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• Modelling of a row of oscillating cilia-like structures
• Presentation of the spontaneous emergence of metachronal coordination
• Validation of the model design and results experimentally
• Study of the effective propulsion that results from the coordination
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In this study we present a model that simulates hydrodynamic self-coordination in a row of flexible
flaplets. We control the flaplets in order that their tips follow a fixed-amplitude oscillatory motion profile. When brought together at a low Reynolds-number environment, the flaplets interact with each
other in the form of bending deflections at their tips, which causes the frequency of the individual
oscillations to vary until a coordinated steady state is reached. The model design steps are experimentally verified and the coordination results of both the experiment and the model are compared. The
model’s internal states are then analysed for a better understanding of the synchronization collective
effect. The coordination of the flaplets is found to settle in the direction of propulsion forces ascent.
The stability of the resulted synchronization and propulsion forces are examined over long periods.
The model is meant to be simplified and mostly linear so that it can be utilized for state forecasting in
a real-time control application of a swimmer robot. Finally, we experimentally study the propulsion
performance of five beating flaplets that follow prescribed oscillation profiles forming a metachronal
wave. The flow results show that the flaplets, that beat in coordination, are efficient at generating a
uni-directional steady-streaming transport of the fluid at their surface.

joints [8] (2) soft deformable interfaces [35, 47] (3) connected spheres with certain kinematic interrelations [18, 17,
Nature is full of examples where a collaborative behaviour
36]. (4) helical vibrating interfaces [22, 50]. In such nonrises due to different body reactions and surrounding envireciprocal motion profiles, the asymmetry of the generated
ronmental properties [9], [2], [3]. One of these examples is
viscous forces induce a net propulsion force in a certain dithe hydrodynamic coordination of flagella and cilia in biolrection [29, 1]. However, when a model of artificial cilia,
ogy. Sperms while swimming interact with the surrounding
that can be magnetically actuated to follow non-reciprocal
semen and with each other forming a kind of cluster [51].In
beating profiles, was examined in [23], it was shown that the
human windpipes, cilia beat in a coordinated pattern while
pumping performance of interacting coordinated cilia was
sweeping away mucus and dirt outside of the lungs [45].
significantly higher than that of separate ones. Similarly, in
Similar coordination of cilia is witnessed at the surface of
[11, 13], it is stated that the coordinated beating of cilia is
many ciliated organisms [43, 34, 46]. Each cilium is found to
particularity effective at maintaining a more directed surface
maintain a certain phase shift to its neighbours while beating
propulsion. It has been also shown that the propulsive effect
forming a pattern that is known as a metachronal wave [21].
of a system of pneumatically controlled flexible oscillators is
It is believed that when brought together, cilia are coupled
strongly affected by their phase relationships [44]. Accordby the surrounding fluid’s viscous forces and over time they
ingly, we suggest that the metachronal coordination of a sysappear to organize their oscillations allowing that collective
tem of individual oscillators can result in collective propulstate to spontaneously emerge [24, 12, 13, 37, 46]. Previous
sion if the oscillators are brought together in a sufficientlynumerical models and experiments have shown that hydroviscous environment.
dynamic forces can bring different types of oscillators that
Generally, further progression to realistic micro-swimmer
are close to each other to various forms of self-organization
robotic applications faces two main challenges; (1) the de[37, 19, 20, 32, 16, 41], even with breaks in their steady-state
sign and control of applicable propulsion mechanisms and
phase relationships [37, 19].
(2) the minimization of the actuation power [14]. In case
In the world of ciliated micro-swimmers, the viscous forces of using oscillating elements to generate propulsion, a miniare dominant and fluid propulsion cannot be created by a
mum of two degrees of freedom per each element is required
time-symmetric oscillator as explained by the scallop theto be controlled to satisfy the desired non-reciprocal motion
orem [40]. Consequently, most of the developed swimmer
profiles [29]. In some models, even the shape of the elements
models or designs at low Reynolds numbers adopt the actuis required to be changed during different parts of the beating
ation of non-reciprocal motion profiles. Some examples of
cycle which brings more complexity to the system and conthese designs are swimmers made of; (1) asymmetric rod
trol [23]. Additionally, most of the micro-swimmer models
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signs with linearised and fast-computed models could facilitate better control and observation of such systems.
In this article, we firstly test the emergence of metachronal
coordination in a row of flexible flaplets at a low Reynolds
number by means of an experimentally-validated model. A
single degree-of-freedom oscillatory motion is controlled by
an algorithm that is based on the geometric clutch hypothesis [33] where the individual oscillations are bounded by
amplitudes and free in phase and frequency. The induced
bending of the flexible flaplets in the presence of a viscous
medium allows for the crosstalk to take place within the beating system. The net swimming force that acts on the system is derived from the introduced model. The force analysis shows that the resulted synchronization can be accompanied with a net swimming effect. Then, the stability of
the emerged synchronization is analysed over long periods
showing that the emergence of synchronization can have a
predictable steady-state behaviour. Finally, we experimentally visualize the flow field around the physical system using Particle Image Velocimetry (PIV) while the flaplets are
beating in metachronal coordination. The measurement of
the flow velocity field allows us to quantify the net pumping
effect due to the coordinated beating of the flaplets.

2. Concept Formulation
2.1. Objective
We aim at studying the transformation of an oscillating
system of beating flaplets from a chaotic to a coordinated
pattern by means of an experimentally identified model. The
key factors to get into coordination are the flexibility of the
structures and the viscous coupling among them. A biological control hypothesis introduced by Lindemann [33] is implemented as the control algorithm, which follows the "geometric clutch". From there on, we look forward to highlight
the collaborative swimming effect of the resulted coordination and study its stability.

2.2. Material and Environment
The proof-of-concept experiment of self-synchronization
in a row of flexible flaplets were reported in detail in [20]
and the reader is referred to it. Herein, the experiments are
used to identify the parameters of the lumped element model
of the flaplets. The physical problem of the bending of a
thin flexible plate in a viscous environment is described by
the two non-dimensional numbers, the Reynolds-number 𝑅𝑒
and the Cauchy number 𝐶𝑌 :

𝑅𝑒 =
𝐶𝑌 =

𝑈 𝐿𝑐
𝜈
1
2
𝜌𝑈
2
𝐸𝐼

(1)
(2)

with 𝜈 being the fluid’s kinematic viscosity, 𝑈 the relative
speed between the oscillator and the fluid, 𝐿𝑐 the characteristic length in the problem geometry, 𝐸𝐼 the flexural rigidity
and 12 𝜌𝑈 2 the dynamic pressure of the system. The Cauchy
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number characterizes the deformation of an elastic solid under the effect of a surrounding flow [15]. It is defined as the
ratio between the force produced by the dynamic pressure of
a flow on the flaplet surface and the bending rigidity of the
rectangular flaplet.
The configuration under investigation herein is for a Renumber in the range of Re ∈ [0.1, 1] and a Cauchy-number
of order 𝐶𝑌 = 𝑂(10−1 ). The method of dynamical similarity
[7] enables us to use the results of an enlarged experimental
model to investigate an observation that happens at a much
smaller scale. It also enable us to use normalized quantities
of size and speed in our theoretical model.

