should mention that the derivation of the QPR that
describe the Grassmann variety is a key problem in the eld of Algebraic Ge-
ometry, due to the complex form of (3.32). In higher dimensions, this formula
is di cult to be implemented, even numerically. Moreover, one comes across a
second obstacle with respect to their analytical calculation; in the case where
n =5; m = 3 for example, the QPR are

X1Xg XoXs+ X3zXq = 0;X1Xg  XoXg + X3Xg = 0;X1X19  Xg4Xg + XsX7 = 0; (3.34)

XoX19  XaXg + XeX7 = 0;XaX19 X5Xg + XgXg =0 (335)

It can be proved that the above set of equations is not minimal, since equa-
tions (3.35) may be obtained by the set (3.34). The independent set of QPR
which completely describes the Grassmann variety is referred to as the Reduced
Quadratic Plucker Relations (RQPR) and it can be proved, [Gia. 1], that it is
described by the non-trivial relations among the equations

Cm(H) = (5 Xy apms 2)XD 2 (3.36)

where X = (35 Xa; am; i)t 2 R(™) is a decomposable vector with its rst coordi-
nate Xi»-.m & 0 and H the matrix whose entries are given by eqn.(3.25).

3.4.2 The Grassmann Matrix

The Grassmann matrix was introduced in [Kar. & Gia. 6], [Gia. 1] as an
alternative way to test the decomposability of a multivector due to the di culty
to calculate in practice equations (3.32). Here we present the main results for the
Grassmann matrix in order to prove in the following chapters, that the singular
values of the Grassmann matrix provide a direct solution for the approximate
DAP.

De nition 3.4.8. [Kar. & Gia. 6], [Gia. 1] Let Qn., denote the set of strictly
increasing sequences of m integers chosen from 1;:::;n and a($) denote the se-
quence as; ap; ::;; @, Where the a(s)- term is deleted, i.e. a($) = (ai;2;::5;@s 1;8s+1;
Let = (i1 5 Tm+1) 2 Qm+1.0n Where m;n 2 N;m < n. We de ne the function ~
as follows:

0 ifi 2

)= Ckta g ifizig k=1mel (3.37)

) .V
where a;; ' 2 Qm+1n , are the coordinates of a vector in ~ "(V) for an n-
dimensional vector space V.
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Proposition 3.4.2. [Kar. & Gia. 6], [Gia. 1] Let V be an\/n-dimensional vector
space over a eld F and two non-zero vectors x 2 V; a 2 I‘(V) such that

> <
X = i€ a= Qiyii i, N8, N Nei

i=1 1 ii1<iz< <igk n

where fe;;eqg; fe, e, ™ g o 1l i <ix < < ix n are the
bases of V and I‘(V), respectively. Then, necessary and su cient conditions for

Xx”Na=0is that
X -
(; ) i=0;8 2Qms1n (3.38)

i=1
which can be expressed in matrix form as

@) 1 0 1 O 1
1 2 n 0
1 1 “ s 1 l
2 ... 5 0
% 2R -Zg g . §=§ E (3.39)
13 23 S n 0

n

where s =" .

De nition 3.4.9. [Kar. & Gia. 6], [Gia. 1] The matrix

O 1
1 2 n
1 1 Tt 1
2 o
a:=§ oz § (3.40)
12 on

in equation (3.39) is called the Grassmann matrix of the multi-vector a.

Example 3.4.1. Let a = (@ip; Q13; Qu4; A15; Ao3; A24; A34) 2 ~2(R*). Then the
Grassmann matrix of a is

0] 1
ag a3z ap 0

_ g ax a0 ap §
a~ 0

dsy di4 adis
0 dsy dpg4 QAps

Next theorem displays the connection of the decomposability of a multivector
and the Grassmann matrix.
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Theorem 3.4.2. [Gia. 1] Let V an n- dimensional vector spgce over a eld F
and , the Grassmann matrix of a non-zero multivector a 2 ~ (V). Then, the
following are equivalent:

i) a is decomposable.

i) dimN,( 2) = m, where N, denotes the left null space of the Grassmann
matrix.

iii) rank( g) =n m.

Remark 3.4.3. The above results prove that the Grassmann matrix is a very
helpful tool for decomposability problems. Also, , provides the means to re-
construct a subspace U of V which corresponds to the decomposable multivector
a2 /"m(V), by setting U = N, ( 5). In the next chapters, we will present a new
result for the Grassmann matrix, with regard to its Singular Value Decomposition.

3.5 The Grassmann Invariants of Rational Vec-
tor Spaces

The characterization of a rational vector space by a set of invariants has been
initiated in [For. 1]. However, the de ned set of dynamical indices did not form
a complete set of invariants. Although the echelon type minimal basis charac-
terizes completely a rational vector space, the need of an alternative complete
characterization has emerged, due to the computational di culties in nding the
echelon type form and the large number of parameters involved in its description.
In this section we present the main results for the alternative complete invariants
of a rational vector space as introduced in [Kar. & Gia. 5], called Grassmann
Invariants and we focus particularly on a speci c invariant, the Plucker Matrix,
which is important for DAPs formulation.

De nition 3.5.1. [Kar. & Gia. 5] Let M(s) = fM(s) : M(s) 2 RP 9(s)g, with
rankM(s) =q; ¢ p. Two matrices M(s); N(s) will be called column equivalent
and this shall be denoted by M (s)eN (s) if there exists an invertible rational matrix
Q(s) in RY 9(s) such that

N(s) = M(s)Q(s) (3.41)

Eqn.(3.41) de nes an equivalent relationship  on M(s). (M) will denote
the equivalence class (orbit) of M(s) 2 M(s) and M(s)j  will denote the set of
equivalence classes (quotient orbit) under . Clearly, M(s)] partitions M(s)
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and its orbit is a rational vector space V\, = colspan(M(s)). Since dimVy, = q
and Vy, is a subspace of RP(s), then M(s)j Gr(g; RP(s)).

De nition 3.5.2. [Kar. & Gia. 5] If V\y 2 Gr(g; RP(s)), then any non-zero
decomposable multivector m(s) = m;(s) ™ ~mg(s); M(s) = (my(s);:::; my(s))
is called a rational Grassmann representative of Vy,. Furthermore, m(s) is called
reduced if its components m,(s); ! = (iy;::; iy) are coprime.

Therefore if m(s) = (G mi(s); )2 R+ = g , then

(@) 1 O 10 1
Mo Poo  P1o Pdo 1
m S

E :1 Ezg p?l p:11 piil §g : E (3.42)
m Po P2 Pd sd

where d = maxfm;(s); i =1;::;; 9. The ( +1) (d+ 1) matrix in egn.(3.42)
is called the basis matrix of m(s) and is denoted by Py.

De nition 3.5.3. Let n(s) = n;(s)™ " ny(s) a reduced Grassmann represen-
tative of Vyy with n(s) = Pgey(s) := (EO; :::;Ed)(l;s; 89t Then the polynomial
multivector )

n(s)sign(pai)

kEdk

where pg; is the rst nonzero component of Py is de ned as the canonical poly-
nomial Grassmann representative of Vy,.

g(Vm) = (3.43)

The multivector g(Vi) of Vi is a decomposable vector of R . Ifdeg g(Vim) =
, Where is Forney’s dynamical order of Vy,, [For. 1], i.e., the sum of the invari-
ant dynamical indices degm;(s) of Vy, then

g(Vm) =P e (s); e (s) = (L;s;uns ) (3.44)

The g ( +1) matrix P is referred to as the Plucker matrix of V.

Remark 3.5.1. The Plucker matrix is in other words the matrix whose i-th row
is formed by the coe cients of the polynomials in the i-th coordinate of m(s).
Moreover, P provides alternative decomposability criteria for k-vectors; if a poly-
nomial multivector p(s) = P e (s) := (p,; 5 p )(1;s; 158 )t is decomposable, then
it can be proved, [Kar. & Gia. 5], that p; p are also decomposable.

The following theorem is the main result of this section.

Theorem 3.5.1. [Kar. & Gia. 5] The Plucker matrix P is a complete invariant
for V.
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Remark 3.5.2. The Plucker matrix obtains di erent forms, according to the as-
signment problem which is under investigation. If for example the pole-assignment
by state feedback is studied and we set b'(s) = Cn(sl, A;B), then

b'(s) = cze(s)P (A; B)en, (s); ¢ 2R (3.45)
where zg(s) corresponds to the uncontrollable eigenvalues of the system or
b(s) = cP (A; B)e,(s) (3.46)

if the system is controllable. The matrix P (A;B) is called the controllability
Plucker matrix of the system. Other forms of the Plucker matrix may be found in
[Gia. 1] for the rest of the frequency assignment problems we discussed in section
2.5.

3.6 Conclusions

This chapter has given an overall account of the principal de nitions and
methods used in tensor spaces and algebraic varieties in a space of n dimensions.
The theory of algebraic varieties was mainly presented via a theory of varieties
in a projective space, whereas a special e ort was made to \build up™ tensors
step-by-step from the components of vectors in an n-dimesional space, in order
to illustrate these advanced concepts as simple and complete as possible. Fur-
thermore, we concetrated our study, in a certain variety of the projective space,
the Grassmann variety and we highlighted its connection with special matrices
such as the Grassmann matrix and the Plucker matrices. These mathematical
tools will be implemented in the next chapters, not only for the intepretation
of DAP in exterior algebra-algebraic geometry terms, but they will also help us
solve the \approximate™ DAP when the original problem can not be solved. In
lower dimensions, i.e., 2 vectors, the respective second order tensors are viewed
as matrices and DAP and the approximate DAP will be studied via antisymmet-
ric matrices. For k-vectors when k 3, we will work via k- order skew-symmetric
tensors.
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Chapter 4

Methods for Pole Assignment
Problems and DAP

4.1 Introduction

Before introducing the approximate DAP methodology, we will brie y present
in this chapter some of the most well known techniques that have been used in
the past to deal with pole assignment problems as well as the Determinantal
Assignment Problem (DAP). From the de nition of such problems it is evident
that in order to calculate the entries of the desired matrix, one has to expand the
determinant of a polynomial matrix and solve afterwards a system of polynomial
equations. Thus the area of these problems involves in a natural way the theory
of Grobner basis, [Kar. etc. 14], which is amongst the most usually used methods
for the solution of systems of polynomial equations.

Moreover, in [Mit., etc. 1], [Mit., etc. 2] a computational framework and sev-
eral numerical aspects have been presented especially for the DAP case with the
use of MATLAB. The work involved the development of an algorithm for the
computation of the Grassmann product (exterior product), the speci cation of a
numerical method for the evaluation of the Plucker matrices and an algorithm
for the derivation of the numerical solutions of DAP.

DAP includes the case of pole assignment via output feedback which has been
also examined in various ways. In general, the problem has been studied mostly
under two di erent perspectives, via algebraic and geometric techniques. The

rst category includes all methods within the bounds of linear systems theory
and most of them are algorithmic, thus very convenient for design purposes. The
characteristic of these techniques is that they do not use all possible degrees of
freedom of the matrix that is to be calculated (H in the DAP case) but rely on
special forms which simplify the problem. In general, they are based on the so
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called rank-1 design and the full-rank design for H. The former looks for two
vectors Kk;; k, such that matrix K = k; k,, where H = (I,; K) and algo-
rithms following this procedure can be found in [Bra. & Pear. 1] and [Chen. 1].
Although these algorithms have considerable simplicity, the resulting closed loop
systems have poor disturbance rejection properties compared with their full-rank
counterparts. Furthermore, although the rank-1 method has been successfully
used in the state feedback problem, its use in the output feedback further re-
duces the degrees of freedom which are needed for the solvability of the problem,
[Kim. 3].

The full-rank designs are more complex and their main objective is to construct
a full rank matrix K. The main disadvantage is that most of these algorithms
are for partial pole placement, i.e., pole assignment under restrictions between
the inputs and the outputs - following the generic approaches we mentioned in
Section 2.5 -as well as the number of poles that can be assigned. Several other
methods for generic and non-generic results on the full-rank algorithms may be
found in [Mun. 1].

On the other hand, geometric techniques deal not only with the construction
of numerical solutions like the algebraic methods do, but also with the under-
standing of the nature of these problems, focusing on the pole placement via
output feedback problem. The term \geometric" is used due to the study of
these problems via several relations in the form of maps or intersections of auxil-
iary geometrical objects, such as linear spaces, algebraic varieties and manifolds.
The main geometric approaches can be listed as follows.

i) In nitesimal Techniques, where the output feedback problem is mostly ex-
amined via the polynomial map :F ¥ FY where F =Ror C, are
the degrees of freedom of H and maps H to the coe cient vector of the
polynomial a(s) in egn.(2.24). This map was rst de ned and examined
in [Her. & Mar. 1] and [Wil. & Hes. 1] for the output feedback problem
where the solvability of the problem was reduced to test if is onto. If

= km and d = n, where k; m is the number of inputs and outputs re-
spectively and n the degree of a(s), then maps every K 2 RK ™ such that
H=(U;K)to( i 1) a) =s"+ ,s" 1+ + ;. A number of
properties of the complex and real pole placement map which relate to the
dimensions of their images and known system invariants have been also de-
rived in [Lev. & Kar. 7]. The authors have shown that the two dimensions
are equal and that their computation is equivalent to determining the rank
of the corresponding di erential. They have also used a new expression for
the di erential of allowing in this way the derivation of new conditions
for pole assignability, based on the relationships between the rank of the
Plucker matrix and the rank of the di erential of the pole placement map.
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i)

i)

Schubert Calculus Techniques, where the pole placement problem via out-
put feedback is considered as a problem of intersection of hyper-surfaces
on a Grassmannian. More analytically, if H = frowspan(H) : H 2 Hg
(actually, the poles of det(H M(s)) depend only upon the rowspan(H)),
then H is a subset of the Grassmann manifold G,(CP*) which contains
the g-dimensional subspaces of CP*4. If s;; i = 1;::;d are the com-
plex conjugate roots of a(s), then we require to nd H such that det(H
M(si)) = 0. If S; contain the g dimensional subspaces V of CP*9 with
dim(V \ LKer(M(si))) 1, then the pole placement problem via output
feedback can be viewed as the intersection

AN
Hc(a(s))= Si\H

If d = dimH then Hc(a(s)) contains nite number of points which may
be calculated using Schubert enumerative calculus, [KI. & Lak. 1]. If this
number is odd then a real solution exists, [Bro. & Byr. 2]. The more gen-
eral case where d is arbitrary was examined in [Gia. & Kar. 3] whereas in
[Sot. 1], enumerative geometry techniques were applied for the real Grass-
mann variety as well.

Topological Intersection Techniques, where the generic solvability of sev-
eral pole placement problems, mostly via output feedback, is examined,
especially when we are interested in real solutions [Ful. 1].

Combinatorial Geometric Techniques, where the solvability of the pole as-
signment problems is equivalent to nding a q dimensional linear subspace
of RP*9 such that it intersects all the p-dimensional subspaces LKer(M (s;)).
A straight forward solution for this problem, which contains a combination
of the geometry of linear subspaces and combinatorics involving dimension
counting of certain subspaces, may be found in [Ro. 2]. This method was

rst proposed in [Kim. 1] for the output feedback pole placement problem.

Projective Techniques, where classical algebraic geometry results are applied
for DAP in a projective space - rather than the a ne space as in the above
cases - to determine the existence of solutions. The approach - introduced
in [Kar. & Gia. 5]- relies on exterior algebra to construct the embedding
map, called Plucker embedding where DAP is reduced to a problem of deter-
mining common solutions of a set of linear and quadratic equations which
are de ned in an appropriate projective space. One major advantage of this
framework is that introduces new sets of invariants which may be used to
characterize solvability conditions, as well as the derivation of approximate
solutions of the initial intersection problem.
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Note that for a k-input, m-output and n-state generic, strictly proper system,
this procedure has not only implied the su cient assignability condition mk > n,
[Lev. 1], [Lev. & Kar. 3], we mentioned in Chapter 2, but also the condition
ny(m + k) + mk > n + n; for the generic pole placement problem via dy-
namic controllers of degree n,, [Lev. & Kar. 3]- [Lev. & Kar. 6]. Furthermore, in
[Lev. & Kar. 2] the authors have used Schubert Calculus and cohomology tech-
niques for the Grassmannians (height of the rst Whitney class of a Grassman-
nian, [KIl. & Lak. 1]) to derive a su cient condition for generic pole assignment
by real constant output feedback. Their results had the advantage that the new
condition was testable for more cases, since it covered all poles and not only real
poles, as in [Byr. 1], [Byr. 3] and the so-called LScat test.

In this chapter we brie y discuss the previous methodologies for the solution of
several determinantal assignment problems and how the \approximate" DAP is
derived, via the use of projective methodology tools. In particular, in Section 4.2
we refer to the Grobner Basis Method as an immediate tool for straight-forward
calculations where we also we give an example that clari es the advantages and
the disadvantages of this method.

From the algebraic-techniques group that deals with numerical solutions, we se-
lect the algorithm presented in [Mit., etc. 1] for DAP and the full-rank algorithm
in [Pa. 1] for pole assignment via output feedback since this procedure has no ex-
tra solvability-assignability conditions except from the existence of the controller.
We present this approach in Sections 4.3.1 and 4.3.2. The geometric methods are
presented in Section 4.4. Speci cally, in Section 4.4.1 we explain how a speci ¢
DAP is formed into a Schubert calculus problem.

In Section 4.4.2 we present the algorithm appeared in [Lev. 1], [Lev. & Kar. 3]
which belongs in the so called in nitesimal techniques and considers special se-
guences of feedback compensators which converse to a so called degenerate com-
pensator. Finally in 4.4.3, we investigate how DAP is transformed via projective
methodologies as this was considered in [Kar. & Gia. 5], where we also introduce
the Approximate Determinantal Assignment Problem.

4.2 Direct Calculations on DAP: The Grobner
Basis Method

The Grobner basis is a very helpful method for obtaining direct solutions
on determinantal problems, when the implied system of polynomial equations
is relatively easy. In this section, we brie y present the basic notions of the
Grobner basis in order to solve a DAP example via this method and examine the
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di culties in higher dimensions.

De nition 4.2.1. [Ad. & Lou.1] Let a polynomial ring F[Xy;::5; Xp]; n 2 N, over
a eld F and 1 an ideal of the ring.

i) A product of the form x§* X3 a;2N; 1 i nis called power product.
The term-degree of a polynomial p(Xy;:::; Xn) 2 F[Xg; 355 Xn] is the sum of
the exponents of the term’s power product. The leading term of p(Xy; :::; Xn),
denoted as LT(p) is the term with the greatest term-degree and the leading
coe cient is the coe cient of the leading term. The power product of the
leading term is called leading power product and is denoted by LP(p).

ii) The degree of a polynomial p(Xi;:::; Xn) 2 F[X1;:::; Xn] 1S the greatest term-
degree of p(X1; 3 Xn)-

The Grobner basis method is considered the generalization of the Gaussian
elimination for linear systems (or the Simplex method for linear programming)
where instead of solving the initial polynomial system, one solves a much eas-
ier one. Thus, since the Gauss elimination is actually the Euclidean division
algorithm, we will need to introduce a division algorithm for multi-variable poly-
nomials as well. In the linear case, the ordering of the terms of polynomials was
trivial, i.e., x" > x" 1 > > 1. For multivariate polynomials two orderings
are mostly used: the degree lexicographic order or deglex and the degree reverse
lexicographic or degrevlex. Here, we will use the latter, since it is faster in algo-
rithmic computations. Details with regard to the former ordering can be found
in [Ad. & Lou.1] and [Bas., etc. 1].

De nition 4.2.2. (Degree Reverse Lexicographic Ordering)[Ad. & Lou.l]. Let
the lex ordering x; > X, > X3 and x? := x{'x32x5°. We write x® < x° if one of
the following conditions hold.

I) a1+a2+a3<b1+b2+b3.

i) a; +a, +az = by +b, +Dbz and the rst coordinates a;; b; from the right
which are di erent, satisfy the inequality a; > b;.

Example 4.2.1. If f(X1;X2;X3) =  4xIX3 +X3X3 +6XIX3X3  X1X3x3 + 11 then,
the degrevlex term order is

X33 = X1X3x3 > xixz > x2x5x3 > 11 4.1)

Theorem 4.2.1. (Division Algorithm in F[Xy; ::;; Xp])[Ad. & Lou.1l]. Let Py....q 1=

(py1; :::; ps) be an ordered s-tuple of polynomials in F[Xy; :::; Xn]. Then every p(Xg; :::; Xn)
can be written as

P(X1; 5 Xn) = Gu(Xa; 225 Xn)Pe(Xe; 15 X))+ H0s(Xe; 115 Xn)Ps (Xa; 255 Xn )+ (X5 255 Xn)
(4.2)
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where Qi(X1; 5 Xn); F(X1; 05 Xn) 2 F[Xg; 50 Xn] and either r(Xq; 1 Xq) is the zero
polynomial or a linear combination with coe cients in F, of monomials, none
of which is divisible by any of LT(py);:::; LT(ps). We say that r(xy;:::;x,) is a
remainder of p(Xy;:::; Xn) on division by Pj.....q.

.....

De nition 4.2.3. [Ad. & Lou.1] A nite subset fg;;:::;gsg of an ideal I
F[X1; 5 Xa] is called a Grobner basis or standard basis if

SPFLT(91); 5 LT(gs)g = spfLT(1)g (4.3)
We are now ready to implement the above results to the solution of a Deter-
minantal Assignment Problem.
Example 4.2.2. We want to calculate a matrix

hll h12 h13
h21 h22 h23

such that det(H M(s)) = a(s) holds. Igar

s 0
MG)=@1 0A
01

H=

1

we obtain
det(H M(s)) = hushz + hiohos + (0 highay + hishas)s
If a(s) =1+ 2s, then the ideal
I =spf hishy,  1ihpohos  hishys +hythos 29 Rlhgg; i hog]

is de ned. The Grobner basis of 1 (with respect to the degrevlex term order) is
the set

T 1 highyp +highgs; 20 hishor +haghos;hin 2hie hizhashos + highishag

The solution of this system implies

2 1+ hy3h
hiy =0; ha = h—3; has = T he 123 2
1 1

Thus, DAP in this case has more than one solution for hy,; hi3 & 0.

From this example it is clear that, when DAP is solvable, the solution of the
implied polynomial system is not straight-forward, since the new system obtained
by the Grobner basis may be even more di cult to solve, than the initial system,
especially in higher matrix dimensions. Generally, the method of the Grobner
basis may be used e ciently in lower dimensions pole placement problems, for
computational reasons, or when a speci ¢ structure for M(s) is known, like in
the previous example or when M(s) is sparse. Note that, the Grobner basis
theory has been also used in many other control problems, as in [Lin. 1] and
[Kar. etc. 14].
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4.3 Algebraic Techniques

Most algebraic techniques involve algorithms that have been designed for the
construction of the numerical solution of determinantal assignment-type problems
either concern low-dimensions (low-dimensional Grassmann varieties) since the
complexity of these problems increases rapidly due to the increasing number of
the quadratic Plucker relations, [Hod. & Ped. 1] in higher dimensions or they are
constructed for special pole placement problems, such as the output feedback.
Here we examine an algorithm designed for the numerical solutuions of DAP,
[Mit., etc. 1] and an unconstrained iterative full-rank algorithm for the numerical
solutions of a pole placement via output feedback problem.

4.3.1 Numerical Solutions of DAP

As will see more analytically in the Projective techniques section, DAP can

be reduced in a linear subproblem of the form h P = a, where P 2 R() (+D
is the Plucker matrix of the vector space col-span M (s)g with  being the order
of M(s) and a multilinear subproblem, where if the linear subproblem is solvable

and K P 1 (R) is the respective family of the solution vectors h, then one
has to nd whether there exists h 2 K such that h is decomposable. If such
vector exists, then a matrix H 2 RY P such that C;(H) = ch; ¢ 2 R has to
be determined, [Gia. 1], [Kar. & Gia. 5]. Then in order to calculate a numerical
solution for DAP, the authors in [Mit., etc. 1] de ned the optimization problem

minkh P ak®s.t. fi(h) := h'Qih =0 (4.4)

where h 2 R® is a vector whose coordinates satisfy the (reduced) QPR set

and Q; 2 RE® G are appropriate matrices. The numerical solution H 2 R% P
will then be derived by the solution of C4(H) = ch; ¢ 2 R. As explained
in [Mit., etc. 1], if a;p;q; ;P are such that DAP is solvable, then the above
constrained optimization problem is solvable and so an exact solution may be
found. In fact, if q(p Q) + 1, rankP = + 1 then (4.4) has a constrained
global minimum equal to zero. If q(p Q) + 1 then DAP is not solvable, but
one can derive a solution of (4.4) in the form minkh P  ak? = " > 0 where
h P =a+" h'Qih =0, for " 2 R *1. Other conditions about the solvability
and the nature of solutions of (4 4) are given in [Mit., etc. 1], [Mit., etc. 2].

Example 4.3.1. Let

O s+1 s(s+1) 1
s8+s2 1 s83+s2 1
G(s) =
s(s+1)

s$$+s2 1 s3+s2
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Since m =2, k =2, n =3 then mk =4 > 3 = n and generic pole assignability
may be achieved. A right coprime MFD of G(s) will give

_ 0 (s+1) S 1
GE= 1 Ty 1 s(s+1)
Hence
2
2 @ s*+?
S 52+s
c, DO —Cg 1 s(s+1) _
Z N@s) ~— 7?4 0 (s+1) (s+1) -
1 (s®+5s)
s+1
5 3 ( )
1 0 11 5, g4
0O 1 10 1
8 1 0 00 g sé
- 1 1 00 s?
0 1 10 s?
1 1 00
and 2 3
1 0 11
0O 1 10
8 1 0 00
P = 1 1 00
0 1 10
1 1 00

is the corresponding Plucker matrix. Let now ¥ 1; 1+1; 1+ ig be a set
of frequencies which have to be assigned as the closed loop poles of the sys-
tem. Hence, a(s) = s® +3s?2 +4s+ 2 and a = (2;4;3;1)'. For these dimen-
sions the corresponding QPR is hihg  hyhs + hshy = 0 and the optimization
problem (4.4) yields a solution A = (1;0:999; 1000; 0:999;998:001). Hence
"=A P a=( 0:002; 0:002; 0:001;0)t and (at + "t)(1;s;s%s3)t = s +
2:999s? + 3:998s + 1:998 which is very close to the desired polynomial a(s).

Note that the optimization problem (4.4) was solved easily in the previous
example due to the one QPR that describes the decomposability of the problem.
In the next chapters we will present a di erent approach that could work not
only for higher dimensions, but also it will help us derive a solution in closed-
form formula for any h = (hy; hy; ), hj 2 R, without any generic solvability
conditions.
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4.3.2 An Unconstrained lterative Full-Rank Algorithm

In this section we present a di erent numerical approach, presented in [Pa. 1],
about an iterative algorithm used for the pole assignment via output feedback
problem which is based on least-squares methodologies.

Let the strictly proper dynamical system

x(t) = Ax(t) + Bu(t); A2R" ", B2R" K

(4.5)
where rankC = k  n. From the Polynomial Matrix Fraction Description of
the (open-loop) transfer function G(s) we have that G(s) = N(s)= (s) where
N(s) :=C adj(sl, A)B and (s):=det(sl, A). From the de nition of the
pole placement via output feedback in section 2.4 we have that the left-hand side
of DAP is written as

det(H M(s)) =det (In;K) ( (s);N(s))! =det(sl, A+BKC)

The placement of the controller H = (I; K) to the system, implies the (closed-
loop) transfer function G(s) = N(s)= (s), for N(s) := C adj(sl, A+BKC)B
and (s) :=det(sl, A+ BKC). Then

BKC= b ,C (4.6)

where b;; _; are the i column of B and the i row of K written in column and row
forms respectively. Thus, the characteristic polynomial of G(s) is
1

_ XK
F(s)=det sl, A+ b_;C 4.7)
i=1
Using the matrix identity [Sand. 1]
viadj(M)v; = det(M +v,v;)  det(M) (4.8)

where M 2 R" "and v;; v, 2 R", (4.7) is written as
|

_ XK X
F(s)=_,Cadj sl, A+ b ;C b, +det(sl, A+ b ;C) (4.9
i=2 i=2
Repeating once more we have
1 1
_ X ) XK i
F(s)=_,Cadj sl, A+ b, ;C b,+_ ,Cadj sl, A+ b, ;C b,+
i=2 i=3
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+ det(sl, A+ b ;,C)

By repeated application of the result of (4.8) to F(s) we obtain

_ X
F(s) = _iLi(s)b; + det(sl, A) (4.10)

i=1

where Li(s) = Cadj sl, A+ Pik:jﬂpi_ic cj=Lunk land Lp(s) =
det(sl, A). Hence,

_ XK

F(s)=F(s)+ Lo (4.11)

i=1

It should be noted that in (4.11), only the second term on the righthand side con-
tains the vector _,. By interchanging rows of K and the corresponding columns
of B, we can obtain expressions similar to (4.11) so that a particular row of K
appears in only one term. We can therefore use such equations to obtain expres-
sions in closed form for the e ect of a change _; in the _; row of K, on the
closed-loop characteristic polynomial F (s). For example, for a change _, in _,,
(4.11) becomes

_ _ X
F(s) + Fl(s) =F@6)+(;+ _Li(s)b, +  _;Li(s)b (4.12)
i=2
From (4.11) and (4.12) we have that fl(s) = _,;Li(s)b, and for a random
I-row change we have _
Fi(9)= )L (4.13)
where _ 1
_ > X
Li(s)=Cadj sl, A+ b ;C+ b;_;C (4.14)
j=1 j=i+1

isa k n polynomial matrix which is a function of all the rows of K, except the
k; row. By equating coe cients of like powers of s on both sides, equation (4.13)
is written as _ _

¢ t=1 (4.15)
where J' 2 R" ™M s the matrix of coe cients obtained from the m-column poly-

nomial vector Li(s)b; and ' 2 R" is the vector of coe cients of F (s), excluding
the coe cient of s". The least-squares solution of (4.15) in terms of _t is

A= R (4.16)
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where (J3')" is the Moore-Penrose matrix of Ji. Hence,

Fhe= F(9  nEbd ™= 0 A
Thus the algorithm follows the next steps, [Pa. 1]:
i) Let K:=0, F(s)=F(s) F(s).
ii) At the i-th step calculate L!(s) by equation (4.14).

iii) Calculate 7., and update the (i + 1)-row of K. Keep updating until all
rows of K have been updated. Let K the nal approximation of K.

iv) Set Ky = Kg and repeat until jj jj is su ciently small.
v) Return K.

Example 4.3.2. [Pa. 1] Let the transfer function matrix

o 4 s+g2 2 1
8+5s 2s2+s3 8 3s+s?
G(s) =
2( 2+5) 2

8+5s 2s2+s3 8 3s+s?

A matrix fraction description of G(s) in the form G(s) = N(s)D (s) is given
by

1

G(s) = 4 s+s> 2 8+5s 2s2+s3 0
2( 2+s) 2 0 8 3s+¢?
Hence, we have
1
8+5s 2s2+¢g3 0
_ 0 8 3s+52§_ 10 Ky ke
M(S)_g 4 s+ 2 1H_(I2’K)_ 0 1 ko ko
2( 2+5) 2

Then
F(s)=s® 2s%+5s+8; F(s) =s®+30s? + 313s + 1014

Starting with Ko = 0, the algorithm converges, [Pa. 1], at four iterations,

. — 378222 170 .. 34583 13078
1= 119:588  53:5227 2T 108:469  49:7449
K, = 320108 11 8720 . _ 32 11:8681

108:408  49:7247 108:407  49:7246

Obviously, the last matrix K, is the desired controller.
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4.4 Geometric Techniques

Geometric methodologies mostly use Schubert calculus/Enumerative Geome-
try, [Bro. & Byr. 2], [KIl. & Lak. 1], and projective geometry techniques, [Fal. 1],
[Kar. & Gia. 5]. The latter, have the signi cant advantage over the former that
they may interpret DAP not only as an intersection problem of hyper-surfaces
on a Grassmannian (Complex DAP) or as an enumeration problem of the num-
ber of the intersections between a general hyper-plane and the curve describing
the transfer function of the system [Sot. 2], but also provide the framework for
computing real solutions for H or, if this is not possible, its best approximation,
due to the QPR set that describes the corresponding Grassmann variety. These
issues are discussed in the following sections.

4.4.1 Schubert Calculus

Schubert Calculus/Enumerative Geometry deals with nding the number of
points, lines, planes etc., satisfying certain geometric conditions. In the case of
determinantal-type assignment problems, the method is very useful since as we
have explained in the introduction, these problems may be viewed as intersection
problems in the a ne (Grassmannians) or in the projective space (Grassmann
varieties). Schubert Calculus is an appropriate tool for the study of the problem,
since it has been proved that the intersection of the Grassmann variety Gn.m
and a certain linear space in P(R") forms a strictly increasing sequence of linear
spaces, whose number may be determined, [KIl. & Lak. 1].

De nition 4.4.1. [KI. & Lak. 1] Let Ac S A1 $ P A, be a strictly increas-
ing sequence of m + 1 linear spaces in P(R"). An m- dimensional linear space
L 2 P(R") is said to satisfy the Schubert condition if

dim(A;\L) 1i; 8i=0;::m (4.17)

The sets of all such spaces L are denoted as (Ao;:::; Am) (ap; :::;am),
where dimA; = a; and in Schubert Calculus terminology are called Schubert Va-
rieties and their study is important since they form minimal bases for the Grass-
mann varieties Gn.,,. Next theorem will help us interpret DAP as an enumerative
geometry problem.

Theorem 4.4.1. [KI. & Lak. 1] The Schubert Variety (Ao;:::; Am) is the in-
tersection of the Grassmann variety G,.,, and a certain linear space in P(R").
Furthermore,

(20) (@ m)
(ao; am) = : : (4.18)
(am) (am m)

where (h)= (h;n m+1;:5n);, h=0;:5n m.
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Eqn.(4.18) is known as the determinantal formula of Schubert Calculus and it
can be shown that several determinantal assignment problems can be written in
the form (4.18). Next, we present how this is achieved for a speci ¢ determinantal-
type problem, the dynamic output pole placement problem, [Hub. & Ver. 1]. Let
the system

x(t) = Ax(t) + Bu(t); A2R" ",B2R" X

S(A;B;C;D) : y(t) =Cx+Du(t); C2R™" D2R™k

(4.19)

with D = 0 and the dynamic compensator described by

z=Fz+Gy; F2RY9 G2R"K

U=Hz+Ky; H2R™ 9 K2RM (4.20)

for z 2 R9. After eliminating u; y between the two systems, we have that

A+BKC BH

ce - (4.21)

N X
IN X

The behavior of this closed-loop system is determined by the n+ g eigenvalues of
the matrix in (4.21). For a plant given by the matrix triplet (A;B;C) and n +
eigenvalues, the dynamic pole placement problem asks for the matrix quadruples
(F; G; H; K) which determine the dynamic compensators that yield closed-loop
systems with a speci c set of eigenvalues. The dynamic pole placement problem
can be formulated as a geometric problem by rewriting its characteristic polyno-
mial as follows.

I, O A+BKC BH
(s)=det s U =
0 I GC F
o) 1
s, A BKC BH BK B
_ GC s, F G 0 §_
—detg 0 o 1, 0o AT
0 0 0 1
o) 1 m
sl, A 0 0 B
_ 0 sl,; F G 0 §_
—det(% c o 1, 0 AT
0 H K I,
— Ik C(sl, A) 'B
=0t pel, F) 1G+K I
det(sl, A) det(sl; F) (4.22)

The rst determinant in (4.22) represents the intersection of m-dimensional vec-
tor spaces (m-planes) de ned by the given triplet (A; B; C) with p- dimensional
spaces determined by the unknown quadruple (F;G; H; K). As these p-planes
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depend on the variable s, they have maximal minors of degree g and we call them
degree g-maps. Thus the dynamic pole placement problem is equivalent to the
computation of all degree g-maps into the Grassmannian of p-planes that meet n
given m-planes at prescribed s-values. It is easy to see that for each speci cation
of an eigenvalue ; the condition that the characteristic polynomial (4.22) vanish
at s = ; enforces one polynomial condition on the set of degree g-maps.

The o -diagonal entries in the rst matrix in eqn.(4.22) are the transfer func-
tions of the original system and the compensator. If we consider the coprime
factorizations

C(sln  A) 'B=N(s)D *(s); H(sl; F) 'G+K =P(s)Q (s)
and since n; g are the respective McMillan degrees, we have
detD(s) = det(sl, A); detQ(s) = det(sl; F)

Hence,

s ey — Q(s) N(s)

(s) = det P(s) D(s) (4.23)

The rst column of this 2 by 2 block matrix represents the Hermann-Martin curve,

[Mart. & Her. 1] : P! ¥ G, (R™*K) of the compensator and the second column

the Hermann-Martin curve : P! ¥ G,,(R™*K) of the original system. Then the

pole placement problem is interpreted as the derivation of rational curves such

that

SO\ S)E;;Ii=1:5n+q (4.24)

When q = 0 we are solving the static pole placement problem and we are looking

for maps of degree 0 (i.e., constant maps) which meet a speci c set of given m-

planes. In this case the characteristic polynomial (4.22) has degree n and we can

nd solution planes whenever n is less than the dimension mk of the space of

k-planes in (m + k)-dimensional space. A static compensator is then represented
by the matrix

I
K

whose column space is just a point in the Grassmann variety G (R™*¥). The
number of intersections of problem (4.24) has been studied in [Sot. 2], [Byr. 2],
[Wan. & Ros. 2], [Bro. & Byr. 2], implying a number of conditions, such as

1120 (k  1)!Y(mk)!
m(m+1)! (m+k 1)!

