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Abstract

Within the context of the weakly coupled Eg x Eg heterotic string, we
study the hidden sector of heterotic standard model compactifications to four-
dimensions. Specifically, we present a class of hidden sector vector bundles—
composed of the direct sum of line bundles only—that, together with an ef-
fective bulk five-brane, renders the heterotic standard model entirely N = 1
supersymmetric. Two explicit hidden sectors are constructed and analyzed in
this context; one with the gauge group E; x U(1) arising from a single line
bundle and a second with an SO(12) x U(1) x U(1) gauge group constructed
from the direct sum of two line bundles. Each hidden sector bundle is shown
to satisfy all requisite physical constraints within a finite region of the Kéahler
cone. We also clarify that the first Chern class of the line bundles need not be
even in our context, as has often been imposed in the model building literature.
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1 Introduction

The ten-dimensional theory of the massless modes of weakly coupled Eg x Eg heterotic
theory can arise in two ways. The first is directly from the Egx Eg heterotic superstring
after decoupling the heavy string modes [1,2]. The second follows from compactifying
eleven-dimensional M-theory on an S'/Z, orbifold in the limit of small radius [3H9].
Either way, the ten-dimensional effective action is a N = 1 supersymmetric theory
with a metric, dilaton, two-form and Eg x Eg gauge fields as the bosonic components.
In addition, it can contain topological five-branes. This can be reduced to an N =
1 supersymmetric theory in four dimensions by appropriately compactifying on a



smooth Calabi-Yau threefold supporting gauge fields satisfying the hermitian Yang-
Mills equations [10,/11] with the five-branes wrapped on holomorphic curves [12]. The
choice of the Calabi-Yau manifold and the gauge field background, that is, a slope-
stable holomorphic vector bundle with vanishing slope, determines the low energy
gauge group, spectrum, and coupling parameters [13-17].

In [18], it was shown that the low energy spectrum of a specific Calabi-Yau three-
fold and holomorphic vector bundle with structure group SU(4) C Eg is exactly that
of the minimal supersymmetric standard model (MSSM) with three right-handed neu-
trinos and one pair of Higgs-Higgs conjugate chiral multiplets. There are no exotic
or vector-like pairs of superfields. It was demonstrated in [19] that over a specific
subspace of the Kahler cone, this vector bundle is slope-stable with vanishing slope
and, hence, the low energy theory is N = 1 supersymmetric. For these reasons, this
vacuum of the observable Eg sector of the theory was called the heterotic standard
model. To complete the vacuum, it is essential to present the explicit vector bundle for
the second Eg hidden sector. In previous work [20-22], it was expedient to choose this
bundle to be trivial, requiring a five-brane sector with non-effective cohomology class
to satisfy the anomaly constraint. This anti-brane allows one to raise the potential
energy of the vacuum from negative to a small, positive cosmological constant [23],
that is, the heterotic equivalent of the KKLT mechanism [24]. It was shown in [19]
that, for vanishing five-brane class, a hidden sector SU(n) bundle satisfying the Bo-
gomolov bound [25] could exist in a subspace intersecting the region of stability of
the observable sector vector bundle. The Bogomolov bound is a necessary condition
for the hidden bundle to be N = 1 supersymmetric. At least on certain manifolds,
satisfying this bound is also sufficient [26-28]. However, an explicit example was never
constructed.

In a series of papers, both in weakly coupled [29-33] and strongly coupled [7}[8,34]
Es x Eg heterotic theory, the first non-trivial corrections—string one-loop and M-
theory order xk*? respectively—beyond tree level were constructed. These were pre-
sented for both the Fayet-Iliopoulos (FI) terms associated with anomalous U(1) gauge
factors and for the gauge threshold corrections. Furthermore, it was emphasized
in [29-33] that gauge bundles with U(n) structure groups, in addition to SU(n) bun-
dles, should be more closely scrutinized. Similarly, the appearance of line bundles on
the stability wall boundaries of SU(n) bundles was recognized in [34}35], and applied
more widely to construct new realistic models in [36-38]. In this paper, within the
context of the weakly coupled Eg x FEg heterotic string, we will apply these ideas to
construct a completely N = 1 supersymmetric hidden sector for the heterotic stan-
dard model. This hidden sector will have a non-trivial, but effective, five-brane class
and a hidden sector vector bundle composed of a direct sum of line bundles. Together
with the observable sector SU(4) vector bundle, this provides an explicit N = 1
compactification vacuum for the heterotic standard model.

Specifically, we will do the following. In we review the Calabi-Yau three-



fold and observable sector gauge bundle of the heterotic standard model introduced
in [18,/19]. The generic form of the hidden sector bundle as a sum of line bundles is
presented, as is an analysis of the explicit embedding of a line bundle into an Eg vector
bundle. Five-branes are also briefly discussed. consists of an analysis of the
four constraint conditions required for our compactification vacuum; namely, anomaly
cancellation, slope-stability of the observable sector bundle, N = 1 supersymmetry of
the hidden sector bundle and positivity of the threshold corrected gauge parameters.
The explicit constraint equations for each of these conditions are given. Two specific
examples are then presented in [Section 4] The first is obtained using a single line bun-
dle as the hidden sector bundle. Its exact embedding into the hidden FEj is discussed,
and it is shown to satisfy all required constraint conditions in a region of the Kéhler
cone. The associated low energy gauge group and spectrum of the hidden sector is
presented. As a second example, we choose the hidden sector bundle to be a sum of
two line bundles. Again, we elucidate its exact embedding into the hidden Eg, show
that it satisfies all necessary constraints in a region of the Kéhler cone and discuss
the associated low energy gauge group. Finally, important technical issues regarding
the embedding of line bundles into an Eg vector bundle are discussed in [Appendix Al

The analysis in this paper has a direct, but non-trivial, extension to strongly cou-
pled heterotic M-theory [3}4,8.9,39-44]. This will be presented in a future publication.

