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CANONICAL BASES FOR FOCK SPACES
AND TENSOR PRODUCTS

JOSEPH CHUANG AND KAI MENG TAN

ABSTRACT. We relate the canonical basis of the Fock space represent-
ation of the quantum affine algebra U, (gA[n), as defined by Leclerc and
Thibon [LT], to the canonical basis of its restriction to Uy(sl,), regarded
as a based module in the sense of Lusztig. More generally we consider
the restriction to any Levi subalgebra. We deduce results on decomposi-
tion numbers and branching coefficients of Schur algebras over fields of
positive characteristic, generalising those of Kleshchev [K]] and of Tan
and Teo [TT].

1. INTRODUCTION

The complete determination of the decomposition numbers of the sym-
metric groups and Schur algebras in positive characteristic p is a well-known
and longstanding open problem, for which a complete solution does not
seem to be forthcoming. Related to these decomposition numbers are the
g-decomposition numbers arising from the canonical basis for the Fock space
representation of the quantum affine algebra Uq(g?[n). These g-decomposition
numbers, as conjectured by Leclerc and Thibon [LT] and shown by Varagnolo
and Vasserot [VV], are polynomials in ¢ with nonnegative integer coefficients
and when evaluated at ¢ = 1 give the corresponding decomposition numbers
for the v-Schur algebra in characteristic zero where v is a primitive n-th root
of unity. As shown by James [Jam], when n = p, the decomposition matrix
for the Schur algebra can be obtained by postmultiplying the decomposition
matrix of the v-Schur algebra in characteristic zero by an adjustment matrix
which has nonnegative integer entries and is unitriangular when the indexing
set is suitably ordered. As such, the g-decomposition numbers provide a first
approximation to the decomposition numbers of the Schur algebras.

James’s Conjecture asserts that this first approximation is in fact an
equality whenever the indexing partitions have p-weight less than p. Even
though the conjecture is now known to be false in general [W], it has
been proved in some cases, such as in Rouquier blocks [CT] and in blocks
with p-weight less than 5 [F1, F2]. It has also been shown that the first
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approximation is in fact an equality in many cases irrespective of the p-weight
of the indexing partitions; see for example [T, TT].

In [K1], Kleshchev introduces the combinatorics of sign sequences, and uses
it to describe the decomposition number dy,, when the partition A is obtained
from p by moving one node. Subsequently, the present authors and Miya-
chi [CMT2] provide closed formulas for the corresponding g-decomposition
number dy,(q) using the same combinatorics. More recently, the second
author and Teo [TT] provide closed formulas for dy,(¢) when X is obtained
from p by moving any number of nodes as long as all of them have the same
n-residue, and show that, when n = p, dy,(1) = d),. The astute reader of
[TT] who is familiar with the work of Frenkel and Khovanov in [FK] will
be struck by the uncanny similarity between the last closed formulas and
those describing the canonical bases of tensor powers V2®d of the natural
two-dimensional representation V3 of the quantum enveloping algebra Uy (slz),
although the former is formulated using the combinatorics of sign sequences
while the latter is described by graphical calculus. It is natural to attempt
to find out the exact relationship between the latter canonical bases with
that of the Fock space representation. This is the main motivation of our
work appearing in this paper.

We briefly describe our results here. For our purposes it suffices to
consider the subalgebra U = Uq(;[n) of Uq(é\[n). Let n = (ny,...,n,) be
a tuple of positive integers such that n; + --- + n, = n, and let U(n)
denote the subalgebra of U isomorphic to Uy(sl,,) ® -+ ® Uy(sl,, ). We
show that the Fock space representation F; indexed by an integer s (see
subsection 2.3 for formal definition), when restricted from U to U(n), has a
natural decomposition, which corresponds to partitioning the standard basis
of Fs into subsets in a certain way. Each summand F; of the restriction is
isomorphic to a tensor product of irreducible U(n)-modules and hence, as a
based module in the sense of Lusztig [Lu], is equipped with a canonical basis.
We then show that a subset of the canonical basis of F5; maps to this basis of
Fi under the natural projection map Fs — F¢ (Theorem 5.2). The difficulty
in directly relating the canonical bases of Fs and F; stems from the differing
nature of the corresponding ‘bar involutions’ that fix basis vectors: in the
Fock space, the involution is given by reversing ¢g-wedges [LT], whereas for
tensor products of based modules, it is defined through quasi- R-matrices
[Lu].

Subsequently, the results in [FK] can be exploited to provide more in-
formation when n; = 2 for some j. In particular, this establishes the exact
relationship between the canonical basis of the Fock space and that of V2®d.
We also obtain closed formulas for some of the branching coefficients for Fs.

We then turn our attention to the Schur algebras. Assuming the results of
Kleshchev [KIl] describing the branching coefficients [Res(L(p)) : L(A\)] when
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A is obtained from p by removing a normal node, we obtain closed formulas
for the decomposition numbers dy, when A is obtained from p by moving
some nodes whose p-residues are pairwise non-adjacent (Corollary 6.2),
generalising the results of [T'T] on the decomposition numbers. We also show
that [Res(L(u)) : L(A\)] = 0 whenever A is obtained from p by removing a
node and moving other nodes while preserving their p-residues, such that
the p-residues of all these nodes are pairwise non-adjacent (Theorem 6.5).

We now indicate the layout of this paper. We begin in the next section
with a short account of the background theory which we require. In section 3,
we prove some preliminary results which we shall require in a general setting
to deal simultaneously with the quantized Fock spaces and the Grothendieck
group of the Schur algebras. In section 4, we describe the restriction of
the quantized Fock space to U(n) as a direct sum of factors F¢ isomorphic
to tensor products of exterior powers of the natural n;-dimensional repres-
entations of the U,(sl,;). In section 5, we relate the canonical basis of the
quantized Fock space to that of F;. In section 6, we apply an argument
analogous to that used in section 5 to the Schur algebras and obtain closed
formulas for the decomposition numbers mentioned above.

2. PRELIMINARIES
Denote N={1,2,...,} and Ny ={0,1,...}.

2.1. Partitions, S-numbers, abaci. A partition A\ = (A1, \g,...) is an
infinite weakly decreasing sequence of non-negative integers such that A\ =0
for all large enough k. We write |A| for >~>°; A;, and denote the set of all
partitions by P.

For A\ € P, define its Young diagram [\] = {(i,j) € N* | j < \;}. The
elements of N2 are usually called nodes in this context. A node (a,b) is to
the left of a node (c,d) if b < d, in which case (¢, d) is to the right of (a,b).
If n € N, the n-residue of a node (4, ) is the residue class of j — ¢ modulo
n. For convenience, for k € Z, we will say a node has n-residue k if the
n-residue of the node is the residue class of k¥ modulo n.

A node n € [\ is removable if [\]\ {n} = [u] for some p € P, in which case
we also say that n is an addable node of [u] (or simply p). The removable
node is normal if it, as well as any of the removable or addable nodes with
the same n-residue as and to the right of n, has at least as many removable
nodes as addable nodes of the same n-residue to its right.

For (a,b) € [\], define

hap(N) ={(4,7) € [\] | i > a, j > max(b, \jy1)}.

This is a rim hook of [A] (or simply A). Note that [A] \ hes(X) = [v] for some
v € P; we say that v is obtained from A by unwrapping b, ,(A) and A is
obtained from v by wrapping bg p(N).
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A subset B of Z is a set of S-numbers if [Ng N B| + |Z< \ B is finite.
Denote the collection of all sets of S-numbers by 8. If B € B, then since it is
bounded above, we can arrange its elements in decreasing order and obtain its
associated -sequence B = (By, Ba,...). Write §(B) = [NgN B| — |Z<o \ B|,
and for each s € Z, let B, = {B € B | s(B) = s}.

For each A € P and s € Z, define B5(A\) = {\i+s—1i | i € N}. Then
Bs(A) € Bs. In fact, A <> B5(\) gives a one-to-one correspondence between
P and B;. More generally, we have a bijection between P x Z and B given
by (A, s) <> Bs(A). For each B € B, write Par(B) for the partition such that
(Par(B),s(B)) + B.

