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1. Introduction

Free vibration analysis of structures has always been an area of intense research activity, particularly
from the point of view of their stability and response characteristics. The subject matter is of considerable
importance in aerospace, automobile, construction and ship-building industries, amongst others. It is well
recognized that the finite element method (FEM) is a universal tool well-suited to address the problem,
particularly in the low and perhaps in the medium frequency range. One of the great advantages of the
FEM is, of course, it can handle complex geometries. However, the FEM is understandably an
approximate method based on assumed shape functions and therefore, it generally performs poorly in the
high frequency range unless exceptionally large number of degrees of freedom utilising high-precision,
good quality finite elements are employed. This makes the FEM rather inefficient and computationally
expensive in the high frequency range. In many engineering applications, there exists a serious and
important need for free vibration analysis in the high frequency range and this need often arises when
assessing the flow of vibrational energy in structures, particularly when applying the Statistical Energy
Analysis (SEA) method [1, 2]. Investigation of this nature is further stimulated by the fact that the modal
density required for the energy flow analysis in structures is usually very high in the high frequency range
where the FEM may become inaccurate and unreliable. It should be noted at this stage that there is a
powerful alternative to FEM, which does not have such limitations. The alternative is that of the dynamic
stiffness method (DSM) which has been described as an exact method in the literature [3, 4]. The DSM is
elegant and versatile, and it can be used in a much broader context to analyse the free vibration behaviour
of complex structures in all frequency ranges. The DSM is different from the FEM, but it shares many
similar features with the FEM. For instance, the DSM has analogous procedure to assemble structural
properties of individual structural elements in the same way as the FEM. However, a major difference
between the DSM and the FEM arises in that the former is independent of the number of elements used in
the analysis and it always gives exact results whereas the latter is mesh dependent and the accuracy of
results depends on the number of elements used in the analysis. For instance, one single structural
element can used in the DSM to compute any number of natural frequencies without any loss of accuracy
which, of course, is impossible in the FEM. The uncompromising accuracy of the DSM stems from the
fact that the frequency dependent shape function used to derive the element dynamic stiffness matrix of a
structural element originates from the exact solution of the governing differential equation of motion of
the element undergoing free vibration. The element dynamic stiffness matrix derived in this way contains
both the mass and stiffness properties of the element, unlike the FEM for which the mass and stiffness
matrices are always separate and frequency independent, and they are generally derived from chosen
shape functions. An outline for the procedure to derive the dynamic stiffness matrix of a structural
element can be found in the work of Banerjee [5]. The overall frequency dependent dynamic stiffness
matrix of the final structure is obtained by assembling the individual dynamic stiffness matrices of all
constituent elements in the structure, in the usual way as in the case of the FEM, but the formulation leads

to a non-linear eigenvalue problem and the natural frequencies are generally extracted by applying the
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well-known algorithm of Wittrick and Williams [6]. Because of the independency of the accuracy of
results on the number of element used in the analysis, the DSM is ideally suited for free vibration analysis
in all frequency ranges.

Plate structures are widely used in engineering design. For instance, in the design of an aircraft wing, the
top and bottom skins, spar-webs and ribs are often idealized as plate structures for which the free
vibration analysis is of great importance and indeed, an essential requirement. Against this background
and the DSM being an established and effective tool, which overcomes the shortcomings of the FEM, this
paper is set out to investigate the free vibration characteristics of orthotropic Mindlin plates with arbitrary
boundary conditions which has not been attempted before. Literature pertaining to the contribution made

in this paper is reviewed next.

In most of the papers published to date, the free vibration analysis of plates and plate assemblies using the
DSM has been carried out with the assumption that the longitudinal edges of the plates are simply
supported, see for example [7-10]. The reason for this can be attributed to the fact that the exact solution
is readily available from the theory of elasticity for a simply-supported plate which makes it possible to
develop the DSM in an exact sense to compute the natural frequencies and mode shapes of plates and
plate assemblies in all frequency ranges. The absence of an exact solution for other types of plate
boundary conditions substantially narrowed the range of applicability of the DSM in the past, but this
restriction has recently been removed by some outstanding publications in recent years [11-17]. It should
be recognized that seeking an exact solution for free vibration of plates with boundary conditions other
than the simply-supported one is really very difficult task but, nevertheless, it is necessary because it is a
fundamental step to make the DSM development sufficiently general when modelling complex structures.
Such a development is of great significance and has far reaching consequences and importantly, it will
allow amalgamation of the FEM with the DSM, making a sea change in the simulation based structural

analysis and design.

For composite thin rectangular plates new solutions have recently been obtained by Papkov and
Banerjee [18] and Papkov [19-20] by applying the superposition method. It was ascertained by them that
for a plate which is either clamped or free all-round its four edges, i.e. CCCC and FFFF, respectively, the
boundary value problems could be reduced to the regular infinite systems of linear equations. The known
law of asymptotic behavior of unique solution for these systems was utilized to construct the dynamic
stiffness matrix [11] for free vibration analysis of rectangular thin plates with arbitrary boundary
conditions. This approach was later generalized for orthotropic composite thin plates by Liu and Banerjee
[12-13]. Within this pretext, the current paper is set out to develop the dynamic stiffness matrix of a thick
composite plate by considering the effects of shear deformation and rotatory inertia, i.e. it is for a
composite Mindlin plate, and then to apply the ensuing dynamic stiffness matrix to carry out the free

vibration analysis with particular reference to the Wittrick-Williams algorithm [6].
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The basic theory for thick plates was first developed by Reissner [21] for static problems and then was
extended by Mindlin [22] to solve dynamic problems. Following the work of Reissner and Mindlin, exact
solutions in the form of trigonometric series were obtained for free vibration and buckling problems of
rectangular thick plates only for the case when all or two opposite sides of the plate are simply-supported
[23-24]. Investigations about the possibility of achieving exact solutions for other boundary conditions
have continued in earnest even to this day. For instance, an attempt to obtain an exact analytical solution
for a plate which is clamped all round (CCCC) can be found in the work of Xiang and Liu [25].

A literature review from a sizeable section of published papers reveals that by and large, there are two
distinct approaches for free vibration analysis of thick plates which have been adopted by researchers.
Both these approaches basically lead to linear algebraic systems of equations. One of them is the well-
known Rayleigh-Ritz method and the other is the so-called superposition method. The Rayleigh-Ritz
method has been widely used to solve the free vibration problems of thick plates [26, 27]. This method is
primarily based on polynomials with properties corresponding to those of the beam functions, see for
example, Chung et al. [28] and Chung and Zhou [29] who investigated the free vibration problems of
Mindlin plates using the Rayleigh-Ritz method. By contrast, Saha et al [30] used a variational approach
when carrying out the free vibration analysis of thick isotropic plates. On the other hand, Xiang et al. [31]
used the DSC-Ritz method and solved the problem when the edges of the plate are elastically restrained.
The Rayleigh-Ritz method was also used by Liew et al. [32] and Zhou et al. [33] for free vibration
analysis of Mindlin plates with elastically restrained edges. However, the method used by Zhou et al. [33]
is essentially the superposition method. Their approach for free vibration analysis was extended
substantially by Gorman [34] who investigated completely free isotropic plates. Later Gorman [35] used
the superposition method for free vibration analysis of point supported Mindlin plates. An important
related paper using Levy type solution technique was published by S. D. Yu et al. [36]. It should be
noted that in the superposition method, the constructed solution satisfies the governing differential
equations exactly but the boundary conditions for forces and displacements are satisfied only
approximately, i.e. within the accuracy of solution of the linear system. On the contrary in the Rayleigh-
Ritz method, the boundary conditions are satisfied exactly, but the differential equations are satisfied
approximately.

In the present paper, a modification of the superposition method is developed for the first time to
enable exact solutions for natural vibration of orthotropic thick plates with arbitrary boundary conditions
to be made. The proposed approach enhances the superposition method significantly by developing the
dynamic stiffness matrix through the process of reducing the boundary value problem to an infinite
system of linear algebraic equations. One of the main contributions made in this paper is that the derived
infinite system of linear algebraic equations is realised in terms of boundary displacements and boundary

forces. Accordingly, the dynamic stiffness matrix of an orthotropic Mindlin plate is formulated and it
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comes into effect to enable free vibration analysis of orthotropic Mindlin plates and plate assemblies to be

made.

The dynamic stiffness theory is systematically developed and demonstrated by results computed for a
carefully selected sample of illustrative examples. Some of the results are compared with published ones.
The results from the present theory, being exact, to all intent and purposes, and therefore, provide
benchmark solutions which can be used as an aid to validate the finite element and other approximate
methods when carrying out the free vibration analysis of Mindlin orthotropic plates with any arbitrary
boundary conditions. For results corresponding to all of the boundary conditions reported for an
individual orthotropic Mindlin plate, it has been possible to obtain an explicit analytical series solution to
arrive at the frequency equations, but the dynamic stiffness matrix developed is enormously more
significant because such a development has a much wider applicability to analyse complex structures

comprising Mindlin plate assemblies.

2. Governing differential equations and general solutions

Figure 1 shows schematically in a right-handed rectangular Cartesian coordinate system the
distributions of forces (Fig 1la) and displacements (Fig. 1b) of a thick orthotropic Mindlin plate of
thickness h, and sides 2a and 2b, which are respectively the length and breadth of the plate. The plane of
symmetry is perpendicular to the Z-axis. The elastic constants needed to define the properties of the
Mindlin plate are in the usual notation the Young’s modulus E; and E; in the X and Y directions, the
shear moduli Gy,, Gi3 and G,3 in the XY, XZ and YZ planes and the major and minor Poisson’s ratios v,

and 1»,, respectively. (Note that 14, and 1»; are related to each other by the relationship v/ v»1=E,/E,.)