2 The Compactification Vacuum

A four-dimensional, N = 1 supersymmetric effective theory of the weakly coupled
Eg x Eg heterotic string is obtained as follows. First, one compactifies ten-dimensional
spacetime on an appropriate Calabi-Yau threefold, X. Second, it is necessary to con-
struct two Eg gauge bundles over the Calabi-Yau manifold. Two popular methods are
to utilize a slope-stable holomorphic vector bundle with vanishing first Chern class
or a line bundle. The latter is automatically slope-stable, but imposes the additional
physical constraint that the Fl-term must vanish. The associated gauge symme-
tries, spectrum and coupling parameters of the four-dimensional theory depend on
the specific choice of the compactification. In this paper, we will examine a physi-
cally relevant subset of such vacua; namely, those with the Calabi-Yau threefold and
observable sector vector bundle of the heterotic standard model [18}|19].

2.1 The Calabi-Yau Threefold

The Calabi-Yau manifold X is chosen to be a torus-fibered threefold with fundamental
group m1(X) = Zs X Zs. Specifically, it is a fiber product of two rational elliptic dPg
surfaces, that is, a self-mirror Schoen threefold [43,145-H49] quotiented with respect to
a freely acting Zs x Zs isometry. Its Hodge data is h''' = h!? = 3 and, hence, there
are three Kahler and three complex structure moduli. The complex structure moduli



will play no role in the present paper and we will ignore them. Relevant here is the
degree-two Dolbeault cohomology group

HY (X, C) = spanc{w;, wa, ws}, (1)
where w; = wmgdzadél_’ are dimensionless harmonic (1, 1)-forms on X with the property
W3/\W3:O, wl/\w3:3w1/\w1, WQ/\(,U?,:SCL}Q/\WQ. (2)

Defining the intersection numbers as

1
dijk:—/wi/\wj/\wk, i,j,k:1,273 (3)
VJx

where v is a reference volume of dimension (length)®, it follows from that

(0,5,0) (3.51) (©0,1,0
dige =1 (5,5.1) (5,0,0) (1,0,0) | . (4)
(0,1,0) (1,0,0) (0,0,0)

The {ij}-th entry in the matrix corresponds to the triplet (dgjulk = 1,2,3).

Our analysis will require the Chern classes of the tangent bundle 7'X. Noting that
the associated structure group is SU(3) C SO(6), it follows that rank(7°X) = 3 and
c1(TX) = 0. Furthermore, the self-mirror property of this specific threefold implies
c3(TX) = 0. Finally, we find that

1
CQ(TX) = m(lQ(ﬂl N wi + 120&.)2 VAN w2). (5)

We will use the fact that if one chooses the generators of SU(3) to be hermitian, then
the second Chern class of the tangent bundle can be written as

CQ(TX) = — trgo(6) RA R, (6)

1672

where R is the Lie algebra valued curvature two-form.

Note that H*? = H%? = () on a Calabi-Yau threefold. It follows that H'!(X,C) =
H?(X,R) and, hence, w;, i = 1,2, 3 span the real vector space H?*(X,R). Furthermore,
it was shown in [50] that the curve Poincaré dual to each two-form w; is effective.
Therefore, the Kahler cone is the positive octant

K = H2(X,R) C H*(X,R). (7)

The Kahler form, defined to be w,; = ig,; where g,; is the Calabi-Yau metric, can be
any element of JC. That is, the Kahler form can be expanded as

w=aw;, a >0, i=1723. (8)
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The real, positive coefficients a' are the three (1,1) Kahler moduli of the Calabi-Yau
threefold. Here, and through this paper, upper and lower H! indices are summed
unless otherwise stated. The dimensionless volume modulus is defined by

v Vi )

and, hence, the dimensionful Calabi-Yau volume is vV. Using the definition of the
Kahler form and , V' can be written as

1 1 o
V = 60 /Xw ANwAw= édijka’ajak. (10)

It is useful to express the three (1,1) moduli in terms of V' and two additional inde-
pendent moduli. This can be accomplished by defining the scaled shape moduli

V=V, i=1,2,3. (11)
It follows from that they satisfy the constraint
dijpb'b'b* = 6 (12)

and, hence, represent only two degrees of freedom. Finally, note that all moduli defined
thus far, that is, a’, V and b?, are functions of the four coordinates z*, u = 0,...,3
of Minkowski space M.

2.2 The Observable Sector GGauge Bundle

The Es x Eg vector bundle V over X is a direct sum of an observable sector bundle,
V), whose structure group is embedded in the first Eg factor, with a hidden sector
bundle, V) with structure group in the second Fg. V() is chosen to be holomorphic
with structure group SU(4) C Es, thus breaking

Es — Spin(10). (13)

Our analysis will require the Chern classes of V(!). Since the structure group is SU(4),
it follows immediately that rank(V®")) = 4 and ¢; (V) = 0. The heterotic standard
model is constructed to have the observed three chiral families of quarks/leptons and,
hence, V() must be chosen so that c3(V()) = 3. Finally, we find that

1
(V) = (w1 Awy + 4 wn Aws + 4wy Aw). (14)

Here, and below, it will be useful to note the following. Let V be an arbitrary vector
bundle with structure group G, and FY the associated Lie algebra valued two-form
gauge field strength. If the generators of G are chosen to be hermitian, then

1 1
2 trg FYANFY = chy(V) = 501()}) Acr(V) —c(V), (15)



where chy (V) is the second Chern character of V. Furthermore, we denote by trg the
trace in the fundamental representation of the structure group G of the bundle. When
applied to the vector bundle V) in the observable sector, it follows from cl(V(l)) =0
that

1
(V) = ) trsp FYAFY = - 1672

where F() is the gauge field strength for the visible sector bundle V) and trg,
indicates the trace is over the fundamental 248 representation of Eg. Note that the
conventional normalization of the trace trg, includes a factor of g5, the inverse of the
dual Coxeter number of Ez. We have expressed cy(V™)) in terms of trp, since the
fundamental SU(4) representation must be embedded into the adjoint representation
of Ey in the observable sector.

