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Abstract. This paper presents preliminary experimental results from a novel shaking table test-
ing campaign investigating the dynamic response of a two-degree-of-freedom (2DOF) physical
specimen with a grounded inerter under harmonic base excitation and contributes a nonlinear
dynamic model capturing the behavior of the test specimen. The latter consists of a primary
mass connected to the ground through a high damping rubber isolator (HDRI) and a secondary
mass connected to the primary mass through a second HDRI. Further, a flywheel-based rack-
and-pinion inerter prototype device is used to connect the secondary mass to the ground. The
resulting specimen resembles the tuned mass damper inerter (TMDI) configuration with
grounded inerter analytically defined and numerically assessed by the authors in a number of
previous publications. Physical specimens with three different inerter coefficients are tested on
the shake table under sine-sweep excitation with three different amplitudes. Experimental fre-
quency response functions (FRFs) are derived manifesting a softening nonlinear behavior of
the specimens and enhanced vibration suppression with increased inerter coefficient. Further,
a 2DOF parametric nonlinear model of the specimen is established accounting for non-ideal
inerter device behavior and its potential to characterize experimental response time-histories,
FRFs, and force-displacement relationships of the HDRIs and of the inerter is verified.
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1 INTRODUCTION

Passive vibration suppression in dynamically excited building structures is commonly im-
plemented through one, or a combination, of the following three types of devices: dampers,
vibration isolators, and dynamic vibration absorbers or tuned mass dampers (TMDs). In recent
years, inerter-based passive vibration suppression configurations emerged, the most widely
considered being the tuned viscous mass damper (TVMD) [1], the tuned inerter damper (TID)
[2] and the tuned mass damper inerter (TMDI) [3, 4], by coupling dampers and TMDs with an
inerter. The latter is a device developing acceleration-dependent force proportional to a con-
stant termed inertance and assuming mass units [5]. Through pertinent numerical work, it was
established that these configurations achieve secondary attached mass reduction and/or im-
proved vibration control efficiency in fixed-based (e.g., [6-7]) as well as in base isolated build-
ing structures (e.g., [8, 9]). Moreover, Basili et al. [10, 11] demonstrated the effectiveness of
linking adjacent building structures through inerter-based connections to improve their perfor-
mance to dynamic loads.

All the above theoretical studies adopted linear structural models and assumed that the in-
erter behaves as an ideal linear mass-less mechanical element with arbitrarily high inertance as
defined by [5]. Nevertheless, prototyped inerter devices deviate from the ideal inerter behavior
due to various effects dependent on the specifications, operational frequency range, and tech-
nology used to implement the inerter (i.e., mechanical, hydraulic, or fluid-base inerters). In this
regard, lately, the influence of non-ideal inerter behavior to the vibration suppression potential
of various inerter-based configurations has been quantified either numerically, by representing
inerter elements using nonlinear force-deformation relationships fitted into experimental data
(e.g., [12, 13]), or experimentally (e.g., [14, 15]). Still, research work accounting for non-ideal
inerter behaviour has thus far exclusively considered linear structural behaviour whereas in
several applications, notwithstanding earthquake engineering, structures as well as absorbers
may behave in a nonlinear fashion.

To this end, this paper contributes a first study examining experimentally, through shaking
table testing, the behavior of a TMDI with a grounded non-ideal inerter device, attached to a
base-excited single-degree-of-freedom (SDOF) structure in which the structure as well as the
TMDI behave nonlinearly. A nonlinear numerical model of the physical specimen is also de-
veloped and its capacity to capture the response of the physical model is verified by comparison
with experimental data. The remainder of the paper is organized as follows: Section 2 describes
the physical model, shaking table setup, and instrumentation used in the experimental testing;
Section 3 reports and discusses frequency response functions from experimental data; Section
4 fits experimental data to an appropriately defined parametric nonlinear model characterizing
the nonlinear structural response behaviour; Section 5 summarizes concluding remarks.