3. Experiment Description
3.1. Set-Up
Laboratory experiments were conducted with a row of
five rectangular flaplets (thickness 𝑡 = 2 mm, width 𝑤 = 20
mm, length 𝑙 = 40 mm) with an interspacing of b = 22 mm,
inserted in a chamber filled with a sugar solution (100 %
glycerine, 𝜇 = 0.95 Pa⋅s ), see Fig. 1. The row of flaplets
represent the cilia-like structures in our experiment. In order
to have optical access, all side-walls are made of transparent
perspex. The flaplets are made of silicone rubber (density
𝜌𝑓 = 1.61 𝑔 ⋅ 𝑐𝑚−3 , Young’s Modulus E = 6 𝑀𝑃 𝑎, see e.g.
[49, 39]), which allows their for bending in response to the
viscous coupling with their neighbours.
Each flaplet is inserted into a spindle axle of an individual motor that performs an oscillatory motion profile around
its equilibrium position (where all oscillators are vertical),
in which 𝐴 is the tip motion amplitude prescribed for all of
the individual flaplets and 𝜔0 = 0.267 𝑟𝑎𝑑 ⋅ 𝑠1 is the angular speed. Without viscous coupling, all flaplets perform
a fixed-amplitude triangular wave profile (symmetric forthand-back tip motion) at constant period; |𝜃| ≤ 0.22 𝑟𝑎𝑑, 𝑇𝑐 =
3.3 𝑠. When the flaplets are inserted in the sugar-solution,
the viscous coupling among the neighbouring oscillators cause
the frequency of these oscillations to vary due to the bending
of the flaplets. The amplitude of oscillations is selected so
that the flaplets are not allowed to touch each others while
beating. Therefore, a minimum distance, 𝑟𝑚𝑖𝑛 ≃ 0.2𝐴, between the tips is set at the nearest angular positions of a
neighbouring couple of flaplets to allow for their bending deflections. We represent the distance 𝑟 between the tips with
an offset equal to the value of 𝑟𝑚𝑖𝑛 so that; 𝑟 = 0 when the
tips are |𝑟𝑚𝑖𝑛 | apart.
For optical detection, the tip of each flaplet is marked by
a fluorescent marker, which is illuminated by a green LED
light source and recorded with a high-speed camera (ProcImage 500-Eagle high-speed camera, 1280 × 1024 𝑝𝑥2 , Photon
Lines Ltd, Bloxham, UK). By using an optical filter (cut-off
wavelength 550 nm, Novasoft, Aarhus, Denmark) and adjusting the camera aperture, an image of only a row of dots,
that correspond to the flaplet’s tips, could be acquired, see
Fig. 2. The positions of the dots are then tracked and their
position is fed into the controller loop in real-time. Since
the camera view is capturing the projection of the tip dis-
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Figure 1: The experimental set-up of the ve exible aplets in the viscous chamber. Each aplet is clamped from one end to

the spindle axle of a rotary motor. (a,b) front view (c) top view (d) side view (b,d) schematic drawings that show the geometrical
parameters of the aplets

Figure 2: Acquired image of the aplets' tips after binariza-

tion and colour inversion. For reference, circles and dash-lines
are overlaid highlighting the dots and the tip contours respectively. The oscillatory motion is along the horizontal image
axis, perpendicular to the aplet span
placement in the camera plane, the triangular wave form is
expected to be slightly distorted (displacement is captured
as 𝑟𝑠𝑖𝑛𝜃 instead of 𝑟𝜃). However, at such small values of 𝜃
this distortion is fairly negligible.

3.2. Control Loop
Fig. 3 shows the implementation of the control loop in
the experiment. The motion of the oscillators is controlled
by a vision-based control algorithm. The acquired camera
feed is sent on-line to the controller. Using the openCV
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library [38], a segmentation algorithm has been developed
to obtain the coordinates of the individual flaplets in realtime. The controller detects the moment that each flaplet’s
tip reaches its predefined amplitude and toggles the direction
of rotation of the attached motor. Alternatively, micro strain
gauges can be used to measure value of deflection of the tips
and trigger the reversal.
Fig. 4 shows the control algorithm that is applied to
each oscillator. This logic is an implementation of the geometric clutch hypothesis that provides a geometrical mechanism of oscillations in biological swimmers [33]. To prove
the unforced self-assembly of the flaplets, the motors are
set to start rotating with random initial conditions forming a
chaotic pattern. Since the oscillators are flexible, they bend
due to the hydrodynamic forces that result from their own
motion and the motion of their neighbouring oscillators. As
a consequence of bending, the tip’s position deviates from
the locus of the tip of a rigid virtual oscillator at the same
angle prescribed by the attached motor in that moment. With
the given implementation of the clutch-hypothesis that tracks
the locations of the oscillators’ tips, the individual oscillations slightly vary in frequency during the runtime. This re-
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Figure 3: Physical implementation of the control closed-loop

based on the geometric clutch hypothesis. The feedback signal
is the position of the oscillators' tips that are marked with orescent dyes which can be captured by the high-speed camera.
Another measurement of the feedback signal is applicable by
the use of strain gauges that can capture the tips' deection

Figure 5: Lumped element model of the aplet highlighting

the viscous-coupling parameters. The description of the model
parameters is provided in Table 1

that the simplicity of the model would be a significant advantage because, as elaborated later, the resulting coordination
is found to be accompanied with the emergence of propulsion forces which qualifies the model for micro-swimmer applications. Hence, the observability and fastness would allow the model to be used for control design optimization and
online state forecasting of swimmer robots in future applications.

4.1. Mathematical Description

Figure 4: Control algorithm of the individual oscillations
sults in a time-variant behaviour of the phase relationships
among the oscillators which is essential for transforming the
chaotic pattern of the system into a coordinated one. If the
flaps were rigid, the viscous forces would not influence the
phase relationships among the oscillators and hence they would
keep their initial configuration prescribed at the beginning of
the experiment.