To preserve N = 1 supersymmmetry in four-dimensions, V) must be both slope-
stable and have vanishing slope [51,52]. In the context of this paper, these constraints
are most easily examined in the d = 4 effective theory and, hence, will be discussed
below. Finally, when two flat Wilson lines are turned on, each generating a different
Z3 factor of the Z3z x Z3 holonomy of X, the observable gauge group is further broken
to

trg, FO A FO), (16)

2.3 The Hidden Sector Gauge Bundle

In the hidden sector, the vector bundle V® introduced in this paper will be con-
structed entirely as the sum of holomorphic line bundles. Let us briefly review the
properties of such bundles on our specific geometry. Line bundles are classified by the
divisors of X and, hence, equivalently by the elements of the integral cohomology

H*(X,Z) = {aw + bws + cws | a,b,c € Z, a+b=0mod 3}. (18)

It is conventional to denote the line bundle associated with the element aw; + bws + cws
of H*(X,7Z) as
Ox(a,b,c). (19)

Note that the wq, wo, w3 are the natural basis of invariant integral forms on the covering
space. In order to correspond to integral forms on the quotient Calabi-Yau manifold
X, an element aw; 4+ bws + cws has to satisfy the additional constraint a+b = 0 mod 3
in order to be integral. This can also be seen from the intersection numbers (), which
are naively fractional. Only the intersection of classes satisfying a + b = 0 mod 3 is
integral. For the purposes of constructing a heterotic gauge bundle from a line bundle
Ox(a,b,c), this is the only constraint required on the integers a, b, c. In particular, as
explained in [Appendix A] it is not necessary to impose that they be even for there to
exist a spin structure on V. Although the auxiliary line bundle is not spin if a, b,
c are not even, the Eg bundle is always spin.

6



We will choose the the hidden sector bundle to be

R
VO =L, L =0x((, 206 (20)
r=1
where
4+ =0mod3, r=1,....R (21)

for some positive integer R. The structure group is U(1)%, where each U(1) factor
has a specific embedding into the hidden sector Eg gauge group. It follows from the
definition that rank(V(?)) = R and that the first Chern class is

1

C1(V<2)> = Z Cl(LT), C1 (Lr> = m(f%&)l + E?CUQ —+ E‘:’wg). (22)
r=1

Note that since V® is a sum of holomorphic line bundles, c;(V®) = ¢3(V®) = 0.

However, the relevant quantity for the hidden sector vacuum is related to the second

Chern character given in (I5). Defining F® to be the gauge field strength for the

hidden sector bundle V3, this becomes

R R
1 1
—5 trpyr FOANF® = chy (V) = " chy(Ly) = ) :Ecl(Lr) Nel(Ly)  (23)

2
r=1 r=1

since ¢y(L,) = 0. As in the observable sector, the U(1)® fundamental representation
must be embedded into the adjoint representation of the hidden sector Fs. Hence, the
physically relevant quantity is proportional to trg, of F A F®?) where we remind the
reader that our normalization of the Fg trace includes the % as in . Specifically,
the term of interest is

R R
1 2,
T e FOANFD =3~ 87‘; trpay E? AFP =Y " a, e1(Ly)? (24)
r=1 r=1
with a group-theoretic factor
1
ar = trg, Q2 (25)

where @), is the generator of the r-th U(1) factor embedded into the 248 representation
of the hidden sector Ey. Note that we have used in going from the second to the
third term in ([24)).

The definition of a, with the coefficient %‘ is, of course, a convention. However, it
is justified by the following computation which we leave as an exercise for the reader
to verify. Using the embedding U(1) C SU(2) C E; defined by eqns. and
below, the normalized trace is given by trg, Q% = 3—10 - 60 - 2. Therefore, the minimal



U(1) embedding in FEg leads to ami, = 1, explaining the conventional normalization
factor of % in ([25). In fact, by comparing the usual formula for the Chern character of
a line bundle (23)) with the Fg characteristic class , one might have guessed that
a, is half-integral. However, this is not true and a, is always integral. This is also
crucially important for the contribution to the heterotic anomaly, which must be an

integral cohomology class, to be well-defined. In we will discuss this in
more detail.

2.4 Wrapped Five-Branes

In addition to the holomorphic vector bundles in the observable and hidden sectors,
the compactification can also contain five-branes wrapped on two-cycles Cén), n =
1,...,M in X. Cohomologically, each such five-brane is described by the (2,2)-form

Poincaré dual to Cén), which we denote by W . Note that to preserve N = 1
supersymmetry in the four-dimensional theory, these curves must be holomorphic
and, hence, each W™ be an effective class.

3 The Vacuum Constraint Conditions

In order for the Calabi-Yau threefold X, the observable and hidden sector vector
bundles V), V) and the five-branes W™ discussed above to form a consistent com-
pactification, they must satisfy a set of physical constraints. These are the following.

3.1 Anomaly Cancellation

As discussed in [7H9,/51},52], anomaly cancellation requires that

1
trg, FOAFW 4 T

tr50(6) R/\R+ 71'2

1672

M
o trp, FOAFO =Y "W = 0. (26)
e
m=1

Using (6),(16) and (23),(24) the anomaly cancellation condition can be expressed as

e(TX) = eo(VO) + ) aper(Ly) Aer(Ly) =W =0, (27)

r=1

where W ="M wtm),

Condition (27) is expressed in terms of four-forms in H*(X,R). We find it easier
to analyze its consequences by writing it in the dual homology space Hy(X,R). In
this case, the coefficient of the i-th vector in the basis dual to (wq,ws,ws) is given by



wedging each term in with w; and integrating over X. Using , and the
intersection numbers , gives

s /X (:(TX) = 2 (V) Awrag = (£,7,-4). (28)

Similarly, , and imply

1 :
W/ cr(Ly) Aer(Ly) Awi = diplilh,  i=1,2,3. (29)
v X
Defining
1

it follows that the anomaly condition can be expressed as
R
Wi=(32,-4),+ ) adylith >0, i=123. (31)
r=1

The semi-positivity constraint on W follows from the requirement that it be an effec-
tive class to preserve N = 1 supersymmetry.

3.2 Slope-Stability of the Observable Sector Bundle

As mentioned previously, to preserve N = 1 supersymmmetry in four-dimensions the
holomorphic SU(4) vector bundle V) associated with the observable Fg gauge group
must be both

e slope-stable (to admit a solution to the Hermitian Yang-Mills equation), and
e have vanishing slope (because there is no FI term for SU(n) bundles).

