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ABSTRACT

An investigation was carried out to determine the transient response
of finite beams with discontinuities of eross section subjected to eccen-
tric longitudinal impact. Experiments were performed on several steoved
beams with increased and reduced cross section and with various end conditions.

The analysis was based on the Timoshenko beam theory which takes into
account the effects of shear deformation and rotatory inertia. The gover-
ning equations were solved as a svstem of two second order hyperbolic
partial differential equations .

The numerical solution was obtained by the method of characteristics
and theoretical predictions were in excellent apreement with experimental
observations at several monitoring positions along the various test beams,

The agreement between theoretical and experimental results verified
the adequacy of the Timoshenko theory and its numerical solution for
describing the flexural wave propagation in beams with discontinuities of
cross section .

The effect of the discontinuity of beam cross section on the bending
moment time distribution showed the importance of reflections in estimating
the level of stresses and strains in structural elements when subjected
to transient dynamic loading .

The computer program developed in this work can be used to obtain
numerical solutions for a wide range of flexural wave propagation problems
in beams with discontinuities of cross section with various end conditions
and loading configurations .
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" CHAPTER 1

INTRODUCTION

The behaviour of structural elements under impact loading
is a subject of great interest in dynamical structural analysis,
When forces are épplied to an elastic body over a very short
period, the response should be considered in terms of wave
propagation theory.

Although beams are among the simplest engineering structures,
the propagation of waves can be quite complicated especially if
boundaries such as end surfaces and abrupt changes which cause
reflections are present.

The study of transient waves has important implications
and find many applications for structures used in land, sea, air
and space when they are subjected to impact,

A revival of interest in the field of elastic wave propagation
during the last three decades was made possible through the rapid
development of computing facilities and the advance of experimental
equipment.

The problems of flexural wave propagation in beams are not
so extensively treated as, for example, are the problems of
longitudinal wave propagation. This was due to complexities
jnvolved in the propagation of flexural waves and their dispersive
character.

To the author's knowledge, there has been no previous solution
to the problem of flexural waves in beams with discontinuity of
cross—section subjected to eccentric impact, the problem investigated
in this thesis,

The Euler-Bernoulli theory is found to be inadequate for

the study of transient bending waves since it led .to the physically

—1_



impossible conclusion that disturbances are propagated instantaneously
and neglected the effects of shear deformation and rotatory inertia.

The exact theory based on the equations of the theory of
elasticity goes back to Pochhammer and Chree who investigated the
case of infinitely long beams of circular cross-section, Their
equations cannot be applied to semi-infinite and finite bars with
arbitrarily prescribed end conditions and the solutions involve
such mathematical complications wﬁiéﬁ makes them, from the
engineering point of view, ;! liﬁited practicél use,

The Timosﬁenko tﬁeory provides the only approximate theory
that contains the essential features of the exact theory in
simplified fofm. With tﬁis theory a greater accuracy than the
Euler-Bernoulli theory is achieved by including the effect of
shear deformation and rotatory inertia in the governing equations,

The Timoshenko theory provides for only two modes of
transmission and consequently two branches of the dispersion
curve, while the exact tﬁeory provides an infinite number of
modes and an infinite number of higher branches of the dispersion
 curve.

The Timoshenko equation gives excellent agreement with the
exact theory so far as the lowest branch of the dispersion curve
is concerned., The agreement of both theories in the next highest
branch of fhe dispersion curve is not very good,

An extensive literature survey of previous theoretical and
experimental research will demonstrate the importance of the
Timoshenko beam theory in the field of flexural waves and
boundaries.

Although the Timoshenko beam equations were formulated as



long ago as 1921,‘nu§é;ica1 solutions and applications appeared
only in the last 25 years, when computer facilities became
available,

After careful consideration of several solution methods,
the method of characteristics is chosen for the numerical
solution presented in this work and the method is shown to
be inherently stable and convergent,

Several cases of flexural wave propagation problems are
treated with the developed TMOTCU computer programs numerically,
and solutions are obtained for semi-infinite, finite beams and
finite beams with discontinuity of cross-section,

The experimental work is concentrated on the monitoring of
antisymmetric strain components in finite stepped beams of
circular and rectangular cross-section subjected to eccentric
impact at low velocity.

Comparison of numerical predictions and experimental
observations are presented with particular emphasis on the
bending moment and bending strain-time distribution as opposed
to the normal mode frequency analysis usually used for steady
state vibration, The input bending moment is assumed in a
trapezoidal shape with a finite rise time,

The experimental and theoretical results demonstrate the
effect of abrupt change of cross—-section on the reflected and
transmitted bending waves where reflections have to be taken
into consiﬁeration wﬁen estimating the level of antisymmetrical
stresses and strains in finite beams with discontinuity of

cross—section,



CHAPTER II

REVIEW OF THEORETICAL STUDIES

2.1. Historical background of elastic wave propagasion in bars

The theory of transverse waves in elastic solids had its
beginning in the works of Leonard Euler (1744) and Daniel Bernoulli
(1751) who derived the partial differential equation governing the
flexural'vibration of a bar by the variation of strain-energy function
by which they had previously expressed the.work done in bending:

The concept of transverse vibration transmitted through a medium
was originally ﬂased on the developments of Fresmel's theory, 1816,
which used the concept of transverse waves to explain the propagation
of light, which was thought to be a disturbance propagating in an
elastic aether.

Navier (1821) was the first to investigate the theory of trans-
verse body waves and he formulated the general equations of equilibr{um
and vibration of elastic bodies. In his derivation, he considered forces
acting between the individual molecules of a deformed elastic body.

In 1822, Cauchy discoveredmost aspects of the theory of elasticity
including'the'dynamié equations of motion. He was the first tovihtrd-
duce the concept of strain and stress which simplified greatly the
derivation - of the equations: Cauchy obtained stress-strain relations
for isotropic materials and used the following assumptions: (1) linear
stress-strain relationship (2) the principal planes of stress are normal
to the principal axis of strain.

Cauchy (1826) treated the problem of longitudinal impact of two
rods of the same material and cross-section. He concluded, that the
impulse terminates whenever the two bars havé different velocities of
impact, which is not true.

In 1829, Poisson discussed the three equations of equilibrium and

_4_



-the three conditions at the boundary and proved that these equations

were not only necessary but also sufficient to ensure the equilibrium

of any portion of the body. He SUcéeedévﬁn.integrating the equations

of motion and showed that if a disturbance was produced in a small
portion of a body, it resulted in two kinds of waves, the dilatational
wave which was associated with the motion of the particle normal to

the wave front and accompanied by a volume change, and a disto;tiongi
wave, associated with the particle motion tangential to the wave front,
where there was distortion without volume change. The first faster
wave is also called the irrotational'wave, and the other wave is also
called the equivoluminal or transverse wave.

By that time, it was realised that the problem of wave propagation
in an elastic solid needed to be investigated in a different manner than

- those concerned with the normal modes of vibration. Poisson (1831)
and Oétrogradsky (1831) used a synthesis method of the simple harmonic
solutions of the initial distribution of displacement .and velocity to
determine the displacement at any point and at any time;

In 1833, Poisson attempted to solve the same problem of.longitudinal
impact of two bars, previously treated by Cauchy, by a method of integrating
trigonometrical series, by which it was extremely difficult to find
a general solution. By an error in the analysis, Poisson arrived at the
conclusion, that when the bars are of the same material and cross-
section, they never separate unless they are equal in length.

Seebec£ (1849) preseﬁted an equation for the transverse displace-
ment of an elastic bar and showed that the difference between E values
obtained by statical and vibrational methods was extremely small., He
omitted in’his solution the effect of angular rotation of the cross-

¢t gection of the rod, as was pointed out by Todhunter and Pearson (1893).

Bared de Saint-Venant made wide ranging contributions to the theory

of longitudinal and transverse impact. In 1853, he considered the

...5,_‘



“problem of a central impact on a simply supported beam of uniform cross-
section and based his solution on different modes of vibration. He
calculated the deflection at the middle and his results coincided with
those given by H. Cox f€ﬂ849), when only the first, most important term
of the series representing the maximum déflection was considered,
However, Saint Venant$ solution for the problem of transverse impact

was not complete, since the local deformation at the point where the
impinging ball strikes the beam, was not considered. In addition, the
assumption that the ball remained in contact with the beam until maxi-
mum deflection was reached, is not realistic., Furthermore, this
solution was not applicable when the bar was very long and the strik-
ing ball had a small weight with a very great impact velocity.

Saint-Venant made important discoveries in the theory of elasticity.

In 1856, he was the first to examine, the assumptions of the elementary
Euler-Bernoulli theory of bending, namely that cross-section of a beam
remains plane during deformation and that the longitudinal fibers of a
beam are in a state of simple tension or compression. Saint-Venant
showed that these two assumptions are only fullffiled-‘in uniform
vbending when the beam is subjected to two equal and opposite couples
applied at‘the end and is not applicable to the case of transverse bend-
ing, where shearing stfésses cause warping of the cross-sectiogn, which
will not remain plane during bending. Saint-Venant was the first to
point out the incorrectness of the Euler-Bernoulli theory for flex-

ural vibration and suggested important corrections. He was interested
not only in statical stress-analysis, but studied the dynamical action
of loads moving along the beam ana various types of impact problems
producing lateral” and longitudinal vibrations.

Saint-Venant (1856) formulated the principle vwhich carries now
his name. According to this principle, the effects produced by

deviation from the assigned laws of loading are unimportant except

_6_



- near the ends of the bent beam; and near the ends, they préduce merely
"localiperturbation". The condition for the validity of the results
in practice is that the length of the beam should be many times
greater than the largest cross-sectional dimension.

M. Bresse (1859) discussed the problem of longitudinal and
lateral vibration of rods and considered. moment of inertia and shear
distribution over the cross section, in connection with his works
on arched structures. He was the first to suggest correction terms
for both rotatory inertia and transverse shear., However, the equation
presented byﬁBresse for transverse vibration of unijorm simply suppdrted
beams, included a term which took into account the effect of rotatory
inertia,‘hhtfnot the shear correction.

- A Saint-Venant memoir, published in 1867, treated the collision
of two rods of the same material and of equél cross-section, by means:
of the equat{on-of Qibration.in term of arbigééry functions, for
various impact velocities 0f bars with various length.

In this connection, Saint-Venant derived the most important
relation for the duration of impact as 21/c, where 1 is the length of
the shorter bar and c is the so called velocity of sound (/EJp).

A second problem discussed in the same paper was the problem of
longitudinal impact of beams in the form of truncated cones. Solutions
were obtainéd, as befére, by trigonbmetrical series which were lengthy.
Solutions for both problems were presented graphically for the
values of velocity and displacement., These diag{ams' may be considered. as

‘the first x~-t diagrams, constructed fér-impact problems.

Saint-Venant (1868) had given trigonometiical solutions for the

problem of a prismaFical bar fixed aﬁ one end and subjected to the

influence of transient compressional wave due’ to a longitudinal impact

at the other end. His solution was again based on the assumption that

the striker becomes rigidly attached to the end. Summing the first few
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"terms of the trigonometric series, Saint-Venant was able to find

the motion of the bar end. But in calculating stresses, the series
did not converg#rapidly enougﬁ to allow the computation of .an accurate
result. He pointed out the need to use some close?éorm expression for
the solution instead of infinite series.

Solutions in term of finite discontinuous functions were obtained
by Boussinesa (1882) and independently by Sébert and Hugoniot (1882)
and Saint-Venant (1883) presented these solutions in his famous
annotated translation of Clebscl book and used them for graphical
representation of the successive stages of the longitudinal impact
of_;he'Bar fof the ‘whole duration of impact and for various ratio's
of the mass of the bar to that of tﬁe striking méss.

Saint-Venant was the first to investigate the problem of wave
propagation in bars and based his researches in part on the assumption
that they_madg simultaﬁeouS’céntac£ over the éntire area of the end, a
condition whicﬁ is-extremely'difficult to achieve. A modification
of this theory @aé_sugggéted by Hérté.(lé82),-bn'the Bésis of an
electrostatic analogy - for thé contact of two elastic ﬁodies with curved
'coﬁtact surfaces under the action ofa'static compressive force as an
approximation for the actual dynamic loading. ‘ .
The Saint-Venant theory reflected with sufficient approximation

the state of strains and stressés at positions of considerable
distance from the point of loading and support.

The impact forces in the immediate vicinity of the impact point
‘could be dtermined more successfully by the Hertéian theory. -

Saint-Venant (1883) presented a detailed theory of the transverse
impact - of bars, which included the analytical and numerical solution
of various problems of bars vibrating transversly with 'a load attached
to it.

Boussinesq suggested in 1895 the general wave solution of the
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-equation of motion for longitudinal impact, in the form of forward
and backward travelling waves.
Boussinesqg (1835)'investigated also the problem of .transverse
vibration of a uniform bar for various types of loading, in the form
of discontinuous functions. The important contribution of Bresse was
not mentioned in the investigations of transverse vibration problems
by Saint-Venant and Boussinesq.
Lord Rayleigh (1885) discovered a third type of wave propagating
parallel to the surface with a velécity slightly smaller than the
velocity of %ﬁistortional wave. This wave, called Rayleigh surface wave,
decays exponentially towards the interior of the body.
L. Pochhammer (1876) investigated, oﬁ the basis of the general
theory of elasticity, the problem of longitudinal, torsional and flexural
'vibrations'in an infinitely long beam of uniform circular cross-section,
The displacements in the general trancendental frequency equations

were given in terms of infinite harmonic wave train, as a product of
sinusoidal and Bessel functions. For the lowest branch of the frequency
equations, Pbchhammer obtained first and second approximations for
extensional (longitudinal) waves and a first approximation for flexural
waves. Although it is extremely difficult to use these complex
equations to study transient flexural wave propagation problems

they have been guides in the use of approximate wave theories. The

same equations were given by Chree (1889).

Wave‘propagation involving dispersion is important for investi-
gations related toflexural wave problems.

Cauchy (1836) and Green (1839) discussed the propagation of plane
waves fhrough a crystalline medium and ohtained equations for the
velocity of propagation. ,

Hamilton (1839) investigated the velocity of propagation of a

finite train of waves in a dispersive medium, in his work on the
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“theory of light. Kelvin's group method of approximating integral
representations of dispersive waveswas included in his work on
‘water waves in 1887.

Ldrd“Rayleighi(1894) discussed the problem of lateral vibration
of rods and included in the derived equation of motion, a correction
for the rotatory inertia. This correction is usually atributed to him,
although it was originally given by Bresse, as early as 1859.

Lamb (1917) was concerned with the investigation of flexural
waves in plates and he pointed out the inadequacy of the Euler-Bernoulli
theory which predicts that the effect of a localised disturbance begin
instantanously at all distances.

Timoshenko (1921, 1922) corrected the Euler-Bernoulli equation
for flexural waves by including the effect of the shear deformation
in addition the correction term for rotatory inertia.Although the shear
correction term was'originally suggested by Bresse, Timosbeﬁko was the
first to include it in the approximate theory dealing with flexural.
wave propagation in a rod. This theory forms the basis of the present
investigation.

The brief history, presented in this section, of the work of the
classical elastician, written during the 19th century and mostly in
French, was based on books which include comprehensive survey of
the history of the theory of elasticity, ' such as: Todhunter and

Pearson (1886); Love (1892); and Timoshenko .(1953).
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2.2. The Timoshenko beam theory

2.2.1. Flexuralvibration of beams

The simplest theory governing the flexural vibration of beams is
the Euler-Bernoulli theory, which assumes that the bar element
deformation is in the form of transverse displacement only. This
theory agsumes, in addition to the assumptions of uniform homogeneous
and constant cross :section, that the deflection is small and that
plane cross—sections remains plane and perpendicular to the neutral °
axis after deformation,which means neglecting shearing deformations.
The Euler-Bernoulli equafion for bending vibration neglects also the
rotatory-inertia effect. However, at low frequencies, the theory
gives satisfactorily the frequency spectrum and mode shape of beams
in steady-state harmonic vibration.

The Pochhammer-Chree theory includes a set of equations for
flexural vibrations and is only applicable to an infinite bar in
which continuous sinusoidal waves are progagated in either direction.
This three—diﬁensional theory of elasticity cannot be used to construct
solutions for finite aﬁd semi-infinite bars. In addition, the comp-
lexity of thefrequency equations makes it very difficult to use them
for practical solutions. |

When the Timoshenko beam theory is applied to the case of an
infinite bar of circular cross-section although it is approximate
and one-dimensional, it gives remarkable agreement with the exact
theory of elasticity, especially in the first branch of the dispersion
curve, which is the primary  flexural mode, as was shown by Davies
(1948) .

The Timoshenko theory is more accurate than the Euler-Bernoulli
theory in governing transverse and flexural free and forced vibrationg

of ‘a beam where frequency equations, displacement curves and mode

shapes are determined.
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The Euler-Bernoulli equation can be obtained directly form the
Timoshenko beam equations, when the terms that take jnto account the
effects of rotatory inertia and shear deformation are omitted.

Although Bresse was the first to discuss, in 1859, the effect
of non-uniform shear distribution over the cross-section and to
jnclude a term for the effect of rotatory inertia in his equation of
motion for lateral vibration, it is justified to attribute the theory
which takes these effects in to account to Timoshenko since he was
the. first to include both terms in the equation for flexural vibration
of beams.

Timoshenko (1921) derived the equation for flexural vibration‘
and obtained the frequenc§ equation for a simply supported prismatic
bar of length 1. He showed the importance of the correction for shear
"which is for some cases several times greater than the correction for
rotatory inertia. In a second paper in 1922, Timoshenko obtained the
solution for the case of a beam of rectangular section and approximate
tsc;lutions were found for the cases of plane strain and of plane stress.
The case of a bar of circular cross section was also investigated and
values of shear correction factor for both cross-sections were suggested.
His solﬁtion was not applicable to other boundary condition. Goens (1931)
used the Timoshenko equations and obtained complex exact expressions
for the case of a free-free beam. The roots of these expressions
yield the frequencies of vibration by an approximate numerical evalu-
ation for . bars of circular cross-section and various. lengths.

He used his results for the determination of Young's modulus.

Davies (1937) investigated the transverse vibration of a fixed-
free bar under the effects of a shear force and bending moment. He
used the Timoshenko beam equation and obtained a solution for the
frequency equations which satisfied the boundary conditions. The

solutions were approximations of the series expansions where terms of
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- ~higher orders were neglected. The fundamental modes were determined
for several bars of different materials and dimensions. The importance
of the effects of rotatory inertia and shear were emphasised.

Krus;ewski (1949) gave general solutions for the Timoshenko beam
equations and solved them for uniform cantilever and free-free beams.
The freqpencies of the first three modes were presented graphically.

His results showed that the effect of shear increased in the higher
modes and. caused a significant decrease in the frequency value.

Suthérland and Goodman (1951) have found that shear distortion
is particularly important at the higher.frecuencies. Thev gave a general
solution for the lateral free vibration of a pin-ended beam and natural
frequencies were obtained for a simply supported and for a cantilever
beams.

Traill-Nash and Collar (1953) pointed out that a complete new -
spectrum of naturai frequencies appeared when both shear flexibility
and rotatory inertia were taken into account. The importance of
higher frequencies in bending vibration were shown in connectioﬁ with
aircraft components, such as wings, fuselages and propellers. Various
types of end conditions were investigated and the first five natural
frequencies were calculated usinga matrixiteration process and the
effect of shear flexibility was found to be considerable.

Anderson (1953) compared various solution methods for flexural
vibrations, treated by the Timoshenko beam theory and pointed out certain
advantages of power series expansions, according to the principles of
superposition, over Laplace transformation solutions. The series solu—
tion presented in this paper was exactly the same as the one published
previously by Sutherland and Goodman- (1951) for the case of a simply
supported beam. The slight numerical difference in the values of the
graphs was due to a - somewhat higher value used for the shear correction

" factor.
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Dolph (1954) pointed out the existance of two sinusoidal modes
of different frequencies corresponding to the same spatial factor in
the solutions based on Timoshenko theory. He considered the separation
of variables and the orthogonality relations as in a typical eigen-
value problem and presented a normal mode solution for a uniform hinged-
hinged beam.

Howe and Howe (1255) demonstrated the usefulness of electronic
differential analyser in determining solutions for the lateral vibra-
tion of beams according to the Timoshenko beam theory. They based their
solution on a system of four simultaneous first order differential
equations, previously given by Dolph and paid particular attention to
the mode shapes. Half a dozen trials were necessary to find a satis-

* factory solution according to the normal mode method, applied to the
case of a free-free beam.

Huang ( 1958, 1961) investigated in two papers the effects of
rotator§ inertia and shear on the flexural vibration of beams. A
solution was obtained for tﬁe Timoshenko beam equation by the energy
method of Ritz when applied to a simply supported beam. In his second
paper, he presented frequency equations for a combination of various
tyﬁes of énd conditionsiusing normal mode solutions.

Since the middle of the sixties and through the seventies the
vfinite element method has been applied to the bending vibration of
beams treated by.the Timoshenko theory. Several Timoshenko beam
elements have been developed and only a brief account of the research
papers published in this area will be given here.

.'Hurty_ and Rubenstein (1964) used an energy approéch to de&elop
generalized mass matrix and stiffness matrix including the effect of
rotatory inertia and shear. fﬁese effects were illustrated in deter-
mining natural frequencies and corresponding mode shapes for-a uniform

simply supported beams.
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Archer (1965) presented a consistent mass-matrix and a stiffness-
matrix for the vibration analysis of a Timoshenko beam.