24 Jy". A~ Z4 ) 4
¥, .
O, Y H v
T A) / !
N, "M, o. L plate 4 .
id \\ !‘,-f
N, M X My N, A A 0%y
P A gue— AT Ty gy — - o W
My M, N, M, X e , - j U
A =
' My o : 4.0l ’ i :‘ 2) w(x,0,z)
/ 0, mid-plane :
N,
(a) Forces (b) Displacements

Fig.1. In-plane and out-of-plane forces and displacements of a Mindlin plate element

Referring to Fig.1 the displacements field of the plate in the usual notation can be written as [21, 22]

U (X,y,Z,t) = UO (X1y’t) - Z¢3(/J (X!y!t)! \ (X,y,Z,t) = VO (X1y1t) - Z¢)((J (X,y,t),
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W(x, ¥,2,8) =w’(x, Y1) &
As in the case of the Timoshenko beam theory, the Mindlin plate theory proposes that the cross-
section through the thickness of the plate remains straight, but not normal to the plate middle-surface due
to effects of the shear deformation. This proposition is a significant improvement of the classical theory
and it basically leads to two rotational degrees of freedom which are essentially the bending rotations of

the plate cross-section about the X and Y axes, respectively, i.e. ¢)9 and (/5}(,) that are independent of the

first derivative of the bending displacements with respect to x and y, unlike the assumptions made in the
classical plate theory.

The bending moments, twisting moments and shear forces per unit length, acting on an orthotropic
plate can be expressed in the usual notation as

o0 0 290 d 0
sz_Dll%_Dﬂ a;;f? My =-Dy, a¢ —D2 a;;x' M Z—Det{ g;/y G;X]
X X X

5] o nf2

where Djq, Dyy, Dyy, Dgg, Ay and Agg are the elements of the D and A matrices obtained from the

)

classical orthotropic plate theory as given below with # being the shear correction factor which accounts

for the non-uniform shear stress distribution through the thickness of the plate.

h®E, h’E, hé,,E h’G
Dip=—Fr——iDp=—Fr—=—-Dp= 122 Dgg =——12; Ay =khGy3; Ass =xhGpy  (3)
12(1-vypvy)’ 12(1-vypvy)’ 12(1-vy5v57) 12

In terms of the bending moments, twisting moments and shear forces per unit length, the governing
differential equations of free vibration for an orthotropic Mindlin plate have the same form as that of its

isotropic counterpart which can be written as [22]

8'V|x+aM><y_Q Ph3d 4y
x oy 12 gi?

aM_Xy M, —Q, = p_hS% (4)
ox ay Y12 g2

aQ, =phd2w°

ox oy dt?

For harmonic oscillation, ie. when — ¢3(x,y,t) =, (x, y)e 0% (x, y,1) = d, (x, y)e' and

wo(x, y,t) =W (X, y)eiwt, Eqgs. (2) with the help of Eqgs. (4) lead to the following three differential

equations
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62 62 A2
¢2y+k6 éy+k8¢x+k4(%—¢yj+9ﬁ¢y=0
oX oy OXoy OX
2 2 -0
kza ¢2X+k68¢zx+k ¢y+k5[aﬂ_¢xj+9ﬁ¢x:0 ®)
oy ox Oxoy oy
o 2
K, OZV;/_ ¢y +ks 8V;/_6¢X +QW =0
OX OxX oy: oy

where

Q4:/)ha)2 o h o

’ h— A
D1y 12 ©)
D D ~ D+ D
k2=D—227 k4=%’ k5=%, k6=D—66, k =—06_ 12
11 h1 11 h1 Di1

In order to facilitate the analytical derivations, a unified notation using k and j where each of k and j

can be either 0 or 1 is used to represent the displacements field so that W, ¢, and ¢y can be described

in the form of the sum of four sub-components of even and odd functions depending on the values of k
and j with the understanding that 0 denotes an even function whereas 1 denotes an odd function. This
approach which will be clearer later, is analogous to the one proposed by Papkov and Banerjee [18]
earlier when they carried out the free vibration analysis of thin orthotropic plates. It should be noted, that
it is possible to define any arbitrary asymmetric motion of the rectangular plate of Fig. 1 by using only
one quarter of the plate and taking full advantage of its symmetry about the planes through its mid-point.
In this respect, the indices k and j denote symmetric and anti-symmetric boundary conditions relating to
XZ and YZ planes, respectively. The symmetry reduces the size of the problem, but appropriate boundary
conditions for displacements and forces must be applied on the enforced plane of symmetry. Clearly there
is no approximation involved in the process. In terms of the indices k and j, the pair (k, j) indicates any of
the four component cases of the quarter plate lying in the positive XY quadrant of Fig. 1(a), depending on
the values of k and j each of which can be either 0 and 1. Thus, (0,0), (0,1), (1,1) and (1,0) represent
symmetric-symmetric, symmetric-anti-symmetric, anti-symmetric-antisymmetric and anti-symmetric-

symmetric boundary conditions of the displacement and forces about the XZ and YZ planes, respectively.

In this way, the displacements W, ¢, and ¢, can be represented as follows

W L[ W

Py |= Z Py ki ()
Py 120 Py ki

Completeness of the general solution at the boundaries x=xa and y=+b (see Fig. 1) can be
provided if each sub-component of the displacements ij, ¢X,kj and (I)y‘kj is constructed in the form of

the sum of two Fourier series shown below
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1 2 1 2 1 2
Wi =W + W, g =Bl + e By = + Ay ©

where first term indicated by (1) in Egs. (8) corresponds to Fourier series in the X direction whereas the
second term indicated by (2) corresponds to Fourier series in the Y direction.

For simplicity and ease of presentation, the following notation for trigonometric and hyperbolic

functions is introduced [18-20].
Ho =cosh(z), Hy =sinh( z), Ty =cos(z), T, =sin( z). )
Then the terms of first series in Eq. (8) can be written in the form

W = AH; (py)Te(@), 68 =BH;(py)Ti(@x), ¢ =CH(py)Tic () (10)

where A, B and C are respectively the amplitudes of bending displacement and bending rotations, o is a

constant of separation and p is a characteristic parameter.

Substituting Egs. (10) into the system of Egs. (5), the following system of algebraic equations are
obtained

gk4A+(k6p2 —az —k4 +Qﬁ)B+aplZC =0
pksA— apkB + (k, p? — ka2 —ks + Q2 o =0 (11)
(k5 p2 —k46{2 +Q4)A+ ak4B— pk5C =0

Quite obviously, the Egs. (11) will have a non-trivial solution for A, B, and C if the determinant
formed by the coefficients of A, B, and C of Egs. (11) is set to zero. This leads to the following

characteristic equation in p.

(Xk4 k6 p2 - (12 — k4 + Qﬁ (X.pE
det pks —apk ko p? —kga® —ks +Qf |=0 (12)

By expanding the determinant of Eq, (12) and making substantial algebraic manipulation, the

following characteristic or auxiliary equation is obtained

cop® + ¢ p* +cop? +c5=0 (13)

where
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CO = k2k5k6 y (14)
&1 = 02 (ks (K2 —kZ —ky )~ kokgke )+ Qs ky + K )+ Kok — KoksKs (15)
¢ = a*(kylky + k& K2 )+ keks )+ 2[4 (K2 — K2 )~ ke (1 k) — ko(Q* + Ky} )+
Ky (2Ks ke + K ) ket )1+ (0 (ky + ko )~ koks ]+ ke[t (2 ~ K, ) ke2?) s)
C3 = —0{6|(4|(6 + a4(— k4k5 + kGQ4 + k4Qﬁ(1+ k6))+ 0{2(94(k5 + k4k6 — Qﬁ)'i‘
+Qf (k4k5 —kgQ* — k4Qﬁ))+ o* (Qﬁ —ky XQ“ - k5) 17)
The characteristic equation (13) is a cubic in p® with associated roots pf(oz), p% (o) and p§ (o).

These roots can be expressed in analytical forms with help of Cordano formulas [37] as

pl(a):1f§++§__%; p2,3(0€)=\/—%—%i%(§+—{) (18)

where

3 2
g5 =3ry £ r)+s3 ;rpzolczz— G _ 013; spzc—z—%. (19)
6cy; 2Cy 27cy 3¢y 9¢;

Then choosing one of values A, B and C to be an arbitrary constant, for example C =1, we obtain the

following solution of system of Egs. (11)

) - Rt ~Kylky P~ kear® —ks + )
pi(kks pZ — kkya? + kyks + kQ*)
2.2 ( 2 2 4X 2 > 4) ? (20)
B|(a):k5 P+ k2p|~—k60[ 1k5+Qh k5p| :k4a +Q
opy (kks p? — Kkya? + keks +kQ*)

In the special case when the separation constant oo = O then particular solution of Egs. (5) will be

functions of y only. For this special case, one can write the solution in the following form

1 . 1 . 1 ,
Wk(j) = AH;(PoY); ¢§,?<j =0 ¢§,ﬂj =Hj(poYy) (21)
Substituting Egs. (21) into Egs. (5) gives the following linear relationship for A is obtained
p0k5A+(k2 pg —k5 +Qﬁ):0 (22)
(ks p5 + 94)A— Poks =0

Expressing the coefficient A from both the relationships of Egs. (22), one can write the characteristic

equation for o= 0 as

k,ks pg + (sz"' + k5Q‘h‘)p§ +0f (Qﬁ - k5)= 0, (23)
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Equation (23) is quadratic in pg, and therefore the four roots of Eq. (23) can be expressed in the

following analytical form

_ |- (Q4k2 + Qﬁks)i \/(Q4k2 - Qﬁk5)2 + 4k, k2O
Prok = Jhoke (22)

where the suffix | can be 1 or 2 with | = 1 corresponds to + and | = 2 corresponds to — before the inner
square root sign of in Eq. (24).
Proceeding in this way, it is possible to generate the indefinite coefficients from Egs. (21) as follows

(1=1,2) (25)

Thus the analytical solution for the first term of Egs. (8) derived by Fourier series in terms of the

variable x is now available.