(4.25)

for the number of static compensators for a generic linear system of McMillan
degree mk.
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Moreover the authors in [Lev. & Kar. 2] have also used Schubert calculus tech-
niques and the cohomology of Grassmannians, i.e., intersection theory for Grass-
mannians to provide a non-factorial approach to the problem of pole assignment
by output feedback, by calculating the height the rst Whitney class of an appro-
priate Grassmannian, [KIl. & Lak. 1]. The method uses vector bundles (vectors
parameterized by another manifold or variety which in our case is the Grassmann
variety) where the Whitney classes (also known as Stiefel-Whitney classes) rep-
resent the set of the invariants of the vector bundle that describe whether the
vector bundle is an everywhere independent set of sections or not and the respec-
tive height represents the least integer a such that the manifold or the variety is
covered by a + 1 open sets, each of which is contractible to a point in the mani-
fold/variety. The advantage of their method with respect to the factorial form is
that the height approach is testable for more k-input, m-output, n-state proper
systems. More on this method may be found in [Lev. & Kar. 2]and [Lev. 1].

Even though this geometric method helps to the understanding DAPs nature
and provides very helpful results with regard to the number of real and complex
solutions (for PY(R) or PY(C) respectively), it does not imply the form or the
construction of solutions. Next methods, show how we may approach a solution
using similar geometric techniques.

4.4.2 Global Asymptotic Linearization around Singular
Solutions.

Here we present the method proposed in [Lev. 1] and [Lev. & Kar. 3] for con-
structing pole placing real (constant and dynamic) output feedback compensators
for proper plants. This is the most complete methodology for determinantal-type
assignment problems regarding solvability conditions as well as construction of
the solutions.

As we have already seen, equation (2.24) can be written as

Dr(s)

a(s) =det (I,;K) Nr(S)

(4.26)
where H = (1,; K) and Ng(s)Dg(s) is a coprime matrix fractional description
of the corresponding transfer function of an open-loop proper system.

De nition 4.4.2. [Bro. & Byr. 2], [Byr. & Stev. 3] Let K 2 RK ™ be a com-
pensator as in the above analysis for a k-input, m-output, n-state system.

i) The map (K) = (sy;:::;8n) is called the root-locus map.
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i) If can be de ned for all compensators K, then the system is called non-
degenerate. Otherwise, if there exists at least one K for which is not
de ned then the dynamic system is called degenerate.

iii) The points where the feedback con guration of the (composite) system has
a singularity, i.e., it is not well-posed, are called degenerate points or de-
generate feedback gain.

Iv) The degenerate feedback gain has the form rowspan(A; B) 2 Gy.m+« If

Dr(s)

det (A;B) Nr(S)

=0; 8s (4.27)

Next proposition, provides the means for calculating all degenerate points of
a given system.

Proposition 4.4.1. [Lev. 1] The following are equivalent.
i) v = rowspan(A; B) 2 R¥ corresponds to a degenerate gain.
i) 9 m(s) 2 RM* 1:(A:B)m(s) =0; 8s.
iii) 9 m(s) 2 RM* 1 : rankCpmy M, Where Crys) is the matrix of coe -
cients of m(s).

If we consider the composite gain sequences S = (A;B) + (A%, B") with
det(A+ AY) & 0,then S ¥ 0,as ¥ 0. Thus, the corresponding DAP is
formed as

Dr(s)

Nr(s)

Since the roots of a polynomial do not change if we multiply (or divide) by a
number, it is more appropriate to consider the coe cient vector of the polyno-
mial modulo dilations (multiplications by scalar). In this way, to examine the
convergence of a (s) when ¥ 0, we will regard the coe cient vector a 2 R"*!
as a sequence spanfa 2 P(R")g.

det (A;B)+ (A;B" =a (s) (4.28)

Theorem 4.4.2. [Lev. 1] Let S a sequence of nite gains converging to v =
rowspan(A; B). Then the corresponding sequence of closed loop polynomial vec-
tors spanfa g converges to spanfag 2 P(R") as ¥ 0. Furthermore the function
that maps the direction (A'; BY) to spanfag is linear.

Theorem 4.4.3. [Lev. 1] Let (bij)1 i k1 j k+m = (A% B’). Then

>
a(s) = bijaij(s); a = vec(bij)Ly (4.29)

where a;j(s) is the determinant of a k  k polynomial matrix having the same
rows as ADgr(s) + BNRg(s), except the i-th row which is replaced by the j-th row
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of M(s) = (Dr(S)%; Nr(s)Y)! and L, 2 RK(M+K) (™+1) js the matrix representation
of the linear function that maps the direction b;; to the coe cient vector a of the
initial polynomial a(s).

For a given degenerate point, the arbitrary prime polynomial assignability by
sequences of feedback compensators converging to this point, depends readily on
L,. In fact,

Corollary 4.4.1. [Lev. 1] An arbitrary prime polynomial can be assigned via a
sequence of feedback compensators converging to a degenerate point, if and only
if rankL, = n+1. In that case, the appropriate direction can be found by solving
a = vec(b;;)Ly in terms of vec(bjj).

This analysis suggests the following procedure for the construction of pole
placing compensators.

i) Construct a degenerate point v = rowspan(A; B).
i) Calculate matrix L,.

i) If rankLy = n + 1, solve the linear equation a = vec(b;;)Ly with direction
(bij)l i ki1 j k+m ‘= (AO, BO) Else, return to step (l)

iv) The one-parameter family K = (A+ A") }(B+ B’ of k m matrices is
the family of real constant feedback compensators placing the poles of the
system at the given set,as ¥ 0.

v) Select a small enough to approach the given closed loop pole polynomial
as close as possible.

Example 4.4.1. [Lev. 1] Let

o 1
S 0
1 g2
M(S)=§l+s2 s+1§: |[\1)R8
s+3 s R
s+1 1

Since we want det(ADg(s)+BNRg(s)) = 0, a degenerate point v = rowspan(A; B)
is de ned by

o 00 0 0
(A B)= 01

1
0 1 1

The polynomials ajj(s) are given by

a11(s) = 0; app(s) = s*+2s°+3s% a(s) = SP+s2+55+3; au(s)= s°+2s?+3s;
ai5(s) = S+ 2s+3; an(s) =0; axn(s) =S°; ax(s) = s* +5°; awu(s) =s*; ax(s) =s°
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Therefore, 0O 1

0 0 0 000
0 1 2 300

0 0 1 153

0 0 1 230

L B0 0 0 123
*“B0O 0 0 000
1 0 0 000

0 1 1 000

0 1 0 000

0 0 1 000

where we see that rankL, = 6, i.e., every prime polynomial can be assigned via
a certain sequence of feedback compensators converging to v. Suppose we want
to assign the (stable) polynomial s°® + 5s* + 10s® + (117=9)s? + (51=9)s + 1. To
achieve this, we have to solve the system

117 51
vec(bij)Ly = (1;5;10;, — o 9)
with respect to vec(bij) = (b11; ::1; b1s; bag; i1, bos). One of the solutions is
10 51 1 2515
veo(biy) = (0; 55 0; 55 2502500 =7 =)
which implies the direction
1 010 0 5 1
.ply —h.. — &
ABY=bi=3 o 3 0 25 15
Hence,
© 10 5 1
1 — 0 — =
3 3 3
(A+B)+ (A°;B°)=§ §
0 1 2 3 5 1
Then, the sequence of 2 3 feedback compensators is given by 1
10 5(6 47) 10 49
0y 1 0 3 9
=(A+ A) ‘(B+ B) =
1 25 1
3
Then
Ii'ngdetf(lz; K)YM(s)g = a(s)
since

117 902 , 51+235
S+

det f(l; K)M(s)g = s°+5s*+ 10 1915 3+ 5

S+1+33
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4.4.3 Projective Techniques: The Approximate DAP

Even though the previous geometric techniques have the important advantage
that they transform DAP into an intersection problem between a linear variety
and the Grassmann variety, their results concern generic assignability. In this sec-
tion, we present a projective technique that implies approximate solutions which
are as \close" to the real compensator as possible, regardless generic-non generic
or assignability conditions. The concept of this method lies in the description of
the Grassmann variety via its corresponding QPR set.

If matrices H and M (s) in DAP equation (2.24) are written as

Otl
by

n-g"

= E; M(S) = (M4 (5); My(s); 115 My(S))
b
then, by the Binet-Cauchy Theorem, eqn.(2.24) is written as

X
CH) CuME) =<hm(s)>=  himy(s)=as)  (430)

12Qp:q

where h := h{ ~ ~hf 2 R' @, m(s) := m,(s) ~ Amy(s) 2 R® * and
hy;ma(s); ! = (iy; i 1g) are the coordinates of h; m(s) respectively, for the set
Qp:n of the strictly increasing integers p chosen from 1,...,n. Eqn. (4.30) suggests
that the coe cients of det(H M(s)) can be considered not only as multilinear
skew-symmetric functions on the entries of H, but also as linear functions on the
components h,. Hence, DAP is reduced to:

i) Linear subproblem. Suppose that h is free. Find the conditions under which
vectors h 2 R* () exist such that

<him(s)>=a(s) . h P=a (4.31)

where P 2 R(®) (*D s the Plucker matrix of the vector space col-span M (s)g,
i.e., the matrix whose i-th row is formed by the coe cients of the polyno-
mials in the i-th coordinate of m(s) and is the order of M(S).

i) Multilinear subproblem. Assume that the above linear subproblem is solv-

able and K P() ! (R) is the family of the solution vectors h of (4.31).
Then nd whether there exists h 2 K such that h is decomposable, i.e.,
solve the equation

h=h~ ~h, (4.32)
or equivalently, nd which h satis es the set of QPR. If such vector exists,
determine the matrix H 2 R P such that C4(H) =ch; c2R .

71



Therefore, since the decomposability of the multi-linear problem is equivalent to
nding which h satis es the set of QPR, [Hod. & Ped. 1], [Mar. 1], if H is the
set of solutions of (2.24), then

H = K\ G4(R") (4.33)

If intersection (4.33) is empty, the second best approach to the solution of DAP,
is the calculation of the closest point of the Grassmann variety to K, i.e.,

gzg]q in dist(h; K) (4.34)

where K is described by the solutions of the linear system (4.31) and G4(R")
by the set of QPR. Eqgn.(5.1) represents a relaxation of the exact intersection
problem, and it is referred to as the approximate DAP, which makes sense as long
as the stability of the resulting polynomial that is produced can be guaranteed.
This extension makes the investigation relevant to problems where there are no
real intersections and thus approximate solutions are sought, which is the main
purpose of this thesis.

Remark 4.4.1. Note that in [Lev. & Kar. 2] DAP was connected for the rst
time with the Schubert calculus methodology as well, by de ning the feedback ma-
trices that correspond to DAP as representations of a special sequence of subva-
rieties of the Grassmann variety, the so-called Schubert varieties.

4.5 Conclusions

The main purpose of this chapter was to review a number of well-known
techniques to solve the Determinantal Assignment Problem (DAP), to discuss
its di culties and therefore introduce the Approximate DAP. We reviewed all
relevant approaches and results, from the algebraic and geometric point of view
and we applied them on several forms of DAP, such as the pole assignment by
dynamic output feedback, among others. We have also provided all necessary
unifying terminology and background de nitions, before any applications and as
we have seen, the immediate methods, such as the Grobner basis, are useful only
for lower dimensions, the algebraic methods usually use an algorithmic approach
to the problem and geometric techniques are based on topological or algebroge-
ometric intersection theory.

The latter category has produced a number of results which are rather quali-
tative and oriented towards a search for generic solvability conditions. The ap-
proximate DAP, has been de ned as an alternative method to overcome these
genericity issues; instead of solving DAP when a certain property holds for all
systems of k-inputs, m-outputs and n-states except, possibly, for some belonging
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to a \negligible™ set, we try to calculate the controller that best approximates
the initial compensator. Note that, in [Lev. 1] the genericity of a system has
been also de ned (in an algebrogeometric aspect) as a subvariety of strictly lower
dimension, of the set of systems which is given the structure of a variety. On the
other hand, the Schubert Calculus/Enumerative Geometry techniques may help
us recognize the number of intersections between such varieties but lack on the
construction of solutions, since they do not get advantage of the QPR set that
de nes the Grassmann variety which may in turn write the solution being sought
as h;~h;  ~h, ( Schubert Calculus and Geometric techniques deal with the
existence of generic solutions and they do not provide computations). This can
be surpassed by the so called Global Asymptotic Linearization method of the
pole placement map of a proper system or by the construction of approximate
solutions of the initial DAP that the general theory of Projective Geometry pro-
vides.

The Projective techniques as we saw, are based on the Plucker embedding - a nat-
ural embedding for determinantal problems. In [Lev. 1], the Plucker embedding
was used to nd necessary and su cient conditions for the DAP, to parameter-
ize the set (variety) of linear time, invariant systems of k-inputs, m-outputs and
n-states as an algebraic manifold and to produce new system invariants for the
solution of generic and exact problems. In this thesis, we will use the Projective
techniques to construct approximate solutions of DAP, when all the above pro-
cedures fail or when their veri cation is di cult, due to the complexity of the
problem.
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Chapter 5

Minimum Distance of a 2-vector
from the Grassmann varieties
Go(R")

5.1 Introduction
As we have already mentioned, the solution of the optimization problem

bzrgq |(rF1{ n dist(h; K) (5.1)

where K is described by the solutions of the linear system (4.31) in the linear
subproblem of DAP and G4(R") by the set of QPR, referred to as the approximate
DAP is the central objective of this thesis, as well as the stability properties of the
\approximate" polynomial &(s) that corresponds to an approximation A which
are very important for the perturbed solutions to be acceptable. Our approach
views the problem as a minimization problem between a solution z(x) of the
linear subproblem (4.31) and the Grassmann variety G,(R"), i.e.,

ming(z(x); G2(R™) (5.2)

where g is an appropriate gap function implied by the gap metric gap( ), [Wey. 1],
between the parameterized multivector z(X) in the projective space and the Grass-
mann variety with x being the vector whose components are the free parameters
of (4.31) that describe K. In order to solve problem (8.2) we need at rst to solve

ming(z; G>(R") (5:3)

when z is Xed, i.e., least distance of a point from the Grassmann variety.
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In this chapter, we examine problem (5.3) and the methodology used for the com-
putation of the minimizer will be based on the best decomposable approximation
of multivectors, [Kar. & Lev. 9]. Note that the results from the solution of (5.3)
in this chapter will be applied to the solution of problem minpog, rny dist(h; K)
in Chapter 8, where we will expand the results obtained for the xed 2-vector z
to z(X), the parameterized vector describing the linear variety K.

Our approach here uses for the rst time the spectral analysis of the matrix rep-
resentation of the given multivector z which implies the derivation of the QPR
set in an analytical form providing all results in closed-form formulae without
generic or exact solvability conditions.

More analytically in Section 5.2, the least distance of a point z from the Grass-
mann variety G,(R?*) is studied, i.e.,

2\
mxin kx zk when z2 (R%isa xed vector and x is decomposable (5.4)
This starting case will enable us to understand the nature of the problem and its
di culties as the dimensions of the Grassmann varieties increase and it will help
us determine the tools which are going to be used for the general case G,(R").
In this chapter, we also present the rst important result of this thesis; the mini-
mizer of (5.4), which is calculated via the Lagrange multipliers method, coincides
with the least singular value of the related Grassmann matrix .
: V2 Vn 2
In Section 5.3 we study problem (5.4) for the “(R") and (R™) cases and
it is divided in three parts; In 5.3.1, the prime decomposition of a xed 2-vector
is introduced, based on the spectral analysis of the skew-symmetric matrix-form
of the multivector, along with some properties which may imply a number of
important results, such as the derivation of the QPR set in the form z~z = 0.
Moreover, the prime decomposition is applied for the solution of the distance
problem:

PaN
minkx zk when z2 (R")isa xed vector and x is decomposable (5.5)

X

In section 5.3.2 the Hodge dual problem of (5.5) is studied, i.e.,

r\2
minkx zk when z2 (R")isa xed vector and x is decomposable (5.6)
X

with the use of the properties of the Hodge-? operator. In 5.3.3 we generalize
the result of Section 5.2 and we prove the very signi cant result that the least
singular value of the Grassmann matrix is equal to the minimizer of (5.5), not
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Vv V
only for the = 2(R?) case, but also for ~ 2(R"™). In the same section, we prove that
the the skew-symmetric matrix T, is a special case of the Grassmann matrix,
[Kar. & Gia. 6], [Kar. & Lev. 9].

In Section 5.4 problem (5.5) is studied in the projective space; Since, DAP re-
quires a procedure where the poles of the systems are viewed independently of
their respective polynomials, i.e., p(s) =s s; and g(s) =as as; are equivalent,
due to the same pole s;, any distances should be considered in a relevant projec-
tive space p(®) Y(R), rather than the a ne space A" or R". In 5.4.1 we de ne
the natural metric between two \points'(representatives of the respective equiv-
alent classes) of the projective space, i.e., the gap metric, and the gap function

g between a \point" and a subspace of p(2) L(R) which we will use to calculate
the distance between a point and the Grassmann variety G,(R"). Furthermore,
we provide a unifying representation of the di erent forms of metrics used in

P() 1(R) and G,(R") in terms of the gap metric.

Finally, in Section 5.4.2, we solve the key optimization problem of this thesis
min; g(z; G2(R")) when z is xed and we provide some simpli cations of the
solutions in the case of speci ¢ Grassmann varieties.

V
5.2 The ?*(R*) case

\Y4
In this section the problem of the Ieag distance of a multivector in ~ *(R%)
from the set of decomposable vectors in 2(R4), which is denoted by Daz(rsy is
studied, i.e.,

/A
minkx zk when z2 (R%isa xed vector and x is decomposable (5.7)

X

Equivalently, the constraint concerning the decomposability of x is written as
QP R(x) = 0. This case provides the rst straight-forward results for constrained
optimization problems over the manifolds and will help us not only for the solution
of the problem in the respective projective space and G,(R") but also to overcome
the di culties that occur in higher dimensions.

Lemma 5.2.1. The Quadratic Plucker Relations (QPR) that describe D~zgsy as
well as the Grassmann variety G,(R*) of the projective space P°(R) are given by
the single QPR

C12C34  C13C24 + C14C23 =0 (5.8)

Proof. Let the vector space U with dimU = 4 and a 2-dimensional subspace V
of U. Then a basis fv;;v,g of V can be extended to a basis fv,;V,; Vvs;v,g of U.
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V
Hence, any vector v in ~ %(U) is written as
>

— N\ —_ . N
V=20Cv, Y, = CijVi 7 Vj

(5.9)

1i<j 4

where c;; is a set of Plucker coordinates of V. It can be proved using several
Exterior Algebra techniques, e.g., [Lev., etc. 9],[Gee. 1] that any 2-vector v is
decomposable if and only if v”~v = 0. Later in this chapter, the condition
v/~ v = 0 will be proved in a rather straight-forward way, via a speci ¢ multivector

decomposition, called the prime decomposition. Thus
! !

> >

vrv=0, CijVvi vy N cjv; Nv; =0,
1i<j 4 1i<j 4

C12C3aVq Vo MV AV, + + CaaCrpVa NV, NV, MY, =0,

2(C12C34  C13Cpa + C1aCp3)V; MV, NV NV, =0

Since v; Mv, Mvy; My, 6 0 (because vi;V,; Vs v, are linearly independent) we
obtain eqgn.(5.8), which is the Quadratic Plucker Relation that de nes a hyper-
surface in the 5-dimensional projective space P°(R), i.e., the Grassmann variety
G2(RY). ]

Due to the single QPR (5.8), the solution of (5.7) can be directly derived by
classical Lagrangian theory and the singular values of the Grassmann matrix.

V
Let z = (@i2; @i3; Q14; Q15 Qp3; Ap4; 34) 2 2(R“). The Grassmann matrix of z

is given by 0O 1
azs diz a2 0

@) = g a4 814 0 ap §

dsy dis QA
0 az s A3

The singular values of (z) can be calculated in terms of z as follows.

Lemma 5.2.2. [Kar. & Lev. 9] The four singular values 4 3 5 , of

(2) satisfy:

,  kzk? Iok;k4 4QP R(2)?
2

2 —

1= 27 o 5 (5.10)
kzk? +  kzk* 4QPR(2)?

5= i=— = @ (5.11)

Proof. The squared singular values of (z) can be calculated as the eigenvalues
of the matrix (z) (z)'. Therefore,

2 2 .2 2 .2 2 .2
det I, @) @ =( (@jj ) +ajnag +ajzay, +ajant
1 i<j 4
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+ 2215834814823 2212834313324 2a1332431145124)2 =

= 2 kK’ +QPR@)?’
Thus, the four roots of the characteristic polynomial are two pairs of double roots.
The rst pair corresponds to the smallest root of 2 kzk? +QPR(z)?> =0 and

the second one, to the lowest root of the same equation. Thus (5.10), (5.11) hold
true. [

Lemma 5.2.3. The two lowest singular values of (z) are zero, if, and only if z
is decomposable, in which case 3= 4 = kzk.

Proof. This follows directly from (5.10). O

Theorem 5.2.1. The solution of the optimization problem (5.7) is given by

1 5
X = ———— s =23 z
| oiw QPR(Q)

(5.12)

where 5 is the second singular value of the Grassmann matrix (z) and J is

given by 0O 1
0O 0 00 0 1

0O 0 00 10
3:000100

0O 010 00

0O 100 0 O

1 0 00 0 O

Proof. The Lagrangian for the minimization problem (5.7) is given by

X
(i Zi)’+ (XiXg  XoXs + XgXy) (5.13)
i=1

The rst order conditions are given by
2(X1 z1)+ X6 =0; 2(X2 Zp) Xs =0; 2(X3 z3)+ X4 =0;

2(Xg Z4)+ X3=0; 2(Xs zs) Xo=0; 2(Xg Zg) + X1 =0

and QPR(X) = 0. The rst six equations can be written collectively

le + =J X

> z (5.14)

But since J? = Ig; we have that

i+5d =% s 5 (5.15)



Therefore, the solution of the rst order conditions is given by (5.14):

1
5 le =J 2z (516)
1z 2

If we substitute (5.16) to QP R(x) = 0 we get

x:

QPR(z) 2 2kzk?* +4QPR(z)=0 (5.17)

which provides two solutions in terms of

_ kzk? IOk;k“' 4QP R(2)2

T QPR(2)
or equivalently
_ 23 .
' QPR@)’
_ 23
*7 QPR
This gives rise to two possible solutions:
X, = L I : J z (5.18)
Al — 4 6 £ .
1 rtm QPR(2)
or
X, = L I : J z (5.19)
Ro — ——————7 6 e Z .
1 e QPR(@)

The minimization problem (5.7) has a global minimum (in the projective space
P3(R)) which de nes the direction of the smooth projective variety de ned by
the equation QP R(spfzg) = 0 with the smallest angle from spfzg. Lifting it to
R®, this direction a line of smooth points of the variety de ned by QPR(z) =0
in R® (except 0 which is not obviously a solution) and therefore the rst order
conditions have to be satis ed. Thus, the global minimizer is given by (5.18) or
(5.19). Itis su cient therefore, to nd which vector out of x, and X, has the
smallest distance from z. To this end we set

a:= ¢
2

where is any of the roots of equation (5.17). Hence, the number a satis es the
following:
QPR(2)a? 2kzk®a+ 4QPR(z) =0 (5.20)
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If a;;a, are the roots of (5.20) we have that a; a, = 1 (a;;a, correspond to
the lowest and the largest singular values, respectively). Therefore, the distances
between x,; and X, from z are

kx, zK*= 1—1% (le a J)z ;2;
1 2
kx, zk*= 7 2 (le a J)z z
But generally
11a2 (Is aJ)z ;2= 11a2 1z 1aa2J;2=
= a azaz)z kaz Jzk®
Since a; a, = 1 we have that
i  _ &

@ a)? 1 &)’

Therefore, it is su cient to check which of the two distances ka;z Jzk® and
ka,z J;k2 has the smallest value. Now, we have

kaz Jzk*=2z'(ale J)(als J)z=
= (a® + 1)kzk® 4aQPR(2)

Since a satis es (5.20) we have that

2, 4 _ Kk
QPR(2)

a

Therefore,

kzk*

QPR(2)
_ kzk* 4QPR?(2)

QPR(2)

Hence, kzk* 4QPR?(z) 0andsince a; = 1=2; a, = ,=2 we have

kaz Jzk® = 4QPR(z) a=

kzk® 4QPRY@) ,

ka;z Jz k2 =

QPR2(z) 2
kzk* 4QPR3(z) , _
QPR2(z) “
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=kapz JzK*

Thus, X, corresponds to the global minimum of the optimization problem (5.7).
O

Next theorem is the main result for the solution of problem (5.7). It depicts
an alternative solution to (5.7), since, as it states, the distance of the given vector
z from D~z (rsy is exactly equal to the second (the smallest) singular value of the
Grassmann matrix (2).

V
Theorem 5.2.2. The distance between z 2 ~ *(R*) and Dax(rey de ned by the
equation QPR(x)=0, is exactly the second singular value of the Grassmann matrix

(2).
Proof. We only need to calculate the norm kx, zk. Using the previous theorem,
we have that
a?  kzk* 4QPR?(2)

kx, zk®= a 5.21
ST T @ QPR@ T 20
But
as 1
1 a2 2 2
( 1) a; all
and a; = kzk? Iok;k“ 4QPR(2)? =2QPR(z). Hence
1 kzk* 4QPR?(z)
= — = (5.22)
2 2
a L QPR?(2)
If we substitute equation (5.22) to (5.21) we have that
kx, zK =a1QPR(2) = 5 QPR(2) =
2
— 2 — 2
= PR RO =
which proves the result. O

Example 5.2.1. Let R® ~ ~2(R%) 3 z = (10;2;15;3;1; 20). Then z is not
decomposable since QPR(z) = 157 & 0or , =5:91722 & 0, if we calculate the
singular values of the corresponding Grassmann matrix (z). The decomposable
multi-vector X, that has the least distance from z is de ned as:

1 2

X =——5— lg =2~
l i QPR(2)

= (5:82963; 1:86999; 16:4892; 6:67734; 0:582963; 18:6999)

Z:

Then
kz x,;k=591722= ,

81



V V
5.3 Minimization in  *(R") and " *(R")

The solution of problem (5.7) has been achieved due to the description of
G,(R*) by the single QPR (5.8) which has allowed the direct calculation of the
lvagrange multipliers. When one more dimension is added to the problem, i.e.,

2(R®), the respective minimization problem becomes instantly more di cult,
since the decomposability criterion v/~v =0 , v is decomposable (or the QPR
{grmula (3.32)) implies 5 QPR. Indeed, if a multlvector Z = (21;22;23; 00, 210) 2

2(R5) * R js written as

Z =218 N6y + 261 Nes + 2361 Ney + 2460 N es + Zse; Nest
+ 7268, N €y + 27685 N €5 + Zg3 N €4 + Zg€3 N €5 + Z1081 N €5

then z is decomposable if and only if:

Z2™2=0 , 2(Z1zs 22Zs +Z3zZ5)es Ne, NezyNey +2(2129  ZpZ7 + 2425)e1 N ey N e
Nes+2(21210 2327 + 24Z6)e1 N N ey Nes + 2(2oZ1g  Z3Zg + Z4Zg)€1 N e N ey
Nes+2(Zsz10  ZeZo + Z7Zg)e; Ne3NesNes =0

The second order homogeneous equations
2128 222 + 2325 = 0;21Z9 2577 + 2425 = 0,21200 2327 + 2426 = 0,

23210  Z3Zg + 2428 = 0;25210  ZeZg + 2723 =0

are the Quadratic Plucker Relations(QPR) [Hod. & Ped. 1] that de ne the Grass-
mann variety of the projective space P°(R). Clearly, the Lagrange multipliers
method can not be directly implemented as in case G,(R*). In this section, we
present how the minimization problem

2\
minkx zk when z2 (R") isa xed 2-vector and x is decomposable

) (5.23)

is solved, via best decomposable approximation of multivectors methods, [Kar. & Lev. 9],
where z is decomposed into a sum of decomposable 2-vectors.

5.3.1 The Prime Qecomposmon of 2-vectors and Least
Distance in  2(R")

In this section, we connect a 2-vector z with its corresponding skew-symmetric
matrix, de ned as T,. The spectral analysis of T, will imply the best decompos-
able 2-vector of z which we will refer as the prime decomposition.
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De nition 5.3.1. Let z 2 2(RM); Y ¥, 2R"and f(y ;y,) =<z;y, "y, > be
a bilinear form, from R" R" to R with respecttoy; y.. We de ne as TZ 2 RN
the matrix representation of T, i.e.,

<zy,"NY,>=y; T2 Y, (5.24)

Next lemma connects the components of the 2-vector z with the entries of T,
where its skew-symmetry is implied.

\Y4
Lemma 5.3.1. For every multivector z 2 2(R”), T, is given by

O
0 Z12 233 Z1:n
Z12 0 Z33 Zo:n
T, = : : ; : (5.25)
Zl;n 1 Zn 2n 1 0 Zn 1;n
Z1:n Zo:n Zn 1:n 0

V
ProofPIf fe; © 01 .<, n an orthonormal basis of 2(R”) then we have that
Z= g nz.,eI gj, where z;; are the components of z known as Plucker
coordinates, [Hod. & Ped. 1]. Therefore,
f(eig) =<1z,e; g >=1zi5; T(e:6) =<z, "¢ >= 7z
and f(e;; e;) = 0. Hence, T, readily follows. m
Lemma 5.3.2. The eigenvalues of T, are purely imaginary.

Proof. Let T,v = v, where v is an eigenvector of T, and A denote the conjugate
transpose of A, i.e., A = At Then, since T, is real and skew-symmetric, i.e.,
T; = T, we have that

T,y = v )
(Tv)v=( v)Vv)D
V) Thv= ()v)D
V) THv= ()'vD
V) = ()Vv)D
kvk? = kvk® D

]

Remark 5.3.1. Lemma 5.3.2 and standard spectral analysis methods for skew-
symmetric matrices, [Bel. 1], [Gan. 1], imply that T, has k := [n=2] imaginary
eigenvalues, i.e., 1 ;5 1 with ¢ K 1 1 0, corresponding to
the complex eigenvectors e,, ie, q;:5e, ie;whenn=2kandO0; 1 1;:5 1 ,
a1 Bk 18y q5:5;e, 1, when n is odd, where fe; gj_l, 10; ¢; g2k+l are or-
thonormal basis for R" when n = 2k; n =2k + 1, respectlvely
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For the rest of this thesis, ; - whenever they are used - they will denote
the imaginary parts of the eigenvalues of T, and g; the corresponding vectors
obtained by the eigenvectors of T,. Using the above results and Remark 5.3.1,
the following proposition is obtained.

\V/
Proposition 5.3.1. Any z 2 2(R”) is decomposed as:

Z= kXt kX I X (5.26)

2 3
k O 0 0 0 ety
0 0 0 k 1 0 €k 1
Sk 1171626 0 0 k1 0 0 0 :
. . et
: £2
0 0 0 0 X ot
0 0 0 .0
if n =2k, or
2 3
0 O 0 0 0 0 0
0 0 k O 0 0 042 ot
0 k O 0 0 0 0 _21§+1
0 0 0 0 K 1 0 0 —?k
Gac1iBai i iCi& BO 0 0 ., 0 0 0 0 :
: : : : Q%
0 O 0 0 0 L €1
0 0 0 0 .0

if n =2k + 1. When n = 2k, we obtain:

T:= k(Enbh 1 Sk 18)+ + 1(e8] e}) =

kT@zkAﬁzk 1 + + 1T§2A§1

Hence, z = X, + «k 1Xy ; +::+ 1X;. The proof is similar for the extra zero
eigenvalue, when n = 2k + 1. ]

The decomposition de ned by (5.26) will be referred as the prime decom-
position of z. Clearly, Wlt@ some simple alternations it may be considered as
the standard SVD for the (R”) case. Other interesting forms of multivector-
tensor decompositions may be found in, [Del. 1], [Yok. 1], [Kol. & Bad. 3] and
the references therein. We may now give a proof of the decomposability condition
z ™z =0 based on the prime decomposition.
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Proposition 5.3.2. Any 2-vector z is decomposable if and only if z~z =02
/\4(Rn).

Proof. (D) If z is decomposable then z=a”b, a; b 2 R". Hence,z™z =
~pranp =0,

(Q) If z~z =0, then from the prime decomposition we have that ; j =0;
for all (i;j);j > i pairs. This means that k 1 the number ; have to be
zero. Due to 0 1 2 v x, we have that ;5 « 1 = 0.
Therefore, z = ¢ X,.

[

The solution of the minimization problem de ned by (5.2.1) is considered
next.

VvV V
Theorem 5.3.1. Let x 2 %(R") be decomposable and z 2 ~ *(R"). Then the
best decomposable approximation of z is 2 = X, and

kz 2k= 2, ,+ Z,+um+ 2 (5.27)

Proof. Let Dazrny denote the subsets of decomposable vectors in ~?(R") and
X 2 DAZ(Rn). Then,

min kx zk?®= min kzk®+kxk® 2<z;x> (5.28)
KZDAZ(RH) XZD/\Z(RI’])

Thus (5.28) is minimized at x, =< z; x > x=kxk? for some decomposable vector
X: Hence,

min  kx zk®= min kzk? <z:x>? =kzk? max <z x>?

X2D A2 gn)y x2D ‘kxk=1 X2D n2 gy kxk=1 -

/\Z(Rn)y

We are therefore aiming to maximize < z;x > when x = Y, Y, where y;;y,are
orthonormal. Thus,

* +
YT
TS EN N7 e T > e Wi gy S
:maxkka— K
kylkl—

Thus, (5.28) implies

kx zk®* 24+ 2,4+ + 2+kxk® 2 kxk
2 2 2 2
k1t k2t + 1+(« kx)k)
2 2 2
k1t k2t T 1



Hence, 2 = X, realizes the least distance from all decomposable multivectors,
which is o]
kz 2k= 2, ,+ Z,+um+ 2 (5.29)

]

V
Corollary 5.3.1. (Properties of the Prime Decomposition) Let z 2 = *(R") and
let us denote

nNgn Nz 77K 5.30
22 3 2 (5:30)
k factors
1) If 1; 25 « are the imaginary parts of the eigenvalues of T,, then
X >
z= iXj; 27Nz =2 i X N X (5.31)
) i=1 > j=i
z = iz 0 Xip X, MNX 2 ki (5.32)
1 ii<ii<i k
=K 12 kX MR N AX (5.33)

2) The characteristic polynomial of T, is given by
8

2 K2
E n 4 2n2_|_kl/\Zk n 44 kl k. —
‘()= kzk @y —aq?r, n =2k
- N 712 K2
ZF n4kzk? n 2+k;(2!);2k n 44 —k(;k!)l; ; n=2k+1
(5.34)
Proof. 1) For k=2 and with the use of the prime decomposition we have that
| 1
X ) X )
Nz = iXp N iXi =
i=1 i=1

= Kk ok 1 XM X i X M Xt
k1 kX 1 M XeF i+ 1 X 1 NX
2 KXy M X F il 2 1 X N X+

1 kX XN o X Xy =
X

+ o+ o+

2! i inAlj
j=>i

Suppose that (5.32) holds true. Then
o 1
>
ZA( +1):ZA AZ:@ ! i i
1 ii<ii<i Kk i=1

P X, X, N A
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>
:( +1)! i1 iz i X

1 h<ii<i 41 kK

n NN
Xi2 X

il EAT +1

which proves the result.

2) If n =2k, from the spectral decomposition of T, we have that

)=+ D+ ) (P+ D=

=" (3w DI+ (2D
Similarly, if n is odd:

=02+ D2+ D) (P+ D) =

= "+(I+ + D"+ (1D

The result now follows, due to the equations (5.31)-(5.33).
]

Corollary 5.3.1 implies a very important result; the optimization problem
(5.23) is directly solved via the components of the given 2-vector z only implying
the minimizer of (5.23) without applying any algorithmic procedures that usually
follow this kind of manifold constrained optimization problems, [Abs., etc. 1],
[Abs., etc. 2], [Bas., etc. 1].