Kapur (1966) derived a finite element for theTimoshenko beam
in which a cubic plynomial function was assumed for both bending and
shear deformation, where no coupling between these two displacements
was permitted and hence, the problem was overspecified.

Egle (1969) presented an approximate Timoshenko beam theory designed
to eliminate coupling between shear deformation and rotatory inertia.

Nickel and Secor (1972) derived stiffness and mass matrices for
what they called TIM 7, a matrix of order 7, ;hich was reduced to
TIM 4 using the constraint given by Egle.

Davis ét.al (1972) used an element model similar to TIM 4 which
had the limitation that natural bouhdary conditions at the free end-
or hinged end could not be applied.

Thomas et.al (1973) pointed out that some errors in the matrices
of one of the elements given by Archer (1965) caused some confusion
and led, when applied, to some una?ceptable results. They proposed
an element with three degrees of freedom at each of the two modes.

This element was used to calculate the natural frequencies of a cantilever

beam and the results were compared with the use of other elements.

Dong ana Wolf (1973) used duédratic interpolations for the
displacemenf variables of a finite element for the Timoshenko beam.
Hamilton's principle was used to derive the equations of motion in
discrete co-ordinates. Frequencies were obtained by the present element
for a simply supported beam, two-bay frame and a hinged arch.

Ramamurti andMahrenholtz . (1974) used simultaneous iteration method

to detérmine eigeﬁjfrequendies for the flexural vibration problem. The
authors concluded, from the relatively high difference between theoretical
and experimental frequency values, that the actual structure had to be

modified to reduce the number of modal points to meet the available
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" “storage of the computer.

J. Thomas and Abbas (1975) suggested a four nodal degrees of
freedom for a two noded Timoshenko beam finite element which
incorporated natural boundary conditons. The mass and stiffness matrices
are based on cubic polynomial expansions for total deflection and bend-
ing slope are derived fram energy expressions. In a discussion by
D.L. Thomas (1976) it was noted that it is not possible to claim that
any one element.is the "best" model vibration analysis of Timoshenko
beams. The choice of elemeﬁt must depend dn.the required accuracy, '
the nature of the structure, the rélativé.importance of shear

and rotatory inertia, and the number of degrees of freedom -

-

available. = .
Downs (1976) detected an additional mode due to shear oscillation

when he re—examined the equations of Dolph, Huang and Howe, et.al

This mode was identified in the frequency discretized analysis of an

eight segment simply supported, uniform Timoshenko beam, as well as

a finite element solution using consistent mass theory. i
Rao et.al (1976) suggested a finite element model for vibration

of non-uniform beams. Bishop and Price (1976) usea the Timoshenko

theory in the dynamical structural anglysis of ship hulls as a non-

conservative system,

2.2.2. Transient flexural wave propagation in beams

The Euler-Bernoulli tﬁeory is inadequate for the treatment of
transient bending wave propagation problems, since it assumes that
disturbances with infinitely short wave lenghts, which are associated
with high frequency branches, will propogate with an infinite velocity.
The transient input gives rise to higher frequencies, when the duration
of impact is much smaller than the fundamental’period of the vibration
of the structure. Hence, according to the Euler-Bernoulli theory

transient disturbances should be felt immediately at the far end of the
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“beam and tﬁis is physically impossible and contrary to the results of

the Pochhammer-Chree theory which predicts finite values for the velocity
of propagation of  stress waves, Furthermore, the Euler-Bernoulli theory
assumes that the displacement of the bar consists solely of translation.

As regarding the exact theory, the complexity of the displacement
and frequency equations makes it impossible to use for practical probleﬁS‘
of flexural wave propagation and, in addition, it cannot satisfy the
end conditions, together witﬁzero stresses at the lateral surfaces. How-
ever, the Pochhammer-Chree theory has been used to determine phase
volocities and group velocities of sinusoidal waves in narrow beams and
" beams of circular cross-section.,

Dispersion relations play an important role in the propagation of
flexural waves in elastic boﬁnded solids. A pulse can be seen as the
Fourier integral of a number of sinusoidal components of different
frequencies, which will travel with different velocities and dispersion
is the cause for'the distortion of the wave. It is necessary for dis-
persion analysis to determine the variation of the phase §e10city p
i.e. the velocity of propagation of surfaces of constant phase, with
the wave length, as well as the group velécity cg"i.e. the velocity
of propagation of a wave packet of almost the same wave I%ngth. For
flexural waves, the group velocity is more important since it is the
velocity of the rate of transmission of energy.

The Timoshenko beam equation, which takes into account the effects
of rotatory inertia and shear on the displacement of the beam, gives
a high degree of accuracnéver a wide range of wave lengths for flexural
waves in bars. From the engineering point of view, the‘Timoshenko theory
is the best known theory to deal with transient flexural wave propagation.
The Timoshenko beam theory provides the dynamic equations of motion for
tr;nsient waves in finite, semi-infinite and finite beams.The Timoshenko

beam equations are applicable to flexural waves due to transverse impact
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as well as flexural waves due to eccentric longitudinal impact.

Some research works compared the results obtained by theoretical
models with experiments, This will be mentioned in this chapter
briefly and.dealtwith more extensively in chapter 6 which presents -

a review of experimental works.

Timoshenko (1913) investigated the transverse impact of a simply
supported beam of square cross-section and used the theory of lateral
vibration in connection with Hertz theory, to evaluate numerically
the deflection of a short beam 15.35 cm long, 1x1 cm cross section,
struck in the middle by a steel sphere of 1 cm radius. He used energy
consideration, considering the transformation of the kinetic energy
of the striking mass into potential energy of bending in the beam, with
some estimate of energy loss due to impact. The integral equaticns
were solved numerically by dividing the time into small increments
duriné which the contact force between the striking mass and the beam
could be considered constant. -

The same problem of a central impact of a simply supported beam
was investigated by Arnold (1937) who compared experimental results
with theoretical calculations based on the previously mentioned
Timoshenko analysis. A more detailed theoretical study of ‘the same
problem was given by Christopherson (1951) .

Lennertz. (1937) calculated the fundamental period and the maximum
deflection for the two simply supported beam§originally discussed by
Timoshenko (1913) and obtained comparable results. He considered the
impact as a whole rather than as a succession of steps. Lennertz assumed
that the duration of impact was small compared with the period of the
fundamental ﬁode of vibration, which was justified 1f .only the
fundamental mode was stiﬁulated, which meant neplecting the effect of
higher modes and therefore was not justified.

Lee (1940) used an improvement of the method used byLennertz with
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a modified Hertéian “expression and obtained a solution for central
impact of a uniform simply supported beam. His calculations coﬁpared
well witﬁ tﬁe experiments of Arnold.

Bancroft (1941) was the first to solve the Pochhammer-Chree
equations for the propagation of longitudinal waves and formulated the
propagation~velocity in term of two variables: the Poisson's ratio
and the ratio of the diameter of the bar to the wave length. He dié-
cussed qualitatively the flexural mode an?&ointed out the complexity
of the flexural modes. He obtained only the lowest root of the
equation.

Prescott.. (1942) gave the frequency equation in deternﬁnantall
form for the case of flexural vibration, but he did not evaluate the
determinant derived from the éia?;‘thedry of elasticity. He also..
derived'thé‘Timoshenko:béam\gQuations‘by“enérgy considerations and
found that the elementary tﬁeory of transverse vibration was inadequate
for transient loadings. Tﬁe velocity of flexural waves depends on
their wave'length and approaches tﬁat of Rayleigh surface waves when
the wave length becomes small compared with tﬁe lateral dimensions of
the bar. Prescott obtained numerical results for the velocity of °
flexural waves in a bar of circular cross=-section. _

Flﬁggé (1942) observed the prediction of the Timoshenko theory
that discontinuities are propagated at definite finite velocities,
cq (=VE/p) and c2'(=/EI§75)- He pointed out that discontinuities of
bending moment and angular velocity are propagated with.ci, vhereas
discontinuities of shear force or transverse velocity are propagated

. with Cpe

Hudson (1943) solved the determinant of the frequency equation,

given by Préscoﬁt, for flexural vibration and dispersion curves were

presented for various values of Poissqp's ratio, Hudson overlooked

the higher modes of the flexural waves and assumed wrongly that they
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“did not exist.

Cremer (1943) disé@ssed the two distinct velocities appearing in
the Timoshenko equation and pointed out tﬁat better agreement with the
exact theory can be reached if the value of the shear correction factor
is so adjusted as to produce a value for the shear velocity c, which

corresponds’ to the asymptotic value of the lowest mode of the exact
theory. .

Davidson and Meier (1946) used the Timoshenko beam theory to
étudy thepropagation of transverse waves in prismatical bars in connection
with slender tools used in the percussion drilling of rock. Eccentric
longitddinél impact was studied experimentally.

Pfeiffer (1947) was the fitst to use the method of characteristics for
the general solution of the Timoshenko beam equation as a system of
two second order partial differential equations. He discussed the
propagétion of discontinuities along the characteristic lines and
described in detail all the steps needed to carry out the numerical
calculation. However, Pfeiffer did not.present a particular numerical
example.‘ The method of characteristics will be discussed in chapter
three (section 3.2.4.).

Cooper (1947) discussed the dispersive nature of the longitudial
and flexural waves on the basis of the exact theory.and pointed out that
it was difficult to get information other than that tke maximum velocity
propagation for any disturBénce is the velocity of dilatational waves CD.

Davies (1948) was the first to verify the Pochhammer-Chree. theory
experimentallf and pointed out tﬁe differences between the elementary
theory and this "exact" theory. For flexural waves, Davies constructed
dispersion curves for phase velocity and group velocity for the first
bending mode§for a Poisson ratio y = 0.29. The values for the flexural
curve of the exact theory were intefﬁolated from'Hudsbn'é data. The

dispersion curves dervied from the Timoshenko theory were shown to agree
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well over a wide range of a a/A ﬁifh the values derived from the

exact theory. Davies concluded that the Timoshenko tﬁeory prediction
for the velocity of pr&pagation of the leading edge of a flexural

pulse, i.e. c2=i£267;, suffers only a small precentage of difference for
almost any form of cross-section. However, one could expect flexural
pulses to be progagated with ﬁigher velocities, 1f highgr branches of
the dispersion curves are considered. Davies paper included an
extensive experimental part based on tﬁe modification of the Hopkinson
pressure bar, wﬁich justified the assumption of the uniform distribution
of the stresses over tﬁe cross—section and ﬁence with the use of the
one-dimensiénal theory.

Uflyand (1948) used the Timoshenko beam equation to solve the
problem of an infinite beam subjected to a concentrated load of a
step—function time history. He employed Laplace transformation method
to obtain displacement solétions. He was the firgt to show that con-
tour integration would give exact travelling wave solutions for the
theory. He approached the problem by cutting the infinite beam at
a stafion just to one side of the load and treated the unloaded, semi-
infinite portion of the beam. His interpretation'of the assumed
boundary conditions was incorrect.

DeJuhasz ~(1949) presented a graphical analysis of several
longitudinal impact problems as a way to avoid difficulties involved
jn mathematical analysis.l Tridimensional diagrams, so called '"Stereo-
grams" were constucted on the basis of x-t diagrams and v-p diagrams.
Thegraphical analysis was based on two assumptions, namely that of
constant velocity of propagation and that of linear relationship

between the change of striking velocity v and the change of stress.

Although no dispersion relations were involved, the stereograms were

too complicated even for basic problems of longitudinal impact' of bars.
The method was based on the original graphical analysis, given by
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Saint-Venant and on several previous works of the author, as well as
the contributions of Bergeron, originally devised for water-hamer
calculations.

Duwez;j(1950) studied tﬁe deformation of an infinitely long beam
subjected ‘to a concentrated transverse load of constant velocity. He
investigated the influence of impact velocity and duration of impact
on the deflection characteristics of the beam by a tﬁeory originally
developed by Boussinesq. TFor steel, the plastic deformation was
assumed to be localised at the point of impact. However, for soft
materials such as annealed copper, plastic deformation ﬂad to be
considered. The discrepencies between theoretical and experimental
results were attributed to tﬁe effects of end supports and the dis-
persion characteristic of the transverse waves.

Approximate theories for transverse waves in plates and two
dimensional compressional waves in bars werestimulated by the Timoshenko

beam theory. Directly from the three-dimensional equations of motion,

'Mindlin.(1951) deduced a two-dinensional theory for flexural motions of

plates which takes into account the effects of rotatory inertia and
shear, in the same manner as Timoshenko's tﬁeory. Min;iliré theory was
similar to tﬁe one given by Uflyand‘(1948) and by Reissner (1945). -
Mindlin and Herman (1951) derived from the general theory of elasticity
a one—diminsionél theory of compressional waves in elastic rods, The
obtained equations for radial and longitudinal motions of a bar were
similar to tﬁe Timoshenko's equations for rétationai'and transverse
motions of a beam and could be treated in a similar manner.

Dengler.  and Goland (1951) pointed out that the boundary conditions
of Uflyand were incorrect and solved the same problem, avoiding thediffi-
culties of boundary conditons by‘working with the original 4th order
nonhomogeneous Timoshenko equation and a lateral impulsive load applied

to the beam mid span in the form of a two Dirac function product in
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"terms of t and x. The results appeared in closed form solutions, .
which required the evaluation of complicated integrals. Another
difficulty was that of defining proper boundary conditions in the

"total deflection approach'. Tﬁe'contour analysis included an error

in connection with singularity problems, wﬁicﬁ was corrected in a

later pﬁblicétionvof the autﬁors, in 1955.

Schirmer - (1952) discussed the problem of flexural waves in Timoshenko
beam and compared solutions based on a system of two second order partial
differential equations in terms of transverse displacement y and angular
rotation Y and their derivatives. He used Laplace transformation for
the dispersion analysis and used the method of characteristics for
obtaining bending moment distribution along the beam at certain times
after a bending moment input at on eﬁd.

Miklowitz.(1953) pointed out the difficulties involved in the
solution methods suggested by Uflyand and Dengler et.aland modified the
Uflyand method and gave correct interpretation to his boundary con-
dition's. He treated tﬁeléteral deflectioncomponents due to rotary
jnertia and shear separately in essentially the same way as used by
‘Séhirmer. This approaﬁﬁ provided insight into the physical nature
of the travelling wave character and possessed definite advantages in
reducing the mathematical difficulties in establishing the boundary
conditions and obtaining the transformation for the case of an infinite
beam under the action of a concentrated transverse load, treated
previously in the works of Uflyand andDengler et.al. It is not always
easy to obtain transform solutions for various end conditions and it
is more difficult to evaluate them numerically. In 1960, Miklowitz
applied the same method to yield travelling wave solution for flexural
waves in plates.

lLeonard and Budiansky (1953) used the method of characteristics

to obtain numerical travelling wave solutions for Timoshenko beams of
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- ~various end conditions subjected to .step velocity, step bending -
moment and ramp-platform bending moments. However, for mathemetical
simplicity, the solutions were based on the equality of the two pro-
pagation velocities, wﬁicﬁvis physically unrealistic. The characteristic
equation, derived by tﬁe authors, was based on the Timoshenko beam theory
as a system of four first order partial differential equations. For
some cases, tﬁe solutions were compared with closed form solutions and
with modal solution.

Eringen (1953) applied tﬂe generalized-Galerkin method and collo-
cation method to obtain the contact force and the displacement by the
u;e of the ¥ertz's law, for transverse impact of beams and plates with
various end conditions. Deflection curves were obtained by using
Dirac §-function, having tﬁe same impulse as the contact force F(t).

Newman (1955) obtained a solution of the Timoshenko equation for
a half-period sine excitation applied at the root of a cantilever
beam and the appropriate initial and end conditions were specified by
nea#s of tﬁe use of avariational principle. The relation between
maximum dynamic strain and relative impact duration was plotted and
Newman found tﬁat a tﬁin slender bar (L/x=300) was subjected to 25.5%
higher strain than a tﬁick sﬁort bar (L/r=30) at the clamped end in
short duration impact. Newman used Laplace transformation for his
frequency based analysis.

Boley and Cﬁao (1955) presented Laplace transformation solution
of the Timosﬁenko beam equations for transverse impact of semi-infinite
elastic beams. Laplace transformations were used for various types
of sudden loadings and the obtained curves for bending moment and shear
force for several positions were compared with elementary beam theory
results.

In a second paper in 1955, Boley described the behaviour of beams

under lateral impact by means of an approximate "travelling-wave"
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-approach, based on energy considerations. Numerical results were
obtained for a very short portion of the beam near the point of impact
of the order of tﬁe cross-secti&n dimension, and for very short times.
However, in a later paper of Boley and Cﬁao (1958), these short-comings
were removéd from this metﬁpd and solutions were obtained for semi-
-infinité beams under step—inputs of velocity and bending moment.
Defléction curves for finite simply-supported beams were constructed
by superpésition . of semi-infinite beam results according to the method
of images, as given by Leonard and Budiansk.y (1953).

Jones (1955) obtained a solution for flexural stresses in an
'infinite beam loaded by a'transverse point load. His solution was
based on Timosﬁenko's tﬁeory of transverse vibration, solved by the
use of Fourier transforms, from which asymptotic approximations were
found by the metﬁod of stationary pﬁase. The numerical evaluation for
the variation of amplitude of bending moment and of wave length were
presented. .

Barnhart énd Goldsmith (1957) developed a theory for the transverse
impact of sphe;es on elastic beams which incorporated a dynamic plastic
force-identation law and permitted the evaiuation of the effect of an
afbitrarily large number of beam bending modes. The theoretical stress-
time hiétories based on fﬁis theory which took account of the higher
modes were in a better agreement up to tﬁe peak value with the observed
data than curves based oanértzi law wﬁose shape during the initial
loading increase did not agree too well with the experimental results.
However, the peak value obtained by both tbeoretical methods was in
fair agreement with the experiment at the point of impact.

Abramson (1957) pointed out the wrong statement of Hudson
who.,calculéted the first root of the frequency equation, and assumed

therefore, that flexural waves are propagated in one mode only,
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“Abramson computated the three lowest modes of the determinant of
flexural wave tranémission, based on the Pochhammer—Chree theory.
Dispersion curves were presented for v=0.29 and used to study the
rate of energy transmission in terms of group velocity. Hence, the
author was able to obtain some additional insight into the physical
phenomena involed in the flexural response of beams to impulsive
loads. *

In a second paper by Ripperger and Abramson (1957), the authors
compared the predictions of the Pochhammer-Chree theory concerning the
arrival time of flexural waves with experimental results and found
that initial distrurbances were propagated at the dilatational wave
velocity and the bending wave pulse was propagated by a continuous
series of arrivals; The a;thors were able to establish the adequacy
of the Timoshenko beam theory in predicting quite accurately the

;rrival times for all but the very sharpest impact. Furthermore the
amplitude response is predicted very well by the Timoshenko theory.
So, it was concluded that{lfor all practical purposes, the Timoshenko
theory provided an adequate representation of the propagational
characteristics of bending waves.

Plass (1958) extended.the use of the method of characteristics

to the general case of different propagation velocities. He studied various
typés of end conditions for Timoshenko beams under half-sine form of

end impacts of ﬁoment, shear, angular velocity and transverse velocity.
For comparison purposes, the case of a simply supported semi-infinite

beam under the action of a sinusoidal end moment, was solved by Laplace
_transforms in addition to its solution by the method of characteristics.
Comparison with experimental data, due to Ripperger (1955) showed good
agreement, except where the, pulses were extremely short.

Flugge and Zajac (1959) investigated several solution methods

other than the method of characteristics, none of which could yield
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-a complete solution at all points of the beam. However, a combination
of ' - them could give an almost complete solution for a semi-infinite,

simply supported beam under the action of a step-function end bending

moment. The numerical results in the neighborhood of the end were
obtained using the Laplace transformation together with term-by-term
jnversion. TFor long times the integral, obtained from tﬁe contour
integration near the point of impact, was evaluated to obtain asymptotic
solutions using the stationary phase method of Kelvin. The method

was a complicated combination-of several not so easily obtainable functions
such as Bessel function, Laplace transforms and Fourier transforms.

Kuo presented in two papers, in 1959 and 1961, the results of a
theoretical and experimental study of bending waves in a semifinfinite
Timoshenko free-free beam subjected to a dinamiéally applied end
moment. He used the method of characteristics, in the same manner as

" Leonard and Budiansky ;, and in order to simplify the numerical analysis,
k2G/E is taken equal to unity which is the same as two equal characteristic
velocities, which is physically incorrect. The effects of slenderness
ratio and the cﬁange of rise-time were studied and the results wer;
compared with a secohd theoretical treatment, based on Euler-Bernoulli
theory by the normal mode method. The comparison of the Timoshenko beam
theory results and observed data was limited to the initial stress build
up and the discrépancy was most marked in the phase shifting.

Jones (1964) used the exact two-dimensional theory of plane-strain

transverse waves in a beam by the application of a transverse force having
a step function time variation. The bar width was great in comparision
with its depth i.e. the bar was in the form of a plate. The solutien
was used for'the assessment of the validity of Timoshenko's theory and
its advantage overgiementary theory. s

Chou and}kntimer (1966) pointed out the advantages of the method

of characteristics, when compared with the mode super-position method
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and the Laplace transform method, in solving transient response problems.
They treated several elastic wave propagation problems including the
Timoshenko beam equation as a system of second-order-ﬁyperﬁplic partial
differential equations, using the mothod of characteristics , The
governiﬁg equations for tﬁe propagation of discontinuities along the
characteristic lines were obtained. Various types of input loadings
were used for integration along thé characteristic lines to evaluate
time-histories of stresses. Tﬁe method presented an improvement on

the nuﬁerical method given by Chou and Konig in 1965, regarding the
propagation of discontinuities.