Proceeding in a similar manner and treating Egs. (10)-(25) in an analogous manner, the terms of the
second series in EQ. (8) can be obtained in the following form

W =EH (@)T;(8), 4 =F Hi@)T;(By), 3, =G Hy (@)T] (8) (26)
For this case, the following system of algebraic equations are derived
qk,E +(q2 —ke? =k, +Qﬁ)F —gBKG =0
BksE +qpkF +(k6q2—k2ﬁ2—k5+gzﬁ)s=o (27)
(k402 ~ k5% + Q4 E — gy F + G = 0
Setting the determinant formed by the coefficients of E, F and G of Eqgs. (27) to zero, gives the

following characteristic equation in terms of g

doq6+dlq4+d2q2+d3 :O (28)
where
dy = B2(ky(K? —kZ —ky )~ keks )+ ik (L+ ks )+ kg — ks, (30)
dy = (ks s + k& —K2 - Kokgk J+ 52 (2K gk ks + K -2k, + k2 — K 2)- o
— O (koky +Ks + kykg + ksks ))+ Q4(Qf;(1+ ke )— ks — k4k6)+ k4Qﬁ(Q4 - k5)
Ay = — %ok + B (- KokaKs +koksQ? + ks (ky + ko )+ 520 ok + Ksks — ko )+
(32)

+ Qﬁ(k4k5 —kgQ* — kOt ))+ Q4(Q4 —ky XQ;‘ - k5)

10
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The sixth order polynomial of Eg. (28) can be reduced to a cubic and by taking the square root of the
roots of the cubic equation so that it is possible to obtain all the six roots of Eq. (28) as follows

[ _ d Temmodp W3 (,
®(B)=,n" +n —ﬁ;%,s(ﬁ):\/—n Zn _3d10i > (n -n ) (33)

where

3 2
+ 3 2 3., _Gdy d3 df  _dy df
N =3, 1S +sy 1y = - , SqT o (34)
ATV 62 2dy 27d8" ! 3dp 9d?
Now setting F =1, the coefficients in Egs. (26) can be expressed as

kk,g? - ks(ﬂl2 —keB” k4 tQﬁ)
a (kk4q, —kks 2 +kgks +kQ?)

G, (a) = kaoi +(CI| keﬂz—k4+QﬁXk4q|2 k5ﬂ2+Q4)
Q|ﬂ(kk4ch —kksp® +k4k5+kQ4)

E (B)=
(35)

For the case when the separation constant = 0 the solution can be sought in the following form

2 @ _H . 2
W = EHy (@0X); 4y = Hic@ox): 43 = (36)
In similar manner as before, by substituting Egs. (36) into Egs. (5) one can obtain the characteristic

equation for f=0 as
k,ag + (Q4 +k,Of )q§ + Q4(Q4 - k4)= 0, 37)

Equation (35) is quadratic in qg and the four roots of the quartic can be expressed in analytical form

as follows

—(Q4 +Qﬁk4)i \/ (Q4 +Qﬁk4)2 +4kz20*
Uoj= 2k, (38)

where the suffix | can be 1 or 2 with | = 1 corresponds to the solution with + sign and | = 2 corresponds to
- sign before the inner square root sign of Eq. (38).
The values of indefinite coefficients can now be derived as

KaGi 0

o) (1=1,2) (39)
k4Q|210j + Q4

Eioj=

Equations (26) to (39) enable one to construct the second terms of the analytical solution represented

by Egs. (8) in the form of Fourier series of variable y.

It should be noted that each term in Eq. (10), Eq. (21), Eq. (26) and Eqg. (36) satisfies the governing

system of differential equations of Egs. (5) for any values of the constants of separation a or /.

However, if we choose these constants as

11
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mn ™ i
ankzﬂ[n_Ej: a ; /;njzﬂ[n_ij: b (40)
a 2 n(2n-1) b 2 n(2n-1) j=
2a ' 2b
then the solution can be expressed in the form of classical Fourier series at the boundaries of plate.

With the help of Egs. (40) one can denote the roots and associated coefficients in more simple way as

follows

Py (i) = Pr,nk s i (ﬁnj) =0 nj > A(ong) = Al,nk etc. (41)
Summarizing all the above terms of Egs. (10), (21), (26), (36) with arbitrary coefficients
X10y X909, Xy and Yig,Y50, Y, (1=12,3;n=12,...) it is now possible to write the general solution of

Egs. (5) in the form of infinite series as follows

Wy = Seo(X10A ok H i (PLokY) + X 20A9 0 H j (P2,0k y)+ 5jo(Y10E1,Oj Hy (0,0%) +Y20E2 0 Hk(qZ,ij))‘l'

o 3 o 3
+ 222 Xin A nicH (P DT (@i X) + 25 D Yin B Hic (@10 )T By ¥ 5 (42)
n=11=1 n=11=1
o 3 o 3
Pykj = 5jo(Y1oH|'<(Q1,0jX) +Y20H1'<(Q2,0jx))+ 222 XinBrnicH (P T (e )+ D YinHi (0,5 )T (B ¥)
n=11-1 n=1i-1
(43)
o 3 3
¢xk1—5ko<X10H (ProkY) + XoHij( p20ky)+zzx H'; (P Y) T (i X) +ZZY|nG| i Hic (@0 )T (By ¥)
n=1i-1 n=1i-1
(44)

Here the absence of constant term in the odd expansion can be written with the help of Kronecker

delta 8y, together with the above mentioned arbitrary coefficients.

3. Formulation of the dynamic stiffness matrix

Figure 2 shows the plan view of the rectangular plate together with the amplitudes of the forces and
displacements at the boundaries of the plate. The development of the dynamic stiffness matrix constitutes
the establishment of the relationship between the amplitudes of the forces to those of the displacements

on the four sides of the plate.

12
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Fig.2. Plan view and boundary conditions for the amplitudes of forces and displacements of the plate

On numerous occasions, the dynamic stiffness method has been applied to Levy-type rectangular
plates for which one pair of opposite edges are simply supported [6-10]. In the case of such simply
supported boundary conditions, it is possible to express an explicit dependence between boundary values
of displacements and boundary values of forces for each mode of vibration because the mode shapes can
be represented by sine waves. For other boundary conditions the dynamic stiffness method can be applied
with some difficulty. However, the dynamic stiffness matrix formulation for an individual plate element
can be based on the same idea used for the simply supported plates. What is essentially required is the
appropriate substitution of the boundary conditions for displacements and forces into the general solution
and then elimination of the arbitrary constants which establishes the force-displacement relationship at the
boundaries of the plate via the frequency-dependent dynamic stiffness matrix [11-12]. Although the
formulation of the dynamic stiffness matrix for the general case when the plate is completely free at all its
edges is much more difficult that the simply supported Levy type of plates, from a conceptual point of
view, the central procedure to connect the force vector to the corresponding displacement vector is

essentially the same, as explained below.

Let the boundary components of displacements and forces at the boundaries of the plate (see Fig. 2)

can be represented by trigonometric series as follows.

13
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+a +a,0 +a,l
W = Wo " Wi . o[ m
d*? = ¢y_ = ¢y_0 +z ¢y_m‘ TO(IBmOY)""Z ¢y_m' T (BmiY)
+a +a m=1 +a,0 m=1 +a,l
¢x x0 Xm Xm
) (i) (mie s
1 0 [o9)
=0 Q|5 Q7 [+ 2] Qn® ono)+ X Qi M(Bmy)
1 +a +a m=1} 1 +a,0 m=1} 1 +a,0
-M Xy M xy0 M xym M xym
(45)
W Wotb W +b,0 +b1
+b b b © | Tho © | T
= = ¢y = ¢y0 +Z ¢ym To (amox)+z ¢ym Ty (2mX)
+h +h m=1]  +b0 m=1] *bl
¢x x0 Xm Xm
) (MB) (me W
1 0 0
F0=0] Q) =] Qi [+ 2] Qi TolamoX)+ X} Qi [Ta(em)
11 = =
R EIAUEY RS U U
Due to the properties of the trigonometric series with basis {1,005 ﬂmt,sin z(m _—r1/2)t} when

te[-T;T], any prescribed classical boundary conditions can be expressed according to Egs. (45).

Furthermore, the boundary conditions of any arbitrary form can also be represented as the sum of four
boundary conditions with a given symmetry along the coordinate axes. It can be accomplished by

selecting the even and odd components of the boundary conditions of the general form Egs. (45).

In view of Egs. (2), the general solution given by Eqgs. (42)-(44) enables one to derive expressions of

force components for each of the component cases of symmetry as follows.

Mo
-4 =k 5ko(xlo ProkH j (PLokY) + X0 P20k H (pz,OkY))+ 5j0(Y10Q1,0j Hi (A,0;%) + Y2000 Hk(qz,OjX))+
1

o 3 o 3

+szln(k pl,nk_ankBI,nk)Hj(pl,nky)Tk(ankX)"‘ZZYIn(qI,nj_k ﬂanl,nj)Hk(anjX)Tj(ﬂan)? (46)
n=11=1 n=11=1
My i

= k25k0(X10 ProkH  (ProkY) + Xa0P2,0cH j (P2,0¢ Y))+ o jok*(Y10Ql,0 iHi(A0%) + Y000 Hk (@20 X))+
1

o 3 o 3
+ Xln(kz Pk —K ankBI,nk)Hj(pl,nk Y)Tk(ankx)+ZZYln(k 01,0y — K2 BnjGi nj )Hk(ql,an)Tj Byy): (470

n=11=1 n=11=1
Mxy,kj 23 ’ ' 23 ' ' . 48
- =ks ). Xinctny + PI nk Bl,nk)Hj(pI,nk )Tk (@i X) +kezzY|n(ﬂnj +01 G nj )Hk(ql,an)Tj (Byy):  (48)
Dyy nii=l n=11=1
Qx,kj

Dy, = k45j0(Y10(Q1,0jE1,01 —1)H|'<(Q1,0jx)+Y20(Q2,0jE2,0j —1)H(<(QZ,OJX))+

o 3 o 3
+k > Xln(ankAi,nk =By nk )Hj(pl,nk VT (@ X) +g D> Yy (Ch,nj Ej nj —1)H|'<(Q|,nj X)T;(Bryy): (49)
n=11=1 n=11=1

14
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va‘;l = k55ko(X10<p1,0kA1,0k —1)H i(Proky)+ XZO(pz,OkAz,Ok —1)H (P20 y))+

o 3 o 3
+ks D> Xpp (pl,nk A nk ~1)H 5 (01 V) Tk (0 X) + ks DD Vi (an Einj —Ginj )Hk(qu' X)T;(Bry) - (50)
n=11=1 n=11=1
where K™ =K —kg.
The next step is to express the unknowns coefficients X, and Y, for each type of symmetry (k, j)
by means of Fourier coefficients boundary values of Egs. (45). It should be noted, that the series of the

—Qx‘kj and Mayki given by Egs. (43), (48), (49), respectively, can be

general solution for ¢, y;,
’ Dll

represented at the boundaries x = +a in the form of complete Fourier series due to the equality condition

Ty (@) =0, as follows

¢y,kj :5jO(Y10HI,((q1,Oja)+Y20le((q2,01 ) ZZYIn k(ql nja)T (:an y) —¢y0 +Z¢yn T; (ﬂn] ) (51)

n=11=1
Qx ki / /
4y 300Y10(0001 o ~ UMk (Gu0;8) + Yol Ezoj ~LHk (00120 +
h1
© 3 , aki & _ak
+k4ZZY|n (ql,nj Ei nj _1)Hk(QI,nj a)Tj (ﬁnj ¥) =Qxo +ZQX” Tj (ﬂ”j y) (52)
n=11-1 n=1
My ki
[))(illj s Z‘1|Z£Yln(ﬁnj +0 nJGI nJ) Hy (o) nJa)T (ﬁnl y)= ZMXV“ J(ﬂm y) 3)
where
iGN e QT (gl e Mt - M (54)
byn = 2 Q- = 2 wn 2 .