The n-abacus was introduced by James to facilitate manipulations with
rim hooks of size n (see, e.g. [JK]). It has n vertical runners, labelled 0,
1, ..., n—1 from left to right, and infinitely many rows, labelled by Z in
an ascending order from top down. The position on row ¢ and runner j
of the n-abacus is labelled in 4+ j. Thus the positions on the n-abacus are
labelled by integers running left to right and top to bottom, with position 0
in the leftmost runner. We may display any subset S of Z on the n-abacus
by placing a bead on position x for each x € .S. We do so especially for the
elements B € B. See Figure 2.1 for an example.

Ficure  2.1. Displaying the  partition A =
(13,12,10,8,8,8,6,5,5,3,2,1,1) on a 9-abacus, with
s = 14.

Moving a bead from position a on the n-abacus display of B to a vacant
position b produces the display of B’ = B\ {a} U {b}, and s(B’) = s(B).
If @ > b, then Par(B’) can be obtained from Par(B) by unwrapping a rim
hook of size a — b, namely b, ,(Par(B)) where a = B,, B..1 <b< B, and
y=z+b+1—s(B). Conversely, if u € P is obtained from A by unwrapping
a rim hook of size ¢, then Ss(un) = Bs(N\) \ {z} U {y} for some z € B5(\) and
y ¢ Bs(\) such that x —y = ¢.
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In particular, moving a bead on runner ¢ in the n-abacus display of B to
its vacant preceding position corresponds to removing a removable node of
n-residue 45, where iy is the residue class of i — s modulo n, from Par(B).

The n-core of X is defined to be the partition obtained from A by success-
ively removing rim hooks of size n. This is the partition obtained by sliding
the beads in the n-abacus display of A up their respective runners as high up
as possible, and is thus well-defined (i.e. independent of the order in which
the rim hooks of size n are removed).

Let > denote the usual lexicographic ordering on the set of infinite se-
quences of integers, so that (aj,az,...) > (b1, ba,...) if and only if there
exists r € N such that ay = by for all k < r and a, > b,.. Then > restricts to
a total order on P and on {B | B € B} and hence on B. It is easy to see
that, for A\, u € P, the following statements are equivalent:

(1) A>p.
(2) Bs(A) > Bs(p) for all s € Z.
(3) Bs(A) > Bs(p) for some s € Z.

Note that, from our definition, it is possible for A > p when |\| # |u|, and
for B > B’ when s(B) # s(B').

We now define a coarser order on B. Let B, B’ € B. We write B —,, B’
if B = B\ {a,b} U{a —in,b+ in} for some a,b € B and i € N such that
a>b+in and a —in,b+in ¢ B. The Jantzen order >, on B is defined
as follows: B >; B’ if and only if there exist By,...,B; € B (¢t € Ng) such
that By = B, By = B’, and B;_1 —, B; for all i = 1,...,t. We note that, if
A, 1 € P, then Bs(A) =y Bs(p) for some s € Z if and only if Bs(N) =, Bs(1)
for all s € Z. As such, we may define the relations —, and >;, on P: if
A, € P, then A —, p (resp. A >, w) if and only if B5(A) —, Bs(u) (resp.
Bs(A) >, Bs(p)) for some s € Z. Note that A —, p if and only if A >
and p is obtained from A by unwrapping a hook of size in from A\ and then
wrapping a hook of size in.

2.2. Quantized enveloping algebras. Let U = U, (saA[n) be the quantized

enveloping algebra of affine type ASZI; it is the unital associative C(q)-algebra

generated by e;, fi, K Zi (0 < i < n), subject to the following relations:

KiKS =1=K Kf, K Kf=KK',
K e;K; = q%ej, K fiK; =q " fj,
K} — K/

eifi — fiei = 0 —2 ’
iJJ A 1] q_q_l

S ] e el =0 £,



6 JOSEPH CHUANG AND KAI MENG TAN

1—a;;

VM ] BT =0 G #0).

k=0
Here A = (aij)o<i,j<n is the Cartan matrix of type Ailzl, and [}'], =
[m]q[[gq_[liking[EiJrl]q where [i], = g\ +_q3_i + o + ¢ 3+ ¢! forall i € N.
For convenience, if j € Z and j =, j with j € {0,1,...,n — 1}, we also
write f; for f;.
Fix a tuple (ny,...,n,) of positive integers such that n; +--- +n, = n,

and, for each j =1,...,7, let

J
05 = E Ng.-
a=1

Let U(n) be the corresponding Levi subalgebra of U, isomorphic to Uy (sl,, )®
- ® Ugy(sly, ), the quantized enveloping algebra of finite type A, —1 x - -+ X
Ap,—1. So U(n) is the subalgebra of U generated by the e;, f; and K li such
that ¢ # oy for all kK with 0 <k <r — 1.

The assignments ¢(e;) = e, ¢(fi) = fi, ¢(KF) = K define a C(g)-
semilinear automorphism ¢ : U — U. (Here, and hereafter, a map f :
V — W between C(q)-vector spaces is C(q)-semilinear if and only if f(v; +
a(q)v2) = f(v1) +a(qg ') f(v2) for all vi,v2 € V and a(q) € C(q).) Likewise,
wle) = fi, w(fi) = e, W(KF) = K& can be extended to a C(g)-lincar
antiautomorphism of U. The maps ¢ and w restrict to an automorphism
and an antiautomorphism of U(n), respectively.

We define a coproduct A : U - U ® U by

Ale) =e; @1+ K, Qey,
Alf)=fio K +1® f;,
A(KF) = Kf @ K.

It restricts to a coproduct on U(n). Note that A differs from the coproduct
used in [Lu| and [Jan], which is (¢ ® ¢) o A o ¢, and from that used in [Ka],
[HK] and [Le], which is (w ® w) o Ao w.

Given two U-modules (resp. U(n)-modules) M and N, we take the U-
module (resp. U(n)-module) structure on M ® N to be given by the pullback
along A.

2.3. Fock spaces. Let
F = Clg)A
AeP
be the C(g)-vector space with distinguished basis given by the set P of
partitions of all natural numbers.
In [LT], Leclerc and Thibon defined an C(g)-semilinear bar involution
x — T on F. They proved the existence of another distinguished basis
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{G(\) | A € P} of F, called the canonical basis, which has the following
characterization:
GN) —Xe > qZlgp, GO)=G(\).
HEP

Let (—,—) be the symmetric bilinear form on F with respect to which P
is orthonormal. For A, i € P, define dy,(q) € C(q) by

d)\u(Q) = <G(:u)7>‘>

As the involution defined in [LT] depends on a fixed integer n > 2, dy,(q)
also implicitly depends on n. When we need to emphasize the role of n, we
shall write d/(lu(q) instead. For convenience, we further define diu(q) = O

We shall make use of the following remarkable properties of these g¢-
decomposition numbers dy,(q):

Theorem 2.1.
(1) du@) = 1.
(2) If X # p, then dx,(q) € qNolq].
(3) If dau(q) # 0, then pu >, A.

Recall the collection B of all sets of S-numbers. Define F7 to be the
C(q)-vector space with basis B. Following [H, MM], we define an action
of U = Uq(;[n) on Fyz as follows. Let B € B, and take x ¢ B such that
x—1€B. Let C =B\ {z—1}U{x}, and

No(B,C)={yeBly>z, y=pz—1} —{yeBly >z, y=, 2},
No(B,C)=Hy¢Bly<z—1, y=,o-1}-{y¢Bly<z—1, y=,x}|

Here, and hereafter, we write a =, b for a = b (mod n). For B € B and
0<i<mn,let

Ni(B)=H{y¢Bly—-1eB,y=,i}|-|{yeB|y—1¢ B,y=,i}|
Then we have

ei(C) = ZQN<(B’C)C, fz(B) — ZQN>(B’C)Ca K%(B) _ qu(B)’
B c

where the first sum runs over all B € B such that B =C \ {z} U {z — 1}
for some x € C, x =, i and z — 1 ¢ C, and second sum over all C' € B such
that C = B\ {x — 1} U{z} forsome z — 1€ B,z =, i and = ¢ B.