Chou and Koenig (1966) compared their results for tﬁe method of
characteristics, with the results of other methods, where such solutions
existed and found excellent agreement.

David and Koenig (1967) used a so-called "direct finite element
analysis" to solve dynamic flexural travelling wave problem in infinte
beams and plates. They obtained numerical results for a very short
cantilever beam with a step velocity input applied at the free end,
according to the Timoshenko beam theory. The effect of reflection on
the evaluated bending moment and shear force was included.

Bejda (1967) investigated the problem of the propagation and
reflection of stress waves in elastic-visco plastic beams, uéing the
method of characterisfics for both regions. Numerical results were
obtained for a cantilever beam under suddenly applied bending moment
and shear force to the free end.

Edge (1970) investigated the response of aircraft arresting hook
wits to impact WithObstaFlés in connection with aircraft landing,

using two numerical wave propagation methods, namely the method of

_characteristics and the direct finite element analysis. He obtained

a solution based on the Timoshenko beam theory for naval and land-based

aircraft hook units and pointed out the advantage of the method of
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- characteristics for obtaining bounce dimensions in land based cases.

Garrelick (196%)' considered the ‘response of a link spring supported
beam subjected to a uniform velocity input by the Timoshenko theory
represented as a conservative second order hyperbolic system and solved
by means of a dual eigqé function expansion, where the system consisted
of real and positive eigen values and orthogonal eigen functions. The
results for the moment at midspan and the shear at the support were
compared with the results of the Euler-Bernoulli theory and the dis-
crepancies were mostly pronounced in the vicinity of higher oscillations
repr;senting reflected wave fronts. The results may be applicable to'
sonic boom problems and other problems such as packaéing.

Ranganath (1971) employed the Timoshenko theory to solve the
problem of transverse impact of an infinite elastic beam by a semi~
infinite elastic rod. Tﬁe system of the hyperbplic equatiqh were solved
by Laplace transformation and compared with experimental data, as well

as with a second theoretical solution obtained by a.finité difference

technique. Both theoretical results correlated closely with observed
data,with the: finite difference method showing improved agreement. Dis-
crepancies at the initial times and at stations close to the point of
impact were reflected in oscillations at early times which was not
supportéd by experimeqtal observations of the strain waves.

Lee and Kolsky (1972) based their investigation of flexural waves,
generated at the junction of two non-collinear rods, on tﬁe Timoshenko,
theory. The transmitted and reflected flexural wave were considered
and the shape of the initial pulse was assumed as the integral of the
difference between two error functions separated by the pulse length,
expressed in an inQerted Fourier cosine transform. The shapes of the
four waves generated at the junction, two longitudinal pulses and two
flexural pulses where both types reflected back along the first rod

and also transmitted into the second rod inclined at various angles
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to each others, were determined and compared with experiments.

Sagartz and Forrestal (1972) compared the Timoshenko solution
with the Euler - Bernoulli solution and with experiments for the flexural
waves, propagating from the clamped end of an impulsively loaded semi-
infinite cantilever beam. The transform method was used to find a solution
for the hyperbolic Timoshenko beam equations and to compare the results
with observed data, where the input pulse was assumed in the form of a
sine-squared uniform lateral pressure pulse. The effects of shear
deformation and rotatory inertia were shown to be especially important
at the initial time.

Philips and Crowley (1972) treated pulse propagation in a curved
beam by the Timoshenko theory and used the method of characteristics
for the numerical solution, where the input pulse was in the form of
a half-sine pulse, as in the case of Plass (1958). Similarities to
the problem investigated by Lee and Kolsky (1972) were also pointed
out. It was concludedthat aflexural pulse in a curved beam of moderate
curvature was insensitive to the actual beam curvature, as far as the
bending moment and shear were concerned . These results are in aéreement
with .the conclusions of Morley (1361)-who showed that there was no sig-
nificant intéraction between extension and flexure for small curvature.

Forrestal et.al  (1975) checked the accuracy of a two-dimensional
elastic-plastic wave propagation computer code TOODY, by comparing
its results with those based on Timéshenko beam calculations for an
impulsively loaded simply supported beam, where the transient pulse
was a sine-squared pressure pulse of very short duration. General
agreement between the two theoretical predictions was good except for
higher frequency oscillations predicted by TOODY,

Colton and Herrmann (1975)used the Timoshenko beam theory to
calculate the beam response, before, during and after fracture. The

method of characteristics was employed to obtain strain histories
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“{nder localized impulsive loading of a beam of rectangular cross-section,
where three models of the fracture were'postulated. Comparison of
calculated and measured strains showed'tﬁat a two-stage fracture model
approximated the structural response. A similar investigation by Colton
(1977) showed that all fractures were initiated by bending stress.

Parker and Neubert (1975) obtained the transient lateral response
of a cylindrical rod with free ends to a short duration half-sine pulse
of either moment or shear applied to one end. They applied the mode
shapes and frequency equations{ as given bydHuang (1955), as well as
the c1assical~separation of variables to obtain modal.series solutions
involving many modes for the Timoshenko beam theory with time-~dependent
boundary conditions. The theoretical solutions predicted higher peak
values when compared with exper{mentally observed data reported by
Ripperger 1955.

Sun and Huang. (1975) developed a higher order beam finite element
by increasing the nodal degrees of freedom to three andtested its
efficiency when applied to impact problems concerning the response of
of a simply supported beam.subjected to a sine pulse and the impact
of astéél”?sphere on a cantilever beam, where displacement curves
and contact force histories were presented and were found to be in good
agreement with existing solutions.

Tanaka and Motoyama (1976) investigafed'an infinite circular bar
subjected to impulsive bendiné load, using the three-dimensional theory
of elasticity and comparison of dispersion relations with those obtained
from several approximate theories,showed that the results of the Timoshenko
beam theory conformed to those of the exact theory over the whole region
for the first mode and over a small region of the second mode. Laplace
transform and Fourier transform techniques were used in the analysis.

In a second paper of Tanaka and Iwahashi (1977), a similar analysis

was presented for a bar of rectangular cross-section. The solution
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was obtained by an approximate crosswise superposition of two series
solutions. Dispersion curves for the frequency specturm of the bending
mode showed a very good agreement for the fundamental branch between
the results of the Timoshenko theory and those obtained by the present
method.

A controversial brief note by Nicholson and Simmonds (1977) suggested
that for an elastic isotropic beam of narrow rectangular cross-—section
clamped at one end, the Timoshenko beam theory was not more accurate
than elementary beam theory. This provoked no less than seven discussion
contributions, which were published in the Journal of Applied Mechanics
(1977) as a one time exception, since it does not publish discussions
on brief notes. In all discussions the importance of the Timoshenko
theory as a valuable engineering tool was emphasised and the unusual
nature of the chosen example was criticised. Van der Heijden pointed
out that the Timoshenko beam theory yields quite accurate numerical
results, although it is not a consistent theory from the poiht of view
of asymptotic theories. Koiter. agreed with the author's caution in
the sense thaf enginéering theories should never be applied indiscri~’
ninétely, but saw no reason for singling out the Timoshenko theory .
as a particularly vulnerable case. Reissner pointed out that the
problem constructed by the authors was of such a highly unusual nature
that the transverse shear strain distribution was assumed uniform across
the depth of tﬁe beam, in place of a "reasonable" parabolic or near
'parabolic distrubutions. This ment that #ranverse shear deformation
effect canceled -out altogether, up to terms of order ¢2. Christensen
noted thét beam theory was just a one-dimensional specialization of
plate theory. Mathematically, the Euler-Bernoulli tﬁeory and the
Timoshenko beam tﬁeory are both of the same order, but with different
degrees of generality or completeness. The more complete theory should

in general be preferable, even though counter examples may exist.
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"Schmidt - demonstrated that in view of the presence of large longitudinal
distributed shearing loads, applied to the upper and lower edges ef

the bar, the author's loads cannot be regarded as '"reasonable" for a
beam, as no longitudinal forces on long edges are permitted in the

beam theory. Levinson stated that the validity of the Timoshenko theory,
with its own valid mathematical structure, rested on how well it com-
pared with experience and not on its mathematical integrity alone.

The problems of elastic wave propagation in rods and beams have
been surveyed in many articles such as by Davies, (1956) who discussed
in detail dispersion relations together with phase Qelocities and
group velocities. A survey by Abramson (1958) gave extensive inform~
ation on various types of waves propagated in rods and beams. Two
surveyS'published in 1960 by Miklowitz and by Curtis contained the
discussion of the transient wave propagation problem in beams and rods.
In 1963 two surveys by Kolsky and Geldsmith reviewed experimental and
theoretical advances in the propagatiqn of waves in elastic solids.
More recently Scott (1978) presented an annbtatedﬁbibliogréphy which

ipcluded a few recent references on flexural wave propagation in rods.

For a more detailed treatment of the theory of wave propagation
in elastic solids, one should refer to many valuable books ‘. Kolcky's
bdek“(1953fg can be considered as the standard book of the modern
history of elastic waves. A recent revival of interest in the subject
led to the publication of many books in the seventies which included
comprehensive treatments of wave propagation problems and a large
number of bibliographies. These are the books by Johnson (1972),
craff (1975) and Miklowitz (1978). They presented the continuing and
growing interest during the last three decades due to a number of
reasons such as the rapid development of computing facilities, the
advance of experimental equipment available for producing and detecting

stress waves, and the need for information on the behaviour of structures
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* " subjected to impulsive loading.

. There is also an overwhelming increase in the literature related

to the field of geophysics, acoustic and electromagnetic waves.

2.3. Wave propagation in beams with discontinuities of cross section

Structural units used in many applications are of non-uniform
cross sectional areas. The non-uniformity can be either a continuous
variation of cross—-ection such as tapered bars and truncated cones.
or a discontinuous abrupt change in cross-section, such as stepped'bar;.
In addition, nonhomogenities in the modulus of elasticity and material
density do exist. Although the problem of elastic wave propagation in
a rod with non-uniform cross~section has been a subject of interest
and investigation for decades, the problem ﬁas received relatively
1ittle attention in the literature.

Most of the dynamic investigations of non-uniform rods are
related to tﬁe analysis of longitudinal and flexural vibration and
are based on the one dimensional elementary theory of longitudinal
motion and the Euler-Bernoulli theory of lateral motion. However,
many structures used in land, sea, air and space vehicles are subjected
to impact and transient loading. Many structural units are in the type
of beams with constant cross—section over a certain length wﬁich_changes
abruptly to another constant section. These are called stepped beams
or beams with discontiﬁuities of cross-section and are of main concern
in the present investigation.

Investigations of transient loads in stepped beams are limited to
longitudinal wave propagation and torsijonal waves since they are the
simpler form for theoretical treatment. There are some studies related
to flexqral waves in tapered structures which are based mostly on the
Euler-Bernoulli theory and there are some solutions related to flexural
vibration in tapered beams based on the Timoshenko theory. However,

there is no known research published on the analysis of flexural waves
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in a beam with discontinuity of cross-section according to the
Timoshenko beam theory, which is the subject of this thesis.,

Donnell (193Q) investigated the effect of a sudden change in cross-
section or material of a bar on a propagated longitudinal wave, wﬁich
when it arriveé at the junction initiates two new waves, a transmitted
wave aqd a reflected wave. When the sudden change was one of area only,
Donnell found that for an incident wave striking a reduction in area,
the reflected wave was of opposite sign to the original, whereas for
a wave striking an enlargement, the reflected wave was of the same
sign as the incident wave. The transmitted wave was always of the
same sign as the incident wave. Donnell also studied the problem of
a gradual change and formulafed the differential equation of motion
for longitudinal waves in a form which takes this effect into account.
Compression force and longitudinal velocity of particles for the ba;i
were presented graphically, and diagrams were constructed for waves
produced by variable forces, based on energy consideration:

Angus (1943) derived force-velocity relationships for the elastic
impact of a bar composed of several parts of different cross-sections,
from analogy with hydraulic equations for water hammer. He presented
an example of a bar composed of two cylinders of different diameters
moving horizontally at a constant velocity and stopped because of .
striking a rigid body. It was shown that the stresses could be cal-
culated by the known relation g= p_:cv-.. .

Langer (1943)'used the genefal equation of motion for longitudinal
vibration to obtain the frequency equation for an o0il well pump rod
consisting of a string of rods with abrupt‘chédges in cross-section.
The resulting natural frequencies were compared with records obtained
froﬁ magnetic strain gauges located in the string of rods.

Le Van Griffis (1944) discussed the propagation of longitudinal

waves in a bar with decreased or increased area which underlay the
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con&itions of equilibrium of forces and particle velocities. He

explained reflections at free and fixed ends, as equivalent to a
decrease in section to zero and infini?e increase in section respectively.

Van Griffis constructed x-t diagrams ;ith tﬁe help of a charactéristic
propagation velocity'c=¢E7;-which determined complete time-space stress
function for any case of'longitudinal impact and compared the results
with measurements uéiﬁg.ﬁire.resistance;étrain gauges.

Robinson (1950) discussed the "dynamic effects" in an aircraft
under landing conditions and traced the propagation of various‘}ind&
of stresses in the structure. He described the use of the method of
characteristics for the solution of the equation of motion as a ﬁyperbolic
system of partial differential equations Robinson gave aAgeneral solution
for shock reflection at discontinuities in comnection with abrupt changes

at the junction of aeroplane wings, sucﬁ as in the wing root and in the

vicinity of the power plant installation, where there was an aﬁrupt
change of characteristics relevant to wave propagation, i.e. stiffness
and density.

Fischer (19545 investigated the transmission and reflection of
an elastic longitudinal rectangular pulse in a bar with a cylindrical
neck or swell of varying lengtﬁ. The transmission and refléction of
the pulse iﬁ a bar with discontinuity of cross-section was followed
.up by a modified form of "graphodynmics method" which was applied
before by De Juhasz (1942) and Bergeron (1935). . In this graphical
method force-velocity and space-time diagrams were used to obtain
stress—-time and displacement-time diagrams. A more extensive study
and comparison with experiment was presented in a second paper by
Fischer (1959).

Mugiono (1955) used the Euler-Bernoulli equation for the
investigation of flexural waves in beams with one and two discontinuities

of cross—section and used a travelling wave solution to obtain a
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. -so=called reduction factoras afunction of slenderness ratio for
the propagation of bending wave in relation to . sound transmission
through walls in building structures. Calculations and experiments
showed a reasonably good agreement for ﬁarmonically sinﬁﬁéidalz excit-
ations.
Cranch and Adler (1956) used the simple beam theory to solve

the problem of bending vibration of beams having rectangular cross
section with any power-width variation where the depth variation was
linear, quadratic or cubic. Bessel function solutions were obtained
for a truncated pyramid cantilever, a cantilever with parabolic width
variation and compound beams of similar halveé joined together.

Ripperg;;;-‘and Abramson (1957b)ifepéate&"lhé.fheotetical solution
of the bending waée problem in a bar witﬁ discontinuities of cross-
section, treated before by Mugiono and added a comparison with the
reflection and transmission of longitudinal wave pulses. It was
attempted to determine reflection and transmission coefficient of a
stress pulse based oﬁ steady-state wave propagation. This analysis
was successful for longitudinal propagation where the dispersion did
not seriously alter tﬁe pulse shape, but not for bending waves pulses
which are alwaysidistorted by dispersion regardless of the pulse length.
1t was concluded therefore that any comparison of amplitude in bending
waves was not a precise method. In order to compare with experimental
results, reflection and transmission coefficients originally derived
for velocity were related to the corresponding quantities of moments.
The discrepancy was too large and it was concluded that a more accurate
theoretical analysis was needed, especially when pulses were of short
duration. A better agreement between theory and experiment was obtained
by Hékberstdaﬂ and Hoge (1971). The prcblem of reflection and trans-
missidn of a longitudinal wave across a sudden change in cross—secfional'

area was discussed by Burton (1958) where equilibrium conditions for
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) 'iértféie velocities and forces were formulated.

The idea of reflection and transmission coefficient is similar
to the idea of stress concentration factor used in the static leading
éhafts subjected to torsion and bending. Allison (1961) obtained the
elastic stress conceﬁtration factors vs. diameter ratio in shouldered
5h§f£é“§ﬁbjeCtEd't0~Pare Béﬁding“as the quotient of the peak stress in
the shouldered shaft to the maximum axial stress in a uniform shaft
of smaller diameter, subjected to the same moment,

Taleb and Suppiger (1961) appliedfhe-Cauchv function method from
the theory of integral equations to obtainthe‘éppfoximate fundamental
frequency and modal configuration in a simply supported stepped beam.
The solution was based on the elementary Euler-Bernoulli theory of
lateral vibrations. Tﬁe fundamental frequency computed after two
iterations for tﬁe beam with a jump discontinuity was compared with the
exact solution and was found to be only about three per cent above the
exact value.

| Reed (1962) reported a method for the computation of the amplitudes
of the succession of pulses which were produced from the incidence of
single longitudinal stress pulse on a zone of many abrupt discontinuities
not:simply related in their properties. An identifier was assigned
to each pulse and described its propagational history. It was used
together with a pulse designator to calculate amplitude and arrival
timesof reflected and transmitted pulses, The numerical method was used
to calculdte the relative amplitudes of the members of resultant pulse
trains for rods with three and six step transitions, for rods with
stepped-cone terminations of two to ten discontinuities, and for a
continuous linearly tapered cone.
+ Cone (1963)ohtained atheoretical solution for the longitudinal
wave propagation across an abrupt change in the bar's cross-section

and predicted the ratio  between the incident, reflected, and
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transmitted waves. The investigation was based on the elementary theory
and results were compared with experimental data obtained by strain
gauge measurements.

Conway and Dubil (1965) investigated transverse vibrational
resonance frequencies of truncated cone and wedge beams for nine
possible combinations of the simply supported, clamped, and free end
conditons. The Euler-Bernoulli equations were used to obtain solutions

in theform of Bessel functions of second order which were approximated
by their polynomials and numerical results were tabulated for five
modes and for four values of length ratios.

Davids and Kesti (1965) compared the determination of maximum loads
under impact using vibration analysis and stress-wave propagation method
for the design of long bars and stepped shafts. It was found that for
a ramp-type pulse with a rise time to; whenever the rise time of the
impact pulse exceeded the time required to propagate the length of the
bar and back about three times, an almost exact sinusoidal oscillation
occured. However, for a step pulse, the peak stress obtained by the stress
wave method was almost 50.per cent higher than that from the vibration
method. The longitudinal waves in an actuater and pilot shaft combi-
nation, designed for impact service, were investigated . An abrupt change
of section was shown to be more sucessful in reducing the level of stress
than a gradually changing cross-section .

Beddoe (1965) obtained a transient solution of the problem of
longitudinal stress waves in a cylindrical rod with several step changes
in cross-sectional area, by means of the Laplace transform method. The
theory was applied to a rod with a simple neck, formed by two inverse
changes in cross—section, where damping and wave dispersion effects
were not considered. Results, obtained by strain gauge measurement
showed good agreement with the theory.

Kawata and Hashimoto (1965) derived an approximate theory of
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- dynamic-stress concentration factors by considering notches and
shoulders as discontinuities of cross-—sectional area in struts,
Experimental resultsfor notched specimens of .- polyurethane rubber,
using high-speed photoelasticity, were shown to coincide with theoretical”
results using one-dimensional theory of longitudinal wave propagation
in an elastic b;r .

Lindholm and Doshi (1965) were concerned with the propagation of
a stress pulse in a continuously nonhomogeneous elastic bar of finite
length where the elastic modulus was a function of ghe position in
the bar. The one dimensional analysis for the propagation of longi-
tudinalwaves was synthesized from the eigen functions for the non
homogeneous bar by utilizing the principle of virtual work. Numerical
results were presented for a finite free-free bar subjected to a
pressure pulse and for one complete reflection in tﬁe bar. It was shown
that the eigen functions satisfied the orthogonality conditions and
series expansions were evaluated for the first 30 terms. Based on Laplace
transforms,an éppréximate solution of the same problem was given by
Whittier (1965).

Rosefeld and Miklowitz (1965) formulated a general solution for
the response of an elastic rod of arbitrary, cross-secfion to mixed
end condition loading, where the.ortﬁogonali;y condition of the eigen
functions for the displacements with different eigen values for the
frequency were employed. Laplace and Fourier transforms were introduced
in order to obtain solutions in term of ﬁarmonic waves for long-wave
effects which governed the long-time,"-large distance behaviour. It
was pointed out that the nature of tﬁe results for low frequencies
did not depend directly on the boundary sﬁape, but the higher modes
had a more complicated structure., |

Yang (1966) derived a general differential equation governing

discontinuous wave propagation in non uniform Timoshenko beams. A
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closed form solution was obtained for a nonuniform beam with a linear
variation in cross-section. The method of characteristics was used
to formulate expressions for jumps in moment, sﬁear, angular velocity
and transverse velocity.

Brunér' and Muster (1967) reported the attenuation characterigtiés
of a typical dri}l-string model as a long bar with spaced discontinuities
in cross-section area éubjected to plane longitudinal acoustic waves.
The analysis was based on mechanical-electrical analogy, used before
for single area discontimuities in infinitely long bars by Miles (1946)
who showed tﬁatlthe discontiniuty could be represented by a shunt
capacitance and by Karal (1953) who represented the discontiniuty by
a series inductance, both as functions of area ratio. Bruner and
Muster found that attenuation peaks decreased with increasing area
ratio and that attenuation occured at frequencies governed by the bar
length at the last segment of the system.

