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ABSTRACT: Reflexive polygons have been extensively studied in a variety of contexts in
mathematics and physics. We generalize this programme by looking at the 45 different
lattice polygons with two interior points up to SL(2,Z) equivalence. Each corresponds
to some affine toric 3-fold as a cone over a Sasaki-Einstein 5-fold. We study the quiver
gauge theories of D3-branes probing these cones, which coincide with the mesonic moduli
space. The minimum of the volume function of the Sasaki-Einstein base manifold plays
an important role in computing the R-charges. We analyze these minimized volumes with
respect to the topological quantities of the compact surfaces constructed from the polygons.
Unlike reflexive polytopes, one can have two fans from the two interior points, and hence
give rise to two smooth varieties after complete resolutions, leading to an interesting pair

of closely related geometries and gauge theories.
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1 Introduction

The worldvolume theory of a stack of D3-branes probing a toric Calabi-Yau (CY) cone-

type singularity is a 4d N' = 1 supersymmetric gauge theory. Such gauge theories can be

represented by quivers in which the bifundamental matter contents and the superpotentials

are encoded' [1]. Each toric CY3 corresponds to a toric diagram which is a 2-dimensional

!Saying this, we should bear in mind that the superpotential is generally additional data for defining a

theory, unless we are considering periodic quivers for toric theories.



Db | x x x x X X

NS5 | x X X x — X —

Table 1. The brane configuration of D5 and NS5 branes.

lattice polytope, viz, a lattice polygon. The geometry of the CY3’s can thus be studied via
their toric diagrams.

Hence, it is natural to expect that there are some connections between the quivers and
toric diagrams. From one diagram, we can find the other following the approaches in [2, 3].
Given a quiver diagram, the process of finding the toric diagram is called the forward
algorithm. Conversely, obtaining quivers from a toric diagram is known as the inverse
algorithm. Generally speaking, the correspondence between the two kinds of diagrams is
often one-to-many. A toric diagram may give rise to more than one quivers while many
quivers can have the same toric diagram. As a matter of fact, these quiver theories are
related by toric duality, which can be understood as Seiberg duality in the toric phases [1, 4].

If we consider the back reaction to the geometry from D3s, then we get an AdS near-
horizon geometry. As a result, the gauge/gravity duality [5] gives another point of view to
the above problem. The 4d N = 4 SYM theory is related to the string theory in AdSxS°.
If we replace the 5-sphere with a Sasaki-Einstein manifold Y of real dimension 5, then the
SUSY is broken down to N' =1 [6, 7].

In fact, we can use type IIB brane configurations to study this. Consider D5-branes
suspended between an NS5-brane wrapping a holomorphic surface ¥ as tabulated in table 1.
Then the Newton polynomial of the toric diagram defines this holomorphic surface. The
system is compactified along directions 5 and 7 on a torus T2. After performing a T-duality
on each of these two directions, the D5s would be mapped back to D3s probing the CY
3-fold.

We can draw a 5-brane web diagram on T2. The dual graph of the web diagram is
then a bipartite periodic graph on the torus. Such dual graphs are known as dimers/brane
tilings [8-12]. With the help of brane tilings, we are able to bridge the toric diagrams and
the quivers.

Similar stories also happen in other dimensions. Under n T-dualities, the system of
D(7 — n)-branes suspended between an NS5 wrapping a holomorphic n-cycle, where the
branes meet in a T", corresponds to D(7 — 2n)-branes probing CY,y; [13]. These are
related to various topics in different dimensions, such as Chern-Simons theory [14-18],
brane brick models [19-22], triality [23], quadrality [24] and so forth.

For reflexive polytopes, the cases are very well-studied in [13, 25, 26]. In this paper,
we will try to extend these to non-reflexive cases, in particular, polygons with two interior
points. Up to SL(2,Z) equivalence, there are 45 such polygons (5 triangles, 19 quadrilater-
als, 16 pentagons and 5 hexagons). They are found in [27] and we list them in appendix A,
as well as their volume functions in appendix B. Hence, we will apply the inverse algorithm
to get the corresponding gauge theories. Most of the toric varieties are related to known



families including C?, (generalized) conifolds (C) [28, 29], suspended pinch point (SPP),
YP4 [30-33], L¥*¢ [34], XP? [35] and (pseudo) del Pezzos ((P)dP) [2, 36-38]. When orb-
ifolding a space, the orbifold action can be determined via Hermite normal forms and
barycentric coordinates [39, 40]. In particular, some of the quivers and superpotentials are
studied in previous literature, such as Y>Y in [41] and toric diagrams up to (normalized)
area 8 in [42]. In [43-45], some of the toric diagrams are studied from 5d SCFT perspec-
tive. The number of interior points is the rank of the 5d SCFT, which sheds light onto the
classification of 5d SCFTs.

We start by briefly reviewing the relevant background of quivers and volume mini-
mizations in section 2. Then in section 3—6, we report the gauge theories obtained from
inverse algorithm. Since many toric diagrams correspond to a large number of quivers, we
will present only one toric quiver for each polytope. Some more toric quivers in different
phases are presented in appendix D. In section 7, we will turn to the compact surfaces
constructed from these toric diagrams. The relevant topology can be related to the volume
minization which plays an important role especially in R-symmetry. Finally, we will make
a summary and discuss possible future directions in section 8.

Nomenclature
A : convex lattice polytope
X(A) : compact toric variety corresponding to A;
if A C Z", then X(A) is of complex dimension n
X = )?(\A/) : complete resolution of X (A)
X;(A) :  compact toric variety;
obtained from choosing the i*'-grade point as the origin
)?R_A/) : toric variety X;(A) with a further blow-up
X : affine CY cone over A;
if A C Z", then X(A) is of complex dimension (n + 1)
MJT (ai,...,a,) : orbifold from space M quotiented by a discrete group I
with action (ai,...,ay)
e.g. orbifold C3/Zg (1,1,4) is C3 quotiented by Zg
with group action (z1, 22, 23) ~ (w21, w22, w!z3) where w8 = 1
HS = HS(t;; X) : Hilbert series of X, with t; being the fugacities
Y = Br(&X) : Sasaki-Einstein base manifold of X’;

if dimc(X) =mn + 1, then Y is of real dimension (2n + 1)



V=V(b;Y) : volume function of Y, with b; being components of Reeb vector

1&Np : number of interior & perimeter points of the toric diagram
G :  number of gauge nodes in the quiver

E : number of bifundamentals in the quiver

c : number of perfect matchings in the brane tiling

Oz : structure sheaf of X

D . (Weil) divisor D on X

O5(D) . sheaf of divisor D on X

c (z‘? ) . (total) Chern class of X, with ¢; denoting the i Chern class
C; . the i*® Chern number

(the top Chern number is the Euler number x)

2 Quiver gauge theories and the inverse algorithm

We begin with a lightning review of the key requisite concepts, from toric CY cones to
quiver gauge theories.

2.1 Lattice polytopes

A lattice polytope A is a convex hull of a finite number of points in Z™, and its vertices
form the set A NZ™. A polytope is said to be reflexive if its dual polyotpe

A°={veZ :u-v>-1Yuec A} (2.1)

is also a lattice polytope in Z"™. For n = 2, it is not hard to show that A is reflexive iff
there is only one interior point.? Hence, we can always choose this unique interior point as
the origin.

However, in this paper, we will contemplate 2d polytopes with two interior points.
Hence, they are not reflexive, and we have two choices of origins. This would lead to a
different discussion on the compact toric surface X (A) in section 7. Here, we will first focus
on the rational polyhedral cone generated by the vertices of the polytope/toric diagram A
in 3d.?

The affine toric CY 3-fold. We take the origin (0,0,0)€ Z> =: M, and let the vertices
in the polygon be u) =(u;,1)€ Z3. Then these vectors generate a cone ¢ with the origin

2We acknowledge Alexander Kasprzyk for pointing out that this statement (namely the “if” part, in
other words, the “<” direction) is not generally true when n # 2.

3Notice that this construction can be done in any dimension, but here we are just talking about lattice
polygons.



as the apex to the vertices of A:

o= {Z/\ZUQAZZO} CM®zR=: Mg. (2.2)

)

The dual cone lives in the dual lattice Ng where N := Hom(M, Z):
o' ={weNg:w-u>0,Vueco}. (2.3)

Then we have the algebra C[o¥ N N] spanned over C by the points in o N M. We can
therefore define an affine toric variety X to be the maximal spectrum of this semigroup
ring:

X = Spec,.Clo¥ N NJ. (2.4)

max

Since the endpoints of ¢ live on the same (hyper)plane, X is a Gorenstein singularity,
and hence can be resolved to a CY 3-fold, although being co-hyperplanar makes it non-
compact [13, 46, 47].

The Higgs-Kibble mechanism. The Higgs(-Kibble) mechanism [48-50] has a natural
interpretation in the toric diagrams. Blowing down points of the polytopes corresponds to
higgsing while blowing up points is unhiggsing. All the 45 toric diagrams (and corresponding
quiver gauge theories) can be obtained by higgsing the same parent theory. This is analyzed
in appendix C.

2.2 Brane tilings

As mentioned in section 1, the junction of N D5-branes and one NS5-brane can be plotted
on the torus. Given a toric diagram, we can draw the outer normal vector to each segment
separated by the perimeter points of the polytope. Then we put these vectors on the
torus, which will divide the torus into different regions. Each region is a bound state of
5-branes, including (NV,0) and (/V,+1) 5-branes. Every time when we move from one region
to another, we will cross a vector. If we cross the vector from left (right) to right (left),
then the NS5 charge is increased (decreased) by 1. For instance, the NS5 cycles of C3/Zs
(1,2,2) which we will study later in section 3.2 is (figure taken from [51], figure 29):

0,1

1,0

(-2,-2) (2.5)
Then we can obtain a bipartite graph by taking the (N,£1) regions to be white/black

nodes. The (IV,0) regions give faces in the tiling. The intersection points of the branes,
for which we have massless open strings, correspond to edges in the tiling. As the open



Fivebrane diagram | Brane Tiling Quiver
(N,1) brane white node | superpotential term (+)
(N,—1) brane black node | superpotential term (—)
(N,0) brane face gauge node/group
open string edge bifundamental

Table 2. The relation for fivebrane diagrams, brane tilings and quivers.

strings/bifundamentals are oriented, every loop surrounding the white/black node is clock-
wise/counterclockwise, which gives a sign in the corresponding superpotential term. For
instance, the above example leads to the brane tiling in (3.11). Since the bipartite graph
is periodic, the fundamental region is in a red box. From fivebrane diagrams/brane tilings,
we can read off the quivers. This is summarized in table 2. Readers are referred to [51, 52]
for a detailed discussion.

Quivers. In our context, our quivers only have two objects: round nodes and arrows.
Each round node corresponds to a gauge group, which is always unitary here. Also, as
we are contemplating toric quivers, viz, quivers in the toric phases, the ranks of nodes
in one quiver are always the same. Each arrow connects two gauge nodes. These arrows
correspond to the matter fields transform under fundamental and anti-fundamental rep-
resentations under the two gauge groups. We can write a G x E matrix, where G is the
number of gauge nodes* and E is the number of edges/bifundamentals, called incidence
matriz d to encode the quiver data. If the arrow leaves the node %, viz, the bifundamental
Xi;, then the corresponding entry is assigned 1. Likewise, if the arrow comes into the node
i, viz, the bifundamental Xj;, then the entry is —1. Otherwise, the entry is 0.

Perfect matchings and charges. It is always to possible to find a set p, of bifunda-
mentals that connect all the nodes in the brane tiling precisely once. This set p, is known
as a perfect matching. A new basis of fields in the language of gauged linear sigma model
(GLSM) [53] can be naturally defined from the bifundamental fields [2]. The number of
GLSM fields is the number of perfect matchings ¢. Then we can write the Pgy. perfect
matching matrix P which encodes the relation between the two sets of matter fields. For
instance, the first row in (3.4) indicates that

Xl = 528456752 (2.6)

As the F-terms come from 0W/0X;; = 0, where W is the superpotential and Xj;’s
are the bifundamentals, one can show that the charges of GLSM fields under the F-term
constraints are given by the F-term charge matriz of size (¢ — G —2) x ¢

Qr = ker(P). (2.7)

4As we will see shortly, the number of nodes G is always equal to the number of unit simplices under

full triangulation of the toric diagram. This in turn equals twice the area of the toric diagram where the
area of a unit triangle is not normalized here, i.e., equals 1/2.



From [53], we know that the D-terms in terms of the bifundamentals X,’s are

D; = —¢é? (Z dia) Xa|* — gz-) : (2.8)

where e is the gauge coupling and d is the incidence matrix. The (;’s are Fayet-Iliopoulos
(FI) parameters. In fact, as shown in [1, 2], the FI parameters encode the resolutions of
toric singularities. In the matrix form, this reads

5 1Xa* = ¢, (2.9)

where § is the reduced quiver matrix® of size (G — 1) x E. This can be related to perfect
matching matrix via [2, 25]
§=QpPT, (2.10)

where @Qp is a (G — 1) x ¢ matrix. As @p encodes the GLSM charges under D-term
constraints, this is known as the D-term matrix.

In light of GLSM, the F- and D-terms can be treated on an equal footing. Hence, the
two charge matrices can be concatenated to a (¢ — 3) x ¢ matrix, known as the total charge

Qr
= . 2.11
0 ( @D> )

As the F-terms must vanish while the D-terms are adjusted by the FI parameters, the last

matrixz [2]:

column is always in the form (0,¢)T. Hence, we will always omit the last column. Then
taking the kernel yields

Gt = ker(Qt). (212)

This matrix G} exactly encodes the information of the toric diagrams. Each column is the
coordinate of a vertex in the polytope (thus, the last row of G; is (1,...,1)). Therefore,
every vertex is assigned to some GLSM field(s). Each corner (aka eztremal) point always
correspond to one GLSM field with non-zero R-charge. On the other hand, non-extremal
points corresponds to multiple GLSM fields all with zero R-charges.

Toric/Seiberg duality. The toric/Seiberg duality [4, 54, 55] is a duality among theories
that have the same IR fixed point under RG flow. As we are always staying in the toric
phases, there will be no fractional branes, and hence our theories keep superconformal
and the quivers have nodes of the same rank as aforementioned. The dual quiver gauge
theories all have the same moduli space/Higgs branch, which is exactly the toric CY cone
corresponding to the toric diagram.

Therefore, we can use toric duality to obtain different quivers of the same toric diagram
with the following steps:

5In [1, 2], the reduced quiver matrix was originally denoted by A. However, as A represents polyotpes
here, we use ¢ for the matrix to avoid any possible confusion.