4. Theoretical Modelling
We aim to introduce a simplified model of the experiment to study the synchronization behaviour for longer periods and larger number of flaplets. The fluid-structure interaction is approximated by a representation of the individual
flaplets as flexible cantilever beams (Euler-Bernoulli beam)
actuated by the individual motors and reacting to the surrounding pressure and viscous forces. The model is simplified and aligning with the experimental results. We expect
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In this section, we introduce the analytical equations that
describe the behaviour of each oscillator while beating. Since
the flaplets are identical, we can expand this model to describe a row of beating flaplets. The model equations are
deduced and identified with the help of experimental and numerical data perceived from literature and tests in the experimental setup. The modelling design steps are comprehensively and experimentally validated. A detailed derivation
of the mathematical model is provided in appendix A.
Table 1 and Fig. 5 illustrate the system parameters that
come form the theoretical model of a single flaplet. The parameters are divide into the following four categories:
1. Set Parameters: these are the nominal constants that
are given by the experimental setup and geometry.
2. Input Variables: these are the variables that are controlled by the operator or changed according to the
states of the neighbouring flaplets. The flaplet perceives the inputs and responds accordingly in form of
rotation and bending deflection.
3. System States: These form a set of variables that fully
describe the flaplet at a given instance in time.
4. Output Variables: The response of the oscillator derived from the system states at a given instance.
In this case, we are particularly interested in the position
trajectory of the flaplets’s tip because the control loop uses
this position as the feedback signal as illustrated in section
3.2. Before we start, we normalize all the system parameters
against their nominal values to obtain a scalable dimensionless system of equations. The parameters of length units are
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Table 1

Description of the parameters of the mathematical model
Symbol

Description

value
Set Parameters

−1

𝜔0 [𝑟𝑎𝑑 ⋅ 𝑠 ]
𝐴 [𝑚]
𝑇𝑐 [𝑠]

angular speed of the attached motor
limit amplitude of the tip position trajectory
nominal cycle period of the oscillatory motion

0.267
9 × 10−3
4𝐴∕(𝜔𝑙)

Input Variables
𝜔 [𝑟𝑎𝑑 ⋅ 𝑠−1 ]
−1

𝜔𝑟,𝑙 [𝑟𝑎𝑑 ⋅ 𝑠 ]
𝑑𝑟,𝑙 [−]
𝑟𝑟,𝑙 [𝑚]

angular velocity of the aplet
angular velocity of the right/left neighbour
relative angular velocity of the right/left neighbour normalized against 𝜔0
absolute distance from the oscillator's tip to the right/left neighbour's tip

±𝜔0
±𝜔0
(𝜔𝑟,𝑙 − 𝜔)∕𝜔0

System States

𝛾𝑡 [𝑚]

angular position of the straight oscillator (without accounting for the bending)
deection of the tip due to its rotation in the viscous liquid
deection of the tip due to interaction with the right/ left neighbour neighbour
total dynamic deection at the oscillator's tip

𝑦 [𝑚]

position of the oscillator's tip at a given set of states

𝜃 [𝑟𝑎𝑑]
𝛾𝑜 [𝑚]
𝛾𝑟,𝑙 [𝑚]

Output Variables
Identied Parameters
−4

𝐶 [𝑠 ⋅ 𝑚 ]
𝑇 [𝑠]
𝑚 [𝑘𝑔]
−1

𝑏 [𝑘𝑔 ⋅ 𝑠 ]
−1

𝑘 [𝑁 ⋅ 𝑚 ]

constant relating the deection of the tip to the rotation velocity; given by Eq. 3
time constant of the rst order lag given by Eq. 3, 4
mass of the second-order system given by Eq. 5
damping coecient of the second-order system given by Eq. 5
spring stiness of the second-order system given by Eq. 5

divided by the amplitude of oscillation, 𝐴. The angular velocities are divided by the nominal speed, 𝜔0 . We represent
the normalized parameters in the equations with the superscript notation ’* ’.
The material of the oscillators is flexible in order to allow bending to take place as a result of the applied viscous
forces. In the experiment, the viscous forces acting on the
oscillator induce dynamic deflection, 𝛾𝑡 , at the tip. The magnitude of that deflection is always small enough compared to
the length; 𝛾𝑡 ≤ 0.05𝑙. By neglecting the shear and torsion
stresses on the flexible flaplet, it can be modelled as a simple
beam that experiences bending deflections while rotating.
In order to obtain the position of the tip as a function of
time, we present the following set of differential equations.
The description of the model parameters are given in Table
1. A references to the corresponding equations in appendix
A is provided in bold font after each equation.
𝑇 𝛾̇ 𝑜∗ = −𝐶𝑙5 𝜔 − 𝛾𝑜∗
∗
∗
𝑇 𝛾̇ 𝑟,𝑙
= 𝑢𝑟,𝑙 − 𝛾𝑟,𝑙
{

𝑢𝑟,𝑙 =

0.013𝑑𝑟,𝑙
𝑑𝑟,𝑙 (−0.082𝑟∗𝑟,𝑙

(𝐸𝑞. 16, 18) (3)
(𝐸𝑞. 17, 18) (4)
𝑟∗𝑟,𝑙
𝑟∗𝑟,𝑙

>1

+ 0.095)
≤1
(
)
𝑚̈𝛾𝑡∗ = 𝑘 𝛾𝑜∗ + 𝛾𝑟∗ + 𝛾𝑙∗ − 𝑏𝛾̇ 𝑡∗ − 𝑘𝛾𝑡∗ (𝐸𝑞. 19) (5)
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𝑦∗ =

1.4 × 105
0.02𝑇𝑐
3.4 × 10−3
0.22
3.54

𝑙
𝜃 + 𝛾𝑡∗
𝐴

(6)

4.2. State-Space Model
The above illustrated mathematical equations are gathered into a MISO state-space model that fully describes the
dynamics of each oscillator. The model is given in the state
space standard form as described by equations 7, 8. Since
all equations are dimensionless, we then represent the normalized parameters in the state-space model without the superscript notation ’* ’.
0
⎡ 𝜃̇ ⎤ ⎡
⎢
⎢𝛾̇ ⎥ ⎢0
⎢ 𝑜 ⎥ ⎢0
⎢𝛾̇ 𝑟 ⎥ = ⎢
⎢ 𝛾̇ 𝑙 ⎥ ⎢0
⎢ 𝛾̇ 𝑡 ⎥ ⎢
⎢ ⎥ ⎢0
⎣ 𝛾̈ 𝑡 ⎦ ⎣0