Example 5.3.1. Let z = (2; 8;1;5;0;11; 3;7; 1;6)' 2 R, The skew-
symmetric matrix T, for this vector is
1

r = ( 0:0785093; 0:094211; 0:549565; 0:204124; 0:800795)";

b, = (0:395816; 0:0925693; 0:0410099;0:900056; 0:151586)";
b, = ( 0:0182749; 0:613107; 0:616617;0;0:493507)";

a; = (0:236471;0:760887;, 0:527125;0; 0:29542)%;

a, = ( 0:883693;0:166455; 0:195497;0:38501; 0:0701948)"

U 0N O
P ~N O O oo
oo ~NPR P
oo wu

The spectral decomposition canonical of T, implies that

and , = 8:16558; , = 15:5988. Therefore,

2 a,Na, = (5:81187; 4:18115;0:743424;1:99617; 0:49817,
2:3921; 0:83766; 1:65719;0:77373; 0:928749)
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and

4 by ™Mb, = ( 3:81187; 3:81885;0:256576; 3:00383; 0:49817;
8:6079; 2:16234;8:65719; 1:77373;6:92875)"

Hence,
2 A+ 4 b, =(20 8150011 37 1,6)'=z
as we were expecting from the prime decomposition of z. Also,

X= 4 b ™by

is the best decomposable approximation of z and

kx zk =k(5:81187; 4:18115;0:743424;1:99617; 0:49817;2:3921,
0:83766; 1:65719;0:77373; 0:928749)k = 8:16558 =

- 2

which is the least distance of z from the set of all decomposable vectors.

- - - Vn 2
5.3.2 Approximation in (RM

The results of the previous section may now be extended to the dual case.
In fact, the previous results imply calculations over G, ,(R") and rely on the
Hodge ?-operator, [Jost. 1], [Mar. 1]. This operator was rstly de ned in order
to generalize the notion of the Laplacian on Riemannian manifolds.

De nition 5.3.2. The Hodge ?-operator, for any positively oriented orthonormal
basis of an n-dimensional vector space V is

A™ n/Yn

V) r (V) (5.35)

such that
@nb) =<ab>w (5.36)

Vm Vn
where a;b 2 V);w2 “(V)Yandm n.
We rst consider some background results, [Jost. 1], [Mar. 1].
Lemma 5.3.3. The Hodge ?-operator is linear, one to one, onto and an isometry.

Le(r)ma 5. %} Let Dazrny; Dan 2rny denote the subsets of decomposable vectors
in 2(R"); 2(R") respectively. Then ? : : Da2(gny ¥ Dan 2gny is also one to
one and onto.
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Next we use conjugacy in general vector spaces to study the minimization
problem for G, »(R").

Proposition 5.3.3. Let U; V be two nite dimensional vector spaces and T :
U T V a linear, \1-1", onto isometry. If U;; V; are two isometric subsets of
U; V respectively through T and

f(w =argminku uk; g(u):=arg minku vk (5.37)

then
f) =T *(g(TW))) (5.38)

Proof. Following the standard properties of operators and duality in Banach
spaces, [Roc. 1], we have that

— i — 1 i —
fU)=arg min kTQW)  T(Uk=T = arg min kT Tk =

=T Yarg min kT(u) v,k) =T *(g(T (u))

The above result may be described by the commutative diagram:

T

U TV

#f g#

Uy Vv
T

In our case, U; V are represented by VZ(R”); Vi ?(R™) and Us; Vy by Drogny
and Dan 2rny, respectively. Then the diagram above, shows how the minima
for Dan 2(gny and Dazgny in Proposition 5.3.3 may be derived from each other.
Hence, if T  ? the following result is established.

\Y
Corollary 5.3.2. Forevery z2 " ?(RM) the following equality holds:

gl;::;g:‘lr;ZRn k; gl gn 2k Ql;rbr;IZan kl Dl bzk (539)

The above may be illustrated by the following example:

Vv
Example 5.3.2. Let z = (6;1;7; 3;,,11;0; 5/1;8;2)' 2 3(R5) * R, Then
z =(2 L5011 3;7; 1,6)'2 *(R°) 7 R™. Hence,
@)

1
0 2 8 1 5
2 0 0 11 3

T, =B 8 0 0 7 1
1 11 7 0 6
5 3 1 6 0



From the canonical form of T, , we have

r = ( 0:0785093; 0:094211; 0:549565; 0:204124; 0:800795)*;

b, = (0:395816; 0:0925693; 0:0410099; 0:900056; 0:151586)";
b, = ( 0:0182749; 0:613107; 0:616617;0;0:493507)Y;

a, = (0:236471;0:760887; 0:527125;0;0:29542)%;

a, = (| 0:883693;0:166455; 0:195497;0:38501; 0:0701948)"
and , = 8:16558; 4, = 15:5988. Therefore,

2 a,Na, = (5:81187; 4:18115;0:743424;1:99617; 0:49817,
2:3921; 0:83766; 1:65719;0:77373; 0:928749)"

and

4 by ™Mb, = ( 3:81187; 3:81885;0:256576; 3:00383; 0:49817,;
8:6079; 2:16234;8:65719; 1:77373;6:92875)"

Hence,
2 ayNa,+ 4 by Nb, = (2 8;1;50;11; 3;7; 1;6)'=z
and x = 4 b; b, is the best decomposable approximation of z . Thus

(4 by7™Dby) = 4 a;,™a,Nr=(6:92874;1:77373;8:65719; 2:16234,
8:60789; 0:498171; 3:00383;0:256576; 3:81885; 3:81187)"

is the best decomposable approximation of z.

Next we present an alternative way for the calculation of the best decom-
posable approximation of a 2-vector via the Grassmann matrix, [Kar. & Gia. 6],
[Kar. & Lev. 9].

5.3.3 Best approximation and the Grassmann Matrix

As we have proved, optimization problem (5.23) is closely connected to the
calculation of ; « 1;:::; 1 which are the imaginary parts of the eigenvalues of
the skew symmetric matrix T,: In order to achieve their calculation, we imple-
mented the spectral analysis of T, which in this case leads to two Jordan-blocks
matrices. In this section we present a new Way that simpli es signi cantly the
calculations of ; « 1;:: 1, similar to the ~ 2(R*) case. Speci cally, we prove
that the least singular value of the Grassmann matrix coincides with the least
distance from the set of all decomposable vectors. Furthermore, we prove that
the Grassmann matrices constitute a wider category than the skew-symmetric
matrices, since T, is a special form of a Grassmann matrix. First, we give an
equivalent de nition of the Grassmann matrix.
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De nition 5.3.3. For every z 2 R";y 2 R™ where n > m; n;m 2 N; the matrix
;2 2 R"™ ™ such that
2 Y=y (5.40)

is called the Grassmann matrix of z.

Now, we will calculate the singular values of .

From De nition 5.3.3 we have that
k ., Xk =k Axk (5.41)
Now,

K@z A yk2 = K( kb by + i+ qwy A W,) A (Yaby + i+ yaw,)KE =

= ks rya iy F o Fys by ik fypHyg iy o) =

—2f 2 2 ey 2 2, 2, 2 T N S
=yi(k1+ o+ DFHY( g+ g+ + DH+yr( e+

Therefore, if we set
Hi= 2+ 2, +m+ 2.+ 2 +u0+ 2 (5.42)

i+1 .

where this sum denotes that the i-entry is missing, then the squared singular
values of the Grassmann matrix are

kzk?; Hi; Hi; Ha; Hy; i Hig Hyg

ifn=2k+1or
Hi; Hi; Hzp Hojis Hig Hg
if n = 2k:
Corollary 5.3.3. The minimum singular value of the Grassmann matrix is pH_k
which is equal to the least minimum distance from the set of all decomposable

vectors. If H, = 0 then the given multivector is decomposable and the distance is
zero.

Proof. This is evident from the above calculations of the squared singular values
H;. O

Example 5.3.3. Let z = (2; 8;1;5;0;11; 3;7; 1;6) as in Example 5.3.1.
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Then the Grassmann matrix for z is

O 1
0 8 2 0 0
11 1 0 2 O
3 5 0O 0 2
7 0 1 8 0
1 0 5 0 8
6 O 0 5 1
o 7 11 0 O
0 1 3 0 O
0 6 0 3 11
0 O 6 1 7

The Singular Value Decomposition for this matrix gives the following singular
values

1 =17:6068; ,= 3 =28:16558; , = 5= 15:5988
In deed, we observe that the smallest singular value is 8.16558 which coincides
with , as we saw in Example 5.3.1.

Remark 5.3.2. The characteristic polynomial *( ) of ' may also be obtained
if speci ¢ decomposable sets are given. If n=5 then
@)

a3 di;z A 0 0

1
aoq a1 0 ai2 0
azs ais 0 0 a2
azgs O ais a3 0
_Bas O ais 0 ags

ays 0 0 dis A
0 am ayu ax 0
0 ass dos 0 do3
0 d4s 0 dps A
0 0 ass aszs Azs

for z = (21,22, 3, 29; Z10)  (812; @u3; Aua; Qus; Ag3; Aza; Aos; A34; Ass; Ags). HeNce,
()=det( Is " )=( kzk?) ( ( §)2=( kzk®) 2 (3+ %) +
Therefore, we have that
> 2
()= 2?2 kzk! + (QPR)? (  kzkd)

Next, we show how the skew - symmetric matrix T, is related to the Grass-
mann matrix ,. We will see that actually T, is a Grassmann matrix. This is
a very important result, since the spectral analysis of T, gives two forms of Jor-
dan blocks matrices instead of one simpler matrix, such as ,. This can also be
helpful in higher dimensions, since T, acts as a tensor - making any calculations
more complicated - while  is still a matrix.
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Theorem 5.3.2. The skew-symmetric matrix T, has the form of a Grassmann
matrix.

Proof. From De nition 5.3.3 we have that

<zy Ny,>=y; T, y,=<y; Tiy,> (5.43)
But also,
<zy,Ny,>= z Ny, Ny, =<z 7y, y,> (5.44)
Therefore,
t
z Ny, = Xi T, = Ty, (5.45)
since T} = T,. Now, if }isa Grassmann matrix such that } y,= 27y,
then we have that
Ty, = y,orT,= 3 (5.46)
which proves the result. m

5.4 Optimization in the Projective Space

In this section, the minimization problem (5.23) is studied over the projec-
Ve space p() 1 (R). The decomposability of 2-vectors in the subset Dazgny in

2(R™) will be now expressed by the Grassmann variety G,(R") (the Plucker
embedding we saw in Chapter 3, allows the embedment in the projective space)

and the distances k k will be computed via the natural metric of P(g)(R),
the gap metric gap(), [Wey. 1]. Then problem (5.23) will be formulated as
miny g(z(Xx); G2(R™)) and mink g(z; G2(R™)) if z is xed, where g is the gap func-
tion between a multivector and the Grassmann variety, implied by gap(). This
section deals with the second optimization problem and the xed case of the 2-
vector (the general parameterized case z(x) will be examined in Chapter 8) and
we also present the basic forms that the gap metric may take, i.e., angle metric,
chordal distance, etc.

5.4.1 The Gap Metric

The gap metric has its origin in projective geometry, [Wey. 1] as the natural
metric for counting distances in a general projective space P"(F) and in functional
analysis, [Kre. & Kras. 1] where it was used in the perturbation theory of linear
operators. For control theory applications it is usually used as an appropriate
tool for the study of uncertainty in feedback systems, [Sak. 1]. In our case,
we will utilize the de nitions and the unitary properties of the gap metric as
introduced in [Wey. 1] for a real projective space, which are similar with the ones
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regarding the Fubini study norm for complex projective spaces measurements,
[Kob. & Mom. 1].

De nition 5.4.1. [Wey. 1] Let x;z be two \points" (representatives of the cor-
responding equivalent classes spanfxg; spanfzg) in p() Y(R) and U a plane in

PG Y(R), with 5 1 coordinates each. Then

i) The distance between x;z is given by

O P(n) 1 11=2
N @ i X X;jzij®
gap(Xa ;) T P(n) 1. . P(n) 1. (547)
SR LT i P41
ii) The distance between x; U is given by
O P(n 1. . 11:2
U) =@ i1 IXiUif? A
g(¥1u) T P n) 1. . P(n) 1. . (548)
i S ie1 JUij?

Equivalently therefore we have the following de nition.

De nition 5.4.2. The gap metric gap between any lines spanfxg;spanfzg in
the projective space is given by

gap(x; 2) = jsin(x*2)j = min — =

oK ok (5.49)

Remark 5.4.1. The fact that gap is a metric function is evident, since
a) gap(X;;X,) 0, where the equality holds for x; = X,
b) gap(Xy; X;) = gap(Xy; X;)
€) (Xif%z)  (X1MX3) + (X57X;)

The main tool for distance calculations in this thesis, as we have already
mentioned, would be the gap metric and the distance function g between a point
and the Grassmann variety. In the rest of this section, we examine the special
forms that the gap metric may take. First, we examine the case where the gap
is restrained in G,(R"). In this case, it is usually referred as the angle metric
which is de ned via the Grassmann representatives, [Gia. 1], [Kar. & Gia. 5],
[Kar. & Lev. 10], we saw in Chapter 3.

De nition 5.4.3. [Gia. 1], [Kar. %,Gia. 5] Let V be an n-dimensional vector
— m . — N

space over R and x = (Xo; :::; Xp) 2 (V); p= , 1a Grassmann represen-

tative.
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i) The decomposable multivector x given by

S ix,ix
_p A
kxk = =P &0
X = § (5.50)
JXiX _
T ok %70

where X; is the rst non-zero coordinate of x, is called the normal Grass-
mann representative of G, (V).

ii) The angle between two m-dimensional subspaces Vi; V, of V is de ned as
N\ N
Vi; Vo =arccos (%;;%,) (5.51)

and it is a metric for the Grassmann manifold.

Remark 5.4.2. It can be shown, [Gia. 1], that the normal Grassmann represen-
tative x is unique with kxk = 1, where k k is the Euclidean yorm. Thus, all
normal Grassmann representatives belong to the unit sphere in ~ ™(V) and more
precisely, to the upper hemisphere and half of the equator of the unit sphere.

Next metric is the standard metric for computations on the Grassmann vari-
ety.

De nition 5.4.4. [Lu. 1] Let A;; A, be basis matrices of Vy; V, 2 Gn.m. Then,
the function “ de ne as

“(Vi;V,) = arccos det X XIX, X! 7

(5.52)
is a metric on G, where X; = (AlA;) 1AL X, = (ALA,) 172AL.

In [Gia. 1] is was proved that the angle metric and * are equal. \WWe prove the
same for the gap metric gap, as well.

Proposition 5.4.1. The gap metric gap is also a metric on Gp., with
gap(xy; X,) = det X XIX,X] (5.53)
where X;:i = 1;2 as mentioned in De nition 5.4.4.
Proof. Due to the Cauchy-Binet theorem, we have that
det X XIXoX! = Cp(X1)Cm(X3)Cim(X2)Cm(X3) (5.54)
By the de nitions of X;; X, we have that

X5
kx,k

Xt
Cm(><l) = ﬁlk; Cm(XZ) =
cAY )

95



where X; = Cn(A1); X, = Cn(Ay). Therefore,

gap(Xy; X,) = sin (V1; Vz) (5.55)
and
“(V1;V,) = arccos (x/'\x)'x = Xi X, 1= X5 (5.56)
1, 2) — N1y A2 y N T kxlk' Ao . — kxzk .
and the result follows due to (5.55). O

Remark 5.4.3. It has been proved, [Sak. 1], that if the previous distance is
considered as the gap between the graphs G() of the closed operators K;; K,
of two systems, when these are viewed as closed subspaces of the Hilbert space
H H, then

_ ku  VKKKju  Kovk?
ap (G(K,): G(K,)) = su inf —— - =
gap (G(Ky1); G(Ky)) uzD(P(l)vzo(Kl) (Kuk2 + kK uk?) '™

(5.57)

where D( ') is the domain of the respective operator. Therefore, (5.49) and (5.57)
are equivalent expressions of the gap metric.

A second approach of the gap occurs when the angles between m planes in an
n-dimensional vector space V are calculated instead of lines or subspaces. Then
the notions of the gap metric for the projective space and the “ metric for G,
are generalized into the so-called chordal distance which is met in the study of
geodesics in the Grassmann manifold, [Wong. 1].

De nition 5.4.5. [Wong. 1] Let V an n-dimensional vector space over a eld
F.

i) An m-plane is m-dimensional subset of V which does not need to pass
through the origin. If m =n 1, them the m plane is called hyper plane.

ii) The angles ; between two m-planes Uy; U, are the non-zero stationary val-
ues of the angle between the non-zero vectors u; in U; and their orthogonal
projection v; onto U,, respectively. The number of angles ; between U; and
U, is m, of which at most r = min(n; m) can be nonzero.

iii) The square root of the sum of the squares of the m angles between two
consecutive m-planes U;; U,, denoted as Ch(Uy;Uy), is called the Chordal
distance and it is a metric on G, (V).

In the following results we prove how the gap is connected to the metric Ch.

Lemma5.4.1. If ;; i =1;:::;mis the angle between the vectors u; 2 Uy; u, 2 U,
and spanfu;g, spanfv;g, their respective lines, then

P
Ch(Uy;Up) = gap?(uy;vy) +gap?(uy vy) + +gap?(Up,; Vi) (5.58)
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Proof. This follows directly from De nitions 5.4.2 and 5.4.5. m

Remark 5.4.4. It can be proved, [Ko. & Le. 1], that when m  n=2 then,
1
Ch(Uy; U,) = 5 AA' BB' _ (5.59)

where A; B matrices in F™ ™ that generate U;; U,. The form (5.59) for the
chordal distance is widely used in complex MIMO systems, [Ko. & Le. 1].

Remark 5.4.5. The chordal distance may be transformed into a suitable metric
for P"(C); if the stereographic projection of a complex number u = a + bi to the
sphere X2 +y? + (z  1=2)? = 1=4 implies the point A(X;y;z), then, as shown in
[Kal. 1],

_ A o bjup gz
*Traen Y T 2@y T Ty (60
Hence, if s (X;y;z);s'  (x';y";Z") then
. 0 — 0.p - - - - . . _ 1
Ch(s;s) =js sj (1+jsj)(L+]s?); Ch(s; 1) = — (5.61)
1+ jsj?

Equation (5.60) is the main tool for the study of systems eigenvalue sensitivity
under perturbations, [Stew. 1].

Remark 5.4.6. Other forms of the gap metric which are usually met in distance
problems between two subspaces Vi; V, in a projective space are

i) gap(Y1;Y2) = jj_jj2 (arc length)

i) gapp,(Y1;Y2) = ksin(L)k, (projection F -norm),
i) gape,(Y;Ye) = 2ksin(%)k1 (chordal norm),

Iv) gap.e(Y1;Y2) = 2ksin(2—{)k2 (chordal Frobenius-norm),
V) gapp,(Y1;Yz) = ksin(_)ka (projection 2-norm) and
vi) gapgs(Y1; Y2) = arccos (Qi cos ) (Fubini-Study norm)

where §; 1 = 1;::;k are the principal angles between Vi; V,, spanned by the
columns of the p  k orthonormal matrices Y;; Y, for some 0 < k p and
_ = (1;: 2). Except the last case, all metrics consider the jj jja; JJ Jl2
norms, whereas the Fubini study norm is used for complex projective spaces
[Kob. & Mom. 1]. More details on these metrics as well as other equivalent
forms may be found in [Edel., etc. 1].
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5.4.2 Least Distance over G,(R")

Let g denote the gap between a point and the Grassmann variety in the pro-
jective space P(g)(R) and gap( ; ) the gap metric between two points in P(g)(R).
Then problem (5.23) is interpreted as the derivation of the best decomposable
approximation representative % of a given 2-vector representative z for the respec-
tive equivalence classes. In the following, for notational simplicity, we identify
z spanfzg and as we have already mentioned, we follow [Wey. 1] for the de -
nitions of the gap metric between points, i.e., gap(z; x) = jsin(z/x)j and the gap
function g between a point and a subspace of the projective space.

Theorem 5.4.1. The gap function g between z and G,(R") is equal to
q

2 2 2
k1t kit

0(z;G2(RM) = K2k

(5.62)

Proof. From the de nition of the gap between a point and a subspace in P(g)(R),
[Wey. 1], we have that

s
(z;G2(RM) := min gap(z;x) = min 1 <ZX>F
91z, %2 T o IPE X = T kxk2kzk?
., S
<z;x>% 2 1 2
= — max ———— = _ K =
kzk? x2G,(R")  kxk? kzk?2
q 2 2 2
B k1t kot + g
B kzk
due to Theorem 5.3.1. O

Clearly, the minimization of g and consequently the multilinear subproblem of
DAP are equivalgnt to the maximization of the largest eigenvalue of T,, since
g(z;G(R")) = 1 2_.=kzk?. Note, that eigenvalue optimization problems
of this form are very important in the eld of matrix theory, [Gol. & Van. 2],
[Horn. & Joh. 1], [Xia. 1] and in most cases they are usually addressed algorith-
mically, [Le. & Over. 1], [Sha. & Fa. 1]. Speci cally it has been shown that the
optimization of an eigenvalue of a symmetric matrix is strongly connected to
the minimization of the sum of the eigenvalues of the matrix, [Le. & Over. 1]
whereas in [Sha. & Fa. 1], rst and second order conditions were given, regard-
ing the existence of solutions of such eigenvalue optimization problems. These
results have led to Overton’s algorithm, [Le. & Over. 1] which is an alternation
of the standard Newton’s algorithm, constructed speci cally for eigenvalue opti-
mization problems. Some results concerning eigenvalue optimization for a general
matrix A may be found also in [Le. & Over. 1], but for a special structure of A.
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A number of control theory problems addressed via the Overton’s algorithm may
be found in [Boy., etc. 1]. Clearly now, Theorem 6.3.1 may be regarded as a new
tool for closed-form solutions for the optimization of the largest eigenvalue of a
skew-symmetric matrix.

Theorem 5.4.2. The maximum possible gap of a multi-vector z 2 ~?(R") from

G,(R") is equal to r

1
maxg (z;G2(R") = 1 K (5.63)
z
Proof. Using the result of Theorem 6.3.1 we have that
d 2 2 2
| k1t k2Tt g 1
0z G(RY) = @—— - - =¥ -
Kkt k1t it g 1+ —————
k 1 k 2 1
-
1 1 1
q == 1 -
i¢ + 1
Y e K1

[]

Remark 5.4.7. The use of eigenvalues/singular values for minimum-maximum
distance problems concerning subspaces, lines, sets, etc., is a standard technique
examined by several authors, e.g., [Gol. & Van. 2], [Xia. 1]. In general, the
authors rewrite the angle between two subspaces in the form

sin = dist (range(Qa); range(Qo)) = maxQLQo

where Q = [Qa; Qul; 4= [Qo; Q1] are two orthogonal matrices whose columns
span the two subspaces respectively, with Q,; Qo 2 R" " and Q Q. = Q{Qo = I,
and they examine its upper and lower bounds. Our approach has answered this
upper-lower bound problem for the Grassmann variety case in the projective space.

Formula (6.6) can be further simpli ed if the set of QPR that describe the re-
spective Grassmann varieties is given. If for instance n =5 (similarly forn =4
and the single QPR 15 34 13 22+ 14 23 = 0) then the minimum gap is given
by the next theorem.

Theorem 5.4.3. The minimum gap between a 2-vector z 2 ~?(R®) and G,(R®)
is given by

PP R
0~z G2(R%) = —Pg—— (5.64)

i=1%i
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Proof. The minimumgap isg(z;2) = i1=kzk g¢(z), with2 = ,e,™e,; 2 1.
From the prime decomposition of z we have that kz*zk = k2 ; ,e,"e,e; e k.
Hence, if

_ kz"™zk

we have that
s 0000
212_2pklk2 %l_ 1 21

A e i v

P P
=2 1 ¢’(@9(0) =2 v’(2)1 93(2)

g =

Since the function f(x) = Isz(l x2) is increasing at [0; IOE:Z] we have that
the minimization of g is equivalent to the minimization of g~. In other words,
the norm of the QPR over the norm of z can be used for minimization in ~?(R®),
i.e., pE
kz ™ zk QP R2(2)
kzk2 - = 10122

9~(Z; G2(R®)) = (5.66)

O

Theorem 5.4.3 is one of the most important results in this thesis; if a speci ¢
Grassmann variety is given, all distance computations are expressed in terms of
Z, which is a remarkable simpli cation for Grassman optimization problems.

5.5 Conclusions

In this chapter, a rst approach has been made to the solution of the ap-
proximate determinantal asmgnmen{/problem by cog&derlng the optimization
problem minskx zk when z 2 (R" or z 2 ’(R") is a xed vector
and x is decomposable. This problem will be generalized in the next chapters
for a parameterized 2-vector z(x) which it will describe the whole linear variety
K (implied by the linear subproblem of DAP) and thus the approximate DAP
will be completely solved in the 2-dimensional case, provided the stability of the
approximate polynomial yield by the approximate solution.

The initial case n = 4 was solved via the Lagrange multipliers method and
has provided the important result that the solution of the above minimization
problem can be derived by the least singular value of the corresponding Grass-
mann matrix. On the other hand, the general case n > 4 has been proved more
cult since the QPR that describe the set of decomposable vectors Daz(gny in
2(R”) do not allow the implementation of the Lagrange multipliers method. To
overcome this obstacle, we have used the 2-tensor, skew-symmetric matrix form
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T, of a 2-vector z and by applying its spectral decomposition, the so called prime
decomposition of z was obtained. The latter has provided remarkable heIR/to the
above proQI/em, by implying its solution in closed form formulae for the 2(R”)
aswell as " *(RM).

Furthermore, the result of the least distance via the lowest singular value of
the Grassmann matrix has been also con rmed for the all cases n 4, and the
antisymmetric matrix T, has been proved to be a special case of the Grassmann
matrix. These results have helped us to solve the same distance problem in the

projective space p() 1&?), which is the natural space for DAP and it was shown
that g (z;G(R")) = ( 2 ,+ 2 ,+ 1+ 2)=kzk where g is the gap function

between a \point” z 2 P(2) 1(R) and the Grassmann variety G,(R") of P() 1(R)

(the embedment of Dazgny to the projective space P(g)(R) via the Plucker em-
bedding, [Mar. 1]). The gap function g and the related gap metric as well as the
several forms that they may take were discussed in section 5.4.1. This analysis
has helped us connect our formulae with several other optimization problems,
such as the optimization of an eigenvalue of a matrix ( which is addressed algo-
rithmically in most cases ) and subspace distance problems.

The central result of this chapter was given in Theorem 6.44, where we proved
that if speci ¢ Grassmann varieties are given, e.g., n=5, then the gap g may be
written as pPE __
kz ™ zk _ QPR?(2)

kzk2 kzk?

which is very important, since the distance is uniquely expressed in terms of the
components of the xed point z.

(5.67)
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Chapter 6

Degenerate Cases: Maximum
Distance from the Grassmann
varieties Go(R") and the

algebrogeometric structure of
Gy (R”)

6.1 Introduction

In the previous chapter we saw that in order to solve the approximate DAP
as a distance optimization problem between a linear variety and the Grass-
mann variety we need at rst to solve the optimization problem of a xed 2-
vector from the related Grassmann variety. The solution has been achieved via
the so-called prime decomposition of a nominal 2-vector z. The case where
the eigenvalues of T,, i.e., the matrix form of z, are distinct may be exam-
ined via eigenvalue-spectral analysis methodologies, as in [Lev., etc. 9] that lie
within the wider area which investigates approximate decomposability problems,
[Kar. & Lev. 9]. Actually the authors in [Lev., etc. 9] have proposed a 2-vector
approach for such problems that has led to a number of closed-form solutions,
contrary to the algorithmic-numerical approach in [Eck. & You. 1], [Gol., etc. 1]
or in [Dela., etc. 1], [Kol. & Bad. 3], [Sav. & Li.1] for higher dimensions. On the
other hand, if the eigenvalues of a nominal matrix, such as T, in our case, have
multiplicities, the implied approximations may be non-unique, a case which is
still under investigation, [Kru. 1] and [Ten. & Sid. 1].

In this chapter we connect for the rs\;ime the non-uniqueness/degenerate eigen-

values of a 2-vector decompositionin ~ 2(R"),i.e., k= = 1, toanew variety
whose distance from the Grassmann variety G,(R") is maximal. We refer to this
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variety as V; and we calculate its maximum gap from G,(R"), which actually
implies the worst possible decomposable approximation. New signi cant results
are also implied with regards to the topology of the Grassmann variety G,(R")
of the decomposable 2-vectors in the projective space.

Furthermore, we study the case of the non-trivial Grassmann variety G,(R®) sep-
arately ( the rst Grassmann variety that is not described by a single Quadratic
Plucker Relation, [Hod. & Ped. 1]) where new algebrogeometric properties are
obtained, enhancing in this way the algebraic-geometric results for low-order
Grassmann varieties which is an important problem on its own, [Smi. 1], [Rid. 1],
[San., etc. 1], [Eis., etc. 1], [Har. & Law. 1], [Mor. 1].

This chapter is organized as follows: In Section 6.2 some fundamental results
are given regarding the uniqueness of matrix decompositions, best approxima-
tion/least distance problems and distinct eigenvalues. We explain how these are
connected to the prime decomposition and the approximate DAP. In Section 6.3
we attempt to solve for the rst time the least distance problem from the Grass-
mann variety in the case of degeneracy, i.e., repeated eigenvalues, via the use of
algebraic geometry techniques and algebraic varieties, instead of numerical ap-
proaches that usually follow the standard SVD. We de ne the new variety as Vi,
and we derive the equation that describes it. It is proved that this variety, con-
sists of those 2-vectors whose imaginary parts ; are equal and whose gap from
G2(R"™) is maximum. Thus our approach may give closed-form formulae even for
the case of multiple eigenvalues.

In Section 6.4 we elaborate on the of study V; and the degeneracy problem
that may appear in the prime decomposition via algebrogeometric techniques
this time; we select the n = 5 case, which is the least studied among the Grass-
mann varieties G,(R") and we connect G,(R®) with V;. Analytically, in 6.4.1, the
path-wise connectivity of V, is proved and in 6.4.2 it is showed that G,(R®) [ V.
may be written as a Polynomial Sum of Squares. In 6.4.3 the complementarity of
G,(R®%) and V; is examined in the related projective space and in 6.4.4 two new
conjugates of a 2-vector are given.

The above duality and conjugacy results between G,(R®) and V; are applied
in Section 6.5 for the solution of two problems; in 6.5.1 we derive the Lagrange
multipliers for the best decomposable approximation problem and in 6.5.2 for the
derivation of the polar decomposition of a 2-vector. Note that while these kind
of problems are viewed algorithmically by most researchers, our approach implies
closed form solutions only in terms of the components of the 2-vector. Finally,
in Section 6.6 we present how the previous analysis helps us obtain sensitivity
criteria, with respect to the gap metric.
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6.2 Basic Uniqueness Results

Let r;n 2 N be two positive integers with 2r n. Let V7, denote the
variety of skew-symmetric matrices T, 2 R" " for a 2-vector z, as this was intro-
duced in the previous section with rank 2r. If Aisa xed n n skew-symmetric
matrix, then we may consider the distance function d : V5.1, ¥ R4 such that

d(T,) =kT, Ak? (6.1)

where kXk? = trX X" is the squared Frobenius norm. Next theorem provides an
important uniqueness result.

Theorem 6.2.1. [Hel. & Shay. 1] Let a skew-symmetric matrix A 2 R" " with
distinct eigenvalues and m such that n =2m or n =2m + 1.

i) Distance d has exactly

mooe i
. critical points.

i) Every critical point of d is non-degenerate, i.e., the Hessian matrix at these
points is invertible.

iii) The index of a critical point, i.e., the number of negative eigenvalues of
the Hessian matrix at the critical point, associated with a permutation
(1< < rand 41 < < ) is given by

2Cardf(i;j): i< 7351 1 nr+1 j kg (6.2)
where Card denotes the cardinality (number of elements) of the above set
fi; jg.

The above theorem implies a number of important results for the prime de-
composition;

i) When the eigenvalues of a skew-symmetric matrix are distinct, there is a
unique global minimum of d. Hence, the prime decomposition as well as
the best decomposable approximation of a 2-vector are also unique.

i) From the prime decomposition we easily see that the critical points of d are
the rank 2n matrices of the form

diag(c.L;:::;cml); n=2m

diag(c.L;:::;;cml;0); n=2m+1 (6.3)

where
(6.4)

- O
O -
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iii) If Eig(iX), Eig(iA) are the sets of the eigenvalues of X and A that have a
positive imaginary part respectively, then the subvariety V of V.1, that
contains those critical points X for which Eig(iX)  Eig(iA), is a ber
bundle with base manifold G.(R™) and the Euclidean space R™ as ber,

i.e.,, V is written as a topological structure Vyn.1,;G¢(R™); ”; R™  with
> Vent, ¥ Gr(R™), being a continuous surjection, [Hel. & Shay. 1]. In
other words, all the critical points of d are contained in V. Conclusion (iv)

in Theorem 6.2.1, states that every critical point has an even index. Then
by using the formula :

Remark 6.2.1. The problem of the distance of a point from a variety (or a
manifold) has been also connected with the maximum number of cuts of these
varieties before they separate into two pieces, i.e., the Betti number, since as
shown in [Hel. & Shay. 1], the number of critical points which have index 2m is
equal to (2m)™™ Betti number of the Grassmann manifold G,(R™). Then with
the use of formula

n n m+1 msgm) )
- (le) 1) - (c 1) . - nm ()¢’ (6.5)

J=0

it was proved in [Kolh. 1] that the set of all odd Betti numbers of the Grassmann
variety is zero, but only for a nite eld F with ¢ elements. Other connections
between distances and cuts of surfaces (dimensional holes) have been examined in
[Chee. 1], [Chee. 2], whereas some more recent results place the Betti numbers
within the concept of the so-called Jacobian criteria for complete intersections,
that may provide strong intersection information, [Avr. & Her. 1].

Now, when ; in the prime decomposition are equal it is easy to verify that the
prime decomposition is not unique and equivalently the above distance problem
does not have a unique solution. The problem as far the distance function d is
concerned and the case of degenerate singular values has been studied in [Stew. 2]
among others via the notion of the so-called numerical rank of a matrix. Most
approaches for the problem of degeneracy follow the numerical laws and variations
of the standard SVD. In the next section, we try for the rst time to connect
the problem of degeneracy and best decomposable approximations with algebraic
geometry techniques, via the use of speci c algebraic varieties. This approach will
enable us to imply closed form solutions, even for this case.

6.3 The Extremal variety V; of G,(R")

In this section we show that the gap g in egn.(6.6) is maximized when the
imaginary eigenvalues of a 2-vector are equal. Thus we may obtain distance cri-
teria even in the case of degeneracy.
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In particular, we de ne this set as V;, we derive the equation that describes
it and we calculate its distance from a random 2-vector.
Theorem 6.3.1. The gap g between z and G,(R") is equal to

q 2 2 2
@GRy = ket (6.6)
912,52 kzk '
which is achieved at 2 = X,.
Proof. We have that
s
@GyR"Y) = min gapzx)= min 1 —ZX>_
91z %2 '_52(32(Rn)g Pz, x " x2Ga(RM) kxk2kzk?
., S
= 1 L max <zx>* . 1 ‘% =
B kzk? x2G,(Rn)  kxk2 B kzk2
q 2 2 2
B k1t k2FHiit g
h kzk
since
* +
maxj<z:y. Ny . >j=max<y'T,;y. >= max V'T,: thT; =
Xl?ij £ Xl Xz J V.Y, Xl 2z Xz ky, k=1 Xl Z kXETLk

= max k t| k =
ky k=1 y1 Z k
O

Theorem 6.3.2. The maximum gap of a 2-vector z from the Grassmann variety

r—

G2(R"M) is equal to
1
9@z G(RM)= 1 K
Proof. In Theorem6.3.1wesaw thatg (z;G,(R")) = 2 ,+ 2 ,+:+ 2=kzk.
Hence,
q 2
N 1t okttt g 1
9(z;G(RY) = &= - - = =
kT k™ Tt 1+§1+§k2++%
r
1 1 1
< : =4 1 = 1 k
1+ 2+ Z+ E+:::+f( 1+ﬁ
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Theorem 6.3.3. A multi-vector z 2 ~?(R") has the maximum distance from the
Grassmann variety G,(R"), if and only if

2= (Xe+ X g FHii+Xg) (6.7)

Proof. (O) From the previous theorem, a multi-vector z that has the maximum
distance from G,(R") satis es the equation

1 d 1
gz G2(R") = ¥ = = 1 ¢
1+ ﬁl"'ﬁkz"'::"'%
Therefore,
2 1
k —
Fir Eotut oK1
Equivalently
B Bt i e Poru
k 1 times

This means that the two sums of k 1 numbers are equal to each other while
0 1 sl k. Hence,

and the result follows due to the prime decomposition of z.

(C) Let = 1= k2=::= 1= . Hence,
q 2 2 2 9 2 2 2
. k1T k2Tt 1 k1T k2t + 1
9@ G(R) = kzk =4 2 2 2 2 -
= kP k1t kot t g
-
_ k p2_ 1
B k 2 k
[
De nition 6.3.1. The extremal variety
Vi  Extr(G,(RM) (6.8)

is the variety containing all points that achieve the maximum distance from the
Grassmann variety G,(R").