1. As Seiberg duality takes SU(N.) gauge group with Ny fundamentals and Ny bifun-
damentals to SU(Ny — ;) gauge group, in the toric phase, only nodes satisfying
Ny = 2N, can be dualized. We first scale the gauge couplings of gauge groups
other than the chosen node ¢ to zero, and the fields not connected to ¢ decouple.
Then the bifundamentals connected to i is reduced to (anti-)fundamentals under the
flavour symmetry. Since duality requires the dual quarks to transform in the conju-
gate (flavour) representations to the original ones, the directions of the 2Ny arrows
should be reversed. The overall result is that every time we perform such duality, we
flip one node i in the quiver so that the arrows connecting to it are all reversed.

2. To be anomaly-free, new arrows needs to be added among pairs of nodes adjacent to
dualized node i so as to keep them balanced. This is just the quarks-to-meson map
Q:Q7 — Mf . As the flavours groups are gauged back, these mesons are promoted to
bifundamentals. Overall, we are adding Ny arrows to the pairs of unbalanced nodes
after we flip the dualized node.

In cluster algebra, the whole process is known as the quiver mutations [56]. For the
superpotential, the composite singlets are replaced with the new mesons, and adding new
cubic terms couples the mesons to magnetic flavours. This may make some fields massive,
so we need to integrate them out as they become non-dynamical when flowing to IR. In
terms of brane tilings, the technique called urban renewal can be applied to obtain dual
tilings. For more details in Seiberg duality in quiver gauge theories, one is referred to, for
example, [9, 57-59].

2.3 The moduli spaces

The master space F’ [60, 61] is a combination of baryonic and mesonic moduli spaces
defined as the symplectic quotient of the perfect matching ring:”

F =Cpy,...,pl//Qr. (2.13)

The global symmetry. The master space has global symmetry that can be divided into
two parts:

e The mesonic symmetry is U(1)3 or its enhancement with rank 3. It may be enhanced
to SU(2)xU(1)2, SU(2)2xU(1) or SU(3)xU(1). The enhancement is determined by
the duplicated columns in Q. In particular, there is always a U(1) which is the
R-symmetry.

e The baryonic symmetry is U(1)9~! or its enhancement with rank (G —1). Tt consists
of non-anomalous and anomalous symmetries. The non-anomalous symmetry is al-
ways U(1)¥P=3, where Np is the number of perimeter points in the polytope. The

5As we will take only U(1) nodes for simplicity, this means we can only choose nodes with two arrows
in and two arrows out. However, we should remember that any node can be dualized if we do not restrict
to staying in toric phases.

"Strictly speaking, this is the largest irreducible component, known as the coherent component, of the
master space rather than F ® itself. Nevertheless, we will solely focus on the coherent component and make
this abuse.



anomalous symmetry is U(1)?/ or an enhancement of rank 21, where I is the num-
ber of interior points. The enhancement is determined by the repeated columns in
Qr. The non-abelian enhancement of anomalous symmetry is also known as hidden
symmetry.

Notice that the combination in the baryonic symmetry is actually the Pick’s theorem:

G Np
—=I+—-1=A 2.14
5 =1+ : (2.14)

where A is the (unnormalized) area of the toric diagram.

The mesonic moduli space and Hilbert series. The mesonic moduli space M is a
subspace of F’:
M=F//Qp=(Cp1,....pcl//Qr)/ /@D (2.15)

We can use the (mesonic) Hilbert series (aka Hilbert-Poincaré series) to desribe the moduli
space. The Hilbert series is a generating function that enumerates the invariant monomials
under the group action. Physically, it counts the gauge invariant operators of each degree
in the chiral ring. As aforementioned, the moduli space coincides the toric CY 3-fold X.
Hence, we can use the following formula to compute the Hilbert series. The (refined)
Hilbert series for a toric CY n-fold cone can be computed as [62, 63]

HS:iﬁ(l—t“m‘)_l. (2.16)

i=1j=1

The number r is the number of (n—1)-dimensional simplices under triangulation. The index
J runs over the n faces of each simplex. The vector u; ; is an n-vector inner normal to the jtb
n P
face of the i*? simplex, and ¢ are the fugacities ¢1,...,t,. Then t%i = [] t;:”” (k), multiplied
k=1
by the k"' component of w. One can also use Molien- Weyl integral to compute Hilbert series

of the Higgs branch [64]. The two results should be the same under some fugacity map.

2.4 Volume minimization

As X of complex dimension n is the Kéhler cone over the Sasaki-Einstein manifold ¥ =
X|p=1 of real dimension (2n — 1):

ds*(X) = dr? + r2ds*(Y), (2.17)

the volume of Y is then [62, 63]

wTL

1
vol(Y) = 2n/ dr 7" ol(Y) = 2n vol(X|,<1) = 2n/ (2.18)
0 r

<1 nl’
where w is the Kéhler form of X. We are now going to see that the volume of the Sasaki-
Einstein base is closely related to the R-charges of the fields in our theory.

The Reeb vector K := J(r0/0r) is the Killing vector of Y, where J is the complex
structure of X. Since the torus action T of the toric X’ leaves w invariant, we can take



the vector fields 0/0¢; to be the generators of the action with ¢; ~ ¢; +27. Then the reeb
vector reads K = b;0/0¢;, where the components b;’s are algebraic numbers, with the last
component b, set to be n.

In [62, 63], the volume function of Y, which is shown to be related to the Reeb vector
components, is introduced to be

Vi(bi;Y) = WY(O;QQU (2.19)
such that the volume of the (2n — 1)-sphere,
vol(§%n 1) = ﬂ, (2.20)
(n—1)!
is normalized. Then the volume function is related to the Hilbert series of X via®
V(b;;Y) = lim p™ HS(t; = exp(—pb;); X). (2.21)

n—0

It is known that V' always admits precisely one positive minimum Vi,;,. Since the Reeb
vector is algebraic, Vi, is also an algebraic number.

For toric threefolds, in [65], it was shown that the a-function, in terms of the volume
function, can be expressed as

a(R) = (2.22)

4V’
where R denotes the R-charges of the superconformal theory. A procedure known as a-
mazimization can be used to determine the R-charges [66—68]. The central charges a and
c of the SCF'T in 4d are

3
a(R) = §(3TYR3 —TrR), ¢ = —(9TrR? — 5TrR), (2.23)

1
32
where TrR? and TrR are 't Hooft anomalies. In general, as we have flavour symmetries in
IR, a possible candidate is

Ry =Ro+ Y _t;F; (2.24)
i
where F;’s are the charges of global non-R symmetries and R; is called the trial R-charge.
According to [66], the U(1) R-symmetry should satisfy

9Tr(R?F;) = TrF;, Tr(RFF}) < 0, (2.25)

which can be translated into the maximization of a(R;). When the trial a-function is
maximized, only the R-charge Ry will make contribution. Thus, we see that Vi, plays a
crucial role in determining the R-charges.

8If we are taking outer normal vectors to the faces of simplices when computing the Hilbert series, the
Hilbert series would just change by the fugacity map ¢; — 1/t;. As a result, the volume function would
only differ by a minus sign.
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In light of quiver diagrams, let X7 be the R-charges of the bifundamentals. Then the
vanishing S-function from the theory being conformal yields

dXi=2 ) (1-X)) =2, (2.26)
I I

where the first sum is taken in each superpotential term and the second sum is taken with
respect to each gauge node. Let Ny be the number of superpotential terms, then we
have (G + Ny ) equations for E parameters in all, which in general are not all independent

though G+ Ny = FE as the bipartite graph is embedded on a torus. With these conditions,

the a-function can be written as”

a= 32<2G+Z X;—1)?° (X,—l))). (2.27)

Anomaly cancellation implies a = ¢, viz, TrR=0 [69, 70].!° Thus, we have

9
= — Xr—1)7°|. 2.2
o (6 v) 229
As we have seen, this is equivalent to minimizing V', together with (2.26), we can solve for

the R-charges of the bifundamentals, and hence the R-charges of GLSM fields as well.

Example. Let us consider the abelian orbifold C"/Z,, with orbifold action (1,...,1) as
an example. The Hilbert series reads

n—1 —
HS = <l—tnsHtf> [Ta-%)
=1 7j=1

-1

-1

n—1 -
+Z L=t 1=t ] & H (1—u67°) | (2.29)
=t ) e

where s = (—1)". As the limit picks out the leading order of p, the volume function is

(_1)nnn—1

V=-— . (2.30)
1 <z b - bn>
j=1
Then taking b, = n, we find that Vi, = 1/n at by = -+ = by,—1 = 0. In quiver gauge

theories, we have a unique toric quiver for each n. The R-charges of all the bifundamentals
are 2/n. Hence, the R-charges of the n GLSM fields corresponding to extremal points are
all 2/n, with others vanishing. Interestingly, the Sasaki-Einstein base of C™ (whose toric
diagram is the unit simplex) is the (2n — 1)-sphere. Hence, the volume function equals 1.
As we will see in section 7.2, it is not a coincidence to have 1/n = V(S**~1)/|Z,| here.

9Notice that this expression itself, which is generally true when we assume all the gauge groups have
the same rank N and normalize by N2, does not require that the dimer is embedded on T2.

10The relevant anomalies are the ones of the R-symmetry current with itself or with the stress tensor,
namely (RRR) or (RTT).
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3 Five triangles

Having warmed up with an explicit example of an orbifold, and illustrating it with all the
relevant concepts, let us now proceed to study the polygons of our concern. As aforemen-
tioned, there are 45 lattice polygons investigated here, which are collected in appendix A
(one can explicitly see the 2 interior points, one of which could be taken as the origin). We
begin with the five triangles.

3.1 Polytope 1: C3/Zg (1,1,4)

» 1
P2 q ps3 .

11

The polytope is

(3.1)

The brane tiling and the corresponding quiver are

(3.2)
The superpotential is12
W = X33 X3, Xao + X5 X536 Xoa+ X1 X 19 X6 + X56.X61 X 15+ X 15 X553 X31 + X3, X35 X53

— X35 X34 Xu2 — X35 X236 Xoa — X6 X 19 X26 — X2 X1 X15 — X1r X33 X31
~ X5 X553 (33)

"Notice that the numbers in the nodes are labels, not ranks.

12There is always a trace on the right hand side. For brevity, we will just omit it here. Alternatively, we
can also think of it as the repeated lower indices being traced. Moreover, the upper indices are the labels
of multiple bifundamentals between two nodes (rather than powers).
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The perfect matching matrix is
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

g1 S1 S2 83 Tl S4 T2 S5 S6 T3 T4 U5 P1 P2 P3 g2 S7 S8 59 T6
3 -1-12 0 -10-10 00 0 0 -1-10 0 0 01
2 0 -11 0 0 0 -10 0 00O O -1-10 09010
2-10 1 0 -1 0 0 O OO OO-1-1001 00
2-1-11 0 0 0 0 0O O O OO -1-10 1 0 0 O
1P 0 o 00 OO O OOOOO-1-110 000
2-1-11 0 -10-10 0 0 0 1 0 0 0O O O0OTUO
$1 0 -11 0 -1 0 -1 0 0 O0O 1 0 O O OO O O O
Qt — 1 0 -1 0o 0 0 0 -10 010 O0O O O OO O O0 0 (35)
1 -10 1 0 -10-101 0 0 0 O 0O 0O O O0OTUO
o o0 o0 1 0 -10-11 0 0 OO O O O0OOOO0UDO0
1 -1 0 0O0O-11 0 0OO0OOOO O O O0OTO0OO0O O0 O
1 -1-10 1 0o 0O O 0O O O OO O O OO OOTUO
4 -1-12 0 0 0 0O O O O O 0 —-2-20 0 0 00
2-10 20 0 0 -10 0 00 0 -1-10 00 00
2-11 10 -10 0 OOOOOUO-1-100 000
2 -20 1 0 0 0 1 00 OOO0O-1-10 0 000
2-10 001 0o 0O 0 O 0O OO -1-10 00 00

with kernel

g1 S1 S2 583 T1 S4 T2 S5 S6 T3 T4 T5

P1 P2 P3 g2 S7 S8 S9 Te

Go—= | oo o oo
t— 2 11 10101 10 0 0
111111111 1 1 1

From G¢, we can get the GLSM fields associated to

q= {q17q2}7 r= {Th' . 'aT6}7

2 -2 0 -1 0 0 O 1 . (36)

-1 4 0 2 1 1 1 0
1 1 1 1 1 1 1 1

each point as shown in (3.1), where

s={s1,...,59}. (3.7)

From @; (and Qr), the mesonic symmetry reads SU(2)xU(1)xU(1)g and the baryonic
symmetry reads U(1){xU(1), where the subscripts “R” and “h” indicate R- and hidden

symmetries respectively.
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The Hilbert series of the toric cone is

1 1
B (IS O R 1y PP Y (R ey

1 1

DB D0 4)
1 1

R (R I A AR (e (R T AR

The volume function is then
V=— 18 (3.9)

(b2 + 3)(—3by + 2by + 6)(—3by + 4by — 6)°

Minimizing V' yields Viyin = 1/6 at by = by = 0. Thus, apmax = 3/2. Together with the
superconformal conditions, we can solve for the R-charges of the bifundamentals, which
are Xy = 2/3 for any I, viz, for all the bifundamentals. Hence, the R-charges of GLSM
fields are p; = 2/3 with others vanishing.'?