Equality of coefficients by basic functions in Egs. (51) — (53) enables one to determine the unknown

coefficients Y, as follows

' k4q].20' +Q4 1
YioHk (01,0j8) =515 (on (k4QZ01+Q4)+¢36ka4Q4) (55)
kaQ (ql,Oj —Q2,0j)
, ky050j +Q° -
YaoHk (020j8) =415 (on (k4Q1oJ +Q4)+¢3bkjk494) (56)
kg Q2 (Ch,oj' —Q2,0j)
and
, Kj
Yin Hi (0,nj2) Py
Tn Y2nHl'<(q2,nja) = xnkj/k4 J (57)

, kj
Y3, Hg (d3,0j2) M n! /Kg
where T, is given by

15
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1 1 1
Tn = ql,nj E1,nj -1 q2,nj E2,nj -1 q3,nj E3,nj -1 (58)
Brj +%1njGunj  Bnj +A2,0jC2nj  Bnj +3njGanj

Denoting cofactors to the elements of matrix by (T,) as 'T'ns| , respectively, we can write

, 1
YInHk(QI,nja):detT ( T 0% o nZIQ nSIMaij (59)

6

Qy kj
11

In the same manner noting that T;(Bb) =0 the series of the general solution for ¢y \;, and

M of Egs. (44), (48), (50) are represented at the boundaries y = +b in the form of complete Fourier

11

series as follows

o 3 )
Pekj = 5ko(x10H (Pyokb) + XooH i ( pZOkb) ZZ i (P1,nkb) Tk(ankx)—¢x0 +Z¢xn Tic(anX) 5 (60)
n=1l=1 n=1
Qy ki , :
# = k55ko(xlo(pl,0kA1,0k ~1H i (Prob) + XZO(pZ,OkAZ,Ok ~1H i (pz,Okb))+
» 3 , bki & bk )
+kszlen(pl,nkA1,nk _1)Hj(pl,nkb)Tk(ankX)=Qy0 +> Qun T (otpeX); (61)
n=11=1 n=1
Mkaj e ’ 2 <% bk ’ 62
—%Zkezlen(ank+pl,nkBl,nk)Hj(ankb)Tk(ankX)=Z'V|xynTk(ankX) (62)
Diy n=11=1 n=1
where
bk ¢;nb,k_(_1)j¢;na,k_ b.Kj +bk - (-] Q b, ] bKj M;ybk (- 1)JM_bk
b = 2 vQyn = 2 |leyn = 2 (63)
Then the values of unknowns X, can be found from Egs. (60)- (62) as
: ks pfok +Q* bkif, 2 4\, bKiy 4
X10Hj(PLokb) =77 5 (be (k5p2,0k +Q )+¢x6 ks <2 ) (64)
ks Q2 (pl,Ok - pZ,Ok)
X poH (D ocb) ks P3 or +92° (@29 (ks P2y + 0 )+ 449k (65)
201 (P2,0k0) =~ 5 P10k 0 Ks
k5294(p12,0k - pg,ok) "
and
, 1 [z
xInHj(pI,nkb):d S nlld)xn + n2IQyn + n3||vI (66)
etsS, Ke

where S, denotes the cofactors of the corresponding elements of the S, matrix given below
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1 1 1

Sn = pl,nk A1,nk -1 p2,nk A2,nk -1 p3,nk A3,nk -1 (67)
Olnk + Pr,nk B1,nk Qpk t P2,nk B2,nk Ank t P3 nk BS,nk

Thus, Egs. (55), (56), (59), (64) - (66) allow the elimination of all unknowns coefficients X, and

Y|, for each type of symmetry (k, j) from the general solution and then express the components of

a,kj akj b.kj b,kj b,kj .
displacement and force vectors by means of ¢yn , an , MXyn  ba o Qun Mxyn which are

connected to Fourier coefficients of Egs. (45).

In order to construct the dynamic stiffness matrix, it is now necessary to consider the boundary values

ta @ +a th P +b - .
of W™, ¢, , M, W™, 4, and M ", Therefore, by substituting Egs. (42)-(44), (46) and (47) into

. +a, j
the prescribed boundary expansions of Egs. (45) and introducing Fourier coefficients ana'J, 7/ S

ME W bk

+bk and MZ2K for their symmetrical and anti-symmetrical combinations, one
Xm ym Y y

obtains

Wi+ (=) wy WhK _
2 2

Equation (68) gives six functional equations as shown below.

w2k = etc. (68)

Wii(ay)= Seo(Xa0A 0 H i (ProkY) + X20A2, 0k H  (P2,0k y))+ 5jo(Y10E1,0j Hy (d0j@) +Y20E2,0jHi (Q2,0ja))+

o 3 o 3 a,ko 0 aki
+ZZ(_1)n+kXInAi,nkHj(pl,nKY)+ZZYInEI,nij(qI,nja)Tj(any)=8j0WO +21Wn Ti(Brjy)
n=

n=11=1 n=11=1
(69)

Wi (x,b) = 5ko(X10A1,0k H i (Prokb) + X20A20cH (p2,0kb))+ 5jO(Y10 E10jHk (Gy,0i%) +Y20E20;Hk (A2,0 X))+

23 3 - b0j & bkj _
+ 2> Xin A nkcH (P T (e X) + 0 D (D™ Y By Hic (G0 ) = 8kWo  + D W T (o X)

n=11=1 n=11=1 n=1
(70)
o 3
ki (@ Y)=5k0(X10H](P1,0kY)+Xon](Pz,OkY))+ZZ(—1)n+kXlnH](P|,nkY)+
n=11=1
+ZZYInGI nj k(ql nja)T (an Y) Z¢xn T; (an y) (71)
n=Li-1
o 3
¢y,kj(X,b)=5jo(Y10Hf<(O|1,0jx)+Y20H|'<(qZ,0jX))+ZZ Xin By, H (D1, nic0) Ty (e X) +
"‘ZZ( l)nHYIn k(QI nJX) zq)yn Tk(ankx) (72)

n=1l=1

17



©CO~NOOOTA~AWNPE

M@ )
11

o 3 o 3
+ 3> (=) Xln(k*pl,nk _ankBI,nk)Hj(pl,nk VEDIDA (anj —K"B1iGy. )Hk(ql,nja)Tj (Biiy) =

= k*5ko(xlo ProkH j (Pyok Y) + X20P2,06H  (P2,0k Y))+ 5j0(Y10Q1,0j Hi (G,058) + Ya001,0;Hk (Q2,0ja))+

n=11=1 n=11=1
akd X a,kj .
=8;oMyo  + D2 Myy T;(Brj¥)> (73)
n=1
My,kj(x’b) ( ) *( )
————=Kado\X10 Prok H  (Prokb) + X0 P,0cH  (P2,0k0) J+ 0ok Yaolh,07Hi (G1,0%) + YaoojHic (G,05%) )+
1
23 n+
+szln(k2pl ok — K o B nk)H (P1,nk )T (0t X) +ZZ( 1) JYln(k Oi,nj — K2BniGi, nj) H (1, X) =
neil-1 n—1i-1
b,0j X b.kj
=8oMyo + D My T (ancX) (74)

n=1

It is to be noted that for any component case of the symmetry due to the similarity of expansion into

Fourier series of cosht with respect to the system cosnTnt and expansion of sinh t with respect to the

system sin w when t € [-T;T], one can obtain the following Fourier expansions
k
H(@) _ S, 29 Z( )m+ Ty (amkx) (75)
Hi(ga) ag a5 agpe+0g°
Hi(@) _ 2 30 ()™ ay T (o) (76)
Hi(@) ags  afc+q’

Hi(py) S0 2P & (D™ IT;(Byy)

=T (77)
Ry Bp b 2 g+ p?
H}(py) - m+JﬂmJT](ﬁmjy) (78)

2 o0
NI e
Substituting the Egs. (75) - (78) in the Egs. (69) - (74) and changing the order of summation for the

double series, one can rewrite Egs. (69) - (74) in the form of complete Fourier series. With this scheme

and by making the following substitutions
Xin = XinH5(PrnkP) s Yin = YinHi (01 @) (79)

and introducing the following notation for brevity

Thy (2) = ﬂ:z—g; (80)

the equalities for constant terms eventually lead to the following equations

18



©CO~NOOOTA~AWNPE

Skodjo (Al,kalo . Ay ok X0

o ] + 5jo(El,0jTh k(d10j@) Y10 + E2,0jTh (d2,052) Y20)+

P10k P2,0k

n+k
JOZZ() A < Xin =5 oW (81)

noiliol PPk

oko%jo | ErojYio E20iY20
5ko(A1,0kThj(p1,0kb)X10+A2,0kThj(pz,0kb)xzo)+ aj[ 1= == +