2 PHYSICAL MODEL, SHAKING TABLE SETUP, AND INSTRUMENTATION

A custom-built test specimen (physical model) is used throughout this paper approximating
the lumped-mass two-degree-of-freedom (2DOF) numerical model of a TMDI-equipped SDOF
structure with grounded inerter defined in [3, 4]. An annotated photo of the specimen mounted
on the uni-axial shake table in the Materials Testing Laboratory at Sapienza, University of
Rome, is shown in Figure 1 together with a cross-section along the excitation axis. The speci-
men comprises: (1) a SDOF primary structure (PS) consisting of the primary mass, m~=125kg,
materialized by two mild steel plates (78cm>x68cmx1.5cm) bolted together and connected to
the ground (shake table) through a primary high damping rubber isolator (HDRI), (ii) a TMD
consisting of the secondary mass, mr= 10kg (i.e., mass ratio u=mr/m; 8%), materialized by a
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80cm long steel beam with hollow rectangular cross-section (10cmx5cm and 3mm wall thick-
ness), connected to the PS (primary mass) through a secondary HDRI, and (iii) an in-house
built inerter device connecting the TMD (secondary mass) to the ground/shake table. Both
HDRISs are cylindrical with specifications: 58mm of diameter, 80mm of height, and 54mm total
rubber thickness (27 rubber layers of 2mm thickness each). The inerter device uses a rack-and-
pinion mechanism to drive a flywheel through an off-the-shelf gearbox [4]. Three different
nominal inertance values, b, or inertance ratios, f=b/mi, are considered: f/=0.1% (negligible
inertance with no flywheel, NF case); £2=38.3% or b2=47.9kg (intermediate inertance with one
spur gear flywheel, IF case, shown in Figure 1); £3=76.5% or b3=95.6kg (large inertance with
two spur gears flywheel, LF case). Further details on the specifications and the assembly of the
inerter device are found in Pietrosanti [16].

secondary isolator
sécondary mass

T ™~

primary
isolator

b Shaking table _J

Figure 1: (a) Photo of the experimental setup and arrangement of instrumentation, (b) Longitudinal cross-section
of the physical TMDI-equipped SDOF model with grounded flywheel-based inerter.

The experimental setup used to test the physical model is instrumented with 5 piezoelectric
accelerometers indicated in Figure 1(a) as follows: one placed on the shake table measuring

input horizontal (ground) acceleration, ii;; two placed at the two ends of the primary mass plate

(tOt) and il(mt) from which total primary mass re-

( (tot) + (“’t)) /2; one placed on the secondary

mass beam measuring total horizontal acceleratlon u(T ot) ; and one placed at the inerter support

measuring total horizontal acceleration, i;

tot
sponse acceleration is obtained as u( ) =

measuring total horizontal acceleration iigoc). From the last two accelerometers, the relative
acceleration of the secondary mass is obtained as ii; = ;tOt) (wt) . Further, three displace-

ment sensors are used measuring relative displacement between (a) the shake table and the lab
floor (fixed reference point), u;, (b) the primary mass and the shake table mass, u;, and (c) the
secondary mass and the primary mass, uy; = uy — u;. From the last two measurements, the
deflection of the primary structure is obtained as u; = u; + uy;. Finally, a load cell is used to
measure the force transmitted by the inerter to the shaking table, Fg. Using this load cell meas-
urement, it is possible to obtain the inerter device force as Fg = Fz + mBiigOC), where mp is
the mass of the inerter device and its support equal to 16.7kg for NF case, 18.8kg for IF case,
and 20.9kg for LF case. Then, the resisting forces at the primary and the secondary HDRIs can

be retrieved as F = —Fp mTu(th) and F; = Fp — m,ill(wt), respectively.

3 FREQUENCY DOMAIN EXPERIMENTAL RESPONSE CHARACTERIZATION

The above physical TMDI-equipped SDOF models are subject to a set of constant ampli-
tude sine-sweep shake table excitations with increasing and decreasing stepped frequency
changes at 0.05Hz near system resonant frequencies and at 0.1Hz away from resonant frequen-
cies within the range [1Hz 10Hz]. At each step, 20 full excitation cycles are considered to reach
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steady-state response conditions. Appropriate displacement-controlled excitation signals are
used to achieve three different peak ground acceleration values: PGA=0.05g, 0.10g and 0.15g.

Typical selective total response acceleration time-histories of the primary mass are plotted
in Figure 2 for sine-sweep excitation with PGA=0.10g amplitude. For the uncontrolled PS (no
TMDI attached), it is seen that response time-histories for sine-sweep excitation with increasing
and decreasing frequency do not overlap while the peak response (i.e., dynamic amplification)
is higher and occurs earlier for the sine-sweep with decreasing frequency demonstrating a sof-
tening nonlinear behavior of the primary HDRI (Figure 2(a)). However, the TMDI-equipped
PS responds in an almost linear fashion attaining reduced peak amplitude by about 50% com-
pared to the uncontrolled PS. The response of the latter 2DOF structure attains two local peaks
at different time instants corresponding to two resonant frequencies (Figure 2(b)), while its first
local peak occurs earlier in time than the (single) local peak of the PS in Figure 2(a) indicating
a shift of the PS resonant frequency to lower frequencies due to the attached TMDI.