0
0
0
0

−1
𝑇

0
0

−1
𝑇

0

0
0
0
0
0

𝑘
𝑚

𝑘
𝑚

𝑘
𝑚

−𝑘
𝑚

−1
𝑇

⎡ 𝜔0
⎢−𝐶𝑙5
⎢ 0
⎢
⎢ 0
⎢
⎢ 0
⎣ 0

0
0

0
0
1
𝑇

0
0
0

0
0
0

0⎤
0⎥
0 ⎥⎥ ⎡⎢ 𝜔 ⎤⎥
1 ⎥ ⎢𝑢𝑟 ⎥
𝑇 ⎥ ⎣ 𝑢𝑙 ⎦
0⎥
0⎦

⎤⎡𝜃⎤
⎥⎢ ⎥
⎥ ⎢𝛾𝑜 ⎥
⎥ ⎢ 𝛾𝑟 ⎥
⎥ ⎢𝛾 ⎥ +
⎥ ⎢ 𝑙⎥
⎥ ⎢ 𝛾𝑡 ⎥
−𝑏 ⎥ ⎣ 𝛾̇ 𝑡 ⎦
𝑚⎦
0
0
0
0
1

(7)
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Figure 6: Normalized deection of a still aplet's tip due to

the oscillation of its right neighbour during two successive beat
cycles . the distance r between the two neighbouring tips varies
in the domain 0 < 𝑟 < 2𝐴 during a beat cycle.

𝑦=

[

𝑙
𝐴

0

0

0

1

⎡𝜃⎤
⎢𝛾 ⎥
] ⎢𝛾𝑜 ⎥
0 ⎢ 𝑟⎥
⎢ 𝛾𝑙 ⎥
⎢ 𝛾𝑡 ⎥
⎢ ⎥
⎣ 𝛾̇ 𝑡 ⎦

(8)

In Fig. 6, we present a comparison between the experiment and the model results of the deflection of a flaplet’s
tip due to the oscillation of its neighbour. The plot demonstrates the ability of the model to fairly capture the dynamic
interaction between the neighbouring flaplets during the different phases of the beat cycle. Although minor deviation
between the two responses can be observed, we assume that
it does not affect the resulted variation of the beat cycle period during the transition from a chaotic to a coordinated
beating pattern as illustrated in the next section.

5. Results and Analysis
The system is configured with the same setup as in the
physical experiment in order to test the spontaneous emergence of synchronization among the oscillators and compare the results of both the model and the experiment. The
synchronization is considered to start when the oscillators
start to beat with the same frequency while keeping a certain phase shift between each other forming a metachronal
wave. The experimental control loop algorithm described in
section 3.2 is applied to the model as well. After investigating the emergence of hydrodynamic synchronization among
the flaplets, the internal states of the system are analysed to
better understand the synchronization effects.

5.1. Hydrodynamic Synchronization
Starting from random initial angular positions, 32 oscillators are brought together and allowed to interact by the
help of their modelled bending deflections due to the surrounding viscous forces. The system as a unit could clearly
show the emergence of metachronal coordination. Fig. 7
shows a colour representation of the position trajectories of
individual oscillator tips as a function of the number of beat
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cycles. A straight uni-coloured line in the figure indicates a
uniform inter-phase relationship throughout the system and
hence metachronal coordination. The model has been rendered several times with different random initial positions.
At each time, the system has eventually come into a synchronized state at which the phase slopes throughout the whole
system remain the same. For different initial conditions,
the emergence is found to choose between two steady-state
phase slopes with the same slope magnitude but opposite directions. In other words, the uni-coloured lines at the steady
state make an angle with the direction of time increase that
can take the two values; 𝛼 and (180−𝛼). We believe that
the dominating direction depends on the initial conditions
and decides the direction of the swimming forces build up
(discussed in the next section). Sometimes, either the very
first or the very last oscillator at the edges appears to slightly
lag the others during the synchronized state until it gradually
joins the synchronization after a long term. As the edged oscillator, the cross-talk with its neighbours takes place on one
side only and therefore it can be less sensitive to the viscous
coupling.
The spontaneous synchronization could also be witnessed
in several experiments of five oscillators while beating inside
the glycerine fluid. Starting from different phase shifts between each couple of neighbours, the system has come into
synchronization after 15 cycles. Fig. 8 shows a comparison between the emerged synchronization for five oscillators in the model (top) and in the experiment (bottom). As
the oscillator moves inside the viscous fluid, it interacts with
its neighbours in the from of bending. This results in timevariant velocities of the tips and phase relationships among
the neighbouring oscillators. This behaviour lasts until the
synchronization is reached when each oscillator maintains a
certain phase lag with its neighbour that is constant among
the beating system. The solid lines in the figure show a constant phase slope that indicates the start of synchronization
in both cases. The dash lines that overlay the position trajectories are parallel to the synchronization lines. They show
the different phase relationships between the adjacent oscillators at the start of beating and during the evolution of synchronization.

5.2. Net Propulsion Force
In this section, we investigate the ability of the mechanism to generate a net propulsion force from the action of
the group of beating flaplets. The modelled forces acting on
each oscillator are extracted from the system’s internal states
during the run-time such that:
(
)
𝑓𝑚 (𝑡) = 𝑘𝛾 = 𝑘 𝛾𝑟 + 𝛾𝑙 + 𝛾𝑜
The force that act on a single oscillator is dependent on
the phase relationship of the neighbours and takes the form
of a quasi-harmonic function. In order to represent the effective swimming force, a cyclic average of the harmonic force
signals as a function of time is calculated. The total effective
swimming forces, 𝐹𝑡 , is then represented as the summation
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Figure 7: Position trajectories of 32 oscillators' tips in the

modelled viscous environment. The randomness in the phase
relationship is shown as curvy lines at the start of the beating (left). The emerged synchronization is shown as straight
(constant slope) lines after 225 cycles from the start of beating
(right)

Figure 8: Evolution of synchronization in a row of ve exible

oscillators in the model (top) and in the experiment (bottom).
The dierent colours indicate dierent oscillators. The solid
lines indicates a constant phase slope among four neighbouring
oscillators and the dash lines are parallel to the solid ones and
show the deviations from coordination at the early stages
of the single forces for all the oscillators in the system.
𝑛𝑇

𝑓𝑎𝑣 (𝑛) =
𝐹𝑡 (𝑛) =

𝑐
1
𝑓 (𝑡)𝑑𝑡, 𝑛 ∈ {1..300}
𝑇𝑐 ∫(𝑛−1)𝑇𝑐 𝑚

𝑁
∑

(9)

𝑖
𝑓𝑎𝑣
(𝑛)

𝑖=1

where 𝑁 is the total number of oscillators rendered in the
model and 𝑖 is the oscillator index.
We found that effective swimming starts to emerge when
the damping of the system is sufficiently high. This is implemented in the model by slightly increasing the damping
of the flaplet’s dynamic model. It can be also realized in the
experiment by selecting a material of a lower Young’s Modulus or a liquid of a higher viscosity.
Fig. 9 shows the temporal evolution of the normalized
total forces, 𝐹𝑡 ∕𝑁, acting on a swimmer model of 32 and