Just like G,(R"™) is described by the Quadratic Plucker relations, (QPR), we
aim to nd the equation describing V;.
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Vv
Theorem 6.3.4. Let z 2~ %(R"). The variety V; = Extr (G,(R")) is described
by the equation s

kznhzk= 2 1 % kzk? (6.9)

Proof. ()) If z 2V, then, due to Theorem 6.3.3, z is written as
zZ= X+ X+l X (6.10)
Therefore, kzk? = k 2 and kz ~zk = 2 2IDk(k 1)=2 because

ke zk? =4 kx X+ F X M Xk =
— 4 . —
=4 T<X M X+ F X 1 T XX M X+ Xy X >
Jk(k 1)

=48k D+k 23+ +D=4"t=—0—

From these two equations we obtain

@ M S
kz/\zk:M k;k2= 2 1

z"Nz " kzk?

|~

(Q) First we prove that

R >
z = T i Xi, M X, NN 2 k (6.11)
1 irt<i<i k

Indeed, for = 2 and with the use of the prime decomposition we obtain:
1

X <
iX;p N iXiy =
i=1 i=1
k k 1 X MXe 1 FiTE X N Xt

k1 kX 1 M X F i+ 1 X 1 NX

IN
>

IN
Il

2 kKXo M X F il o 1 X N X+

1 kX X I 1 X Xy =
X

+ o~ o+

= 2! i iXi X
j=i

Suppose that (6.11) holds true. Then

o) 1
) ) > X
(W =7" n"z=0 Xy NN AN =

1 ii<i<i k i=1



>

:( +1) I i i +15i1/\:::,\xl +1
1 <ii<i +1 K
q___
which proves the result. Now, if kz~zk= 2 1 % kzk? then with the use
of formula (6.11), we have that
x X
(k 1) P2 2 =0 (6.12)
i=1 i=1
k=>j=>i
But
X 2 2\2 — 4 4 4 4 4 4 X 2 2
| (; j)_i1+ 5+ i+ k)+{_7_+(1+ o+ i+ k; 2 i
kl>?1>i k 1 times kl>:jl>i
(6.13)
Therefore, from equations (6.12), (6.13) we have that
i= 5 8i=12:kk>)>1i
]

Corollary 6.3.1. Let z = (X, + X, ; +::+X;) as in equation (6.7). Then V;
can be also described by the equation

k2" k 2 kz2k K

- == (6.14)
Proof. Again, with the use of (6.11), for k, we have that
N2 2 2 k
k2" K= () (6.15)
From (6.7) we have that kzk? = k 2 and the result readily follows. O

We now may solve the distance problem between a 2-vector and V;.

Theq{,em 6.3.5. Let the prime decomposition of a 2-vector z be of the form

z: = o 57N The distance between z and V; is equal to
X 2
diz;vo= (i ) (6.16)
i=1
o Pe A Py
and is realized for v, = iz Xi Y. where =, =n.
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P
Proof. Letv 2V;. Thenv = le a; ™ b;. Therefore,

x X ?
kz vk®= iXi Y, anh =
i=1 i=1
X X XK
= +n? 2< 5Ny a; b >
i=1 i=1 =1
X , , X
i N 2 i =f()
i=1 i=1
. : e . Py
Since f( ) is a quadratic it is minimized when f( ) =0;ie.,, = [, i=n:=
In this case we have that
X 2
f()= (i ) (6.17)
i=1
. L Py
and its minimizer is v, = i1 Xi MY n

We complete the study of V; for the Grassmann variety G,(R") by examining
the case where at least two ; in the prime decomposition are equal. If we name
such a variety V, we show that V; is actually a sub-variety of V.

Theorem 6.3.6. Let V, be the variety of all 2-vectors of the form z = x, +
k 1X, 1+ 1+ 1X;, where at least two ; are equal.

i) The equation defying V5 is
det(Sg:p0) =0 (6.18)

where S¢.fo IS the Sylvester matrix for the polynomial

kz~zk ° kz™k
£,00) = K kzk?xK 1+ sz XK 2 (1)K Zkl (6.19)
i) Vy is a sub-variety of V,.
Proof. i) Since z has at least two ; equal, then f(x) and f'(x) must have

a common root. But the Sylvester matrix for two polynomials P;(x) =
amXM+  +ag; Pa(X) =byx"+  +Dhyisde nedasthe (m+n) (m-+n)
matrix formed by lling the matrix, beginning with the upper left corner
with the coe cients of Py, then shifting down one row and one column to
the right and 1ling in the coe cients starting there until they hit the right
side; this process is also repeated for the coe cients of P,. Therefore, the
result of the proposition follows.
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if) Let z 2 V;. Due to equation (6.14), polynomial f,(x) can be written as

2
FO) =X kakdX L+ (1) =X + (D) —kzkk =

_ ., kK s
B k
This means that f(x) has multiple roots, thus f(x) and f'(x) have common
roots, which proves the result.

]

Example 6.3.1. Let z 2 ~2(R%) and a:= kzk?; b:= <2< Then

1 ab
det(Sgpr) =0, 2 a 0 = a+4b= kzk®>+kz~zk®>=0
0 2 a
Hence, z is an element of V;.
Example 6.3.2. If z 2 ~2(R®) and similarly a := kzk?, b := 2<% ¢ .=
k2”272 then
36
1 a b ¢ O
0 1 a b c
det(Sgp) =0, 3 2a b 0 0 = a’h®+4b*>+4a’c 18abc+27¢2 =0
0 3 22 b O
0 0 3 2a b

6.4 Properties of Vi: the G,(R®) case

In this section, we resent the V; approach which, contrary to the previous
algorithmic approach, will give us a new perspective of the Grassmann variety
in the projective space and the approximate decomposability problem in cases of
degeneracy ( ; are all equal), since, as we will show G,(R®) and V; are comple-
mentary varieties. We work with G,(R®), since it is among the ones in G,(R")
which has been the least examined, as shown in [San., etc. 1 |:
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Grassmann Variety | Plucker Coordinates | QPR | Level of knowledge

G2(R% 6 1 | Excellent: G,(R*) = S?
S?(the Cartesian product
of two 2-spheres)

G,(R") 15 15 | Very good: Spectrahedron

G,(R®) 28 70 | Very good: Spectrahedron

G,(RY) 45 210 | Very good: Spectrahedron

G,(R™®) 66 495 | Very good: Spectrahedron

G,(RY) 78 715 | Very good: Spectrahedron

G3(R®) 20 35 | Good: Not a Spectrahe-
dron

G3(R") 35 140 | Good : Not a Spectrahe-
dron

G3(R®) 56 420 | Good : Not a Spectrahe-
dron

G3(RY) 84 1050 | Good : Not a Spectrahe-
dron

G4(R®) 70 721 | Poor: Very Di cult

(The spectrahedron refers to the Grassmann orbitrope of the Grassmannian and
it is de ned as

Sp = X 2R"A;+X1A1 +  +X,An 0 for some symmetric matrices Aig
(6.20)

where  denotes a positive-de nite matrix).

In the rest of this section we elaborate on the properties of V; for the G,(R®) case
and the several forms of connection between them and with their related projec-
tive space. Variety V; is described through-out the section by kzk?> = kz ™ zk,
whereas z denotes the Hodge-star operator on z.

6.4.1 The path-wise connectivity of V;
For the G,(R®) case the de nition of V; takes the following form.

V
De nition6.4.1. IfV:= z2 *R%:z= (a,™a,+b;"by); 2R where
a;;a,; b;; b, arise from the spectral decomposition of z, then

Vi= spfv2P°(R)g:v2V (6.21)
V
De nition 6.4.2. Letz 2 2(R5). If z~z & 0 we de ne the vector r, as

_@@Z"2)

f = A (6.22)
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V
Theorem 6.4.1. Let z 2  *(R5). If z~z & 0 then

IN
|=s

1 .
kzk' kz~hzk =5 zhr,+z 0 ozhr, oz’

SN

Proof. We have that

2 2
Znr,+z2 “= 271, T+kz K+2<z/r,z >=

=2kzk® +2<z"r,;z >

Similarly, z~r, z 2=2kzk? 2< 2”1,z >. Therefore,

2 .2
z™r,+z z™r, zj T =4 kzk* <z/ry;

=4 kzk* kz~z~N
=4 kzk* kz ™ zk?
due to the De nition 6.4.2.

Remark 6.4.1. From Theorem 6.4.1 we have that, if kzk* kz ~ zk? = 0 then
either z~r, =z orz”~r, = z . However, the second set of equations cannot

be solved, since by applying z” at both sides we get:

zN /\ﬁ—

= N N o 2
AT z™z ) kz™Nzk= kzk

which is satis ed if and only if, z = 0. Therefore,

z7z6&0
spfzg2V, , 71, =2
Proposition 6.4.1. Letz = ; a,™a,+ , by ™by 160 »

set fa,; a,;by;

. The

a;; ;b5 b, 1,9, is a positively oriented basis of R®, where a;;a,;b;;b, as in

De nition 6.4.1 and r, as in De nition 6.4.2.

Proof. We have thatz”~z =2 ; ,a, ™a, b, ™b,. Therefore, a; ~a, b, ~b, =

1 22”7 z=2. Then,

N\
a,Na, b Nb,Nr :Lz/\z/\@ 2) =
== A =2 2 12 kz ™ zk
A 712
= L k7K ey e e Ne Nes
2 1 o kz™zk
_ kz"zk

212
=+le;, Ne, Mg N, N es

e NeyNe Nes =
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Remark 6.4.2. Due to Proposition 6.4.1 , from now on, we can assume that the

Theorem 6.4.2. The set V; is path-wise connected.

Proof. Let spfz,qg; spfz,g two elements of V;: Then,

1 1
Z; = pﬁ (& ™Ma +b ™Mby z, = pE (83 ™2, +b; ™ by)

are two representatives, where a;; a,; bs; b, have the same properties with a,; a,; b;; b,,

i.e. they are orthonormal. We consider their corresponding spectral matrices:

U; Py—

1T S22, 51,220 1 Zq

Uz, = agiagibsihyir, (6.24)

both in SOs(R): Now, let U := Uzl1 Uz, 2 SOs(R). We consider a skew-
symmetric matrix A, such that e* = U. Then the path U(t) = U,, €', connects
Uz,; Uz, in SOs(R). Indeed,

det (U(t)) = det U, e '=11=1;U(0)=U,;U(1)=U, U," Uy, =1,

(6.25)

Therefore, if U(t) := (a,(t); a,(t); b, (t); b,(t); r(t)), then
z(t) = 1=2 (a,(t) ™ ay(t) + by (t) ™ by (1)) (6.26)
connects z,;z, in V. O

Example 6.4.1. We will construct a path between two elements of Vy,
1 1
Zl=p§ @1/\@2"'@1/\@2);12:93 (@, ™a, b "by)

For these elements we have U, = (a;;8,;01;0,:1); Uy, 1= (83;a4:bs5b,; 1).
Therefore (@) 1

OO ok o
O O OO
OO PFrr oo
o O O o

1
and since e® = U, then

(@)
Oco0 o o o 1 10 0 0 0
00 0 0 0 01 0 0 0
l+cos t 1 cos t sin
00 O 0 p= 00 Pz
A= 2 & eft= 1 gos t 1+czos t sin2
00 0 0 — 00 —
P35 2 2 F
nt nt
00 pi pi 0 00 ﬂpz— 0 cos t
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Hence, U(t) = Uy, e = (ay(t); a,(t); by (1); b, (1); r (1)), where

(M)  aja(t) a

l1+cos t 1 cos t sin t
bl(t) - bl"'— o, —P=— I,
2 2 2
b, (1) 1 cos t D1+1+COS t D2+sm_t r
2 2 I 2
in t in t
() P b P bcos t (6.27)

Hence, z(t) is given by
20 = B; @020 +b® ~b,(0);

where z(t) 2 Vy; z(0) = z;; z(1) = z,; 8t 2 [0;1]

Remark 6.4.3. In the previous example the two elements COBQ be also connected
by the path z(t) = (8, ~a, +b, ~(cos t) b, +(sin t) r)= 2;t2[0;1].

6.4.2 Polynomial Sum of Squares

In this section we proceed the investigation for the algebrogeometric structure
of V; and speci cally we examine to what extent the polynomial kzk* kz ™ zk?
implied by the equation kzk® kz ~ zk = 0 that describes V, may be written as
a Sum of Squares(SOS). If this is possible, then we can have a set of polynomial
equations describing the variety, just like the QPR describe the Grassmann vari-
ety, [Hod. & Ped. 1], [Mar. 1]. It can be proved, using the Matlab SOSTOOLS
toolbox, that kzk* kz ~zk? can not be written as a SOS. Instead, we will prove
that this is feasible for the variety G,(R®) [ V;.

De nition 6.4.3. Let the 10 2 matrix A = (z™(z"2) ;z) for z 2 "?(Rd).
The fourth degree homogeneous polynomials fi(z); i = 1;:::;45 are de ned as the
2 2 minors of A, i.e., Co(A) = (F1(2); F2(z; 23 Fus(2)))"

F)
Theorem 6.4.3. Letz 2 ~ *(R®). Then kz~zk? (kzk* kz~zk?) = 2, f(2).

Proof.

f2(2) = Co(A") Co(A) =det A" A =
i=1
_ ker@zrp Kk <2z sz >
 <z™"@zZ"p);z > kzk?
=kzk? kz~(@z~z2) K kzhzN(2nhz) K=
=kzk?® kzk? kz~zk?® kz/™zk*=kz™zk?® kzk*  kz ™ zk?
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Corollary 6.4.1. The polynomial kz ~ zk?(kzk* kz ™ zk?) whose zero locus
de nes the variety G,(R®) [V, is a polynomial SOS.

Proof. Itisnotdi cult toshow that kz”*zk = 0 de nes not only G,(R®), but also
G(R") . Ifz 2 G,(R"), thenz = a”b, a; b 2 R". Hence, z*z =a”™b™a™bh = 0.
Conversely, if z”z = 0, then from formulae (6.11) we have that ; ; = 0; for all
(i;J);J =i pairs. This means that k 1 the number ; have to be zero. Due to
0 1 5 il k, We have that 4;::; ¢ 1 =0. Therefore,z = ¢ X,. The
result now follows since kzk* kz ~ zk? = 0 de nes V;. O

Now, the next corollary is evident.

Corollary 6.4.2. The equations f;(z) = 0 de ne the variety G,(R®) [ Va:

6.4.3 The complementarity of G,(R®) and V;

In this section we prove that the gaps between a xed 2-vector z and the
varieties G,(R®); V, are complementary. First we will need the V;-representation
of a 2-vector. This de nition may be implied by Theorem 6.3.5, i.e., the 2-
vector v, 2 V; that best approximates a xed vector z whose G,(R®)-prime
decomposition isz = ; a; ~a,+ , by ™Nb,, isgiven by v, = ( 2+ 1)
(a; ™a; +Dby ™Mby =2.

De nition 6.4.4. The V,-decomposition of z is de ned as

2+ 1

zZ=
- 2

(@, ™Ma, +by ™by) + 22 ! (b b, a;™ay)

From Theorem (6.3.5) and for n = 5 we see that the gap g(z;V.) between a
2-vector z and V; is given by

P s,

kzk?2 kz "™ zk 1 kz ™ zk
ZV)=pP—r—=—"p - =-p 1 == 6.28
9ziV1) = Py 7+ 2 S okzk 2 kzk? (6.28)

This observation leads to the following important results.

Theorem 6.4.4. If ; , are the gap angles of z from the varieties G,(R®) and
V; respectively, then

+ ,=—
1+ 2
4

Proof. The G,(R®)- decomposition of any z 2 R is

2
z= 1 yMa,+ 5 by Nb,=kzk b, b, +

ERCEPN
kzk k;kgl (=)

= kzk (cos 1b; b, +sin 13, Nay)

116



since

kzk? kxk? <z;x>? kzk? 2 4 :

in2 (7 A — — = 5
sin“(z7x) kzk? kxk? kzk? 2 kzk?

for x = ,b,Mb,and z = 14, ™Ma, + b, Nb, . Also, from De nition 6.4.4 we
have that

z=kzk P b (@, "a, +b Ab)+ P> b (b, ~b, & "a,) =
2 kzk 2 2 kzk 2

= kzk ?55—2 (glAg2+b1Anz>+5'|5§—2 0, ~b, a,"a,) ;

where 0 1; 2 7. Therefore, sin 1 = g(z;G2(R®);sin > =g(z;V1): Thus,
by eqn.(6.28) we have

i 1 1 . i
Sin = — = — (COS Sin =Ssin -
2 ‘é@ 195 ( 1 1) 4 1

Hence, 1+ > = =4, since 0 12 7

Corollary 6.4.3. G,(R®) = Extr(V,) , Vi = Extr(G,(R®).

We complete the results regarding V; and its general description in the next
theorem.

Theorem 6.4 Letz= , a;"a+ b, ™ b, be the prime decomposition of
a 2-vector z 2 2(R5) such that kzk? = kz ~ zk. Then, z may be decomposed as
z= a”™a,+ b;”b,, where the decomposition is not unique. All orthonormal
representations for a xed z are parameterized by the two dimensional projective
space P2(R).

Proof. Letz = ; aj”~al+ , b)~by: Because 2+ 3 =kzk®=kz~zk=2 ; ,
we get that
t+ 3 21,=0) 1=,

Since z ™ z is common for the two representations and non zero we have that
colspan(b,; b,; a,;a,] = colspan[o!;b};a};a%]. We now consider a matrix U such
that [B;A] U = [B%A"; U = [Uy; U], where B = [b;;h,]; A = [a;;a,]; B’ =
bi;b5]; A’ = [a};85]. Then we get by ~ by~ Co[B;A] CplUs] and &) ~a) =
Cy[B;A] C,[Uy], where C,y[U1];C5[Us] 2  (R?*). Hence, if X := C,[Us] then
X = C,[U;]. Therefore,

ainay+ DD =Co[BIAI( X+ X)) (6.29)

and
aNa,+ by ™Mb, =Co[BiA]( &+ &) (6.30)
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Thus if, C,[B;A]( x+ X ) = C,[B;A]( e; + €5), by taking the left inverse
matrix of C;[B; A] we have that x+ Xx = e, + e, Hence, by applying the
Hodge star operator we obtain

X+x)= (g +¢&) (6.31)

If X = (X1; X2; X3; Xa; X5; Xg), then X = (Xs;  Xs; Xa; X3;  X2; X1) and from eqn.(6.31),we
have that
X1+Xs =1, X2 Xs=0; X3+X4,=0 (6.32)

V
Also, since x is decomposable in ~ %(R%), it satis es the unique Quadratic Plucker
Relation
X1Xg XoXg + X3Xq4 =0 (633)

Therefore, eqn.(6.33) due to equations (6.32) and the fact that kxk = 1; is equiv-
alent to
2 1

X5+ X5+ X3 = 2 (6.34)
Hence, the representation of z is not unique. Also, the pair (X ;X) corresponds
to a ™a,+ Db;™b,; whereas (x;x )to b, ~b,+ a; ™a,; which are the
same representatives. Hence, we have identi ed x;x i.e. the antipodal points of
the sphere above, which gives rise to the projective space P2(R). ]

6.4.4 Conjugacy on the varieties V and V;

The decompositionz = ; a,;™a,+ , b;”™b,; ,> ;1> 0o0f a2-vector z as
Q/gum of th/perpendicuIar decomposable vectors allows us to de ne a re ection

(R5) ¥ "?(R5) through the variety z~z = 0. Due to Theorem 6.4.4 and
Corollary 6.4.3, the vector x = V. & N a, realizes the smallest distance from the
variety de ned by z”~z =0 1n 2(R5), which means that x is perpendicular to
the tangent space of the variety de ned by z~z = 0 at the point , b; ™b,.
Now, if 2 denotes the re ection of z which is orthogonal to X, through the plane,
then

. 2
<z7'X>
2=z —==" x=z 2 -1 ia,"a, =
< £ k¥k2 A =3 % 21 22
= 2 bl/\bz 1 M= ) blAbz"' 2 Ny

V
De nition 6.4.5. Let z2 *(R5). Thevector 2= , b, ~b, 1 a,a,is
called the (directed) conjugate of z.

Proposition 6.42. Let V as in\Pe nition 6.4.2. Then, conjugacy (") is a well
de ned iggmetry 2(R19nV 1 " ?(R)nV, whose xed points are given by the
set fz2 2(RY0):z~z=0g:
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Proof. Since any 2-vector z can be writtenasz= ; a; ~a,+ » b; b, then
2is de ned uniquelyas2= , b, ~b,+ 1 a,”a; and k2k* = kzk®> = {+ 3.
Ifz= , b, ”~b,then2 = , b, ~b,: Conversely, if z 2 V and z = 2 then
z= 5, b; ™Db, which proves the proposition. O

Remark 6.4.4. From De nition 6.4.5 and Theorem 6.13 and since the prime
decomr\o/sition of z may be writtenas z = (z+2)=2+(z 2)=2, the closest vector
toz2 (RS from G,(R®) may also be written as (z + 2)=2,

Theorem 6.4.6. Conjugacy () cannot be continuously extended to V.

Proof. Ifz= a,”a,+ Db, ~b,andz,:=( +1=n) a,™a,+ Db;™b,, then
2,1 a "y b; ~b, (6.35)
and if w, == a;~a, +( +1=n) by ~by, then
w, I aytat+t b, (6.36)
Therefore, z,;w,, ¥ zwhile limysq 2, & limys 1 W,,. O

Remark 6.4.5. It is easy to prove the following formulas, relating z and 2.

4) 2 b b =@2+2)=2 1 a3 =(2z 2)=2
5) #=12z; i.e., (") is an involution.
We now de ne the second form of conjugacy with respect to V;.
De nition 6.4.6. The V;- conjugate of a 2-vector z 2 Ve R®) is de ned as
zZ= 1 Mhy+ e Ny (6.37)

Remark 6.4.6. Similarly to the directed conjugate 2, due to the above de nition,
the closest vector to z 2 ~?(R%) from the variety V; is also written in the form
(z +2)=2:

We observe that the V;- conjugacy () leaves V; xed, because ( 2b; ~b, + 18, M a,) =
by b, + 3, Na,, but it is not well de ned at G,(R®); since if

1 1 1 1
z,= 1+ n Dl/\bz"'ﬁﬁl/\ﬁz ¥ b by W, = 1+ﬁ D1/\D2+ﬁgll\g2 ¥ by,
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then

and 1
W, = =b, Ab, + 1+ﬁ d,~d, ¥ d,~d, &a,™a,

We can extend the V;- conjugation to the Grassmann variety if we de ne

X =PR)NG,(R%) = (z;r)2P°(R) G(R%):z ~r=0 (6.38)
The following theorem completes the study of V; for the n =5 case.

Theorem 6.4.7. The conjugacy ( ) is well de ned at X = P?(R) n G,(R®).

Proof. X contains the points (z;(z”z) ) and the points of the \blow-up" at
G2(R®), i.e., the points (b, N b,;r) such that < r;b; >=0; i = 1;2. Thus, ()
is well de ned for z 2 P°(R) n G,(R®) as (z;(z ™ z) ) and at the \blow -up", as
(b; ™~ Dby r) = ((b; b, ~ 1) ;1) Hence, the V;- conjugation () is well de ned at
X and

(Zn (2™ 2n) ) B (b Nby (b D, N ay N ay) )

(Wn; (V_Vn AWn) ) L (bl ADZ; (bl ADZ Agl AQZ) )
i.e., they converge to same point unless we are on the ber through b, ~b,: O

Remark 6.4.7. We may easily prove similar formulae to Remark 6.5.1 for the
V1- conjugation () as well.

6.5 Applications and Alternative Decompositions

We now apply the previous congugacy-duality results to solve the best de-
composable approximation problem via the method of the Lagrange multipliers
and to derive a special form of the polar decomposition.

6.5.1 Calculation of the Lagrange multipliers

In this section we propose how to calculate the Lagrange multipliers of the
basic minimization problem of this thesis:

minkx zk when x is decomposable (6.39)
X

Note, that this the rst time the Lagrange multiplies are given in closed-form
formulae for this kind of manifold constrained optimization problems, since most
approaches, follow the SVD methodology, as we have mentioned before, due to
the complexity of the constraints. Here we address (6.39) using the previous
conjugacy-dual analysis tools results for the = 2(R®) case.

120



\V/
Lemma 6.5.1. Let z;x 2 2(R5) and x be decomposable. Then, minimization
problem (6.39) is equivalent to

. 1
minkx zk when = x~"x=0 (6.40)
X

N

Proof. This is straight forward by Corollary 6.4.1. m

Theorem 6.5.1. The Lagrange multiplies vector for a 2-vector z is given by
= o+ b+ oy (6.41)
, L

where 1; , are free real numbers, ;; b;; i = 1,2 are obtained by the prime
decomposition of z and r, as in De nition 6.4.2.

\Y4
Proof. If r; 2 R® the Lagrange multiplier considered in *(R®), then the La-
grangian is: L(x;r;) = (kx zk?)=2 <r,;(x”"x)=2>. Hence,

dL(x;r)) =0)><x z;dx> <r;;x"dx>=0)

d<x z;dx> <(r,”x) ;dx>=0

Therefore,
<x z (r"x);dx>=0)»z=x (r;™x)

On the other hand, the solution of problem (6.39) is X = b, ~b, for z =
1 4 ™a,+ , by ™Db,. Therefore, by (6.22), we have that

2= 1 (LD AD) + 2 b Ab,= X +X (6.42)

Thus,

_ 1 _ 1 .
(ry"x) = —ZL;"X > I = - r,+ oab + oby

where 1; , are free real numbers. Hence the set of the Lagrange multipliers is
a 2-dimension a ne subspace of R°®. ]

Remark 6.5.1. From egn.(6.42) we obtain

r,”™Xx
zZ X= =z = 1 (6.43)
2
If we conceder a 10 10 matrix R, such that r,*x =R, X, then egn.(6.43)
is written as
2R+l x=1z (6.44)

4
Thus, we have a new way to calculate the best approximation x from z, i.e.,
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a) If ,> 1 then x must be unique. Hence,

1 2R2 R
X = _1R;+|10 Z= ! ;2 122 ;+|10 Z
2 2 1
b) If , = 4 then x is not unique, therefore we have that the right kernel
of ( 1= 2R, + Iy) is b, ~b, a;, Ma,h, Ma, +b, Ma, b, Ma; by Mayo.

Thus,
X=Xo+ 1(0,™b, ayMa)+ (b, Nag+h,MNay)+ s(b,Ma; by Nay);

where X, is a particular solution and 1; ,; 3 2 R such that the vector x
is decomposable.

c) If {=0then x=2z:
Proposition 6.5.1. The a ne subspace r, satis es the following equation:
T2+ 3ls x= 1.1, (6.45)

Proof. It is easy to see that (1= ;) I, is a speci ¢ solution of eqn.(6.45).
Furthermore, from the spectral analysis of T, we have ker (T? + 315) = spfh;; b,g
and the conclusion is evident. O

Example 6.5.1. We shall calculate the Lagrange multipliers for the minimization

problem
/A

minkx zk when x2 (R®) is decomposable

X

The Quadratic Plucker Relations for this problem are given by Corollary 6.4.1:
X1Xg  X2Xg + X3Xs = 0; X1Xg  XoX7 + XaXs = 0; X1X10  X3X7 + XaXe = 0;

XoX10  X3Xg + XgXg = 0; X5X19  XeXg + X7Xg =0
Ify = (1 25 35 4 s) the vector of the ve Lagrange multipliers i;:::; 5 we
want to calculate, then the Lagrangian is:
. — 1 2 2 2

L(x;y) = 5 (X1 z1)*+ (X2 Z) "+ i+ (X Zio) 1(X1Xg  X2Xg + X3Xs5)
2(X1Xg  X2X7 + X4Xs) 3(X1X10  X3X7 + X4Xg) 4(X2X10  X3Xg + X4Xg)
5(X5X10  XgXg + X7Xg)

Therefore, we have the following system of 15 equations:

oL oL
— = 3X30 IXg Xg+ (X1 Z1) =0;i — = 3X1 aXx2 5Xs + (X10  Z10) =
0x1 @0X10
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oL oL
=0; @— = X1Xg+ XoXg XzX5=0;::; @— = Xi0X5 X7Xg+ XegXg =10
1 5

Now, let z = (2; 8;1;5;0;11; 3;7; 1;6). By eliminating 1;::; s from this
system we obtain two solutions for x:
X; = ( 3:81187; 3:81885;0:256576; 3:00383; 0:49817;
8:6079; 2:16234;8:65719; 1:77373;6:92875)

X, = (5:81187; 4:18115;0:743424;1:99617; 0:49817;
2:3921; 0:83766; 1.65719;0:77373; 0:928749)

The rst solution achieves the minimum distance we want. The substitution of
X, to the above system implies:

1= 0:434745+0:78802 , 0:567264 s5;
2 =0:202979 0:067309 , 2:258183 5
3 = 0:243646 1:00183 4+ 0:130689 5

where 4; 52 R. Therefore,

Yy=Uyg+rs U +rs u,

where

U, = (0;0; 0:24364; 0:20297; 0:43474);
u; = (0; 1; 1:00183;0:067309;0:78802)
u, = (1;0;0:13068; 2:25818; 0:56726)

We must now prove that Uy +rs U, +rs U, = (1= ) r+ b+ 20, 15 22R
where,

r = ( 0:0785093; 0:094211; 0:549565; 0:204124; 0:800795)"

b, = (0:395816; 0:0925693; 0:0410099;0:900056; 0:151586)"
b, = ( 0:0182749; 0:613107, 0:616617;0;0:493507)"

a, = (0:236471;0:760887; 0:527125; 0; 0:29542)"

a, = ( 0:883693;0:166455; 0:195497;0:38501; 0:0701948)"

and ; = 8:16558; , = 15:5988 are obtained by the spectral analysis of

o) 1
0 2 8 1 5
2 0 0 11 3
T,=B 8 0 0 7 1
1 11 7 0 6
5 3 1 6 0
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But these two a ne subspaces are equal, since

ro= 0:523475r 0:106799b, 0:0643132,; 0:523475= —*

N

and b, ~b, ku, ~u, , Uu; ~Mu, = 0:244369b, ™ b,, because

u; Mu, = ( 0:24436; 0:24481;0:016448;0:19256; 0:031936;
0:55183; 0:13862; 0:55499; 0:113709; 0:44184);

b, ~b, = (1;1:00183; 0:0673098; 0:788021; 0:130689;
2:25818; 0:567265; 2:27111;0:465318; 1:81768)

6.5.2 The Polar Decomposition

The polar decomposition has been characterized as the generalization of the
representation re' of complex numbers to matrices. In matrix form, e.g., [Gan. 1],
[Gol. & Van. 2], [Hig. 1] among others, it states that foramatrix A2 C™ ", m
n, there exists a matrix U 2 C™ " and a unique Hermitian positive semi-de nite
matrix H 2 C" " such that A = UH; (U)'U = I,. Moreover, if rankA = n
then H is positive de nite and U is uniquely de ned. Polar decomposition prob-
lems are mainly addressed via numerical analysis methods [Hig. 1]. However,
the conjugacy analysis we presented earlier may provide a very helpful polar de-
composition in a 2-vector form, which does not require any numerical methods,
since the related components may be directly computed via speci ¢ closed-form
formulae. Indeed, ifz= , a;™a,+ > by ™h,, is the prime decomposition of a
2-vector in ~2(R®) then, due to its gaps between the Grassmann variety and Vy, z
may be written as z = kzk (cos b, b, +sin a, ™ a,). Then for the directed
and the V- conjugates of z we have

2=, bbb, 1 a"a=kzk(cos b, Nb, sin a;"a)  (6.46)

z= 1 by "b,+ 5 a;Ma, =kzk(sin by ™Mb, +cos @, M ay) (6.47)

where, 0 < < ;. Now, if we consider the complex number kzke' and the
complex vector b; b, +i a; ~a, we have that kzke' (b, ~b, +i a,"a,) =2+iz
and kzke ' (b, “b, +i a, ~a,) =z +i2. The 2-vector de nition of the polar
decomposition is now evident.

De nition 6.5.1. The polar decomposition of a multi-vector z 2 ~2(R®) is given
by

z=Re kzke ' (b, “b, +i a ~a,) =Re kzke' (b, ~b, i a;~a,) (6.48)
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Therefore, given the coordinates of a 2-vector z, one has to calculate the

components b; ™ b,; a; ™ a, to derive the respective polar form. We need the
following result rst.

Proposition 6.5.2. If z”z & 0 then

N
z=2z"r, = A%;/\;z_)k (6.49)
Proof. We have that
z™r, = (1 8+ 2 M), =
7 2 b, + gl"gz;\L; =
= 2 Nt 1 b=z (6.50)
since r, = (2" z) =kz"zk O

Theorem 6.5.2. (Closed-Form Formulae of the main Components) The imagi-
nary parts ; and their respective orthonormal eigenvectors a;; b;; 1 = 1,2 of a
2-vector z 2 ~2(R®) satisfy the following formulae.

_ pk;k2 +kz ™ zk + IDk;k2 kz ™ zk

1) 2= o 2 p ’
kzk? + kz ™ zk kzk?  kz ™ zk
1= 2
L]
1 z+ z/r, Z znr,
2) by ™b, = > pkgkz TRz ~zk + pklkz kz ~ zk I’
AL 1 zH+ 271, S S © -
=Y 275 Hk§k2+kl/\1k Hkgkz kz 7 zk

Proof. Letz= ; a,”™a,+ , b;™b,; »> 1 >0 the prime decomposition of
Z 2 ~2(R®). Then

Qe Tk A zk+ TRk KA ZK o+ aiti 1 s

2 2 2

since , > ;> 0. Similarly,

e rkzAzk TRk KZAZK o+ af 1 e
2 B 2 ot
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2) In Proposition 6.5.2 we saw that

N, == 2 N+ 1 b D
Thus,
1
1 z+ 71, zZ 7,
- P < + P = =
2 kzk2 + kz ™ zk kzk2 kz ™ zk
_ o1 Nt 2 b+ g Ma 91/\92_'_
- 2,+2 4
+ L ayNa,+ 5 by ND, 2 N ay 1 bll\bz:
2, 24
N\ N\
Similarly, we obtain that
1
! p£+ 275 P 27r =a, N a,
2 kzk? + kz ™ zk kzk2 kz ™ zk T

]

Clearly, the previous result does not only provide the polar decomposition
of a 2-vector, but also implies its prime decomposition as well as the respective
conjugacy forms, in terms of its coordinates only without any SVD-like numerical
applications. We verify this with the following general example.

Example 6.5.2. Let z = (2; 8;1;5;0;11; 3;7; 1,6)'2 ~"*(R® ~ R as in
Example 6.5.1. Then

kzk? = 310; kz~zk =k2 (QPR;; QPR QPR3 QPR,; QP Rs)k = 10476

Therefore,

P
2 4 N =+ 2 N
keke+kz~zk+ kzk? kznzk _oppona o
2
and

pkgk2 + kz ™ zk pkgk2 kz ™ zk
2
Furthermore, if z = (z1; 22; ::2; Z10) then

= 8:16558 =

2 > >
znr, = aij g N QPR; ¢ =
< 1i<j 5 1i<j 5
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2
= Kz ~ 7k (zsQPR; +210QPR3s + Z9QPRy;  (zsQPR;  7:0QP R4 +2;QPRy);
Z5QP Rl ZgQP R4 Z7QP Rg, ( Z5QP R2 ZgQP R4 ZGQP R3) ;
z3QP Ry +7;0QPRs + 2,QPR;;  (22QPR; +2QPRs  z4,QPR3);
2,QP Ry +z5QPRs  z3QPR3;2:QPR; + Z;QP Rs + 2,QP Ry;

( ZlQP R2 + ZGQP R5 + ZgQP R4) ; ZlQP R3 + Z5QP R5 + ZzQP R4)

Hence

znr, = (9:10708; 9:98638; 1:55448;5:38574; 0:690882;

;9:07567; 2:73212;1:36606; 0:549565; 1:85282)
Thus,
1

1 z+ z7r, z zhr,
- P < + p = = ( 0:244369; 0:244816;0:0164484;0:192568;
2 kzk2 + kz ™ zk kzk2 kz ™ zk

;0:0319364; 0:55183; 0:138622;0:55499; 0:113709;0:444184) = b, ™D,
Hence,

ob; ~b, = ( 3:81187; 3:81885;0:256576; 3:00383; 0:49817,
;8:6079; 2:16234;8:65719; 1:77373;6:92875)

which is the best decomposable approximation of z. Also
|

z+ z"7r, z z"r,
P = P =
kzk? + kz ™ zk kzk? kz "™ zk

0:0610085; 0:292949; 0:102584; 0:202948;0:094755; 0:11374) =a, ™ a,

= (0:711752; 0:512046;0:0910436; 0:244461,

1
2

Hence, ia,”a,+ 4b;™b, =(2; 8;1;5;0;11; 3;7;, 1,6) =z and due to Theo-

rem 6.4.4 (sin = 1=kzk; cos = ,=kzk), the polar form of z is easily veri ed.