3.2 Polytope 2: C3/Z5 (1,2,2)

The polytope is
D3
P2

p1

(3.10)

The brane tiling and the corresponding quiver are

(3.11)
The superpotential is

W = X{,X05 X2 + X, X35 X51 + X35X3, X0 + X3, X5 X553 + X35 X X14
— X1 X5 X321 — X5 X353 X51 — X3 X3, Xuo — X3, X35 X53 — X4 X5 X1a. (3.12)

13We will simply use p; to denote the R-charge of p;. This should not cause any confusion based on the
context.
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The perfect matching matrix is
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el

o
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~H H R RROOOOOOOOOO

O 0O 0O 00O +=HOKROHOIRORO

where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

P1 P2 S1 S2 S3 T1 S4 T2 S5 T3 T4 T5 P3
2 2 1 110 10 -10 0 0 1
110 0 -10-10-100 1 0
11 0 -10 0-10-101 0 0
11 -10 -10 0 0110 0 0

Q= 1 1-1-100-1120020 0 0 (3.14)
1 1-1-1-11 00 000 0 0
0 0 -11 0010 -1000 0
00 -10-102 00 00 0 0
00 -20 001 0 1 00 0 0
00 -1-11 01 00 020 0 0

with kernel

P1 P2 S1 S2 S3 T1 S4 T2 S5 T3 T4 T5 P3
30 -1 -1-10 -10 -100 0

Gt - 5 0 2 2 2 1 2 1 2 1 1 (3'15)

1
1 0
i1 1 1 1 1 1 1 1 1 1 1 1

From Gy, we can get the GLSM fields associated to each point as shown in (3.10), where

r={r,...,r5}, s={s1,...,55}. (3.16)

From @; (and Qr), the mesonic symmetry reads SU(2)xU(1)xU(1)r and the baryonic
symmetry reads U(1)}, where the subscripts “R” and “h” indicate R- and hidden symme-
tries respectively.
The Hilbert series of the toric cone is
1 1

HS = t tit ay " t tit
(-8) (0=5) (1-a) 0w (i-8)(1-5)
1 1
+ +
(1 ~ &) (- nB) ( - ) (1 = (1 — i) (1= tatts)

1

+ ) e (3.17)
o (1-5) (1-8)
The volume function is then
25
V=-— . (3.18)

(bl — 2by + 3)(251 + by — 9)(()1 + 3by + 3)
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Minimizing V yields Vipin = 1/5 at by = 2, be = 0. Thus, amax = 5/4. Together with the
superconformal conditions, we can solve for the R-charges of the bifundamentals, which
are X7 = 2/3 for any I, viz, for all the bifundamentals. Hence, the R-charges of GLSM
fields are p; = 2/3 with others vanishing. Such result is expected as the theory is in the
same family of McKay quivers as the one in section 3.1.

3.3 Polytope 3: C3/Zg (1,3,4)

The polytope is

p2
F TN
procu i 4P (3.19)

The brane tiling and the corresponding quiver are

(3.20)

The superpotential is

W = XgoXo1 X18 + X13X38Xg1 + X34 X42X03 + Xo5X53X32 + XueXe5X54 + X57X74 X5
+ X8 X7 X76 + Xe7X71X16 — X023 X338 X80 — X13X39 X091 — Xo5 X554 Xyo — X34 X45X53
—X57X76X65 — XusXe7X74 — X16 X638 Xg1 — X18Xg7.X71. (3.21)
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The perfect matching matrix is

(3.22)
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

S4 T2 q1 t1 73 T4 t2 uy t3 uz uz p1 P2 S5 75 Te T7 P3 42 93 t4 qa ls5 tg ugq S¢ 57 S8 T8

s3 T1

s1 S2

(3.23)
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From Gy, we can get the GLSM fields associated to each point as shown in (3.19), where

qg={q,.--,q}, r={ry,...,rs}, s={s1,...,58},

t:{tl,...,t(a}, u:{ul,...,m}. (325)
From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R~ and hidden symmetries

respectively.
The Hilbert series of the toric cone is

1 1
HS = 4
tit t1to? 33 1 t t1%t
(=) () (i) (-a) 0-8) (-1e)
1 1
+ t1t t + 1 t
(1 — tots) <1 . ;7;) (1 ~ tl;»22> (1 - H) (1 - é) (1 — tots)
+ ! + !
t t 1 tot
(1-8)a-tats) (1- ) a-w)(1-4) (1-149)
1 1
+ — ; Y (3.26)
-t —t2) (1-35)  (1-2) 0 —tats) (1- %)
The volume function is then
1
V= 6 (3.27)

(bg + 3)(—2by + by — 3)(2b1 +3b2 — 9)
Minimizing V' yields Viyin = 1/8 at by = 2, bg = —1. Thus, amax = 2. Together with the
superconformal conditions, we can solve for the R-charges of the bifundamentals, which
are X7 = 2/3 for any I, viz, for all the bifundamentals. Hence, the R-charges of GLSM
fields are p; = 2/3 with others vanishing.
3.4 Polytope 4: C3/(Z2 x Zs) (1,0,1)(0,1,4)

The polytope is
p1

poowoww (3.28)

The brane tiling and the corresponding quiver are

(3.29)
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The superpotential is

W = X16X62X21 + Xo5X51 X12 + X59X06X65 + X56X6,10X10,5 + X4,10X10,9X04
+X39X09,10X10,3 + X37X74 X3 + X34 X8 Xg3 + X158 Xg7X71 + Xo7 X785 Xg2
—X16X65X51 — X2 X56X62 — X6,10X10,9X96 — X59X09,10X10,5 — X39X04X43
—X34X410X10,3 — X4g Xg7X74 — X37 X738 Xgg — X158 Xg2Xo1 — X12Xo7X71. (3.30)
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The perfect matching matrix is
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where the relations between bifundamentals and GLSM fields can be directly read off.

—90 —



Then we can get the total charge matrix:
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with kernel
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From Gy, we can get the GLSM fields associated to each point as shown in (3.28), where

qg=A{q,q}, r={ry,...,m0}, s={s1,...,5%}, t={t1,...,ts5},
w={ug,...,ui0}, v={vy,...,v10}, w = {wi,...,ws}. (3.34)
From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry

reads U(1){ xU(1)®, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

1 1
HS = tit t1t3 RN tit t
(=) (=) (o) 0t (1-52) (1 i)
1 1
T t: T 1 1t
A-m)-t2) (1-7) (1-£)0-t)(1-52)
1 1
+ 1 t + t t
(1-2)(1-8)a-tats)  (1-2) (1 taty) (1- %)
1 1
+ t t t 1 t1t
(1-8)—tat) (1-%)  (1— k) (1= taty) (1 - 42)
1 1
+ 1 tot * 1 t ) (3.35)
(1-t) (1—5> <1—§Ta) (1—5) (1—§) (1 — tit3)
The volume function is then
10
V= (3.36)

(bg + 3)(—()1 + by — 3)(2b1 + 3by — 9) '

Minimizing V' yields Viyin = 1/10 at by = 1, by = —1. Thus, amax = 5/2. Together with
the superconformal conditions, we can solve for the R-charges of the bifundamentals, which
are X7 = 2/3 for any I, viz, for all the bifundamentals. Hence, the R-charges of GLSM
fields are p; = 2/3 with others vanishing.

3.5 Polytope 5: C3/(Z2 x Zg) (1,0,1)(1,0,5)
The polytope is

pP3 Uu () w x Yy D2 . (337)
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The brane tiling and the corresponding quiver are

(3.38)

The superpotential is

W = Xi9X92X21 + X210X10,1X1,2 + X10,3X3,9X09,10 + X9,4X410X10,9
+X37X74Xy3+ Xy8Xg3X34+ X7120X128X5 7 + Xg11X11,7X78
+X11,5X512X12.11 + X12,6X611X11,12 + X51X16X65 + X62X25X56
—X1,0X9,10X10,1 — X2,10X10,9X09,2 — X39X94X43 — X410X103X34
—Xs3X37X78 — X74X48Xs7 — X117X712X1211 — X128X811X11,12
—X5,12X12,6X65 — X6,11X115X5,6 — X2,5X51X12 — X1,6X62X2.1. (3.39)

The number of perfect matchings is ¢ = 129, which leads to gigantic P, Q; and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (3.37),
where

q={q1,q2}, r={r1,...,r30}, u={u1,...,us}, v={vi,vi5}, w={wi,...,wyp},
t:{tl,tg}, S:{Sl,...,Sgg}, y:{yl,...,yG}, 1‘2{561,...,1‘15}. (340)
The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)ExU(1)",

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

HS = tlt 2y 1t ¢ t3
(=t (1-52) (1-7) - (—tat) (1-22) (1= 53
+ ! + !
D0 o ()
1 1
+ +
(1—t1)(1—t2)( —t%) (1—%)(1—152)(1—%)
1 1
+ -
(=t) (1-55) A —tats) (1= trts) (1 —tats) (1= 55 )
1 1
- -
(1 - %) (1 — tots) ( - %) (1 - ﬁ) (1 — tats) (1 - %)
+ ! + ! (3.41)

(1 - %) (1 - %) (1 — titats) (1 - i) (1 — t1ta) ( - g) '
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The volume function is then

6
- (ba +3)(—=b1 + b2 — 3)(b1 +2b2 — 6)° (3.42)

Minimizing V yields Vipin = 1/12 at by = 2, bg = —1. Thus, amax = 3. Together with the
superconformal conditions, we can solve for the R-charges of the bifundamentals, which
are X; = 2/3 for any I, viz, for all the bifundamentals. Hence, the R-charges of GLSM
fields are p; = 2/3 with others vanishing. We find that all the triangles can give the same
R-charge vectors.

4 Nineteen quadrilaterals

Now moving on to quadrilaterals, we should recall that each polytope in section 4-6 cor-
responds to more than one dimer models and toric quivers. In the main context, we will
just list one for each polytope.

4.1 Polytope 6: L33!

The polytope is

b1

p3 P4
bz : (4.1)

The brane tiling are the corresponding quiver are

(4.2)
The superpotential is

W = X5 X2 X2 + Xo6 X X3 + Xeu X b X2 + X53 Xa X5 4+ X1h Xo03 X2, Xy, (4.3)
— X1 X 1o Xos — X3 X41 X15 — Xi5 X56Xea — X5, X135 X53 — X03 X3, X01 X1y
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The perfect matching matrix is
S1 S2 T1 S3 S4 S5 T2 Pl P2 P3 S6 T3 T4 T5 P4 S7 S8 T6
X%Q 10 0 0 1. 001 0O O O 1 0 O o0 0O
X%[1 0001000 1 00010000 0
X512 1.1 0 0 OO OO O O 1 1 1 1 0 0 O
X230 1. 0 0 0O 1 0 OO 1 0O OT1O0O0 10
XofO 1 1 1 0 1 1 0 0O 0O O 1 0O 1 1 0 0 O
X§4 o o0 o1 o0 0 01 0 0 0 1 0 0 0 1 0 O
X§4 o o0 01 0 00 O 1 0 01 0 0 0 1 0 O
P=]|xl{1 1 100001011000000°0 |, (4.4)
XZ5 111 0 0 O O O 1 1 1 0 0 0 O 0 0 O
X410 01 OO O1 0 OO 1 0 OO0 1 0 0 1
Xilo 00011111 00 000O0TGO0O0O0 O
XEG o o0 o011 1 1 0 1 0 0O O0OO0OO0OTO0OO0OTO0OTUO
Xs3/0 0 0 01 1.1 0 0 00 0 1 1 1 0 1 1
X¢|o 0o 0o 00001 01 10000 1 1 1
Xgl o o o o0 o0 o0 o001 1 1 00001 11
X640 O O O OO OO O O O 1 1 1 1 1 1 1
where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:
S1 S2 T1 S3 S84 S5 T2 P1 P2 P3 S6 T3 T4 T5 P4 ST S8 T6
2 0 -12 -10 0 -1-10 0 -10 0 0 0 0 1
2 -1 0 2 -1060-1-10 0-10 00 01 0
1 0 o 1 o o o0 -1-10 0 -10 0 01 0 O
$1 0 -11 -10 0 0 O OO -10 01 0 0 O
1 -10 1 -10 0O 0 0 OO0 -1 0 1 0 0 0 O
0 0 o 1 -1 0 0 O O OO-11 0 0 0 0 O
$1 0 -11 0 0 0O -1-1 01 0 O O O O 0 O
Qt = 1 -10 1 0 0 0O -1-11 0 0O O O O O O0 O (45)
1 0 -10 -10 1 0 O O O O O O O 0 0 O
$1-10 0 -11 0 O O O O O O O O o o0 o
3 0 -13 0 0 0O -2-20 0 -10 0 0O O O0 O
3 0 -11 -1 0 0 -1-1 0 0 0 O O O O O O
2 0 -21 0 0 0 -1-10 0 1 0O O O OO
$1 1 -10 1 0 0 -1-10 0 0 O O O 0 0 O
3 -1-11 0 0 0 -.1-1 0 0O O O O O O O O
with kernel
S1 S2 T1 S3 S84 S5 T2 P1 P2 P3 S6 T3 T4 T5 P4 S7T S8 T6
o o0o1o0o001-10-1011 1 2 0 0 1
Gt - 110 1 1 1 0 3 0 2 1 0O OO0O-11 1 0 (46)

11 1 1 1 1 1

11 1 1 1 1 1 1 1 1

From Gy, we can get the GLSM fields associated to each point as shown in (4.1), where

r={r,...,76},

s = {81,...,88}. (47)

From @; (and Qp), the mesonic symmetry reads SU(2)xU(1)xU(1)g and the baryonic
symmetry reads U(1){xU(1), where the subscripts “R” and “h” indicate R- and hidden

symmetries respectively.
The Hilbert series of the toric cone is

_ 1 |
e (1—t2)(1—t§tt132) (1-2?153)+< _%)( —ﬁ) (1_%)
1 1
+(1—t12> (1—22—33) (1_t1tt3;2>+<1_t11>(1—t2)< —t%g)
1 1
i (1 — %) (1 — tit2) (1 - i) i (1—t1)(1 — ) (1 — ﬁ) (4.8)
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The volume function is then
3(4b1 + 2by + 21)
(bl + 3)(()1 + by + 3)(b1 + 3b2 — 6)(()1 — 2<b2 + 3))

(4.9)

Minimizing V yields Vi, = ﬁ@ +4+/6) at by = (=6 + 3v6)/2, by = 0. Thus, amayx =
%(—94—4\/6). Together with the superconformal conditions, we can solve for the R-charges

of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(ps + 5pa) p3 + (p3 + 6paps — 2ps + 5p% — 10pa) po

= —3pap3 — 3pips + 6paps — 8V6 + 18
4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
4.2 Polytope 7: L332

The polytope is
P3

p2 P1
P4

The brane tiling and the corresponding quiver are

The superpotential is

W = X1y Xo6 X5 + X 1o X3 Xs1 + X14 X35 X56 X4 + X34 X5 X50X33

— X1 X6 Xg1 — X19 X33 X531 — X1aX 45 X56 X581 — X34 X35 X52X05.