Tsui (1968) solved the problem of a projectile impinging upon
target as one of longitudinal‘wave propagation in a finite length #ar
with power variation in the cross-section. A solution was obtained
for a free—-free bar subjected to an arbit?ﬁry - pulse applying the
method of separation of variables and the princ?ple of virtual work,
as used before by Lindholm and Doshi (1965) for the non-homogeneous
bar. The same problem was solved by Handelman and Rubenfeld (1972)
using Laplace transform method. The calculations, although standard,
were somewhat tedious. |

Kenner and Goldsmith (1969) investigated the effect of a thin glue
section, joining two adjacent cylindrical bars, on the longitudinal
wave propagation. The joint was treated as a short discontiniuty by
the one dimensional theory and the éffect of eccentric " alignments on
the wave transmission was also investigated. It was found that a thin

insert placed between cylindrical sections disturbed the wave transmission
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in varying amounts depending ﬁn both the dispa{?ty in mechanical
impedance PCo with the exterior bars and the thickness of the section,
The eccentricity distorted the transmitted longitudinal wave veryllittle,
but decreased the peak strain up to 10%. The theorectical predictions
were tested by experiments performed on aluminium bars glued together
using two different adhesives.

Habberstad (1971) formulated a two-dimensional theory for
axisymmetric. elastic wave propagation by approximations of the Pochhammer-
Chree equations governing axisymmetric wave propagation in cylindrical
bargJéing afirst order finite difference scheme. The numerical analysis
was based on a displacement formulation used by Bertholf (1967) to study
the same type of waves in uniform cylindrical rod. However, Habberstad
used this numerical technique for a bar containing a discontinuity in
cross-section and for a Sar composed of two materials fused together.
Ramamurti and Ramanamurti (1977) solved the same problem by the finite
element method.

Mabie and Rogers (1972) obtained the differential equation of motion
for a vibrating double-tapered cantilever beam from the Euler-Bernoulli
theory of transverse vibration. The frequencies of five modes were
tabulated for various taper ratios. The results were obtained by .
numerical integration.

Mortimer et.al (1972) used three theories to analyse the problem
of reflection and transmission of transient longitudinal pulses in
shells with discontinuous cross-sectional areas. The three theories
used were the bending theory which included the transverse shear, radial
inertia, and rotary inertia effects 'a modified membrane theory which
included bending and rotary inertia, and a uniaxial theory, which included
only axial motions. Solutions were obtained by solving each of the
three syétems of governing equations by the method of characteristics.

The longitudinal and circumferential incident, transmitted and reflected
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strain pulses as predicted by the bending and membrance theories were
gL@wn to be in good agreement with experimental results, whereas the
uniaxiél theory strain predictions did not agree well with the experi-
ment. In a second paper by Rose et.al (1973) the method of characteristics
was used to obtain a numerical solution according to the bending theory
for the longitudinal impact of a joint cylinder-truncated cone-cylinder.
Good agreement was obtained with experiments carried out for a model
consisting of a 1/100 - scale replica of a portion of the Apollo/Saturm
V vehicle. | )

Yang and Hassett (1972) utilized the method of characteristics
in the theoretical analysis of the problem of transient stress in

. i

axisymmetric bodies of varying areas, such as cones and structures with
'large step changes in cross-sectional area and with changing impedances.

Rader and Mao (1972) were concerned with the amplification of
longitudinal pulses which propagated along fapered elastic bars, which
was regarded as a wave guide with continuously varying impedance. A
general travelling wave solution representing waveforms propagating
in both directions was used where the incident wave generated an
jnfinite sequence of reflected and refracted waves. Experimental
results showed that only for very short and very long pulses, did fhe
amplification approach  the limiting values given by the theoretical
prediction.

Reismann and Tsai (1972) developed an improved theory which
accounted for longitudinal as well as radiéi motions. The theory
was applied to two bonded, semi-infinite rods composed of different
materials and to a rod of finite length bounded at each end to two
semi-infinite rods composed of different materials. The results were
compared with the predictions of the elementary rod theory as character-
ized by the wave equation. For a harmonic excitation, phase velocity

vs. frequency plots was presented and it was shown that the improved

-~
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Eﬁéor} indicated the existence of two modes.

Koenig and Berry (1973) applied the direct finite analysis,
originally developed by Davids and Koenig (1967) to obtain the transient
flexural response of a cantilever tapered beam and a composite beam
of‘two different materials, subjected to a step moment input and a step
velocity input. The time-histories of bending moment and shear forces
were presented graphically.

Lee and Wang (1973) presented a one~dimensional theory which
accounted for longitudinal as well as radial and g#ial shear deform-
ation and their inertias for elastic circular rod~with nonuniform
cross—section. The theory was an extension of the Mindlin-McNiven -
theory (1960). The numerical results were obtained by the method of
characteristics for several non-uniform semi-infinite and finite rods
subjected to either a step or a pulse loading. The geometrical effect
of variation of section on the stresses and the effect of the elastic
support on the reflection and propagation of the stress were deduced.
Predicted and measgred results were compared.

Klein (1974) investigated the transverse free vibration of elastic
beams with non-uniform characteristics using variational analysis,
either as a Rayleigh-Ritz type vethod or as a finite element type method.
The basic asSump;ions of the analysis were based on the Euler-Bernoulli
theory. The case of a Simply supported stepped beam was studied as a
model for a non-uniform rotor blade. Comparison with experiments
indicated that the theory adequately predicted natural frequencieé
for the first three modes and the mode shapes.

Lee and Sechler (1975) used the one-dimensional theory to examine
the longitudinal wave propagation in wedges due to impact at their
large end. Closed from solutions were obtained in term of Laplace
transforms and Bessel functions.

Corman (1975) investigated the lateral free vibration of beams
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with step changes in the properties of their cross-section and gave
extensive tables to obtain tﬁe frequencies for 4 modes and various end
conditions. The solutions were based on the Euler-Bernoulli tﬁeory.

Ramamurti and Ramanamurti (1975)used afinite difference formulation
to soive the problem of longitudinal wave propagation in very short
bar with discontinuity of cross-section. Due to the symmetry in loading -
the problem was treated as a two~dimensional one.

Levinson (1976) studied the natural frequencies of a stepped

simply supported beam using the Euler-Bernoulli theory. He obtained

 the frequency equation which was quite complicated to be solved exactly,

even for a stepped beam consisting of only two distinct parts. It was

conclﬁded that an approximate numerical solution netﬁod should be used.
Goel (1976) investigated the transverse vibration of linearly

tapereﬁ beams and the results for the first three eigen-frequencies

for different values of stiffness ratio's and taper ratios were tabulated.

The analysis was based on the Euler-Bernoulli equation of motion,

Johnson (1977) studied phe problem of longitudinal waves in a bar
with step change in cross-sectional area and material and expressions
relating the transmitted and reflected wave to the incident wave, uging
the one-dimensional theory were presented.

Filippov (1977) formulated general solutions for composité rods
consisting of finite rods of constant but different thickness and
of composite rods with continuously varying thickness. The solutions
were based on the one-dimensional theory of longitudinal wave propaga-
tion using Heaviside function and Dirac delta function for the applied
Laplace'tfénsfdrﬁatiop,i

vVasudeva and Bhaskara (1978) discussed the problem of a pressure
éulse in an elastic bar of finité’length Qhoge YOUngisodulus, material =
density and cross-sectional area varied along the length in a general

power form. Tﬁe solution used the elementary theory and Laplace
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transformations gave the general expressions for stress. The numerical
values were computed by iteration for a ﬁalf—sine wave pulse and the
results agreed fairly well with those of Lee (1974).

Gupta and Nilsson (1978) studied the problem of longitudianl impact
between a truncated finite conical rod and a long cylindrical rod, where
contact was maintained from the time of impact and the piston-rod system
was considered as one structural unit. Two theoretical solutions were
obtained, a closed from solution based on one-dimensional wave theory
and a numerical finite element solution based on three dimensional
axisymmet:ic_ model. Finite element results were in good agreement
with experimental results, apért from spurious oscillations shown in
 the finite element solution of impact for pistons with various apex angles.

Nagaya (1979) formulated an approximate numerical method for the
dynamic analysis ;f a tapered Timoshenko beam with moving loads. Hamilton's
principle was applied to obtain the equation of motion from the Lagrangian
of the Timoghenko beam and using the orthogonality of the eigenfunctions,
of first and second kind. 1In tﬂe numerical computation the effect of
the inertia force  ‘on;. sheér motion was neglected and the approximate
solution was found to be - larger .t han . with the exact Timoshenko
beam with increased velocity of the load.

Hashemi (1979) obtained the frequency equation and point impedance
of a stepped beam using the elementary Euler-Bernoulli theory of transvérse
vibration. The roots of the frequency equations were obtained for the
fifst five modes and various length to width ratios. The numerical

results were compared with experimental results.
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e CHAPTER IIL

ANALYSIS OF TRANSIENT BEAM RESPONSE

3.1, Derivation of the Equatfon of motion

The Pochhammer-Chree theory can not be used to find solutions
for flexural wave propagation in finite or even semi-infinite beam with
arbitrary prescribed displacement or stress distribution on the end
cross-section. The Euler-Bernoulli theory is %nadequate because it .
neglects the effects of "rotatory inertia" and "shear deformation" when
dealigg with the transverse vibration of prismatic bars.

The theory which takes these effects into account is attributed
to Tiﬁoshenko (1921, 1922, 1928), in the so called Timoshenko beam
theory which is widely used for solving problems of flexural vibration
of béams and more recenfly for solving fransient flexural wave pro-
pagation in beams.

Thé Timoshenko beam theory includes, in addition to the transverse
displacement due to bending whicﬁ.is the only term included in the
Euler-Bernoulli theory? the effect of rotatory inertia, originally
introduced by Bresse iﬁ 1859 and usually attributed to Rayleigh 1894,
as wéll as a second term which takes into account the effect of the
non-uniform shear distribution over the cross-section.

| The Timoshenko beam equations were originally formulated by -
Timoshenko nsing D'Alemberts principle. The same equations, however,
can be derived, by using a more general approach from the three-
dimemsional.tﬁeory of elasticity on the basis of . Hamilton's principle.

The Timoshenko beam theory is aone-dimensional approximate theory
which used two displacement co-ordinates to represent the transverse
motion of the beam axis (y), and to account for the rotation of the
cross—-section (¥) as shown by the beam element in figure 3,1 of a beam

under the effects of bending moment M and shear force Q.

When the beam element is deformed and, for small displacements, the
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cross-section of the beam rotates through an angle y, while the necutral
axis of the beam rotates through a small angle 3v/3x, and it is no
longer perpendicular to the Béam crossisection. These two rotations
differ by the angle of the snear, i.e;.&e%i— Y., 1If uy and ug ere defined as
u; (%03, zmt) = = ydlx, t)
uy (x. y,fz--t)‘= v (x,” t)

The non-zero strains are then

e _8uy _ _ oy
xx axl V3% ox
fxy. = v—c e R

The shear force 1s dlstrlbuted non-un1form1y over the cross—secction
"and there is.not a single’ angle {er the cross-section. But in order
to retain a one-dimensional model; a rhear correction .factor K2 Ye
introduced to give an "equivalent" uniform shear, a form of averaging
over the cross-section.

The linear constitutive relations for a differential beam element
lead to the 1ntegrals for the kinetic energy, strain energy and "the
potential energy of a Timoshenko beam of’ length L. The k1net1c energy

T consists of two parts due to translation and rotation

| pA v 5 pIl 3w
= 6[ { ‘*2 ( )z}dx ¥ ;

The strain energy for the Timoshenko beam is also made of two parts

and can be found from Fh‘e following relation

ffz e [ Gk e

The shear force—shear strain relation is found using the value of k2

SUCh that . c 2 ' kZG
Af'j',_‘e-. f(”"“v)dA

: 2
= '»———-—‘k GA 2V )
2 (Bx 2

The strain energy is then formulated as

2
3 . k“GA
U=;'[{*-( "’)2 5T g "’))dx

z,
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From here on the general displacement variable y will be used
instead of v, since y is usually used for the location of the beam :
axis.

Tﬁe pagrgpgiaﬁjzis usually used for tﬁe difference between the
kinetic energy T and the strain energy U

Li=1-v
When the Timosﬁenko beam is subjected to external forces such
as shear force Q and bending moment M, tﬁe work done by these forces w;
illustrated in fig. 3.1, can be expressed as
w=M, (0','#) v (0,t) +Q, (0,£) 'y (0,6) + ”é' (Mst) ¥ (L) + oz(L,t)?_ (L,t)
The Hamilton's princi?le implies that allivariations vanishes at.

the arbitrary time limits t, and t, and can be aprlied to the Timoshenko

§ EEZ - W de=0

The expression forl;and W are inserted in the above equation after

beam éystem to give

| the varlatlonal calculus is -performed

Gdet = j f*{ A—lcl+ 912%6 2 } dtdx

After 1ntegrat10n by part and using the fact that the variations
ﬁ§ and §$'must both vanish at x=o and x=L, one gets the variation of

the klnetlc energy as

2
Gf Tdt = = J j(pI—— Y4 pA’é“y‘Z 6y) dxdt

S1m11ar1y the variations of U and V are found as

t, L
: 3 d
82 vat = —j f (e ¥ a2t anZon (L -y & (X--p) 3 axat

t) Y ‘

t2 2 , 2 ,
tf f {(LI—J-( - ¥) k GA- EI%}%) &Y +(‘?‘CA(:§“§ _.'é‘f_) +

1

+ k2AC (%i— -P) ) Sy} dxdt

8 ZWdt =- ZI(F{HWI *Mz8Y2 + Q{8 yy + Q8 y,)de
Applying Hamilton's principle and grouping the terms in the above

equations:
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t o t,. L
6 f(T-U-W) dt= 'Ejlf‘([{(u g —-pI ——43—-— EI + (—L q»)k?cA)w
t
.
¢ alor (-0 28 424 & -w» 8y dndes

2
f{“l (0,£) 8y My (L,6)&, +Q) (0,£)8y14Qp (L,t)8y,}de=0
3]

Rearranging the equation;

jlgvf f {( cA(a—;‘f- JZ)—;>1@—~)’r) Sy+(ET a_%_ ol at2 +

t,

k250 (—Y—.,p) YSPldxdt + f(-EI aw - 8y- k2GA(~X— V) 8 } X .,z

t
+j (Ml(O, t) G‘ll_l"*Mz(Ls t) 6¢2+Q1(00 t)GY]. +Q2 (L,'t) GYZ).dt':o
1 g

Since the variations of the two functions 8y(x,t)-and &y(x,t)

are arbitrary, the necessary conditions for them to vanish are

the pair of coupled partlal d1fferent1a1 equations for 0< x <Lg

x2cA (——Z— ) —pA——X—-

.. a2 N 32
oA ($X-¥) +EI—§’—— pL-ah = 0
These are the governing equatlons for a Timoshenko beam and

the boundary conditions at x=0: (EI-—wa = —Ml

-2 9 )
k“GA (5%- \P)l =-Q1

: =1 Yy
and at x ='Ls (FI Bx)2 M2

kea GL-y),= 0,

The Timoshenko beam equation is sometimes also written as a
fourth order partial differential equation by eliminatfng one of the
variablés y or y from the two partial secosd order differential
equation. Uncoupled and written in ferm of the transverse displace-
ment y ” ‘

EI 24 -4+ pA%ﬁ‘-‘ p1(1£§»§ —gg’ﬁﬁy ————— Z- -0-

AG ot
Hamilton's principle was applied for the derivation of

the Timoshenko equations by the variational metﬁod, by several
authors, e.g., Carnes (1964) y Crandall et.al .(1968)5 Dym and Shames
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7(1973) and Harrison (1977).

In Hamilton's principle tﬁg~geometric constraints are embodied
in the admissibility conditions, and the dynamic force requirements
are embodied in the variational criterion.

3.2. Methods of solution

3,2.1. Transform methods

The problem of tranéverse wave propagation in an elastic beam
can be solved by using Laplace transforms and to a lesser extent Fourier
transforms. Solutions have been ﬁasically obtained for transverse
impact of semi-infinite beams of circular and rectangular cross-section,
as was described in section 2.2.2,

Uflyand (1948) was the first to derive solutions employing Laplace
transform and contour—integration inversion methods. Results were
obtained through convolution for the response to a step input function
and inputs having<hﬁAimpulsivevtime.charactér,in the form of a delta
function.

The main difficulty is in conpection with the treatment of end
conditions. Miklowitéf(1953;)»obtained‘%ﬁé'haplaee transform for
certain types of end conditions and pointed out at the same time that
it was much more difficult to obtain the transform for other types of
end condition.

The use of transform methods is almost restricted to the study
of transverse waves in uniform semi-infinite bars where no discontinuities
and wave reflections are involved. However, the problem of eccentric
impact of beams is more difficult to handle with Laplace transforms
and no solution is available by this method even for the simplest
case of a uniform beam .

Transform techniqués generally ‘require numerical inversions 'and
numerical integration schemes become morécomﬁiicated when boundary

conditions are incorporated. Closed form solutions providelijttle
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“insight into the response of structures and leave much to desired
fegarding convergence near the wave fronts. Carnes (1964) showed
that complex inversion integrals should be evaluated when Lapiace
transforms are used to obtain solutions for the semi-infinite beam,
This is a réther'tedious procedure. Transform formulae usually
involve‘infinite integrals and difficult integrations which mugt be
approximated in practical computation. Weinberger (1965) pointed
out that transform solutions have the appearance of being exact,
whereas in practice they require limiting processes which cannot
usually be carried out,

The integral, obtained after lengthy inversions, usually con-
tains different combinations of Bessel functions. When a solution is
obtained for a certain type of input,lthe‘inversions cannot be used
for other types of inputs, In the Laplace transforh; for a differant
input function, another lengthy transfrom and inversion process musg
be carried out and the resulting integral must be evaluated separately
by numerical means. |

Closed from solutions by transform methods are usually restricted
to some special cases of transverse wave propagation and in most other
cases, one has to resort to a numerical approximation method which will
be presented in the next sections. However, Laplace transform methods
are useful in producing "exact" solutions for certain problems which
can be used for comparison in obtaining the accuracy of other approxi-
mate methods. It is known that the Laplace transform method vields
solutions in closed form only when thé special distribution of variable
parameters is restricted to certain power law or exponential formats.

Foran arbitrary parameter distribution asymptotic methods could be used
but are usually valid only for short times and diverge

at inter-

' mediatée or long times. (Moodie and Barclay, 1976 and Gordon, 1977).
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- °3,2.2, Finite element methods

Finite element methods have been used widely for frequency
analysis of flexural vibration of Timoshenko beams and for predicting
mode shapes and natural frequencies, as described in section 2.2.1.

Several solutions have been obtained by several authors for
axisymmetric longitudinal transient wave propagation problems.

Costantino (1967) used the finite element method to solve wave
propagation problems of one-dimensional plane strain and two-dimensional
half-space problems. The results were satisfactory for displacement
time-historieé, but stress—time histories were not as accurate and
depended on the spatial variation of stresses as compared to the element
size and the traversal .. time of the stress pulse across the?élement.
Costantino used a system of equations based on the "point mass" system,
in contrast to the alternative approach "consistant mass matrix" which
is used in structural vibration analysis.

Shipley et.al. (1967) also used finite element formulations for
solving axisymmetric wave propagation problems and he fougd that the
analysis modélled g%é displacement field much more accuratly than the
stress field. The stress—time histories showed a predominance of high
frequency oscillations in trailing portions of the disturb§nce and the
data were compared with exact solutionms.

One of the disadvantages of the finite element model is that
computed stresses show severe oscillations- a consequence of a so-
called "numerical dispersion”. This makes the finite element method
less attractive for flexural wave propagation problems, since it becomes
difficult to decide whether the oscillation are due to the dispersive
nature of the propagated wave or the dispersion is due to numerical
inaccuracies. Another problem is the difficulty encountered in
representing discontinuities and transient wave fronts, Finite element

models also behave like low pass filters having definite passing bands
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" and cut-off frequencies which depend upon the wave types being

‘'propagated, longitudinal or transverse and tﬁey depend on the finite

element mesh as well.

Belyfschko-,et.al. (1978) sﬁowed that the numerical solution
oscillated about the analytical-GOIUtioﬁoforéa éieﬁffunctioh.jnput,due
to attenuation of all frequencies beyond'tﬁe cut off frequency in a
discrete mesh.

Several authors treated examples of one-dimensional and two-
dimensional axisymmetric wave propagation problems by various triangular
and rectangular finite eiement models., In most works, the mass of each
element was lumped at its modal points 'point mass system". This made
the mass matrix diagonal and hence, the associated inversions were
made simple. However, this procedure led to poor approximations. Some
of the works dealing with axisymmetric longitudinal wave propagations
are those of Fu (1970), Buturla et. al. (1914). Holmes et.al. (1976).

The main advantage of finite element methods are their ability
to treat geometrically complex structures. A wide range of elliptic
and parabolic governing equations have been successfully solved using
finite element methods (Zienckiewicz, 1971). However, finite element
methods'have not yet proven their suitability for the solution of .
transient-flexural wave propagation problems which are governed by
hyperbolic partial differential equation systeﬁs, in connection with
mixed initial and boundary conditons.

3.2.3. Finite difference methods

Finite difference methods are well established and are successfully
used in solving wave propagation problems. The solution method has
been first discussed in a paper by Coufanﬁ et.al, (1928). However,
jts usefulness was'ﬂélped as by other numerical schemes, by the recent
development in large digital computers in both.speed and core size.

There exist several forms of finite difference approximation
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and common approximatg techniques are used in finite difference
methods. Tﬁey'are‘éxtenSively treated in several books (Sauer,_1954,
Lax, 1958, Richtmyer and Morton 1967; Forsythe and Wasow, 1960).