M Elshalakani et al.: Preprint submitted to Elsevier

Figure 9: Evolution of the net propulsion force that arises due

to the emerged synchronization at 𝑏 = 0.5. The presented
results are for 32- and 16-oscillator models respectively. The
shaded areas represent the period after the synchronization
lines (constant slope lines) are witnessed in the tips' position
trajectories (red for 𝑁 = 16 and blue for 𝑁 = 32). The blue
area is shown on top of the red area which also covers the part
beneath it. The dash lines bounds the growth in the eective
forces due to barely noticeable deviations in the phase slopes
during the coordinated state
16 oscillators at a high damping; 𝑏 = 0.5. The resulted synchronization is found to build up in the direction of the increase of swimming effective forces and hence increasing
the efficiency of propulsion. It is observed that even the undetectable small phase variations during the synchronized
state (after reaching the straight slope lines in the position
trajectories) result in a noticeable gain in the total effective
forces. The periods after synchronization lines appear in the
two models are highlighted in Fig. 9 by the blue- and redshaded areas. Notice that the force gain, that is bounded by
the dash lines in the figure, takes place in during these shaded
periods.
An interesting observation form the force response analysis is the stair-wise increase in the force build-up during the
emergence of coordination. During the early stages, until
approximately 50% of the settling time, the synchronization
build-up is partial and separate segments of synchronized 3
to 4 neighbouring oscillators are formed. However, this is
not reflected as a global increase of the effective swimming
forces. The reason is that there are counteracting segments
that are synchronized in opposite directions (slope angles of
𝛼 and 180 − 𝛼) and therefore, the net propulsion force is not
rising. After this period, a global tendency towards the final
synchronization direction starts to emerge and the effect of
this tendency is then clearly witnessed as an effective force
build-up. The resulted net propulsion force is almost proportional to the number of flaplets in the system.

5.3. Stability of the Synchronization
Since the main goal of the model is to prove the emergence of both synchronization and propulsion, we choose the
total effective force, 𝐹𝑡 (𝑛) defined in equation 9 to study its
long-term behaviour using the Lyapunov criterion. For a
system of 32 oscillators we select 𝐹𝑡 (300) as the position
of rest, 𝐹𝑡 (𝑒). After computing 𝐹𝑡 (𝑛) over a long period
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(𝑛 = 103 ), we find that;
∀𝑛 > 280 ∃𝜖 < 0.01𝐹𝑡 (𝑒) [||𝐹𝑡 (𝑛) − 𝐹𝑡 (𝑒)|| < 𝜖]
This means that starting from any position close enough to
𝐹𝑡 (𝑒), the value of 𝐹𝑡 (𝑛) remains close enough to 𝐹𝑡 (𝑒) and
within a range which does not exceed 1% of its value. Upon
this analysis the synchronized system of 32 oscillator is Lyapunov stable.
A strong correlation could also be noticed between the
initial conditions and the settling time the system takes until
the position of rest is reached. In a robotic swimmer application, it is recommended to include a supervisory controller that can use the real-time model for state forecasting
(as a state observer) and impose a set of initial conditions that
would minimize the settling time. That said, we believe that
even the maximum settling periods reported do not represent a problem in case of a micro-swimmer application. The
smaller the size scale of the swimmer body and the interspacings is, the higher the beating frequency of oscillations
that would keep a low Reynolds number. In recently reported
micro-swimmer studies, the beating frequency reaches up to
60 𝐻𝑧 [29]. This frequency boost would result in a faster
emergence of the required propulsion forces.

6. 2D Flow Visualization
In this section, we experimentally test the system capability to generate a coherent directed transport at the surface
of the oscillators during metachronal coordination. In order to visualize the flow near the flaplet’s surface, a ParticleImage-Velocimetry (PIV) measurement is prepared. Due to
optical obstruction, the flow measurement cannot be carried
out simultaneously while running the vision-based control
loop. Therefore, an open-loop control algorithm is implemented to drive the five motors at a predefined amplitude,
frequency and phase phase difference between each adjacent
couple of motors. We define a general oscillatory profile of
the motors as a triangle-wave form of 𝜃 which is described
as a function of time 𝑡 in the following equation:

𝜃(𝑡) =

(
⌊
⌋)
𝑇 2𝑡 1
4𝐴𝜃
⌊ 2𝑡 + 1 ⌋
𝑡− 𝑐
+
(−1) 𝑇𝑐 2
𝑇𝑐
2 𝑇𝑐 2

(10)

where the symbol ⌊𝑖⌋ is the floor function of the number i
and 𝐴𝜃 is the amplitude of the angular position of the motors.
The trajectory of the 𝑛𝑡ℎ motor’s rotation follows the profile
prescribed by:
𝜃𝑛 (𝑡) = 𝜃(𝑡 − 𝑗𝑇𝑐 (𝑛 − 1)), 𝑛 ∈ {1..5}, 𝑗 ≃ 0.2

(11)

where n is the motor index with the motors ordered from
left to right and j is the cyclic ratio which quantifies the
metachronal-wave phase shift among the oscillators as a factor of the beat cycle 𝑇𝑐 .
The control algorithm is implemented in an NI cRio9074 control unit (National Instruments, Austin, USA) using the LabVIEW FPGA software suite. Fig. 10 shows the
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Figure 10: Schematic of the experimental setup for the Particle

Image Velocimetry measurements. A vertical laser light-sheet
parallel to the X-Y plane and passing through the centre of the
aplets is used along with the shown camera conguration to
record the 2D ow eld around the oscillators while beating in
metachronal coordination
experimental setup which is prepared in order to perform
the PIV measurements for visualizing the flow around the
beating flaplets. A Phantom Miro 310/311 Ametek camera
is used to record the image of the flow around the flaplets.
Fluorescent tracer-particles (50 𝜇𝑚 in radius) are mixed with
the glycerine liquid inside the flaplets’ chamber. A continuous wave argon-ion laser beam (Raypower 5000, 5 W power
at 𝜆 = 532 nm, Dantec Dynamics) is expanded to a lightsheet and used to illuminate the flow in the vertical (X-Y)
plane along the centre of the flaplets. The light scattered by
the particles is then captured and recorded in a synchronized
mode, where the camera is set to capture a single frame per
each beating cycle at the same phase (phase-locked imaging
of the oscillators). Consequently, displaying the successive
frames provides a visualization of the net cyclic transport of
the particles.
The metachronal wave form is set to match the wave that
spontaneously emerged during the closed loop experiment
which is reported here [20] in detail. A total of 105 particle
images are recorded by the camera in a period of approximately 6 minutes. Fig. 11 shows the pathlines followed
by the fluorescent particles while each oscillator is following the wave form prescribed by equation 11. The pathlines show a coherent structure of the flow below the flaplets
which suggests that the flow at the vertical X-Y plane that
passes through the centre of the flaplets can be considered
steady in the present configuration. The figure shows smaller
vortex structures below the flaplets’ surface which arise due
to the fact that the flaplets are close to the bottom wall while
the chamber is closed.
In order to measure the velocity field of the flow, 2D
cross-correlation of the successive frames of the particles is
performed. The resulting time-averaged vector map of the
velocity field of the 2D flow around the oscillators is shown
in Fig. 12. Since the flow below the flaplets is mostly horizontal, we overlaid the vector map with the colour map of
the horizontal component of the velocity 𝑢. As the graph
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7. Conclusion