Let s € Z, and write F; for the vector subspace of F7 with basis B
(={B € % | s(B) = s}). It is easy to see that F is invariant under the
U-action defined above. Furthermore, the bijection from P to B, defined
by A — Bs(\) induces a C(g)-linear isomorphism [y : F — F,. Thus via
this isomorphism, F inherits the bar-involution from F, while F inherits an
U-action from F;. The action of e; and f; on F via 85 may be described as
follows. Let i be the residue class of i — s modulo n. Suppose that A € P
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has an addable node n of n-residue is, and let u be the partition obtained
by adding n to A. Let N~ (A, 1) (resp. N<(A, 1)) be the number of addable
nodes of \, of n-residue i4 and to the right (resp. left) of n, minus the number
of removable nodes of A, of n-residue i5 and to the right (resp. left) of n.
For A € P and 0 <i < n, let N;(A) be the number of addable nodes of A of

n-residue 7 minus the number of removable nodes of A of n-residue 7. Then

eilp) =D a NN f) =DM KEO) = ¢
A Iz

where the first sum runs over all partitions A that can be obtained by
removing a removable node of n-residue ¢ from g and the second sum runs
over all partitions p that can be obtained by adding an addable node of
n-residue i to A.

For each A € P, write G5(X) for S5(G(N)).

Theorem 2.2 ([LT]). For alluw € U and x € F,, we have
uz = ¢(u) T.
In particular, for 0 <i <mn,

£i(Ga(N) =D L (9)Gs(p),

neP
where LY (q) = LK(q™") € C(q) for all p € P.

Lascoux and Thibon in fact extend the action of U on F; to an action of
the larger algebra Uy,(gl,,), and prove the theorem in this context. We will
not require the extended action.

2.4. Tensor products of based modules. In this subsection we give an
abbreviated introduction to Lusztig’s theory of based modules over quantized
enveloping algebras; see [Lu, Chapters 27-28] for full details, though note
that since our coproduct is slightly different, we need to swap ¢ and ¢~ ! in
Lusztig’s account. The theory is valid in finite type; we consider specifically
based modules of U(n), the subalgebra of U defined in subsection 2.2.

A based U(n)-module M is a finite-dimensional weight U(n)-module
equipped with a C(g)-basis B satisfying certain conditions, amongst which

are the following;:

(1) each b € B is a weight vector.
(2) for all w € U(n) and m € M, we have ¥y (um) = ¢(u)pr(m), where
s is the C(g)-semilinear involution of M fixing every element of B.

Any highest weight irreducible U(n)-module, together with its canonical
basis, is a based module.

Recall that U(n) = Uy(sly,) ® -+ ® Uy(sly, ). Given a based Ugy(sly,)-
module (M), BY) for each j = 1,...,r, we may form the ‘external’ tensor
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product

M:M(1)®...®M(7’)7
a U(n)-module. Tt is then clear that the basis B = B @ ... @ B(") satisfies
the two properties above, and in fact it is true that (M, B) is a based
U(n)-module.

We now turn to the consideration of ‘internal’ tensor products. Let
(My, By),...,(Mg, Bg) be based modules of U(n). The coproduct on U(n)
gives a U(n)-module structure M = M; ® --- ® My. However M together
with the obvious basis B® := B; ® - - - ® By is not necessarily a based module.
In order to correct this deficiency, Lusztig defines an involution s of M,
constructed out of the involutions 1), and the quasi- R-matrix of U(n), and
shows that for each b = (b1,...,bq) € B := B X --- x By there exists a
unique element

b°:b1<>---<>bd€M
such that
Yu(b®) =b° and b° —b® € ) qZ[glc®,
ceB
where b® = b; ® --- ® by. He also proves that, writing

B°=DB,0---0By:={b°|be Bl

(M,B°) is a based U(n)-module.

In order to formulate some required additional properties of this canonical
basis, we introduce a partial order on B, a reverse lexicographic order, as
follows: b = (by,...,bq) > b’ = (b],..., V) if and only if there exists 7 such
that wt(b;) = wt(b}) for all i < j < d and wt(b;) < wt(b;).

Lemma 2.3. Keep the notations above.

(1) We have, for allb € B,
b® - b® ¢ @qZ[q]c®.

c<b
(2) Let b = (b1,...,b3) € B, and suppose that by is a highest weight
vector in My. Writing a = (b1,...,bq—1), we have
b =a’°® bg.

Proof. This first part follows by iterated application of [Lu, Theorem 27.3.2(b)].
The second is checked by directly evaluating 1p7(a® ® by); see the proof of
[Lu, Lemma 28.2.6] O

Finally we explain how to handle a mixture of external and internal tensor
products of based modules. Suppose that for j = 1,...,r we are given based
Uq(sly,; )-modules

(MBI (P, BY).
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Then, as described above, for each j we have a based Uy (sl,, )-module
M) — Ml(ﬂ) R ® Mcgj)
with basis ' ‘
B = BY 6.0 BY),
We can then take the external tensor product, obtaining a based U(n)-module
M=MYDg...9M"
with basis
B® =BM° ... B"°,
On the other hand, we may take external tensor products first, before

taking internal tensor products. For each i = 1,...,d, we have the based
U(n)-module

with basis

The internal tensor product
M'=M®-- &M,
is then a based U(n)-module with basis
B® =B o---oBY.

Thus, to each b € B = ngz‘gd,lgjgr BZ-(j), we have associated a distin-
guished basis element b°® € B°® C M’ and another distinguished basis
element b®® € B®¥® C M".

Proposition 2.4. Keep the notation as above. The obvious correspond-
ence between M' and M" gives an isomorphism of based U(n)-modules.
Furthermore b°® <+ b®° for each b € B under this correspondence.

Proof. Since the coproduct of U(n) is simply the tensor product of the
coproducts of its factors Uy(sly;), the natural identification of vector spaces

1<i<d
1<5<r

is an isomorphism of U(n)-modules. Under this identification b®® = b®°
for all b € B, as they are characterized in terms of involutions that coincide
because the quasi-R-matrix of U(n) is the tensor product of the quasi-R-
matrices of its factors Uy(sly, ). O

2.5. Schur algebras. Let S,, = S(m,m) be the Schur algebra of degree
m over a field F of characteristic p > 0. This is a quasi-hereditary algebra
with indexing set {\ € P | |[\| = m}, together with the order opposite to
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the lexicographic order; here we are following the notation conventions in
[Jam]. Denote by L(A), A(A) and P()\) the simple, standard and projective
indecomposable modules associated to A. By Brauer-Humphrey’s reciprocity
the decomposition number dy, := [A(X) : L(p)] may be expressed as the
multiplicity [P(p) : A(A)] of A(N) in a A-filtration of P(u); even though the
filtrations are not unique, the multiplicities are. These numbers enjoy the
following well-known properties:

Proposition 2.5. Let \,u € P. Then

(1) da=1;
(2) dxy #0 only if X <, p (see [TT, Theorem 2.5(iv)] );
(3) day, 2 dyu(1) (by [VV] and [Jam)] ).

For each residue class ¢ modulo p, one can define functors
i-Resy, : Spp+1-mod — S,,-mod,
t-Ind,, : S;-mod — S, 1-mod.

They are a biadjoint pair of exact functors, sending projectives to projectives.
In particular, if A € P with |A\| = m, then

i-Ind, (PN) = @ P(u)®5,
neP
lul=m+1

where each Lf\‘ € Ny. In fact,
14 = dimg(Homs,,,, (i-Tndy (P(\)), L(1))) = dimg(Homs,, (P(A), i-Resy (L(1)))),
so that LY is the multiplicity [i-Resy,(L(x)) : L(A)] of L(A) as a composition

factor of i-Res;, (L(1)). Kleshchev describes some of these multiplicities.

Theorem 2.6 ([Kl, Theorem 9.3]). Let u € P with |u| = m. Suppose that p
has a normal node n of p-residue i, and let A be the partition obtained when
this node is removed from . Then

[i-Resim (L(p)) : L(N)] =
1 4 number of normal nodes of p of p-residue i and to the right of n.
Let i-Res = @p,,, i-Res,, and i-Ind = €, i-Ind,,,. For convenience, for k €
7, we also write k-Res and k-Ind, which mean k-Res and k-Ind respectively,
where k is the residue class of & modulo p.