The essence of tﬁe finite differénce technique is to replace the
differential equations and boundary conditions by simple finite
difference épproximations, such as Taylor series expansions with trun-
cation at some point to optimize both error and computation requirements.
The resulting equations are then numerically integrated to obtain the
solution of the problem.

Finite difference methods are easy to programme and capable of
solving transient problems which can give information at many frequencies
from one computer run, in contrast to steady state solutions. The
method is most useful in near fieid‘region of sources. Finite difference
and finite element methods differ in that the former discretizes the
governing partial differential equations or energy functions, whereas
the latter discretizes the structure itseif.

Cushman (1979) compared the use of finite difference and finite
element methods and concluded that for irregular domains, finite element- .
analysis is often easier to use; while for regular domains finite
difference methods'areimore easily programﬁed. He illustrated for the
case of one—dimensional lbngitudinal wave-propagation, the possibility
to generate the standard finité difference scheme as a special case of

finite element scheme, simply by applying the finite element disc¢reti-

s

zationhprocess?fﬁitimé'aé well as to space. However, there was little
to be gained with this technique and it involved increased storage and
compptational requirements. Tﬁis'tecﬁnique is, therefore, rarely used.

. The main disadvantage of the finite difference techniques is its
inefficiency in han@ling discontiniuties in geometry wﬁicﬁ suggested
the inttoduction of doubtful assumptions - of compatibilityat the

discontinuities and fictitious surfaces at the boundary. This technique
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made ‘the results dependent upon the chosen assumption for the dis-
placement values at the junction points. Furtﬁermore, difficulties
were experienced in treating material interfaces or indeed any type
of discontinuous stresses, wﬁich must be averaged. Tﬁe introduction
6f artificial viscosity terms into the equations, have the effect of
smoothing out the input function over a short distance, but can intro-
duce significeint errors into ;tﬁe analysis. The method has been
mostly developed for two-space variable problems,

Karnes and Bertholf’ (1970) solved the problem of axisymmetric
elastic-plastic wave propagation by a two-dimensionalifinite difference
scheme which employed tﬁe Von Neuman and Richtmyer method for smoothing
shock fronts by an artificial viscosity. The study was an extension
of the solution obtained by Bertholf (1967) for the elastic wave pro-
papation problem. The accuracy of the numerical results depended on
the number of finite difference increments, or meshes used.

Chiu’ - (1970) used the finite difference scheme to investigate the
transmission and reflection of longitudinal stresses in:aﬁ elastic bar
with discontinuities, as a one-dimensional wave propagation problem.

Habberstad (1971) approximated the exact equations of motion -
governing elastic, axisymmetric wave propagation in cylindrical rod by
a first order finite-difference scheme, which was used to study
longitudinal wave propagation in a bar composed of two materials (steel
and aluminum), and in bars containing a discontinuity in cross-section.

Ramamurgi et.al (1975) used the finite difference analysis to
solve the problem of axially symmetric impact in very short uniform
and stepped beams. The solution was based on a finite difference scheme,
as proposed by Alterman and Kéral (1970):for wave propagation in semi-
infinite bars. The results showed high oscillations and were not
compared witﬁ any other numerical results or with any experimental

results.
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. - - .Forrestal and Bertholf (1975) used a two—dimensional wave
proﬁagation finite difference scheme to obtain strain-time histories
for the transverse impact of a beam of rectangular cross-section. The
results showed higher frequency oscillations.

Several authors have developed special finite difference schemes
for applications in Séismologj'(Alterman and towenthal,'1972;'Boore,
1972;3Bond, 1978). .Ilan et.al. (1979) used finite difference methods
to study elastic waves scattered by irregularities (slots) in a
stress free surface, a problem particularly important for ultrasonic
non destructive testing.

The finite diffe;ence methods are mostly used to solve problems
in which the response is mostly dominated by axisymmetric motion.

However, its application to study flexural wave propagation problems

is less feasible. Therefore finite difference methods are used for

solving longitudinal axisymmtric wave propagation problems where they
are efficient (Swartz and Wendroff,(1974)

3.2.4., The method of Characteristics (MOC)

Wave propagation problems are mathematically classified as mixed
initial boundary value problems and their governing equations are
mostly partial differential equations of hyperbolic type. For hyper-
bolic systems involving two independent variables, the method of
characteristics (MOC) is undoubtedly the most convenient, most effective
and most accurate method of solution. Other numerical methods such as
finite difference and finite element methods are basically more suit--
able for hyperbolic equations in higﬁer dimensions where the MOC might
be less satisfactory. (Mitchell, 1969).

In the MOC the system of the governing equations is replacéd by
a system expressed in characteristic co~ordinates,tﬁe so called .
canonical equations. One of the main advantages of characteristics,

and a disadvantage of finite differences, 1s that discontinuities in
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the -initial values may propagate along the characteristics. This
situation is difficult to handle by otﬁer tﬁan tﬁe characteristic net.
(Ames, 1977).

The earliest applications of the MOC to linear wave propagation
problems are those by Riemann (1860) in gas dynamics = by Massau <1889)
in hydraulics and Soil mechanics and by Prandtl (1920) in mechanics
of plastic metals. The theory of MOC is best described in the works
of_Couéant et.al. (1928)5 Courant and Friedrichs (1937). Abbott (1966)
gave various application examples and Cristescu (1967) and waacki
(1978). gave detailed description of application examples.in the theory
éf plastic flow undef quasi-static and dynamic conditions. In a
number of works, Chou and his co-workers used the MOC in a unified
manner to solve elastic wave propagation problems with a variety of
initial and boundary conditions in beams, plates and shells.,

The MOC have been used widely in solving the Timoshenkg beam
equations as a system of hyperbolic partial differential equations
(PDE) governing transverse and bending wave propagagion problems due
to transverse and eccentric impact, as was described in section 2.2.2.

| The principle of domain of dependence in the MOC ensures a unique
solution in the region between the characteristic liqes with the
smallest slope. Furthermore the MOC has the advantage that it follows
the physical wave fronts as they are propagated along the beam. The
MOC is particularly useful in solving wave propagation problems in
finite structures, since reflections from boundaries are automatically
atsorbed into the solution by the presence of the backward-running
characteristic curve at each grid point.

The detailed investigation given by Courant et.al. (1928) for
the solution of hyperbolic PDE by the MOC, in which tbéy specified the
condition for the stability of the numerical scheme, the so called

Courant-Friedrichs-Lewy (C-F-L) stability condition, is particularly
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{mportant in obtaining numerical results using finite difference
approximatioﬁs along the characteristic lines in the domain of dependence.

Pfeiffer (1947) was ‘the first to obtain a general solution for
the Timoshenko beam equations as a system of first order PDE, using
the method of characteristics. Schirmer (1952) used the technique
suggested by Pfeiffer to apply the MOC to the Timoshenko beam theory
to study bending waves in beams. Leonard and Budi#nsﬁyf'(1953) utilized
the MOC to analyse travelling waves in beams subjected to lateral
loading, governed by the Timoshenko beam theory, but for the rather
physically non—realistic assumption of é; = é2~which simplified the
numerical work involved.

Kuo (1958) solved the problem of bending waves in rods subjected
to eccentric impact by MOC in the same way as by Leonard and Rudiansky. -
Plass (1958) used the MOC for Timoshenko beam problems subjected to
various type of short half-sine pulse loading and applied more realistic
distinct bending wave (cl) and shear wave (c2) velocities.

The Timoshenko beam equations ﬁave been treated as a system of
second order PDE by the MOC in a series of bépers, in a unified approach
capable of dealing with discontinuities along the characteristics in
semi-infinite structures, where no reflections were involved and.the
emﬁhasis was set on the refinement of the numerical scheme. (Chou and
Mortimer, 1965; Chou, 1965; Chou and Koenig, 1966).

| Aprahamian et.al. (1971) used the MOC to solve the Timoshenko
beam equations for a doubly infinite beam subjected to an impulsive
transverse load, whiéh gave excellent agreement with experimental
results obtained by holographicin;erférometry .

Stepanenko (1976) showed how the so called "numerical dispersion”
can ﬁe miﬁimized, although not completely éliﬁinated in the case of the
Timoshenko beam, when explicit finite difference formulations were

used for the jntegration along a characteristic network constructed
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-"hith-varying steps, peculiar to each type of waves.

The method of characteristics has been used to treat flexural
waves in curved bars in a Timoshenko-like tﬁeory (Crowley et. al. 1974)
and to predict fractures in brittle materials according to the
Timoshenko theory (Colton, 1973) as well as for determining the rate
of healing of a partially cracked bone with the aid of a combination
of longitudinal and Timoshenko-type waves (Pﬁilips et. al., 1978).

| Axisymmetric elastic wave propagation in beams, plates and
shells have been treated by the MOC in a unified manner which could he
applied to various plane cylindrical and spherical waves with one-,
two- and three displacement variables. (Chou, 1965; Chou and)kﬁgiﬁét
1967; Rose and Chou, 1973). ' .

Mengi and McNiven (1971) obtained the response of a semi-infiﬁite
transversly isotropic rod to a time-dependent input using the MOC,
which gave an accurate prediction to the response except perhaps for
the very front of tﬁe wave, wﬁich is influenced by the higher branches.

Several problems of axiallj symmetric wave propagation in non-
uni form stchtufes were tréated by the method of characteristics (MOC)
as was described in section 2.3.

The method of characteristics has also been successfully applied
for the prediction of transient responses in multilayered rods and
shells. (Chou and Flis, 1975; Zii, 1975; Mukunoki and Ting, 1980).

In the theory of visco-elastic and plastic wave propagation,
the method of characteristics led to the solutionAof various types of
transient response problems.

Lee (1953) obtained the permanent plastic distribution in the
corresponding regions 6f‘{-§tructuré by MOC and the difficulties arising
in boundary value problems of the theory of plasticity, were pointed

out.

Plass (1955) investigated bending waves in a rod where plastic
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- gtresses were present by the Timoshenko beam theory and relations

" about plastic flow in a solid exhibiting a strain rate effect.

Numerical results were obtained by the MOC.

Bejda (1967) solved wave propagation problems in elastic visco-
plastic beams by the MOC and Clifton (1967) used the same method and
the one-dimensional theory of rate-independent plastic wave propagation
to study longitudinaYLlastic-plastic waves in long bars.

McNiven used the MOC to obtain the response of an infinite visco-
elastic body with an infinitely long cylindrical hole, where the
lateral surface was subjected to a uniform pressure.

The problem of one-dimensional wave propagation through a bilineér
elastic-plastic specimen in Kolsky's split Hopkinson pressure bar, was
investigated by Jahsman (1971) using the MOC.

In his‘thesis;: Panganath:(1971) solved the problem of the transverse
impact of an infinite elastic-plastic beam by a semi-infinite elastic
rod using the MOC, based on the Timosﬁenko beam theory. A.strain rate
independent model was used to describe the material behaviour and a
strain hardening criterion was used for the pure bending, based on the
quasi-static moment-curvaFure relation.

' The use of the method of characteristics is widespread in fluid
mechanice and gas dynamics to predict flow velocity at pipe outlets
(Iseman, 1967) and multi-dimensional unsteady flows (Sauverwein, 1967).
Sedney (1969) gave a survey of the use of the ﬁOC for non—equilibruim.
internal flows. Another application field for the method of character-
istics is soil mechanics. Streeter et.al. (1974) investigated the
wave propagation corresponding to earthquake intensities in a model
of unsaturated and saturated soils.

Wylie and Streeter (1976) found the MOC suitable to investigate
the transmission of shear waves in soil layers. It has been attempted

to extend the application of the method of characteristics to two-
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) "“dimeﬁsional.spatial problems i.e. cases of tﬁree independent
variables. (Thornhill, 1952).

Clifton (1967) investigated plane stress dynamic deformation of
an isotropic-linear elastic solid by a second order explicit method,
as proposed by Butler (1960) for integration along the bicharacteristic.
zZiv (1969) also studied tWo-dimensionai spatial elastic wave propa-
gation by the MOC. Chang (1972) investigated two-dimensional motion
of a cylindrical bar subjected to axisymmetric impact by the MOC.

Haddow and Mioduchowski (1979) used a near characteristic scheme
proposéd by Sauer (1964)° for two-spatial variables and time to obtain
numerical results fér waves in a plate due to a suddenly punched hole
as a uniaxial tension field.;-.

Good agreement with experimental results and with transforms
increased the confidence in the results of the method of characteristics.
Therefore its results were used to check the accuracy and validity of
the results of other numerical methods such as finite difference and‘
finite element methods.

Fu(1970) compared finite element résults with MOC results for a
circular finite length rod subjected to a suddenly applied uniform
pressure. Raney and Howlett (1971) presented a comparison of numerical
solutions obtained by finite element, finite difference and the method
of characteristics for the axisymmetric response of a cylindrical
shell subjected to an initial axisymmetric velocity at its centre.

The importance of higher frequency modes was emphasised.

Forrestal and Bertholf (1975);compared the results of finite
difference method with the MOC for the transverse impact of a beam of
rectangular cross—section.

Belyschko (1978) also compared the results of the three numerical
results and pointed out the advantage of the method of characteristics,

particularly for solving hyperbolic partial differential equations.
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. .-~ -In flexural wave propagation problems, where time and space play
similar roles and where characteristics are important, since the motion
is governed by a PDE, the finite difference approximation along the

characteristics has a powerful potential advantage (Morton, 1976).

3.2.5. Conclusions

In the solution of transient wave propagation problem, closed -
form solutiors arerestrictive and in most cases impossible to obtain.

Therefore one has to employ numerical techniques., There are basically

two méih approaches in numerical solution of elastic wave propagation
problem;;

(a) The method of characteristics, in whicﬁ the partial differential
equations are reformulated along directions of possible discontinuities
and then integrated in these directionms.

(b) Discretization methods such as finite difference and finite element
methods where the partial differential equations are éirst discretized
in space and then integrated along parallel lines in the time domain.

Discretization introduces dispersion and because of the finite
cut-off frequency, high frequency input results in spurious oscillation,
which could be reduced By introducing an artificial viscosity term.
However, this has two undesirable effeéfs in that the dispersions in
the final solution will be increased and rapid changes in the wave
fronts will be smoothed. Therefore these methods are unable to predict
precisely a very gharp wave front.
After careful considerations, the method of characteristics (MOC)
is éhosen for the numerical solution of transient flexural wave propa-
gation in beams with discontinuities of cross-section. The method has
many advan;ages and desirable properties;.particularly for one-dimensional
problems with two independent variables which are governed by hyperbolic

partial differential equations.,

i) Characteristics are the only lines along which discontinuities in
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the Qave front may propagate. The characteristic lines represent
natural co-ordinates for wave propagation and the progress of the waves
or traces of the progress may be followed along these line.

ii) Discontinuities in geometry and material may be incorporated
easily in the numerical scheme when the MOC is used.
iii) The MOC is capable of handling arbitrary initial and boundary
conditions especially sharp inputs, so long as dependence on only two
inﬁependent variables is maintained.

iv) Numgrical,.integration by the MOC is stable and conformg
the Courant—Fiedrich-Lewy stability criterian. This will be discussed
in more detail in section 3.3.3.

v) Thé method is also known to be accurate since adherence to the
stability criterion ensures convergence to the true solution as .Ax
and At approach zero.

vi) Good agreement with some available solutions by transform methods
and very good»agreéﬁédt with-experimental-regults has enéouraged the

use of the MOC to obtain solutiongfor complicated'bééblems’wberé-no

:pther- numerical solution can deliver satisfactory results, .

vii) The MOC is particularly advantageous in the investigation of
finite structures where Vé§e reflections are involved.

Although the MOC is most suitable for one-dimensional spar ial
p;oblems, finite difference and finite element methods are much more
efficient in solving two dimensional spatial problems. The most
satisfactory approximation in one case is not necessarily the most
a?propriate in another case. Furthermore, the choice of the method
mﬁst depend on the required accuracy, the nature of the structure and
its complexities, the importance of shear and rotatory inertia.and the
type of analysis required, i.e. in time domain or frequency dom;in.

The method of characteristics was found to be most suitable for the

problem under consideration,
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3,3. Solution to the Timoshenko equations by the Characteristics

method

3.3.1. General theory

The method of characteristics (MOC) is used for the numerical

solution of first order and second order partial differential

" equations (PDE) of hyperbolic type.

Consider a quasi linear second order PDE in the form

2 2,
92u 97 u 9 -
a5%2 Poxat’ ?f_ : ' (3.1)

Where a,b,c,f are functions of x,t,u, u, and u;; the suffices x and t

being used to represent partial derivatives with respect to x and t.

This equation is said to be hyperbolic, paraboiic or elliptic according
as b? - Lac is positive, zero or negative.

For the hyperbolic PDE, there exists two distinct families of
real characteristic curves at each point (x,t). For the parabolic
case, the two characteristics coincide and they are of no significant
value in understanding the behaviour of the solution, whereas the-
elliptic form of the PDE ﬁas no'real‘characteristicsc

Knowledge of the characteristics concept is most important for
the hyperbolic PDE and the understanding of MOC is a powerful tool in
developing numerical solut{on. The MOC is the natural ﬁumerical method
for hyperbolic systems in two independent variables. The existence of
characteristics gives considerable insigﬁt into the expected behaviour
of a problem's solution, even before the solution is obtained.

The real characteristics of tﬁe PDE are curves in the real domain
of the problem and discontinuities propagate along the characteristics.
A step—by-steé process is usually used in building-up simultaneously the
characteristic-grid-and solving  the hyperbolic PDE at the grid points.

For regions in the physical plane where the first derivative of u
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exist and are continuous, one may write

du = udx+ udel - . ( 3.2)

d(u) = u dx + u_dt (3.3)

d(ut;\) = uxtdx + uttdt o ( 3.4)

writing equations (3.1) as §<= au  + buxt + cu . ( 3.5)

Equations (3.3) to (3.5) constitute a set of three simultaneous

1 three unk i
equations for the th nowns U X’ uxt and utt in terms of the

known functions u, u_ and u_. They can be written in the matrix form

X t
a b c u f
dx .dt o U . = d(ux)
) ©dx dt U, d(ut)

The second partial derivatives U g Uy and u . are uniquely
determined by this system of equations unless the determinant of the
coefficient ~ matrix vanishes. Upon equating this determinant to zero,
one find the characteristic equation

a b c
dx dt o | =o0
o dx dt

This yields the characteristic equation

a(dn)? - bdD) (@) + e (@)% =0 (3.6 )

The two roots of equation (3.6) define the characteristics and
they are real when equation (3.5) is hyperbolic-%i—-—%;—(bt«éi:zzzy (3.7)
When this holds, there is no solution at all unless the other deter-
minants of the system also vanish. This is based on the propefty that
adding a multiple of any row (or colum) of a determinant to a different,

parallel row (or colum) does not change the determinant value. One

can write for instance one of the three other determinants as

a f . ¢
dx d(ux) 0O|=0 )
0 d(ut) dt
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Qr ad(ux)dt - fdxdt + cd(ut)dx = 0 (3.8)

Equation (3.7) gives the slope of the characteristics, i.e. the
transformation of the PDE into canonical form and (3.8) defines the
conditions to be sqtisfied.

If the characteristics are real and the initial values are pre-
scribed along a non-characteristic curve, the initial-boundary value
problem can be solved. Furthermore, it follows that because disconti-
nuities are propagated along the characteristics in the(x,t) plane,
finite step input functions may occur and can be handled as will be
described later.

A necessary condition for-the co-ordinate given in equations (3.7)
to be non-singular is that the two real characteristics must be
different. Hence, one must take the plus sign in one case and the
minus sign in the other. For the hyperbolic case, where b2—4ac>0,
second order terms may be reduced to a standard form by one linear
transformation at any one particular point; one can write the character=-
jstic £ = const. and n = const. as roots of equation (3.6), which can
be reﬁritten in the form

a‘%&)z -bdH + =0 (3.9

which gives the slopes of the two families of characteristics

dt b - VEZ - 4ac

£= dx = 2a (3.10)
_dt b + /b2 - 4ac (3.11)
n = dx 2a -

Along the characteristics, u and u_ are connected by the respective

t

equatidns, obtained from equafion (3.8) as
fdt - a&ux - cu = o] (3.12)

fdt - anu_ - cu, = 4] (3.13)
These two equations, together with the identity relation expressed in

equation (3.2), are just sufficient to allow the step-by-step propa-

gation of the solution along the characteristic curves from a non-
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- characteristic initial curve.
In the present work, the method of cﬁaracteristics is used to
solve the Timoshenko equations as a system of two second order hyper-
bolic partial differential equations involving two independent variables
x and t and two dependent variables.

3.3.2. Numerical techniques

In the theory of elasticity, a beam is a three-dimensional
structure and its exact stress and displacement distribution are very
difficult to obtain. In a structure, it takes a finite, though small
time for any disturbance to be transmitted througﬁ it. E#citations
‘are propagated at either one of the two velocities, the dilatational
velocity or the equivoluminal velocity.

Because of the difficulties involved in the exact equations of
elasticity, one usually needs an approximate governing equation. How-
ever, for transient response study, tﬁe derived equations must be
total}y hyperboliec, otherwise their transient response is either
meaniﬁglesé or not obtainable.

fhe Timoshenko equations are the most suitable approximate

equations governing flexural transient response in beams. Although

'the Timoshenko equations are approximate, they do not alter the
hyperbolic nature of the exact elasticity equations and the Timoshenko
equations are practically essential for transient analysis.