Decreasing frequency

PS

Increasing frequency ‘

PS+TMDI

6 |

-6 T T T -6 T T T
0 170 340 510 680 0 170 340 510 680
(a) t[s] (b) ts]

. . . . . .. (tot . . . . . . .
Figure 2: Time histories of PS acceleration, u,( ), under sine-sweep excitation with increasing and decreasing

frequency for: (a) uncontrolled PS and (b) PS+TMDI (S, = 0.383, PGA = 0.10g).

The nonlinear behavior of the physical model and its resonant frequencies are further traced
in the frequency domain in Figure 3 plotting experimental PS displacement and acceleration
frequency response functions (FRFs) for different excitation amplitudes (PGA) and inertance
ratios (f) normalized by the excitation FRF. It is seen that resonant structural frequencies reduce
as the excitation amplitude (PGA) increases (location of peak FRF values shift to the left) con-
firming an overall softening nonlinear system behavior. It is further seen that TMDI effective-
ness in suppressing PS deflection increases with increasing inertance, though this is not neces-
sarily true for PS response acceleration to broadband or to high frequency (above 4Hz) narrow-
band excitations which confirm analytical results reported in [9].
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Figure 3: Normalized FRFs of displacement and acceleration of PS for various: (a-b) amplitudes for TMDI con-
trolled PS with fixed ,=38.3%; and (c-d) inertance ratios for fixed PGA=0.10g.
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4 NONLINEAR NUMERICAL MODELING AND ASSESSMENT

A nonlinear parametric 2DOF numerical model is developed to capture the response of the
physical model in Figure 2 under shaking table excitations examined in previous sections. The
DOFs of the model correspond to lateral deflections of the primary and secondary masses, u;
and ur, respectively, as shown in Figure 4(a). A linear dashpot in parallel with a nonlinear
elastic spring, observing a parametric polynomial expression (see e.g., [17]), are used to repre-
sent the two HDRIs as per the following force-deformation relationships

_ 2o: 3 o
Fgr = kyup — kyupsign(uy) + kspuyp, Fpp = ¢y
_ 2 o 3 _ . .
Fer = kypupy — kppuggsign(urp) + kspuy, Fpr = cp(ip — 1)

(1)

where Fg; and Fp; are the resisting forces of the nonlinear spring and the dashpot, respectively,
of the primary HDRI, and Fg  and Fp; are the corresponding forces of the secondary HDRI.
In the last expressions, kj; and k;r (j=1,2,3) are coefficients characterising the behaviour of the
primary and secondary nonlinear spring, respectively, while ¢; and c¢; are the damping coeffi-
cients for the primary and secondary isolators, respectively. Further, a dot over a symbol de-

notes time differentiation and sign(x) = 1 for x > 0 and sign(x) = —1 for x < 0.
(a) O] A
- 4
1, Z ,,,,,,,,,,,,,,,,,,,, F,
4_/ r, ks 81.._81 ‘]B : T
7 e - v } Uy
0 Cq O G C3 3

Figure 4: (a) Nonlinear 2-DOF numerical model characterizing the physical system of Figure 1 (an arrow above
an element indicates nonlinear element behaviour), (b) Nonlinear mechanical model of the rack-and-pinion fly-
wheel-based inerter included in the physical model.