Here, the slope of any bundle or sub-bundle F is defined as

u(F) :W/Xq(ﬂmm, (32)

where w = a’w; is the Kéhler form as in (§). The rank-4 bundle V() has vanishing
slope since ¢; (V) = 0. But, is it slope-stable? As shown in detail in [1923], one
can identify a set of 7 “maximally destabilizing” line sub-bundles

OX(L_la_l)a OX(_1717_1)7 OX(_27270)7 OX(27_27_1)7

33
0x(2,—5,1), Ox(1,—4,1), Ox(—4,1,1). (33)



It is a sufficient condition for stability to have all of their slopes be negative simulta-
neously. This singles out the subspace of the Kahler cone defined by the following 7
inequalities
—3(a' — a®)(a' + a® + 6a®) — 18a'a®* < 0
3(a' — a*)(a' + a* + 6a*) — 18a'a® < 0
6(a’ —a®)(a' +a® +6a”) <0
—6(a' — a®)(a' + a® + 6a®) — 18a'a® < 0 (34)
—3(5a* — 2a®)(a* + a* + 6a*) + 9a'a® < 0
—3(4a" — a*)(a' + a* + 6a®) + 9a'a® < 0
3(a' —4a®)(a' + a® + 6a®) + 9a'a® < 0.
These can be slightly simplified into the statement that a’,i = 1,2, 3 must satisfy at
least one of the two sets of inequalities

N2 a.1.2 2\2
<a <a’< 51 and a® < ) 3aa+(a)) or

6al — 6a?

2(a®)? — 5(at)? —(a")? — 3a'a® + (a?)?

(\/gal <a?<2a' and (3031 — 1;@; <ad < (a) R (@) )
The subspace K?® satisfying is a full-dimensional subcone of the Kahler cone K
defined in . It is a cone because the inequalities are homogeneous. In other words,
only the angular part of the Kahler moduli are constrained but not the overall volume.
Hence, it is best displayed as a two-dimensional “star map” as seen by an observer at
the origin. This is shown in|Figure 1l For Kéhler moduli restricted to this subcone, the
four-dimensional low energy theory in the observable sector is N = 1 supersymmetric.

(35)

3.3 N =1 Supersymmetric Hidden Sector Bundle

In the heterotic standard model vacuum, the observable sector vector bundle V() has
structure group SU(4). Hence, it does not lead to an anomalous U(1) gauge factor
in the observable sector of the low energy theory. However, the hidden sector bundle
V) introduced above consists entirely of a sum of line bundles and, therefore, has
structure group U(1)%. Each U(1) factor leads to an anomalous U(1) gauge group in
the four-dimensional effective field theory and, hence, an associated D-term.

Let L, be any one of the sub-line bundles of V(). Then, it was shown in [29] that
the associated FI term is

g2l4
FIYO: o u(L,) — 2/3/ e (LA
X

(Z ascr(Ls) A er(Ly) + %CQ(TX) -3 G+ /\m)QW(m)> . (36)

s=1

10
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Figure 1: Map projection of the unit sphere intersecting the Kdhler cone, that
is, the positive octant in H? (X, ]R) ~ R3. The visible sector bundle
V) s stable inside the red teardrop-shaped region K°. Every point
in the projection represents a ray in the Kdhler cone. For example,

(at,a?,a3) = (0,1,0) generates the ray in the wy direction.

where p(L,) is given in and
gs =€, 1, =2mV/o! (37)

are the string coupling and string length respectively. Furthermore, each A, is a real
modulus that, together with a self-dual two-form B, forms a tensor multiplet on
the six-dimensional worldvolume of the n-th five-brane. The normalization of these
moduli is chosen so that

M€ [21 1], (38)
The first term on the right-hand side, that is, the slope of L, defined in , is the
tree level result.

The remaining terms are the string one-loop string corrections first presented
in [29//32,[p3]. The general form of each D-term is as the sum of 1) the moduli
dependent FI parameter and 2) terms quadratic in the fields charged under the
gauge symmetry weighted by their specific charge. In this paper, for simplicity, we
will assume that all U(1)® charged zero-modes in the hidden sector have vanishing

11



expectation values. Then the hidden sector will be N = 1 supersymmetric if and only
if the moduli-dependent FI parameter vanishes for each L,. That is,

[ e nenew— gt [ aton

(Z asc1(Ls) N er(Ls) + %CQ(TX) — Z(% + /\m)2W(m)> =0 (39)

s=1 m=1

forr=1,...,R. Using , , , , , and noting from that
1 1
m /); §CQ<TX) VAN W; = (2, 2,0)1', (40)

it follows that for each L, condition can be written as

M
dijliala 92—/3 ( dijil’ Zasﬁﬁk—i—ﬁl (2,2,0 = > (3 +)\m)2£,’;Wi(m)> =0 (41)

m=1
where

1 oo
V= gdijkalajak. (42)

3.4 Gauge Threshold Corrections

The gauge couplings of the non-anomalous components of the d = 4 gauge group, in
both the observable and hidden sectors, have been computed to the string one-loop
level in [29-33]. Including five-branes, these are given by

AT 1 gfl?/
—_— = — WAWNAWw——7> WA
v Jx

9(1)2 6v X v
M (43)
<—C2(V( N+ 56a(X) =) (G- )\m)2W(m))
m=1
and
dr 1 Aw A g2l A
—g(2)2—a Xw w A w o Xw
- _ 1 2117(m)
(; ayc1(Ly) N er(Ly) + 2CQ(TX) ;(2 + An) W ) ,

respectively. The first term on the right-hand side, that is, the volume V' defined in
, is the tree level result. The remaining terms are the one-loop corrections first
presented in [29].
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Clearly, consistency of the d = 4 effective theory requires both ¢g(V? and ¢()?
be positive. It follows that the moduli of the four-dimensional theory are constrained
to satisfy

1
/w/\w/\w—9214/w/\<—02(v(1))
3 Jx be

and

1
g/xw/\w/\w—g2l4/w/\<2arcl ) A er(Ly)