The effects of i-Res and i-Ind on the standard module A(\) can be easily
described in the Grothendieck group Ko(@p,, Sn-mod) as follows:

[-Res(A(N)] = Y [A()];
[-Ind(A (V)] = D _[A(w)],
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where the first sum runs over all partitions 7 that can be obtained by removing
a removable node of p-residue i from A, while the second sum runs over all
partitions p that can be obtained by adding an addable node of p-residue ¢
to A.

It is natural to identify Ko(€D,,, Sm-mod) with the classical (non-quantized)
Fock space F. = @, cp ZA under the correspondence [A(N)] < A.

Recall the quantized Fock space F introduced in subsection 2.3. Let
A =7Z[q,q7'], and let F4 be the free A-submodule of F with basis P. Then
G(A\) € Fu for all A € P by Theorem 2.1. Similarly, let F5 4 denote the
free A-submodule of F; with basis B for each s € Z. We have a surjective
Z-linear map e4—1 : Fza — F. defined by a(q)B — a(1)Par(B) for all
a(q) € A and B € 8.

Let n = p, and let U4 be the A-subalgebra of U generated by {e;, fi, K li |
i =20,1,...,p—1}. Then for each s € Z, F; 4 is a Uy-submodule of F;.
Under the above identification of Ko(@P,,, Sm-mod) with F., we have that
€¢4=1, when restricted to F, 4, intertwines the Chevalley generators e; and f;
with the (i — s)-Res and (i — s)-Ind functors. More precisely, we have

gg=10 fi = (i —s)-Indoegg—q and gg=10€; = (i — s)-Res o g4—1.

3. GENERAL SETUP

In order to deal with the quantized Fock spaces and the classical non-
quantized Fock space simultaneously, we consider the following general setup.

Let R be an integral domain, and let § be the free R-module with R-basis
{s(A\) | A € P}, indexed by the set P of all partitions. Let (,) denote the
symmetric R-bilinear form on § with respect to which {s(\) | A € P} is
orthonormal.

For each A € P, let H(\) € § be such that (H()\),s(u)) # 0 only if
A >y, and (H(A),s(A\)) =1. Then {H(\) | A € P} is another R-basis of
§. We note the following easy lemma:

Lemma 3.1. Letx =} pa,H(pu) € §, where ay, € R for all p € P. Let
v € P be such that a, = 0 whenever >z, v. Then (x,s(v)) = ay.

Proof. We have a,, = 0 if p >, v, while (H(p),s(v)) = 0if u 2, v, so that
(@,5(v)) = (Y auH(p),5(v)) = (0, H(v), (1)) = ay.
nePpP
(]

Fix n € N and let v be a residue class modulo n. Let f. : § — § be an
R-linear map such that (f:(s(\)), s(u)) # 0 only if A can be obtained from p
by removing a removable node of n-residue ¢, and equals 1 if A is obtained by
removing the rightmost such node which also lies to the right of all addable
nodes of n-residue t.



CANONICAL BASES FOR FOCK SPACES AND TENSOR PRODUCTS 13

Proposition 3.2. Let A € P, and suppose that its rightmost addable node
of n-residue t lies to the right of all its removable nodes of n-residue ¢, and
let p be the partition obtained by adding this node. Then

R(HN) =H(p) + Y a,H(v),
veP
[v|=|ul
v<p
with a, € R for all v.

Proof. Note first that when we remove from p its rightmost removable node
of n-residue t, we obtain A.

Since {H (v) | v € P} is a basis for §, we have f.(H(A\)) = > cpaH(v),
where a, € R for all v € P. Since (H(p),s(o)) # 0 only if p > o, and the
latter only if |p| = |o|, we see that a, = 0 unless |v| = |A\| + 1 = |pu|. Thus,
we need to show that a, = 1, and a, # 0 only if v < p.

Let 0 € P be maximal (with respect to >) subject to a, # 0. Then, by
Lemma 3.1, we have

(0#) ag = (R(HN)), 5(0)) = (e | Y_(H(N),5(0) s(p) | - 5(0))

=Y (H),5(p)) (Re(5(p)), 5(0)).
pEP

Thus there exists p € P such that (H()\), s(p)), (f:(s(p)), o) # 0; in particular,
p < A\ |p| = |A|, and p can be obtained from ¢ by removing a removable
node of n-residue v. This also shows that |o| = |u].

If p = A, then o can be obtained by adding an addable node of n-residue
t to A, so that since u is obtained by adding the rightmost addable node of
A of n-residue v, we have p > o (in fact, u >, o).

If p #£ A, then p < A. Let a,b € N be such that p; = A\; + dai, 05 = pi + O
for all 4 € N. Also, let k£ € N be such that p; = A; for all ¢ < k and pp < Ag.
We consider the cases a < k, a = k and a > k separately.

a < k: Note first that in this case a < b: otherwise \; = p; for all i < b
while oy, = pp + 1, so that (b, pp + 1) = (b, Ay + 1) is an addable node
of p and X of n-residue v lying to the right of (a, A\, + 1), contradicting
the latter being the rightmost addable node of A of n-residue v. Thus
Wi =N = p; =o0; foralli < a,and pg = Mg +1 = pg +1 =
04+ 1 — 0pq. Consequently either pu, > 0, or a = b; in the latter case
Wi = A + 0a; = pi + 0p; = o for all © < k, and pp = A\ > pr = 0.
Either way, we have p > o.

a =k: In this case, we have yu; = A\; = p; for all ¢ < a = k, and
bo=Xda+1=Xe+1>pr+1=p,+1=04+1— 0y > 0,4. Thus
n>o.
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a > k: In this case, we have u; = \; = p; for all i < k, and up = A\ >
pr = 0k — Opk. Thus either ur > op or both b =k and i = 0. In
the latter case, the node (k, ox) = (k, ug) is a removable node of o
whose removal produces p, so that it has n-residue t; but this cannot
be a removable node of p since (a, i) is its rightmost removable node
of n-residue v. As such, (k+1, p) € [p]\[o]. This gives pg+1 > opy1-
Thus, once again, either way, we get p > o.

We thus conclude that p > o always. To finish off the proof, it suffices to
show that a, = 1. By Lemma 3.1, we have, as above,

ap = (F(HN), s(w) = Y _(H(A), 5(0) {Fe(s(p)), 5(1)).
pEP

For each p such that (fc(s(p)),s(n)) # 0, p must be obtained from p by
removing a removable node of n-residue t. Since A is obtained by removing
from p its rightmost removable node of n-residue t, we see that A < p (in
fact, A <j, p), so that (H()\), s(p)) = 0 unless A = p. Thus,

ay = (H(A), s(A)) (Fe(s(A)), s(u)) = 1.
O

Remark. Proposition 3.2 in fact holds even when H(\) satisfies the weaker
condition that (H(\),s(u)) # 0 only if A > p and |A| = |u|. The proof is
similar, uses a modified version of Lemma 3.1. We leave it to the reader as
an easy exercise.

Applying Proposition 3.2 to F, (& Ko(@D,,, Sm-mod)) and Fy4 5 in the
place of §, and ¢-Ind and fs; in the place of §, we get the following immedi-
ately corollary.

Corollary 3.3. Let A\ € P, and suppose that its rightmost addable node of
n-residue i lies to the right of all its removable nodes of n-residue i, and let
u be the partition obtained by adding this node. Then

(1) when n = p,
i-Ind(P(\) 2 P(p) & @) P(y)®FResE): LA
veP

[v|=]ul
v<p

Fs4i(Gs(N) = Gs(w) + Y~ LK(9) Gs(v),
1<k
v<p
where L% (q) € Zlq,q~'] for all v.

Suppose further that P = (i Pt can be partitioned into subsets which
are indexed by a set T, and that the indexing set T can be partially ordered
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by > so that if A € Py, p € Ps and A >, p, thent > s. For each t € T,
let §¢ be the free R-submodule of § with R-basis {s(\) | A € P¢}. Then
5= @teT St let ¢ : § — § denote the natural projection onto §¢ via this
decomposition. We have, as immediate consequences of such an order on T,
the following: for t € T and A € Py,

o H(A) € Bycy Bs;

o if s £ t, then mg(H(N)) = 0.