The perfect matching matrix is

3
-
»
i
<
N
»
V)
<
[}
N
S
=S
=
»
w
]
N
»
S
®
o
<
ot
]
[
]
=
»
=
»
NG
<
[

e

-
O 0O 000 00O KKRREOO
O 0000 O+ OO0 OO R = &~
OO0 000 O RKKOOROO
OO0 0O HOOOOOO R R
Coo0oO0OR R ORRLROOOOO
OO Ok OO0 OO0 OO R = &~
OO0 Ok O OOKRKOOROO
OO O O0OO0O0OOKKREOOO
OO+ OO0 OOOOO R &~
OO+ OO0OORELELOOOOO
OO R K OOOOOOO O =~
OO R KEOOOREZLOOOOO
O O O0OO0OKOOOOGROoOOo
- OO0 0O~ OO0OO0OOKrROORHRO
- - 0000000 KROOO
H - O0OO0OO0OORHKOOOOOO
H M OKRrOOOKROOOOOO
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

T1 S1 T2 S2 T3 T4 Pl S3 P2 S4 S5 T5 P3 P4 S6 ST T6
1 1 -1 1 0 —1 0 0 O 0 0 0 —-1 -1 0 0 1
$P 0 -11. 0 0 O O O OO O -1-10 10
0O 0 0 1 0O 0 0 0 o o o0 o0 -1 -11 0 o0
1 1 -1 0 0O -1 0 —-1 0 0 0 1 0 0 0O 0 O
1 0 0 0 O -1 0 -1 0 0 1 0 O 0 0O 0 O
1 0O —-1 0 0o 0 0O -1 0 1 0 0 O 0 0O 0 O

Qt = 1 -1 0 0 0 0 0 -1101000 0000 (4.15)
0 1 -1 0 0o -1 1 0 0O 0 0O O o 0 0O 0 O
0 1 -1 -1 1 0 0 0 0O 0 0O O o 0 0O 0 O
1 1 -1 2 0o 0 0 1 O 0o 0 o0 —-2-20 0 O
2 1 -1 2 O -10 -1 0 0 0O 0O -1 -10 0 O
1 2 -1 0 0O 0 0 0 o o o0 0 -1 -1 0 0 O
2 1 -2 1 0o o0 0 0 O o0 0 0 -1 -1 0 0 0
o 1 -11 0 1 0O O O OO O -1-10 00

with kernel

T1 S1 T2 S2 T3 T4 P1 S3 P2 S4 S5 T5 P3 P4 S6 ST T6

Gt — 2 0O -1 0 01 0 O O 0 1 . (416)

1 0 1
0O 1 0
1 1 1

= = o

1 1
0O 0 -11 2 1 1 0 2 0
1 1 1 1

1 0
11 1 1 1 1 1 1

1
1

From Gy, we can get the GLSM fields associated to each point as shown in (4.11), where

r={r,...,76}, s={s1,...,87}. (4.17)

From @ (and Qp), the mesonic symmetry reads SU(2)xU(1)xU(1)g and the baryonic
symmetry reads U(1){xU(1), where the subscripts “R” and “h” indicate R- and hidden
symmetries respectively.

The Hilbert series of the toric cone is

B 1 1
T 0 a1 ) () (1 k) (- 0tie)
1 1
NCRAT (R T (R R (R T (RN ()
1 1
[T (RS PR RN (Y FrRY (I R
The volume function is then
v 6(b1 + by + 12) (4.19)

(b1 4+ 3)(b1 — by — 6)(b1 + 2ba + 3) (b1 + 3ba — 6)

Minimizing V yields Vinin = 55(63 + 11v/33) at by = 3(—5 + V/33), by = 0. Thus,
Umax = %(—1701 + 297v/33). Together with the superconformal conditions, we can solve
for the R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(3p3 -+ 3pa) 3 + (3p3 + 8paps — 6ps + 3p; — 6py) p2
= —dpyp3 — 4pips + Spaps — 88V/33 + 504 (4.20)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
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4.3 Polytope 8: Y30

The polytope is
P3

p2 P1
Pa

The brane tiling and the corresponding quiver are

The superpotential is

W = Xy X1y Xo3 X2, + X3 X1 Xus X2 + Xos X X1 X2,

— X2 X1 X X3 — X2 X63 X3 Xu5 — X9 Xo5 X2 Xe1.

The perfect matching matrix is

S
-
@
fls
@
Y
S
&)

P1 P2

)
w
N
w
»
S
7
@
@
o
S
IS
<
ot
3
iy
@«
o
3
=)

ol

T
X122
Xia
Xo3
Xas
x1
34

X

=
OCococo0oo0oO0OkrR~rROOO
OO0 oo oo oo~ ]
OO0 oO0ORrOOCOR R~ OO
ocococoorRr~rOOKROOO
Ccoo~Rro0oO0O0OR~OOO R
OCorOoOO0OOR OOORO
OCor R~ OO0OO0COOGROO
oCcorHROROOOOOO
O oOO0OO0OOKrR R~ O OO
O OO0OrRrOOCOOGR OO
o oorr~roooo o ofl
N N-R-E-R-R-E-R R
- E-E-R-E-E- -]
oo OoCOOROOROOO
mroo0oo0ooooor o ol
-, OO0OOROOOOOO

(4.21)

(4.22)

(4.23)

(4.24)

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

T1 S1 S2 T2 P1 P2 S3 T3 S4 P3 S5 T4 T5 P4 S6 "6

1P 1 0 -1 0 0 0O O -10 0 -10 0 01

11 -1 o0 0 O OO —-10 0-10 01 0

o1 0 -1 o 0 00 O O O -10 1 00

o1 -10 0 O OOO OO-=-11 0 00

TP 0 0 -10 0 00O -10 1 0 O0O0O0TO0

Q _ 1P 0-10 0 O OO -11 0 0 0O 0 0 O
t = 1 1 0 -1-1-10 1 0 O O O O O O O
i1 1 -10 -1-11 0 0 0 0 0 0 0 0 O

i1 0 -1 1 1 0 0O -20 0-10 000

22 0 -1-1-10 0 -10 0O O O O O O

21 0 -2 0 0 OO -10 0 0 0 0 00O

0 0 -1 0 0 0O O -1 0 0O 1 0 O O O

12 -1-10 0 O O -10 0 O O O O O
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with kernel
71 S1 S2 T2 P1 P2 S3 T3 S4 P3 S5 T4 T5 P4 S6 T6
0 -1 0 1 1 2 0 1
1 2 1 0 0 -1 1 0 : (4'26)
11 1 1 1 1 1 1

G =

1 0 0 1 1 0 0 1
o 1 1 0 1 0 1 O
11 1 1 1 1 1 1
From Gy, we can get the GLSM fields associated to each point as shown in (4.21), where

r={r,...,76}, s={s1,...,56} (4.27)

From @ (and Qp), the mesonic symmetry reads SU(2)xU(1)xU(1)g and the baryonic
symmetry reads U(1){xU(1), where the subscripts “R” and “h” indicate R- and hidden
symmetries respectively.

The Hilbert series of the toric cone is

1 1
s = t: + 1 t-
(1 —t2)(1 — tata) (1 - @) (1 - g) (1—t:22) ( - ﬁ)
+ 1 4 1
t1t2 2
- (5 () () (1) (e
1 1
+ 1 2 N T ; : (4.28)
(1_5) <1_§) (1_11?32) (1—t2) (1—5) (1 —t1t3)
The volume function is then
81
V= (4.29)

(bl — 6)(()1 + 3)(b1 + 3by — 6)(b1 + 3bo + 3).

Minimizing V' yields Viyin = 16/81 at by = 3/2, by = 0. Thus, amax = 81/64. Together
with the superconformal conditions, we can solve for the R-charges of the bifundamentals,
which are X; = 1/2 for any I, viz, for all the bifundamentals. Hence, the R-charges of
GLSM fields are p; = 1/2 with others vanishing.

4.4 Polytope 9: SPP/(Z2 X Z2) (1,0,0,1)(0,1,1,0)
The polytope is

(4.30)

(4.31)



The superpotential is

W = X1 3X32X21 + Xo4X41X12 + X67X75X53X36 + X55X86X64X45
+Xg,9X97X78 + X710X108X8,7 + X122X211X11,9X912 + X10,11X11,1X1,12X12,10
—X24X45X53X32 — X13X36X64Xa1 — X75X55X87 — Xg6X67X78 (4.32)
—X710X10,11X11,0X0,7 — X8,9X9 12X1210X10,8 — X211 X11,1X1,2 — X1,12X122X91.

The number of perfect matchings is ¢ = 84, which leads to gigantic P, Q; and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.30),
where

q=A{q,q}, r={ry,...,m30}, s={s1,...,830}, t=A{t1,...,ta},
u=A{uy,...,ug}, v={v1,...,v4}, w = {w, wa}, x ={x1,z2}. (4.33)
The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)ExU(1)",

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

_ 1 1
Cate) ) e () )
1 1
D) a4
1 1
e (i) amte (-2 (- (1-8)
1 1
+(1 (1 — t) ( ~ %) i (1—t) (1 . #) (1 — tat3)
1 1
) ea () () () o ne
+ ! - ! . (4.34)
(1 . i) (1 . g) (1 — titats) (1 . é) (1 — t1ts) (1 - g)
The volume function is then
V=- 2(b2 —9) (4.35)

(bo — 3) (b + 3) (b1 + b + 3) (by + 2bs — 6)°

Minimizing V yields Viyin = v/3/18 at by = 3v/3 — 3, by = 3 — 2v/3. Thus, amax =
3v/3/2. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields are

p1 = 0.557091, ps = p3 = 0.5, py = 0.442909 (4.36)

with others vanishing.

~ 31—



4.5 Polytope 10: L?%2/7, (1,0,0,1)

The polytope is

1 e
r s /7~
pevo (4.37)
The brane tiling and the corresponding quiver are
(4.38)
The superpotential is
W = X13X32X01 + X4 X1 X712 + X3 X5 X53X36
+X57X76 X64Xa5 + X10,2X29 X097 X710 + X91.X1,10X710,8X89
—X13X36 X64 X411 — X24 Xy5X53X32 — X57.X7,10 X108 X85
— X638 Xg9Xo7X76 — X029 X091 X12 — X1,10X10,2X21. (4.39)
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The perfect matching matrix is

T6 T7 T8 T9 g1 S3 S4 S5 T8 S6

wy tp s1 r1 T2 T3 t2 p1 Ss2 T4 P2 V1 T5

0O 0 0 0 O
0O 0 0 0 0 O

1
1

1
0
0

0 0 0 O
1

1

1

0O 0 0 0 1
0O 0 O

0O 0 O

0

0O 0 0 0 O
1
0O 0 0 0 O

1

0

1
0
1

0O 0 0 O

1
1
1

0O 0 0 0 0 0o 0 1
0O 0 0 0 O

1

1
1

0O 0 0 0 o0 0 O o0 O

1
1

1

0

0O 0 0 O

0O 0 0 o0 0O 0 1 0 0 0 0 O
0O 0 O 0O 0 0 0 O

1

0
0

1

1 0 0 0 1

0

0O 0 0 0 0 1
1

1
1

1
0O 0 0 0 0 0 O

0 0 0 0 O

1

0O 0 0 1 0 0O 0 0 O

0

1

1
0O 0 0 O

1

0O 0 0 0 0 1

1
1

1
1

0O 0 O
0O 0 0 0 0 O
0O 0 0 0 0 O

1

0

1 0O 0 0 0 0o 0 1

0O 0 0 O

0
0

1

0 0 0 0 0 O

1
1

0O 0 0 O

0
0
0
0
0
0
0

1 0
1

1

0O 0 0 0 0 0 O

0

1

00 0 0 0 o0 O0O0OO0OO0OO0TO0

1 1 1

1

1
0O 0 0 0 O

1 0 0 0 0 0O O

1

0O 0 0 O

1

0
1

0O 0 0 0 0 0 0 0 O
o 0 0 0 0 0 0 0 O
0O 0 0 0 0 0 0 0 o
0O 0 0 0 0 0 0 0 O

0O 0 0 0 0 0 O o0 O

11 1 1
0 1
0

0
0

1

0O 0 0 0 0 0 O

0O 0 0 0 1
1

1

0O 0 O

1

1

0O 0 0 0 0 0 O

0 0 0 0 0 0 00 0 0 0 O
0O 0 0 0 0 0 0O 0O 0 0 0O

Xi2

Xi3

X1,10

Xa1

Xoa

Xa9

X32

X36

Xa1

Xas

Xs3

Xs7

Xe64

Xe8

X76

X7,10

Xss5

Xsg9

Xo7

Xo1

X10,2

X10,8

T16 92 V2 P4 S10 T1i7 T18 T19

T10 T11 T12 S7 S8 S9 T13 P3 u2 u3z t3 Ti4 Tis

(4.40)

)
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

54 S5 T8 S6

0O 0 0 O

ta2 p1 S T4 P2 V1 T5 T T7 T8 T9 g1 S3

tp s1 T1 r2 T3

w1

0
0
0
0

0
0
0
0

0
0
0

0
-1 0 0 O

-1 0 0 O

0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O

0
0
0
0
0
0
0

0
0O 0 0 0 O

0O 0 0 O

0O 0 0 O

0O 0 0 O

0O 0 0 O

0
0

0O 0 0 O

0O 0 0 O

0
0

0
0
0

0
0
0
0
0
0
0
0
0

0
-1 0 0 O

-1 0 0 O
-1 0 0 O
-1 0 0 O

0O 0 0 O

0O 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O

0

0

0O 0 O
0O 0 O
0 0 0
0O 0 O
0

0
0

0O 0 O
0O 0 O

0

0
0 0 0 0 O

1

0O 0 O
0O 0 O
0O 0 o
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O

0
0
0
0
0
0
0
0
0

0
0 0 0 0 O

0O 0 0 O

0

0O 0 0 0 O

0

0O 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 O

0

1

1

-1 0 0
-1
-1

0 0 O
0 0 O
0O 0 0

0
0
0
-1 0 O
-1
—1

0 0 O

1

0

0O 0 0 0 O

1

0O 0 O
0O 0 O

0

0
0O 0 0 0 O

0
0

0O 0 0 O

0
1

0O 0 0 0 O

0 0

0
-1
-1

0O 0 0 O

0
0

-1 0 0O 0 0 0
-1 0

0
0

-1
-1

-1 -1 0

0O 0 0 O

1

2

0O 0 0 0 O

0

-1 0 0 1 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O

0

0O 0 0 O

0
0
0

0
0
0

0
0
0

0
-1 0 0 O

1
0
0
0
0
0
0
0
0O 0 0 0 O

0

0O 0 0 O

0O 0 0 O
-1 0 0 0 O
-2 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O
-1 0 0 0 O

0O 0 O

0O 0 0
0O 0 O
0O 0 O
0 0 O
0O 0 O
0 0 O
0 0 O

0
1
0
0
0
0
0

-1 0

-1 0

0

0

0O 0 O
0O 0 O

0

0
-1 0 0 O 0 O

0
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S7 S8 S9 T13 Pp3 u2 uz t3 Ti4 Ti5 T16 92 V2 P4 S10 T17 T18 T19

-1 0 O
-1 0 O
-1 0 O
-1 0 O

710 T11 T12

(4.41)

0
0
0
0

-1

0 0

0

0

0
0
0
0

-1 0 O
-1 0 O
-1 0 O
-1 0 O

0

0
0

0

-1 0 O

with kernel

Flo —= ~
Pl o ~
Sleo = =
Fo — —
P — ~
m,‘21_Al
2= o~
Pl o~
e o =
Ol o ~
Pl= o~
|7 -
87 -
I o~
Mo = =
N
QB.l_Al
Pl= o~
S o ~
Ol o =
e = =
Sl T =
Sl o~
N———
I
<)

V2 P4 S10 T17 718 T19

S8 S9 T13 P3 u2 u3z 13 Ti4 Tis Ti6 42

sy

710 T11 T12

From Gy, we can get the GLSM fields associated to each point as shown in (4.37), where

. 7t3}7
.y U3}.

t={t1,..