The Timoshenko equations are totally hyperbolic and involve two
governing equations of second order or one fourth order equation.
Alternatively, it may be decomp&sed into foﬁr first order equations.
The system with two second order PDEShas certain advantages as compared
to the other two systems. The wave velocities associated with each
of the .variables appear explicitly in the second order equations and
the factors governing the propagation of discontinuities also appear

explicitly. A suddenly applied disturbance in §, or in the moment M,
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- propagates at the bar velocity Ci,-while the distufhance iny, or

in shear propagate.at the shear velqcity c,e
It is more convenient for the numerical solution to express

the second order governing Timosﬁenko equations in terms of displace-

ment, rather than the mixed stress-displacement formulation.

When the Timoshenko equations are written in this form, they are

- 2 -
oy 1 2% kae kPac 3y
B =T v -
x> ey 9t2  ET 0 EI ax
22y 1 3%y oy (3.14)
ax2 c22 at?  ax
where cl2 = E/P'; and C22. "1&5/?’ (3.15)

In order to use the same notation as in the computer programme
which will be utilized for the computation, the dependent variables «

and y are renamed as v and uy respectively and equations (3.14) are

rewritten as

32u, . 1 32u, . K?AG K2AG 3u
1 1 3 _ -
- = ul - = fl
9 x2 c12 at2 EI EI ox
82u, .1:2%u, Bu, _ (3.16)
3 . 3 1 _.
- = = f2

3 x2 c22 at2 9x

The boundary conditions are usually prescribed in some form of

generaiiied Stresses; they may be defined as

M= - EI.EB (3.17)
ox

9 3!.13 .

Q@ =k AG ~%“AG u, (3.18)
ox

To classify the Timoshenko equations according to equation (3.1),

one finds 2= 1, b 0 and ¢ = ——%—2 for the first of equationg(3.16)
1
and ¢ = --%—2 for the second of equations(3.16). Hence, the inequality
b2 - 4ac is equal to-—%—z and—g;i which is greater than zero 'for both
: 1 S 2
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\'équation of (3.16). Therefore the Timoshenko beam equations are
totally hyperbolic as stated before.
Using equations (3.10) and (3.11), the characteristics are

determined as

dt <1 dt 1
-t and =+
dx c1 dx roe2
or dx y ' dx
— =% ¢ and —=23 ¢
=51 G2 (3.19)
L de . dt

Hence, there exist four distinct real characteristics for the
hyperbolic second order systems &ith two independent variables x and
ﬁ and two dependent variables uj and uj.

Since the slopes of the characteristic are constant, the
characteristic curves are straight lines in the case of the Timoshenko
equations.

For regions in the physical plane, where the first derivatives

exist and are continuous, one. may write these derivatives using

equations (3.3) and (3.4) :

d(ui,x) = (ui,xx)dx * (ui,xt)dt
- * (3.20)
d(ui,t) (ui,xt) dx + (ui,tt) dt
where Z)uix . au’i
Ue. = » Ul t £ m———
X ax T st
2
3 u. 32u.
= ’ = —L
Yi,xx T 2 Uit N

Since only continuous u; are being considered, one can write according

to equation (3.20)

4

duy; = dx + uy dt

Yy x

dug = us’xdx + u3’tdt (3.21)
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Using equations (3.12) and (3.13), the characteristics equation

are written as

41
t+;

d(ul,t) cld(ui’ )

oy dx
< -clfldx = 0, along-az-- c1

I+

d(uy ) * cyd(uy ) = e fydx = 0, along 3¢ c, (3.22)
Equétions (3.21) together with equations (3.22) consist of a system

of six simultaneous equations which may be used to determine the six

varigbles gl, Qi;xgl,t’ ug, Uy

and u, _, if proper boundary and initial
» X 3,t

conditions are specified.

For the investigation of the propagation of discontinuities, equations

(3.16) are written in the following general form

2
Bzui"' 1 3y n . ' duy
— - — =+I (nijuj + Bi'j ) = R, (3.23)
0 X Ci ot J’gl 9X

Where u; = ui(x{t) but the ci’iaij’ Bij are continuous functions of x
. 2 2 . .
only. The solution for 3 u;/3x can be obtained from equations (3.23)
using equations (3.20), and is written as the characteristic equations
- . + =
dlug o) T cidlug ) = egRydx =0 SR (3.24)
along (dx/dt) =¥ c; respectively.

In the Timoshenko equations, the dependent variables u., s of

first and second order may suffer discontinuities which will be shown

and

to occur along the characteristic lines. Discontinuities in u,
! 9

u; . can occur when a finite step input (or jump input) is applied at a
’

particular x.

To investigate first order discontinuities, that is where

e . \ .“' .

[ui] =03, [ui,x] # 0; [ui,t] #0
Let A and B be two points on a cj or c{ characteristic on either sides
of a line which is not a characteristic, where

= u, "- u, +

Eﬁj u, (B) - u;(A) as B > A (3.25)

So finite jumps are represented by a square bracket, i.e. [hi]designates

tﬁe finite jump of the function (uj) across x = x (t).
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Using Hadamard's lemma which states that [ui] = 0 along
x = x(t) implies [u- t] + (dx/dt) [ui x-] = 0, one obtaines
’ ’
x

[, 6] = —ae o, (3.26)
Integrating equation (3.24) yields,

u: ,(B) - u, _(A) T £B c; d(u, ) = 7 ’pc.R.dx (3.27)

1,t i,t 1 i,x *‘& ii :
As B » A and dx approaches zero, the right hand side of -
equation (3.27) vanishes and the equation is reduced to

o5, T ey, l=0 (3.28)
substituting equatlon (3.26) into equation (3.28) yields '

~

. dx .
{ -—d—;ci}[ui J=0 (3.29)
t 14

since by definition [ui x] # O, one finds
. _ .

d
-7 - (3.30)
dt

as lines of the first order discontinuities.

Similarly for second order discontinuitics where
G = g, d= By, d =0
[ui,xx] # 03 [ui,tt] # 0 along x = x(t)

‘ﬁquatién (3.2:.35 can be written for both sides of x = ;((t)

and taking the difference, one obtains

1
[“i,xx] - ciz [ui,tt:] = 0 along x=x(t) . (3.31)

Using Padamard's lemma for the first derivatives

[vi,cd = (—qi—) [v; | (3.32)

Cdx
(1- 2( —dt‘ 12} [ui,xx] 0 (3.33)
I dx
But by definition [ui,xx] # 0, so dt - ¥ <; (3.34)
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' the equations for the families of lines along which second order
discontinuities occur.
Hence, the lines along which first order and second order

discontinuities occur, are the characteristic lines ici.
In order ‘to obtain tﬁe equations for the discontinuities, each
family of characteristics will be treated separately. Along dx/dt=c;
and using equations (3.23) and equation (3.24) with the choice of the
lower sign, one has the relation governing the magnitude of the jumps
d[:ul ,a+c d[u )J = c, 3 { a11[u ass [u:] dx (3.35)

In this equation, there is no summation on the i's, since [u] = 0
) i

Aloﬁg the characteristics, one has from equation (3.28)

Lo, ="_|-—“' ,;l ==y [y ©oT o (3.36)
Substituting (3.36) in (3.35), gives

d [“i,x] . d[“i,x__l

dej ..
-y J=8ii [y ] (D)
cjdx ’ ’

dx dx
d'- [ul x] 1 l aci_
=_(Blldx— ) N
[u, ):] 2 c; (3.38)

Thus may be integrated to give
. i

[ui,x] = K.c, J exp }/ @ ;;dx) along ci'" (3.39)
where K1 s . are constants to be determined from the boundary and
jnitial conditions.
From equation (3.39) and equation (3.36), the relationship for

the discontinuities of ui,t is obtained as

!

[og,e] = Kyoy exp A/Rypax | (3.40)

Along the characteristics dx/dt =-c;, the discontinuity equations
5

a . . . . .
of ui,x and u, i,t re obtained in a similar way, .‘Tt.ey are

[“i,x] - Kicz“i exp §f§f‘3iidx,
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[:ui,gj‘j.Kiczi exp }/f Biidx (3.41)

These relations are obtained in similar approaches by Chou (1965)
and Mengi and McNiven (1970). They were also previously discussed
by Leonard and Rudiansky (1953) and Jahsman (1958).

The numerical solution of tﬁe Timosﬁenko equations consists of

determining the values of the generalised'displacements u, and u

1 3

as well as their first derivatives at a position x and at time t. The
values of stresses and strains can then be calculated using the
raltionships given in equations (3.17) and (3.18). In order to carry
out the numerical caiculations, the pﬁysical x-t plane is divided into
'a network by characteristic lines, as shown in figure (32). On this
plane, the 1ine—%%—= c, divides the space-time domain into two parts,

a domain representing undisturbed particles and a second domain re-
presenting rod particles in motion. This second domain is of main .
jnterest for the numerical solution. The part of interest is subdivided
by means of a primary grid which is formed by means of two sets of
parallel lines ﬁaving equal but opposite slopes tel. Each grid element,
or so called mesﬁ.has diagonals measuring 2Ax and 2At, as shown in a
typical mesh in figure 3.2. Within eacﬁ.mesﬁ, a secondary grid is
constructed using characteristié lines witﬁ tﬁe slopes pa ¢y and drawn
from the point at which the unknowns are to be evaluated.

The whole characteristic network can be constructedAwithout the
prior knowledge of any of the generalized stresses since the slopes of
the characteristics depends oﬁly on the material and geometrical properties
of the beam. The typical mesh in figure 3.2 shows the primary grid
in fine solid lines and the secondary grid in dotted line. As the dotted
lines fall within tﬁe element, i.e. cl‘is always greater than Cys the
domain of dependence of a point is conserved.

The required properties at point 1 in figure 3.2 may be calculated
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"'if the corresponding values at neighboﬁring points 2,3, and 4 are known.
The characteristic lines of the secondary grid with slope z c, intersects
the primary grid at points 5 and 6 as shown in the typical mesh of figure
3.2; The values of the variables at point 5 and 6 are obtained from those
at points 2, 3 and 4 by linear interpolation. Ta order to perform
numerical calculation, tﬁe characteristic equations (3.22) are written
in finite difference form, where only central differences and averaging
operations are used.
Consider the typical mesh illustrated in gigure 3.1 along-%%—- ¢,
fuy () = oy (@) =y luy (1) = u @) = { x(1) - x(D))
along dx
—_— - C
: 1
-dt g
(1) -y (3)} + c. Iy (1) -u, (3D} =c. f.{ x(1) - x(3)}
1,x 171

dx _
along )

(1) - Uy (5)} - c {u x(l) = u, (5)} =-c, £, o {x(1) - x(5) }
élong—g%-= )

{ug (1) = ug (6)} +epliug (D =uy ()} = c,f){ x(1) - x (6))
(3.42)

: The values of the variables relating to points 5 and 6 are expressed
in terms of corresponding values at points 2,3 and 4 by linear inter-
polation, using the following relationships, derived from the geometry
of the typical mesh Ax = c At

Ax L c,t!

I'd

Ax 28e - Ath e Al

Ax At c,At
Thus A;‘l 2 ,
, Tae | 1e%2 - | (3.43)

. ‘\’,.
Hence ug (5) = u3 ((4) + {uy ((2) = uy (8] 21’
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. _ 2cy/e,
_F.us’t(4) + { u3’t(2) - 03’t(4)} .

(3.44)
1+ c2/c1 :

To obtain u, t(6) using equation (3.44), u, t(2) should be replaced
’ 4 .
by “3’t(6)- Similarly, u3,x(5)’ U3’x(6) are expressed in terms of
u3’x(2), u3’x(3) and u3,x(4).
Equations (3.44) are used to eliminate the values of the vari-
ables at points 5 and 6 from the second and third of equations (3.42).

The continuity equations are written according to equations

(3.21) for u; and u, along c;“and c¥in finite difference form as

u (1) - v @) =

i

u, (1) +u, (3)
1,x 1,x {x(1) - x(3)} +

2

(3)

“u (1) +u )
1,t { t()

¢ L 1,t

t(3)}

‘ ; o (1) + u (6)
uy(1) - ug(6) = % 2

{ xQ1) - x(6)} +
2

fu, (1) + u,  (6) |
3.t Bt () - e(6))
2 | (3.45)

The four cﬁaracferistic equations (3.42) and the two continuity
equations (3.45) constitute a set of six simultaneous equations which
are sufficie?t for the determination of Ups Uy o upgr U3 U3 and
u3’tin term éf previously calculated values at points 2,3 and 4,
However to start the numerical calculations, certain initial values
along the boundary x = O have fo be specified.

Along the boundary x = 0O, the two characteristics c1+ and c2+ are
absent and the numerical calculation is carried out in the half mesh
1,2,3 of the main network. If u, and u, are specified along x = 0,
the remaining four equations are sufficient for finding the remaining
four unknowns Uy ., Uy s Us o and U e However, in specifying
géneralised s;resses M and Q along X = 0, two new finite difference

equations must be obtained from equations (3.17) and(3.18) to replace

the missing characteristic equations along c t and c2+. Therefore, the
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system of six simultaneous equations necessary for the determination of
the six unknowns is again complete.

For the analysis of a finite bar, éddigional boundary conditions
at x = L. need to be specified. When tﬁe travelling wave reaches the
new boundary,'it is reflected and a second wave is created. This
situation is repeated at each subsequent reflection, In a bar con-
taining a discontinuity of cross section, this situation occurs\at an
earlier stage, when the wave reaches the position of discontinuity, a
part of it will be reflected and another part will be transmitted.
Flexhral wave are dispersive in nature and these reflections cause
additional dispersiomns which complicate tﬁe wave propagation consider-
ably. However, tﬁe method of cﬁaracteristics seemg to be the most

promising numerical procedure to deal with this complex situation.

3.3.3 Accuracy and Stability

The investigation of accuracy and stability is of great practical
interest in numerical solutions such as the method of characteristics
which employs finite difference approximation for the governing equations
along the characteristic lines.

Courant — Friedrich and Lewy (1928) were the first to propose an
explicit finite difference method for solving linear second order PDE,
They also discovered the conditional stability of certain finite
difference approximations and they proved the convergencé‘of the numerical
solution to the exact solution as Ax+ O when %%Ez.l, where Ax and At are
the space and time intervals respectively. This inequality condition
is widely known as C-F-L stability condition. They also introduced the
concept of the domain of dependence and pointed out that convergernce
required that the domain of dependence of the differential equation should
always stay within the domain of dependence of the difference equation.

In 1952, Courant et. al presented a difference metﬁod for the

solution of quasi-linear hyperbolic PDE of first order. They showed that
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. . -the error introduced by integration along characteristics wifh a fixed
mesh, in going from the exact solution at time t to the difference
solution at time t + At, was of type O (Atz) which is known generally
as first order accuracy method.’' They showed that the error becomes
zero as the mesh size At tends to zero.

Second order accurate finite difference formulations have been
also_suggested and tﬁeir stability and rate of coﬂvergence extensively
discussed. (Stetter, 1961:.Lax and Wendroff, 1964; Raganath and
Clifton, 1972). The statility investigation of mixed-initial toundary
value is not as developed .as-stability _and convergence considerations
of pure initial value protlems (Cauchy problem) fof which many
researches have been published. (Osher, 1969, 1972; Guéfafsson et, al,
1972; Ilan et. al, 1976). This is because initial boundary value
problems are much more complicated and oﬁly recently were subject to
increased interest (Kreisg3*1971;3Horton"19761and Gladwell et. al, .
1979). Most of these works areof 1@enera1 theoretical nature and the
practical aspects of the stability and convergence has been taken
up only recently.

Numerical results can be useful only when the numerical solution
converges to the solution of the continuous - problem. This convergence
condition was supplied by the Lax-Richtmyer(1956) equivalence theorem;
A"Given a properly posed initial-value problem and a finite difference
approximation to it that satisfies the consistency condition, stability
is a necessary and sufficient condition for convergence." There are
two excellent books which discuss error estimation and stability as
related to finite difference approximations to PDE. These are the books
of Forsythe and Wasow (1960) and Richtmyer and Morton (1967).

The method of characteristics }s exact in itself and when used to
the solution of hyperbolic PDE. However, the discretization of the

continuous structure by finite difference approximation which are needed
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for the numerical solution, must introduce certain inaccuracies. Let
. us consider the concept of stability and convergence in its relation
to error estimation (0'Brien, 1951; Haﬁﬁ;,lgss and ggdney, 1970) .

A difference schéme is called convergence if the solution of the
differnce (u?l) equatiqn tends to tﬁat of the differential equation
u(ilt) as At tends to zero. . -

. A difference scheme is called stable if solutions of the difference
equations are uniformly bounded functions of the initial data for all
sufficiently small At and all nAt in a given finite interval.

It is clear from the definitions that convergence implies stability.
Lax and Richtmyef (1956)- proved that tﬁe converse is aiso true, as was
described by their equivalence theory. |

Lét u(x,;) be the exact solution of the PDE

Let uéAbe the exact solution of the partial difference equation.

Let u? be the numerical solution of the partial difference equation
of the same problem at time t = nAt andposition x = ij, where At and Ax

are the mesh sizes used in the numerical calculation. Then the error e

is given as ‘ a n :
e = ulx,t) - uy = (u(x*t) - gg) + (Wg - uj) (3.46)

The error‘cénsists of two parts u -1z‘is called.the truncation or
discretization error and investigations of whether and how (u - ue)+0
as the grid size approaches zero is called the problem of stability and
Y.~ u? is called numerical error and its main source is round-off error.
The convergence and stability depend on the finite difference approxi-
mations and upon the initial énd boundary conditons.,

Forsythe and Wasow npticed that an-approximate method applied to a
PDE may converge in a sétisfactory way to a set of values that has
nothing to do with the correct solution of the problem. The mesh size

affects the truncation error and round-off error in opposite ways. The

first decreases as the mesh size decreases, while the second generally
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i increasgs- Therefore one cannot generally assert that decreasing the
mesh size always increases'tﬁe accuracy.

It is always necessary to observe a "stability criterion" to
prevent errors from amplifying so much as to make the calculations
meaningless. The "stability criterion” usually amounts to a restriction
on the permissible size of At in terms of the size of the spatial
increments. Otherwise the scheme can produce signs of instability.

In one space variable problem, the method of characteristics is
inherently stable because it always adﬁeres to the C-F-L stability
criterion, which requires-%%E 2 1 where ¢ is the largest of the wave
veiocities.' The MOC as an explicit method has an obvious advantage of
requiring relatively little computer storage as compared to the implicit
method.

Ideally, cﬁoosing a mesh size of infinitesimal size produces an
exact solution. However, tﬁere are several realistic restraints pro-
hibiting the selection of infipifesmally' small increments, since this
can cause the round-off error to become excessive and dominate the
solution, in addition to the inc;eased computer running time.

Finite difference approximations seldom acﬁieve more than a rather
modest accuracy. When stability criteria are observed, the rounding
off erfbrs are not amplified as time goes on, they merely accumulate .in -
proportion to the square.root"bfﬂthe number of steps in the calculation.
Nevertheless roundoff error and truncation error are propagated along
with the solution. Thus the fufgher the golution goes, the greater the
error becémes. Therefore, particular care must be taken in minimizing
the error at the beginning, although this disadvantage of error growth
is customary to all marching numerical schemes.

In writing the characteristic equations in finite difference form
for the mesh points, only central differencing and averaging operations

were used and the truncation error is of second order (sz) and the
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-approximation is called first order accurate.

However, .second order accufacy difference methods have been
developed by several authors and they are - useful in certain cases,
particularly by finite difference methods. But this does not necessarily
mean improved accuracy. (Lax and Wendroff, 1964; Stetter, 1961;
Ranganath and Clifton,’1972).

R

The central differnce approximations as employed in the MOC are
found to be stable and maximum accuracy is obtained by taking Ax = clAt,
for c1:>c2; In practice, it is better to take At = (%;)Ag rather than

some smaller value, since a smaller At would require additional calculation
and round off error. Also‘for practical considerations, it is desirable
" to use the largest possible At for a fixed Ax. (Fox, 1960).

| One can determine the accuracy and the rate of convergence of a
numerical scﬁeme by evaluating exact error for two step sizes, one half

of each otﬁer and then determining tﬁe ratio of tﬁese errors.

A second method for determining the error requires the numerical eyg-
luation of an'exaét solution when available for certain cases (Hoffman,
1973). Seve;51~.authors compared tﬁe numerical ‘'solution by the method of
characteristics witﬁ closed form "exact" solutions and obtained excellent
agreement. This was outlined in-section 3.2.4. :

For problems involving one space variable, the numerical scheme

adopted is inherentiy stable. For two space variable transient problems,
numerical schemes are not always stable. The question of stability
must be eétablisﬁed for each problem separately and is usually very
difficult.

A second criterion for stability was obtained by Von Neuman and
Richtmyer (1950) from a study of error growth which in its necessary
aspects was equivalent to the condition given by Courant et. al.(1928).
The Von Neuman stability criterion is mostly used to study the accuracy

of afinite difference approximation when periodic excitations are applied
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gnd it uses the fact that an initialexpone;;ial' function remains

exponential,

Assuming an initial value in the form

ulx 0) = u_e'™™ ‘. (3.47)
Then the solution of (3.47) at t = At will be -
“(X)At) = gcgr elké?; elkfub
=G e P2ty u(x,0) C(3.48)
and at t = nAt it will beiﬁ4
' fkn At
u(x,t) = (% CP % )nAu(x,O) (3.49)

The matrix : P oIRTHAE 52 Ci118d the amplification matfix.

| Von Neuman's condition for stability states that the eigen-
value of the amplification matrix should not exceed one in absolute
value for any real value of k.At. Tﬁis condition is discussed in the
works pf (Héhé; 1958; Fox, 1960) and has been applied by many authors. .
(Chiu -and Neﬁgért; 1967; Uckan and Ang, 1971 and Krieg, 1973).