(46)
As in the previous subsections, one can use , , (8], (14), , and to

rewrite these expressions as

dijkaiajak’ — i‘zg <—(§a1 + gaQ +4a*) + 2(a* + a®) — i(% — A\pn)?d’ Wi(m)> >0
" (47)
and
. g2l & M ‘
dijka’a]ak — U‘;/Z (dijkaz Zarﬁﬂk +2(a* + a? Z )2a’ Wi(m)> >0
r=1 m=1 48)
respectively.
4 Specific Examples
4.1 Constraints for a Single Line Bundle
We now present an explicit N = 1 supersymmetric hidden sector for the weakly

coupled heterotic standard model that satisfies all vacuum constraints. To do this,
one must specify the number of line bundles L, and their exact embeddings into
the hidden vector bundle Eg. Later in this section, we will consider the case of two

13



independent line bundles. However, for now we restrict ourselves to the simplest
example consisting only of a single line bundle

V@ =L, L=0x("73 ¢ (49)
parametrized by integers
B eZ, 00+ 02 =0 mod 3. (50)

Furthermore, the explicit embedding of L into FEg is chosen as follows. First, recall
that

is a maximal subgroup. With respect to SU(2) x E7, the 248 representation of Fjg
decomposes as

We embed the generator @ of the U(1) structure group of L—more specifically, the
generator of the S(U(1) x U(1)) Abelian group of the induced rank two bundle L& L*
in SU(2)—so that under SU(2) — U(1) the two-dimensional SU(2) representation
decomposes as

2— 10 -1 (53)

It follows that under U(1) x E;

248 — (0,133) & ((1.56) & (-1.56)) & (2D & (0, & (-2.1)). (54

The generator () of this embedding of the line bundle can be read off from expression
(54). Inserting this into (25), we find that

a=1. (55)

Having presented the hidden sector vector bundle, one must specify the number
of five-branes. For simplicity, we assume that there is only one five-brane in this
example. It then follows from , , and that the constraints for this

14



explicit example are given by

Wi= (5.5 —4), +dpltt >0, i=1,23  (56a)

oo 214 o .
dijkﬁzajak — Is's (dijk[%]gk + 62(2, 2, O)l

0273
~(1+ VW) =0, (56b)
i j ok 9515 8 1, 5.2 3
dijra'a’a” — 3%( — (3a' + 3a® + 4a’)+
+2(a' +a*) — (5 — )\)2aiVVi> > 0, (56¢)
o 9214 o
dijkaza]ak — 3% (dijka%wk—i—
+2(a' +a®) — (3 + /\)2aiVVZ-> > 0. (56d)

These constraints have to be solved simultaneously with the condition for the
slope-stability of the observable Eg non-Abelian vector bundle. That is,

(a')? — 3ala? + (a2)2) .

6al — 6a2

2(a%)? — 5(a')? ~(a')? — 3a'a? + (a%)?
5 1 2 1 3
(\/;a <a® < 2a and 2001 — 1902 <a’ < 6l 6

(al <a®< gal and a® < —
(56¢e)

We now seek simultaneous solutions to equs. (56al) to (56e]).

4.2 An E; x U(1) Hidden Sector

The first observation is that the system of equations (56b)) to (56e]) is homogeneous
with respect to the rescalingﬂ

L2 5 Gils 1 2 Y
(a,a,a,m)H(ua,ua,ua,um), > 0. (57)

Therefore, one can absorb the coupling constants into the Kihler moduli a’. In other
words, for a single U(1) the F'I = 0 equation (56b)) fixes one Kéhler modulus to a

certain numerical value measured in multiples of (ijﬁ)l/ ?
setting igg to unity, which we will do henceforth for simplicity.

Next, let us concentrate on the particular hidden line bundle

This is tantamount to

VA =L =0x(1,2,3), (58)

274
!Note that the coupling constants appear only in the combination g;%, which is a positive number.
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that is,
(04, 0%,0%) = (1,2,3). (59)

This choice cancels the anomaly with the effective five-brane curve class
W = (16,10,0) > 0. (60)

Having fixed the line bundle, we proceed to solve the Fayet-Iliopoulos equation (56b))

for a3, giving us

5 —2(a')? — (a?)? — 24a'a® — 108\* — 108\ + 117

a’ = .
6 (2a! + a?)

(61)

This can then be substituted into equations (56¢)), (56d) and (56€) to obtain a system
of polynomial inequalities in a', a® and .

Finally, one can scan through the range —% <A< % and plot the region of
validity in the a'-a? plane to find solutions. For example, with the numerical value of
A = 0.496, which is close to the hidden wall, we do indeed find solutions which satisfy
all of the constraints. The region where all physical constraints equations (56c]) to
are satisfied simultaneously is shown in yellow in . For clarity, and to
make contact with the visible sector stability region plotted in |[Figure 1} we present
the same data in [Figure 3| as a subset of the Kahler cone—that is, the positive octant

a', a?, a® > 0. This gives a multi-dimensional visualization of the facts that:

e The visible sector stability region (red) is a three-dimensional sub-cone of the
Kahler cone.

e The Fl-term stabilizes one particular combination of angular and radial Kahler
moduli, which is why the hidden sector U(1) constrains us to a two-dimensional
surface (blue) in the Kéhler cone.

4.3 Hidden Sector Matter Spectrum

We can now compute the low energy U(1) x E; particle spectrum from the cohomology
of the line bundle L. From the breaking pattern in and , one can read off
the representation content . The spectrum is then determined by the cohomology
groups of the corresponding tensor power of the line bundle. These are tabulated in
the middle column of [Table 1 They are valid for any line bundle L appropriately
embedded in the SU(2) C Fg. In determining the bundles associated with a given
representation, we used the fact that the line bundle L induces a rank two bundle
L & L* with structure group S(U(1) x U(1)) C SU(2). Recalling that L ® L* = Ox,
it follows that

End(LOLY) =(L®L)Q(LHLY)=(L*®L?DOx)®Ox . (62)
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Figure 2: The two-dimensional slice through the Kdahler cone where the FI-

term of the hidden line bundle L = Ox(1,2,3) with five-brane posi-
tion A = 0.496 vanishes. The slice is parametrized by (a',a?) with
a’ given by . In red, the visible sector stability condition, see
sub-figures a) and c). In blue, the region where the both the visible
and hidden sector gauge couplings are positive, see sub-figures b) and
¢). Their intersection is drawn in yellow, see sub-figure c).
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Figure 3: The Kdhler cone, in 3 dimensions (top) and the projection in radial directions
(bottom). The blue region KT is our hidden sector solution for L = Ox(1,2,3)
at A = 0.496. It shows the Kdihler moduli w = a'w; + a?ws + a*ws simultaneously
satisfying the F I = 0 condition and the positivity of the visible and hidden sector
gauge couplings. The red region KC° is the stability region of the visible sector
bundle from[Figure 1l The intersection K*NK+ is where all physical constraints

are satisfied.
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U(l) x E; Cohomology Index x
(0,133) H*(X,Ox) 0
(1,56) | H'(X,L) 3
(-1,56) | H(X,LY) =

(2,1) H*(X, L?) 58
(—2,1) H*(X, L*?) —58
(0,1) H*(X,Ox) 0

Table 1: The chiral spectrum for the Eg — U(1) x E; breaking pattern with
a line bundle L. The index x counts the number of left-chiral minus
the number of right-chiral fermionic zero-modes with the given gauge
charge.