Figure 11: The pathlines of the tracer particles in the glycerine
uid as the aplets follow the metachronal wave pattern prescribed by equation 11. The image is acquired by overlaying
the frame of the aplets with 5 phase-locked particle images
that are recorded with a frame rate equal to the frequency of
the aplets' oscillatory motion. The direction of the aplet
oscillation at the instance of recording is shown by the white
arrows

Figure 12: Time-averaged vector map of the velocity eld

in a vertical plane around the oscillators while beating in the
metachronal coordination prescribed by equation 11. The color
map overlaid with the graph represents the magnitude and direction of 𝑢 in 𝑚𝑚∕𝑠 (the 𝑋 component of the velocity vectors)

shows, the flow near the flaplets’ surface is roughly coherent
and directed to the left which shows a clear net pumping effect (steady streaming) of the metachronal wave. Since the
flaplets are still, this transport can be a directional measure
of the net cyclic force acting on the flaplets in the X direction.
In the lower part of the flow field near the bottom wall of
the chamber, the fluid is moving to the right direction; opposite to the flow at the flaplets’ tips. This is a consequence
of the conservation of mass in the closed chamber. Adding
horizontal fluid flow in the horizontal layer at the tips in an
otherwise quiescent environment must be counter-balanced
by the generation of another horizontal layer of flow in the
opposite direction. Between the two layers, the fluid shear is
forming the vortices known as the cat’s eye vortices that can
be seen in Fig. 11.
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For low-Reynolds propulsion, we developed a model of a
flat-plate swimmer that consists of rectangular shape-symmetric
flexible oscillators. Each oscillator was modelled as a cantilever beam of a rectangular cross section, that can experience small deflections depending on its material and the
surrounding viscous forces. The control of a single degree
of freedom per each oscillator (the angle of rotation 𝜃) was
used to bound the individual oscillations to a certain amplitude. The viscous interaction forces among the oscillators
and the surrounding fluid were modelled in form of induced
bending deflections at each tip. This resulted in tip trajectories that slightly deviated from the position prescribed by the
driving motor angles. This deviation allowed for the crosstalk to take place throughout the system which is necessary
for the emergence of spontaneous coordination. The control
algorithm was based on the geometric clutch hypothesis that
illustrates the geometrical limits of the oscillations in biological ciliary micro-swimmers.
Starting from random phase relationships, we could show
the emergence of both the hydrodynamic synchronization
and the propulsion for this design of swimmers. The results
of synchronization were compared to the produced data of
a five-oscillator experiment in a viscous environment. The
comparison confirmed similar coordination patterns and time
scales.
The internal states of the model were then combined to
represent the effective global force that acts on the swimmer
due to its body-fluid interaction. The temporal evolution of
the global force showed the emergence of a swimming action
as the system damping goes higher. After reaching the synchronized state, the effective force still showed a remarkable
increase towards its maximum value due to hardly detected
variations in the oscillators’ relative phases. The magnitude
of the net propulsion force was found to be a linear function
of the number of oscillators in the system.
The simplicity of the proposed model’s design allows
for its application in different scales and environments. The
flexible oscillator is a rotating flat plate attached to a rotary
motor. The deflection induced at the oscillator tip, due to the
surrounding viscous forces and the neighbouring oscillators,
is isotropic. Several actuation mechanisms can be used to
drive the rotary motion. The linearity of the model and the
observability of its internal states nominate it for real-time
observer applications. Moreover, the model can be utilized
for the forecasting of the settling time and the direction of
the resulting forces due to a set of initial conditions.
Furthermore, the stability of the emerged synchronization in the introduced model was analysed. To begin with,
the synchronization was defined as a constant phase difference between each neighbouring couple of oscillators in the
beating system. This state was recognized by a constant
slope (straight uni-coloured lines) in the position trajectories plots. It was observed that once the system formed this
coordinated pattern, partially or globally, it kept this state
from there on. However, after analysing the emerged swimming force, we found that it still tended to increase up to its
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maximum value even after the first synchronization lines appeared. Accordingly, we applied the Lyapunov stability criterion on the resulted swimming forces. The long-term study
showed that the system is Lyapunov stable as the value of the
induced force, starting from any position close to its rest position, remained close enough to that steady-state value for
the rest of the study period.
At the end, we experimentally measured the 2D velocity field of the flow around the oscillators while beating in
metachronal coordination (𝑗 ≃ 0.2) using Particle Image
Velocimetry. The results showed a uni-directional steadystreaming transport of the fluid at the surface of the oscillators which can be translated into an effective propulsion
force if the oscillators were attached to a body that is free to
move.

Figure 13: (a,b) Schematic view of the oscillator model as a

A. Derivation of the Mathematical Model
At very low Reynolds numbers 𝑅𝑒 ≪ 1, analytical expressions that describe the motion of slender bodies in Stokes
flow can be used to mathematically represent interacting oscillatory systems. The reader is referred to the study here
[30] which examines the hydrodynamic behaviour of a slender ribbon in the Stokes flow, and the study presented in [6]
which investigates the unsteady Stokes flow around oscillatory slender bodies. The analysis performed there can be of
interest in modelling the hydrodynamic interaction among
oscillating elements in that Reynolds regime. On the other
hand, at a Reynolds number close to unity, the effect of inertial forces cannot be completely neglected. Therefore the
Stokes flow expressions are less relevant in our present study
where Re ∈ [0.1, 1].
The model described herein is derived on the basis of a
dynamic system of which the steady-state variables are identified from theory and the experiments. This model is then
rendered in Matlab Simulink to simulate the time-varying
behavior of the system under given initial conditions (angle 𝜃 at time 𝑡 = 0). The model assumes a linear superposition of the bending contributions (self-oscillations and
viscous coupling) and a first order response for their buildup. The dynamic behaviour of each oscillator is modelled
as a second order response of a one-sided clamped EulerBernoulli beam. The different contributions to the mathematical model are given below.