Oi0j U2,0j

)™ E
l Yin —5|<0WbOJ (82)

+5kozz

n=11=1 ady, nj
Skodjok”
b

( 1)n+k ako
+5JOZZ b (k Prnk — 2nk By nk)xln =0joMyg (83)
n=11=1 I,nk

(X0 +Xg0)+ 5jo(qL0jTh k(01,0j@) Y10+ 2,0 Thk (02,02) y20)+

Y10 + Y20)+

( ) Skodjok
SkoKa\ P10k Th j (P1okP)X10 + P2,0k TH j (P2,0k0) %20 +T(

S (1)nﬂ(k Ko BiG i Win =SkoM 22! 84
+ kozz q \Nj Z:an 1,nj Yin k0™ y0 ( )
n=11=1 ,nJ

An equality of Fourier coefficients for basic functions Ty (amX) and T;(Bnjy) makes it possible to

write the rest part of the equations of the infinite system in the following algebraic forms

25kO(Al,Ok PLokXo |, Ao ok pz,oﬂzoj ZZ( D"RA pl nkXin

2 . 2 2 2
b | Brmj+Piok B+ Piok b ﬂmj + Pk

.3 . .
+ (D)™ ISy i T (@) Yim = (D™ WY (85)
=1

2550 | E10j%ojYio E20i920iY )™ JVE it Y
jo 1,0j41,0j Y10 2,0j42,0j Y20 1,nj4l,nj In
[ . j 25

a | afy+ C112,01' g + qg,o;’ Sia ahk+af N
3 .
+ (D™D A T (P k)X = (—)™ Wi (86)
=
280 %o X0 |, 2 Zi( D" x|, ()™ Z
~ Gy mj T (U1, mj@) Yim =
b (Bﬁu + 912,0k ij + P50k b lej +plw Bmi I i e

.
_(-nmiga

87
B (87)
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20; n+j _aym+k 3
jo . Y10 S Y20 . _ZZ( 21) Yin , (=) S By T (P D) X =
a (am+0,0j Omk+020j ) @n=ti=1 O%mk +0f ni %mk 2

( 1)m+k ¢b Kj

(88)
Olmk
28,0k™ [ ProkXu0 N P50k 20 ZZ( 1)K Pl nk (k Bk — By k)X|
n n n n
b B+ plok  Bhy+ Plo b AT Ba + Pk
3 N o
+(—1)m+JZ(Q|,mj —K BmiGi mj )Thk(QI,mja)ylm = (-)™ImaH (89)
=
2550k afo;y A0y 283 ()" gy g (
jo 1,0j Y10 2,0jY20 1,nj
a 2 2 T2 2 |3 2 2 (k nJ_k2'BnJ'GI,nj)YInJr
Omk +010j %mk +U2,0j n=11=1 Omk + i nj
s (k Kk By i ST (P D) = ()™ KM B4 (90)
+(-1) Z 2 P1mk A mk Br,mk J(pl,mk MXim = (-1 ym

1=1
(m=1,2,....0)

The infinite system of linear equations of Egs. (81) — (90) connects all Fourier coefficients at the
boundaries, see Eq. (45) together with the Egs. (55), (56), (59), (64) - (66). Basically, the infinite system
derived above defines the dynamic stiffness matrix for an orthotropic Mindlin plate entirely. (It should be

noted, that development of the dynamic stiffness matrix can be greatly facilitated with help of matrix

algebra, i.e. symbolic computation.) Introducing the following sub-vectors of Fourier coefficients

+al fal +a +a,0 +a,0 + +a +a,l +a,0 +a,0 a0

fa +q  fB HA 0 = , +al fal = £ t , T.
d=* = WO ’¢y0’¢x0 ’Wl ¢y1 :¢x1 m ¢y1 ’¢x1 v--*Wm :¢ym ’(bxm ’Wm Yym l¢xm | (91)
~b [oap 2D #b 4bl 4bl bl +b0 5,0 b0 +bl 1 +h1 +b,0 0 0 T
d=" =| Wy v¢y0’¢x0 W ’(byl Oy W, ¢y1 g Wiy ¢ym ¢xm ' ’(I)ym Dy e | (92)
- T
~ ,a,l +a,0 +a,1 +a,l +a,0 +a,0
fiaz QXO xyO’ +al Qxl ’ Xy]_ ,M;fOuQxl ’ Xy]_ yreny ;(rr?]l,me ’ xym ,M;fr?]you xm 'Mxym y:|
(93)
T
~1pb + b tbh,1 +b1 b, +bh,0 +b,0 b +b,1 +b1 +h, +b,0 +b,0
= QyO XyO’ My Qu My M;/lo'le My My l Qum Mym ;mo’ ym > Thym }
(94)
where the superscript (upper suffix) T denotes a transpose.
The infinite system described above can now be written in matrix form as follows
K f=Kyd (95)
where
fo[fre 70 fa Fo]d=[grade,dad®] (96)
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It should be noted that for all sequences of Fourier coefficients, each of the expressions presented
above, is exact in the sense that it can be computed up to any desired accuracy or to be precise up to
machine accuracy if needed. However, for practical applications these sequences and the equations of
infinite system of Eqgs (81) — (90) need to be truncated at some stage. One of the most traditional ways of
solving an infinite system called the “method of reduction” is used in the subsequent text.

Finally, by truncating Eqg. (95) by some number, say N, for which the coefficients with subscripts
higher than the value of N can be neglected, it is possible to ascertain the dynamic stiffness matrix in the

following form.

FN = KN JN (97)
where

Ky = (K¢) ™Ky (98)

is the frequency-dependent dynamic stiffness matrix of the specially orthotropic Mindlin plate.

The above dynamic stiffness matrix Ky can now be used to compute the natural frequencies
and mode shapes of either an individual specially orthotropic Mindlin plate, or an assembly of
specially orthotropic Mindlin plates for different boundary conditions. A reliable and accurate
method of solving the eigenvalue problem is to apply the Wittrick-Williams algorithm [3-6]
which is well suited for the DSM applications. The algorithm uses the Sturm sequence property
of the dynamic stiffness matrix and ensures that no natural frequencies of the structure analysed
are missed. It has featured in hundreds of papers in the literature, but interested readers are
referred to the original work of Wittrick and Williams [6] for a detailed insight.

4. Numerical results and discussion

The first set of results was obtained to check the accuracy and the rapidness of convergence of the
proposed dynamic stiffness method. To achieve this, the theory is first applied to isotropic Mindlin plates
for various boundary conditions. Note that the letters F, C and S are used in sequence when one or more
of the plate edges are Free (F), Clamped (C) or Simply Supported (S). The first eight natural frequencies
of an isotropic Mindlin plate with free boundary condition at all edges (FFFF) have been computed using
the present theory for different values of N where N is an integer beyond which the Fourier series used in
the solution is truncated (See Eg. (97) and the sentence above it). The natural frequencies computed from
the proposed DSM are shown in Table 1 in non-dimensional form together with comparative results based
on the superposition method taken from the literature [34]. Clearly the natural frequencies obtained from
the present theory are close to the ones reported in [34], the greatest discrepancy being around 2%. The
difference in the natural frequencies increases with the order of the natural frequency. For most of the

natural frequencies reported in Table 1, the accuracy achieved is satisfactory with the value of N = 4 and

21



©CO~NOOOTA~AWNPE

when N is increased to 8, the natural frequencies convergence very rapidly. Note that the indicator (k, j)
where k and j can be either 0 or 1 is included in Table 1 to characterize the nature of the mode. For
instance, the first and fifth natural frequencies correspond to the modes which are symmetric about both
XZ and YZ planes whereas the third mode is symmetric about XZ plane and anti-symmetric YZ plane
and so on and so forth.

Table 1
The first eight natural frequency parameter Q for a rectangular isotropic Mindlin plate with
FFFF boundary conditions for different values of N; v =0.333,1x =0.8601, h/a=0.1,b/a=3

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
Symmetry (0,0) (11) 0) (1,0) (0,0) 11) 0,1) (1,0)
(k J)
DSM
N=4 0.7673 | 1.0252 | 1.2781 | 1.4904 | 1.8021 1.9053 | 2.2924 | 2.3195
DSM
N=8 0.7670 | 1.0248 | 1.2778 | 1.4902 | 1.7910 1.9052 | 2.2825 | 2.3162
DSM
N = 16 0.7670 | 1.0248 | 1.2776 | 1.4902 | 1.7909 1.9046 | 2.2814 | 2.3157
Ref. [34] 0.7657 | 1.0140 | 1.2715 | 1.4715 | 1.7741 1.8748 | 2.2494 | 2.2716

It should be noted that the governing differential equations Eq.(5) are satisfied exactly according to
the developed approach in the case when the characteristic parameters p and q of Eqgs (15) and (28) are
defined by the algebraic systems of Egs. (18) and (33). Program implementation of the theory in the
package Mathematica made it possible to solve the system of equation almost exactly for all practical

purposes. (Note that an accuracy within the bounds of +107°2

can be achieved by using Mathematica.)
However, an important criterion for the accuracy in computing the natural frequencies is to ensure the

fulfilment of boundary conditions in a satisfactory manner. For the FFFF boundary conditions, two

conditions, namely M, (a,y)=0 and M(x,b) =0 are fulfilled when solving the infinite system

through series solution whereas other boundary conditions are fulfilled exactly. Table 2 illustrates the
degree of accuracy when fulfilling the boundary conditions for the eighth natural frequency given in
Table 1. The eighth natural frequency was chosen because it was the highest order natural frequency
computed and it showed the biggest difference with published results (see in Table 1). Furthermore, it
may be seen from Table 2 that if the value of N is increased, the accuracy of fulfilling the boundary
conditions increases although the computed value of the eighth natural frequency is virtually unchanged

(see Table 1). In the proposed procedure 16 terms in each series gave excellent agreement to achieve the
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prescribed zero distribution of bending moments on the plate edges. However, satisfying the boundary
condition at the free edge corner point of the plate is problematic as observed by Papkov [19] and others
[38]. The problem is due to the slow convergence of the Fourier series representing the bending moments
at the corner of the plate.