Therefore
H*(End(L ® L*)) = (H*(L*) ® H*(L**) ® H*(Ox)) ® H*(Ox), (63)

corresponding to the (2,1),(—2,1),(0,1) and (0,133) representations respectively.

For each representation, the number of chiral fermionic zero-modes of the Dirac
operator is determined from the corresponding index y. For an arbitrary vector bundle
V on a Calabi-Yau threefold, the Atiyah-Singer index theorem tells us that

3

A(V) = S (1R, V) = / ch(V) A td(TX)

_ ]X (%cl(‘/) A ea(TX) + chg(V)) . (64)

In the case of any single line bundle of the form V = Ox (¢}, (2, ¢3), this simplifies to

1 1 1< o
(Ox (0", 2, %) = ggl + gez +5 D dil' ek, (65)

i k=1

Using this, the index of any of the tensor powers of L appearing in the middle column

of is easily computed.
Before restricting to the specific example specified in , let us present some

important generic results. To begin with, for any bundle V'

X(V) =—=x(V7) . (66)

Therefore, for V' carrying a real representation of its structure group, that is, V = V*,
it follows that x(V) = 0. For example

x(Ox) =0, (67)
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as indicated in the first and last entries of the third column of [Table 1 Hence, any
possible fermionic zero-modes associated with the representations (0,133) and (0, 1)
in the decomposition (54) must be non-chiral. In fact, one can determine the exact
number of conjugate pairs of fermions there are in any such representation. Recall
that the trivial line bundle Ox on a Calabi-Yau threefold X has cohomology groups
of dimension

R'(X,0x) = R} (X,0x) =1 (68)
and 0 otherwise. Note that this is consistent with a vanishing Atiyah-Singer index
since y = hY — h! + h%? — h3. Tt follows that for the trivial bundle Oy, there is exactly
one left-chiral fermion zero-mode specificed by h® = 1 and one conjugate right-chiral
fermion zero-mode specified by h® = 1. These are the conjugate fermion gauginos
in a vector supermultiplet. Specifically, our effective theory has one vector multiplet
in the 133 adjoint representation of E7 and one vector multiplet in the adjoint 1
representation of U(1).

A second generic result is that because of relation , one needs to compute the
index of only one bundle in each conjugate pair appearing in We will choose L
and L?, corresponding to the representations (1,56) and (2, 1) respectively. Consider,
for example, the bundle L. Then x(L) = ny — ng gives the number of chiral families
of fermionic zero-modes transforming in the (1, 56) representation. In principle, there
can also be some number of vector-like pairs of such zero-modes. However, these pairs
are naturally massive and, hence, we will ignore them. In fact, within the context
of an ample line bundle, such as , one can go further and actually compute the
number of positive and negative chirality modes. To see this, note that by definition
an ample line bundle has only positive entries ¢, £2, /3. An immediate consequence is
that

RY(X,L)=h'(X,L*)=0, i#0 (69)
by the Kodaira vanishing theorem. Therefore, only h°(X, L) and h%(X, L?) can be
non-zero. Recalling that y = h® — h! + h% — h3, it follows from that for each of
L and L? there is exactly x = h° left-chiral fermion zero-modes and no right-chiral
zero-modes. That is, there are no vector-like pairs. Note that this phenomenon of
a non-vanishing index arising from h° (and, generically, h%)-as opposed to h', h*-is
due to the fact that ¢;(L) # 0. That is, the hidden sector bundle is chosen not
to be supersymmetric classically. N = 1 supersymmetry is only restored by the non-
vanishing one-loop corrections to the Fayet-Iliopoulos term rendering the D-term zero.
Phrased another way, for stable SU(n) bundles V one has ¢;(V) = 0 and h° = h3 = 0.
Hence, the chiral spectrum is coming from h' and h? only. However, our bundles do
not have vanishing first Chern class. It follows that h° and, in general, A% need not
vanish. In principle, therefore, all 4 cohomology groups can contribute to the index.

To proceed, one must specify the line bundle L. Choose this to be (58)). Using
expression for the Atiyah-Singer index, we find

X(X,L)=8 for L=0x(1,2,3) (70)
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and, similarly, that

X(X,L*) =58 for L* = 0x(2,4,6), (71)
as indicated in the third column of [Table 1, That is, the effective U(1) x E7 theory

has 8 chiral supermultiplets transforming as (1,56) and 58 chiral supermultiplets
transforming as (2,1). In summary, the complete U(1) x E7 hidden sector spectrum
of our model is

1 x(0,133) +8 x (1,56) + 58 x (2,1) + 1 x (0,1). (72)

)=

4.4 Constraints for Two Line Bundles

In the previous section, we discussed the case of the hidden sector being a single
line bundle and presented a detailed solution. One can easily move on to bundles of
higher rank and show that indeed there is a plenitude of solutions. This is clearly
desirable for model building since each independent U(1) imposes one Fayet-Iliopoulos
vanishing equation and, therefore, stabilizes one Kéahler modulus. In this section, we
will consider the next simplest hidden sector consisting of the direct sum of two line
bundles

VO =L@ Ly,  Ly=Ox(03,02,03), Ly=Ox(£3,02,63) (73)

where
(42 =0mod3, r=1,2 (74)

Furthermore, Ly & Ly will be given the simplest simplest embedding into Eg, namely
via