The steady-state of the cantilever beam is represented by
the total deflection of the tip 𝛾(𝑙). Fig. 13 shows the model
beam and its curvature parameters in response to an applied
load. The radius of curvature of the deflected beam is inversely proportional to the bending moment, 𝑀, applied on
it [5]. By relating the beam deflection to the radius of curvature, we end up with the differential equation of static beam
deflection (Eq. 12).
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where 𝛾(𝑡 → ∞) is the steady state deflection, 𝐸𝐼 is the flexural rigidity of the oscillator, 𝐻𝑠 is the shear load and 𝑞(𝑥)
is the distributed load per unit length acting normal to the
x-z face of the flaplet. Equation 12 can be solved to find an
expression of the steady-state deflection of the beam’s tip for
a given load profile. The latter is composed of two contributions, first the load due to the drag-forces acting on the flap
while rotating in the viscous liquid and secondly the effect of
the neighbouring oscillators on the pressure and velocity due
to viscous coupling. Given that the beam differential equation, Eq. 12, is linear, the principle of superposition holds.
It means that the steady-state total deflection of a beam can
be represented as the summation of the individual deflection
amounts of multiple decoupled forces. Eq. 13 describes the
total steady state deflection of a flaplet, 𝛾 as the sum of 𝛾𝑜∗
∗ due to
due to its own rotation in the viscous medium and 𝛾𝑟,𝑙
its interaction with the right and left neighbouring oscillator.
𝛾 ∗ (𝑡 → ∞) = 𝛾𝑜∗ (𝑡 → ∞) +

Steady-State modelling

𝑑𝐻𝑠
𝑑 2 𝛾(𝑡 → ∞) 𝑀(𝑥) 𝑑 2 𝑀
=
,
=
= 𝑞(𝑥)
𝐸𝐼
𝑑𝑥
𝑑𝑥2
𝑑𝑥2

simple beam (c) the curvature of deection and strain parameters in the x-y plane. The deection of the oscillator is magnied in the gures for better visibility. The actual deection
does not exceed 5% of the total length. The coordinate system
(x,y,z) introduced here is attached to the oscillator and inherits
its orientation while the global coordinate system (X,Y,Z) is
presented in Fig. 10

∑

𝛾𝑖∗ (𝑡 → ∞)

(13)

𝑖∈{𝑙,𝑟}

Force Contribution Due to Rotation in a Still Fluid
Considering the case when the flaplet is freely rotating
inside the glycerine liquid. Note that the background fluid
in this case is considered still, therefore 𝑣𝑟 = 𝜔𝑥 when the
flaplet is rotating with an angular speed of 𝜔. The load profile on the oscillator at Re ∈ [0.1, 1] can be derived from
the drag coefficient of a flat rectangular plate , which is experimentally investigated in [27] for Re< 2 and found to be

(12)
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Figure 14: CFD model results of the normalized pressure dif-

ference between the x-z faces of a aplet that rotates inside
the viscous medium at a Reynold number of Re≃0.2

Figure 15: Normalized deection magnitude of a rotating
inversely proportional to the Reynolds number, Eq. 14 [27]:
𝜅𝜇
𝜅
1
=
→ 𝑞(𝑥) = 𝜌𝑤𝐶𝑑 𝑣𝑟 2
𝑅𝑒 𝜌𝑣𝑟 𝑙
2
𝑞(𝑥) = −𝑅⟂ 𝑣𝑟
𝐶𝑑 =

(14)

where 𝜌 is the fluid density and 𝑣𝑟 is the velocity of the body
relative to the background. Similar to the resistance definition in Stokes flow, we combine the factors leading the relative velocity in eq. 14 as the resistance drag coefficient −𝑅⟂
in direction normal to the surface and use it in the following
analysis (the negative sign indicates that the direction of the
drag force is opposite to the direction of the local relative
speed). Eq 14 suggests that the load q(x) acting on the rotating plate at this regime is directly proportional to its speed
𝑣𝑟 = 𝜔𝑥 and therefore varies linearly along the flap 𝑞(𝑥) ∝ 𝑥.
In order to validate this assumption and to show that the
load is constant along the span a CFD numerical model of the
flaplet was generated inside the ANSYS Workbench multiphysics platform. The Finite Volume Fluent Solver was used
to solve the Navier-Stokes equations and capture the pressure
field on the flaplet while rotating at a Reynolds number of
Re≃0.2. Fig. 14 shows the CFD results of the pressure field
on the x-z face of the flaplet while rotating in the glycerine
fluid. The dimensionless notations, 𝑝∗ and 𝑥∗ are used where
𝑝∗ = 𝑝∕𝜌(𝜔𝑙)2 and 𝑥∗ = 𝑥∕𝐴.The figure shows a linear fit
that fairly describes the load distribution along the flaplet’s
length.
Finally, the solution to eq 12 with the boundary conditions 𝐻𝑠 (0) = 𝑀(0) = 𝛾(0)
̇
= 𝛾(0) = 0 provides the magnitude of deflection at a distance 𝑥 from the flaplet’s root in
the direction opposite to the local velocity at this point:
𝑞(𝑥) = −𝑅⟂ 𝑣𝑟 = −𝑅⟂ 𝜔𝑥
𝑅⟂
𝛾𝑜 (𝑥, 𝑡 → ∞) =
𝜔𝑥5
5! 𝐸𝐼
𝜔0 𝑅⟂
(15)
𝐴 5! 𝐸𝐼
In order to evaluate the deflection magnitude for a given
𝜔, the value of 𝐶 is experimentally identified. Therefore, we
record the tip deflection of a flaplet while rotating in glycerine with different speeds. Fig. 15 shows the relation between
the normalized deflection at the tip and the different angular speeds. The linear fitting line provides the missing value
𝛾𝑜∗ (𝑥, 𝑡 → ∞) = −𝐶𝜔∗ 𝑥5 , 𝐶 =
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aplet in glycerine as a function of its normalized angular
speed. The bar lines indicates the deviation of the dynamic
deection from its mean during a single beat cycle
given in Eq. 16. We only consider the deflection at the tip;
𝑥 = 𝑙 in our model. Therefore, we will represent the deflection as a function of time only; 𝛾 ∗ (𝑙, 𝑡) = 𝛾 ∗ (𝑡).
𝛾𝑜∗ (𝑡 → ∞) = −0.0145𝜔∗ , 𝐶 = 1.4 × 105

(16)