Finally, 2 = (9:62374;0:362305; 0:486848; 1:00766; 0:99634;

6:2158; 1:32468;10:3144; 2:54746;7:8575) and z = (9:10708; 9:98638; 1:55448;5:38574;
0:690882;9:07567; 2:73212;1:36606; 0:549565; 1:85282).

6.6 Gap Sensitivity

Next we examine the sensitivity properties of the various distances we cal-
culated in the previous sections. The sensitivity will be calculated in terms of
perturbation of z of di erentials of related functions. Through out this section,

1; 2 Will be functions of the multi-vector z as these were proved in Proposition
6.5.2.
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Theorem 6.6.1. Letz= ; a,™a,+ , b;™b,; 2> 1>0. Then
ro=b by ri=a"a (6.51)
Proof. From the prime decomposition, we easily obtain
kzk?= 2+ ID<z;dz>= ,d o+ 1d
andsincez= ; a,™a,+ , b, b, we have that
2 <b;"Nbydz>+ 3 <a Majdz>= od o+ 1d (6.52)
Hence,

kznzk=2 1 ;) dkzMzk=2( 1d 2+ 2d 1) D
d<z”™z;z™z>

) ZkZAZk :2( 1d 2+ od 1))
<zNz:z"Ndz >
_k;_’:;k_ = 1d 2+ 2d 1))
ZNz2) Nz
> L2870 = o+

and again from the prime decomposition we get
1<Db; "bydz>+ ;<@ Majdz>= qd o+ od (6.53)

Because ; & ,; from equations 6.52, 6.53 we have that

<b; Nbydz>=d 5 <@ Na,dz>=d (6.54)

Hence,
r>2=b by, ri=a"a (6.55)
L]

\Y4
Corollary 6.6.1. For every 2-vector z 2 2(R5); kzk? & kz ™ zk; we have that
Z= 1F o+ oI 4 (6.56)

Now we calculate, in terms of di erentials, the sensitivity of the gap g (z; G»(R®)) =
1=kzk in terms of perturbations of z.

Theorem 6.6.2. Let g(z) = ;=kzk the gap of a 2-vector z = ; a,a,+ , b, b,
from G,(R®) and spfzg 2 P°(R) where kzk = 1. If we consider a perturbation of
Z such that

dkzk =0

then
dg(z) =<a; ™ a,dz > (6.57)
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Proof. We have that

_ 1 _ k;kd 1 ]_dk;k
dg(z) = dk;k = kZk2

=d ;=<a "a,dz>

due to Theorem 6.6.1 and the fact that dkzk = 0, since kzk = 1. H
Theorem 6.6.3.

d(kzk® kz~zk)y=2<z (z”r,) ;dz>

and
d(kzk® +kz~Nzk) =2<z+(z"r,) ;dz >

Proof.

<7N7:7 N7 >
d(kzk? kz~zk)=2<z;dz > d<z”z;z"z> _

2kz ™ zk
=2<z:dz> A<z”ziz7dz> _
ST ETE 2kz " zk B
<({(z"z) Nz) ;dz>
=2<7Z: > 2 =
z,dz k2 ~ zK

=2<z (27r,);dz>
Similarly we obtain

d(kzk® +kz~Nzk) =2<z+(z"r,) ;dz >

6.7 Conclusions

The main purpose of this chapter was to study the best decoposable ap-
proximation problem, i.e., approximate solutions for the multilinear subprob-
lem of DAP, in the case where the uniqueness of the prime decomposition fails.
As we have seen, the prime decomposition is unique if the imaginary parts ;
are distinct and equivalently the best decoposable approximation implied by the
prime decomposition is also unique and the critical points of the related distance-
minimization problem are T , forn = 2morn =2m+1and 2r n, for an

n n skew-symmetric matrix.

On the other hand, if we have repeated eivenvalues (degenerate eigenvalues) it
is easy to verify that the prime decomposition is not unique. Then the approxi-
mation problem may be addressed via the extremal variety V; approach, i.e., the
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variety with the maximum distance from G,(R") that contains those 2-vectors z
whose imaginary parts ; are all equal. For the special case n = 5 we proved a
new result regarding the geometry of the Grassmann variety, that G,(R®) and its
corresponding extremal variety V; are complementary sets.

These results have helped us calculate via congugacy and Hodge-duality proper-
ties the Lagrange multipliers of the best decomposable approximation problem in
a closed form formula, which is a new result for manifold-constrained optimiza-
tion problems. This analysis has led to the most signi cant result of this chapter
and one of the most important results of the thesis, that the prime decomposition
of a 2-vector z, and similar decompositions such as the polar decompositi\c}n, are
written as functions of the components of z. Thus, given any 2-vector in ~ 2(R®)
one can calculate its best decomposable approximation, its worst decomposable
approximation (degeneracy case) or its polar decomposition via a simple calcu-
lation of the formulae in Theorem 6.5.2. We summarize the most important new
results in the following table.

- Variety G,(R®) Variety V;
Decomposition of z 1y Nayt o2 by by | A5 (8 Ny by Nby)+
2 (b, ™h, a3 ™ay)
Equation defying variety kz~zk?=0, 1=0 |kzk* kzzk?*=0, 1=
2
Distance from variety 2 -t
Closest vector to z from variety 2 by ™Nb, 221 (8, May +hb Nby)
Gap of z from variety o 2P
SOS Yes No
Extremal variety V, G2(R®)
De nition of the conjugate space P°(R) nV, P9(R) n G,(R>)
Conjugate of z 2 by ™b, 1 4| 1 M+ Ny

The examination of the uniqueness or the non-uniqueness of the prime decom-
position presented in this chapter is necessary for the complete investigation of
the approximate DAP, since the case ; = = | implies that the approximate
solution of DAP is not unique and for some Grassmann varieties as G,(R®), the
representation of all solutions may be found. Moreover, the approach presented
here has an independent mathematical importance on its own, since it provides
a new technique for decomposability (and low rank problems in general) with
degenerate eigenvalues. In the next chapter we will continue this investigation by
generalizing the best decomosability problem between a 2-vector and the Grass-
mann variety we saw in the previous chapter and the spectral degeneracy case
examined in this chapter, by constructing a wider linear spectral set containing
the Grassmann variety G,(R") as well as V;, that covers all possible aspects in
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approximate decomposability problems. This will help us provide not only the
most complete presentation for best decomposable approximation problems, but
also deal with the approximate solutions of DAP under any singularities that
may arise.
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Chapter 7

General Approximate
Decomposability Problems

7.1 Introduction

We have seen in the previous chapters how the approximate DAP is formed
as an optimization problem between the Grassmann variety and a linear variety
described by a parameterized multivector of the form z(Xx), where z is a multivec-
tor whose coordinates are functions of x, i.e., the free parameters implied by the
linear subproblem of DAP. We have solved this optimization problem by consid-
ering z as a stable/non-parameterized 2-vector at rst and we examined the case
where the corresponding matrix of z has equal eigenvalues, something that has
yield the worst solution of the minimization problem between the 2-vector and
the Grassmann variety. Before expanding z into z(x) and calculating the stabil-
ity properties of the new approximate polynomial implied by the approximate
solutlorv which in turn will give the complete solution of the approximate DAP
in the  2(R") case - we will show in this chapter that the problem of approxi-
mating a bivector by one on the Grassmann variety as well as the approximation
by a 2-vector on Vq, i.e., the worst approximation for DAP, are special cases of
two wider approximation problems on sets that satisfy certain decomposability
conditions, which we denote as G,(R") and G ,.... .. The former is obtained via
the generalization of z ~ z = 0, that describes the Grassmann variety G,(R"),
into the -times wedge product z~  ~z = 0, for a 2-vector z, while the sec-
ond concerns the case of degenerate eigenvalues, where ; are required to have
a special analogy, a situation often met in manifold optimization problems. By
examining these cases, we provide a complete investigation for the approximate
DAP for all cases, even when the 2-vector is subject to conditions which imply
several pathologies to the approximate solution.

The calculation of the distance of a point from a general set W has been examined
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in [Tho. 1], [Gold. 1] for surface smoothing and curve-surface selection problems,
in the case where W is a manifold as well as in [Bro. 1] and [Tur., etc. 1] for the
calculation of the \closest™" example to a query in a database. In general, the
formulation of the problem involves the solution of

min dist(z; W) (7.1)

where \dist" is an appropriate distance function. In our case \dist" is the gap
function g of the projective space we introduced in Chapter 5. The signi cance
of the approach we introduce here lies in the fact that if W has the structure
of G,(R") and G ,.... , then problem (7.1) is directly solved in closed-form for-
mulae - whereas in most cases this manifold optimization problem is approached
algorithmically, within the algorithmic framework that has been constructed for
optimization involving sets of multivectors, manifolds, varieties, etc., [Cox. 1] -
and thus a number of approximate decomposabilty problems are easily solved,
such as approximate multivectors with repeated eigenvalues. Note that, if W is
a Grassmann variety then (7.1) is also usually addressed algorithmically in two

ways:

(i) either as a minimization problem of a cost function over the Grassmann
manifold with the use of special metrics, geodesics and combinations of
them to count distances, [Sav. & Li.1], [Abs., etc. 2], [Edel., etc. 1], or

(i) as a special case of the Higher Order SVD , [Kol. & Bad. 3], [Sav. & Li.1l]
in the concept of determining a tensor by another one of lower-rank, i.e., for
a 2-vector a, a”~a = 0 corresponds to a decomposable vector (equivalently a
rank-2 approximation for the respective matrix, [Kol. & Bad. 3]), a™aa =
0 to a sum of 2 decomposable vectors (rank-4 approximation), a™a”™a”a = 0
to a sum of 3 decomposable vectors (rank 6 approximation), etc.

However, the m = 2 case is studied by most authors separately, because it reduces
the problem to lower-rank approximation for matrices, providing great simpli -
cations as far as the solutions and the understanding of the nature of the problem
are concerned, and also provides a number of expansions with useful applications;
in [Gol. & Van. 2] a rst generalization along with some applications have been
discussed, where a best-low rank matrix approximation was achieved for a matrix
whose speci ed columns remained xed. A generalization for low matrix-rank ap-
proximation was used in [Lu-S., etc. 1] for the design of two dimensional digital

Iters, whereas several low-rank approximation generalizations were discussed in
[Fri. & Tor. 1] and [Kol. 2].

In this chapter we present a new approach for this kind of problems by intro-
ducing the generalized sets G,(R") and G ,.... . that not only provide a thor-

ough investigation of the approximate DAP in all cases (degenerate eigenvalues,
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approximations in cases of special rank) but also provides a number of closed-
form solutions for problem (7.1) which covers a class of equivalent low-rank and
approximation problems for skew-symmetric matrices, [Jia. 1], [Tre. 1] and ap-
proximation on sets with spectral degeneracies, such as the set of critical points
in [O’Neil. 1].

The mathematical background of these generalizations lies in the expansion of
the standard Exterior (Grassmann) Algebra and its properties, which were dis-
cussed in Chapter 3, mostly in three ways: (i) the generalized Grassmann algebras
that use the so-called Generalized Grassmann numbers instead of the standard
Grassmann numbers, [Ohn. & Kam. 1], (ii) generalized Grassmann-like algebras
equipped with multi-linear structures instead of bilinear ones, [Kwa. 1] and (iii)
generalizations of the basic notions related to the Grassmannian, such as the
Plucker embedding, [Rav., etc. 1].

Following the 2-vector approach introduced in [Lev., etc. 9] and [Lev., etc. 9]
and with the use of Von Neumann’s trace Inequality, i.e., trace(AB) 181 +

+ .S, Where j, s; are the singular values (in increasing order) of any n n
matrices A and B, [Mir. 1] which we interpret in a 2-vector form, we examine
and provide closed-form solutions to the problems

dist(z; G,(R™); dist(z;G ,;; ) (7.2)

where z 2 ~2(R™), G,(R") is the Generalized Grassmann variety containing the
Grassmann variety G,(R") and G ;... , a general set with eigenvalue multiplici-
ties. Furthermore, the generalization we propose in the second problem may be
also used as a new tool for the study of isotropic matrices, where matrices whose

eigenvalues are all equal are studied for applications to robotics, [Sal. & Cr. 1].

We should note that these forms of Grassmann generalizations are new and consti-
tute a natural expansion of the standard exterior algebra/tensor theory concept,
[Hod. & Ped. 1], [Mar. 1] and the generalization from bi-linearity to k-linearity
which is usually met in category (ii) we mentioned before. The approach pro-
posed to these distance problems has not been examined before in such general
form and it may cover all optimization problems that concern optimization over
G,(R") as well as the low-rank approximation problems for skew-symmetric ma-
trices in [Jia. 1] and [Tre. 1] and the set of critical points in [O’Neil. 1].

The chapter is organized as follows. In Section 7.2 we present some background
results regarding the generalizations of the standard Grassmann algebra, i.e., the
Exterior Algebra we showed in Chapter 3, since we need a wider framework to
establish our expansions. We brie y present in three subsections, the main theory
of all three categories we mentioned above, which are mostly used to set up the
mathematical foundations of the expansions that follow.
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In Section 7.3 we present a vevy important result of this thesis, the new Cauchy-
Schwartz Type Inequality in (R“) We implement this inequality to solve two
general distance problems; In 7.4.1 we examine the minimum distance problem
between a 2-vector and the varieties G,(R") where the best decomposable ap-
proximate solution for the approximate DAP may now be derived directly as a
special case. In Section 7.4.2 we study the same problem between a 2-vector and
the set G ;... .. Finally, several examples are given to point out the signi cance

of these general varieties.

7.2 Basic Grassmann-Generalizations

Our generalizations of the standard Grassmann variety are based on the pri-
mary de nitions of the Grassmann varieties and decomposability as these were
introduced in [Hod. & Ped. 1], [Mar. 1]. Similarly to the standard Grassmann
varieties, which were introduced and developed via the Exterior Algebra (Grass-
mann Algebra) rules and properties in Chapter 3, the concept behind these gener-
alizations follows the principles of the so-called Generalized Grassmann Algebra.
Next we brie y present the main properties of that algebra, as well as the struc-
ture of the most general form of these kind of algebras, the so-called Generalized
Grassmann-like Algebras, from which the former may be obtained. At the end of
the section we brie y present a generalization of the Plucker embedding, which is
usually met in dynamical systems applications. First we recall the basic notions
of a generalized Grassmann algebra as introduced in [Ohn. & Kam. 1].

7.2.1 The Generalized Grassmann Algebra

The (ordinary) Grassmann algebra is the exterior algebra we saw in Chapter
3 of a vector space which is spanned by its generators. The n numbers X;; :::; Xn
in the Grassmann algebra are said to be (ordinary) Grassmann numbers if they
anti-commute with each other, i.e., X;X; = X;X; but they commute ordinary any
other real number a, i.e., X;a = ax;.

Remark 7.2.1. It can be shown that the Grassmann numbers may be also rep-
resented by a special form of matrices, [Ohn. & Kam. 1], which are interpreted
as the linear operators corresponding to the exterior multiplication on the Grass-
mann algebra itself.

De nition 7.2.1. [Ohn. & Kam. 1] The generalized Grassmann numbers are
de ned as the numbers x;; i = 1;:::; n that satisfy the conditions

XiXj = ijXjXi; (73)
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where
_ ;1=
TR P (7.4)
The algebra of the generalized Grassmann numbers is called generalized Grass-
mann algebra and it is denoted as Gga .

Remark 7.2.2. A di erent generalization has been attempted in [Det. 1], where
a similar generalized Grassmann algebra was derived as a special case of the
Cli ord algebras of polynomials.

Similarly to the standard exterior algebra, which is characterized by determi-
nants and skew-symmetric tensors, the generalized Grassmann algebra is studied
via the so-called generalized Grassmann matrices and tensors and the generalized
Grassmann determinant.

De nition 7.2.2. [Ohn. & Kam. 1] Let M;; denote the ij element of a matrix
M and let a Grassmann number X, withi  m j.

I) If Minm = im ijmMij and Mier%‘Xm = im it jm j‘XmMPn‘Mij then M
is called a General Grassmann 2-tensor and the quantity M;; has the same
commutation property as that of x;x; when commuted with other quantities.

ii) Any quantities Tjillji;:; which have the same commutation property as that of

Xi;Xi,  Xj;Xj,  When commuted with other quantities will be referred to
as generalized Grassmann k-tensors, for k > 2.

iii) The generalized Grassmann determinant of M is de ned as

(Mljlle)(szzsz) (Mnanjn) detM X1Xo Xn (75)

The above de nition is a natural expansion of the exterior algebra obtained
by the tensor product in Chapter 3. The advantage of this generalization is that
matrix M may be replaced by a polynomial matrix M (s) whose elements are all
di erentiable with respect to a real parameter s. Then it can be proved that

d X d . _

GME = det 1 M)+ img M) (i m ] (7.6)
i=1

This approach provides many applications to systems theory, such as the so-

called Fermi systems, whose state space may be considered as the generalized
Grassmann algebra Gga.
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7.2.2 Generalized Grassmann-like Algebras

A second well-known expansion method is also based on the notion of the
Grassmann algebra.

De nition 7.2.3. [Kwa. 1] Let Dy, be the group generated by its ; ;i ,
elements satisfying

V=L IP=

P=1; i j=v;u5p 1 (7.7)

fori <jandi;j =1;::;n. Thenwede neanalgebraAas A =2, Z, Z,,
where Z, is a subgroup of the center of Dy, i.e., the set of all elements of Dy,
that commute with all other elements.

In the case of A admitting a Ag subgroup of index 2, i.e., half of the elements
of A lie in Ap, one comes up with the following de nition.

De nition 7.2.4. [Kwa. 1] Let A=Aq [ A;. Then (: A A T C issaid to
be the Grassmann commutation factor if

1. ab2A;

o(a;b) = 1: otherwise

(7.8)

Similarly to the exterior algebra, one may de ne a -symmetric algebra S
of a vector space V, such that S := T =1, where T is the tensor algebra of V
and | is an ideal of T generated by the elements X; Y; Y X (a;b) for

(zi);ijV V,where :A A Y C; (a;a)=1 a2A.

De nition 7.2.5. [Kwa. 1] Let p be an epimorphism of the A-graded associative
algebras, i.e., vector spaces with an increasing sequence of subsets F; which are
written as the direct sum N (Fna=Fn 1). Then S =kerp is called a generalized
Grassmann-like algebra.

De nition 7.2.5 clearly constitutes a generalization of the ordinary Exterior
Algebra. IfA =2, Z, Z,, (i.e., A is the subgroup of the well-known
group of Dirac matrices for Euclidean spaces, which was the rst group within
the context of Lie algebra that was studied for generalization, [Morr. 1]), then
for A = 1(1;1;0); (1;0;1);(0; 1;1); (0;0; 0)g [ F(1;0;0);(0;1;0);(0;0;1); (1;1;1)g
and 1, S, is the usual Grassmann (Exterior) algebra.

7.2.3 The Generalized Plucker Embedding

A di erent category of generalizations, involves the generalization of the
closely related notions to a Grassmannian, as in [Rav., etc. 1], where the standard
Plucker embedding, [Mar. 1] was expanded into the so called Generalized Plucker
embedding. The authors de ned the standard Grassmann variety G,(R") as
Gm(R") = K?,.,  and generalized aftewards to K{,,., ,,, where q was the McMil-

lan degree of all m-input, (N m)-output transfer functions.
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De nition 7.2.6. [Rav., etc. 1] Let X denote the space whose each element can
be considered as an equivalence class of matrices M = (Mij(s;t))lp milj n
where each M;j(s;t) is a homogeneous polynomial of degree g; with  ¢; = g.
The image of the map assigning the |, m ninors of each matrix M 2 X to
a projective space of the form P = P( ™V  H°(P!)), where HO is the corre-
sponding Sobolev space of the projective line P2, is called the Generalized Plucker
embedding, denoted as K., -

The authors tried to generalize the classical methods used to compute the
degree of the Grassmannian, to compute the degree of K{., ., when space X
was considered as a compacti cation of the space of all m-input, (n  m)-output
transfer functions of McMillan degree q. Then the ordinary Grassmann vari-
ety Gm(R") is naturally de ned as Gn(R") := K., ,, and with the use of
the cell-decomposition of an intermediate space A}, . i.e., disjoint unions of
spaces homeomorphic to an n-sphere, [Rav., etc. 1], the expansion to K., .,

was achieved.

Theorem 7.2.1. [Rav., etc. 1] The degree of Ki,., ., is equal to the number of

vectors a = (a;;::;;;am) such that 1 a; < <am, an a<n.

The result of the above theorem implies that the degree of K3,., , is also equal
to the degree of the pole placement map in the critical dimension, i.e., the dimen-
sionality of a space at which the nature of the states of a system change, 0 ering a
great deal of applications to systems theory, [Wan. & Ros. 2] and mathematical
physics, [Vaf. 1].

Note that the expansions described in these three sections, actually try to give
a wider range of the properties ralated to the Grassmann variety and its mathe-
matical framework, rather than the variety itself. Our approach will be based on
the expansion of the condition z ~ z = 0 that describes the QPR of G,(R") into

znNzn™ Nz=0.

7.3 Spectral Inequalities

In this section we show how a speci ¢ spectral inequality may be used to solve
optimization problems where the constraints satisfy the Grassmann generaliza-
tions presented in the previous sections.

7.3.1 Background Matrix and Eigenvalue Inequalities

The use or the derivation of inequalities has always been a key problem for
many researchers that deal with constrained optimization techniques. One of the
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rst spectral inequalities examined, was the Wielandt inequality

q
iX"Ayj (XtAX) ytAy (7.9)

that was regarded as a version of the Cauchy-Schwarz inequality for matrices
asserting that A is a positive de nite matrix and x; y any real vectors. In [Has. 1],
several generalizations of (7.9) were presented, with regard to the eigenvalues of
A. The second most well known spectral inequality is Von Neumann’s trace
inequality

trace(AB) 1S1+ + nS, (7.10)

where j, s; are the singular values (in increasing order) of any n  n matrices
A and B, [Mir. 1]. Since then a number of generalizations or special forms have
been discovered such as the following in the case orthogonal vectors.

Proposition 7.3.1. [Has. 1] Let A 2 R™ " be a positive de nite matrix and let
x and y in R™ ! be two vectors such that kxk = kyk and xtz = 0. Assume that

the eigEnvaIues of A, in increaing order, are n. Then
xAyj 1o x'Ax+y'Ay (7.11)
- 2( n 1) - -
Furthermore, if A is symmetric then
min 1l ixtAyj 1 (7.12)
i;_j;_l 2 = 2
1)

In [And. 1], one may nd more di erent expressions of inequalities (7.11),
(7.12), such as the rst inequality connecting the eigenvalues ; of a general
matrix A in C" " with its singular values i, i.e.,

= 2 H 2 = 2 H 2
2 i (Re(A))  jRe( i(A) nos(A) T (A =1n
i=1 i=1
(7.13)
that may be implemented in a series of control theory problems, most of which
concern linear cases, [Boy., etc. 1].

A very important result for further investigation of this kind of inequalities and
their applications was presented in [Thom. 1], where the most well known matrix
spectral inequalities as above, were connected with algebraic topology techniques,
i.e., Schubert calculus and minimax problems on Grassmann manifolds. The re-
sults of this approach were expanded in [Rid. 1], where the inverse eigenvalue
problem of de ning the set of linear inequalities that describe the possible spec-
trum of a matrix A; + + A, where A; are Hermitian was examined. The
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problem was successfully connected with the maximum number of the linear sub-
spaces of C", i.e., the complex Grassmann manifold.

However, a large number of inverse eigenvalue problems (such as DAP) have not
yet been examined via matrix-eigenvalue inequalities, but they are still almost im-
plicitely studied via numerical analysis procedures, [Abs., etc. 2], [Bas., etc. 1],
[Edel., etc. 1], [Smi. 1]. The main reason is that the majority of such inequal-
ities, as explained in [Mar. & Min. 2], involves matrices that belong to convex
sets, whereas the Grassmannian, as we saw in the previous chapter, is a non-
convex set, on which several convexity properties may be recognised, but just for
the a ne case [Bus. 1], [Good. & Pol. 1], something that worked for the eigen-
value problem in [Rid. 1].

In the next section, we provide a 2-vector form of Von Neumann’s trace in-
equality, trace(AB) 181+  + ,Sh, [Mir. 1], which can solve a number of
approximate decomposabilty problems which are viewed as distance problems
form sets described by general decomposability and other conditions that follow
the expansion properties we discussed at the previous section.

7.3.2 The bivector form of Von Neumann’s trace inequal-
ity

It is not di cult to imply a 2-vector form (since the generalized sets in our
case involve vector descriptions) of Von Neumann’s trace inequality since

2hzy; 2,5in2(mny = trace(T,, T;,)

However, an alternative and independent proof may be given in the 2-vector case,
that takes into consideration the skew-symmetry of ~2(R") as follows.

Lemma 7.3.1. Let z,;2, 2 ~(R?) and k = [n=2]. If

X X
zZ, = iXoi 1M Xy and z, = Si¥oi 1Yo (7.14)
are two prime decompositions of z,; z, respectively, where K 1
1 0,8 sk 1 s; 0 are the imaginary parts of the eigenvalues of
T2,; Tz, and X;; y, their respective orthonormal eigenvectors, then
X
<Z,;Z,> iSi (7.15)

i=1
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Proof. We assume rst that n is even, i.e. n = 2k: Without loss of generality we
may assume that y. = ¢; = (0;0;0;:::0;1;0;:::;0) in the i-th entry. We also set
the matrix

Z = [Xq; Xp; 000 X (7.16)

which is an orthonormal matrix, i.e., Z* Z=2Z Z'=1,. Then

XK KK
<Z;,2,>= iSj < Xpi 17 X018 178 >= isjXij  (7.17)
i=1j=1 i=1 j=1
where
Xoi 101 1 Xoi 1.9i
Xij — 72 L2i 1 2j L2 (7.18)
X2j2i 1 X2j:2i
Then
2 2 2 2
X = X2 12i 1 X2j 12i X5 12i 1 H Xy 120 ¥ X500 1 Xgji K.
Y Xoiai X2i 2i 2 Ty
2j;2i 1 2j;2i
(7.19)
Thus,
KK
<1;,2,> iS5 Kij (7.20)
i=1 j=1

Furthermore, since &is an ortignormal matrix we have that Pi X5 = Pj xt; =1
which proves that ;K = jKij = 1. Hence, K = (Kjj) 2 Ds where Ds is
the set of doubly stochastic matrices. Therefore, we have to solve the following
Linear Programming Maximization Problem

XX

max F (K) where F(K) = iSj Kij (7.21)
s i=1 j=1

The solution of the problem must contain at least one of the vertices of the
polytope of the doubly stochastic matrices, [Mars., etc. 1]. The vertices of the
polytope are the matrix representations of all permutations which we denote by
K . We have therefore to calculate F(K ) and nd the one that attains the
maximal value. Note, however, that

X
F(K)= iS (i (7.22)

i=1
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which is less or equal to 1S; + .S, + + Sk, due to the rearrangement
inequality, [Mars., etc. 1]

a (1)bl +a (2)b2 + +a (n)bn alb]_ + azbz + + anbn
where is any permutationand 0 a; a; an;0 by by bn.
Therefore
XK X
<Z3iZ,> max S Kij oS (7.23)
i=1 j=1 i=1

If n = 2k+1, the proof follows exactly the same steps, with the di erence that the
matrix Z is now Z = [X;; X,; i Xo ] With Z'Z = 1. The optimization problem
(7.21) in this case becomes

KX
max F (K) where F(K) = iSj Kij (7.24)

K2Ds i=1 j=1

where Dq is the set of all matrices that satisfy the properties
x x
Kij 1; Kij 1 (725)
i J

We may follow the same procedures to solve problem (7.24) as we did for problem

(7.21) where we get K 2 Dq. O
Egn. (7.15) directly implies
X X L 1=2 X ! 1=2
<22, > iSi 2 s? (7.26)
i=1 i=1 i=1

Inequality (7.26) is a re nement of the Cauchy-Schwartz inequality. These kind
of inequalities share the same interest between many researchers, i.e., [And. 1],
[Horn. & Joh. 1], [Hor. & Mat. 2], [Mar. & Min. 2], [Wey. 1] among many oth-
ers. As we will show next, (7.26) may be directly applied to a wide category of
best-approximation problems, which are interpreted as distance problems from
special sets and varieties.

Remark 7.3.1. The main di culty in the derivation of inequalities concern-
ing skew-symmetric matrices only -contrary to the symypetric matrices case- is
based on the multi-linear nature and the properties of 2 (R"). The most well
known results with regard to skew-symmetric matrices inequalities may be found
in [Wey. 2], where it was shown that the eigenvalues ; of a skew-symmetric ma-
trix A and the eigenvalues ; of A'A, where At is the conjugate Hermitian of A,
satisfy the inequalities

2 .22 ceeen 2 2
1 1, 1 .



7.4 Applications to General Distance Problems

In this section we apply the previous inequality, for the solution of the prob-
lems dist(z; G,(R")) and dist(z; G ,.... ,), where G,(R") may be considered as

a Generalized Grassmann variety and ;G ,... . a general variety of degenerate
eigenvalues. Note that this is the rst time, that an inequality of this form
is implemented to best decomposable/low-rank approximation problems in such

general forms.

7.4.1 Minimum Distance from the G,(R") varieties

We aim to calculate the distance of a given multivector z from the varieties
described by z~z”~z =0; z~z”~z”z =0 and in general the -times wedge
product variety z© = 0.

De nition 7.4.1. The varieties noted as G,(R") where 2 2;3;::; kg, are
described by:
G,(R)= x2"MR?»:x" =0 (7.27)

The above de nition complies with the rules of expansion to -linearity we
saw in De nition in Section 7.2.2 (for instance, the Generalized Grassmann 2-
tensor in De nition 7.2.2 is written as the -times wedge product X" , in our case)
and the standard properties of decomposability that a Grassmann variety should
have, as we saw in Chapter 3. Furthermore, from De nition 7.4.1 we see that
G, (R") 2 Hilb(n), where Hilb(n) is the set of Hilbert schemes on an n-projective
space, i.e., a scheme (topological space along with the commutative rings of all
its open sets, i.e., an \enlargement™ of the notion of algebraic variety) that is the
parameter space for the closed subschemes in the corresponding projective space

P(g)(R). Note that Grothendieck was the rst to construct the Hilbert scheme
as a subscheme of the Grassmann variety by the vanishing of various determi-
nats. More details on the Grassmann varieties when they are viewed as Hilbert
schemes may be found in [Nit. 1]. Thus, our de nition agrees with the standard
background de nitions and results that should characterize a Grassmann variety.

Theorem 7.4.1. (Least Distance from the Generalized Grassmann Varieties) Let
zZ= 1a,"Nb+ sa,Nb,+ii+ @, Dby be the prime decomposition of a 2-vector z
and a;; b; be the respective orthonormal vectors obtained by the spectral analysis
of T,. Then,

q
mindist z;G,(R") = 2 ,+ 2 +:um+ 2 (7.28)

which it is achieved at G,(R") 3 Xy = «k 428k 42 b o+ i+ @ NMby.
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Proof. We have:

X X
kz xk®=kzk* +kxk* 2<z;x>= = [+ s 2<z;x>

i=1 i=k +1

X XK

2+ s?  2( xSk + i+ 1S1) (due to Theorem 7.3.1)
i=1 i=k +1
X
= (i si)?+ 2 +m+ 2 2 +u4+ 2
i=k +1

Thus kz xk? 2 +:m+ 2forall x 2 G,(R") and obviously the multivector
X, 2 G,(R") that realizes the least distance from G,(R") IS X, = k +28¢ 42
L - L

Remark 7.4.1. A di erent approach of generalization of the classical Grass-
mann variety G,(R") has been presented in [Kolh. 1], via the use of endomor-
phisms and a special Grassmann variety, the so-called Lagrangian Grassmannian,
a smooth manifold of Lagrangian subspaces (subspaces which are equal to their
othogonal complements, V = V7, but not necessarily V \V? = ;) of a real sym-
pletic vector space V (a vector space equipped with a bilinear form * which is skew-
symmetric, i.e., 7(X;y) = ~(y;X), totally isotropic, i.e., 7(x;x) =0; 8x 2 V
and nondegenerate, i.e., if Z(x;y) = 0; 8y 2 V then x = 0.) Then with the help
of this variety (the simplest case of which is the subspace spanned by the vectors
Xq; 5 X, for the R?" case, n 2 N) the Generalized Grassmann variety was de-

ned as the set of all m-dimensional subspaces of R" that are preserved under
any endomorphism from R" to R". However, this approach is only useful within
the Lie algebra approach of the Grassmann varieties, which studies G, (F") in
relation with other algebraic objects, such as the Schur-S polynomials, rings, etc,
and not for deriving best approximate solutions on hyper-sets that may include
the Grassmann variety, such as G,(R") in our case.

7.4.2 Least Distance from the Varieties G |....

The case where the eigenvalues or the singular values of a matrix have a
similar structure among them is a problem often met in matrix applications, from
matrix decompositions, where uniqueness issues arise, to robotics and isotropic
matrix theory, [Sal. & Cr. 1], for matrices whose eigenvalues are all equal. In
this section we approximate a 2-vector by one whose imaginary parts ; of the
corresponding eigenvectors satisfy the general degeneracy property ; = j, for
0 1 rand =>0.

P
De nition 7.4.2. Letz 2 ~2(R") and let z = ', ;x; be its prime decompo-

sition, X; := e, e, ;, where e; are obtained by the spectral analysis of T,. If

144



i; 1=1;:::k are real numbers such that 0 1 « and >0, then we
de ne the set
C « >
G .. = z2™MRM:z= iX;; suchthat = 4 i=1:5k (7.29)

i=1

From De nition 7.4.2, we easily verify that the case of decomposable vectors
Dazrny is a special case of G ,.... , i.e., Dazrny = Go;0:1::1.

..........

Remark 7.4.2. Since G |.... =G ... dfandonlyif ( ;5 W)= (1555 «

.....

for some > 0, then without loss of generality we may assume that k_k = 1 where
=00 W,

Next theorem is very important for solving general minimization problems
with respect to G ...,

P
Theorem 7.4.2. Let z 2 ~2(R™) and let z = Ii(=l iX; be its prime decompo-
sition. If 0 1 k IS an increasing sequence of real numbers with
k k=1; =( 1;:5; k) then

8 !221=2
z i (7.30)

.....

mindist(z;G ... ) = _

The closest vector from G ,.... , realizing this distance is given by
! L
X X
Xo = i iX; (7.31)
i=1 i=1

min kx zk?’= min kzk®+kxk?® 2<z;x> (7.32)
x2G 105 K x2G 105 K
Thus (7.32) is minimized at x, =< z; x > x=kxk? for some x 2 G ,.... ,: Hence,
min  kx zk®= min kzk® <z;x>? =
X2G ;o X2G . k;kxk:l
= kzk? max <z x>?
X2G i k;kgk:l

x
<ZX >? i (733)

i=1
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. . . P .
where the maximum is achieved when X = li(=1 iX;. Hence, in our case
1

- X X
<Z;X>X
X; = _kxT = i X (7.34)
i=1 i=1
which implies the minimum distance
8 !29122
1=2 X X -
dist(z,;G ,... )= kzk? <z;x>? "= _ 2 i _ (1.35
Ti=1 i=1 7
O
We now present 3 characteristic examples.
Example 7.4.1. If (=1and ;=0 for i <k, then we see that
- (X , 2)1:2 -
dISt (;, GO;;;;;O;]_) — i K - dlSt ;, D/\Z(Rn) (736)
i=1
which is the best decomposable approximation problem, i.e., Dazgny 3 Xpin =
k€ €k 1-
Example 7.4.2. Let ;= = = 1:pE. Then
8 91:2 S5
. EX 2 Pli(zl i 22 |>]( 1 j)2
dist(z,G ;) = = ) P T K > K
= -
- - - 1 Pk Pk
where the least distance is achieved at G ... . 3 Xp,in = K =1 i iz1 Xi
where X; = €5 "~ €5 1.
Example 7.4.3. Let 1= = ,=0; (1= k= 1=p§. Then
(N ’ 1=2 MN 2
+
Gt @G y= 7 TR ST G i)
i=1 i=1

where the minimum is obtained at G ... , 3 Xmin = ( k+ k 1)k N 1 +

/\
€ 2 N Bk 3)-
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7.5 Conclusions

There is a wide variety of problems arising in system and control theory that
can be reduced to a handful of standard convex or quasiconvex optimization
problems, i.e., optimization of a real-valued objective function de ned on an in-
terval or on a convex space, such that the inverse image of any set of the form
fx 2 R: x < a; a2 Rgis aconvex set. These problems, as explained in
[Boy., etc. 1], involve matrix inequalities and vary from Lyapunov stability prob-
lems to eigenvalue problems, for the minimization of the maximum eigenvalue
of a matrix that depends a nely on a variable, subject to an linear matrix in-
equality constraint. However, only a few inverse eigenvalue problems have been
connected with the derivation of matrix or matrix spectral inequalities, such as
the pole placement via state feedback, [Boy., etc. 1] and the problem of de n-
ing the set of linear inequalities that describe the possible spectrum of a matrix
which is written as a sum of Hermitian matrices, [Rid. 1]. The latter problem
was examined via the Schubert calculus methods we saw in Chapter 3.