Table 2
Convergence test of fulfilling the zero bending moment requirements when computing the eighth

natural frequency (Q=2.3158) of a rectangular isotropic Mindlin plate free with FFFF boundary

conditions; v =0.333,x =0.8601, h/a=0.1, b/a=3

X Mx(a’y)/Mmax Mx(a’Y)/Mmax MX(a" y)/Mmax MX(a" y)/Mmax

b N =8 N =16 N =32 N =64

0.0 0.0828 0.0138 0.0013 ~0.0001

0.2 - 0.0468 0.0007 -0.0019 -0.0006

0.4 -0.0031 -0.0168 0.0012 -0.0001

0.6 0.0969 - 0.0045 -0.0015 0.0005

0.8 -0.1719 0.0368 -0.0008 0.0001

1.0 0.2765 ~0.0096 -0.0083 -0.0053

X My (X, b) / M e My (D) / Max | My(x0)/ My | My (x,b)/ Mppay
N =8 N =16 N =32 N =64

0.0 0.0000 0.0000 0.0000 0.0000

0.2 -0.0191 0.0003 0.0000 0.0000

0.4 0.0219 0.0005 0.0000 0.0000

0.6 0.0074 ~0.0005 ~0.0001 0.0001

0.8 20,0482 -0.0036 0.0005 0.0002

1.0 20,0428 ~0.0122 ~0.0088 -0.0050

The first eight natural frequencies of a square isotropic Mindlin plate using the proposed DSM are
shown in Table 3 and Table 4 for CCCC and SFSF boundary conditions, respectively, where the
computed natural frequencies are also compared with ones obtained by other researchers using the DSC-
element [31] and Rayleigh-Ritz [32] methods. The results shown in Table 3 for the CCCC boundary
conditions match very well with published results as can be seen. On the other hand, Table 4 presents
results for the relatively easy case of the SFSF boundary conditions which have exact Levy-type solution.
However, the current DSM theory does not permit the computation of natural frequencies exactly in a
literal sense which is paradoxically an advantage in the present analysis because it provides the

opportunity to test the convergence of the results computed from the current theory. Practically the same
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type of convergence of results seen in Tables 1 and 3 is observed in Table 4. It can be further noticed
from the results in Table 4 that the computed natural frequencies are close to the ones of Ref. [32] when N
= 8. In Table 5 the results from the currently developed DSM theory for CFFF boundary condition, i.e.
for a cantilever plate, are very close to the published solutions obtained by the DSC-element method [31]
and the so called pb2 Rayleigh-Ritz method [32].

Table 3

The first eight frequency parameters ¢ =

T

402
2

boundary conditions for different values of N; v =0.3,x =5/6,h/a=0.1

for of a square isotropic Mindlin plate with CCCC

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
DSM
N=4 3.3020 | 6.2967 | 6.2967 | 8.8211 | 10.3842 | 10.4868 | 12.5645 | 12.5645
DSM
N=8 3.3009 | 6.2929 | 6.2929 | 8.8177 | 10.3801 | 10.4826 | 12.5598 | 2.5598
DSM
N = 16 3.3002 | 6.2926 | 6.2926 | 8.8171 | 10.3793 | 10.4818 | 12.5590 | 12.5590
Ref. [31] 3.2960 | 6.2873 | 6.2873 | 8.8123 | 10.3791 | 10.4776 | 12.5546 | 12.5546
Ref. [32] 3.2954 | 6.2858 | 6.2858 | 8.8098 | 10.3788 | 10.4778 | 12.5529 | 12.5529
Table 4

40?2

The first eight natural frequency parameters Q =—5

T

SFSF boundary conditions for different values N; v =0.3,x =5/6,h/a=0.1

for an isotropic square Mindlin plate with

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
DSM
N4 0.9677 | 15785 | 3.4503 | 3.7055 | 4.3580 | 6.3194 | 6.7362 | 7.7817
DSM
N=8 0.9562 | 1.5657 | 3.4387 | 3.6920 | 4.3445 | 6.3067 | 6.7152 | 7.7698
DSM
N= 16 0.9553 | 1.5622 | 3.4355 | 3.6892 | 4.3404 | 6.3019 | 6.7118 | 7.7661
Ref. [32] 0.9574 | 1.5645 | 3.4328 | 3.6848 | 4.3408 | 6.3006 | 6.7134 | 7.7636
Exact results
(characteristic | 0.9565 | 1.5593 | 3.4307 | 3.6837 | 4.3358 | 6.2968 | 6.7072 | 7.7645
equation)
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Table 5

Lo
7[2
CFFF boundary conditions for v =0.3,x=5/6,h/a=0.1

The first eight natural frequency parameters Q= for an isotropic squareMindlin plate with

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
DSM
N = 16 0.3505 0.8170 2.0350 2.5839 2.8621 48172 5.4788 5.7741

Ref. [31] 0.3735 | 0.8403 2.0502 2.5997 28752 | 4.8285 | 5.4885 5.7860

Ref. [32] 0.3476 | 0.8168 2.0356 2.5836 | 2.8620 | 4.8162 | 5.4834 57769

Table 6
The first ten natural frequency parameter (€2;) for a square glass/epoxy plate with FFFF boundary

conditions; x =0.8601 E; =60.7 GPa, G, =G;3=0y3 =12GPa, v;, =0.23, v, =0.094

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

CPT 1.5832 | 1.8792 | 2.3653 | 2.4872 | 2.7349 | 3.1388 | 3.4892 | 3.5140 | 3.9210 | 4.1395

h/a=0.01 | 1.5816 | 1.8793 | 2.3652 | 2.4850 | 2.7331 | 3.1386 | 3.4857 | 3.5115 | 3.9201 | 4.1372

h/a=0.05 | 1.5747 | 1.8774 | 2.3615 | 2.4721 | 2.7208 | 3.1298 | 3.4601 | 3.4907 | 3.9014 | 4.1105

h/a=0.10 | 1.5643 | 1.8716 | 2.3503 | 2.4490 | 2.6963 | 3.1036 | 3.4095 | 3.4451 | 3.8464 | 4.0427

Having established the predictable accuracy and rapid convergence of the proposed theory, the first
ten natural frequencies for a square orthotropic glass/epoxy Mindlin plate (b/a=1, x=0.8601,

El == 607 GPa y Glz = Gl3 = G23 :12 GPa ) VlZ =0.23, V21 = 0094) are Computed neXt. These na.tural

frequencies are presented in Table 6 in non-dimensional form for FFFF boundary conditions whereas
Table 7 shows results for CCCC boundary conditions whereas Table 8 presents results for CFFF
boundary conditions. Three plate thickness ratio (h/a) values of 0.01, 0.05 and 0.1 were chosen when
computing the results shown in Tables 6 and 7. For comparison purposes, the values of natural
frequencies as calculated by using the dynamic stiffness theory based on classical plate theory (CPT) [18]
which does not account for the shear deformation and rotatory inertia are also given in these tables. It
should be noted that the natural frequencies calculated in [18] provided close lower and upper bounds for

each of the natural frequencies with the help of the criterion of existence for unique solution of infinite
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system of linear equations. The lower and upper bounds of the natural frequencies can be made very close
to each other so that several digits of accuracy can be achieved. Thus, to all intent and purposes the CPT
based results of [18] quoted in Tables 6, 7 can be considered to be exact because the upper bound and
lower bounds of the natural frequencies were computed to a very high degree of accuracy. (If needed,
these values can be computed even up to machine accuracy.)

Table 7

The first ten natural frequency parameter (Q;) for a square glass/epoxy plate with CCCC

boundary conditions; x =0.8601 E, =60.7 GPa, G, =Gy3 =Gy =12 GPa, vy, =0.23, v,; =0.094

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

CPT 2.6975 | 3.5649 | 4.1015 | 4.6283 | 4.6678 | 5.4446 | 5.6157 | 5.8497 | 5.9759 | 6.4397

h/a=0.01 | 2.6970 | 3.5567 | 4.0999 | 4.6263 | 4.6662 | 5.4372 | 5.6119 | 5.8203 | 5.9681 | 6.4252

h/a=0.05 | 2.6858 | 3.5314 | 4.0634 | 4.5802 | 4.6285 | 5.3761 | 5.5280 | 5.7454 | 5.8719 | 6.3410

h/a=0.10 | 2.6527 | 3.4575 | 3.9602 | 4.4539 | 4.5223 | 5.2041 | 5.3035 | 5.5521 | 5.6189 | 6.0943

Table 8

The first ten natural frequency parameter (€;) for a square glass/epoxy plate with CFFF

boundary conditions; x =0.8601 E; =60.7 GPa, G;, =G;3 =G,3 =12GPa, v, =0.23, v,; =0.094

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

h/a=0.01 | 0.9363 | 1.3124 | 2.1443 | 2.3484 | 2.6147 | 3.2433 | 3.2674 | 3.9217 | 4.1035 | 4.4660

h/a=0.05 | 0.9357 | 1.3080 | 2.1368 | 2.3417 | 2.6021 | 3.2202 | 3.2540 | 3.8955 | 4.0708 | 4.4362

h/a=0.10 | 0.9346 | 1.2998 | 2.1212 | 2.3218 | 2.5725 | 3.1693 | 3.2197 | 3.8198 | 3.9877 | 4.3885

Table 6 shows that the values of the FFFF natural frequencies are decreased with increasing values of
thickness ratio h/a of the plate, as expected. Results for h/a = 0.01 when the plate thickness is very small
practically coincide with ones obtained from CPT based DSM of [18] because the effects of shear
deformation and rotatory inertia are not expected to be great for thin plates. The maximum difference
between CPT based results and Mindlin theory results (FSDT) which account for the effects of shear

deformation and rotatory inertia is observed to be around 3% when the plate thickness ratio h/a = 0.1.

26




OCoO~NOUITAWNE

Comparison of the modes shapes for the first, fifth and tenth natural frequencies for h/a =0.01 and 0.1
shows that the modes from CPT based DSM and FSDT based DSM for the two cases are very similar
with very small quantitative differences, see Fig. 3.