Ul) xU((1) x SO(12) c SU(2) x SU(2) x SO(12) C Es. (75)

The branching rules easily follow from those of the SU(2) x SO(12) maximal sub-
group of F; in conjunction with . In particular, the adjoint representation of Ejg
decomposes under SU(2) x SU(2) x SO(12) as

©(2,2,12) ©(2,2,12) & (1,1, 66). (76)

One now has to choose the embedding of the generator (), of each of the two
U(1) structure groups into the corresponding SU(2). We again pick the simplest
embedding, identifying the structure group of L; with the center of the first SU(2),
as in (b3, and similarly for Ly. Consequently, under U(1) x U(1) x SO(12) we have
the branching rule

% — (07 271) S¥ (27071) S¥ (O) _27l> S¥ (_2a O)l) ¥ 2 % (07071)
D (17 _172) ) (_17 172) ) (_17 _172) D (Q&@)
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As before, one can read off from the group-theoretic embedding coefficients a;
and as. They are given by
a; = ag = 1. (78)

Again assuming that we have only a single fivebrane, the constraints for the case of
the direct sum of two line bundles—analogous to equations (H6a)) to (56¢e)—are

2
Wi=(3.2,-4),+ > dplitf >0, i=1,2,3  (79)
r=1

o g3l i ;
dijilya’a* — 3/3 (dijkaé%f +6,(2,2,0);
v
_(% 4 )\)2€iwi> =0, r=1,2 (79]9)
o 24
dijkaza]a/k _ 3i§/§ ( _ (gal 4 §a2 + 4a3)
+2(a’ +a®) — (5 - Af@iWi) >0 (79

. 274 o
dijkaza]ak — 3% <dijka7’€3€k +2(a* + a?)

~(3+N)%W) >0, (79d)

6al — 6a2

2(a%)? — 5(a')? —(a')? = 3a'a? + (a%)?
5 1 2 1 3
(\/;a <a® < 2a and 00— 192 <a’ < R

—(aM)? — 3ata? 2\2
(a1<a2§ gal and a® < (a)) aa—l—(a)) or

(79¢)

We point out that only the first two sets of equations differ from the single line bundle
case in the previous section. We must now find simultaneous solutions to equations

[ to (709,

4.5 An SO(12) x U(1) x U(1) Hidden Sector

We will now focus on the specific direct sum of two line bundles given by
VO =L@ Ly =0x(2,1,1) ® 0x(0,3,2). (80)
In terms of our basis choice for the first Chern class, see , this is

(01,03,03) = (2,1,1), (£3,05,03) = (0,3,2). (81)
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For simplicity, we assume that there is only a single five-brane. In order to cancel the
heterotic anomaly for this choice of bundle and embedding, it must then wrap the
effective curve class

W =(20,9,0) > 0. (82)

. . . . 214
As in the previous section, we use the homogeneous rescaling (57)) to set g; s =L

We will also use the same five-brane position for convenience; namely A = 0.496. The
only remaining parameters are now the Kahler moduli a', a? and a?, subject to two
FI-term constraints and a number of inequalities. We first consider the two FI-term
constraints , which are two quadratic equations that stabilize two of the three
Kahler moduli. The standard strategy to parametrize the solution set is to pick one
variable and then compute a lexicographic Grobner basis with the chosen variable
last. If we pick a® as the parameter, then the result is that a? is a real solution of the
quartic equation

(a®)*4-6.7058a%(a?)® +4.2352(a*)*(a*)? — 0.3955(a?)* — 1.5808a%a? —1.1801 = 0 (83a)
and, finally,
a' = 1.2651(a*)® + 8.4839a°(a?)* + 5.3582(a*)%a® — 0.83377a* — 4a®. (83b)

It remains to impose all inequalities; namely, the positivity of all Kéahler moduli,
the gauge couplings equations and , as well as the visible sector stability
conditions . The numerical result is that the free Kédhler modulus has to lie in
the interval

0 < a® < 0.0701743. (84)

It then follows that the unique positive root a? of (83al) and a' determined by (83b))
satisfy all physical constraints. For example, if we pick a® = 0.06 then the remaining
Kahler moduli and gauge couplings are

(a',a* a*) =(0.95,1.06,0.06),
A Arw (85)
The entire one-dimensional solution set is plotted in [Figure 4]

Finally, as in the one line bundle case, the particle spectrum of this low energy
SO(12) x U(1) x U(1) hidden sector can be computed from the cohomology of the
various tensor products of Ly and Ls. Since this is similar to the discussion in Sub-
section 4.3, but rendered more complicated by the presence of two line bundles, we
will not discuss the results here.
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Figure 4: The Kdhler cone, in 3 dimensions (top) and the projection in radial directions
(bottom). The 1-dimensional blue region KT is our hidden sector solution for
L1 ® Ly = 0x(2,1,1) ® 0x(0,3,2) at A = 0.496. It shows the Kdhler moduli
w = a'w + a’wy + adws simultaneously satisfying the two independent FI = 0
conditions for the two U(1) factors, as well as the positivity of the isible and
hidden sector gauge couplings. The red region K° is the stability region of the
visible sector bundle from. The intersection K*NK T is where all physical

constraints are satisfied.
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Appendix A Line Bundles and Eg

A.1 Induced Bundles

The usual approach of constructing Eg bundles for heterotic strings is to first construct
a G-bundle for a smaller group G and then use a map (group homomorphism) v :
G — FEjg to build an induced Eg bundle. Really, this is just the composition of the
G-bundle presentation [X, BG] with By : BG — BEs. Explicitly, we can think
of the G-bundle as a collection of transition functions ¢, : Uys — G on overlaps
Uass = Uy NUs. The transition functions of the induced Es bundle are then simply
given by the composition @,5 = 1) 0 @ap. A popular choice for G is SU(n), equivalent
to a rank-n vector bundle of vanishing first Chern class. This is usually combined with
a group homomorphism SU(n) C SU(9) — SU(9)/Z3 C Ex that factors through the
SU(9)/Zs Subgroupl corresponding to removal of a node in Ej affine Dynkin diagram.