Once the material properties are established, the necessary
truncation error depends only on the frequeﬁcy of excitation. In the
case of éiﬁ;soidal excitation, the frequency is'known. However, if no
prodominant frequency exists, as in the case of transient response, ;he
maximum significant frequency should be used and for a larger frequency,
a smaller At must be used. (Wylies and Streeter, 1976).

Strictly speaking, the study.of the truncation errors is only valid
if the physical quantities are sufficiently smooth to insure the
existence of the Taylor series expansion containing continuous bounded
partial derivatives about the point xlt. Tﬁerefore, at the wave front
where discontinuities may occur, the truncation error estimates are not
expected to hold.

Chou and Greif (1968) showed that the combined characteristic
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. . difference method was adequate in representing discontinuous wave
fronts and the error was only 1.27.

Chou and Flis (1975) also presented the excellent convergence of
the method of characteristics as applied to composite material
response, whereas finite element methods with a ﬁigh number of modes
sﬁowéd poor convergence.

Sobel and Geers (1973) showed the unsatisfactory convergence
behaviour of conventional finite difference formulations for transient
wave type problems.

The rate of convergence depends primarly on the truncation error
and if it is known, an extrapolation tecﬁnique can be employed to
achieve a high degree of accuracy with a small amount.of calculation .
The extrapolation method of Richardson (1911) can be applied to the
calculated values at any point.

The error of the numerical calculation e is said to be of hz-

type if it can be expressed in the form

n W2 4 6 .
e=u—-uj=¢1h» +¢2b, + dah + L, (3.50)
where h is the mesh size. If two values u, and Gl.ate calculated at
a given point, with Uy corresponding to a mesh size h and ﬁi corres-—

ponding to Hl’ then one may write (3.50) twice in truncated form

2
Uy + ¢1 h

u
_ - 2
u=uy 4By
iéliminatio;'Of ¢1 gives the extrapolated value of u

2 2

u = (E u

2 -, =2
Ly Ty e/t -y

) (3.51)

. 2 .
This formula is called the h™-type two point extrapolation.

Similarily if calculations with three different mesh size hl’ hl,ﬁlare
, . 2 .
performed, a three point h"-type extrapolation formula can be obtained.
Although the finite difference equations involve errors of h2 - type

there 1s no proof that the error in the calculated values of uy itself 1is
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-also of the h2-type, since the round-off error might influence the error
type of the numerical solution. Therefore, the type of error should be
investigated in each case.

A detailed investigation of error estimation by extrapolation tech-
nique apélied to finite differencing technique-as used in the method
of characteristics with error estimation of h-type ana h2-type has been
presented by Roberts, 1959+ Chou et.al, (1967) presented error estimation
for blast waves; Hoffman (1973) for irrotational and rotational flows
and Lister (1960) for isentropic flows.

Ripperger (1967) suggested the use of changiﬁg mesh sizes where
the numerical procedure could be started by a very small mesh size and
then increased to a coarser mesh. This scheme was particularly useful.
in high rate strains in materialé".&v’ifhvyiém stréss gignificantly lower -
than the applied stress. The author checked the accuracy of the numerical
results by halving the final mesh and found the difference between the
two solutions to be in the fifth and sixth significant digits,

In the present numerical analysis of the transient flexural wave
propagation according to Timoshenko equations it is sufficient to use the
C—F—L'stability criterion and a small time increment is required to

'
maintain a value of 1 for Ax/clAt. The characteristic lines of the pri-
mary grid are dx/dt=ic1‘and the interval of dependence of any point is
bounded-by the lines through it at slopes of :cl. Consequently, the
points used in the finite difference scheme must, for convergence,
always remain in an interval as large as that bounded by Ax/AtZCI-

It is desired to select the largest mesh size with a minimal
acceptable error. This is accomplished by choosing a mesh size in
such a manner that any further reduction in this quantity will not
alter the solution significantly.

The choice of the correct mesh size has to be decided for each
individual problem, depending upon the type of loading and the rise time,

the end conditions and the size and positon.of discortinuity.
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. o CHAPTER 1Y

COMPUTER CODE FOR TRANSIENT FLEXURAL WAVE PROPAGATION

The computer programme employs the metﬁod of cﬁaracteristics
for the study of transient response in beams subjected to eccentric
impact with zero ini?ial conditions and time varying boundary conditons.

The present programme is based on a computer code,‘MCDlT-Zl,
written by Mo;timer and Hoburg (1969) and capable of handling semi-
infinite regions of various structures such as shells, Mindlin plates,
bars and Timoshenko beans.

The MCDlT—Zl, a general-purpose computer code designed to solvé
one dimensiopal elastic wave propégation problems governed by one, two
or three coupled second order hyperbolic péftial differeniial equations,
uses a system involving two independent variables, one space and the .
other time. The dependent variables are thé generalized displacements
and the coefficients of the displacements and their first spatial
derivatives are functions of tﬁe spatial variable. The general theory
is given in the work of Chou and Mortimer (1966) w}.xere a system of n

“equations is analyzed by the method of characteristics, yielding closed
form equations for the pﬁysical cﬁaracteristics, the characteristic
equations, and the relations gbverning the propagation of discontinuitie§.

The governing equations are one of the following forms

32u 1 azu du
1 _ ISPIREE S
) 5 1 21 (4.1)
3x c ot ox
1
or 2 \
32u1' 1 9 uy aul du
-, 0 h *hup r fg feuy
ax2 c,” ot ax : %
2 2 (4.2
P 113 1 3 u3 aul 3113 ) )
._._.——;— 5 = h1 + h2u1 + h5 + h6u3
axz C2 ot X oxX
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2 2
or 3wy 1w du; du, du,
) =B TR Ry By By g4 £y
3x2 C12 atz 9x ax Ix
2 - )
37y, 1 3 uz 4au1 | | ?uZ . 8u3
2 - -, ) =gl - + gzul +83 . +: gl.uz-’-gs-———. + g6u3 (4. 3)
ox ¢ ot 9x ax 3%
puy 1 dhuy. o u, .,
) - A = h1 + h2“1 + h3 +h4u2 + hs + h6“3
9x c, ot ox 3% ax

One can see that the Timoshenko beam equations as given in

equations (3.16) correspond to equations (4.2) and the coefficient fi

and h, are obtained by the equality of the two systems

£ _ o? f o= ack?
2 EI * s El
£, = £ =0

For zero initial conditions and a semi-infinite beam, three
boundary conditions are specified along the line x = O, in the

following form

du ’ u au3 u

Al————ax \. + A2u1 + A3 o A4u2 Son A6u3 + A7at~ bl(t)

duy du, du, du,

Bl-——-—+ Bzul + B3 + B4u2 + Bs—"—"' B6u3 + B7'——'= bz(t) (4.4)
9x Bx‘ i ax . ) a-t
aul Buz 3u3 8u3

_— + C +C.—m+ C - ;
01 P + Cyuy + C3 9% 42 5 5% 63 * c7—-—~at b3(t)

..

Where A, B.s and Ci are constants (i = 1....7) and bl(t)’ b,y(t) and
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" bg(t) are functions of time at x = 0,

?ér.tne Timoshenko beam u, is always equal to zero andbz(t) =0,

The second of equations (4.4) is determined as

B&“Z =0 , s0 B4 =1
where B, =B, = B3 =B, =B, =B, =0 and the three equations of (4.4)
reduce ‘to two and all terms in u, vanish.

For properly posed b,(t) and b,(t), the constants A, and C; can be
determined in non-dimensional form in accordance with the various types
of end conditions.

In the present work the MCD1T-21 tomputer code has been modified
and further developed to solve one dimensional transient flexural wave
propagation problems in finite beams and finite beams with discontinuities
of cross sections.

The present TMOTCU computer code consists of three programmes:

(a) the TMOTCU-1 programme for flexufhi wave propagation in semi-
snfinite beams. (b) TMOTCU-2 programme for flexural waves in finite
beams, and (c) TMOTCU-3 programmé for flexural waves in finite beams
with discontinuities of cross sectionms.

TMOTCU-1,2 programmes have been used for checking the accuracy of
the present programmes where present numetical results are compared with
results obtained by other authors for semi-infinite and finite beams.

However,‘for finite beams with discontinuities of cross sections,
there are no theoretical or expiremental results available and the
numerical results were compared with experimental results obtained
during the present investigation.

TMOTCU programmes are written in Fontran 1V and are run on CDC 7600
computer, which has approximately 29 significant figures."Thus, round-
off error was assumed to be negligible.

TMOTCU-1 consists of a main programme and 17 separate subroutines
?

employed for evaluation of the variables of each point in the
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-characteristic network.

For the TMOTCU-2, 4 additional subroutines are needed to include
the effect of the second boundary, and 4 further subroutines are
required to take the effect of the discontinuity into consideration.
Thus, TMOTCU-3 consists of the main programme and 25 subroutines. The
number of the input cards is also &ifferent for each individual problem.

The subroutines may be divided into two classes, as presented in
figure 4.1: the first-level and the second-level subroutines. Each of
the.first-level subroutines is used to evaluate a different point in
the physical plane. The second-level subroutines are general in nature.
Their purpose is to define quantities or perform tasks which are needed
for several types of ﬁoints. Some second-level subroutines reamin the
same regardless of the type of problem or boundary conditions and are
called invariant. Other second-level subroutines are used to define the
problem and boundary conditons and thus are completely dependent upon
.. the nature of the particular problem. These are called user-specified.
For each new point, the main programme decides the point type and

calls the corresponding first-level subroutine. Each first level-

. ..gubroutien, in turn calls those second-level subrountines necessary to

evaluate qualities at the new point, as illustrated in figure 4.1.

~

Second level subroutines

Boundary condition time functions subroutines

These three fo;traﬁ subroutines specify the three time-dependent
functions by, b, and b, which form the right-hand sides of the three
boundary condition.equations (4.4) for a semi-infinite beam at x = O,

A second similar set of three subroutines is needed to specify the
three time—dependent functions at sécond boundary of a finite beam, at
x = L.

Discontinuity values subroutines

These two subroutines are used to assign the wvalues of the dis-
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, o e . duy .Q3u, 9du du .
continuities 1“'521:.5E2,:§§3 and -§E3 which may occur along the cl+
+ [ [
and c, characteristics. These values are determined as described in

section (3.3.2).

Printout quantities subroutine

This subroutine'is written to obtain the desired output. Any of
the quéﬁfities calculated at the mesh points and for any functions of
those quantities, such as bending moment and shear force, may be printed
out, as specified in dimensional and/or non-dimensional form.

Governing equation coefficient definitions subroutines

These three Fortran subroutines are used to specify the coefficients
f100000f6, glut...g6 and hloooo-hG in the governing differential

equations.

Solution matrix subroutine

This subroutine calculates the coefficient of the solution matrix
for the quantities at all points other than the first point in terms of
known Quantities previously evaluated. During its execution, the
simultaneous solution subroutine is called to‘solve the system.

Simultaneous solution subroutine

This subroutine solves 'n'"' equations in "n" unknowns by a matrix

jnversion technique. No zeros may appear along the diagonal of the
determinant (or matrix) of the coefficients of the unknowns.

First level subroutines

First point subroutine -

This subroutine calculates the quantities at point 1 in figure 4.2.
Tﬁe subroutine is called only once, at the beginning of evaluation of
quantities in the physical plane.

The quantities at point 1 and 2 are to be evaluated simultaneously
and a total of 18 unknowns exist: u

, u and v, (i = 1,2,3) at point

3

1 and at point 2. The 18 needed equations are obtained as follows:

i i,x

2 compatibility equations along each of the lines: 1-2, 2-3. 2-6
? ’ .
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1" Compatibility equation along each of the line: 1-7, and 2-4.
3 Continuity equations along 1-5.

2 Continuity equations along 2-3.

1 Continuity equations along 2-4.

3 boundary conditons at point 1

The compatibility relations are defined as those differential
relations between the first derivatives of the dependent variables ug
that necessarily must be satisfied along the characteristic lines.
They are also called characteristic equations.

The 6 continuity equations are written using equations (3.21) and
are used to eliminate the 3 displacement variables ups U, and ug at
point 1 and at point 2, leaving a system of 12 equations in 12 unkowns,
where the compatibility equations are written according to equations
(3.22). After a solution for the 12 derivatives is obtained, the 6
continuity equations are used to calculate the displacement variables
at point 1 and 2. The first point subroutine calls the following second

level subroutines during its execution. (see Fig. 4.1)

(A) The boundary condition time function subroutine.
(B) The discontinuity values subroutine.
(F) . The governing equation coefficient definitions subroutines.

to specify the compatibility equations.
©) The simultaneous solution subroutine to solve the 12
equations in 12 unknowns.
(D) The printout quantities subroutine.
The description of all subroutines is given in the general form for
three displacement variables and their spatial and time derivatives,

although for the Timoshenko beam u,, uz’x‘and u, . are all set equal to

P

Zero.

Input point subroutine

The input point subroutine is called at the beginning of each new
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dX ____1 characteristic line. It is used to defi i
cldt o0 define and print out the
quantities specified at a point on the first discontinuity line.

Boundary point subroutine

This subroutine is called at the.end of ehéﬁ'1ine, It is used
to calculate quantities at the points on the boundary x = 0 which
satisfy the equations along left running characteristic directions and
. which satisfy thevﬁgﬁndgry—condition equations. ' The 9 equations used
to calculate the 9 unknowns at point 1 of figure 4.3, in a way similaf
to that used in the first point subroutine, are obtained as follows

2 compatibility equation's;along 1-3.

1 compatibility equation along 1-4

2 continuity equation'sggioﬁg.1~3

1 continuity cquation along 1-4

3 boundary conditions at point 1

Ordinary point subroutine

This subroutine is used for each-point after an input point and
pbefore a boundary point, except for points complicated by the crossing
of the second discontinuity lines. The 9 equations used to calculate
the 9 unknowns at point 1 of figure 4.4 are obtained from compatibility
and coctinuity conditions along the characteristic lines. The system
is reduced to 6 equations with 6 unknowns and is solved si@ultaneously
as in the previous subroutines.

Case I subroutine

The case I subroutine is used for points complicated by the

crossing of the second discontinuity line with both of the lines dx

. ‘ ' CldtB-I
in the manner shown in figure 4.5.- After solution for the quantities at
. . . e . du 9
point 1 (Fig. 4.5a), dicontinuities 1n—§;3 and—g%B are added to the

calculated values so that the calculation may proceed to the quantities
at point 1' (Fig. 4.5b). For each of the two points 1 and 1', a

system of 9 equations in 9 unknowns is solved, just as for an ordinary
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point. The printout subroutine is only called once at point 1°',

Case II subroutine

The Case II subroutine is used for a set of points complicated by
- the.crossing of c2+Aseé6na discontinuity line in the manner shown in
figure 4.6. The procedure for this case is similar to that used in
‘that used in the case I subroutine, with quantities at both points 1’
. being calculated in the same subroutiﬁe, as shown ;n fig. 4.6b and 4.6¢c.
The same second level subroutines are called during execution for each
of the two blocks.
Finite beam

For transient flexural wave propagation in a beam of finite length
2, the reflected wave from the other boundary at x = L must be considered.
In addition to the initial and boundary conditions at x = 0, a second
set of end and boundary conditions at x = L must be specified. In the
programme TMOTCU-2 developed for the finite beam, there are 21 separate
subroutines. - 17 of these subroutines are'tﬁe same as used for the semi-
jnfinite beam and are as described before. Additional modifications
are needed in the main prégramme to provide the requirements for calling
- the following subroutines at the end of the beam (x =yﬂ). Figure 4.7
shows the characteristic network for a finite beam,

Beam end point subroutine

The beam end point subroutine is used to calculate quatities at the
points on the boundary x = F'such as point 1 of the typical mesh
represented in figure 4,7. The 9 equations needed to claculate the
9 unknowns are similar to those of the boundary point subroutine, which
are the following

2 compatibility equation's along 9-1

1 compatibility equation along 6-1

2 continuity equation's along 9-1

1 continuity equation along 6-1
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.~ ~ 3 boundary conditions at point 1

The contition at the end of the subroutine are formulated in such
a w#y‘that the required subroutine, to calculate the variablés at the
next pdint backwards along the beam, is called.

Beam end boundary condition time function subroutine

" These three subroutines are used to specify the three functions
..el(t), ez(t) and e3(t),which form the right-hand sides of the three

boundary condition equations corresponding to x = £. J

aul _ , 8u2 “3u3 . aul .
Dl—-———‘ax + D2u1 + D3——3X + D4 2 + DS.—a—}—{-'O' D6u3 + D7W‘ el(t)

v

\'aui‘ éhﬁ‘ * dug “3u

+Ewu, + E——+Eu, + E.—+ E_u, + E - e (t
Ey o 2"1 3 ax 4Y2 5 ax 63 % F7 ot ez( )
(4.5)
uy juy e 3uy- £
P ——+ Pyup + Py——+ Pu, # P4 Puy 4 Py ey (1)

X 9x ax ot

-Where Dl"' 7, 1.7.E7-and Pl-...P7 are constants and they are deter-
m1ned together w1th e (t), e (t) and e (t) in just the same way as
described for the boundary conditions x = O.

Finite beam with discontinuity of cross-section

The computer code TMOTCU-2 is further developed to write TMOTCU-3
computer code for studying transient flexural wave propagation in
finite beam with discontinuity of cross section at any position along
the beam and with any area ratios of the cross section. Tn figure 4.8,
the characteristic network of a finite beam with discontinuity of cross
section are represented, together with a typical mesh at the arca

discontinuity, *where reflection and  transmicsion of
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- - - the incident wave occur. The basic subroutines are identical to those
of TMOTCU-2 and in addition, 4 subroutines are developed in order to
incorporate the matching conditions a£ the discontinuous cross sectional

. area. ' Thus TMOTCU-3 employed a total of 25 subroutines.

The continuity of velocity and angular velocity from region 1 to

region 2 are (see Fig. 4.8)‘

au Bu '
(———) - (———)
' 3¢ 1 ap 2
" du Bu
(;—391 - <g—-)2
t (4.6)
du au
2
(—) =(—-—)
e 1 a2

The equilibruim of bending moment and shear forces at the area

of discontinuity are written as

du_ - .‘ Ju

1 . 1,.
E L)y = Bl ()
X ox
3u
K% AG {( —3), - (g} = K, A8,L - 3, - )),}

Bu Ju .7)
D, = D, =0
X 9x

It is assumed that the beam was made of the same material
throughout its length and that the discontinuity is due to the change
in dimensions only.:- This assumption simplifies -the protlem in the way
¢{hat the characteristic 1ines_remain'straight and with the same
slope along the whole beam, since c1(1) = cl(2), andlcz(l) = c2(2){
However the extension of this programme for the case of discontinous
beam which is made of two different materials, should not represent

any additional difficulties, except that the computation would
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- require major alterations due to the different values of the propa-
gation velocities ¢, and c, in the two materials.
.The additional subroutines required for tﬂe TMOTCU-3 computer code
are the fbllowing

Discontinuity subroutine

This subroutine is used for the calculation of a typical point
at the area discontinuity, as shown in figure 4.8, It solved 18
equations in 18 unknowns. These are obtained as follows

2 compatibility equations along each of 9-1 and 3-1'

1 compatibility equation along each of 6-1 and 4-1'

3 continuity equations along each of 5-1 and 5'-1'

Six additional equations are obtained from the matching condition
as given in equations (4.6) and 4.7), which are used to eliminate the
variables at point 1'. The six continuity equations are applied at
point 1 and 1' to obtain the displacement variables u;, U, and Ugs
leaving the system of 6 equations which are solved simultaneously.

Discontinuity solution matrix subroutine

This subroutine is similar to the solution matrix subroutine
described before.- The discontinuity of the cross section is considered
in determining the coefficients of the solution matrix for the quantities
at points 1 and 1', in terms.of the known quantities at the neighbouring

points.

Case I discontinuity subroutine

This subroutine is similar to case I subroutine and is used for
points at the area discontinuity complicated by the crossing of the
+ . . . dx

c.¥ 1ine with both of the lines
2 cidt

continuity solution matrix subroutine is used to set up the system of

= -1 of the block. The dis-

simultaneous equations and the same second level subroutines are

called as in the case I subroutine.,
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- Case II discontinuity subroutine

This subroutine is used for a set of points complicated by the
crossing of the c2+ line inlthe same way as shown for case II sub-
routine in figure 4.6. In the first block at the area discontinuity,
the discoﬁtinuity solution matrix subroutine is used, whereas in the
second block whiéh is not at the area discontinuity, the solution
matrix subroutine is used.

At the end of the'beam, at x = L, the subroutines described before
for the case of finite beam are used. However, the change in the
geometry of the second region due to the discontinuity of cross
section, has to be considered.

TMOTCU-3 computer code for transient flexural wave propagation

_in beams with discontinuity of cross section is the most comprehensive

version of the three TMOTCU programmes and actually incorporate the
other two versions. TMOTCU-3 is listed in Appendix A.
The sequence of .the numerical calculation is as follows:

1. For each problém étudied, one set éf input cards is required and
the initialkconditons utilized by the programme are zero. From the
iﬁitial~conditibns;”bouudary;conditions.and equations governing the
propagation qf discontinuities, the valueé of the nine variables Usy
ui,t(i = 1,2,3) are known at points 1 and 2 of the characteristic
network repfesented iq figure 4.7. The values of the variables at

point 3 are then computed through a simultaneous solution of the

governing characteristic equations and boundary conditions.

2. The épmputation then proceeds to the = =1 characteristic line

x

cldt
through point 4. The values of the nine variables are then
computed at point 5.