0 =4.1372, h/a=0.01 0y =4.0427, h/a=0.1

Fig 3. The 1st, 5th and 10th mode shapes of a square glass/epoxy plate for FFFF boundary

conditions

From the results for CCCC boundary conditions shown in Table 7, one can observe a similar
trend. Classical plate theory and Mindlin plate theory give close values for natural frequencies when

thickness of the plate is small (e.g., h/a =0.01). Furthermore, with increasing values of h/a the natural
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frequencies decrease, as expected. The difference between natural frequencies obtained with the help of
CPT and Mindlin (FSDT) dynamic stiffness theories is somehow more pronounced for the CCCC
boundary conditions as opposed to the FFFF boundary condition when the maximum discrepancy in
results is 5.5%, see Table 7.

0y =6.4252, h/a=0.01 0,0 =6.0943 h/a=0.1

Fig 4. The 1st, 5th and 10th mode shapes of a square glass/epoxy plate with CCCC boundary conditions

Figure 4 shows the mode shapes for CCCC boundary conditions of the specially othotropic Mindlin
plate. There are only little quantitative differences in the mode shapes, particularly for the lower order
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modes. Nevertheless, with increasing sequence number of the mode shapes, one can observe bigger
differences, see Fig. 4. For instance, the 10th mode shows an appreciable difference between the CPT
based DSM and Mindlin (FSDT) based DSM mode shapes.

5. Future potential and practical applications of the theory

The above dynamic stiffness theory is of great significance with potential possibilities in computer
aided structural analysis and design. One of the great advantages of the proposed method is its
uncompromising accuracy together with its computational efficiency, particularly when carrying out
modal analysis in the high frequency range for which the conventional finite element method can become
inaccurate or even unreliable. Moreover, the estimation of flow of vibrational energy in structures is a
subject of considerable importance, particularly when using the statistical energy analysis method [1, 2]
for which the modal density in the high frequency range is an essential prerequisite. It is well known that
the traditional finite element method is deficient in this respect. By contrast, the proposed method based
on rigorous mathematical theory of elasticity is exact in that the results can be computed up to any desired
accuracy with no approximations made en route. It is thus ideally suited for modal analysis in all
frequency ranges. The application areas of the theory include aerospace, automobile, construction and
ship-building industries, amongst others. For instance, in the design of a transport aircraft wing, the top
and bottom skins, spar webs and ribs are all idealized as plate elements and the dynamic stiffness theory
developed above can be exploited when modelling the wing in an accurate and computationally efficient
manner. This type of modal analysis is a mandatory requirement in aeronautical design to satisfy
airworthiness requirements. The procedure for implementing point or line supports in a structure
comprising plate assemblies can be effectively achieved adopting a similar approach given by Anderson
et al [39] and any elastically connected coupled structures can also be accommodated, see Liu et al [40].
The proposed theory is versatile and hence can be further developed and interfaced with the finite element
method, which will provide an efficient design tool with significant advantages in optimization studies for
which an accurate estimation of sensitivities with respect to design variables (structural parameters) is
necessary. Importantly, the theory developed can be used as an aid to validate finite element and other

approximate methods.

6. Concluding remarks

The application of modified trigonometric basis has been proposed to construct a general solution for
the free vibration equations of a thick orthotropic plate leading to the development of its dynamic
stiffness matrix. The derived exact solutions are combined in a general series solution. The forms of the
solutions made it possible to construct an infinite system of linear algebraic equations connecting the
Fourier coefficients of the kinematic boundary characteristics of the plate which are essentially the

boundary values of deflections and angles of rotation for the displacement vector and shear forces and
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moments for the force vector. Thus, a dynamic stiffness formulation has been realised by connecting the
force and displacement vectors to analyze the transverse vibration behaviour of thick orthotropic Mindlin
plates for any arbitrary boundary conditions. The theory is demonstrated by several illustrative examples
and its validity is further confirmed by comparative results available in the literature.
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Table(s)

Table 1
The first eight natural frequency parameter Q for a rectangular isotropic Mindlin plate with
FFFF boundary conditions for different values of N; v =0.333,kx =0.8601, h/a=0.1,b/a=3

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
Symmetry (0,0) (11) 0,1) (1,0) (0,0) (1,1) 0,1) (1,0)
(k, 1)
DSM
N=4 0.7673 | 1.0252 | 1.2781 | 1.4904 | 1.8021 1.9053 | 2.2924 | 2.3195
DSM
N=8 0.7670 | 1.0248 | 1.2778 | 1.4902 | 1.7910 1.9052 | 2.2825 | 2.3162
DSM
N= 16 0.7670 | 1.0248 | 1.2776 | 1.4902 | 1.7909 1.9046 | 2.2814 | 2.3157
Ref. [34] 0.7657 | 1.0140 | 1.2715 | 1.4715 | 1.7741 1.8748 | 2.2494 | 2.2716




Table(s)

Table 2

Convergence test of fulfilling the zero bending moment requirements when computing the eighth

natural frequency (Q=2.3158) of a rectangular isotropic Mindlin plate free with FFFF boundary

conditions; v =0.333,kx =0.8601, h/a=0.1, b/a=3

b N =8 N =16 N =32 N =64
0.0 0.0828 00138 0.0013 ~0.0001
0.2 -0.0468 0.0007 ~0.0019 20,0006
0.4 ~0.0031 -0.0168 0.0012 20,0001
06 0.0969 ~0.0045 20,0015 0.0005
08 -0.1719 0.0368 0.0008 0.0001
10 0.2765 ~0.0096 0.0083 20.0053
X M, (%) / M e M, () Muax | My (x6)/ My | M, (X,5)/ My

a N =8 N =16 N =32 N =64
0.0 0.0000 0.0000 0.0000 0.0000
0.2 £0.0191 0.0003 0.0000 0.0000
0.4 0.0219 0.0005 0.0000 0.0000
06 0.0074 ~0.0005 ~0.0001 0.0001
08 20,0482 20,0036 0.0005 0.0002
10 20,0428 -0.0122 -0.0088 20,0050




Table(s)

Table 3

40?2

The first eight frequency parameters = """_ for of a square isotropic Mindlin plate with CCCC

72_2

boundary conditions for different values of N; v =0.3,x =5/6,h/a=0.1

Natural frequency and mode sequence number

Method
1 2 3 4 5 6 7 8
DSM
N=4 3.3020 6.2967 6.2967 8.8211 | 10.3842 | 10.4868 | 12.5645 | 12.5645
DSM
N=8 3.3009 6.2929 6.2929 8.8177 | 10.3801 | 10.4826 | 12.5598 | 2.5598
DSM
N = 16 3.3002 6.2926 6.2926 8.8171 | 10.3793 | 10.4818 | 12.5590 | 12.5590
Ref. [31] 3.2960 6.2873 6.2873 8.8123 | 10.3791 | 10.4776 | 12.5546 | 12.5546
Ref. [32] 3.2954 6.2858 6.2858 8.8098 | 10.3788 | 10.4778 | 12.5529 | 12.5529




Table(s)

Table 4

~ 2 - - - - -
The first eight natural frequency parameters 924% for an isotropic square Mindlin plate with

T
SFSF boundary conditions for different values N; v =0.3,x=5/6,h/a=0.1

Natural frequency and mode sequence number

Method

1 2 3 4 5 6 7 8
DSM
N=4 0.9677 | 15785 | 3.4503 | 3.7055 | 4.3580 | 6.3194 | 6.7362 | 7.7817
DSM
N=8 0.9562 | 1.5657 | 3.4387 | 3.6920 | 4.3445 | 6.3067 | 6.7152 | 7.7698
DSM
N = 16 0.9553 | 1.5622 | 3.4355 | 3.6892 | 4.3404 | 6.3019 | 6.7118 | 7.7661
Ref. [32] 0.9574 | 1.5645 | 3.4328 | 3.6848 | 4.3408 | 6.3006 | 6.7134 | 7.7636
Exact results
(characteristic | 0.9565 | 1.5593 | 3.4307 | 3.6837 | 4.3358 | 6.2968 | 6.7072 | 7.7645
equation)




Table(s)

Table 5

~ 2 - - - - -
The first eight natural frequency parameters Q:%for an isotropic squareMindlin plate with

T
CFFF boundary conditions for v =0.3,x =5/6,h/a=0.1

Natural frequency and mode sequence number
Method
1 2 3 4 5 6 7 8
DSM
N = 16 0.3505 | 0.8170 | 2.0350 | 2.5839 | 2.8621 | 4.8172 | 5.4788 | 5.7741
Ref. [31] 0.3735 | 0.8403 | 2.0502 | 25997 | 2.8752 | 4.8285 | 5.4885 | 5.7860
Ref. [32] 0.3476 | 0.8168 | 2.0356 | 2.5836 | 2.8620 | 4.8162 | 5.4834 57769




Table(s)

Table 6
The first ten natural frequency parameter (€;) for a square glass/epoxy plate with FFFF boundary

conditions; x =0.8601 E; =60.7 GPa, Gy, =G;3 =G,3 =12GPa, v;, =0.23, v,; =0.094.

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

CPT 1.5832 | 1.8792 | 2.3653 | 2.4872 | 2.7349 | 3.1388 | 3.4892 | 3.5140 | 3.9210 | 4.1395

h/a=0.01 | 1.5816 | 1.8793 | 2.3652 | 2.4850 | 2.7331 | 3.1386 | 3.4857 | 3.5115 | 3.9201 | 4.1372

h/a=0.05 | 1.5747 | 1.8774 | 2.3615 | 2.4721 | 2.7208 | 3.1298 | 3.4601 | 3.4907 | 3.9014 | 4.1105

h/a=0.10 | 1.5643 | 1.8716 | 2.3503 | 2.4490 | 2.6963 | 3.1036 | 3.4095 | 3.4451 | 3.8464 | 4.0427




Table(s)

Table 7
The first ten natural frequency parameter (€;) for a square glass/epoxy plate with CCCC

boundary conditions; x =0.8601 E, =60.7 GPa, Gy, =G3 =Gy3 =12GPa, vi, =0.23, vy =0.094

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

CPT 2.6975 | 3.5649 | 4.1015 | 4.6283 | 4.6678 | 5.4446 | 5.6157 | 5.8497 | 5.9759 | 6.4397

h/a=0.01 | 2.6970 | 3.5567 | 4.0999 | 4.6263 | 4.6662 | 5.4372 | 5.6119 | 5.8203 | 5.9681 | 6.4252

h/a=0.05 | 2.6858 | 3.5314 | 4.0634 | 4.5802 | 4.6285 | 5.3761 | 5.5280 | 5.7454 | 5.8719 | 6.3410

h/a=0.10 | 2.6527 | 3.4575 | 3.9602 | 4.4539 | 4.5223 | 5.2041 | 5.3035 | 5.5521 | 5.6189 | 6.0943




Table(s)

Table 8
The first ten natural frequency parameter (€2;) for a square glass/epoxy plate with CFFF

boundary conditions; x =0.8601 E; =60.7 GPa, G;, =Gy3 =Gy3 =12GPa, v;, =0.23, v, =0.094.