However, there is no need to pick a special unitary group and, for the purposes
of this section, we are considering G = U(1). As a first example, the easiest group
homomorphism to Es can be obtained from embedding U(1) as a maximal torus in
SU(2) and then embedding it further in SU(9) — Eg. Up to a choice of coordinates,
this is the homomorphism

U(l) = SU(2), € (eXpém) eXp(O_Z. ¢)) (86)

or 1 — ({ %) in the Lie algebra. This construction cannot yield the most general Fg
bundle, but rather only one whose structure group can be reduced to SU(9)/Z3 C FEs.
This is of course desirable for phenomenological applications, so that not all of the Fy
gauge group is broken. In this example, the commutant of SU(2) in E(8) is E;/Zs and

2Because it will be important in this appendix, we will break with the physics tradition and be
careful about discrete quotients of groups. A good reference for the relevant group theory is [54].
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the embedded U(1) C SU(2) commutes with it self. Hence, the overall commutant
and unbroken gauge group of U(1) C Eg is (E7 x U(1))/Zs.

A.2 Consistency Conditions

It is occasionally claimed that a U(n) bundle, for example, a line bundle, has to satisfy
extra divisibility conditions in order to define an induced Eg bundle. However, this is
not true and any bundle together with a U(n) — Eg homomorphism is admissible. In
particular, the first Chern class of the line bundle need not be even.E] An FEg bundle
is automatically spin since FEg is simply connected. While it is true that a line bundle
with an odd first Chern class is not spin, any induced Eg bundle is well-defined and
admits adjoint spinorsf_f] Since the U(n) bundle is purely auxiliary in this construction,
there is no need for it to be spin. This is related to the fact that the contribution
to the heterotic anomaly from a line bundle is always an even multiple of its second
Chern character, as we will discuss in [Subsection A.3|

There is a related, but different, context where an even first Chern class does play
a role [55,56]. In an effort to clear up any confusion, let us review it in the remainder
of this subsection. First, recall the usual conformal field theory construction of the
Eg x Eg heterotic string. There are 36 real left-moving fermions, 16 for each Eg. The
GSO projection acts as a minus sign, so the 16 fermions transform under Spin(16)/Zs.
Only this group, and not the whole Spin(16), is a subgroup of Eg. Since it is still
difficult to construct the most general Spin(16)/Z, bundle, it is tempting to combine
the 16 real spinors into 8 complex ones and construct a U(8) gauge bundle for them.
The trouble is that this constructs a U(8) C SO(16) gauge bundle which need not
be a Spin(16)/Zs bundle. A sufficient condition to avoid this problem is if the U(8)
bundle is spin, that is, has even first Chern class. In that case it lifts to a Spin(16)
bundle, which we can divide to obtain a Spin(16)/Z, bundle. The key difference is
that this does not use a U(8) — Spin(16)/Zy C Es homomorphism to construct an
induced Eg bundle, but rather relies on a lifting that might not exist.

A.3 Chern Classes and the Anomaly

The heterotic anomaly cancellation condition for two Es-bundles VM, V) s
— (VW) = o(VP) + eo(TX) =W € HY(X,Z), (87)

where W is the the class of the five-brane(s). Here, ¢y of a Eg bundle means its
degree-4 characteristic class. Completely analogous to the usual Chern classes, it

3That is, divisible by 2.

4We remark that this is different in the Spin(32)/Zs heterotic string if one uses a line bundle
and U(1) — SO(32) homomorphism. In this case, the line bundle does have to satisfy additional
constraints for the induced bundle to lift to a Spin(32)/Zs bundle.
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is unambiguously defined in integral cohomology as the pull-back of the generator
¢y € HY(BFg,Z) ~ Z by the map [X, BEg] defining the bundle. Fortunately, we
never have to actually evaluate the homotopy-theoretic definition. For an Eg bundle
whose structure group reduces to the SU(9)/7Zs subgroup, which is the case we are
interested in for phenomenolgical reasons, the degree-4 characteristic class of the Ejg
bundle coincides with the usual second Chern class of the SU(9) bundle. Hence, the
contribution to the anomaly of such an induced bundle V, defined by a U(n) bundle
V' and homeomorphism p : U(n) — SU(9) can be computed in terms of the Chern
classes of V' and the group theory of p.

Let us consider the case where V(Y = L, is induced from a line bundle L and
p: U(l) — SU(9). On general grounds, the anomaly cancellation condition then
must be of the form

a, ci(L)? — (V) +e(TX) =W € HY(X,Z) (88)

since the only available characteristic class is ¢; (L) with some group-theoretic numeri-
cal coefficient a,. In de Rham cohomology the visible sector contribution is represented
by
a, c1(L)? = 2a, chy(L) = # tr, FAF (89)
It is suggestive, but wrong, that the coefficient a, should be half-integral such that
the contribution of the line bundle to the anomaly is always an integer multiple of
its second Chern character. In fact, the coefficient a, is always integer which is twice
what one would naively expect] This is also required for the anomaly contribution
a,c1(L)? to define an integral cohomology class. As the simplest example, let us return
to the p: U(1) = SU(2) C SU(9) embedding from (86). The induced SU(9) bundle
is
L,=LeL el (90)

so its second Chern class is —cy(L,) = ¢3(L), that is, a, = 1.

A.4 Example

As a more complicated example, we now consider a combination of line bundle and
non-Abelian bundle. Let us start with a SU(3) bundle V' and a line bundle L. We
can use this data with different group homomorphisms to construct the same SU(9)
(and, therefore, Es) bundle in two different ways:

(A) Use the group homomorphism
pa:SUB) xU(1l) — SU4) C SU(9),

€i¢93><3 0 0

. . 91

(933, €'7) 0 e 3 0 (O1)
0 0 1545

SFor discrete Wilson lines, this observation was already made in the footnote on Page 88 of [57].
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(B) The direct sum (V ® L)@ L™ is a rank-4 bundle with vanishing first Chern class.
We combine it with the trivial embedding pp : SU(4) C SU(9).

Both constructions yield the same induced SU(9)-bundle, namely

E=VeLelL?al;=Vael), =((VeLl)eL?) (92)

B’

Its contribution to the heterotic anomaly is —co(E) = —co(V) + 3¢1(L)% In other
words, the group-theoretic coefficient a, = 3. It is again an integral class, as it must
be.
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