. 7T19}a
. 7310}7

r={ry,..

q = {q17 q2}’
v = {v1,v2},

(4.43)

u={u,..

s ={s1,..

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.
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The Hilbert series of the toric cone is

1 1
HS = _

t1t2 t3 ]
I G [ (o TR (R ey

1 1
+ +

(1 — o) (1 . i) (1 — t1t3) (1 - %) (1 — t1ts) (1 - g)

1 1
+

A=t -t2) (1-7)  (-t)(1-75) (0 —tata)

1 1
_|_

(1 - %) (1 — tot3) ( — t%) (1 — %) (1 - %) (1 — t1tat3)

1 1
(=) (- 8) G —tat) (1= ) (1 —trta) (1)

The volume function is then
2(bg — 15)

V=" (b2 - 3)(b2 + 3)(b1 + by + 3)(2[)1 + 3by — 9) : (445)

Minimizing V yields Vipin = (10 + 7v/7)/243 at by = (5v/7 — 11)/2, by = 5 + 21/7. Thus,
amax = (—10+7+/7)/4. Together with the superconformal conditions, we can solve for the
R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

+

_l’_

+ (4.44)

(81p2 + 81ps) p3 + (81p3 + 162paps — 162ps + 81pj — 162p4) p3
= —54pyp3 — 54pipa + 108paps — 28V/7 + 40 (4.46)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.6 Polytope 11: dP;/Z» (1,0,0,1)

The polytope is

P2 t

pa . (4.47)

The brane tiling and the corresponding quiver are

(4.48)
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The superpotential is

2
43

Xs3X39X08 + X12 X024 X5 X531 + X35 X5, X
+ X6 X65 X2, + X58 Xs7X75 + Xo7X71 X18 X386
—X18X83X31 — X32X04 X35 — X3 X35 X2,

W:

(4.49)

— X5 X558 Xs56 — X4 Xa6X67X75 — X57X71 X12X0s.

The perfect matching matrix is

T1 T2 S1 S2 S3 g1 T3 S4 S5 Se t1 S7 P1 P2 S8 S9 S10 T4 P3 92 P4 S11 T5 Si12 S13 2 T Si4 Si5

0
0

0O 0 O
0O 0 O

0O 0 1
0
0

0O 0 0 0 1

1
1

1
1

0O 0 O

0O 0 O

1 0 0 0 O

0

0
0O 0 0 0 O

0
0
0
1

0O 0 0 0 O

1

0O 0 O

0O 0 0 O
0O 0 0 O

1

1 1

1

1

0 0 0 O

0

0O 0 0 0 1
1

1

1

1
1

0O 0 0 0 0 0 o

0

1 0 0 0 O
1
0 0

0

0
0
1
1
0
1

0O 0 0 0 O

1
1
1

1 0 0 O
0O 0 0 0 0 0 o0 O

1

0 0
0 0

0O 0 0 O
0O 0 0 O
0O 0 0 O

1

1

1
1

1 0O 0 O
0O 0 O

1

1

0

0O 0 0 0 0 O
1

1
0O 0 0 0 0 0 o0 O

0O 0 0 0 0 o0

0O 0 0 1
1 1

1

0O 0 O

0
1
0
0

1

1

0 0 0 0 0 0 0 0 0 0 0O

0 0 0 O
0O 0 0 O

Xi2

Xi18

Xo4

Xog| 1

X31

X32

X35

1
Xi;lo o

X2;]0 o0

Xae| 1

X3, 0 0 o0

2
X2,/0 0 o

Xs58

X5

Xg7|0 0 0 0 0

X71

X7s5

Xg3

Xgg|0 0 0 0 0 0O 0O 0 0 O 0 O

P=

Xg7{O O O O O O O O O O O O

(4.50)

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

S12 813 t2 Te S14 S15

s¢ t1 s7 p1 P2 S8 S9 S10 T4 P3 92 P4 S11 T5

T3 S4 S5

S2 83 41

T2 81

T1

—1
—1
—1
-1
—1

-1 0
-1 0
-1 0
-1 0
-1 0

0
0
0
0
0

0
0
0
0
0

0

-1
—1
-1

1 0 0 O
0o 0 O
0O 0 O

1
1

0

0

0O 0 0 0 -1 0
0O 0 0 0 -1

0O 0 0 -1 0
-1

0

-1 0 0 O
-1 0 0 O
0
0
0

-1 0
-1 0

-1 0 0 0 1

-1
-1
-1

0

0O 0 O
0O 0 O
0 0 O

0
0
0
-1 0

0

1

1

-1 0 O
-1 0

0

0

0

1 0 0 O

—1

1

-1

—1

—1

0O -1 0

0o 0 0 -1 0

1

0

-2 0

0
0

0
0

-1 0 0 O
-1 0 0 O

0
0

-1

-1 0

-1

-1 -1 0

0

(4.51)
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with kernel

1 87 P1 P2 S8 S9 S10 T4 P3 G2 P4 S11 T5 S12 S13 t2 T6 S14 S15
0 0 1 1 1 0111 2 1 2 -100 0 1 4 3 0 1 0 1 1 2 0 1 1
$TP 1000-1100O0-100=211 1 0-2-10 01 0 0 -11 0 0
11 1 1 1 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

(4.52)
From Gy, we can get the GLSM fields associated to each point as shown in (4.47), where

q={q, 2} r=A{ri,...,r5}, s={s1,...,515}, t = {t1,t2}. (4.53)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

_ 1 1
TEEY (R (I I (RS (RS} (R
1 1
+(1—31) (1 tits) (1-%) i (1—t1)(1—t2)< —t%)
1 1
R (L (T R (S (S TS
1 1
(R S YR R RN Y R TR R
The volume function is then
v — 2(b1 4+ 4(by — 6)) (4.55)

(b — 3)(b1 + by + 3)(b1 + 2by — 6)(by — 2(by + 3))

Minimizing V' yields Viyin = (46 + 134/13)/648 at by = 0, b = 4 — +/13. Thus, amax =
—92+426+/13. Together with the superconformal conditions, we can solve for the R-charges
of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(108ps + 177p3) p3 + (108p3 + 108pspa — 216ps + 177p3 — 354p3) pa
= —5dpsp? — 54p2py + 108pspy — 832v/13 + 2921 (4.56)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.7 Polytope 12: LY*1/7, (1,0,0,1)

The polytope is
P1 t U v P2

ps Pt (4.57)
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The brane tiling and the corresponding quiver are

(4.58)
The superpotential is

W = X13X32X01 + Xoa X1 X192 + X35X54X43 + X6 X63X34
+X58X810X10,7X75 + X67X79 X098 X586 + X10,2X290 X910 + X91X1,10X710,9
— X1 X13X34 — X320 X204 Xy3 — X3 X35 X558 X586 — X54X46X67X75
—X10,7X79X0,10 — Xos X38,10X10,90 — X290 X091 X12 — X1,10X10,2X21. (4.59)

The number of perfect matchings is ¢ = 50, which leads to gigantic P, Q; and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.57),
where

q:{Q17Q2}7 T:{T17‘°'7T20}7 5:{817'--)810}5
t={t1,...,ta}, u={uy,...,us}, v=A{v1,...,v4}. (4.60)
The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){xU(1)5,

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

1 1
HS = 4
1 1 t t2
(1_t1) (“m) (1—titats) (1 —ta) <1—%) ( —ﬁ)
+ ! I 1
1 t1t3 t2
(nty (1-52) (1) (1=2) (0-%) (=)
+ : n 1
t1t2 ¢ 1 .
T ) (2 (s B (e T )
1 1
+ ; + -
(1—t1)(1 — o) (1—ﬁ) (1—t) (1—5) (1 — tat3)
1 1
+ p — ; - (4.61)
(1—5) (1—t2t3)( —ﬁ) (1—5> (1 — t1s) (1—{3)
The volume function is then
6(by — 5
V=— (b — 5) (4.62)

(ba — 3)(ba + 3)(2b1 + by + 3) (b1 + 2ba — 6)
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Minimizing V yields Viyin = (13v/13 — 35)/108 at by = (5v/13 +1)/6, by = (5 — 24/13)/3.
Thus, amax = (13v/13+35)/36. Together with the superconformal conditions, we can solve
for the R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(972p2 + 243p4) p3 + (972p3 + 1944paps — 1944p, + 243p] — 486pa) p3
= —972p4pa — 972p2py + 1944p,py — 52¢/13 — 140 (4.63)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.8 Polytope 13: PdP3/Z, (1,1,1,1)

The polytope is
p3 t u v P

b2 . (4.64)

The brane tiling and the corresponding quiver are

(4.65)
The superpotential is

W = X14 X2 X01 + Xo3X31 X12 + XaeXe5X53 X34 + X57X74 X145
+X69X97X76 + X738 X586 X67 + Xs2X210X10,9X08 + X10,1X18X38,10
—X31X14X45X53 — Xo3 X34 X402 — XueXe7X74 — X65X57X76
— X690 X0 X6 — Xo7X78X8,10X10,9 — X2,10X10,1X12 — X18 X2 X01.  (4.66)

The number of perfect matchings is ¢ = 53, which leads to gigantic P, @ and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.64),
where

q:{QLQZ}a T:{Tlv"'a"’?l}a S:{Sla"',‘le}a
t={t1,...,ta}, u={ui,...,ugs}, v=Av1,...,v4}. (4.67)

The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)gxU(1)3,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
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The Hilbert series of the toric cone is

R e [ M G T
() (D0l )
DD a6
R e s AT e [y
M (1—132) (= titts) <1—t1><1—;>( “my

The volume function is then

2(2()1 + by + 15)

(by + 3)(—by + by — 3)(by + by + 3)(by + 2by — 6) (4.69)

V=

Minimizing V' yields Vipin = 0.112571 at by = 3.27464, by = —0.831239. Thus, amax =
2.220821. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy !4

(6.75p3 + 1.6875p4) p3 + (6.75p3 + 6.75paps — 13.5p3 + 1.6875p — 3.375p4) p2
= —3.375pap3 — 3.375p3ps + 6.75paps — 2.22082 (4.70)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.9 Polytope 14: L131/7,5 (1,0,0,1)

The polytope is

ps3 p1

ped ot (4.71)

MTFor these Sasaki-Einstein manifolds that are not (quasi-)regular, the minimized volumes, and hence the
following calculations, are solved numerically. However, we can actually use roots of some polynomials to
express the exact results. The case in this subsection is given as an example in appendix B.
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The brane tiling and the corresponding quiver are

—~
N
~
=
~—

The superpotential is

X61X15X56 + X502 X026 X65 + X03X31X12

W =

+X14 X420 X071 + X33 Xg6X67X73 + X7 X75 X58 X34
—X15X52X01 — Xog X1 X12 — X203 X33 X84 X429
— X4 X7 X73X31 — X75 X56 X67 — X6 X65X55.

(4.73)

The perfect matching matrix is

T1 81 P1 g1 P2 t1 g2 T2 S2 T3 T4 S3 S4 Ts5 S5 Te T7 P3 Se ST l2 93 p4 t3 rg sg

(4.74)

I

0O 0 0 0 1
1

0
1

0 0

1
1

0O 0 0 1 0 0 0 O
1

1
1

0O 0 0 0 O

1

0o 0 0 O

0O 0 0 O

11 0 0 1 0 0 O
0 1
1

1
1

0 0 0

0O 0 0 O

1 0 0 0OO1 0 0 0 1 1 0 0 O
o 0 0 0 0 0 0 0 1
0O 0 0 O

1
0O 0 0 0 O

0

0O 0 0 O

0
0 0

1

1

1
0O 0 0 0 0O 0 O 0 O
1

0O 0 0 0 0 0 0O 0 O

0O 0 O

0O 0 O

1
1

1
0O 0 0 0O 0 o0 O

0O 0 0 O

1

1 0

1
0O 0 0 O

1
1
1

0O 0 0 0 O

0 1 0O 0 1 0 O
0 1
1
0O 0 0 0 O

1

0O 0 0 O

0

0

1

0O 0 0 0o 0 0 0 o

1

1

1

1
0O 0 O

1

0 1 0O 0 0 0 0 O
0O 0 0 0 0 0 0 O o o0 O

1

1

0O 0 0 O

1

0

0O 0 0 0 O
1

0 1 1 1

0 0

0 0

0O 0 0 O

0O 0 0 O

0O 0 0 O

0O 0 0 0 O
1
0O 0 0 0 O

1

1

0O 0 0 0 0 0 1

1

1

0

0O 0 0 0 0 0 0 O

1 0 0

1

1
1

0o o0
1
0O 0 0 0O 0 0 0 0 0 o0 O

1

1

0O 0 0 0O 0 o0 O

1
0O 0 0 O

1

0 0

0

0

1

1

0 0

Xi2

X140

Xi5

Xo21

X3| 0 0

Xog| 1

X31

Xag| 1

Xa2

Xa710 O

X52

X561

Xg7| 0 0

X730 0 0 0O O O O O O

X75

Xg4| 0 0

Xgg|O O 0 O O 0O O OO O O O OO O OO0 O
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