In this chapter we tried to connect the Approximate DAP with some spectral
inequalities and speci cally with Von Neumann’s trace inequality, [Mir. 1] where
we showed that its 2-vector form (7.26) is suitable not only for solving best ap-
proximation problems on Grassmann varieties, but it may solve any distance
problem from the varieties described by z  ~z = 0 which may be regarded
as a Generalization of the standard Grassmann variety sets of 2-vectors with de-
generate eigenvalues.

The generalization to these varieties has been established by the primary def-
initions of decomposability, [Hod. & Ped. 1], [Mar. 1] and the concept of gen-
eralizing the standard Exterior (Grassmann) Algebra to the so-called General-
ized Grassmann Algebras, e.g., [Kwa. 1], [Ohn. & Kam. 1]. Note also that our
generalization follows the de nitions and laws of Grothendieck, who viewed the
Grassmannian as a Hilbert scheme and constructed it by the vanishing of vari-
ous determinants, [Nit. 1]. Hence, G,(R") may also be considered in Hilb(n) of

P(g)(R), i.e., a closed subscheme of the projective subspace.

This chapter completes the examination of DAP in all pathological cases that
may arise during the process of approximation, such a§/matrices with equal of
repeated eigenvalues or matrices of speci ¢ rank for the = %(R™) case and we may
now proceed to the expansion of z into z(x) that covers the whole linear vari-
ety K of the linear subpyoblem of DAP we saw in Chapter 3 and expansion to
higher dimensions, i.e., >(R"). It is also worth mentioning that the results pre-
sented here may be considered prototype, since this is the rst time the solution
of such general approximation problems covers optimization techniques for the
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standard Grassmann variety G,(R"), the Generalized Grassmann varieties and
general manifold constrained optimization problems and low-rank techniques.
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Chapter 8

Solutions of the Approximate
Determinan@l Assignment
Problem in (R

8.1 Introduction

As we have already seen, the multilinear nature of DAP has suggested an
Exterior Algebra framework for its study. Speci cally, DAP may be reduced to
a linear problem of zero assignment of polynomial combinants, described by the
solutions of the linear equations h'P = a' where P is the corresponding Plucker
matrix and a standard problem of multi-linear algebra expressed by the decom-
posability of the multivector h. The solution of the linear sub-problem, de nes
a linear space in a projective space whereas decomposability is characterized by
the set of Quadratic Plucker Relations (QPR), i.e., the set of quadratic equations
de ning the Grassmann variety of a related projective space. Thus, the solv-
ability of DAP is reduced to a problem of nding real intersections between the
linear variety and the Grassmann variety. This novel Exterior Algebra-Algebraic
Geometry method, has provided, as we have seen a number of invariants, such
as the Plucker Matrices and Grassmann vectors, suitable for the characterization
of rational vector spaces and the solvability of control problems, in both generic
and non-generic cases, and it is exible as far as handling dynamic schemes, as
well as structurally constrained compensation schemes, [Kar. & Gia. 5]. An ad-
ditional advantage of this framework is that it provides a unifying computational
framework for nding the solutions, when such solutions exist.

The above approach for the study of DAP in a projective, rather than an a ne
space setting provides a computational approach that relies on exterior algebra
and on the explicit description of the Grassmann variety in terms of the QPR,
which allows its formulation as a distance problem between varieties in the (real)
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projective space. This may transform the problem of exact intersection to a
problem of \approximate intersection”, i.e., small distance -via a suitable metric-
between varieties, thus transform the exact DAP synthesis method to a DAP de-
sigh methodology, where approximate solutions to the exact problem are sought.
This enables the derivation of solutions, even for non-generic cases and handles
problems of model uncertainty, as well as approximate solutions to the cases
where generically there is no solution of the exact problem.

In this chapter we consider the distance problem
argming,g, . rmdist(h; K) (8.1)

where K is described by the solutions of a system of linear equations and G,(R")
is the Grassmann variety described by the set of QPR, as a relaxation of the exact
intersection problem, which is referred to as the approximate DAP. Note that in
order for the problem to make sense, the polynomial implied by the approximate
solution must satisfy certain conditions, such as stability and distance criteria
from the original stable polynomial. This extension makes the investigation rel-
evant to problems where there are no real intersections and thus approximate
solutions are sought. Note that a solution to the approximate problem produces
an approximate polynomial that will be assigned and this requires studying the
stability properties of this perturbed polynomial, which are very important for
the perturbed solutions to be acceptable.

We elaborate on the solution of problem (8.1) and the stability properties of the
\approximate" polynomial &(s) that corresponds to an approximation A. Our ap-
proach views the problem as a minimization problem between a solutionh  z(x)
of a linear problem and the Grassmann variety G,(R"), i.e.,

ming(z(x); G2(R™) (8.2)

where g is the gap, between the parameterized multivector z(x) in the projective
space and the Grassmann variety with x being the vector of free parameters that
describe the linear variety K. It is shown that the solution of (8.2) is implied by
the solution of min, g(z; G2(R")), i.e., least distance of a xed 2-vector from the
Grassmann variety.

The methodology used for the computation of the above minimizers is based
on the best decomposable approximation of multivectors, in the vicinity of a para-
metric multivector in the projective space. Speci cally, in Section 8.2 we present
the generalization of z to z(x), where X is the vector whose coordinates are the
free parameters of z'P = at. For the n = 5 case, we show that the minimization
problem between the corresponding Grassmann variety and the linear variety is
equivalent to the minimization of a fourth degree polynomial constrained to the
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unit sphere.

In Section 8.3, stability results are examined with respect to the nominal poly-
nomial a(s); In particular, in 8.3.1 we elaborate on the stability criteria which
are usually used for similar stability criteria, such as the Hermite and the Hankel
matrices, the Bezoutiants, Kharitonov’s theorem and stability results in terms of
stability radius, whereas in 8.3.2 we implement the latter methodology for a new
stability criterion for the approximate DAP that does not require the calculation
of the poles.

Section 8.4 is the core of this chapter where some of the most important re-
sults of this thesis are exposed; in 8.4.2 and 8.4.1 it is shown that algorithms
such as Newton’s method on the Grassmann manifold and the Macaulay 2 Alge-
braic Geometry toolbox may provide solutions for problem (8.1) only in special
cases that act restricting for the approximate DAP. This leads us to build in 8.4.3
a new algorithim more appropriate for the approximate DAP.

Finally, in Section 8.5 we apply these results to a special form of DAP, the zero
assignment by squaring down problem in order to view the special modi cations.

8.2 Least Distance between the linear variety K
and G,(R")

In this section, z is obtained as a function z(x) of the degrees of freedom x
that describe the linear variety K of the linear system (4.31). Note that such
linear varieties are functions of the coe cients of the polynomial that is to be
assigned.

Proposition 8.2.1. Let x = (Xy;::;; %), r 2 N. The least distance between K
and G,(R") is given by
q
min 2 ,(X)+ 2 ,(X)+:+ 2(x) subject to 2(x) =1 (8.3)
X
- i=1

where k := [n=2], i(X) is the real part of the i th eigenvalue of T, and z(x)
represents the parametric form of the linear variety K.

Proof. Let the determinantal assignment problem z'P = a'. Since the poles of
the system remain the same under scalar multiplication, we are interested for the
general solution of z'P = a'; 2 R. Therefore, if z§ is a particular solution of
DAP then a general solution of the linear problem is given by

hs

= b V= O

(8.4)
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where V 2 RT D () is the matrix representation of N-(P) and ' 2 R" ! for

t
r =dim row-span %0 . Hence, if (vq;V,; 5 v, )t is an orthonormal basis
t
of the row-span %/0 , then the general solution of the linear problem is given
by
Z=XVp XV, + 0 F XY, Z(X) (8.5)
Thus, kzk = kxk = 1 and the result follows from Theorem 6.3.1. n

Similarly to Theorem 6.3.1, eqn.(8.3) can be further simpli ed if speci ¢
Grassmann varieties are given. The following theorem is one of the main re-
sults of this article, which characterizes the way the distance between the linear
variety K and speci ¢ Grassmann varieties may be computed.

Theorem 8.2.1. The least distance problem between the linear variety K and
G,(R®) is equivalent to the minimization of a 4th order homogeneous polynomial
F (x), constrained to the unit sphere.

Proof. We saw that the case n = 5 has implied that the minimization of g~ =
kz~zk=kzk?, which may be used instead of the minimization of the gap g. Hence,
problem (8.3) can be transformed into
minkz ~ zk? subject to kzk =1 (8.6)
Therefore, due to egn.(8.5) we obtain
|

< ) < <
kz ™ zk? = Xiv; N XiV; = XiXjVi Ny =
w =1 i=1 iiEL
X X
= XiXjV; ™ Vj; XyX Vy NV =
i;&zé % =1
= XiXjXuX Vi N ViV NV 8.7)
1 0% r

Eqn.(8.7) is a 4th order homogeneous polynomial F (X) in terms of X;; Xj; Xy; X .
Thus (8.3) is written as

minF (x) subject to kxk =1 (8.8)

O

If z = z(x) implied by the solution of (8.3) or (8.8) is decomposable, then
DAP is solved precisely. If z is not decomposable, its prime decomposition is
implemented in order to obtain the best decomposable approximation 2.
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8.3 Stability Methodologies

As we have already seen, the asymptotic stability of the continuous time
system (4.19), requires that all the eigenvalues lie in open left half-plane. As
stated in [Hin. & Pri. 1], these spectral stability criteria were already known
in the 19th century, but in the absence of systematic solution procedures for
algebraic equations of order n 5 and without computers for their approximate
solution, these criteria could only be veri ed for lower dimensional systems. It was
therefore a problem of fundamental importance, both for mathematical stability
theory and its applications, to express the spectral stability criteria by veri able
conditions on the coe cients of the characteristic polynomial. In [Hin. & Pri. 1]
it is also mentioned how many leading mathematicians have contributed to this

eld and developed methods for determining the number of roots of a polynomial
in certain locations of the complex plane (e.g., the real axis, the upper half-
plane). In this section we present some of the most important methods and
results which have been obtained in this eld, such as the notions of the Routh-
Hurwitz stability criterion, Hermite matrices, Hankel matrices, the Bezoutiants,
Kharitonov’s theorem and the notion of stability radius. For the purposes of
our work we will use the last methodology. The results discussed here play an
important role, not only in stability analysis, but also in other areas of systems
theory such as realization theory and model reduction.

8.3.1 Stability of Real and Complex Polynomials

The following de nition is considered well-known.

De nition 8.3.1. A polynomial is said to be a Hurwitz polynomial or Hurwitz
stable if all of its roots lie in the open left half complex plane, noted as C .

One of the most well-known mathematical tests used for the determination of
a Hurwitz polynomial is the Routh-Hurwitz stability criterion which began from
Routh’s recursive algorithm for the determination of the roots of the character-
istic polynomial of a linear system and whether they have negative real parts
or not and it was given in an equivalent matrix form by Hurwitz who showed
that a polynomial is stable if and only if the sequence of determinants of the
principal submatrices of the matrix formed by the coe cients of the polynomial
are positive.

Theorem 8.3.1. (The Routh-Hurwitz stability criterion)[Hin. & Pri. 1] Let an
n-degree polynomial p(s) = ap + a;s" '+  +a, and its corresponding n n
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square (Hurwitz) matrix

2 3

a; az as 0 0 0
A a2

0 a a3

1 g a . 0 : :

H:=8:@ 0 a an D (8.9)
S - .ooap 00
0 an 2 an

. . . an 3 an 1 0
O O 0 an 4 an 2 an

Then p(s) is Hurwitz i all the leading principal minors of H are positive, i.e.,
a; > 0; aa; agaz > 0; azaa; apas > 0;

Thus, the approximate solution of DAP will involve the solution of a con-
strained minimization problem where the constraints should satisfy the QPR of
the Grassmann variety as well as the above inequalities, which in our case are
parametrized by the free parameters x de ning the linear variety K. Optimization
problems of this form are usually addressed algorithmically via semi-de nite pro-
gramming methods, since the Hurwitz inequalities form a semi-algebraic variety.
However, the fact that the approximate DAP deals with parametrized multivec-
tors and thus the coe cients of the approximate polynomial will depend on X,
these algorithms can not provide solutions since they are built for numerical and
not symbolic data. In the next section we will present a suitable algorithm for
these kind of problems whereas stability will be examined with the help of the
stability radius, which is signi cantly easier than the semi-algebraic sets stability
approach when algorithmic computations are involved. In the rest of this section
we present some other methods which are used for polynomial stability testing
and we thoroughly examine the stability radius formulae which we will use.

The following proposition associates every arc in C := Cn f0g, i.e., every seg-
ment of a di erential curve, with the so-called (continuous) argument function
(recall that every z 2 C has a polar representation z = jzje! where is an
argument of z, denoted as := arg(z)).

Proposition 8.3.1. [Bur. 1] Given an arbitrary interval I R and a contin-
uous function (curve) : 1 ¥ C , there exists a continuous function :1 ¥ R
such that

) =j Oje'®: t21 (8.10)
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Since the exponential function is a homomorphism of the additive group C
onto the multiplicative group C , the continuous function is uniquely deter-
mined by (8.10) up to an additive constant2 ; 2 Z.

De nition 8.3.2. [Hin. & Pri. 1]Given an arbitrary interval 1 R and a
continuous function : I ¥ C , any continuous function : 1 ¥ R satisfying
(8.10), is called an argument function which is denoted as () := arg( ()). If
I = [a;b], then the net change of the argument of (t) as t moves from a to b is
given by

2= 0 @ (8.11)

Proposition 8.3.2. (Complex Polynomial Stability)[Hin. & Pri. 1] Let a poly-
nomial a(s) 2 C[s] of n degree without zeros on the imaginary axis. Then a(s) is
Hurwitz stable if and only if

lim kKearg(agi!) =n (8.12)

KN

where il 2CnR.

In the DAP case we are interested in real polynomials. If a(s) 2 R[s] then
a( 1) =a(i!) and the previous stability criterion may take the following form.

Proposition 8.3.3. (Real Polynomial Stability) Let a(s) 2 R[s]. Then a(s) is
Hurwitz stable if and only if

Jlim Karg(a(il)) =n =2 (8.13)
Remark 8.3.1. Some additional stability criteria may be shown which only hold
for real polynomials. One of the simplest and most useful is the necessary (but
not su cient) criterion which implies the Hurwitz stability of a real polynomial
if all of its coe cients are non-zero and of the same sign. In particular, if a(s)
is a monic real Hurwitz polynomial all its coe cients must be positive.

Despite these important results, the use of the net change is not very useful
for practical calculations. In practice the stability of a polynomial is mostly
examined via the properties of speci ¢ matrices or by expressing the polynomial
into equivalent polynomial formulae. These methodologies usually involve: (i)
Hermite forms, (ii) Bezoutiants, (iii) Hankel matrices, (iv) Kharitonov’s theorem
and (v) stability radius formulae. For the DAP case we will work in the next
section via the last category, i.e., stability radius. We brie y present the main
results of the rest of the categories mentioned above, since as we will see, they
are all related. A more thorough presentation may be found in [Hin. & Pri. 1].
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Theorem 8.3.2. (Hermite) Let the n-degree complex polynomial a(s) = s" +
hns" 1+  + s+ where ;2C. Then a(s) is Hurwitz stable if and only
if the Hermite matrix

minfwl jg
H(@) :=h; = (D™ Tmgem (DY e

m=1

(8.14)
for i;j 2 f1;:::;ng, is positive de nite.

Theorem 8.3.3. (Bezoutiant) Let a complex polynomial a(s) of n-degree be writ-
ten as a(s) = a,(s) + ia:(s), where a,(s) =s"+ , s" '+ + s+ (and
a(s)=s"+ , s" 1+ + s+ o, where ;; ;2 R. Then a(s) is Hurwitz
stable if and only if the Bezoutiant (or Bezout matrix)

minf%l jo
Bn(ar; a:) := bij = ( l)m ! i m j+m 1 im j+m 1, ;) 2F1;:5ng
m=1
(8.15)
is positive de nite.

Remark 8.3.2. It can be proved, [Hin. & Pri. 1], that the Hermite matrix H(a)
and the Bezoutiant Bn(ar;a:) are congugate matrices in the sence that H(a) =
2DB,(ar; a:)Dt, where D = diag(;i; ;i 1).

Theorem 8.3.4. (Hankel Matrices) Let a(s) be an n-degree complex polynomial
written as a(s) = a,(s) + ia:(s). Then a(s) is Hurwitz stable if and only if the
Hankel matrix

° f(a). f(a) f(@)n
Hi(F) = B T2 @ (@ (8.16)
f@n F@ns (@) 2
where
f (a(s)) == ar(s)=a:(s); dega, dega: (8.17)

a-(s)=a,(s); dega- <dega,
is positive de nite.

In [Hin. & Pri. 1] more results connecting the Hankel matrices to Hermite
and Bezout matrices may be found as well as their applications to systems sta-
bility and simpli ed results for the real polynomial case. In particular, a real n
degree polynomial a(s) written as a sum of two polynomials u(s); v(s) such that
a(s) = u(s?) +s v(s?) is Hurwitz stable if and only if the matrix Hk,(u=v) is
positive de nite and all the coe cients of a(s) have the same sign.
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On the other hand, Kharitonov’s theorem deals with the following problem; If for
a real monic polynomial all it is known is that its coe cients lie within certain
bounds, how can one decide whether it is Hurwitz stable. In order to answer this
question Kharitonov found necessary and su cient conditions for the stability
of the whole set of monic polynomials whose coe cients belong to prescribed
intervals. Such sets are known as interval polynomials.

Theorem 8.3.5. (Kharitonov) Let a(s) = s" + P[‘=1 is" ' be an n-degree real
monic polynomial with 0 < ; i i, where ; and ; are known real scalars
which is written in terms of its even and odd parts as a(s) = u(s?) +s v(s?).
Let also the 4 polynomials ki(S) = ui(s?) +s Vi(s?), ko(S) = ux(s?) +s Vo(s?),
ks(s) = ui(s?) +s Vo(s?) and ks(s) = uy(s?) +s vi(s?), where u,(s?) = , +

n 232"' n 454"' ,UZ(SZ): nt n 232+ n 4S4+ ,Vi(S) = n 1+ n 332+
nsStH+ L Vo(8)= 1+ 382+ 58+ . Then a(s) is Hurwitz stable
if and only if k;; i =1;:::;4 are Hurwitz stable.

Kharitonov’s theorem is considered one of the corner-stone results of polyno-
mial stability for system and control theory. More details as well as applications
of this theorem may be found in [Das. 1] and [Hin. & Pri. 1].

Example 8.3.1. Let the tranfer function

dp + a;S

G(s) = 2,52 + a3S3 + a,st

with @ 2 [Xo;Yol, @1 2 [X1;V1], @ 2 [Xz;¥2], @3 2 [Xa;Ys], @4 2 [Xa;ya]. The
characteristic polynomial is then

a(s) = ag + a;S + a,8° + ass® + ass*

Thus, K&e'(S) = Xo+Y25? +X45*, Kar(S) = Yo+ X287 +Y48*, k3HA(S) = X15+Yss®,
kodd (s) = y1s% +x3s%. Hence, the Kharitonov polynomials are ki (s) = X+ X1S +
Y25% +Y35® +X48%, Ka(S) = Xo +Y15 +Y25? +X38% +X45?, K3(S) = Yo + X1 +X82 +
y3S® + yus* and Ki(S) = Yo + Y1S + Xo8% + x358° + y45%. Then a(s) is Hurwitz if
ki(s) are Hurwitz, i.e., if the coe cients are positive (otherwise multiply by -1)
and

2 2, . 2 2

X1Y2Y3 = X1 Xg + Y3Xo; Y1Y2Xz = Y1Xs + X3Xg
2 2, - 2 2

X1X2Y3 = X1Ya + Y3Yo; Y1X2X3 = Y1Ya + X3Y0

which are implied by the Routh-Hurwitz stability criterion we saw at the beginning
of this section.

Hence, in our case if we want to solve det(H M (s)) = a(s) when a(s) is stable,
we just have to restrict ourselves only to the four Kharitonov’s polynomials k;,
and not on the entire domain of stable polynomials, created by the semi-algebraic
variety of the Routh-Hurwitz criterion. In other words, DAP may be reduced to a
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linear subproblem described by the linear variety K, the multilinear subproblem
described by the QPRs of the related Grassmann variety and the semi-algebraic
variety implied by the four polynomials k; whose stability is described by the
non-linear inequalities that the coe cients of a(s) must satisfy. Even though this
approach provides signi cant simpli cations to the approximate solutions under
assumed stability, the corresponding optimization problem still remains di cult
due to complexity of the constraints that now do not just satisfy the QPRs, but
also the non-linear inequalities of Kharitonov’s stability sub-domain which as we
have mentioned before are parametrized by the free parameters x of the linear
variety K. The optimization problem from the Grassmann variety when a(s) is
stable may be further simpli ed with the use of the stability radius.

The stability radius method tests which variations of the coe cient vector of
a(s) can be tolerated without destroying the property that all its roots are in
a prescribed region of the complex plane, i.e., C . The method originates from
Kharitonov’s theorem we saw in Theorem 8.3.5, since it is also based on sepa-
rating the even and the odd parts of a(s) and it is the appropriate tool for the
approximate solution of DAP and the stability of its \approximate™ polynomial.

De nition 8.3.3. (Stability Radius)[Hin. & Pri. 2] Leta(s) =s"+ , is" 1+
+ 1S+ ( be an n-degree monic polynomial with its coe cient vector _ =
(o0 n 1) 2R"(CM). Let also a pertubation of the coe cients of the form
X -
id= dicij; j 2 f1;:::ng (8.18)

i=1

where d = (dq;:::;d-) 2 R (C) is an unknown disturbance vector and C = (cj;) 2
F° "is a given matrix. The stability radius for a(s; ) is given by

re( ;C:CnC )=inf kdk;d2F:;9 2CnC :a( ; (d)=0 (8.19)

Remark 8.3.3. A di erent formulation of the above stability radius de nition
is given in [Gr. & Lan. 1] where the polynomial problem is reformulated as a
matrix problem, using companion matrix theory and the polynomial pseudozero
set introduced in [Mos. 1].

Next we elaborate on De nition 8.3.3 to implement it to an approximate DAP
algorithm.

8.3.2 New Stability Criteria for the Approximate DAP

In this section we assume that the solution z(X) is not a decomposable multi-
vector, i.e., the gap between z(x) and the Grassmann variety in not zero. Then
a perturbed polynomial &(s) is derived such that 2'P = &', with respect to the
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initial problem. We examine the stability properties of the resulting polynomial
a(s) and its distance from the nominal polynomial a(s), which we intended to
assign. We need a more explicit form for the real stability radius. We follow the
stability radius methodology proposed in [Hin. & Pri. 2].

We suppose that F = R, C 2 R" " is a given matrix and a(s; ) is a real
polynomial having all its roots in C , with _ 2 R". To characterize the real
stability radius we denote by d(y;R,) the distance of a point y 2 R" from the
linear space R, spanned by v 2 R. Then B
2
2 EA .
eyiR) . Y ke
B = kyk?;

<
oy
[«

(8.20)

<
[l
o

Then the following result may be established.

Proposition 8.3.4. [Hin. & Pri. 2] Let ( ;C)2R! ™ R’ " and suppose that
all the roots of a(s; ) liein C . Then

rR(;C;CnC )= max d Gg(S);Rg,(s !

8.21
s2@(CnC ) (8.21)

where @ (Cn C ) is the border of CnC and Gg(s); G.(s) 2 R ! such that

1
=t

cyst o ocys Lun et t (8.22)

Gr(s) +iGL(s) = )

From the previous proposition the following formula may be derived which is
more convenient for numerical computations.

Proposition 8.3.5. [Hin. & Pri. 2] If
a( :s)=s"+ "1+ o+ s+ o = nin o) (8.23)

is a Hurwitz polynomial written as, a(_;s) = a;( s?)+sax( s?) where a;( s?); j =
1;2, are real polynomials in s?, then the real stability radius is given by

( 1=2
rr(;C;CnC ) =min o max f(1?) (8.24)
where
fazy = LH
)=y +any -
or
14 12n 6 14 12n 2
£(17) = Getr +17)0rtx 7)) - ifn = 2kl

T a2(12)(1+ 14+ + 120 6)+a2(12)(1+ 14+ + 120 2)
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From (8.24), we easily verify the following result.

Lemma 8.3.1. Let k k be the Euclidean norm in R" where n is the degree
of a stable polynomial a(s). If &(s) is the perturbed polynomial with respect to
the coe cients of a and ka &k r , where a; & their coe cient-vectors
respectively, then &(s) is also stable.

The following criterion is now obtained, linking the decomposability of DAP
to its stability.

Theorem 8.3.6. Let z 2 ~2(R™) be a 2-vector and 2 be its best decomposable
approximation. If a; & are the coe cient-vectors of a(s); &(s) respectively, and
kz 2k r = p,where p is the largest singular value of the Plucker matrix P
and a(s) is a stable polynomial, then &(s) is also stable.

Proof. Let the spectral norm kAk, = maxf : 2 (A'A)g. From (8.24), the
stability radius r is computable and due to the forms of the initial and the
approximate system, we immediately imply:

ka ak=k(z 2Pk kPkp==r
P

The result now follows from Lemma 8.3.1. O]

Theorem 8.3.6 does not only provide the means to test whether the perturbed
solutions are at an acceptable distance from the original stable polynomial we
had to assign, but also constitutes a criterion for the stability of the perturbed
polynomial, without the calculation of its roots or their properties.

8.4 Optimization Algorithms

In this section we present a new algorithm for the best approximate solu-
tion of DAP, based on the minimization of g~. At rst we use the Algebraic
Geometry toolbox Macaulay 2 and then we present the generalization of New-
ton’s algoritm for the minimization of the Rayleigh quotient on the Grassmann
manifold, as this was presented in [Abs., etc. 1], [Abs., etc. 2], [Edel., etc. 1] and
[Smi. 1]. We show that these two methodologies even though they may provide
a number of useful results with regard to optimization over manifolds, they are
not completely applicable for DAP. The former is usuful only when z is constant
(not parametrized) since the program in the case of z(x) provides a large num-
ber of complicated solutions that are not easy to be veri ed, whereas Newton’s
algoritm may be used for the approximate DAP under several alternations and
restrictions. Therefore, the determinatal assignment problem requires in general
a di erent approach which is not met in these algorithms. At the last part of
this section we present a new algorithm which is exclusively constructed for the
approximate DAP, thus no special assumptions have to be made.
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8.4.1 Decomposable Approximations via Macaulay 2

In this section we compare the results of the previous analysis with the ones
that may be obtained by the Numerical Algebraic Geometry Toolbox Macaulay
2, [Eis., etc. 1] for the minimization problem

minkz  xk (8.25)
X

when z 2 Ve (R™ and x is decomposable. The package originated by the need
for numeric calculations within the context of invariant theory where the explicit
description of polynomial functions, which remained invariant under the trans-
formations of a given linear group, was examined [Sturm. 2]. Soon the program
expanded for numerical applications to other elds, that used techniques from
this area or related ones, such as optimal control, manifold optimization, etc.,
giving the opportunity to researchers to have an arithmetic point of view of their
problems, to experiment with their ideas and to verify their results. In our case,
the Macaulay 2 Toolbox is helpful for optimization oven the Grassmann variety,
since it helps overcome the high complexity of the constraints, that constitute the
problem impossible to solve numerically, via other toolboxes (a simple numerical
substitution to problem (8.25) for the n=5 case in Matlab or Mathematica for
instance, can verify this assertion).

In general, the system uses high level algebra objects, such as Galois elds,
number elds, polynomial rings, exterior algebras, Weyl algebras, quotient rings,
ideals, modules, homomorphisms of rings and modules, graded modules, maps
between graded modules, chain complexes, maps between chain complexes, free
resolutions, algebraic varieties, coherent sheaves and the Grobner basis algorithm.
The programming environment is similar to the one in Mathematica or Maple:
the user enters mathematical expressions at the keyboard, and the program com-
putes the value of the expression and displays the answer. The rst input prompt
0 ered to the user is of the form
il:

In response to the prompt, the user may enter, for example, a simple arithmetic
expression, i.e.,

il:3=5+7=11
0l = 68=55
0l:QQ

The answer itself is displayed to the right of the output label

ol =
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and its type (or class) is displayed to the right of the following label.
ol:

The symbol QQ appearing in this example denotes the class of all rational num-
bers, and is meant to be reminiscent of the notation Q.

In order to explain the Macaulay code for the G,(R®) case, we present the case
of a plane curve
‘=f(x;y) 2 R?: f(x;y) = 0g (8.26)

where f is a polynomial of degree d. We are given a point (u;v) 2 R? and we
seek to minimize the distance from (u;Vv) to “. For random f, this problem has d?
complex critical points due to Bezout’s theorem, i.e., the number of intersection
points of n projective hyper-surfaces in a projective space of dimension n over an
algebraic closed eld, which are de ned by n homogeneous polynomials in n + 1
variables, of degrees dy;:::;dn is in nite, or the number of intersection points,
counted with multiplicity, is equal to the product d,  d,, [Ful. 1]. The method
of Lagrange multipliers says the gradient of (u  x)2+ (v y)? must be linearly
dependent with the gradient of the constraint f(x;y). Hence our equations to
solve in this case are

of of
f(x;y)=0; (u x) —=(v —
(x:y) (u x By (v vy ox
where it is expected to have d?> complex solutions, by Bezout’s theorem. For the
G,(R®) case, we present the following algorithm.

A Macaulay 2 Algorithm for the Approximate DAP
R = QQIp12; P13; P23; P14; Paa; Pa4; Pis; P2s; Pas; Pas];
I = Grassmannian(l;4; R).
T = (transpose matrix apply(gens R, p > p-random(-100,100))) [ (jacobian(1))

J = I+minors(4,T);

J = J : ideal(p12P13P23P14P24P34P15P25P35P45);

Example 8.4.1. Let R = QQ[X1; X2; X3; Xa; Xs; Xe; X7; Xg; Xg; X10] and 1 = Grassmannian(l; 4; R).
These two functions generate the ideal of the Grassmannian de ned by

X1Xg  XoXg + X3Xs = 0;X1Xg  XoX7 + XgXs = 0;X1X10  X3X7 + X4Xg = 0;
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XoX10  X3Xg + XzXg = 0;XsX10  XgXg + X7Xg =0

for Xy 1= p12; Xz 1= pas; il X10 = Pas Since we will use lexicographical order. The
third line builds the following 10 6 matrix

1
( 1=pyp +13) 0 O Pas  Pss Pz

( 1=p;z 96) 0  pss 0 P25  Po2a
( 1=p»s 13) Pas 0 0 P15 P14
( 1=ps +12) 0 ps P 0 p2s
_ ( 1=py+1) p3s 0 pis 0 pw3

03 1=pss 77) P25 Pis 0 0 prw (8.27)
1=pis 94) 0 pPas P P23 0
1=ps 87) pa 0 pu P 0
1=pss 78) P Pia 0 pw 0
( 1=pss 8) P2z Pz P2 0 0

The rst column is the gradient of our objective function which is the squared
distance from some random point in R and the last ve columns are the Ja-
cobian of the ve constraints. Note that this 10 5 matrix has rank 3 on the
Grassmannian, as it should, since 3 is the so-called codimension of G,(R®), i.e.,
codimG,(R®)=dimR®-dimR?. Also, the forth command adds all the 4 4 minors
of the 6 10 matrix to the ideal. This forces the matrix to have rank 3, so the

rst column is in the span of the last ve. That ideal would have 63 complex
solutions, counting multiplicities. However, we must remove extraneous solutions
that have zero Plucker coordinates. This happens in line 5. The resulting ideal
now has only one solution, resulting to 8.16558, which coincides with the solution
of Example 5.3.1 when z was constant.

~N A~

In this code, the coordinates of the random point z in R'° were taken arbitrar-
ily from -100 to 100. If one is interested in symbolic computations for z3; :::; z;9
the algorithm provides a large number of equations which are di cult to be ver-
i ed. This is the main reason that the approximate solution of DAP will be
sought via a di erent procedure that takes into account the parameters of the
linear variety K.

8.4.2 Newton’s method on the Grassmann Manifold

Newton’s method is the simplest iterative method for computing a solution
x of an equation of the form f(x) = 0, starting at an initial point X, where the
iterations follow the formula

_, FOm)
T )

Graphically, xm+1 corresponds to the intersection of the tangent to the graph of
T at X, with the horizontal axis. Newton’s method can be easily generalized to

(8.28)
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functions f : R" ¥ R". Eqn. (8.28) takes the form
f(xn) + DF(x )X .. Xn] =0 (8.29)

where Df (X)[y] denotes the directional derivative of f along y, i.e.,

DRG] = lim LX) TCI

lim h (8.30)

In other words, Newton’s method simply updates a vector by subtracting the gra-
dient vector premultiplied by the inverse of the Hessian. Now, if f = grad(f)
rf, Newton’s method becomes the problem of nding a critical point of a cost
function on R™. In order to generalize this approach to manifolds and in par-
ticular to Grassmann manifolds, we must nd geometric analogs to the various
components of this formula. Tangent vectors on manifolds generalize the notion
of a directional derivative.

De nition 8.4.1. The set of all tangent vectors of G,,(R™) at a point x is called
the tangent space of the Grassmann manifold G,,(R") at x and is denoted by
TxG.

Now, the tangent space is easily computed by viewing the Grassmann manifold
as a quotient space and its elements as matrices.

De nition 8.4.2. [Edel., etc. 1] Let O, be the orthogonal group consisting of
n n orthogonal matrices.

i) The Stiefel manifold denoted as V,.m, consisting of N m orthonormal
matrices is given by
Vim = On=0n m (8.31)

where a point is the equivalence class

[Ql= Q ('Jm gn  Qum20nm (8.32)

i) The Grassmann manifold denoted as G, consisting those matrices of Vp.m
whose columns span the same subspace is given by
Ghm =0n=(0On  On m) (8.33)

where a point is the equivalence class

Q= Q (?m gn i 'Qm20m; Qn m20n m (8.34)
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Hence, Gh.m = Vn:m=Om and if we consider Y 2 V.., then tangent vectors
take the form X = YA +Y-B where A isan m m skew-symmetric matrix, B
is(n m) mandY-,isanyn (n m) matrix such that Y; Y- are orthogonal.
But since [Y] = fY Qm : Qm 2 Onng, the vertical space at Y is the set of vectors
of the form Y A, therefore the horizontal space at Y is the set of vectors of the
form

X =Y-,B (8.35)

Because the horizontal space is equivalent to the tangent space of the quotient,
[Edel., etc. 1], the tangent space of the Grassmann manifold at [Y ] is given by
all n m matrices A of the form in (8.35). Hence, the gradient of a function f
from the Grassmann manifold to R at [Y ] is de ned to be the tangent vector rf
such that

trfy X = tr(rf)tX (8.36)
for all tangent vectors X at Y, where
of
fv)ij = — 37
( Y)Ij @Yij (8 3 )

Remark 8.4.1. A di erent way to de ne the gradient of T in general at a point X,
without the use of the Grassmann manifold via matrix representation, is presented
in [Abs., etc. 1], where the gradient of T is considered as the unique element of
T.G that satis es B

< gradf(x);y >x= Df(X)ly]; 8y 2 TxG (8.38)

where <; >, is the endowed inner product of T4G. If ; denotes the i-th coordinate
of a vector eld, i.e., a smooth function from G,,(R") that assigns to each point
X a tangent vector y 2 TG then

2 3
@.F(x)

gradf(x)=Gﬁ 4 (8.39)
04T (X)

where Gy =< (g;;&; >x is the matrix whose ij element is < (g;; ¢; > at Xx.

Furthermore, the roots of gradf are still the critical points of . The di erence
X X, Which is no longer de ned since the iterates x,,,; and x,, belong to

2m+1

the Grassmann manifold, may be replaced either by

i) atangent vector . in the tangent space at x,,,, [Abs., etc. 1], [Abs., etc. 2]
where the new iterate Xm+q 1S Obtained from e 8 Xmag = Ry (—xm)’ for
a retraction R, i.e., a mapping from TG to G»(R") with a local rigidity
condition that preserves gradients at a point x (in other words, a mapping
that turns elements of T,G into points of the manifold and transforms the
cost functions de ned in a neighborhood of x into cost functions de ned on
the vector space T,G) or
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ii) by a suitable geodesic path, i.e.,

t
Y (t) =Y (0)expt g (')3 ;8B 2 R(" M m (8.40)
which it may be computed via the following theorem.