Lemma 3.4. Let £ : § — § be an R-linear map satisfying &(§s) C Fs for
alls € T. Lett € T and A € Py. Suppose that {(H(N)) = 3. cp anH (1),
where a, € R for all p € P. Then

(1) ay, =0 for all p € Ps with s £ t;
(2) &(me(H(N)) = me(§(H(A))) = X uep, aume(H (1))

Proof. Since H(A) € sy s, we have {(H(N)) € Pgcy Ts. If there exists
v € Ps with s £ t such that a, # 0, choose v to be maximal with respect to
>J,. Then by Lemma 3.1,

ay = (§(H(N)),s(v)) =0,
since {(H(M)) € @sgt §s, a contradiction. Thus, (1) holds, and hence
EHN) = ngt Zﬂeps a#H(u), so that

m(E(HA) = (Y Y auH (1))

s<t uePs

= Z Z auﬂ't(H(u))

s<t p€Ps

= Z (Z#?Tt(H(,U,)),
nEP
proving the second equality of (2). The first equality of (2) follows from the
fact that £ and 7y commute, since each §s is invariant under . O

4. RESTRICTION TO LEVI SUBALGEBRA

Fix n € N and a tuple n = (ny,...,n,) of positive integers such that
ny+---+n, =n, and for each j =0,1,...,7, let o; :Zgzlni.

We wish to consider the restrictions of the action of U on the Fock spaces
Fs to the Levi subalgebra U(n), as defined in subsection 2.2. The restrictions
have natural direct sum decompositions; to better understand the summands,
consider the example pictured in Figure 4.1.

In view of the description of the action in terms of the abacus, it is natural
to split the n-abacus into sections, each of which is represented by a gray
region in Figure 4.1. Formally, for each i € Z and j € {1,...,7}, let

Zgj:{$€Z’Uj_1§x—in<Uj}.
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9 t
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0 V4,0 NV42 ANVs3 & V21 ® v31
1 V4,1 ANVs2 @ V20 & v31AU32
2 ¢ V4,0 NV4,3 @ 3,0 A\V32
3

FIGURE 4.1. A 9-abacus display of the partition A =
(13,12,10,8,8,8,6,5,5,3,2,1,1) and the corresponding vector

in (MVievhe Vi) e (Ve e NV)e(MVie Nv)

Given a subset B of Z, we write

X (B)=(BNZ};)—in—oj1={z—in—oj_1 |z € BNZ};
Thus X}";(B) describes, in a normalized form, the beads lying in the section
Z3; in the n-abacus display of B. In addition, let t : Z x {1,...,7} = Ny be
defined by t}(i,j) = [BNZY;| = [ X} (B)l, so that it describes the number
of beads lying in each sect10n in the n- abacus display of B. Note that B is a
set of S-numbers if and only if

> w0+ Y (nj—tB(0,4)) < o,

i>0 i<0
1<5<r 1<<r

in which case
> tBG5) = > (ny—th(i,5) = s(B).
i>0 i<0
1<5<r 1<5<r

Let Ty, be the set of functions t : Zx{1,...,r} — N such that t(i, j) < n;
for all i € Z and that Y ;>0 t(i,7) + Z ,<o (nj —t(i,7)) < co. For each

1<5<r
t € Ty, let
s(t)= Y t(i.)— Y (n;—t(i,4)).
i>0 i<0
1<j<r 1<j<r

Then for each B € B, s(B) = s(t}). For each s € Z, let Ty, s = {t € T}, |
s(t) = s}.

We have a surjection from B to T}, defined by B > t3, and this restricts
to give a surjection from B, to Ty for each s € Z. Given t € Ty, let
By ={B B |t} =t} Then the By’s partition B as t runs over Ty ;.

Let t € T, and write s = s(t). We now describe a characterisation
of B € B¢ in terms of Par(B). Define By C Z as follows: X;?j(Bt) =
{0,...,t(4,j) — 1}. Then B; € By, and write Ay for Par(By).
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Proposition 4.1. Let B € B,. Then B € By if and only if Par(B) and A\
have the same sets of nodes of n-residue oj — s for all 5 =0,...,7 — 1.

Proof. Note that By is the unique element in B¢ such that | Par(Bg)| is the
least. We prove by induction on | Par(B)|. If | Par(B)| < |A¢|, then B € By
if and only if B = Bg. On the other hand, A is characterised by its sets of
nodes of n-residue o; — s for all j =0,...,7 — 1 and that all its removable
nodes lie among these. As such, any partition p having the same sets of
nodes of n-residue o — s as A¢ for all j =0,...,7 — 1 must have [u] D [\] as
otherwise A would have a removable node not in [u]. Thus, if | Par(B)| < |\,
then Par(B) has the same sets of nodes of n-residue o; — s as Ay for all
j=0,...,7r—1if and only if Par(B) = A¢, or equivalently B = B;. Thus
the base case for the induction holds.

Suppose that |Par(B)| > |[A\¢]. If B € By, then there exists z € B,
x—1¢ B and x #, 0j for all j. Let C = BU{z — 1} \ {z}. Then C € By,
and Par(C') is obtained from Par(B) by removing a node of n-residue x — s.
By induction, Par(C') has the same sets of nodes of n-residue o; — s as ¢ for
all j =0,...,r — 1, and thus, so does Par(B). On the other hand, if Par(B)
has the same sets of nodes of n-residue o; —s as A¢ for all j =0,...,r —1,
then since | Par(B)| > |A¢|, we see that Par(B) must have some removable
node of n-residue not equal to o; — s for all j =0,...,r — 1. Let u be the
partition obtained by removing this node. Then tgs ) = t, and p has the
same sets of nodes of n-residue o; — s as A¢ for all j =0,...,r — 1, so that
by induction, t = trﬁls(u) = t5, and we are done. O

We get the following immediate corollary.

Corollary 4.2. Let \,u € P and s € Z. Then tIBIS(A) = trﬁls(ﬂ/) if and only if
A and p have the same sets of nodes of n-residue oj—s for all j =0,...,r—1.

For each t € Ty, let F¢ be the C(g)-vector space with basis B¢. Then F
is a vector subspace of F; if s(t) = s, and is invariant under the action of
U(n). Moreover, Fs = Py, . Ft-

In the special case where n = (n), we use the following notational conven-
tions:

o Ty ={t:Z—{0,1,....0} [ 3 50t() + 2;-0(n —t(i)) < oo}

o Ift € Ty, then s(t) = > ,50t(i) — >, o(n — t(3)).

e If B C Z, then Xi(n)(B) ={z—in|z e B, in <z < (i+1)n} for
alli € Z, and V) : Z — {0,1,...,n} sends i to | X" (B)].

We now proceed to identify F; as a U(n)-module. Let V,,, denote the
natural module for U,(sl,,) = <el, ey lmo1; f1,-- .,fm_l;KfE, . ,K$_1>.
It has distinguished basis vy, 0, . . . Um,m—1, With action given by

€iUm,j = 0i,jVm,j—1, fivm,j = 0i—1,jUm,j+1
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and
qQUm,j ifj=i—-1
K,;Lvm,j = q_lva ifj=1
Um,j otherwise.

The exterior power A'V;, is an irreducible Uy (sl )-module; its canonical
basis is given by {vm,x = Umi A ... Aoy, | X = {i1 <...<igq} €
Bm.d}, where here and hereafter 9, 4 denotes the set of d-element subsets
of {0,1,...,m —1}. So

ilm x = Um, X U{i—1}\ {4} ifieXandi—1¢ X
o 0 otherwise,

Fivm x = {Um,Xu{z‘}\{i_1} ifi—leXandi¢ X

0 otherwise,
qUm, x ifi—leXandi¢ X
K;_’Um7X: q_lvmx ifieXandi—1¢ X

U, X otherwise.

It follows that for any tuple d = (d, ..., d,) of integers with 0 < d; < n; for
all j, N2(V) := A"V, @ ... @ ATV, is an irreducible U(n)-module with

canonical basis

Ca= {Un1,X1 Q- @ vp, X, ‘ Xj < mnjvdj v]}
Lemma 4.3. Let t € T,. Write N(V) for Ricz.1<j<r /\t(i’j)an.

(1) The set {®ieZ,1§j§r Uni X5 | Xij € B, u(i.9) Vi,j} is a basis for
N (V).

(2) The map %t — HiGZJSjS"' ipnj,t(i,j) deﬁned byB = (X:](B))ZGZ,ISJST
for all B € By is bijective.