Force Contribution Due to Viscous Interaction
The effect of viscous interaction on the flap bending depends on the distance 𝑟 between the tips of two neighbouring
flaplets. A further experiment was done, where we allow two
neighbouring flaplets (one is rotating and the other is still;
Δ𝜔 = 𝜔0 ) to interact in the viscous fluid and we measure the
deflection at the tip of the still flaplet. Fig. 16 shows a plot of
the normalized deflection of the tip, 𝛾 ∗ (𝑙), as a function of 𝑟∗ .
For simplification, we fit a linear function to the part of the
curve where 𝛾 ∗ (𝑙) > 0.02. We can then take 𝛿𝑟∗ ≃ 1 beyond
which the interaction is considered constant; 𝛾 ∗ (𝑙) = 0.013
as highlighted on the plot. Since 𝑟∗ = 2 is the maximum the
distance between the neighbouring flaplets can get, we do
not account for the domain 𝑟∗ > 2. For the given configuration in the experiment, 𝛿 is the boundary limit beyond which
the effect of an oscillator rotation on its neighbour deflection
at the tip is almost constant.
As described in section 3.2, the variation of the phase relationships among the flaplets until they reach coordination
is dependent on the deflection values at the their tips. Fig.
16 shows that the deflection of a still flaplet due to the rotation of its neighbour can reach up to 10% of the oscillation
amplitude. This observation highlights the significance of
the viscous interaction among the flaplets in the emergence
of their self-assembly.
According to the experimental result shown in Fig. 16,
we can approximate the bending interaction of a flaplet due
to a rotating neighbour with the following definition:
{
0.013𝑑𝑟,𝑙
𝑟∗𝑟,𝑙 > 1
∗
𝛾𝑟,𝑙
(𝑡 → ∞) =
𝑑𝑟,𝑙 (−0.082𝑟∗𝑟,𝑙 + 0.095) 𝑟∗𝑟,𝑙 ≤ 1
𝑑𝑟,𝑙 =

Δ𝜔
𝜔0

(17)
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Figure 17: The model of the exible at-plate oscillator as a

mass-spring-damper system

Figure 16: Normalized deection of a still aplet due to the ro-

tation of its neighbour as a function of the normalized distance
between their tips. The ramp dashed line is a linear t for the
deection values that are greater than 2% of the oscillation
amplitude. From there the deection is considered constant.
in which 𝑑𝑟,𝑙 is a dimensionless factor that accounts for the
direction of the rotational speed of the right/left neighbour,
𝜔𝑟,𝑙 , relative to the flaplet’s self rotation, 𝜔. This linear approximation for the two different domains allows for the use
of the principle of superposition.

tip can be represented by:
)]
[
(
𝜆1
𝜆2
𝜆1 𝑡
𝜆2 𝑡
∗
∗
𝑒 +
𝑒
(19)
𝛾𝑡 (𝑡) = 𝛾 1 −
𝜆2 − 𝜆1
𝜆1 − 𝜆2
√
𝜆1 , 𝜆2 = −𝜁 𝜔𝑛 ± 𝜔𝑛 𝜁 2 − 1
In order to identify the value of 𝜔𝑛 at low Reynolds numbers, we refer to the first mode of vibration of the EulerBernoulli beam model [26].
√
𝐸𝐼
𝜔𝑛 = 3.5161
𝑚𝑡 𝑙3

in which 𝑚𝑡 is the total inertia of the oscillating mechanism.
The oscillator while moving is forcing a part of the liquid
mass
to move along with it. This leads to an increase in
Dynamics Modelling
the total effective inertia and consequently a lower output
The system dynamics can be divided into two time-invariant frequency [48]. The above relation becomes:
dynamic systems that describe the oscillator as well as its
√
3.5161
𝐸𝐼
surrounding viscous medium. In this section the two mod𝜔𝑛 =
(20)
2
els are deduced and identified using results from the experi𝜌𝑜 𝑏ℎ + 𝜇𝑎
𝑙
ments.
where 𝜌𝑜 is the oscillator density, 𝑏 is its width, ℎ is its
thickness and 𝜇𝑎 is the added mass per unit length.
Fluid Dynamics
According to [31, 25], the added mass density of a rectThe unsteady behaviour of the fluidic forces on the bendangular plate due to the presence of the viscous fluid can be
ing is represented by a first-order system as the system is inapproximated by:
vestigated at low Re-number and dominated by viscous diffusion. This considers the time-constant of the build-up of
𝜇𝑎 = 0.6𝜌𝑓 𝑙0.5 𝑏1.5
the deflection forces induced by the rotation of the flaplet
where 𝜌𝑓 is the liquid density. By substituting the value of
in the viscous medium and its interaction with the neigh𝜇𝑎 in equation 20, we get 𝜔𝑛 = 32.3.
bouring oscillators. This leads to a transient response of the
We then experimentally investigate the response of the
deflection (𝛾) :
flexible oscillator due to an initial imposed small deflection
𝑡
at its tip, 𝛾(0) = 0.05𝑙. Using a high-speed camera, we could
𝛾 ∗ (𝑡) = 𝛾 ∗ (𝑡 → ∞)(1 − 𝑒 𝑇 )
(18)
capture the response of the oscillator in the viscous fluid as
shown in Fig. 18. We can then estimate the period that the
The time constant, 𝑇 , is tuned to best match the experimental
tip takes to reach within a range of 5% of 𝛾(0) around its
response described in the section 4.2 and is found to be at
position
of rest. This period represents the settling time of
least one order of magnitude lower than the characteristic
the
damped
system, 𝑇95% = 0.026𝑇𝑐 , where 𝑇𝑐 is the cycle
cycle period.
period.
The damping coefficient, 𝜁 , is then tuned to achieve the
Oscillator Dynamics
same settling time in the proposed second order model. The
The proposed cantilever beam model, shown in Fig. 17,
optimum value of 𝜁 is then found to be 𝜁 = 1.04.
is a second order dynamic system which is analogous to a
Accordingly, the values of 𝑘, 𝑚 and 𝑏 can be calculated
mass-spring-damper system. This representation is well esassuming that the spring stiffness 𝑘 = 3𝐸𝐼∕𝐿3 [10]
tablished and can be derived from the Euler-Bernoulli beam
√
theory and used as a reduced order model of the oscillator
𝑘
𝑏
[42, 4]. The final response of the deflection of the oscillator
, 𝜔𝑛 =
2𝜁 𝜔𝑛 =
𝑚𝑒𝑓 𝑓
𝑚𝑒𝑓 𝑓
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Figure 18: Measured response of the oscillator's tip in the

glycerine liquid due to an initial imposed deection; 𝛾(0)
𝑚𝑒𝑓 𝑓 = 3.4 ∗ 10−3 , 𝑏 = 0.22, 𝑘 = 3.54
𝑓𝑚 = 𝑘𝛾
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