Theorem 8.4.1. [Edel., etc. 1] Let the Grassmannian geodesic

t
Y() =Y (0)expt g (')3 :gB 2 RN ™M m (8.41)
with Y(0) =Y and Y (0) = H. Then
cos St
QW) =[YVUl & o vt (8.42)

where USV is the compact singular value decomposition of H, i.e, U 2 R™ M
and both S andV arem m.

Finally, the Hessian is obtained by twice di erentiating the function along a
geodesic, i.e.,
dZ

Hesst(X; X) = Ejtzof (Y (v) (8.43)
or
HeSSf(xl; Xz) = fYY (Xl, Xz) tr(X{XzY tfy); Xl & X2 (844)
where Y (t) is a geodesic with tangent X =Y (0) and
0*f
(_YY)Ij,k @Yij@Yk‘ (8 5)
For Newton’s method, one must determine X = Hess }(rf), which for the
Grassmann manifold is expressed as the linear problem
fyvy(X) X(YYy)= rf (8.46)

with Y'X = 0. For the algorithm one needs a smooth function f(Y) with
Y 2R™ Mand Y'Y = I, on the Grassmann manifold, i.e., f(Y) = f(Y Q) for all
orthogonal matrices Q 2 R™ ™. Then, the algorithm is as follows, [Edel., etc. 1].
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Newton’s Method on the Grassmann Manifold

Given Y such that YtY = I,,, compute G=f, YY'fy and X = Hess G
such that Y'X =0and fyy(X) X(Y'fy)= G.

Move from Y in direction X to Y (1) using the geodesic formula
Y (t) =YV cos(St)V'+ U sin(St)V?
where USVt is the compact SVD of X.

Repeat.

Clearly, Newton’s method is constructed for functions de ned on the Grassmann
manifold, whereas DAP is looking for the gap between a \point™ in the projective
space and the Grassmann variety. However, from the analysis of the approximate
DAP via the gap g and g~ in the previous sections, we see that Newton’s method
is ideal for approximate decomposable solutions when the following conditions
hold all together:

HYy=T,

(ii) the gap g (or the gap g~ for the Grassmann variety G,(R®) ) can be writ-
ten as a Rayleigh quotient or trace-style function, e.g., tr(Y'AY), for a
symmetric matrix A, something that is feasible by using the formulae in
Remark 5.4.6.

(iii) the dimensions dimV = n > m of the Grassmann variety G,,(V) satisfy the
conditonm=n 1lorV =V , where V is the dual space of V or when
the Grassmann variety is almost the entire projective space, i.e., its biggest
subset that covers most of its area.

In [Mah. 1] there is an analytical approach to all cases that involve optimization
on the projective space, where it becomes even more clear that for the approx-
imate DAP we need a more suitable algorithm that calculates gaps between
multivectors in the projective space and the Grassmann variety. In Section 8.4.3
we will build such an algorithm for the computation of the gap as this was proved
in Theorem 6.3.1.

8.4.3 An Approximate DAP algorithm

As we have seen in the previous two sections, the algorithms concerning op-
timization on the Grassmann manifold may be applied for DAP only for special
cases, whereas the numerical computations on Macaulay 2 provide solid solutions
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for numerical data. Now we will present an algorithm which is explicitly con-
structed for the approximate DAP that covers all related frequency assignment
problems, i.e., solve the system det(H M(s)) = a(s) in terms of H when a(s) is
Hurwitz and if this is not possible, derive the best possible approximate solution.

Let s1;S7;::558h; N > 6 be the roots of a(s). If z := C(H) and V is the

matrix representation of N-(P), then DAP is transformed into zt = h{+ _V =
t

[:.9 %0 . If this is not possible, one has to nd z such that the gap between

z and G,(R") the least possible. Therefore, we have:

An Algorithm for the Approximate DAP
Select a polynomial a(s) whose roots s; satisfy the property Re(s;) < 0:

Calculate an orthonormal matrix-basis [v,;:::; v, ]t for the linear problem h'P =
a'. Then the linear variety K is described by h = [v;;:5v,] X z(x), where
X 2 R" 1 is a free vector.

Solve in terms of X the optimization problem mink g ([v4; 55V, ] X; Gm(R™)) s.t.
5iXjj = 1 and let z, = [vy;:5v,] X, be its minimizer, i.e., the vector of the linear
variety closest to G,(R").

If z, is decomposable then obtain H by z, := C,(H). Then DAP has an exact
solution. Else, decompose z, via the prime decomposition. A candidate solution is
the decomposable vector e, ey ;-

Example 8.4.2. Let
o 1
(1+9)* 0

2+s> &8
M(S)=§ 1+5s8 52 g

2s 2+s

1 1

We select the stable polynomial a(s) = 9:80179+50:0464s+109:122s2+131:717s%+
95:06s* + 41:02s° + 9:8s® + s’ whose roots are

s1= L17;s5= 16;s3= 15;ss= 14;s5= 13;s¢= 1l2;s7= 11

If P is the Plucker matrix, then the matrix representation of an orthonormal basis
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of h'P = a' is

2 0:0212483 0:0031971 0:0198759 3
0:14123 0:0008332  0:107242
0:179195 0:108632 0:267088
0:686415 0:311853 0:54408
ViV, Vo] = 0:017989 0:0177103 0:00803
e 0:058825 0:247088 0:202414
0:480937  0:505633 0:293198
0:142346 0:268904 0:308593
0:127068  0:700893 0:219786

0:452585 0:101711  0:591784

2 3
X1

The substitution of z(Xy; Xo; X3) := [V4; V,; V3]4 X, O to the gap g implies the 4th
X3
order homogeneous polynomial

F(X1; X2; X3) = 0:0276749x]  0:0445024x3x, + 0:050691x2x5 + 0:0127932x; X3+
+0:0018031x5 0:0348223x3x3  0:0986078x3X,X3  0:0735073X;X5X3+
+ 0:013395x3x3 + 0:0052206X3x3 + 0:0119637X1X,X3 + 0:041775X5X3
0:0414718x3 + 0:0414718x,%3 + 0:054624x5

Hence, we have
min F (X1; X2; X3) subject to x5 + x5 + x5 =1
The least gap is achieved at
(X = 0:711111;x, = 0:348945; x3 = 0:610376)
where we get

zo = ( 0:0283575; 0:166179; 0:328359; 0:92903; 0:00117062;
0:00450339; 0:013399; 0:00669876; 0:0200615; 0:0038811)

Vector z, is not decomposable since

(zo™zp)=2=( 0:000174025; 0:000570197;
0:00010584; 0:000280932; 0) & 0

Therefore, we proceed to the calculation of its best decomposable approximation.
The spectral analysis of
O

0 0:0283575 0:166179 0:328359 0:92903
0:0283575 0 0:00117062  0:00450339 0:013399
Ty, = 0:166179 0:00117062 0 0:00669876  0:0200615
0:328359 0:00450339  0:00669876 0 0:0038811
0:92903 0:013399 0:0200615 0:0038811 0
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implies

where
Z, = ,8,"e;=( 0:0283592; 0:166177; 0:328363; 0:929028; 0:00177318;
0:00460241; 0:0133529; 0:00643763; 0:0201559; 0:00383742)
and
Z,= 18,7 e = (1:86224 10 ®; 2:04133 10 °;4:24203 10 °; 1:19104 10 °;
0:0000669825; 0:0000990208;  0:0000469799;  0:000261124; 0:0000943383;
0:0000436849)

Hence, the closest decomposable vector to z, is z;, which can be re-written dy
division by the rst coordinate as:

v = (1;5:85971;11:5787; 32:7594; 0:0625258;
0:16229; 0:470849; 0:227004; 0:710735; 0:135315)
This corresponds to the 2 5 matrix A

Q= 1 0 0:0625258 0:16229  0:470849
0 1 5:85971 11:5787 32:7594

The approximate matrix K implies the perturbed polynomial

a(s) = det(d M(s)) = 9:83676 28:2452s  22:4508s%+
+ 13:8753s° + 35:4504s* + 24:9495s° + 7:99053s°® + s’

whose roots are

(S1;S2;S3;S4;S5;86;S7) = ( 2:27804  0:576901i; 2:27804 + 0:576901i; 1:34073
0:809347i; 1:34073 +0:809347i; 0:903325; 0:82816
0:343749i; 0:82816 + 0:343749i)

Hence, &(s) is stable. Furthermore,
O

1
0 0 0 1 46 41
0 0 1 4 64 10
2 7 8 2 21 0O
1 4 6 4 10 00O
p = o 0 2 1 10 10
4 2 2 1 20 00
2 0 1 1 00 0O
2 1 0 4 10 0O
1 0 1 1 00 00O
2 1 0 0 00 00O
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and p = 14:0414. The stability radius for a(s) = (s + 1:7)(s + 1:6)(s + 1.5)(s +
1:4)(s + 1:3)(s + 1:2)(s + 1:1) from (8.24) is r = 7:3246 . Therefore,

kz 2k = 0:000673828 < 0:522663 = =
o)

Hence the approximate polynomial &(s) is stable, which veri es Theorem 8.3.6.

8.5 A Zero Assignment by \Squaring Down"
Application

The problem of zero assignment by \squaring down" has been presented in
the second chapter as a special case of the Determinantal Assignment Problem
(DAP). In this section we present an example to show how the above approximate
DAP analysis may be implemented to the zero assignment by \squaring down"
problem.

Example 8.5.1. Let

2 3
s 1 0 0 1 2

Ns)y=4 0 s 2 0 0 15
0 0 s 3 0 1

We will nd a matrix K 2 R? 2 such that, det (K N(s)) = a(s) = s® + 6s? +
11s + 6 where the zeros of a(s) are -1, -2, -3. Moreover,

2 3
6

a(s) =s*+6s®+ 11s+ 6 = [1;s;s%; 53]§ 1; é es(s) _
1

For the calculation of the Plucker matrix P we have that

Cs(N(s))=[ 6+11s 6s>+s*0:2 3s+s%0; 3+4s s%0;
6 53+§2;12 10s +2s%,2 s;s 3] =

3
60 20 30 6 12 2 3
11 0 3 0 40510112
— 1 2.3
=Lssis1d 50 10 10 1 2 0 0
10 00 00 O 0 0 O
Hence 2 3
60 20 30 6 12 2 3
P_gno 30 40510112
- 60 10 10 1 2 0 0
10 00 00 O 0 0 O
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Then, the linear system Pz = _ has the solution z(X) = (1; X2; X3; X4; X5; Xg; 12 +
Xs Xz 2Xg,Xs, 120+ 2X3; 60+ Xs5). The QPRs for G3(R®) are given by the
set

X4Xg XsX7 + X1X10 =0
XaXg XgX7 + XoX10 =0
X5Xg ~ XgXg + X3X10 =0

F)
The substitution of these equations to the minimization of = QP R?=kzk? s.t.
kxk = 1 implies the zero solution, i.e., z is decomposable. Hence, if z = C3(H)
for H 2 R® 3, then as proved in [Gia. 1]

2 3
X1 0 O

0 X1 0
H= 0 0 X1
X7 Xgq Xo
Xg X5 X3
and the requested matrix K is given by the last k(= 2) lines of H, i.e.,

X7 X4 Xo
Xg X5 X3

K =

The substitution of z(x) to the QPRs implies X, = (30x4 + X)=20, X3 = 30,
Xs = 20 and Xg = 0. Hence,

2 X4 (30X4 + XG)ZZO

K= "0 20 30

P Xa:Xs 2 R

8.6 Conclusions

In this chapter, we have seen how the approximate determinantal assignment
problem may be solved as a distance problem between the Grassmann variety
and a linear variety de ned by the properties of a desirable polynomial. The
study of the problem was split to three basic problems: (i) The distance problem
of a point of the projective space from the Grassmann variety; (ii) The extension
of the above to the case where we have the distance of a linear variety from the
Grassmann variety; (iii) The characterization of acceptability of the optimal dis-
tance solutions as far as the nature of the resulting assigned polynomial. The key
minimization problem implied by the second problem (formulation of the (8.2)
type), was addressed and a closed form solution was derived, which is similar
in nature to the rst optimization problem for a constant point in ~?(R"). The
results of this approach have been demonstrated via a new approximate DAP
algorithm, since the existing methodologies such as Newton’s method on the

172



Grassmann manifold provide results for special cases of DAP. The results were
specialized to di erent types of frequency assignment, such as the state feedback
and the design of an asymptotic observer. Furthermore, the polynomials corre-
sponding to the approximate solutions are at some distance from the nominal
polynomial and for solutions to be acceptable we need the resulting polynomials
to be stable. We have used the stability radius results [Hin. & Pri. 2] to derive
a condition that can be used to check stability without root calculations.

The above results are based on the prime decomposition (5.26) of 2-vectors which
has implied signi cant simpli cations, such as the formulation of DAP into a 4th
order polynomial minimization problem, constrained to the unit sphere for the
G,(R®) case. This approach, which is usually met in tensor decomposition prob-
lems, [Yok. 1] or expansions of the standard matrix SVD, [Dela., etc. 1] has not
been used before for general frequency assignment problems and it may be imple-
mented as a new pole placement method, that uses no generic or exact solvability
conditions.

The results obtained in this chapter, along with the degenerate cases studied
in the previous chapter, now clearly provide the complete solution of the Approx-
imate DAP in the 2-dimensional case and constitute the core of the thesis. In
the next chapter, we examine the generalization into G3(R"). The di culty in
m-decompositions, m 3, lies in the fact that the matrices which in our case pro-
vide the representation of the points of the projective space, become m-tensors,
thus the approximate DAP should be naturally studied via tensor decomposition
algorithms.
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Chapter 9

Decomposable Approximations
via 3-Tensor Decompositions

9.1 Introduction

As we have already seen, the di culty in solving the approximate DAP is the
solution of problem (8.2). For the G,(R") case, the problem has been thoroughly
examined in the previous chapters. In this chapter we will refer to the G3(R")
case, that may be solved numerically by the so called Higher-Order Singular
Value Decompositions. These methods aim to the approximation a 3-tensor A 2
R"™ ™ K by a second tensor B of equal dimensions but of lower rank, i.e.,

mBin KA Bk (9.1)

In our case, A T, i.e., A s a skew-symmetric tensor and B a skew-symmetric
tensor of lower rank.

Problem (9.1) has a similar nature as the approximation problem we examined
in the previous chapters; if a tensor can not be written as a tensor gyoduct of the
form A =a, a,,, then try to decompose A as a sum A = ir:lAi where
A are rank one tensors for the least possible r, which is referred to as the rank
of the tensor. The most well-known non-algorithmic result is Segre’s Theorem,
who showed that a general 2 2 2 tensor has a unique decomposition as a sum
of 2 decomposable tensors/multivectors. Segre’s theorem as well as expansions
to other cases, e.g., 3 2 2 are examined in [Land. 1]. All other results concern
the study of the problem via numerical techniques, where it was shown [Kol. 1],
[Kol. 2] that low-rank approximation for tensors via Higher-Order SVD methods
do not guarantee an optimal approximation but at least one low-rank approxi-
mate solution (or one approximate decomposable 3-tensor in our case). The same
result stands for the case examined in [Zha. & Gil. 1], where the decomposition
satis ed some special orthogonal properties. The core of the problem is traced to
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the non-uniqueness of the rank of a tensor; while the rank of an ordinary matrix
is unique, the rank of a tensor may vary. Hence, the application of higher-order
tensor decompositions to the approximate DAP may not imply the optimal best
decomposable approximation, as in the 2-dimensional case, but at least one best
approximation.

Higher Order Tensor decompositions originated with Hitchcock in 1927, [Hit. 1]
and the work of Cattell in [Cat. 1]. These concepts started receiving more atten-
tion during the 1960s with the work of Tucker in [Tuc. 1] and Carroll and Chang
[Car. & Cha. 1]. The latter two, derived one of the most popular numerical
tensor decompositions, the so called CANDECOMP (canonical decomposition)
until Harshman [Hars. 1] in the 1970s came up with an upgraded version called
the CANDECOMP/PARAFAC decomposition (parallel factors), which has given
better approximate results.

In this chapter we present for the rst time a symbolic tensor decomposition
based on the CANDECOMP/PARAFAC decomposition, where the entries of the
initiq}, tensor which is to be approximated depend on some free parameters, for
the 3(Rﬁ) case. This is essential for the approximate DAP, since the linear
sub-problem yields a number of free parameters X;; X»; ::: as we have seen in the
previous chapter, whereas the higher-order SVD algorithms are designed for nu-
merical data, rather than symbolic.

This chapter is organized as follows: In Section 9.3 we introduce some basic
de nitions and results with regards to tensors when these are considered as multi-
dimensional arrays, and not as multi-vectors as we saw in Chapter 3. This numer-
ical analysis aspect of tensors is critical for the understanding of the approximate
DAP in higher dimensions, as well as its solution.

In Section 9.4 we introduce the notions of symmetry and skew-symmetry for
tensors as the natural generalizations of symmetric and skew-symmetric matri-
ces. Furthermore, we present a new algorithm for the construction of a 3-rd order
skew-symmetric tensor, since in the respective literature, one may nd algorithms
only for the symmetric case. Furthermore, in 9.5 we explain the matricization
techniques and procedures of a tensor. Since we aim to approximate a tensor
by another one of lower rank, we must follow a similar method as we did with
matrices. We present the main ways which are mostly used to \transform™ a
tensor into a matrix.

In Section 9.6 we introduce the di erent ways that two tensors may be mul-
tiplied; in 9.6.1 we explain the p-mode product which is based on the idea of
multiplying a tensor by a matrix (or a vector) (in mode p) and in 9.6.2 we de ne
the Kronecker, Khatri-Rao, and Hadamard products for the matrices obtained
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by the matricization of a tensor. Moreover, in 9.7, we study the notions of the
rank and rank-1 of a tensor and the problem of its uniqueness (contrary to the
case of matrices, the rank of a tensor is not uniquely de ned) and we explain the
various ways several researchers have managed to calculate the rank of a tensor
- for special dimensions.

In Section 9.8, we discuss the CANDECOMP/PARAFAC (CP) decomposition
of a tensor, the most common approximation technique for tensor problems. We
also brie vy refer to the second most useful method, the so-called Tucker decom-
position and a few others, which may be considered as variations of these two.
Speci cally, in 9.8.1 we elaborate on the mathematical framework of the CP de-
composition and in 9.8.2 we present the algorithm. Finally, in Section 9.9 we
present the main result of this chapter and one of the most signi cant results
of this thesis; we built a new algorithm, based on the CP decomposition, for a
symbolic tensor for DAP applications. Our algorithm works theoretically for any
number of parameters in the entries of the tensor. We present an example with
one free parameter X to test the results.

9.2 Tensor Basics

De nition 9.2.1. [Gal. 1] A tensor product of kK 2 vector spaces Vi; V,; :::; Vi
is a vector space T, together with a k-linear map * : V¥ ¥ T, such that, for
every vector space W and for every k-linear map f : VK ¥ W there is a unique
linear map f : T ¥ W with B

FXXor X ) =F 0 7 (X5 X515 %) (9:2)

Proposition 9.2.1. [Gal. 1] Any two tensor products (Tq; ”,); (T; 7,) are iso-

morphic, i.e., there is an isomorphism h: T; ¥ T, such that
,=h

Since tensor products are unique up to isomorphism, we can obtain a con-

struction that produces one. If we denote ”(X;;X,; 55X, ) asX; X, Xy

then we can construct the tensor product (V; V, Vi?) V K which

is generated by X, X, X,. Furthermore, for every multilinear map
f:Vk 1 W, the unique linear map f :V ¥ & W is de ned by

(9.3)

fx x X)) = F(X1; X555 ) (9.4)

This construction does not only provide the derivation of a tensor product, but
produces a tensor product with the universal mapping property with respect to
multilinear maps, i.e.,

Hom(V *; W) = Hom(Vy::::; Vi W) (9.5)
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In other words, we constructed the new vector space V ¥ such that the multi-
linear map f : VK 1 W is turned into a linear map f v K 1 W, which is
equivalent to f in the strong sense of isomorphism.

However, the vectors X; X, X, that generate V K are not selected to be
linearly independent. Thus, we need a basis for V ¥. Next example, demonstrates
this important procedure as well as the notation which will be used for tensors
in the rest of the thesis.

Example 9.2.1. Let three vector spaces with dimX; = ny, dimX; = n,, dimXz =
n; and

X; = (X350 XPY) 2 X X, = (X5 55 X52) 2 Xo; X3 = (X5 X5%) 2 X3

If fe,; 0, fe,;,0, feg;,0 are their respective bases with 1 iy ny; 1 i
n,; 1 I3 Nz, then

0] 1 O 1 o
1 1

X1 X2
Xl = (gl;l; :::;Ql;nl) 8 R;52 = (QZ;l; :::;§2;n2) 8 X;X3 = (23;1; :::;QS;ng) 5

ni nz
Xy X3

Then it is obvious that
fei, €, 3.0

ford i n;;1 j np 1l p  ngisabasis of X 2 and any vector in X 3
IS written as
> i)k ijk
— 1 1
T - XlX2X3§1;i1 gz;iz eJ;i3 tJ gl;il §2;i2 g3;i3 (96)
1 i]_ Ny
1 i2 n2
1 i3 n3

ii . P
where tik  xIx)x% and the summation symbol along with its ranges can
be assumed by the superindices and subindices with the same letter and their
positions (Einstein’s summation convention).

It is evident now, that T in (9.6) is a tensor and in this example speci cally,
a 3rd order tensor.

For the generalization in random-order tensors, one more notice has to be
taken with respect to dual basis and the indices in (9.6); in many cases, tensors
are easier to compute with respect to their dual basis. Therefore, the upper
indices, called contravariant coordinates (where their main property is that under
a change of basis, the components of the vectors x;;1 = 1;2; 3, transform with
the inverse of the respective transformation matrix) and the lower indices, called
covariant coordinates (similarly, components transform via the same matrix),
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should somehow indicate whether a basis is dual or not. Hence, if we had the
tensor product X; X, Xz in the previous example, where X, is the dual of
X5, then we have to express this duality by writing

T= Xi1X2;j Xl?fgl;il e,”

iok ]
§3;i3 1:o j ogl;i € €3

" 9.7

where (0) denotes the dual position from the contravariant and the covariant
perspective, respectively.

Proposition 9.2.2. [Tol. & Cast. 1] Given k 2 vector spaces Vi;::;; Vi with
dimV; =n;; i=1;::;k and fg‘igizzj; z; = T1,2;:::; jg there respective bases for
1 J k, then the family of vectors

feri, &, ki Yisnig2ze z2 =z« (9.8)
is a basis of the tensor product V X. Thus, every tensor T 2V X is written as
T =th2le ey, iy 9.9)

Moreover, if some linear spaces are given with respect to their dual basis instead
of the fundamental initial bases then
T=t308 e, €° €, (9.10)
Elements of the form (9.9) or (9.10), are called (homogeneous) tensors. If
a tensor is written as x; X, X, then it is called indecomposable and
the tensors that are not indecomposable are called compound tensors. |If it is
easy to distinguish the respective basis and the dual-position, we can omit the
numbers 1; 2; :::; k from the lower indices and the symbol (0) and we can gather the
contravariant coordinates in the rst r arguments and the covariant coordinates
in the last s arguments. Then we have

e g en els (9.11)
In this case, tensors are considered as the multidimensional arrays of the coe -
cients _

aior (9.12)
The following de nitions will help us obtain the respective vector space, i.e.,
algebra of homogeneous tensors, which will be very helpful for the next section
when we will de ne a special group of tensors, the skew-symmetric tensors.

De nition 9.2.2. [Gal. 1] Let

vV, = \ﬁ (9.13)




}L

i=1...,J ~

Figure 9.1: 3-rd Order Tensor
i) The vector space

TV):= V..V, F;V, V (9.14)

is a tensor algebra.

i) The tensor space T,.s(V) is called a tensor product of type (r;s) if

Tes(V) =V, (V) (9.15)
Tensors in T.s(V) are usually called homogeneous of degree (r;s) and it is
easily proved that M
T (V)= Tis) (9.16)
rs 0

is also a tensor algebra. It also shown, [Gal. 1], that all tensors in T..s(V) may
take the form (9.11) or very similar ones. Thus, the study of tensors in most
cases reduces to the study of homogeneous tensors. All tensors in this thesis will
be considered homogeneous, unless stated otherwise.

9.3 Preliminary Framework

As we saw in the previous section, a tensor may be considered as the multidi-
mensional array or the multidimensional matrix representation of a multivector
, as in Figure 9.1, which is usually referred to as an n-way or an n-order tensor
and it is an element of the tensor product of n vector spaces, each of which has
its own coordinate system. In this chapter, the i-th entry of a vector z will be
denoted by z;, the ij entry of a matrix A by denoted by a;;, and the ijk element of
a third-order tensor X will be denoted by X;j«. Indices typically range from 1 to
their respective nal capital index, e.g., i = 1;2:::; ¢, where g denotes the nal
index. The i-th element in a sequence is denoted by a superscript in parentheses,
e.g., A® denotes the i-th matrix in a sequence.
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(a) Mode-1 (column) fibers: x.;x (b) Mode-2 (row) fibers: x;

Figure 9.2: Fibers of a 3-Tensor
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(a) Horizontal slices: X;..

Figure 9.3: Slices of a 3-Tensor
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(b) Lateral slices: X ;.

(c) Mode-3 (tube) fibers: x;j;:

¥

(¢) Frontal slices: X ;. (or X}.)

Subarrays, [Kol. & Bad. 3], are formed when a subset of the indices is xed,
I.e., the j-th column of a matrix A is denoted by a;; and the i-th row of a matrix

A is denoted by a;..

Fibers, [Kol. & Bad. 3], are the higher order analogue of matrix rows and columns.
A ber is de ned by xing every index but one. A matrix column is a mode-1

ber and a matrix row is a mode-2 ber. Third-order tensors have column, row,
and tube bers which we denote by Xj«; Xik; Xij:., respectively, as in Figure
9.3. Note that when extracted from the tensor,

oriented as column vectors.

bers are always assumed to be

Slices, [Kol. & Bad. 3], are two-dimensional sections of a tensor, de ned by Xxing
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all but two indices. The gure above shows the horizontal, lateral, and frontal
slides of a third-order tensor X, denoted by Xi..; X;j.; X.k; respectively. Alter-
natively, the k-th frontal slice of a third-order tensor may be denoted as Xk.

The inner product of two same-sized tensors A; B 2 Rt 2 n s the sum
of the products of their entries, i.e.,
XX XX
<A B>= ai,

i1=1i>=1 in=1

i inDisiz in (9.17)

and the norm of a tensor A2 R* 2 n is the square root of the sum of the
squares of all its components, i.e.,

Gese > DO

kAk = ali, i (9.18)
i1=1lix=1 in=1

It readily follows that < A; A >= kAK?.

9.4 Symmetry of Tensors

In order to talk about symmetry and tensors, we must assume that every
mode is of the same size, i.e., A2RF F F.

De nition 9.4.1. [Kol. & Bad. 3]

1) A tensor is called cubical if every mode has the same size.

ii) A cubical tensor is called symmetric (or supersymmetric) if its elements
remain constant under any permutation of the indices, i.e.,

Xijk:: = Xikjz: = Xjike: = Xjkin: = Xkijo: = Xkjin: = 8L k=10 g

iii) A cubical tensor is called skew-symmetric (or antisymmetric) if it alternates
sign when any two indices are interchanged, i.e.,

Xijk:: = Xikji: = Xjike: = Xjkiz: = Xkijo: = Xkjin: — ; 8l k=1; g
Furthermore, tensors can be partially symmetric, [Kol. & Bad. 3] in two or

more modes as well. For example, a three-way tensor A2 RF F F issymmetric
in modes one and two if all its frontal slices are symmetric, i.e.,

X =X5 8k =15 ¢ (9.21)

On the other hand, if a skew-symmetric tensor changes sign under any pair of its
indices then the tensor is called totally skew-symmetric.
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Remark 9.4.1. Immediately from Chapter 3, one may imply that a completely
skew-symmetric contravariant tensor is actually a k-vector (multivector), whereas
a completely skew-symmetric covariant tensor is a k-form.

In the respective literature, one may nd many examples and algorithms
on how to construct symmetric tensors, e.g., [Dela., etc. 1], [Kol. & Bad. 3],
[Sav. & Li.1]. Since, there is no speci c algorithm for the construction of a skew-
symmetric tensor, which is necessary for our problem, we present for the rst
time a Matlab algorithm for the 3-tensor case that yields the 3-rd order skew-
symmetric tensor T, 2 G3(R®) as in Figure 9.4.
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A 3-Skew-Symmetric Tensor Matlab Algorithm

axis([-.1, 1.1, -.1, 1.1, -.1, 1.1]);
De ne custom matrix: A=zeros(n;n;n);
Set: q = [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20];
iqg = 1;

fori=1:n

fory=1:1 1

fork=1:J 1
X = input([Give element ( num2str(i) , num2str(j) , num2str(k) ): 1);
x =q(iq);

ig=1iq+1;
a(i; j; k) = x;
a(b ki j) = x
ag; k)= x
ak;j;) = x;
ag; ki) = +x;
a(k;i;J) = +x;
end
end
end

hold on; fori=1:n
forj=1:n
fork=1:n
pr = numa2str(a(i; j; k));
ifj<i,k<j
color = black;
text((i-1)/(n-1), (j-1)/(n-1), (k-1)/(n-1), ... pr, Color, color, FontWeight, bold,
FontSize, 9);
else
color = red;
text((i-1)/(n-1), (J-1)/(n-1), (k-1)/(n-1), ... pr, Color, color, FontSize, 8);
end
end
end
Draw planes:
th=[0 1)=(n 1);0;0;(i 1)=(n 1);L,0;(i L=(n 1);L,1;,(G 1)=(n 1);0;1];
3¢t 1,1, t 1(,2), t 1(:,3), blue, FaceAlpha, .2, EdgeColor, none);
end

hold o
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Figure 9.4: A6 6 6 Skew-Symmetric Tensor

9.5 Matricization Techniques of a Tensor

The process of reordering the elements of an n- way array into a matrix is
known as matricization (or unfolding or attening) of the n-tensor. For example
a3 6 8tensorcan berearranged asa 18 8orasa6 24 matrix, and so on.
This n-mode unfolding may be achieved in di erent ways, e.g., [Dela., etc. 1],
[Kol. & Bad. 3]. Here we follow the methodology proposed in [Kol. & Bad. 3],
where the mode- n matricization of a tensor A 2 R 2 n is denoted by
Ay and arranges the mode-n bers to be the columns of the resulting matrix.
Strictly speaking, the authors mapped the (iy;i,; ;1) element of the tensor to
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the matrix element (in;j) where

2 3
> L

j=1+ QG 1 1L (9.22)
m=1 ‘=1
mé&n ‘6n

Example 9.5.1. Let

2 3 2 3
adg j mop s v
Ai=4b e h k5;A,=4n gt wd
c f i | 0O r u X
be the frontal slicesof a3 4 2 tensor A. Then, the three matricizations are
2 3
adg]j mps v
Ap=4b e hkngqt wb>S;
c f i1 1 or ux
_a bcdefghijk I .
A= mon o ’
p gr s tuvwX

Ap) = [ALJAS]

Remark 9.5.1. Note that it is possible not only to \matricize™ a tensor, but to
\vectorize™ it also. For the previous example, that vector would be:

vec(A) = (a;b;::;w; x)* (9.23)

9.6 Tensor Multiplication

There is a number of di erent ways to calculate the product between to ten-
sors. In this section we study the p-mode product, i.e., multiplying a tensor
by a matrix (or a vector) in mode p and the matrix Kronecker, Khatri-Rao,
and Hadamard products as these were adopted in [Kol. & Bad. 3]. A detailed
treatment of tensor multiplication may be found in [Bad. & Kaol. 1].

9.6.1 The p- mode tensor product method

The p-mode matrix product of atensor A2 R* nwithamatrix B 2 R} »,
p = 1;::;n is the multiplication of each mode-p ber by the matrix B, i.e.,

A ,B2Rt ptld et n (9.24)
or equivalently in element form
>
A p B = ailiz inbjip (925)
ip=1
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For distinct modes in a series of multiplications, the order of the multiplication
is irrelevant, i.e.,
A ,B ,C=A ,C B (9.26)

and when the modes are the same, then

A ,B ,C=A ,(CB) (9.27)
Example 9.6.1. Let
2 3 2 3
1 4 7 10 13 16 19 22
Aj=42 518 1195;A, =414 17 20 235
369 12 15 18 21 24

be the frontal slicesof a3 4 2 tensor A and let

135
B= 2 4 6
Then the Y = A 1 B product is given by
22 49 76 103 _ 130 157 184 211

Y, = ;Yo =

28 64 100 136 172 208 244 280

Remark 9.6.1. It is easy to see that this kind of multiplication, is similar to a
change of basis in the case when a tensor de nes a multilinear operator, as we
have seen in Chapter 3.

Similarly, the p-mode vector product of a tensor A2 R? n with a vector
b 2 R rises as the idea to compute the inner product of each mode-p ber with
the vector, i.e.,

(9.28)

Example 9.6.2. If A is given as in the previous example and b = (1;2;3;4)t

then 2 3
70 190

A ,b=480 2005
90 210

When it comes to mode-n vector multiplication, precedence matters because
the order of the intermediate results change, i.e.,

A_b c=(A_0)_ £=(A_0) pb (9.29)
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9.6.2 The matrix Kronecker, Khatri-Rao, and Hadamard
products

In this section we present the matrix-products we will use for the approxima-
tion of a symbolic skew-symmetric 3-tensor by another one of lower rank.

De nition 9.6.1. [Kol. & Bad. 3]( The Kronecker product of matrices) Let A 2
R"™ M B 2 Rk . The Kronecker product denoted by A B is given by

2 3
ai B a;pB aimB
1B a»B amB
A B: 2.1 2? 2r-n —
anB aB anmB
=[a; bya; byinan beogjan b (9.30)

where a; b;

; Is the tensor product de ned in Chapter 3.

The Hadamard product is the element-wise matrix product.

De nition 9.6.2. [Tol. & Cast. 1] (The Hadamard product of matrices) Let
A;B 2 R"™ ™ The Hadamard product denoted by A B is given by

2 3
apibin  anabin aimbim
A B :§ a21.b21 azz.bzz a2m.b2m Z (9.31)
anlbnl anzbnz anmbnm

The Khatri-Rao product is considered as the \matching column-wise™ Kro-
necker product.

De nition 9.6.3. [Smil., etc. 1](The Khatri-Rao matrix product)Let A2 R" k; B 2
R™ K. The Khatri-Rao matrix denoted by A B is given by

A B=J[a bya byinae byl (9.32)

Next theorem provides some useful properties of these matrices that we will
use in our algorithm. AY denotes the pseudoinverse matrix (Moore-Penrose ma-
trix) of A.

Theorem 9.6.1. [Smil., etc. 1](Properties of the matrix products)
i) (A B)(C D)=AC BD.
i) (A BY=A B
i) A B C=(A B) C=A (B O).
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iv) (A B){(A B)=A'A BB.
V) (A BY =((A'A) (B'B))(A B)'

Some very interesting examples regarding these matrix products and their
properties may be found in [Kol. 2].

9.7 Tensor Rank

The rank of a tensor may be de ned as the generalization of the rank of a
matrix, if the latter is viewed in the following way: since, the rank of any real
matrix A is the minimum number of column vectors needed to span the range of
the matrix, we may say that A has rank one if there exist vectors a; b such that

A=a It (9.33)

Then, the rank of A is the length of the smallest decomposition of a matrix A
into a sum of such rank-1 outer products:
bt

A=a, b+ +a, b (9.34)

n

The de nition of the rank of a tensor in the form (9.11) now readily follows.

De nition 9.7.1. A tensor A has rank one, if there exist vectors X;; X,;::; X,
in a vector space V such that

A=X X X (9.35)

Then the rank of A is de ned to be the minimum number of rank one tensors
with which A is expressed as a sum.

The above de nition of tensor rank was rst proposed by Hitchcock, [Hit. 1] in
1927, and Kruskal [Kru. 1] did so independently 50 years later. But even though
the de nition of tensor rank is an exact analogue to the de nition of matrix rank,
the properties of matrix and tensor ranks are quite di erent. One di erence is
that the rank of a real-valued tensor may actually be di erent over R and C. In
[Kru. 1], Kruskal gave an example to verify his allegement; if

A= DA, = (936)

10 0 1
01 10
are the frontal slices of a tensor A, then A is written as a sum of the matrices:

101 ,_ 101 __ 110
X= 91 17T 011 %% 111 (9.37)
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whereas over C these matrices are:

4L 11,1 11 __ 11
X—193 ii,Y—pEi i,Z—ii (9.38)

Another major di erence between matrix and tensor rank is that (except in spe-
cial cases such as the example above), there is no straightforward algorithm to
determine the rank of a speci c given tensor. In fact, in [Kru. 1] a speci ¢ exam-
ple was cited of a particular 9 9 9 tensor whose rank can not be computed,
except its boundaries, that were calculated between 18 and 23. This has led to
the de nition of the maximum and typical rank of a tensor. The maximum rank
is de ned as the largest attainable rank, whereas the typical rank is any rank that
occurs with probability greater than zero (i.e., on a set with positive Lebesgue
measure). For the collection of N m matrices, the maximum and typical ranks
are identical and equal to minfn; mg. For tensors, the two ranks may be di erent.
Furthermore, over R, there may be more than one typical ranks, whereas over
C, as shown in [Kol. & Bad. 3] there is always only one typical rank. In fact,
Monte Carlo experiments (which randomly draw each entry of the tensor from a
normal distribution with mean zero and standard deviation one) reveal that the
setof 2 2 2 tensors of rank two lls about 0.79 of the space while those of
rank three 1 0.21. Rank-one tensors are possible but occur with zero probability.