(3) The C(q)-linear map O : Fy — N(V) defined by B Ricz1<j<r Un; X

for all B € By is bijective, and is an isomorphism of U(n)-modules
if N(V) is viewed as

o Nme N Ve N Ve

where t; = (t(i,1),...,t(i,r)) for alli € Z.

Note that when ¢ > 0 or ¢+ < 0, the component /\t(i’j )an, and hence
' , 1s canonically isomorphic to the trivial module C(g), so the tensor
YV 1l hic to the trivial module C the t

product A*(V) is essentially a finite one.

Proof. This is straightforward to check. The reader may find Figure 4.1
useful. 0

n.
7

(B)
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Each of the irreducible U(n)-modules /\i(V) with its canonical basis
Ca={vx = o ,x, ® - @up, x, | X = (Xjhigj<r € [[io; Pnya, ) is 2
based module. Hence, by Lusztig’s theory, the tensor product A*(V) =

@ NT(V) @ NY(V) @ N(V) ® -+ is a based module with basis
COZ"'OCt71<>CtO<>Ct1<>-" ,

while C® =--- @ Cy_, ® Ct, ® C¢, @ - - - is the basis given in Lemma 4.3(1).
For each B € By, let X;(B) = (X(B))i1<j<r € [[j=1 P, s, for each
i € Z, and let

v ®UX_1(B)®UX0(B)®,UX1(B)®EC®7

<
e W®
I

. "<>”UX71(B) OUXO(B) val(B) (SRR CO.

Then C® = {v§ | B € By} = {O¢(B) | B € B¢} by Lemma 4.3(3). Also,
C® = {v} | B € By}

For each B € By, let G¢(B) = ©; '(v%). Denote by 1 the C(g)-semilinear
involution of F fixing G¢(B) for each B € By.

Let s = s(t). Recall that 35 : P — B is a bijection, with inverse Par. Let
Py = Par(By), so that the following three statements are equivalent:

(1) p € Py (2) Bs(pn) € B; (3) tg. = t-

For each pu € Py, we write Gg(u) for G¢(Bs(p)). In addition define d/'{#(q) €
C(q) for A\, u € Pg by

Ge(w) = 3 db, (a)Bs(N).
AEP:

From Lemma 2.3(1) we deduce the following.

Lemma 4.4. Let A\, i € Py.

(1) df.(a) = 1.
(2) If X # p, then dj,(q) € qZ[q].
(3) If df,(q) #0, then > X.
(4) If m € Fy satisfies g(m) = m and m — Bs(i1) € X pem, 421q)B, then
m = Gg(p).
Proposition 4.5. Lett € Ty. For each j =1,...,r, define t; : Z — Ng by
t;(i) = t(i,7)-
(1) Foreach j=1,...,r, t; € T,,). In addition, >7"_, 5(t;) = s(t).
(2) The C(q)-linar map @y : Fy — F¢, Q- - -QFy, defined by P¢(B) = B1®
-+ ® By for all B € By, where B; = {z +in; |i € Z, v € X];(B)}
for all j, is a well-defined isomorphism of U(n)-modules (where we
identify U(n) with Ug(sl,,) ® - - - @ Uy(sly,) in the obvious way), and
D4 (Gt(B)) = Gt,(B1) ® - -+ @ Gy, (By)

for all B € %By.
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Proof. We show only the last equality; all other assertions can be easily
verified.

By Lemma 4.3(2), we have, for each j = 1,...,r, a bijective C(q)-
linear map (actually an isomorphism of Ug(sl,,)-modules) ©¢, : Ft; —

Rics /\t] Vi, sending Bj to &)z U, x) g, for all B; € By,. Since
I %4 J

(05 @261 00) (B) = (0@ ©0.") | Q) vn, xn (8)

1€EZ
1<j<r
T r
— -1 — -
= ®@tj <® Un‘7 (nj)(B )) = ®BJ = (I)t(B
7j=1 1EL 7j=1

for all B € B¢, we see that &y = (@1:_11 Q- ® @t_rl) 0 ©;. Thus

©(Ge(B)) = (O, @ -+~ © 051)(0¢(Ge(B)))

using Proposition 2.4 for the fourth equality. O

5. COMPARISON OF CANONICAL BASES

Fix n € N and a tuple n = (n,...,n,) of positive integers such that
ny + -+ + n, = n. Recall our subalgebra U(n) of U and our set T,
defined in the last section. We define a partial order > on T}, as follows:
for t,t’ € Ty, we have t > t’ if and only if s(t) = s(t’) and there exists
(i0,J0) € Z x {1,...,r} such that t(ig, jo) > t'(i0, jo) and t(i,j) = t'(4, j) for
all (4,7) with ¢ > ig or both i = iy and j > jo. Note that > restricts to a
total order on T, for each s € Z.

Lemma 5.1. Let \,p € P. If X\ >, p, then t} forallsEZ

B3 =



CANONICAL BASES FOR FOCK SPACES AND TENSOR PRODUCTS 21
Proof. Note that B —, C implies t; > t#. O

For t € Ty, let my : Fs — F¢ be the natural projection defined by
mt(B) = B if B € B¢ and zero otherwise.

Since, for each s € Z, P = e, . Pt is a partition of P, and the order
> on Ty s defined above respects the Jantzen order >;, by Lemma 5.1,
we can apply Lemma 3.4 with H(\) = G(A) and £ an element of U(n), or
H(\) = [P()\)] and ¢ an i-Ind functor.

Theorem 5.2. Let s € Z and t € Tns. If p € Py, then m(Gs(p)) = Ge(p).
Equivalently dy,(q) = d/{u(q) for all X\, pn € Py.

Proof. We prove by induction on |u| the following equivalent statement:
if u € P, then ths(u)(Gs(u)) = Gtgs(u) (u) for all s € Z. If yu = (), then
G(p) = p by Theorem 2.1(1,3), while Gtgsm) (1) = Bs(p) by Lemma 4.4(1,3),
so that the result holds. So let p # () and assume that the statement holds
for all partitions fi such that |f| < |u|, or both || = || and 4 < p. Let
s € Zand let t = t5 . Let ¢ = max{i € Z | t(i,j) > 0 for some j}, so
that row c is the bottommost row that contains some bead in the n-abacus
display of fs(u). There are two cases to consider.

If X2:(Bs(w) ={0,...,t(c,j) — 1} for all j (i.e. the beads occurring in
each section of row ¢ in the n-abacus display of s(¢) occupy the leftmost
positions), then Uny, X2, (Ba(1) @ " OV, X2 (Bs(1) is the highest weight vector
for the irreducible U(n)-module AV (V) @ - @ AV, ).

Let A € Pt. Note that if A > pu, then dy,(¢) = 0, by Theorem 2.1(3), and
diu(q) = 0 by Lemma 4.4(3). So we may assume that A < u. In this case,
the beads in each section of row ¢ of the n-abacus display of 85(\) must be
occupying the leftmost positions too, i.e. X2;(8s(A)) = X2 (Bs(u)) for all 5.
Let t’ € Ty, such that

0, ifi =c.

Write s' = s(t/). Let ), i € P such that 3y ()\) and By (ji) are obtained by
removing the beads in row ¢ from the n-abacus displays of Gs(\) and Bs(u)
respectively. Then A, i1 € Py and are the partitions obtained from A and g
respectively by removing the first 3 %_, t(c, j) parts, so that |fi < [u]. We
have
(@) = dsz(a) = dy (0) = df,(a),

where the first equality is ‘row removal’ [CMT1, Theorem 1(1)], the second
by induction and the last by Lemma 2.3(2).