3, The known var@ables at points 3 and 5 are used to compute the

variables at point 6 through a simultaneous solution of the

- governing characteristic equations and boundary conditions,
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5,

"The computation then proceeds to the dx

cldt- -1 characteristic

line through point 7. Knowing the values of the variables at

point 4,5 and 7, the values are then computéd at point 8,

'This process continues by solving sets of simultaneous equations

to obtain the values fo the variables at points 8, 9 and 10, in

that order. Again, the computation shifts to the next %531- -1
' 1

~‘esharacteristic line and solves for the values of the variables

at the-mesh points along this line (e.g., 12, 13, 14 and 15).

This procedure continues until the values along the :th- -1

- characteristic through the Moth*point are obtained.

The number of lines to be evaluated Mo can be increased for a

calcﬁlation of longer time history, or decreased due to computer

‘ memory space requirement limitations and computer run time.

This is achieved by changing Mo in the common statement.

The output of the programme includes a preliminary printout
1isting of all input data which was read into the main programme.
The printout of the quaptities at mesh points will then begin

as specified in the printout quantities subroutine which can be
altered to give the output at the reqﬁired points in time and

space. i



MAIN PROGRAM

&éé&ééé&éé

o

FIRST LEVEL SUBROUTINES (ALL INVARIANT )

i

?

i

i

i

First point

Input point

‘ Boundory

point ’

Ordinary
point

Case |

Case 11

boooD

6 6
?

HOO®

P
?

®060
P

Beam end

Discontinuity

Discont.
Case ]

Discont
Case Il

bO6d

00

bobO

bObb

bobd

7

SECOND LEVEL SUBROUTINES

T

: C?

.

7

P

FIG. 41. BLOCK DIAGRAM OF THE PROGRAM

- 100 ~

-+ lsimultaneous| | Solution Boundary | | Discontinuity | | Governing Printout
Solution Matrix Condition Values Equation Quantities |
Subroutine || Subroutine |'| Time Subroutine | |Coefficient | | Subroutine

l Functions Definitions l
C!:) Subroutine Subroutine |
P ¢ |
Discont. End I
Solution | Condition
Matrix | Time
Subroutine  {!|Functions
' 4:) Subrouhne
|
Invariant ‘ Specified Subroutines
S b




w

e o s vl e p——

FIG 42. THE FIRST POINT

FIG. 44 AN ORDINARY POINT

- 101 -



Second wave line

b) Evaluation at point 1’

FIG45 A CASE I POINT
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CHAPTER V

NUMERICAL RESULTS FOR FLEXURAL WAVE PROPAGATION IN BEAMS

S.1. The shear coefficient k2

Timoshenko (1921) defined k2 as the ratio of average shear
strain across a section to the shegr strain at the centroid, a
coefficient which takes into account the shear stress distribution
over the cross section of the beam. Under static conditions and
assuming a parabolic distribution of the shear stress, the shear
coefficient which depends on the shape of the cross section, was
given by Ti@oshenko (1921) as 2/3 for rectangular cross section and
as 3/4 for circular cross section. This definition neglects the
effect of warping of the cross section on its rotatory inertia
and taking this effect into account, Géns (1931) derived an
approximate fromula for k2 by the principle originally suggested
by Foppl (1897) where the work done by the forces warping an
element must be equal to the potential energy due to shearing dis-
toffion. The shear stress distribution was again taken as parabolic
distribution. Gons obtained the values kz = 5/6 for rectangular
section and k2 = 9/10 for circular seition.

. The values of ﬁhe shear coefficient k2, which 1s based on the
static parabolic distribution, is suitable for very low frequencies
and slender beams, but in the higher modes, the shear stress dis-
tribution ié,largest near upper and lower surfaces and k2 must be
modified in order to obtain the best results which the Timoshenko
equations are capable of achieving.

In a second paper, Timoshenko (1922) used k2 = 8/9 for a fixed-
fixd beam of rectangular cross section in order to bring the prediction
of his frequency equation into close agrcement with the two-dimensional
theory of plane stress. Furthermore, Timoshenko suggested, although

not shown in the paper, that the value of k2 can be derived for a
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- beam of rectangular cross section by comparison of the two theories
just mentioned and the following expression can be derived where
v denotes Poisson's ratio

K2 =51+ v) / (6+5 ) (5.1)

A more accurate expression can be derived for a bar of circular
cross séction by equating the expressions of the frequency equations
from the Pochhammer-Chree and Timoshenko theory for flexural waves
in an infinite beam. The shear coefficient k2 is then determined as

K = 6(1 + v)2 ] (7 +12 v + 4 v2) (5.2)
where a series expansion for the Bessel functions appearing in the
exact frequency determinant should be employed. Therefore, in higher
modes the shéar coefficient k2 is not only dependent on the shape of
the cross section but also depends on the Poisson's ratio and the
frequency.

There have been since many attempts to obtain the value of the
shear coefficient by various theories -and there is no general agree-
ment in the litergture about the exacp‘effeétslof the cross section
~geome£ry-énd'of mode number on the evaluation of k2 value which tends
to vary between 9Q,€67:and 1.0 and numerous attempts have‘been made to
evaluate k2 theoretically and experimentally.

Sutherland and Goodman (1951) presented various methods of
obtaining the shear coefficient k2 for beams of rectangular cross
section. One method was based on.the prediction by the exact solution
of the general elasticity equation that the wave velocity in a thin
rectangular beam must approach that of Rayleigh surface waves for
small wave lengths and k2 was determined as 0.8696 for v = 1/3. A
second method described by the authors was based on thickness shear
mode of vibration with the circular frequency ﬂCs/r/TEQCS/EZVr,
thch gives K2 = n2/12 =0.8225. This value was also obtained by Mindlin

and Deresiewitz (1954) who suggested that if this value is used, the
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. Timoshenko equations give good results in agreement with experiment -
for both low and high frequencies.

The value of k2 was obtained experimentally in connection with
Young's modulus measurement from flexural vibrations and comparison
with theoretical defivation was made (Gons, 1931: Pickett, 1945;
Spinner et. al., 1960; Nederveen et. al., 1964 and Ritchie, 1973).

A new approach to the derivation of the shear coefficient was
adopted by Cowper (1966) who derived the Timoshenko equation by
integration of the equations of the three dimensional theory of
elasticity and obtained a general formula for k2 and various cross
section configuratioﬁs. Their expressions for a rectangular cross
section and for a circular cross section are respectively

k2 = 1001 + v) / (12 + 11 v) (5.3)
K= 6(1+v)/ (7+6WV) (5.4)

In a second paper in 1868a, Cowper -showed ‘the k?'valtes derived
by his expression for a thin beam were in close agreement with the
thickness shear mode theory. Cowper also pointed out that although
his results were derived from the lowest mode of vibration, they also
were applicable to higher bending modes.

Spence and Seldin (1970) pointed out that since oﬁly the product
of k2G can be determined from flexural resonances , the relative error
in G is as severe as the relative error in kz. They obtained experi-
mentally kz = 0.873 for a rectangular cross section and k2 = 0,923 for
a round bér, where v = 0,.287.

Carnegie and Thomas (1972) investigated the dynamic behaviour of
turbine blades, modelled as cantilver beams of rectangular cross section
and noted the marked effect of shear and rotatory inertia in the higher
modes.k2 was chosen as 0.834 which is close to the values of Cowper
and Mindlin.

Alami and Atzori (1974) matched the results of the Timoshenko
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- equations to the results based on a three dimensional form of
extended Rayleigh-Ritz energy method and concluded that the flexural
frequencies of a simply supported Timoshenko beam are better
expressed with two different values for the shear coefficient in the
two branches of the flexural modes.

Ghosh (1974) presented the effect of various values of k2 on
frequencies of vibration and mode shapes up to the 5th mode and concluded
that the frequency ratios of the higher modes were lower, the greater
the k% values. The effect of variation of k2 was most significant in
the higher modes.

Kaneko (1975) gave a comprehensive review of the history of the
Timoshenko shear coefficient and its estimation and based his calculation.
on the values suggested in general terms by Timoshenko (1922).

Hsu (1975) suggested a modification of Cowper's theory, which
led to k2 - values greater than unity, where k2 was defined as the
effective shear coefficient since it included the effect of pressure
gradient over the beam éross section. Hsu agreed with the opinion
expressed by one reviewer of his brief note that since his derivation
was based only on deflections, there is no guarantee that the stresses
resulting from the present approach agree with the Timoshenko theory.
Although this newly suggested value, which is greater than unity, may
include some effect not included in the Timoshenko theory, it is not
useful for the Timoshenko equationms.

Downs (1976) used Hsu's value to obtain agreement with the
additional shear oscillation frequency mode in a uniform simply sup-
ported Timoshenko beam. However, the value of k2 greater than unity
does not give any reasonable comparison with the basic modes of the
flexural motion of the beam.

Rosinger and Ritchie (1977) assessed experimentally the k2 values

derived by Kaneko and obtained excellent agreement between theory
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. and gxperiment for the first gix natural frequencies .

Stephen (1978) showed that the value of kz as obtained by
equating the Timoshenko phase velocity prediction to the exact phase
velocity as calculated by Hudson (1943) was only suitable for long
wave length propagation and should not be used for the approximate
discription of flexural wave motion according to the more important
first frequency spectrum. He also found that for higher frequencies
the k2 value differed little from the value given by Kaneko.

In a second paper in 1980, Stephen obtained the shear coefficient
employing the distribution in a beam performing flexural vibration
and subjected to uniform body force or gravity loading. The derived
expressions were compared with those of Cowper and Kaneko for several
cross sections.

Table I presents the various values used for the shear coefficient
for circular and rectangular cross sections. In most cases the
expressions for k2 were evaluated for the Poisson's ratio v = 0.29,
usually found in the literature for steel.

Ideally, one should use different values for the shéar coefficiént
k2 depending on the frequency range. However, in order to keep the
concept of single correction factor for each cross section and material
i.e. if k2 is to be taken as constant, and chooge atthe ;ame time a
suitable value for transient loading, the values used in this thesis
were based on the derivation of Cowper (1966) which were derived by
integration from the three dimensional theory of elasticity. The
Cowper k2 values are close to most k2 values except the ones based on
.the parabolic static shear distribution which are unsatisfactory for
impact loading with a wide range of high frequency spectrum.

The values used for the shear coefficient in this thesis are
unless otherwise stated, as defined by equations (5.3) and (5.4) and
are for v = 0.29:k2= 0.8856 and 0.8492 for circular and rectangular

cross section respectively.
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-5,2. Comparison of the transient response with results obtained

by other solution methods and with experiments

The computer codel. MOTCU-1 for a semi-infinite ,beam and TMOTCU-2
for a finite beams were both checked for accuracy by comparing their
numerical results with various experimental, numerical and exact
solutions available in published papers, reports and Ph.D. theses.

The cases considered were those of a semi—infinite beam subjected
to a ramp platform bending moment, a semi-infinite beam subjected to
a half-sine input bending moment and a cantilever beam subjected to
a ramp platform bending moment at the free end. The beams in all
these cases were of circular cross sections except the cantilever beam
which was éfirectangular cross-section,

. The developed computer code is applicable to problems of eccentric
4impact where a bendfng;ﬁoémnt is applied at one end of a free-free,
simply supﬁbrted, or cantilever beams. The boundary conditions can
be formulated in terms of bending moment, shear force, angular velocity
and transverse velocitf. .

The fMOTCU-l te 3 computer programmes are equally applicable t;
problems of lateral impact:of finite Timoshenko beams with various end
conditions. The case of léteral impact of a simply supported beam

i
of rectangular cross section is also investigated.

Computer processing time for the problems ju;t described on a
CDC-7600 computer was from 30 seconds to 110 seconds depending on the
mesh size and the time span for which the bending moment distribution
‘was evaluated. In most cases, the discussion is confined to bending
moment distribution due to its importance in engineering problems.
However, the time wise distribution of 0, w and V are all included in

the programme output.
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“5.2.1.5emi ~infinite beam subjected to eccentric impact

The results of the present numerical solution by the method of
characteristics were compared with a solution by Kuo (1958) who
investigated the bending stresses in a bar subjected to eccentric
longitudinal impact, induced by a striking bar of the same dimensions
and'matériél. The -properties and:dimensions.are given in'Table 11, for
a‘low.carbon‘mi1d$steel.bér.with a 'slenderness ratio.L/r = 100 whére L

is thé -length of the beam and r its cross sectional radius of gyration.

Kuo based his theoretical solution by the method of characteristics

_on a physically unrealistic value of ¢y = ¢y and therefore the bending
moment time distributions of this case were plotted in non-dimensional
form at two beam stations x = 0.1 and 0.3 Qherg x = x/L.

Kuo also obtained a modal super position solution which was based
on the value c,/c; = sz/E = 0.3. The coefficients required for the
present numerical solution are listed in table III and boundary con-
ditions corresponding to a ramp platform bending moment at the end of
the free-free beam are according to table IV for a maximum unity input

bending moment

M(0,t) = 10 t for 0O¢ t< Eo
(0,%) = 1 for t>t,
Q(0,t) = O for all t
The non-dimensional mesh size Ax = Ax/L was chosen as 0,01

and corresponded to a time step of 1;22285 us. Figure 5.1 shows the
time distribution of the bending moment at beam stations x = 0,1 and
X = 0.3 in non-dimensional form for M vs. E, where M = ML/EI and
t = clt/L. The time history was limited as by Kuo to the initial
stress build up with t = 2.4 (i.e. t = 293,5ps).

The comparison between the present results and Kuo's solution,
as shown in figure 5.1, is good as both curves are reaching the same

peak value. However, there is a small shift at the initial portion
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“of the present curve which starts at € = 0.1 for x = 0.1 and .’
at €t = 0.3 for x = 0.3. These points represent the earliest possible
arrival of any bending wave. Therefore, the present curves can be
considered to give a better picture of the wave propagation than Kuo's
curve which start at a later position and Kuo mentioned this phase
shifting when he compared his theoretical results with experimentally
opsg:yed data. At the beam position X = 0.3, Kuo's theoretical
solution shows large oscillations stafting at t = 1.8 and there is no
logical expianation for their appearance in the case of a semi-infinite
beam, where no reflections are considered, unless they are caused by
numerical instability.

Kuo suggested that the-beam response was not partiéularly'sénsitive
to the change in k2G/E and that curves based on taking a higher value
kZG/E invariablylead ahead of those based on a lower value. The curves
obtained by TMOTCU-1 er sz/E = 0.3 and 1.0 were presented in figure
5.2 and showed that the effect of the change in kZG/E upon the bending
moﬁent distribution is significant and cannot be neglected.

The effect of varying the rise time of the ramp platform moment
are presented in figure 5.3 for the beam stations x = 0.1 and 0.3.
Three different rise times Eo = 0.025, 0.1 and 0.4, as well as a step
input moment, were considered. The step input moment required a
cmaller mesh size of Ax = 0.0025 for the numerical solution. It is
seen that there is a large difference between the initial portions
of the curves, and the amplitude increases as the rise time is
decreased and approaches the step input response curve as a limiting
value. The difference between the later portions of the curves is
much smaller and the amplitude becomes almost constant as time
progesses and approaches slowly the initial value of the input bending

moment.
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. 5.2.,2, Semi~infinite beam subjected to short bending wave pulse:

Figures 5.4 and 5.5 compare the theoretical results of the
present work with experimental results obtained by Ripperger (1955)
for the eccentric impact of a steel ball of }'in.diaon the end of a
cylindrical steel bar of 0.516 inch diameter. The pulse shape for
the applied bending moment was approximatgd for the numerical
solution by a half sine wave, obtained by the superposition of
solutions for the continued sine wave differing at the start by half
the period, as given in Table IV. The pulse duration was assumed
as tré14.28us and the sine input function was

M (0,t) = 27.14 sin (nt/14.28)
The material properties and the dimensions of the beam are given in
Table II and the required coefficient for the initial and boundary
~conditions are given in Table III.

The agreement between the numerical results obtained by TMOTCU-1
programme and the experimental data of Ripperger is good as shown
in figure 5.4 for beam stations x/d = 2 and 6; and in figure 5.5
for beam stations x/d = 10 and 22 where d is the bar diameter. The
results are presented in nondimensional form for the bending wave

- - - M.d = <t . .
m vs, T wherem = FI and T = 3 The range of the time for the

bendiﬁg moment pulse was much shorter than the time it takes the .
reflected pulse to reach the considered position and the response was
the same as for a semi-infinite free beam.

Various authors used Ripperger's experimental data to check their
theoretical solutions. Plass (1958) obtained good agreement for his
numerical solution by the method of charactéristics. Plass defined
C = élz/cﬁz = E/k2G and assumed C = 4 for Q =0,3 and k2 = 3/4, The
exact value of C is obviously 3.467. In Plass's work C was an important

parameter used for estgblishing the limits of the transform solution

and for evaluating the integrals for one case to compare with the
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- numerical results of the MOC., The value € = 4 gives c, = 2?2 and
was seemingly chosen for convenience in obtaining transform solutions,
but it does not correspond to the properties of the material.

Parker (1973) compared analytical results obtained by a modal
solution with aﬁémentéd series, with the experimentally observed data
of Ripperger. Parker was able to present good time-wise agreement,
but the amplitude of his analytical predictions were much higher, some
of them were more than twice the recorded response, Parker suggested
the following explanation: "The fact that the amplitude of the
experimentally recorded pulse drops off more rapidly than the analytical
predictions may be due to internal damping, strain rate effects, or
limitations of the experimental appratus with regard to frequency
response". This explanation can not be considered as convincing for
the very large deviations of the analytical solution from experimental
results. One is inclined to believe in the inadequacy of analytical
modal solutions for impact problems of short duration, particularly
eccentric impact where flexural dispersive waves are to be considered.

Even the use of a large number of modes, as by Parker who used
up to 800 modes did not seem to improve the usefulness of the method
for this kind of problem.

5.2.3. Cantilever beam

The accuracy of TMOTCU-2 computer programme was checked by
comparing its results with an example solved by Koenig and Davids (1968)
for a cantilever beam subjected to a ramp platform bending moment at
its free end, where the effect of reflected waves in a very short
cantilever beam of 1.5 inch length and 1 in x 1 in cross section. The
value of 1.0 1b.in end moment with.a rise time t = 5.174us was assumed.
The property data are listed in Table II and the required coefficients
for the numerical solution'are given in Table III,

The results of the present method are in a very good agrecement.
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“with those obtained by Koenig and Davids by a so called "Direct
analysis'" which was based on a finite difference scheme.

Figures 5.6 and 5.7 show the bending moment and shear force
distribut&ons at position x = 0.5 inch of the cantilever beam in
comparison with the results obtained by Koenig and Davids. Both
results are in very good agreement:ana x is measured from the built-in end.

The reflected bending wave from the built-in end of the canti-
lever beam arrives at the station x = 0.5 in. at t = 13 pys after which
oscillations with a large amplitude are noticed. The peak at t = 23 psg
is considerably larger than the peak at t = 15 us and both peaks are
larger than the unity input bending moment.

Figure 5.7 shows the effect of reflected waves on shear force
distribution which causes the shear force to take on values other than
zero as time increases, whereas in a semi infinite beam, the value
of shear force would approch zero with increased time.

In order to compare the wave propagation in cantilever beamsg with
other end conditions a numerical solution was obtained by the use of
TMOTCU-2 for a second much longer cantilever beam and its bending

“moment time history are compared with free-free and simply supported
end conditions, és presented in figures 5.13-ahd 5.14 for various
beam stations and discussed in section 5.3.3.

5.2.4., Lateral impact of simply supported beam

Dengler et.-al k1952)~§tudied}ﬁ1alyticallv and experimentally the
problem of lateral impact of a beam of uniform rectangular cross section.
. The beam was simply supporte& at the ends and was struck transversly
at the mid span by dropping a steel ball,
The beam length was sufficiént to ensure that reflection from
the beam end did not return to the beam station considered within the
time span considered at beam stations x/h = 4 and x/h = 8 forlwhich

. . e - M. .
the bending moment prediction m = §~%— vs. time t are presented .
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The authors used the Hertzian theory for the theoretical pre-.
dictions of the force-time history and observed close correlation
between theoretical and experimental results.

The analytical closed form solution was derived for an infinitely
long beam and contained complicated contour integrations and their
evaluations caused several difficulties due to singularities at both
ends of the integration intérval.

The properties and dimensions of the mild steel square beam are
given in Table II and the coefficient required for performing the
numerical solution by the method of characteristic éré listed in
Table III. The shear force applied at the centre of the beam was
assumed to be of a half sine form with an amplitude of 15.6 1b and a
duration of 14 us, as given in a general form in ?able Iv.

Comparison of the present results with those of Goland et. al.
are shown in figure 5.8 for the positions measured from the point
of impact. The;compgrison.showéd-thg excellent reproduction of the

transient components of the records in the theoretical solution obtai-

"ned -bv the TMOTCU-2 computer program. The asreement of the present

numerical results with the experimental observation was ds good as. -

the agreement of the analytical results obtained by Duhamel integrals.

Forrestal and Bertholf (1975) éomﬁéred the Goland et. al solution

'.wifh"their numerical soliution for a 1atéfa1’impact nroblem obtained by

two dimensional finite difference method. They found general agreement

between the two sets of results except for higher frequency oscillations

predicted only by the numerical solution.

The two dimensional solution is only suitable for flexural wave
propagation in beams of rectangular cross—section which could be solved
as a plane strain problems. However, Flexuéal waves in beams of
circular cross section are three-dimensional problems and cannot be

solved by the two-dimensional finite difference method.
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