For a general third-order tensor A 2 R* 2 3, only the following weak upper
bound on its maximum rank is known, [Kru. 1]

rankA  minf ¢ 5; 2 3; 310 (9.39)

In [Kol. & Bad. 3] there may be found more results on maximum and typical
ranks for tensors but only of speci c sizes.

9.8 Tensor Algorithmic Decompositions

The di culty in de ning and therefore calculating the rank of a tensor in a
speci ¢ framework has led to a number of di erent algorithms that decompose a
random tensor into a sum of tensors of lower rank. In this section we will refer
to the (numerical) CANDECOMP/PARAFAC (CP) decomposition that we will
expand for symbolic calculations in the next section. Other tensor decompositions
that may be found in the respective literature, is the Tucker decomposition,
[Tuc. 1], a higher-order form of principal component analysis, which is the second
most used method for tensor decompositions and it is based on the concept that
any tensor X 2 R' 1 K may be written as

X G 1A ,B ;C (9.40)
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Figure 9.5: The CP decomposition of a 3-rd order tensor

where A2R' P, B2RI 9 C2R* "and G 2 RP 9 ' is the so-called core ten-
sor whose entries show the level of interaction between the di erent components.
The algorithms created for the CP and the Tucker decompositions follow the
same philosophy more or less. However, for the approximate DAP, the CP de-
composition is more suitable since its formulation directly generalizes the prime
decomposition, as we will see later in this chapter. Other variations of these
two decompositions also met and used are the INDSCAL, PARAFAC2, CAN-
DELINC, DEDICOM, and PARATUCK2 decompositions. More details on them
may be found in [Dela., etc. 1], [Kol. & Bad. 3] and the references therein.

9.8.1 The CANDECOMP/PARAFAC Decomposition

The CP decomposition factorizes a tensor into a sum of component rank-one
tensors. For example, given a third-order tensor X 2 R* 2 3 we want to write

A as
X

X g b (9.41)
i=1
wherer 2 Nand a; 2R, b 2R?2 ¢ 2R3 fori=1;::r, as illustrated in the
diagram above. Now, if A = [a,;a,;:::;a,] and likewise for B and C, then (9.41)
may be matricized as

X(]_) A(C B)t,
X(g) B (C A)t;
X@ C (B A)t

where  denotes the the Khatri-Rao product we introduced earlier. Analogous
equations can be written for the horizontal and lateral slices. In general, though,
slice-wise expressions do not easily extend beyond three dimensions. Now, fol-
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lowing [Kol. & Bad. 3] the CP model can be concisely expressed as

X
X [[ABCl:= & b ¢ (9.42)

i=1

It is often useful to assume that the columns of A, B and C are normalized to
length one with the weights absorbed into a vector _ 2 R" so that

X
X [[LAB;C] = L by (9.43)

i=1

Remark 9.8.1. The above analysis concerns the 3-tensor case, because we will
deal with approximations over the Grassmann variety G;(R®). The n-order tensor
CP is respectively

X @ (s) (n)
X LA A@ A= gl g a" (9.44)

i
i=1

9.8.2 The CANDECOMP/PARAFAC Algorithm

As mentioned previously, there is no nite algorithm for determining the rank
of a tensor; consequently, the rst issue that arises in computing a CP decompo-
sition is how to choose the number of rank-one components. Most procedures t
multiple CP decompositions with di erent numbers of components until one is
\good". Ideally, if the data are noise-free and we have a procedure for calculating
the CPD with a given number of components, then we can do that computation
for r = 1;2;3;:: number of components and stop at the rst value of r that
gives a t of 100%. However, there are many problems with this procedure. In
[Kol. & Bad. 3] there is an analytical discussion with respect to these obstacles.
Nevertheless, there are two algorithms that seem to work quite well for the CP
decomposition, the so-called \workhorse" algorithm for CPD and the alternat-
ing least squares (ALS) method proposed in the original papers by Carroll and
Chang, [Car. & Cha. 1] and Harshman, [Hars. 1]. We will present the 3-rd order
case only, which is needed for our problem, i.e., if X 2 R* 2 3 we will calcu-
late a CP decomposition with r components that best approximates X. In other
words, we will solve the minimization problem

X
m}{nkx Rk; X=[[;A;B;Cll:= _a b ¢ (9.45)

i=1

The ALS method xes B and C to solve for A, then xes A and C to solve for
B, xes A and B to solve for C, and continues to repeat the entire procedure
until some convergence criterion is satis ed. Having xed all but one matrix, the
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problem reduces to a linear least squares problem. If for example, B and C are
xed problem (9.45) is written as

m/si:n kXqy AC B)ke; A=A diag( ) (9.46)

Hence, the optimal solution is given by
A=Xy (C B)’ (9.47)
or equivalently, due to Theorem 9.6.1,
A=Xuy(C B)(C'C B'BY (9.48)

The advantage of (9.48) is that we need only to calculate the pseudoinverse of
an r r matrix rather than a mk r matrix, as in (9.47). Finally, we normalize
the columns of A to get A, i.e., ; = kak, a; = &= i, for i = 1;::;r. Thus we
obtain the following function:

A CPD-ALS Algorithm
Function CP-ALS(X;r);
Give a positive integer n.
for i = 1;::;n: AD = O; (initial values)
end for
for i =1;::5n set
Vo= AOAD Al DIAG 1) AG+DEA(+D) A( DtaG 1.
AD = XOAM  AGCD - AlG+D Ay,
i '= ka;k; (Normalize columns of A®D)
end for
repeat until maximum iterations exhausted.
Print ;; A®; i=1:::n.

end function
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Although the ALS method is simple to implement, it may take many iterations
to converge and it is not guaranteed to converge to a global minimum nor even
a stationary point of (9.45), (only to a solution where the objective function
of (9.45) ceases to decrease). The nal solution can be heavily dependent on
the starting guess as well. Some techniques for improving the e ciency of ALS
include line searches, [Raj. & Com. 1], where a line search is added after each
major iteration in order to update all component matrices simultaneously based
on the standard ALS search directions. A di erent improvement of the CP was
presented in [Dela., etc. 1] based on simultaneous matrix diagonalization but only
in the case where A2 R* 2 3andrank(A) maxf ;; ,; 39 fora3-rdorder and
the respective restrictions for the n-tensor case. Nevertheless, the algorithm is
considered the most reliable for higher-order approximations. Next we apply the
above methodology for the Determinantal Assignment Problem, for the G3(R®)
case.

9.9 Parametric Tensor Decompositions with Ap-
plications to DAP

As we have already seen, if the linear problem of DAP is solvable then one
expects more than one solution, i.e., a solution depending on some free param-
eters. Let z be the parametric solution of the linear subproble(r) Z'P = at. We
want to calculate the best decomposable approximation of z 2 3(Rr), i.e.,, nd
which 2 in the Grassmann variety G3(R®) attains the least distance from z. If
T, is the corresponding 3rd order skew-symmetric tensor, then we may apply the
previous low-rank approximation techniques and algorithms, where the entries of
the tensor in our case depend on some parameters x implied by the solution of
the linear system z'P = a'. Then the approximate solution will also depend on
X. In order to test whether our approximation is acceptable (decomposable) or
not (since the parameterized approximation is very complicated and large-scaled,
contrary to the non-parametric data case where it is easy to verify what kind of
approximation the algorithm gave), we substitute the parameterized approxima-
tion to the QPR. If this set of equations is zero then our parameterized solution
is acceptable. Otherwise, we look for those Xi; X,; ::: that satisfy the QPR. Then
our approximation is decomposable, even thought it may not be the best one, as
analytically explained in [Kol. & Bad. 3].

In this section, we start by the construction of a new CPD-ALS Algorithm that

works for the parametric case as well. First, we must calculate the Khatri-Rao
product for symbolic mathematics.
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A Matlab algorithm for the computation of the Symbolic Khatri-Rao
Product

function p = khatrirao-sym(varargin).

if nargin == 2 and iscell(varargin(1)) (input is a single cell array)
A = varargin(1);

else
A = (varargin(l:end-1));

end

matorder = length(A):-1:1;
else
if nargin == 1 and iscell(varargin(1))
A = varargin(1); (input is a single cell array) else
A = varargin; (input is a sequence of matrices)
end

matorder = 1:length(A);
end.

N = size(Al,2);

M = 1;

for i = matorder
if ndims(A) =2
error(Each argument must be a matrix);
end

if (N = size(A(i),2))
error(All matrices must have the same number of columns.)
end

M = M * size(Ai,L);
end
p=1I1I
forn=1:N
ab = A(matorder(1))(;,n); (Loop through all the matrices)
for i = matorder(2:end) ab = Ai(;,n) * ab(:).; ( Compute outer product of n-th

columns)
end

p = [p, ab(?)]; (Fill nth column of p with reshaped result)
end

194




Next we present the matricized tensor times Khatri-Rao product for a multi-
dimensional array of symbolic objects.

A Matlab algorithm for the computation of the symbolic matrix
product of the n-mode matricization of a tensor with the symbolic
Khatri-Rao product

function V = mttkrp-sym(X,U,n).

N = ndims(X);

if (N <2)

errorCMTTKRP-SYM is invalid for tensors lowe than 2 dimensions’);
end
if (length(U) = N)

error(Cell array is the wrong length);
end

if n ==

R = size(U(2),2);
else

R = size(U(1),2);
end

fori = 1:N
quad if i == n, continue;
end
if (size(U(i),1) = size(X,i)) or (size(U(1),2) = R)
error(Entry d of cell array is wrong size, i);
end
end

Xn = permute(X,[n 1:n-1,n+1:N]);

Xn = reshape(Xn, size(X,n), prod(size(X))/size(X,n));
Z = khatrirao-sym(U[1:n-1,n+1:N],r);

V = Xn*Z;

We now give the CPD-ALS algorithm for the symbolic case. The main idea
is that the approximate solution will be implied after a given number of itera-
tions. In other words, due to the fact that the entries depend on an unknown
parameter, the recursive procedures will not stop automatically when a speci ¢
property is satis ed (ending property), but we select every time the number of
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iterations according to the complexity of the tensor.

A Symbolic CPD-ALS algorithm

function U = cp-als-sym(X, R).
Give maxiters.
N = ndims(X);
Uinit = cell(N,1);
for i=1:N
Uiniti = sym( x(10*rand(size(X,3), R)));
end
U = Uinit;
P=1[I
for iter = 1:maxiters
forn=1:N
Unew = simplify(mttkrp-sym(X,U,n));
Y =ones(R;R);
fori=[l:n 1;,n+1:N]
Y=Y (U@ U®);
end
Y = simplify(Y);
Unew = (Y Unewt)";
uUn = simplify(Unew);
end
end

It is not di cult to show that stability criterion in Theorem 8.3.6 holds for this
case also, i.e., if z 2 ~3(R") is a 3-vector and 2 is one decomposable approxima-
tion withkz 2k r = p, where 5 is the largest singular value of the Plucker
matrix P and a; & are the coe cient-vectors of a(s); &(s) respectively, with a(s)
being a stable polynomial then &(s) is also stable. We now present an example

to show how the previous algorithm works.

Example 9.9.1. Consider the linear subproblem of a DAP, z'P = a' where
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=( 1; 1;:; 1) 2 R and the Plucker matrix P is given by

o

O OO O0OPFrRPOO0OO0OO0OPFrRPOO0OO0OOPFPOO0OO0OO K
OO OPFPRPOO0OO0OO0OPFRPROO0OO0OOPFrRPROOOOLRKrOo
[eNel NeloeNoeNel NololoNol ol eNololl Jiele)
OPRP OO0 O0OO0OPFRPO0OO0OO0OO0OPFrPOO0OO0OOFr OO

[eoNeololNell ool loloNoNoNoNol S =lelololy
P OO O0OOPRPROOOPFRPPFPOOOOPFrrOOOoOOo
OO OPFRPOO0OO0OO0OPFRPOO0OO0OOPFrRPROOOORKrOo
OO PFrRPOO0OO0OO0OPFrRPROO0OO0OOPFrRPROO0OO0OOEFrr oo
el NellelelNell NololNoNol Helolhololh el
P O OO OPFRPORFRPOOPFPOOOORFr,r OOOOo
O OO O0OPFrRPROO0OO0OOPRPROO0OOOPFrRPROO0OO0OOoO K
OO OPFrRPOO0OO0ORFRPPFPOOOOPFPRPROOOOLRKrOo
OO P OO0OO0OPFRPPFPOOOOPFRPOOOOFr OO
OPRP O0OO0OO0ORFRPROO0O0OO0ODO0OOPFrRPROO0OO0OO0OEFrr o oo
P OO O0OO0OO0ORFRPOO0OO0ORFRPROO0OO0OOFr,rOOOoOOo
OO OO NOODOOPFrRPOO0OO0OOPFPOOOO
OO ONOPFPOOPFPOOOOPFrRPROOOORKr o
OO NOODOOPFRPOOOOPFPOOOOPFr OO
ONOOOOPFRPOO0OO0OOPFrRPOOOOPKr OOoOOo
ONOODODODOD O OO OPFrPOO0OO0OO0O0OEFrr OoOoOo

The solution of the linear subproblem is given by z = (1;1; 1; 1; 0; 1; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; X; X)*
where x 2 R. It is not di cult to show that z is not decomposable; if z; :=
Po12; Z2 := Po13; iii; Zoo = Pass, then by using the functions, [Sturm. 2]

v =sdpvar((nchoosek (6; 3) ; 1)

[pol; Vstring] = grassmannian(v; 3; 6)
pol = [pol; sum(v:?) 1J;
sdisplay,e(Pol; "V"; Vstring)

in Macaulay 2, [Eis., etc. 1] we obtain the 35 QPRs:

Po14Po23s  Po13Poza + Po12Posa = 0; Po1aPi2s  PorsPiza + PorzPiza = 0;
PoisPo2zs  Po1sPozs + Poi2Poss = 0; PoisPoza  Po1aPozs + Por2Poss = 0;

Po1sPo3a  Po14Poss + Po1sPoss = 0; PoisPi2s  PoiszPizs + PoizPiss = 0;

where we see that the rst term of the third equation (po1spo24) IS equal to 1 and
the rest of the products are zero. Hence, we calculate a best decomposable of z.
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The respectéve skew-symmetric tensog T,isT, :2 (Tél); o ;(6)), where

0
0
TH = 8
0
0
2
T® :E
2
0
1
0
T® = 0
0
0

0 O

Ok kPP, O
OO RFr O

OO Pk OO

OO PFrr OFr o

OO O o

0

OO OO0 OO oo o

X

o

OO O0OOkFrRPFr OO0OORFrKF

O O O oo
OO0 0000 XOOORrRrRO OO0 OoOFr o

X

0

O O O oo

oo X X oo

O X OO oo

OO O Fr ko

O O OO oo

0

Ok kPP, O

O OO oo

0

OO PFrr OO
OO OOk

OX OO0 0OO0OO0ORrRORr OOOOOoOo

O X OO0 oo

OoOoOX X OO0 OO0 o0O0O0 ook o

3
10
00
00
00
00
00

3
0 O
0O O
0 O
0O O
0 x
X 0
0
0
0
0
0
0

If we apply our algorithm, the approximate solution implied is too complicated and
unmanageable. We then substitute its components to the above set of QPR, where
for x = 0:001 it implies the following decomposable approximation (all terms of

the QPR ag%regate to the approximate zero):

1) —
O =

2) —
1o =

I
HOOOCOO) N POOOOCOO) N POOOOOO

0:0002

0
0:0001
0:0005
0:0004
0:0001

0:0001
0:0001
1:0000
1:0005
0:9997
0:0000

0:0001
0:9999
0:0001
1:0002
0:0002
0:0000

0
0:0001
0:9998
0:9997
1:0003
0:0000

0:0001
0:0001
0:0002
0:0003
0:0003
0:0002

1:0001
0:0001
0:0001
0:9999
0:0001
0:0002

0:0002

1
0:0005
1:0003
0:0003
0:0002

1:0002
0:0000
0:0005
0:9997
0:0003
0:0000

0:0000

0:
0:0001
0:0000
0:0001
0:0000
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0
0:9998
0:9998
0:0004
0:0005
0:0001

1:0000
0:0002
1:0002
0:0004
0:0005
0:0001

1:0001
0:9999
0:0000
0:0001
0:0001
0:0000

0:003
1:0003
0:0006
0:0010
0:0010
0:0001

0:9996
0:0004
0:0006
0:0010
0:0010
0:0000

0:0001
0:0002
0:0001
0:0001
0:0002
0:0009

3
0:0002

0
0:0004
0:0002

0

0

0:0000
0:0000
0:0000
0:0001
0:0000
0:0000

0:0005
0:0001
0:0004
0:0001
0:0005
0:0000
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2 0:0002  0:9999  0:9999  0:0000 0:0001  0:0000 3
1:0001  0:0000 1:0000 0:0001 0:0001 0:0001
@) = 0:9998  1:0002  0:0004 0:0001 0:0006  0:0001
z 0:0004  0:0003  0:0003 0:0003 0:0008 0:0004
0:0003  0:0003  0:0002  0:0003 0:0008  0:0005

5 0:0001  0:0001  0:0002  0:0002  0:0007  0:0000 3
0:0001  0:9999 0:0001 0:0001  0:0003  0:0000
1:0001  0:0001  0:0000 0:0002 0:0003 0:0001
£6) = 0:0001  0:0000 0:0003 0:0002  0:0003  0:0008
z 0:0003  0:0002  0:0001 0:0003 0:0006  0:0008
0:0002  0:0002  0:0001 0:0004 0:0006  0:0002

5 0:0001 0:0002 0:0011  0:0009  0:0001  0:0000 3
0:0478  0:0560  0:0794  0:0850 0:1091  0:0009
0:0556  0:1690  0:1947  0:2985  0:0642  0:0015
£6) — 0:2714  0:0038  0:0465 0:3286  0:4642  0:0005
£ 0:0146  0:1982  0:2285 0:0832  0:4928  0:0007
0:1555  0:3312  0:9044  0:9390 0:1802  0:0009

0:0009  0:0009 0:0005 0:0010  0:0002  0:0000
Hence we obtain the approximate stable polynomial

a(s) = ( 1001, 0:998; 1:; 0:506; 0: 0:998;, 1:013; 1:4;
1:842; 0:998; 1:001; 1:001; 1:; 0:998; 1:;
1:;; 0:998; 1:001; 1:001; 1:001)

9.10 Conclusions

In this chapter we have presented an algorithm based on the CANDECOMP/
PARAFAC Decomposition for the approximation of a 3-rd order skew-symmetric
tensor by another of lower-rank, i.e., a tensor in the Grassmann variety G;(R°®).
We thoroughly de ned every notion and preliminary result regarding tensor and
multidimensional array theory in the rst sections so that the algorithm is as
easy-to-understand as possible, even for the reader who is coming in touch with
tensor approximation techniques for the rst time.

The main idea behind our algorithm was to generalize into symbolic language
the tensor Khatri-Rao product and the p-mode product that only worked for nu-
merical data in [Kol. & Bad. 3]. Then we had to do same for the main algorithm
CPD-ALS and nd a way to overcome the problem of in nite iterations that
comes up when we work with parameters. We gave a small number of iterations
at rst and based on the fact that the algorithms in [Kol. & Bad. 3] give reliable
approximations (at least for numerical data) we veri ed that our approximation
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is an element of the Grassmann variety G;(R®) with the help of the corresponding
QPR. Of course, our solution may not be the optimal solution, since lower-rank
approximation problems via these techniques may imply do not guarantee the
so-called best approximation.

In general, the above problem is referred to as one of degeneracy, where a tensor
is degenerate if it may be approximated arbitrarily well by a factorization of lower
rank. If we could not reach a suitable approximation, we could resort to the so
called border rank, [Bin. 1] which is de ned as the minimum number of rank-one
tensors that are su cient to approximate the given tensor with arbitrarily small
nonzero error. This concept was introduced in 1979 and developed within the
algebraic complexity community through the 1980s. Much of the work on bor-
der rank has been done in the context of bilinear forms and matrix multiplication.

To sum up, the CP decomposition may always calculate an approximation of
a tensor and it is possible to nd an approximation even if the CP decomposition
fails, but there is no guarantee that the approximation implied is the \nearest™ to
the original tensor. From this aspect, our algorithm providg; one decomposable
approximation for the approximate DAP in the case of the 3 (R®) space, which
is an important new result for the study and behavior of determinantal-type
assignment problems in higher dimensions.
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Chapter 10

Conclusions and Further work

The main objective of this thesis was to develop a new approach regarding the
computational construction of the solutions of the exact and approximate Deter-
minantal Assignment Problem (DAP). Previous work, [Gia. 1], [Kar. & Gia. 5],
[Kar. & Lev. 9], [Lev. 1] was focused on the examination of the exterior alge-
bra/algebraic geometry nature of the problem along with the solvability and
assignability conditions that follow. A key result for the construction of solutions
was presented in [Lev. 1] along with several new solvability results for the general
DAP as well as an algorithm for constructing real feedbacks of generic systems
that concerned a wider family of systems (such as decentralized, dynamic, etc.,)
than those described in [Bro. 1], [Wil. & Hes. 1]. The work in [Lev. 1] regarded
the compensators as elements of the Grassmann variety or as elements of a sub-
variety of the Grassmann variety, covering in this way the decentralized DAP
case as well, i.e., controllers operating on local information to accomplice global
goals rather than under the in uence of a central controller (centralized DAP),
which was initiated in [Lai. 1].

The starting points of this thesis were: (i) to enrich the existing DAP frame-
work by formulating a concept that may provide solutions for DAP without the
use of generic or special solvability/assignabilty conditions, therefore to de ne
approximate solutions when exact solutions do not exist and (ii) to enhance the
computational concept of DAP with new tools, ideas and algorithms that could
imply solid, practical solutions. The need to introduce a new method based on
approximation theories and manifold optimization techniques, was motivated by
the di culty of deriving real solutions for DAP when solvability conditions fail,
i.e., when the number of controller free parameters is less than the number of con-
straints, or equivalently, when the respective varieties do not intersect or when it
is di cult to verify their real intersections. Note that this a case often met when
dealing with real solutions of determinantal-type assignment problems, since the
natural eld for intersection theory of varieties is the eld of complex numbers C
(which is algebraically closed or in other words every polynomial equation in one
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variable is solvable) whereas R is not algebraically closed.

The work in this thesis has three main directions: the presentation of all ex-
isting methodologies via theoretic results or speci ¢ examples that highlight the
need for a new framework regarding determinantal-type assignment problems, the
complete investigation of the problem in 2-dimensions for the derivation of ap-
proximate solutions in all cases (unique solutions, degenerate issues, alternative-
equivalent solutions, stability criteria, closed-form and algorithmic results) and

nally the derivation of an algorithm for approximation in higher dimensions.
The mathematical tools used stem form the areas of algebraic geometry, tensor
algebra, optimization-approximation theory and numerical algebraic/di erential
geometry and one of our main goals was to present them as simple and com-
plete as possible. The majority of the mathematical tools used here, have been
adjusted to the speci ¢ context of the thesis and many of them have been fur-
ther developed, such as the generalization of the standard Grassmann variety in
Chapter 7 and the parametric decomposition/low-rank approximation of 3rd or-
der tensors. Moreover, several of our results can be used almost directly to other
areas and have their own interest, such as the minimization of the gap between a
2-vector and the corresponding Grassmann variety which is closely related to the
open problem of the minimization of the maximum eigenvalue of a matrix, met
in linear algebra and matrix-optimization theory. However, further examination
of such issues has been outside the scope of this thesis and constitutes an area of
future research.

Speci cally, the work in Chapter 2, aimed at introducing DAP and the results
obtained by previous authors with respect to its relation with other frequency
assignment problems and its solvability conditions. To present an overall view
of the problem and in order to be as complete and independent as possible, we
started by reviewing the most important notions and terminology of dynamical
systems and control theory, which are met in di erent parts of the thesis. Simi-
larly, in Chapter 3, our purpose was to review the important mathematical tools
which are used in the next chapters, based on Tensor-Exterior Algebra and Alge-
braic Geometry techniques. We gave a gradually and overall presentation of the
notions mentioned, so that every de nition or notion is fully clari ed before nat-
urally leading to the next, instead of a partial apposition of results. The material
covered in this chapter may be also developed with respect to other problems
in algebraic systems theory, such as implicit systems theory, i.e., mathematical
models whose variables of interest satisfy dynamic and static relations among
them, [Ba. & Kar. 1].

Moreover, in Chapter 4 we have provided some of the most well-known techniques
that are usually used to solve assignment of frequencies in the a ne space, before
introducing the projective techniques, originated in [Kar. & Gia. 5]. These meth-
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ods vary from simple applications for solving systems of polynomial equations,
i.e., Grobner bases to geometric techniques and Schubert calculus. Our purpose
was to examine what the existing methodologies provide for determinantal-type
assignment problems, before executing approximate techniques. In all cases, we
show that the derivation of a suitable controller concerns either special cases
(generic systems, algorithms with convergence uncertainty, etc.) or informations
with respect to the solvability of the problem (assignability conditions, number
of intersections, etc.).

The main part of our work starts in Chapter 5, where the approximate DAP
is introduced, as a distance problem form the corresponding Grassmann variety
for the 2-dimensional and its Hodge-dual case. The least distance problem from
the simplest Grassmann variety G,(R*) which is described by one QPR only, is
easily solved via the Lagrange method but unfortunately as the dimensions in-
crease this method becomes ine cient. The observation that the least distance
coincides with the smallest singular value of the corresponding Grassmann ma-
trix, has given us a useful alternative criterion to calculate least distances, via
matrix decompositions. Thus, for higher dimensions we de ned the 2-vector via
its equivalent skew-symmetric matrix and calculated the so-called prime decom-
position where the 2-vector is written as a sum of decomposable vectors, one of
which is its \best" approximation, i.e., the one in the Grassmann variety G,(R")
that achieves the least distance. The fact that the least singular value of the
Grassmann matrix is equal to the minimum distance from the Grassmann vari-
ety in this general case also, as well as the fact that the skew-symmetric matrix
of the 2-vector may be written as a Grassmann matrix, are among the most im-
portant new results of our thesis.

In Chapter 6, we have examined the case of degeneracy, i.e., repeated eigen-
values, in the prime decomposition, for the complete study of the problem. This
IS very common among tensor decompositions theorists, since equal or special-
structured eigenvalues/singular values yield non-uniqueness issues for the decom-
position and therefore the approximate solution. The connection of the unique-
ness of the prime decomposition with the uniqueness of matrix least squares dis-
tance functions problems, has helped us derive solid uniqueness criteria for the
prime decomposition and to connect the approximation problem with the original
one. The main contribution however, was the investigation of the non-uniqueness
case (which has not been thoroughly examined in the respective literature so far,
except for special applications in isotropic matrix theory, [Sal. & Cr. 1]) via a
completely new approach, the use of Extremal Varieties. We showed that when
we have degenerate eigenvalues, the approximation implied by the prime decom-
position is the worst and we calculated the respective gap. The new varieties have
been de ned in terms of path-wise connectivity, polynomial sums of squares and
congugacy-duality properties. These results were applied for the derivation of
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the best decomposable approximation via some new alternative formulae. With
the help of these formulae, we managed to solve a number of problems related to
manifold optimization, such as the computation of the Lagrange multipliers for
the rst time in closed-form formulae.

The basic aim in Chapter 7 was to investigate how the problem of deriving the
best decomposable/rank-1 approximation of a multivector for the 2-dimensional
case, may be generalized on sets that expand the notion of decomposability of
the standard Grassmann variety. Tensor decompositions, especially in the case of
2-vectors, o er a fertile ground for experimenting on generalizations with various
applications, [Fri. & Tor. 1], [Kol. 2], [Lu-S., etc. 1]. These lower-rank gener-
alizations are met for the rst time in [Gol. & Van. 2], where a best-low rank
matrix approximation was achieved for a matrix whose speci ed columns re-
mained xed. Our approach lied within the concept of expanding the standard
exterior algebra/tensor theories, [Hod. & Ped. 1], [Mar. 1] by using similar gen-
eralization tools as those in the so called generalized Grassmann algebras, where
the properties of the classic exterior (Grassmann) algebra have been equipped
with multi-linear structures instead of bilinear ones, [Ohn. & Kam. 1], [Kwa. 1].
Note that our approach may also view the new general Grassmann variety as a
closed subscheme of a related projective subspace. This kind of generalization
via scheme-theory is met in [Rav., etc. 1] for applications on dynamic output
feedback problems. The key-result of this chapter was the derivation of a new
Cauchy-Schwartz type inequality that may solve these general distance/ best-
approximation problems based on the eigenvalues of the 2-vector. This inequality
may cover all classic 2-dimensional decompositions, including degenerate issues
(equal or similar structured eigenvalues) and it is one of the main results of this
thesis, since this is the rst time a spectral-type inequality is directly applied to
manifold constrained optimization/ best rank-r approximations when r 1.

In Chapter 8 we implemented the new results, techniques and formulae shown
in the previous chapters to the solution of the approximate DAP, i.e., construc-
tion of the approximate controller and we computed the stability properties of
the approximate solution. We saw that the approximate 2-vector implies a new
polynomial that lies in the stability area of the original stable polynomial, using
stability radius results, [Hin. & Pri. 2]. This was the main objective of the en-
tire thesis and the result was established by expanding the prime decomposition,
the gap metric and the other formulae that were examined in Chapters 5, 6 and
7, into parameterized 2-vectors, since this was the main idea from the begin-
ning in order to comply with the solutions extracted from the linear subproblem
of DAP. Other important results of this chapter, concerned the computational
construction of the approximate controller, where we showed that the problem
of gap-minimization is equivalent to the minimization of a 4-th order polyno-
mial constrained to the unit sphere. This is a very important result not only
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for deriving the approximate controller in practical applications of determinantal
assignment problems without any solvability restrictions, but it may be seen as a
new technique for optimization in the projective space, [Mah. 1]. Note, also that
this approach may be also suitable for higher order Grassmann varieties, where
the approximation derived may be considered as a sub-optimal decomposable ap-
proximation a case often met in approximation theory via tensor decompositions,
[Kol. & Bad. 3]. In the same chapter we also examined and implemented for the
rst time a new algorithm which works ideally for DAP approximations.

Our purpose in Chapter 9, was to solve the approximate DAP in 3-dimensional
Grassmann varieties. In this case the prime decomposition was transformed into
the CANDECOMP/PARAFAC (CP) decomposition where the construction of
the approximate solution followed the numeric laws and properties of these higher-
order tensor SVD-like techniques. We transformed the algorithms presented in
[Kol. & Bad. 3] that worked only for numerical data, i.e., constant tensors, to
algorithms which allow parameters at the entries of the tensor. This allowed us
to apply a parametric alternating least squares/ CP decomposition (parametric
ALS/CPD algorithm) where we managed to imply the parametric decompos-
able approximation. We tested the acceptability of the solution (since in the
parametric case, contrary to the constant case, the comparison of the implied
approximation with the original tensor is not straight-forward), via the use of
the QPR set. With the help of this set we obtained at least one decomposable
approximation of the initial controller, since the method does not guarantee in
general the optimal solution, [Kol. & Bad. 3]. This is the rst result regarding
the construction of an approximate controller in determinantal assignment prob-
lems in higher dimensions, ever presented within the algebraic systems theory
content.

The range of results presented in this thesis by no means exhaust the appli-
cation of approximate theory techniques to determinantal assignment problems,
but they may be considered as a new approach to the longstanding issue of
deriving optimization methods for applications to dynamic systems problems,
[Helm. & Mo. 1]. The 2-dimensional case may be considered completely solved
from all aspects. For 3-rd order Grassmann varieties, we focused on the original
de nition of DAP, eqn.(2.24). Stabilization issues have been examined, with re-
spect to Theorem 8.3.6 which holds in higher dimensions, since its proof did not
depend on any dimensions. Our approach was based on the calculation of the
approximate solution at a rst step and its stability test afterwards.

Thus, the contributions of this thesis for the Approximate DAP may be sum-
marized as follows:

(@) The interpretation of the approximate DAP as a minimization problem
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(b)

(©

(d)

(e)

()

between a parameterized multivector (de ning a linegy variety) and the
Grassmann variety and closed form solutions in the ~%(R"), *(R®) di-
mensions.

New stability criteria for the solution of the approximate DAP and its
approximate polynomial implied by the approximate multivector of the
previous optimization problem.

§p|ution of the problem in all cases of degeneracy and pathologies for the
2(R") dimensions.

Generalization and solution of the problem for larger sets of decomposable
vectors than the Grassmann variety.

Construction of new algorithms speci cally designed to solve DAP problems
and connection with other approaches such as Newton’s algorithm.

A new Candecomp/Parafac decomposition for parametric tensors which is
used for the rst time in tensor related problems.

Further Work

This thesis is the starting point for the examination of a variety of problems
related to DAP and its exact and approximate solutions. The transformation of
the exact synthesis to design tools requires development of further areas which
involve:

()

(if)

Extending the frequency assignment framework described by the Approxi-
mate DAP to one requiring stabilization rather than frequency assignment.
Such a version of the exact and approximate DAP is closer in spirit to de-
sign and would involve constrained optimization where we seek for the best
approximation when a(s) is stable. This involves solving the optimization
problem

mzin 9 (z;Gn:m) s.t. Pz is stable

which guarantees the desirable stability of the approximation. The main
di culty in this case is that the set of stable polynomials is not given
via a closed formula or a speci ¢ property that could be transformed into
a second constraint in our DAP or the parametric CPD-ALS algorithms.
The solution to such an optimization problem has to involve constraints,
such as the stability radius, which can guarantee that the nal solution is
close to the roots of the desirable polynomial and thus achieve stability.

The methodology for the constant exact DAP has been already extended
in [Lev. & Kar. 4] to dynamic problems as well as decentralised versions of
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(iif)

(iv)

)

DAP Extension of the above results to dynamic and decentralized schemes
[Kar. etc. 8], [Lev. & Kar. 8], [Kar. & Wil. 15] etc. Note that such
problems are reduced to structured forms of higher dimension DAP formu-
lations and thus the current approach may be transferred. Such extensions
of the current optimization approach would involve:

(a) the study of properties of the resulting Grassmann varieties (for the
case of the dynamic problems) and the corresponding sub-varieties of
the Grassmann variety for the decentralized problems.

(b) Develop the study of such varieties as functions of the McMillan degree
of the compensation, as well as the structure of decentralization of the
control scheme.

(c) Apply the current optimization approach to the above families of ap-
proximate DAP under di erent values of the compensator degree and
alternative forms of decentralization.

The dynamic and decentralised feedback cases bene t from their equivalent
constant DAP formulation, but they are considerably much more di cult
and usually lead to non-convex optimization problems. The examination of
these issues via our methodologies and algorithms is a signi cant challenge.

Extension of the above results to problems of stabilization using semi-
algebraic sets or Kharitonov’s Theorem is also a line for future work. In this
area there is scope for development of both exact and approximate DAP.
A similar approach reducing DAP to a linear sub-problem described by the
linear variety K, the multi-linear sub-problem described by the QPRs of
the related Grassmann variety and the semi-algebraic variety implied by
the four polynomials in Kharitonov’s Theorem may now be adopted whose
stability is described by the non-linear inequalities that the coe cients of
the original polynomial a(s) must satisfy.

Research is also needed for the construction of spectral sets that generalize
the algebro-geometric and topological properties and the structure of the
Grassmannians and the derivation of suitable spectral-tensor inequalities in
higher dimensions, in order to obtain a connection between the eigenvalues
of a tensor and the Grassmann varieties. Hence, the Grassmannians may
be connected with spectral properties, or other sets, where the problems
of multi-linearity associated with them are easily tackled, as it was already
shown in this thesis proved in the 2-dimensional case, [Lev., etc. 9].

There are strong indications that the properties of Grassmann matrices
[Kar. & Gia. 5] may be further expanded by introducing some notions
of duality (based on Hodge-Pedoe duality). A combination of properties

207



of Grassmann and their duals may provide alternative tools for tackling
optimization problem.

The development of algorithmic procedures for computing approximate solutions
for DAP will provide the basis for new tools for Control Design and may also
be applied to areas beyond Control, where Multi-linear Algebra, Applied Alge-
braic Geometry, Manifold Optimization and Tensor Approximations are involved.
Many problems in the analysis of large data sets emerging from signal processing
may bene t from such tools, [Dra. etc. 1].
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