T1 S1 P1 g1 P2 t1 g2 T2 Sp T3 T4 S3 S4 T5 S5 Te T7 P3 Se S7 t2 g3 pg t3z T8 S8
0O -1 1 1 o o o o o o o o o o0 o0-100-1000 0 o001
-1 0 1 1 0 o 0 o0 o o o o o o0 o0-1040=-=1000 09010
0 0 1 2-1-10 0 0 0 0 -1 0 OO O OO -1000 01 00
0 0 11 0 -1 0 0O OO O-10 OO O OO-10WD0W0O?1wo0 00
0 0 $1 1 -10 O0OO O O -10 00 0 00O -1001 0 0 00
0 0 1 0 O o o0 o o o 0 -1o0o 00 O OO-=-=101W0 00 00
1 -10 1 -1 0 0 OO O O O OOO O OO0O-11T900 0000
0 0 0O 1 0 o o0 o0 0 -10 0 0OOO=1010 0O0OO O0OO0OTOTFO
-1 1 o1 0 -10 OO O O O OO O=-110 0 O0OO0OO0OO0OO0OO0TO0
o 1 o1 0 -10 00O -10-1001 0 0OO0O O0OO0OO0OO0OTUOUOTGOUDO
Qt — 1 0 01 -10 0OO-=10-101T0 0 OO0 O O0OO0OO0OO0OO0ODO0O0 (475)
-1 1 01 0 -10 OO O O -11 0 O O OO O OOWUOU OO OUOFDO
i1 -10 1 -1 0 0O0OO-11 0 0 00 0O OO O O0OOTUOOO0OO0O OO
0 F1-10 0O -10 01 0 O O OOO O OO O OO0OO0OO0 0 000
1 o -10-10 01 0 O O O O OO O OO O OO0 O0 0000
0 0 01 -1-11 0 0 O O O OOUO O OO O OOWOTUOODODO
-1 1 $P2 0 -10 0 O 0O 0 O O O O -10O0-=1000 00 00
-1 1 $FP2 0 -10 0 0O -1 0 -1 0 0 0 O OO O OOTU O OUOTUOTDO
-1 2 -11 0 -2 0 0 0O 0O O OOO O O OO 1 0 OO OOTUOTFDO
-1 0 01 0 -10 OO O O 1 0 OO O OO O OOWOU OO ODUOTDO
0 1 -11-1-10 0 0 0 0 O OOO 1T OO O OUOOOTUOU OO
-2 1 01 0 -10 OO0 1 O O O OO O OO O OOWOWOTUO OO OO
-2 2 0o 0 1 -10 OO O O O OOUOO OO O OO0OWO0OWO0OO0OWO0OTUO

with kernel

T1 S1 P1 g1 P2 t1 g2 T2 S2 T3 T4 S3 S4 T5 S5 Te T7 P3 Se S7 tz g3 p4 t3 T8 S8

Gt — 01 2-1-20-101 001101 0 0111 0-11 00 1 (476)
1 0 O 1 2 0 1 iF 011 0 01 01 1 1 0 OO 1 —-101 0
1 1 1 1 1 1 1 11111 1 1 1 1 1 1 1 1 1 1 1 1 1 1

From Gy, we can get the GLSM fields associated to each point as shown in (4.71), where

q:{ql,...,q?,}, r:{rl,...,rg}, S:{Sl,...,SB}, t:{tl,...,tg}. (477)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R~ and hidden symmetries
respectively.

The Hilbert series of the toric cone is

1 1
HS = tito tits t3 + 1 1 2
(1-n2) (-50) (=) (- a) (1 a) (0 dheats)
1 1
+ tht t * ¢
1=t (1-5) (L-aig) - 0w -0 (1)
1 1
+ t t + t t
(1-8) 0w (-d5) - (1-5) 0t (1-4)
1 1
+ ; o + ; Y (4.78)
e MR I
The volume function is then
8(by — 6
V=- (b2 —6) (4.79)

(ba — 3) (b2 + 3)(2b1 + by + 3)(2b1 + 3b2 — 9)
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Minimizing V' yields Vinin = 515(—10 + 7v/7) at by = (27— 1)/2, by = 2 — /7. Thus,
amax = (10 + 7v/7)/16. Together with the superconformal conditions, we can solve for the
R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(27p2 + 27p4) p3 + (27p3 + 5dpaps — 5dpa + 27p] — 54p4) p3
= —81papa — 81p2py 4+ 162psps — V7 — 10 (4.80)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.10 Polytope 15: L3:52

The polytope is

D2

2

p3 q t D1 ) (481)

The brane tiling and the corresponding quiver are

(4.82)
The superpotential is
W = Xo4 X41 X129 + X13X32X01 + Xy7 X75X53 X34
+X56X64X45 + X61X18X57X76 + X2 X206 X638
—X13X34 X1 — X0y X5 X53X30 — Xy7X76X64
—X56X68Xg7X75 — XogXe1X12 — X18Xg2Xo1. (4.83)
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The perfect matching matrix is

q1 t1 7T1 T2 s1 s2 T3 sS3 l2 P1 T4 S4 P2 S5 P3 g2 43 t3 r5 Te T7 Se ST P4 T8 S8 S9

(4.84)

Y

1 0 0 0 0 O 0O 0 0 0 1

0

0 0

0 0

0

0O 0 0 0 0 0 0 O
0O 0 0 0 0 O

0
0

1

1

1

0O 0 0 1

1

0O 0 0 0 o0 1

1
0O 0 0 0O 0 O

1

0O 0 0 0 O

1

1
0O 0 0 O

0
0O 0 O

1
0O 0 0 O

0O 0 0 0 0 O
0

0

1
1

1

1
1

1

1 o 0 0 O

0O 0 O

1

1 0 0 0 1
0O 0 0 0 O

1

1 0 0 0 1
0O 0 0 0 0 O

1
1

1

0O 1 1 0
1
0

0

1
1

0 0

1
0

0O 0 0 0 0 0 0 0 0 O 0 0 0 0 O

1

1

1

0O 0 0 O

1

0O 0 0 0 0 0 0 0 1

1

1

0O 0 0 0 0 0 0 o0 O

1
1

1

1
0O 0 0 0 o 0 0 o

1
0

1
0
0

0O 0 0 0o 0 O

1 0 1

0 0 O

1

0O 0 0 O

1

1 0
1
0
0

1

0o 0 0 0 0 0 0 O

0O 0 0 1

0

0O 0 0 0 0 0O o0 0 o0 O

0O 0 0 0 0O 0 1

0

Xi2

X13

Xis

Xo1

Xo4

Xa6

X32

X34/0 0 0 0

Xa1

Xas

Xar

Xs3/0 0 0 0 0O

Xs6

Xe1

Xe4|0 0 0 O
Xes| 0 0

X5

X76/0 0 00 0 0 0 0 0 0

Xs2

P =

Xg7|0 0 00 0 0 0 0 0 0O

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

T6 T7 S6 ST P4 T8 S8 S9

P3 42 g3 t3 75

S2 T3 s3 ta2 p1 T4 S4 p2 S5

t1 T1 T2 S1

q1

—~
LO
0
=
~—
- O O O OO0 OO0 O o0 0o o0 o0 o0 oo oo oo oo
O H 0O 0000000000000 Ooloo oo oo
OO0 -0 0000000000 o0 oo OO0 oo
O 000000000000 o0 OoO|loo oo oo
O 00O HO0 00000 o000 o0 OoO|loo oo oo
o —
| | | | | [ e R = A = = = = = = =] [ o o o o
OO0 oo Oo0O 00000 o000 o0 oo oo oo
O OO0 o0 o000 H0 000 o000 o0 oO|lo0o oo oo
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From Gy, we can get the GLSM fields associated to each point as shown in (4.81), where

(4.87)

S t3}.

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.

r={ry,...,r8}, s={s1,...,5}, t={t,..

. 7q3}7

q=A{a,-.
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The Hilbert series of the toric cone is

AS = tit 11t11t2 gy " lt t t
(=) (=) (i) e (1-5) (1 )
1 1

+ +

-t)-t) (1-75) (1-4)0-t)(1-42)

1 1

+ +

(1 — tl) (1 — ﬁ) (1 — t2t3) (1 — %) (1 — tztg) ( — ;7‘;2)
+ ! - ! (4.88)

(1 . %) (1 - %) (1 — titats) (1 . %) (1 - tits) (1 — %) '

The volume function is then

2(3b1 + 2by + 24)
V = . 4.89
(b2 + 3)(—b1 + b2 — 3)(b1 + b2 + 3)(2b1 + 3b2 — 9) ( )

Minimizing V yields Vinin = 0.142613 at by = 2.194882, by = —0.760489. Thus, amax =
1.752996. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(6.77917ps + 2.25972p4) p3 + (6.77917p3 + 6.77917psps — 13.5583ps (4.90)
+2.25972p3 — 4.51945p,)py = —3.38958p4p3 — 3.38958p3ps + 6.77917pyps — 2.34743

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.11 Polytope 16; L1

The polytope is

Prop : (4.91)

(4.92)
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The superpotential is

X351 X15 X35 + Xor Xt XTy + X2 X16 X5 X57
+X74 X146 Xe67 + X53 X3, X5 + X490 X3, X3
— X5 X07 X7 — X3 X31 X1y — X7, X16Xe7

W =

(4.93)

— X7 X74 X5 — Xa6Xe5X53 X3 — X3, X102 X3

The perfect matching matrix is

S1 S2 T1 g1 S3 S4 S5 T2 S S7 T3 P1 P2 92 S8 S9 T4 T5 T P3 P4 S10 S11 77

(4.94)
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:
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From Gy, we can get the GLSM fields associated to each point are shown in (4.91), where

qg=Aq,q}, r=A{r1,...,r6}, s={s1,...,s11} (4.97)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R~ and hidden symmetries
respectively.

The Hilbert series of the toric cone is

] e O R [ I (D
MR tit%) (1- ) . t11t§> (1- 5
(B TR s M (e T ety
RERIERrET o
Vo_ by — 12(b2 +4) (4.99)

(b1 + 6) (b2 + 3)(b1 — 2by — 3)(by + 3bs — 3)°

Minimizing V yields Vipin = 0.156243 at by = —2.854659, by = —0.172760. Thus, amax =
1.600072. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(0.843750p2 + 0.421875p3) p2 + (0.843750p3 + 1.6875psps — 1.6875p2 (4.100)
+0.421875p2 — 0.843750p3)ps = —2.53125p3p3 — 2.53125p2ps + 5.0625p3ps — 0.800036

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.12 Polytope 17: L56!

The polytope is

2
bz ot u v W ps (4.101)
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The brane tiling and the corresponding quiver are

(4.102)

The superpotential is

W=X14X42X21+X023X31X12+X36X65X54X43+X57X73X35+X68Xs7X76 (4.103)
+X7,9X9,6X6,7+ X910X108X5,9+ X511 X11,9X0,8+ X11,1X1,10X710,11 + X10,2X211X11,10
—X01X110X10,2 —X3,1X14X43—X42X03X35X54—X73X36X67—X65X57X76
—X6,8X8,9X09,6 — X5,7X79X98— X11,9X910X10,11 — X108 X811 X11,10 — X211 X11,1 X1 2.

The number of perfect matchings is ¢ = 81, which leads to gigantic P, Q; and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.101),

where
q= {qlu QQ}a
u=A{uy,...,

t:{tl,...,t5}, 7’:{7“1,...,7“25}, 8:{81,...,820},
ulo}, v = {’Ul, e ,Ulo}, w = {wl, e ,w5}. (4.104)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){xU(1)®,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.

The Hilbert series of the toric cone is

HS =

T e ) M (e T (e
R S e e s
N0 DR
TR )l )
R e M)

+ ! (4.105)

— 49 —



The volume function is then

5b1 — Tby + 24
V =— . 4.106
(b3 & 3) (b1 — 25 + 3) (b1 — b + 3)(61 + b —6) (4.106)

Minimizing V yields Viin = 0.0974795 at by = 1.8379935, by = —0.9546900. Thus, amax =
2.5646418. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(2.8125p5 + 0.46875p3) p2 + (2.8125p3 + 0.9375psps — 5.625ps + 0.46875p2 — 0.9375p3)ps
= —2.34375p3p3 — 2.34375p3py + 4.6875p3ps — 1.4248 (4.107)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.13 Polytope 18: L%%!

The polytope is

J4!

&

bz s . (4.108)

The brane tiling and the corresponding quiver are

(4.109)
The superpotential is

W = X1 Xo6 X2 + Xg X15 X2 + X502 X03X35 + X3 X34 X 45X 06 + X1 X5 Xo4 (4.110)
— X3 Xo6 X5, — X&) X15X0e — X235 X63 X35 — Xo3 X34 X41 X1y — X5 X520 X4

— 50 —



—
w0

The perfect matching matrix i
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

»
iy

»
o

T2 82
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P2 P3
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Qr = (4.112)

NN N W W[ = =2 O = = N
O R F R WO R KR~~~ =N
O 0O 0 0ol OO0 O O0oC oo
[=l=lNel=lo) ol o = == e)

© O 0O 0O o|loo0o OO o oo
O O 0 0 Oo|l0O0 O = OO0 oo
O O 0 0 OoO|l0O0 OO0 = O OO
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with kernel

1
1
0
1

T2 S2 83 T3 P1 P2 P3 S4 S5 T4 T5 P4 S6 T6
1P 0 01 0-10 001 1 2 01
011 0 2 1 01 1 0 0 —-11 0
i1 111 1 1 1 1 1 1 1 1 1

Gy

(4.113)

1

From Gy, we can get the GLSM fields associated to each point as shown in (4.108), where

r={r,...,m6}, s={s1,...,56} (4.114)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1), where the subscripts “R” and “h” indicate R~ and hidden symmetries
respectively.