Moreover, the inerter device is represented by the mechanical model in Figure 4(b) dis-
cussed in detail by [16], where 7, is the radius of the pinion transforming the translational into
rotational motion, Jp is the flywheel moment of inertia, f;, is the coefficient of the coulomb
friction element accounting for friction effects of the rack-and-pinion device mechanism, ¢z is
the dashpot damping coefficient accounting for parasitic damping in the device, and ¢/ and &2
are the clearances of the double-sided backlash gap element accounting for the so-called “play
effect” of the inerter (see e.g., [18]). The latter gap element is connected in series with a visco-
elastic element, following the work Papageorgiou et al. [19], with stiffness ks and damping cs.
Ultimately, three different internal rotational DOFs, 6p, s, and fc, shown in Figure 4(b) are
used to define the torques developed in the inerter mechanical model given as

TP = kS(HS - HP) + Cs(és - ep) and TG =]BéG + CBéG/ (2)

where p = uy/rp. The nonlinear force-deformation relationship characterizing the behaviour
of the prototype non-ideal inerter device is written as [16]

Fg = fysign(ur) + Tp/rp (3)

where
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TP=TGS0 for 06_05'=_£1
TP = TG =0 for —&1 < 96 - 65 < &y (4)
Tp:TGZO for GG—95=£2

Having defined analytically force-deformation relationships for the HDRIs and the inerter
device, equations of motion of the nonlinear 2-DOF numerical model in Figure 4 are written as

)

m,ﬁl + FI = _mIﬁG + FT
meily = —myilg — Fg — Fr

where F; = Fg; + Fp; and Fr = Fgp + Fpr.

A standard least-squares optimization problem is formulated and numerically solved to de-
termine the total of 8 coefficients involved in the definition of the two HDRIs of the physical
model by minimizing the sum of the squared differences between experimentally and numeri-
cally obtained FRFs in terms of PS deflection and acceleration, secondary mass deflection, and
inerter force. Results are as follows: k;; = 5.00 X 10* N/m, k,; = 1.52 X 10® N/m?, k3, =
1.90 X 10* N/m3, ¢; = 538.13 Ns/m, ky;r = 6.03 x 10* N/m, k,r = 3.87 X 105 N/m?,
kir = 1.94 X 10° N/m3 and ¢; = 409.15 Ns/m. In determining the above values, the 8 pa-
rameters involved in the nonlinear force-deformation relationship of the inerter prototype were
taken as: f, = 7.3 N, rp = 0.018 m, J5 = 1.55 X 1072 kgm?, kg = 187.16 Nm/rad, cs =
0.85 Nms/rad , &, = 0.0084 rad, &, = 0.0056 rad and cg = 0.03 Nms/rad, based on ex-
perimental component testing data detailed in [16].
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Figure 5: Comparison of experimental and numerical normalized FRFs of TMDI controlled PS with inertance
ratio B = 0.383 under sine-sweep excitation with PGA = 0.10g.
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Figure 6: Comparison of experimental and numerical force-deformation curves for of TMDI controlled PS with
inertance ratio f = 0.383 under sine-sweep excitation with PGA = 0.10g and at resonant frequency 2.25 Hz.
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Figure 7: Comparison of experimental and numerical time history of acceleration of inerter for TMDI controlled
PS (B = 0.383) under sine-sweep excitation with PGA = 0.10g and at resonant frequency 2.25 Hz.

Figures 5-7 compare various experimental and numerically derived FRFs, force-defor-
mation relationships, and response time-histories. Evidently, the developed 2DOF nonlinear
dynamic model captures well the experimental data and can faithfully represent the response of
both the PS and the TMDI control system. This verification gives confidence to the quality and
validity of the experimental data presented in Section 3 and their interpretation.

S CONCLUSIONS

Preliminary results from a novel shake table testing campaign were presented involving a
physical specimen of TMDI-equipped SDOF structure with a custom-built rack-and-pinion fly-
wheel-based grounded inerter exhibiting nonlinear structural behavior under harmonic excita-
tion with varying frequency. Further, a 2DOF nonlinear numerical model of the test specimen
was considered accounting for non-ideal inerter device behavior and for nonlinear elastic re-
sponse of the specimen and was successfully fitted to experimental data through the solution of
a least-squares optimization problem. Experimental parametric analyses for different excitation
amplitude and inertance property confirmed results from previous theoretical studies, assuming
linear structural response and ideal inerter behaviour, for the herein studied inerter-equipped
system. That is, the system becomes more flexible (resonant frequencies reduce) and the TMDI
becomes more effective in suppressing primary structure motion as nominal inertance increases
despite deviations from the ideal inerter behavior. Moreover, the fact that the nonlinear numer-
ical model, which considers well-established in the literature force-deformation relationships
for the isolators and for the inerter, was able to capture satisfactorily experimental response data
appraises positively the validity of the undertaken experimental campaign and the rationality of
the obtained experimental results. Further experimental shake table testing data, not included
herein due to space limitation, will be disseminated in future publications by the authors.
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