We now proceed to the second case. In this case, there is a bead in row ¢
of the n-abacus display of 8s(u) having a vacant preceding position that is
in the same section as the bead. Formally, there exists k € 5(p) such that
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5] =, k—1¢ Bu(u), and fi € U(n). Let A = Par(By() U { — 1)\ {k}).
Then A\ € P, and we have, by Corollary 3.3(2),

Fu(Gs(N) = Gs(w) + Y LX(9)Gs(v),
it
v<p
with L¥(q) = L% (¢ ?!) for all v by Theorem 2.2. Applying Lemma 3.4 with
& = fi, we get
Fe(me(Gs(N)) = me(fe(Gs(N)) = me(Ga(p) + Y LK (@)me(Gs(v)).

vEP:
[v]=|pl
v<p

Applying the induction hypothesis to A and v, we get

me(Gs() = fu(Ge(N) = D LK(a)Ge(v).

vEPy
[v]=|pul
v<p

Thus, m¢(Gs(p)) is ¢-invariant. Furthermore, since G(u) —p € @, cp ¢Z[qlv,
we see that

Gs(1) = Bs(p) = Bs(G(n) — p) € D qZl4)Bs(v) = P aZld) B,

veP BeBs
so that
e (Gs(p) — Bs(p) = me(Gs(1) — Bs(1)) € €D aZlg)B.
BeB¢
Hence 7 (Gs(p)) = Gi(p) by Lemma 4.4(4), as desired. O

Corollary 5.3. Let t € Ty, and let \,u € Pg. Then dfﬂ(q) # 0 only if
W=, A

Proof. This follows immediately from Theorem 5.2 and Theorem 2.1(3) . O

Corollary 5.4. Let s € Z and t € Tyns. Let A € Py, and let § € U(n).
Suppose that §(Gs(N)) = - ,,cp au(q)Gs(n). Then

E(Ge(N) = Y au(9)Ge(n)-

HEP

Proof. This follows immediately from Lemma 3.4 and Theorem 5.2. O
The next result may be regarded as a ‘runner removal’ theorem.

Theorem 5.5. Let s € Z andt € Ty . Let \,p € Py. Foreachj=1,...,r,
let ;=3 ;50 t(i,5) + 2 2i0(t(2,5) — ny), and let A, 1) e P such that

Bs,(N)) = {z +in; |i € Z, x € XP(Bs(N)},
ﬂsj(,u(j)) ={x+in;|i€Z, z ¢ er,ly(/Bs(/i))}
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(Thus, AU s the partition read off from the nj-abacus consisting of runners
i for oj_1 < i < o; in the n-abacus display of Bs(\). Similarly for pt).)
Then

dx,(q) = deja')M(j)(Q)'
j=1

Proof. For each j = 1,...,r, define t; : Z — Ny by t;(i) = t(i,7) for all
1 € Z. By Proposition 4.5, we have

T

e (Bs(1) = R) B, (1) and  @e(Ge(w) = Q) G, (1)
j=1

j=1
for all u € Py. Thus, d;u(q) = H§:1 d;fj)u(j)(q). Now apply Theorem 5.2. [

We end this section with a discussion of the case where n = (nq,...,n,)
has n; = 2 for some j. We first look at the special case where n = (2). In
this case, since /\1V2 =15 and /\OVQ = /\2V2 = C(q), for each t € Ty, F is
isomorphic to a tensor power V2®d as Ugy(slz)-modules. The latter has been
studied extensively by Frenkel and Khovanov in [FK]. In particular, they
provide closed formulas for v} in terms of graphical calculus combinatorics
for each B € By, so that there are closed formulas for d;u (q) for A\, p € Py.
They also describe f(v%), which we translate to our language as follows:

Theorem 5.6 ([FK]). Let n = (2), and let A € P. Let s € Z and write
t= trﬁls()\). Suppose that

F(Ge(N) = > LA()Ge(p).

HEPy
Then
[14+nxulg, if A can be obtained from p
Lf\‘(q) — by removing a normal node ny,, of 2-residue s + 1;

0, otherwise.

Here ny,, is the number of normal nodes of y with 2-residue s +1 and to the
right of ny,,.

Proof. We briefly describe our translation of the results in [FK]. The basis
vector vg1 of V,, represented by an up arrow in the diagrams in [FK],
corresponds to a removable node of 2-residue s + 1, while the other basis
vector v o, represented by a down arrow in the diagrams in [FK], corresponds
to an addable node of 2-residue s + 1. An arc connecting the up and down
arrows induces a pairing of the corresponding removable node with the
addable node. We should point out that the description in [FK, p.445-7] is
given in terms of the basis dual to {G¢(A\)} with respect to an inner product
for which e and f are adjoint operators, and so we use their description of
the action of e rather than that of f. U
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Corollary 5.7. Let s € Z, and A € P. Write t for tgs()\). Suppose that
n=(ny,...,n,) has ng =2 for some d, and let k = Z?;} n; + 1. Let

Fe(GeN) = D LA (q)Ge(p).

HEPy
Then
[14+naulg, if A can be obtained from
L’;(q) - by removing a normal node ny, of n-residue k — s;

0, otherwise.

Here ny,, is the number of normal nodes of p with n-residue k — s and to the
right of ny,,.

Proof. By Proposition 4.5 and adopting the notations there with A = Par(B)
and \) = Par(B;), we have

F(Ge) = 27 (G, WD) @ - © Gy, , (A D)
F(Ge,(A D)) ® Gy, WD) @ -+ © G, (AD))

= (Ge, W)@ @ Gy, (N

() .
> L (@(Ge, (0 D) @ Gey, W) @ - @ Gi, (A1)
u(d>e77td

The result thus follows from Theorem 5.6. O

Corollary 5.8. Let A\, € P. Suppose that there exists a residue class i
modulo n such that A and u has the same sets of nodes of n-residue i — 1
and i+ 1. Let s € Z. Writing fo1i(Gs(N) = > ,ep L (q)Gs(v), we have

14+ naulg, if A can be obtained from p
LF(q) = by removing a normal node ny,, of n-residue i;

0, otherwise.

Here, ny,, is the number of normal nodes of p with n-residue i and to the
right of ny,.

Proof. Let n = (2,n—2), and let z = 1 —i. By Corollary 4.2, our conditions
on A and pu force t3 o) = t3, (1) Thus, by Corollary 5.4 and Corollary 5.7
(with & = 1), we see that the result holds for LY (z). To deal with a general
s, let Og © Fo — Fp (a,b € Z) be the C(g)-linear isomorphism defined
by 04 (Ba(v)) = Bp(v) for all v € P. Then 6,,(Go(N)) = Gy(v) for all
v € P. Furthermore 6, intertwines f, with f,,_, for all residue class r
modulo n. Thus, applying 0., to fi(Gz(\) = >_,cp Li(q)Gx(v), we get
Jori(Gs(N) = > ep LE(q)Gs(v), and the result follows. O
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6. DECOMPOSITION NUMBERS

Recall that we identified the Grothendieck group Ko(@D,, Si-mod) with
the classical (non-quantized) Fock space F.. Recall also the A-lattice Fz o
(where A = Z[g,q™!]) and the Z-linear map e,—1 : Fz 4 — F. which inter-
twines the Chevalley generators of U, with the i-Ind functors.

We assume in this section that n = p, the characteristic over which the
Schur algebras S,, are defined. Let n = (n1,...,n,) be a tuple of positive
integers summing to p. For each t € Ty, define gt : F. — F. to be the
natural projection such that g¢(\) = A if A € Py and zero otherwise, and
we write F.¢ for the image of g¢. In addition, if M is a module of a Schur
algebra, we write [M]¢ for o¢[M].

Theorem 6.1. Let n = (nq,...,n,) be a tuple of positive integers summing
to p. Suppose that nj € {1,2} for all j, so that U(n) is isomorphic to a
tensor product of copies of Uq(sly). Let t € Ty. Then for all p € Py, we
have [P(p)]s = €4=1(Ge(p)). Equivalently, dy,, = d/'{u(l) for all A\, pu € Py.

Proof. We follow an inductive argument reminiscent of the proof of The-
orem 5.2. Once again, we prove the following equivalent statement: if u € P,
then [P(u)len = eg=1(Gen (1)) for all s € Z. 1f p = () the result is clear.
So let p # () and assume the statement holds for all partitions i such that
|| < |p|, or both || = |u] and it < p. Let s € Z and let t = 5, (u) Let
¢ =max{i € Z | t(i,j) > 0 for some j}. There are two cases to consider.

If X2 (Bs(1)) = {0, ..., t(c, j)—1} for all j (i.e. the beads occurring in each
section of row b in the n-abacus display of B occupy the leftmost positions),
then Uny X2 (Bs(n) @ " @ Unp X2 (Ba (k) is the highest weight vector for the
irreducible U(n)-module AV, ) @ - @ AV,

Let A € Pg. Note that if A > p, then dy, = 0 by Proposition 2.5(2), and
diu(q) = 0 by Lemma 4.4(3). So we may assume that A\ < u. In this case,

X2 (Bs(N) = X2 (Bs(p)) for all j. Let t’' € Ty such that

0, if i =c.