The Hilbert series of the toric cone is

_ 1 )
T (1 - %> (1 - #) (1 — titats) " (1 —t2)(1 — tita) (1 - %)
1 1
() 08 )
1 1
+(1—1t1) (1—$) (1 — taot3) " (1—}) (1— t1ty) (1_%;)' (4.115)
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The volume function is then

2(by — Tby — 36)
(bg + 3)(by — ba — 6)(201 + by + 3)(by + 3by — 6)°
Minimizing V yields Vipin = 0.184633 at by = 1.260879, bo = —0.213490. Thus, amax =

1.354027. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

V=-

(4.116)

(1.6875ps + 4.21875p4) p3 + (1.6875p3 + 8.4375psp3 — 3.375p3 (4.117)
+4.21875p3 — 8.4375p4)pa = —3.375pap3 — 3.375pps + 6.75pap3 — 0.510277

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.14 Polytope 19: L5%1

The polytope is
p3

yZs

The brane tiling and the corrresponding quiver are

(4.119)
The superpotential is
W = X19X23X31 + Xo1 X14Xu2 + X43X36X64 + X34 X45X53
+X56 X638 X7 X75 + X79 X096 X67 + X381 X19X08 + X929 X908 X539
—X31 X714 X43 — XyoXo3 X34 — Xy Xy5X56 — X53X36X67X75
— X6 X638 Xg9 — Xg7X79Xog — X19X92 X021 — Xog Xg1 X12. (4.120)

The number of perfect matchings is ¢ = 41, which leads to gigantic P, Q); and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.118),
where
q:{Q17-~7Q4}7 t:{tla"‘7t6}7 7’2{7“1,...,7°9},
S:{Sl,...,814}, u:{ul,...,U4}. (4.121)
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The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1)ExU(1)4,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

S e AT [y
T (1- 1) (1 tat) (1 trta)(1 - tit:»,) (1-wts)
TR () )l
TR D )
+ ! (4.122)

(= (i8]

The volume function is then

8b1 — 11by + 39
V=— . 4.123
(b2 + 3)(b1 — 2by + 3)(b1 — by + 3)(2[)1 + by — 9) ( )
Minimizing V yields Vipin = 0.120498 at by = 0.834510, bo = —0.936102. Thus, apmax =
2.074723. Together with the superconformal conditions, we can solve for the R-charges of

the bifundamentals. Then the R-charges of GLSM fields should satisfy

(6.75ps + 4.21875p4) p2 + (6.75p2 + 13.5paps — 13.5ps + 4.21875p2
—8.4375p4)p3 = —3.375p4p3 — 3.375pap2 + 6.75paps — 1.35403 (4.124)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.15 Polytope 20: L5 /75 (1,0,0,1)

The polytope is
P ps

poz w ovoou P2 (4.125)

The brane tiling and the corrresponding quiver are

(4.126)
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The superpotential is

W=X14X42X211 X111+ X23X51X112X122+ X35X54X4 3+ Xa6X63X34+X57X76X65
+X6,8X8,5X5,6+ X8,9X97X78+ X710X10,8X8,7+ X911 X11,10X10,9 + X10,12X12,9 X9 10
—X11,10X10,12 X122 X211 — X31X1,4 X4 3 — X4 2X03X34— X514 X46X65— X63X35X56
—Xg5X57X78— X76X68X87— X9,7X710X10,0 — X10,8X8,9X9,10
—X192,9X911X11,1X1,12. (4.127)

The number of perfect matchings is ¢ = 98, which leads to gigantic P, @); and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (4.125),
where

g=A{q,q}t, r={r,...,r0}, w={uy,...,us}, v={v,...,v10},
t:{tl,tg}, S:{Sl,...,530}, l’:{l'l,...,l‘g,}, w:{wl,...,wlo}. (4.128)
The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1)ExU(1)",

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

B 1 1
B O I AT I (s
1 1
) aes (- E) 0w (- )
1 1
+<1—t11) (1—to) (1—%) " (1—t) (1—%) (1 — tats)
1 1
+(1 — t1ts)(1 — tats) (1 - ﬁ) " (1 #) (1 — tats) (1 tfiz)
1 1
o) (-5 (12 2) (1= 2) (- )
1 1
N R o A e [ I B
The volume function is then
V=-— 18 — 46 (4.130)

(bg — 3)(b2 +3)(—bl + by — 3)(b1 + by — 6).

Minimizing V yields Vinin = 53:(—27 + 7v21) at by = 3/2, by = 3(3 — v21). Thus,
amax = (81 + 214/21)/64. Together with the superconformal conditions, we can solve for
the R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(36p3 + 180p4) p3 + (36p3 + 72paps — 72ps + 180p] — 360p4) p2
= —36pap3 — 36p3ps + T2paps — TV21 — 27 (4.131)

4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
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4.16 Polytope 21: SPP/Z3 (1,0,0,2)

The polytope is
P2

q Pa

psotw P (4.132)

The brane tiling and the corrresponding quiver are

(4.133)

The superpotential is
W = X14X43X31 + Xo3 X35 X51 X102 + Xug XgeXes + X56X67X74X45
+ X1 X19 X098 + X79 X9 Xog Xg7 — X19 X2 X03X31 — Xog Xg1 X712
— X143 X35 X56 X64 — X51X14Xu5 — X6 Xe7 X790 X8 — X7aXugXg7.  (4.134)

The number of perfect matchings is ¢ = 36, which leads to gigantic P, Q); and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.132),

where

QZ{QMQQ}; 7,:{7'17"‘77'1{")}7 8:{817”'739}7

t= {tl,tg}, u:{ul,...,ug}. (4.135)
The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){ xU(1)%,

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.

The Hilbert series of the toric cone is

e <1_t2><1_;2>( “m) aow (1_%;%) (- &)
e _1§) (1-95) a-w (1_;2) (- uta
+(1 ) (1 - ;2) (1 — tot3) i (1= tits)(1 — t;&g) (1 - @)
-w)a o (=) (-2 _132) (1= titats)
+ ! (4.136)
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The volume function is then

3(by — 15)
(b1 — 6)(by + 3)(ba + 3) (b1 + 3by — 6)

V=-— (4.137)

Minimizing V yields Vi, = 2v/3/27 at by = 3(2 — v/3), by = (v/3 — 3)/2. Thus, amax =
(9 4 v/3)/8. Together with the superconformal conditions, we can solve for the R-charges
of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(162pa + 81p3) pi + (162p3 + 162psps — 324p2 + 81p3 — 162p3) pa

= —81psp3 — 81pips + 162p3ps — 4V/3 — 36 (4.138)
4
constrained by > p; = 2 and 0 < p; < 2, with others vanishing.
i=1

4.17 Polytope 22: C/(Zs X Z2) (1,0,0,2)(0,1,1,0)
The polytope is

boww b (4.139)

(4.140)

The superpotential is

W = X121X111X11,10X10,12 + X11,4X4,12 X129 X9 11 + X3 5X52X21. X1 3+ X2 6X63X34X42
+X510X10,7X7,5X58+ X7,9X95X56X6,7 — X111 X11,4X42X91 — X412X121X13X34
—X52X06X67X75— X6,3X35X58X8,6—X10,7X79X0,11X11,10
—X9,8X5,10X10,12X12,9- (4.141)

The number of perfect matchings is ¢ = 80, which leads to gigantic P, Q); and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (4.139),
where

q:{Q17Q2}7 7',:{,,,17"'77,30}7 U:{Ul,...,ug}, v:{vlu”'vv?)}a
t:{tl,tg}, S:{Sl,...,830}, w:{wl,...,wg,}, ."L‘:{:L‘l,...,:ltg}. (4.142)
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The mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry reads U(1){xU(1)7,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

g _ 1 1
BN (Y (R} (o Y (R Y gy
1 1
T (-8 (- A) -w (- ) 0—a
1 1
+(1—;1) (1—t1t2)( —g) i (1= t1)(1 = t2) (1—;—;2)
1 1
+(1 ) (1 - i) (1 — tats) " (1 — tat3) (1 — tats) (1 - ﬁ)
1 1
o) e (1) (=) (1= ) - ttat)
1 1
B O [T G N () (B I (S R
The volume function is then
V= 18 (4.144)

(b1 = 6)(b1 +3)(b2 — 3)(b2 +3)

Minimizing V' yields Vipin = 8/81 at by = 3/2, b = 0. Thus, amax = 81/32. Together
with the superconformal conditions, we can solve for the R-charges of the bifundamentals,
which are X; = 1/2 for any I, viz, for all the bifundamentals. Hence, the R-charges of
GLSM fields are p; = 1/2 with others vanishing.

4.18 Polytope 23: L1:3:2

The polytope is

D3

ba 4 b2 : (4.145)

The brane tiling and the corrresponding quiver are

(4.146)
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The superpotential is

W = X15X54 X1 + X240 X143 X31 X1 + X36 X67 X75 X53 + X52 X026 X5 + X71 X Xo7  (4.147)
— X531 X15X53 — X7 X4 Xa1 — X54X43X36 Xe5 — X75 X520 Xo7 — Xo6 Xe7X71 X1s-

The perfect matching matrix is

<
—

»
[y

<
N

&3
N

3
w

w
=
Ic]
[
3
N
Q
=

<
w

S5 P3

<
w
<
ot
<
o
Q
N
bl
ES
»
o
<5
~
w
N

Xis
Xa
X15
Xoq
X26
Xa7

: (4.148)

s
w
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— kO OO0O0O0O0O0O0O0O0RKFEOO
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

T1 S1 T2 S2 S3 S4 P1 P2 41 T3 S5 P3 T4 T5 T6 92 P4 S6 T7T ST
1 -1 1 i1 0o 0 -.10 0 0O0O-10 00 -10 0 01
o 0 1 i1 0 0O -1 0O OO0 0O -100O0-10 010
o o0 o 1 o 0O-1 0 O0O0OOOOUOOS-=-101 00
1 -10 1 -1 0 0 O O OO O OOUO-11 0 00
TP 0 0 06 .10 0 0O 0 0 0O -10 01T 0 O O0 0 O
1P 0 0 -1 0 0O O OO ODO-101 0 0 0 0 0 o0
i -1 0 0 O O O O O0OO0OO0O-11 00 0 0 0 0O
0o —1 1 1 0 0O -1-10 0 1 0 O OO O O O O O
Qt = -1 0 1 1 0 0 -1-1 01 0 0 0O O O O O O O O (4149)
1 -10 1 -10 0 -11.0 0 0 OO O O O O O O
1P 0 -1 0 -11 0 0 O OO O OOO O O O0 0 O
2 -11 0 0 0O O 1 00 0 -2000-10 0 00
1 -12 1 0o 0O -1-10 0 O —-10 00 O O O O O
2-10 -1-10 1 0 O OO -10 00 1 0 0 0 O
1 -1 1 -11 0 0 0O OO O -10 00 O OOUOUDO
1 -2 1 i1 o o o 0O o0 0 0 -10 00 O O 0 0 O
o -12 o0 OO0 O0O O oOOo0O0O-10 00 0 00 o00O0

with kernel

71 S1 T2 S2 S3 S4 P1 P2 Q91 T3 S5 P3 T4 T5 T6 42 P4 S6 T7 ST
Gt — o111 3 -2-10 1 -10 0 0 -101 01 . (4150)
1 0 0 0 —1 2 110 2 1 1 1 1 0 0 1 O
11 1 1 1 1 111 1 1 1 1 1 1 1 1

=]
(=3

-
-
-

From G¢, we can get the GLSM fields associated to each point as shown in (4.145), where

q={q1,q} r={ry,...,r}, s={s1,...,57}. (4.151)

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.
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The Hilbert series of the toric cone is

B 1 1
T - aw () (- )
1 1
TR e ()
1 1
+(1 —t) (1 - i) (1 — tats) i (1 - %) (1 - %) (1 — tats)
1
! (1-2)a-tt) (1-2) e
The volume function is then
Ve 4by — Thy — 69 (4.153)

(bz + 3)(*2[)1 + by — 3)(*()1 + by + 6)(b1 + 2by — 6) '

Minimizing V yields Vipi, = 0.165004 at by = 1.201482, by = —0.491432. Thus, Gmax =
1.515115. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(0.50625ps + 0.675p4) p3 + (0.50625p3 + 1.6875p4ps — 1.0125p3 + 0.675p3 — 1.35p4)ps

= —0.84375p4p3 — 0.84375p3ps + 1.6875psp3 — 0.303023 (4.154)
4
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

4.19 Polytope 24: C/Z4 (0,1,2,1)

The polytope is

pa 4 b2 : (4.155)

The brane tiling and the corrresponding quiver are

®
r‘ @
o ¥
@ . (4.156)
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The superpotential is

X23X31 X18 X582 + X14 X2 Xov X71 + X7 X76 X63 X35 + Xes Xs5 X54 X6 (4.157)
—X31 X714 X6 X63 — X42X03 X35 X514 — Xg5 X57.X71 X138 — X76X63X52X07.

W =

The perfect matching matrix is

ti1 1 81 p1 T2 P2 g1 S2 T3 T4 S3 S4 T5 S5 Te T7 P3 t2 Se S7T 42 P4 T8 S8

(4.158)
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X14]0 0 0 0

Xig| 1

Xa3| 0

Xor| 1

X31

X35 1

X42/0 0 0 0 0 0O

Xue| 1

Xs54|0 0

X571 0

Xe3|0 0 O
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X760 00 0 0 0 0 0 0 O

Xg2/0O O O O OO O O O O OO0 O O
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Xg5{0 O O O O OO OO O O O O O 0 O

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

S7 492 P4 T8 S8

S4 T5 S5 Te T7 P3 l2 Sg

s3
0
0

sy T3 T4

S1 P1 T2 P2 41

T1

t1

(4.159)
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with kernel
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From G¢, we can get the GLSM fields associated to each point as shown in (4.155), where

(4.161)

t = {t1,ta2}.

T8t s={s1,...,88},

r={ry,..

q=1{q1,q},
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From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

g _ 1 1
[ (IS} (R y FRE) R Ry FRPY Y sy
1 1
+(1f1)(1t2)( *t%) ’ ( *%) (1*%> (1 — tats)
1 1
+(1 ) (1 tats) (1- 74;) ! (-t (1- %) (1-52)
1 1
O L G A e I e e
The volume function is then
V= 18 (4.163)

(be — 3)(b2 + 3)(—2b1 + ba — 3)(—2b1 + b2 +9)

Minimizing V' yields Vipin = 4/27 at by = 3/2, b = 0. Thus, amax = 27/16. Together
with the superconformal conditions, we can solve for the R-charges of the bifundamentals,
which are X; = 1/2 for any I, viz, for all the bifundamentals. Hence, the R-charges of
GLSM fields are p; = 1/2 with others vanishing.