Natural frequency and mode sequence number

1 2 3 4 5 6 7 8 9 10

h/a=0.01 | 0.9363 | 1.3124 | 2.1443 | 2.3484 | 2.6147 | 3.2433 | 3.2674 | 3.9217 | 4.1035 | 4.4660

h/a=0.05 | 0.9357 | 1.3080 | 2.1368 | 2.3417 | 2.6021 | 3.2202 | 3.2540 | 3.8955 | 4.0708 | 4.4362

h/a=0.10 | 0.9346 | 1.2998 | 2.1212 | 2.3218 | 2.5725 | 3.1693 | 3.2197 | 3.8198 | 3.9877 | 4.3885




*Detailed Response to Reviewers

DYNAMIC STIFFNESS FORMULATION AND FREE VIBRATION ANALYSIS OF
ORTHOTROPIC MINDLIN PLATES WITH ARBITRARY BOUNDARY CONDITIONS

S.0. Papkov, J.R. Banerjee
Ms. Ref. No.: JSV-D-18-02426

Reply to the reviewers’ comments

The authors are grateful to both reviewers for their comments and careful attention to details. Following the
reviewers’ comments, the paper has now been revised by considering all of the comments made. The paper is
without doubt much improved because of the reviewers’ comments. In the revised manuscript, all proposed
changes are highlighted. A point by point reply to the reviewers’ comments is given below Note that the reviewers’
comments are shown in italics and the authors’ reply in bold.

Reviewer-1

This paper presents an analytical method for free vibration analysis of special orthotropic rectangular Mindlin
plates with arbitrary boundary conditions. The manuscript is well written. The work reported should be of interest
to the plate vibration community. With some revision, it is publishable in JSV.

The authors appreciate the above comment.

1. In the reviewer’s opinion, the method is based on the two building block technique and the obtainability of
the Levy solution for each block. As a result, the proposed method is valid only for special orthotropic
rectangular plates with the L-T axes coinciding with the plate edges. If this is the case, the authors should
revise the title and make the limitations clear to avoid potential misunderstanding.

The authors agree with reviewer that the paper is applicable to specially orthotropic Mindlin plates,
not for any arbitrary anisotropic plates. The point made by the reviewer has been taken on board.
The authors have now changed the title of the paper by inserting the word “specially” in front of
orthotropic.

2. The half cosine series for an arbitrary function of single variable defined in [0,1] is the same as the
modified Fourier series defined in [-1,1]. This can be easily proved through a simple variable
transformation.

The half cosine series in [0,1] is f(x) = %f_oc + Y0 1[fE cosmmx]

The modified Fourier series in [-1, 1] is

f@§) = %foc + Z [f,,clcosmn( + £ sin (m —%) n(]

Introducing the following transformation x = %(1 + ¢) into the half cosine series, one can obtain the
so-called modified Fourier series.

The half cosine series was first used by Gorman in dealing with free vibration of completely free special
orthotropic moderately thick (Mindlin) rectangular plates in his book. From this point of view, the
proposed analytical solution is not really new.

The authors are appreciative of the reviewer’s well-thought-out observation to highlight the
underlying rationale behind the modified Fourier series. It is admitted that Gorman investigated the
free vibration problem of a completely free specially orthotropic Mindlin plate using half cosine
series, but his approach was somewhat different and rather restrictive, and importantly, his research
was not conducted in a dynamic stiffness context, as in the present case. The research described in



the authors’ paper has a much wider applicability making it possible to apply the method to complex
plate assemblies. It should be noted that one of the main advantages of applying the so-called
modified Fourier series is that it allows the investigation to be carried out on any of the
component cases of the symmetry. This is possible because of the similarity of expansion into

Fourier series of cosht with respect to cosn?nt and expansion of sinht with respect to

sinw when te[-T;T] (see Egs. (75) - (78)). In this way, we have used similar

expressions for each type of symmetry and later we have combined them together.

3. The reviewer feels that the way how the boundary conditions are handled in this paper appears and its
subsequent reduction to a nonlinear eigenvalue problem for which the W-W algorithm can be used to
conduct the eigen-analysis for natural frequencies and mode shapes of rectangular plates with arbitrary
boundary conditions.

The reviewer is right in his/her assertion that the W-W algorithm has been applied to the developed
dynamic stiffness matrix when computing the natural frequencies of the specially orthotropic
Mindlin plates. This has now been emphasized in a bit more detail.

4. With the clear guidance of the superposition, Gorman in his books handled the following challenging
aspects in free vibration analysis:

e Interior point or line supports (rigid, elastic or visco-elastic)

o Partial supports on a plate edge (e.g., simple support on one segment and free on the remaining
segment)

o Plates of other geometries (trapezoidal, parallelogram, or triangular)

Could the authors address comment on the applicability of the proposed approach in addressing one of
more of the above.

The reviewer has made some very important and useful comments which require appropriate
reply. The proposed method when suitably adapted can handle rigid or elastic point or line
supports, but visco-elastic supports are rather far-fetched and cannot be accommodated at this
point of time. Two references have been added ([39] and [40])) which explain how point or line
supports can be applied when solving the free vibration problem of isotropic and anisotropic
plate assemblies using the dynamic stiffness method. On the question of the second point, the
four edges of the plate can have any combination of boundary conditions, namely free, simple-
support or clamped. For instance, there can be simple support on one segment or edge of the
plate whereas other segments of edges can be free or clamped, see [12-14]. However, on the final
point, the authors concede that their method is applicable to rectangular plates only. The theory
presented does not cover trapezoidal or triangular plates. This is beyond the scope of the current
paper and perhaps this could be the subject matter of future research.

5. The way how the two Levy solutions are obtained in the manuscript is very similar to the following paper
published in 1994.

S. D. Yu, W. L. Cleghorn, R. G. Fenton “Accurate Analysis of Free Vibration and Buckling of
Clamped Symmetric Cross-Ply Laminates,” AIAA Journal, 32(11), 2300-2308, 1994.

The authors are grateful to the reviewer for providing this useful reference which they have now
included in their paper.

6. Minor Typos



The authors are thankful to the reviewer for his care. All typographical errors have now been
corrected. However, in the caption of Fig.2, Plan view is correct and should not be changed to plane
view.

Reviewer-2

The authors have carried out a vibration analysis of orthotropic Mindlin plates using the Dynamic Stiffness
Method. A new dynamic stiffness formulation is derived based on an extension of the Mindlin theory to orthotropic
plates. To my knowledge, the derivations seem correct, and the study is considered original and novel. Therefore, it
may be recommended to be published in Journal of Sound and Vibration. However, it is suggested that the authors
be required to correct/improve the following points before proceeding with publication.

The authors are encouraged by the reviewer’s comment.

1. Page 12, after Eq. (41), it states “..,X10, X20, XIn and Y10, Y20, YIn (I = 1,2,3;...) ", however, in Eq. (25)
the suffix | is only 0 or 1. This conflict needs to be clarified.

In the expressions for p;, nk and A, nk suffix | denoted a branch of the root of the characteristic
equation, n corresponds to the trigonometric function Ty (a.X) and Kk is the type of symmetry relative
to x. Thus, if we consider a special case when the separation constant a = 0 then characteristic
equation (23) is quartric or bi-quadratic, possessing four roots. However, only two of them give
independent terms of the general solution (see Eqg. (10)) due to symmetry of the solution, i.e when
n=0 we have | = 1, 2. For the general case characteristic equation (13) is of sixth order or bi-cubic,
then there exists three independent roots corresponding to | =1, 2, 3 for each value of n. It is
recognised that there was a typographical error underneath Eq. (24) which has now been corrected
and hence, the reviewer’s comment has been addressed.

2. Page 12, in Eq. (42) coefficients A1,0kand Azok are used, whose first suffix conflict with Eq. (25).

This comment is directly related to the comment made above and has now been properly addressed
so that there is no conflict with Eq. (25) regarding the suffix I.

3. Eq. (45), “1/D1” infta and f+b should be “1/D11”

The authors agree with the reviewer. The term D, in equation (45) should be Dy;. Regrettably it was a
typographical error which has now been rectified. Thanks to the reviewer for spotting this error.

4. In Section 5, the results are given for only the cases where the symmetry is are available about the planes
through the plate’s mid-point. In the paper title, it is mentioned that arbitrary boundary conditions.
Therefore, it is suggested to give another result for the case where the symmetry is not available, e.g. a
cantilever plate if it is obtainable. If the result is not obtainable the limitation needs to be explained.

The authors would like to point out that the symmetry of the rectangular plate has been exploited as
a means to an end to obtain the general solution and it is not an end in itself. The symmetric
rectangular plate has essentially two planes of symmetry (XZ and YZ planes, leaving aside the XY
plane because in-plane displacements are not considered in this paper) so that only one quarter of
the whole plate with symmetric-symmetric, symmetric-antisymmetric, anti-symmetric-symmetric
and antisymmetric-antisymmetric boundary conditions can be applied on the enforced planes of
symmetry giving the solution for the entire plate without any approximation made en route. In this
way, the developed dynamic stiffness can be used to compute the natural frequencies and mode
shapes of the whole plate for any boundary condition in an exact sense. The authors have now



included an additional set of results for natural frequencies of a cantilever plate, as suggested by the
reviewer (see Tables 5 and 8 showing new results)
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