Write ' = s(t'). Let A, i € P such that By ()\) and By (ji) may be obtained
by removing the beads in row ¢ from the n-abacus displays of 55(\) and
Bs(p) respectively. Then A, it € Py and are the partitions obtained from A
and pu respectively by removing the first s — s’ parts, so that || < |u|. We
have
dy, = dsj, = dy (1) = df, (1),

where the first equality is ‘row removal’ [Jam, Theorem 6.18], the second by
induction and the last by Lemma 2.3(2).
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We now proceed to the second case. In this case, there is a bead in row ¢
of the n-abacus display of 8s(u) having a vacant preceding position that is
in the same section as the bead. Formally, there exists k € Ss(u) such that
L%J =c, k—1¢ Bs(u), and fr € U(n). Let A be the partition such that
Bs(A) = Bs(pu) U{k — 1} \ {k}. Then A € P¢, and we have, by Corollary 3.3
and Corollary 5.4,

Fe(Ge(N) = Ge(p) + > LK(q)Ge(v)
vEP:

[v=|ul
v<p

[(k — s)-Ind(P(\)] = [P(w)] + Y IX[P()],
veP
[v]=|pul
v<p

and L¥ = [(k—s)-Res(L(v)) : L(X\)] € Ny for all v. Note that F. is invariant
under (k — s)-Ind for all s € B,. Thus applying g¢ to the last equation above,
we get by Lemma 3.4

(k = )-Ind([(P(\)]e) = [P(W]s + Y L{[P(W)].
vePt
[v|=|pl
v<p

Hence
[P(p)]e — gq=1(Ge(n) = (k — 8)-Ind([P(N)]¢) — gg=1(fk(Gt(N)))
+ > (LX(Deg=1(Gi(v)) — LK[P(v)]s)

vEPy
[v|=|pul
v<p
= > (IK(1) = LX) eg=1(Ge(v)), (%)
vePt
[v]=|pl
v<p

using the fact that e,—; intertwines fj, and (k—s)-Ind, and applying induction
hypothesis to A and v.

By Theorem 2.6 and Corollary 5.7, we see that L§(1) < L for all v € Py.
If L5(1) # LX for some v € P, let p € Py be maximal with respect to >,
such that L (1) # Lf. Then Lf (1) < L%, and, for all v € Py, L{(1) =L =0
if v >, p while d,,(q) = 0 if v 2, p by Theorem 2.1(3). Thus, comparing
the coefficient of 35(p) in both sides of (%), we get by Theorem 5.2

Qo — (1) = 3 (EX(1) = L) (1) = 15(1) — L5,
vePy
V=]l
v<p
But d,, > d,,(1) by Proposition 2.5(3) while L{(1) < L£, giving us a
contradiction. Therefore, L¥(1) = LX for all v € P, and we get from (x)
that [P(u)]s = €g=1(G¢(p)), as desired. O
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Corollary 6.2. Let n = (ny,...,n,) be a tuple of positive integers summing
to p, with nj € {1,2} for all j. Then dy, = dx,(1) for all A\, € Py and
te Ty

Proof. This follows immediately from Theorem 5.2 and Theorem 6.1. (]

We note that if n = (ng,...,n,) is a tuple of positive integers summing to
p, with n; € {1,2} for all j, then diu(q), and hence dy,(q) and dy, by virtue
of Theorem 6.1 and Corollary 6.2, can be described by the closed formulas
found by Frenkel and Khovanov using Theorem 5.5 for all t € Ty, A, u € Pg.

Remark. Corollary 6.2 does not hold for arbitrary n, even under James’s
hypothesis that the size of the partitions A and y is strictly less that p? [Jam).
Williamson [W] produces counterexamples in which A, u € Py are partitions
ofp(];[) < p?, and where n = (p) and t is given by

p if1<0
t(i)=41 if1<i<N
0 if7>N-+1.

Two residue classes a, b modulo p are adjacent if and only if a — b =, +1.

Lemma 6.3. Let A\, u € P, and let I be the set of p-residues of the nodes in
(AN ) U ([] \ [A]). Suppose that no two elements of I are adjacent. Then
there exist s € {0,1} and n = (n1,...,n,), with n; € {1,2} for all j and

> j=1mj =D, such that t5.0) = Eh(u and I = {Z;’:l nj—s—1|n; =2}

Proof. Let s = 1if0 € I and s =0if 0 ¢ I. Let n = (ny,...,n,) be a
sequence of positive integers summing to p such that {22‘21 nj—s|s<
i<r—1+4s}={0,1,...,p—1}\ I. Since the elements of I are pairwise
non-adjacent, we see that n; < 2 for all j. Furthermore, t‘ﬁls o = tgs () by

Corollary 4.2 and I = {Z;-:l nj—s—1]|n; =2} O

If 4 € P, and A is obtained from p by removing a removable node of
p-residue 7 and adding an addable node of p-residue i, we say that \ is
obtained from p by moving a node of p-residue 1.

Theorem 6.4. Let p € P and suppose that A is obtained from p by moving
some nodes whose p-residues are pairwise non-adjacent. Let I be the subset
of residue classes modulo p which occur as p-residues of the nodes moved to
obtain A. For each i € I, let A(i) be the partition obtained from p by moving
only those nmodes with p-residue i. Then

dy = [T dagiy e
iel
Proof. By Lemma 6.3, there exist s € {0,1} and n = (nq,...,n,), with
n; € {1,2} for all j and 37%_, n; = p, such that 5, = b5, (- Furthermore,
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by Corollary 4.2, tgs( N t BV () = tB () for all ¢ € I. By Theorem 5.5
and adopting the notations there we have

,
j 2
q) = Hd;é)“(j)(q) = H A5, (@)
Jj=1 j:nj:2
since AU = ;) if n; = 1. For each j such that n; = 2, let ¢; = Zgzl n;—s—1.
Then

A5 (@) = 56,00 (@) Hd;l@)#(k)(Q) = d36),0(9),
—y

by Theorem 5.5 and Theorem 2.1(1). Thus,
dy=df,() = [ dfo,0® =TI %), =110 =1Tdi.
Jjim;=2 Jjim;=2 el el
by Lemma 6.3 and Corollary 6.2. (]
Theorem 6.5. Let p € P and let \ be the partition obtained from p by

removing a removable node n of p-residue i and moving m other nodes, such
that the p-residues of these nodes (including n) are pairwise non-adjacent.
Then

[i-Res (L(1)) : L(\)] = 0,

unless m = 0 and n is a normal node of p.

Proof. By Lemma 6.3, there exist s € {0,1} and n = (n,...,n,) with
nj € {1,2} for all j and 377 _;n; = p such that tj By = th(w Let
t =15 - Applying ot to i- Ind([P()\)]) =P, cr L”[ (v)], where L =

[i-Res (L(v)) : L(A\)] for all v € P, we get by Lemma 3.4(2)

i-Ind([ @ LY[P

vePt
On the other hand, applying e4=1 to fs1i(Gt(A)) = >~ cp, L5 (9)Gt(v), where
LX(q) € A for all v € Py, we get by Theorem 6.1

i-Ind([ @ LX(1

vEPy

Thus, L5(1) = LX for all v € P;. The statement now follows from Corol-
lary 5.7. (]

Remark.

(1) Exactly the same proofs of Theorem 6.4 and Theorem 6.5 in fact
prove the respective results hold in a slightly more general setting:
whenever any two nodes in the symmetric difference of [A] and [y]
do not have adjacent p-residues. But the additional information is
actually trivial—they can easily be seen to hold with our current
knowledge of decomposition numbers and branching coefficients of
Schur algebras.
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We have deliberately left out in Theorem 6.5 the closed formula for
[i-Res (L(p)) : L(A\)] when A is obtained from p by removing a normal
node of residue 7 (which is one plus the number of normal nodes of
of residue ¢ and to the right of the normal node removed to obtain A,
see Theorem 2.6) so as not to give a false impression that we have
an alternative and independent proof of Theorem 2.6.
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