5 Sixteen pentagons

For brevity, we will use K*»»%¢ to denote a special family of cones. In analogy to defining
XP4 from unhiggsing Y?¢ and Y791 in [35], K%*%? corresponds to the toric diagram

(ak,b—d) (ak,b)

(“am, <)

, (5.1)

where b 4+ ck = 1 and b > d, such that it can be blown down to Lobe (and more if m =
0) [34]. Here, we will drop the condition that a,c < b inherited from L*%¢ since for instance,
if a > b, we could write L»®¢. Also, when m = 0, for simplicity, let us forget about the
condition that ged(a, b, ¢,a+b—c)=1 (and so forth), which makes the baryonic U(1) action
specified by such GLSM charges effective, since we still have other higgsed singularities
among these L’s. Then in particular, for example, we have KPTa-Lp—atlpl — Xpq
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5.1 Polytope 25: X3?2

The polytope is

P4 r S >p5

ps bz : (5.2)

The brane tiling and the corrresponding quiver are

(5.3)
The superpotential is
W = X17 X704 X3 X51 + X53 X5, X + Xa, X100 X553 + X36X67 X70X 03
+X01 X16 X062 — X16X67X74 X145 X51 — X35 X53 X34 — X5 X42 X3

— X2, X36X62 — X72X01 X17. (5.4)

The perfect matching matrix is

ﬁ
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

T1L T2 S1 T3 T4 S2 T5 S3 Pl P2 T6 S4 P3 T7 P4 T8 S5 S6 P5 T9 ST
2 2 -1 0 -10 00 10 00 1020 0-1020 0 1
110 0 0 000 -10020-102020-100 1 0
11 -10-100200 000 0 00U O-<=-1010 0
1 0 0 0 -1000 0 00O OTUO0TG OTGO-=-1120 00
2 2 -1-1-10 0 0 -10 001001 0 00 0 0
11 0 -10 000 -102020-10120 000 0 0
1 1 -10 0000-102020-11020 0200 0 0
1 2 -1 0 -1000-1-101 00200 00 0 0 0
Qt = 01 0 0 0 00O -1-110200U0U0 000 0 0 (5,6)
1 1 -1-1-1001 0 0 00 0 000 0 00 0 0
10 0 -1-1010 0 0000 0O0UO0OO0 0O0O0 O
01 -1 0 -1100 0 000 000U 0O OO0 0 O
2 0 0 -1 0 000 0 1 00 -10020-1020 0 0
2 1 0 -10 000 -1-1020 00200 000 0 0
2 1 0 -2-100 0 0 0 00 0 0O 0 0 0O 0 O
1 0 -1-10 000 0 00O OO 0O0OG O 1 00 0 0
0 0 0 -1 000 0 0 0O0DOUO0OO0O0O0 00 0 O
0 -2 1 -10 0001 000 1 000 0000 0
with kernel
7L T2 S1 T3 T4 S2 T5 S3 P1 P2 T S4 P3 T7 P4 T8 S5 S P5 T9 ST
o0 1001071-1120T1T0TU0-10T1T1 2 0 1
Gy = 11011010 3 11001 2 100110 (5'7)

111111111 1 1111 1 111 1 11

From Gy, we can get the GLSM fields associated to each point as shown in (5.2), where

r={ry,...,m9}, s={s1,...,87} (5.8)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R~ and hidden symmetries
respectively.

The Hilbert series of the toric cone is

HS = ! — + ! o
D (e VI SIS ()
1 1
i (1 - %) (1—to) (1 - %) " (1 — tots)(1 — tot3) (1 - ﬁ)
1 1
T () () (-2 (- ) (- e
1
+<1—t1><1—t2>( -) i
The volume function is then
Vo b1? — 201 (4by + 15) + 4 (bo? — 6by — 45) (5.10)

(bl + 3)<b2 + 3)(b1 — by + 3)(b1 + 2by — 6)(b1 — 2(1)2 + 3)) '

Minimizing V yields Vinin = 0.172260 at by = 0.746501, by = —0.198279. Thus, amax =
1.451295. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(3.75pa + 1.875p4 +9.375p5) p3 + (3.75p3 + 7.5pap2 + 1.875pspa — 7.5pa + 1.875p3
49.375p% — 3.75p4 + 11.25paps — 18.75p5)p3 = —3.75papa — 7.5psp3 — 3.75p Do

(5.11)

—7.5p2py + T.5papa — 11.25papspa + 15pspa — 5.625pap? — 5.625p2ps + 11.25psps — 3.2251

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.2 Polytope 26: X3!

The polytope is
P3

P2 p1

D5 P4

The brane tiling and the corrresponding quiver are

The superpotential is

W = X61X12X03X37 X 26 4+ X35 X51 X13 + Xoa Xz X520 + X57 X% X64 X

— Xo3 X35 X50 — X351 X190 X04 X Js — X2 X57 X3 X6a — X2 X61 X13X37.

The perfect matching matrix is
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

S§1 S2 T1 T2 T3 83 T4 P1 T5 S4 S5 S P2 Te S7T P3 P4 P5 T7 S8
1 0O o0 1 -1 0 0O 0 O o o0 o 0 0 -1 -1 0 0 1
1 0O -1 0 1 0 0 0O 0 O o o o o0 0 -1 -10 1 0
-1 1 0O o0 1 -1 0 0O 0 O o 0 0o o0 0o 0O -1 1 0 O
0 1 1 0 0O -1-1 0 0 -1 0 O O O 1 0 0 0O 0 O
1 0 0o 0 0 0O -1 0 O -1 0 0 O 1 0 o0 0 0O 0 O
0 0 1 0 0O -1 0 O 0 -1 0 0 1 0 O O 0 0O 0 O
0 0 1 0O -1 0 0 O 0 -1 0 1 0 O O O 0 0O 0 O
Qt — 1 -1 0 o0 0 0 0 O 0 -1 1 0 0O 0 0 o 0 0O 0 O (5 16)
0 o o 0o -1-10 1 O O O O O o0 o 0O 0 0 o0 :
1 0O -1 0 0 0O -1 1 0 o0 O 0O 0O O o o 0 0O 0 0
1 -1 -1 1 0 0 0 0O 0 O O 0O 0 O O o 0 0O 0 O
0 2 0o 0 2 -1 -1 0 0 O o o 0o o0 0 -1 -1 0 0 O
0 1 10 0 -1 -2 0 O -1 0 O O O 0 1 1 0 0 O
0 2 0O 0 1 -2 -1 0 0 O O 0O 0O O o o 0 0O 0 O
-1 1 0O o0 1 -1 -1 0 0 1 O 0 0 O O o 0 0O 0 O
1 0 0O 0 1 -1 -1 0 0 O O 0 0O O o0 o 0 0O 0 0
0 1 -1 0 2 -1 -1 0 0 O O 0O 0O O o o 0 0O 0 O
with kernel
81 82 T1 T2 T3 83 T4 pP1 T5 S4 S5 S¢ P2 Te ST P3 P4 P5 T7 S8

Gt: -10 1 1 1 2 0 1 2 -1 0 0 1 ) (517)

1 1.0 0 0 1 0
o o601 1101 2 1 0O0O0-11 0 0 1 01 0
1111111 1 1111 1 1 1 1 1 1 1 1

From Gy, we can get the GLSM fields associated to each point as shown in (5.12), where
T:{T17~~,T7}, 82{81,...,88}. (518)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

B 1 1
B (R [ (RS ] (R R TRRY Py} ey
1 1
Tt (1-8) (- ) a—am - (1- k)
1 1
D N (D DS
1
+(1 T (1 - %> (1 - ij) (5.19)
The volume function is then
Ve bi? — 4by (by + 3) + 4by? — 30by — 207 (5.20)

(b1 + 3)(b2 + 3)(by — 202 + 3)(by + ba — 6)(by — 2(b2 + 3))°

Minimizing V yields Vinin = 0.178752 at by = 1.119414, by = —0.211974. Thus, amax =
1.398586. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.26563ps +1.26563p3 +0.421875ps5) p3 + (1.26563p3 + 2.53125p3p2 + 2.53125p5p2

—2.53125py +1.26563p3 4 0.421875p2 — 2.53125p3 + 2.53125p3ps — 0.84375ps5 ) p4

= —1.26563p3p3 — 1.26563ps5p3 — 1.26563p2ps — 1.26563p2ps + 2.53125p3p2 — 3.375p3pspo
12.53125p5pe — 1.6875p3p2 — 1.6875p3ps + 3.375p3ps — 0.699293 (5.21)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.3 Polytope 27: PdPy. (2)

The polytope is'®

D5

SR . (5.22)

(5.23)
The superpotential is
W = Xo3X35X51 X1 + X14Xa3X31 + X56X67X74X a5 + X145 X6 X64
+ X701 X3 Xos Xa7 — X7 Xo3 X31 — X3 X35X56X6a — X51X14Xu5
— X6 X67X71 X15 Xog — X74 X 48 Xg7. (5.24)

5For pseudo del Pezzos [37], our nomenclature follows the spirit of [13, 25, 26]. Hence, the labelling of
PdPy4 starts from c in this paper. Moreover, by PdP, (m), we mean that this comes from dP,, blown up
at (n —m) generic points where m is chosen to be the largest possible number.
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The perfect matching matrix is

510 T8 S11

T7 S8 S9

S6 P3 T6 S7 42 P4 P5

S5

S1 82 S3 T1 T2 S4 P1 91 T3 T4 P2 T5

)

0O 0 0 0O 0 o0 O

1
1

0
0

0O 0 0 0 O

1

0O 0 0 0 1 0 0 0 0 1

1

1
1
0O 0 0 O

0 0

1

0O 0 O

1

0 1
1

1

$FP 00 O0OOOOT11T 10 O0O0O0OO0OTO0OO0OTO0O O

0

0
0
0
0

0O 0 0 O

0O 0 0 O
0O 0 O
1

0
1

0O 0 0 o0 1

1
1
1
0

0

0
0
0O 0 0

0O 0 0 0 1
0O 0 0 0 O
1

1

1
1

1
1

0 0

1 1 1

1

1
0 0

1

1
0
0

0O 0 0 O

1
0O 0 0 0 0 0o 0 O

0 0

0O 0 O

1 1 0
0O 0 0 0 0 0 1

0O 0 0 O

0 0

0O 0 0 0 O

1

1
0
0

1 1
0O 0 O
0O 0 O

0
0

0O 0 0 0 0O 0 0 O
0O 0 0 0 0 0 0 O

0

Xi,| 0

2
12
X140 0

Xa3|0 0

Xog| 1

X31

X35

X43| 0

Xyg| 1

Xs51

X64| 0 O

Xg7| 0 0

X71

X740 0 0O 0 O O O O O O O O

Xgg| 0 0

Xg7| 0 0

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:
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From Gy, we can get the GLSM fields associated to each point as shown in (5.22), where

(5.28)

.y 811}.

st s ={s1,..

q = {q17QQ}7 r= {rla ..

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.
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The Hilbert series of the toric cone is

o 1 ., 1 2
T (e I e Y I e T )
1 1
+(1—t1)(1—t2) (1 - ;—gz) i (1— %) (1—t) (1 - %)
1 1
oD (-8 ) (- E) G- (1- &)
1 1
TR Y (R Ty ey (R Y Oy FP R
The volume function is then
_ 2b1% — 4by (b + 6) + 2bo* — 3by — 171 (5.30)

(bl + 3)<b2 + 3)(b1 — by — 6)(1)1 — by + 3)(1)1 + 2by — 6).
Minimizing V yields Vipi, = 0.155420 at by = 0.933751, by = —0.449691. Thus, amax =
1.608545. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy
(0.50625p2 4+ 0.50625p3 + 0.675p4) p2 4+ (0.50625p3 + 1.0125p3ps + 0.675pspa — 1.0125ps
+0.50625p3 + 0.675p7 — 1.0125p3 + 1.35p3ps — 1.35p4)ps = —0.50625p3p3 — 0.3375p4p3
—0.50625p3ps — 0.3375p2p2 + 1.0125p3ps — 0.675p3paps + 0.675paps — 0.3375p3pa
—0.3375p%ps + 0.675p3ps — 0.321709 (5.31)
5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
5.4 Polytope 28: PdP44 (2)

The polytope is

p3 D2

S : (5.32)

(5.33)
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The superpotential is

2
56

X3 X31 X129 + X14 X420 Xo1 4+ X35 X236 X64 X3 + Xes Xs1 X17X75 X,

W:

+ X790 X08 X7 — X31X14 X143 — X2 X023 X35 X2 X6a — XagXesXs7X75

—X17 X792 X091 — Xog Xg1 X12.

(5.34)

The perfect matching matrix is

41 P1 S1 T1 T2 S2 T3 P2 T4 T5 S3 S4 P3 T6 S5 S6 P4 42 T7 S7T P5 S8 T8 T9 S9

0O 0 0 0 0 O

(5.35)
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where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:
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0
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From Gy, we can get the GLSM fields associated to each point as shown in (5.32), where

(5.38)

., 89}

5 T9t, s={s1,..

r={ry,..

q=1{q1,q2}.
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From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

_ 1 1
T i) e s 06
1 1
N I I S IO
1 1
oD (-8 ) 0—w)(1-2) (1- )
+ ! + !  (5.39)

-t) (1-82)(1-%) (1-8)a—tats) (1- %)

The volume function is then

2 (b12 — b (b2 + 3) + b2? — 3by — 99)

V= _(bl + 3)(b2 + 3)(()1 — 2by + 3)(b1 — by — 6)(()1 + by — 6)

(5.40)

Minimizing V' yields Vi, = 0.158756 at by = 1.266149, by = —0.467702. Thus, apmax =
1.574744. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.26563p3 + 843750.p4 + 1.6875ps5) p3 + (1.26563p3 + 1.6875p4ps 4 2.53125psps

—2.53125p3 +0.84375p3 4 1.6875p2 — 1.6875p4 + 3.375paps — 3.375ps ) pa

= —0.84375p4p3 — 0.84375psp3 — 0.84375p2ps — 0.84375p2ps + 1.6875paps — 1.6875papsp3
+1.6875psps — 1.6875p4p2 — 1.6875p3ps + 3.375paps — 0.787372 (5.41)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.5 Polytope 29: PdPs5; (2)

The polytope is'6
D5

p3 pP1

D2 t q D4 ) (542)

161 [13, 25, 26], there is only one PdP5 (hence without a further alphabet subscript). We will regard it
as ba, and this polygon is 5b.
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The brane tiling and the corrresponding quiver are

(5.43)
The superpotential is
W = X13X30X01 + X4 X1 X120 + X538 Xg6Xe65 + X7 X75X54X43X36
+X81X19 X098 + Xog2 Xog Xg7X79 — X141 X13X36 X65X54 — X320 X204 X143
— X5 X58 Xg7 — XgeXe67X79 X098 — Xog Xg1 X129 — X19X92X01. (5.44)

The number of perfect matchings is ¢ = 33, which leads to gigantic P, QJ; and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (5.32),
where

q:{ql,...,Q3}, 7":{7“1,...,7“10}, 82{81,...,812}, t:{tl,...,tg}. (545)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){ xU(1)%,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

B 1 1
T () B ()
1 1
) ae-e ()
1 1
R L e A R I T
1 1
s e (1-a) - (1) (1-58)
1
+( - %> (1 - %) . tltg). (5.46)
The volume function is then
v 3 (b1® — 6b1 +6(b2 — 9)) (5.47)

(b1 = 6)(b1 + 3) (b2 +3)(b1 — b2 + 3)(b1 + 2b2 — 6)

Minimizing V yields Vinin = 0.136079 at by = 1.322699, by = —0.700670. Thus, amax =
1.837168. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.26563pg + 1.26563p4 + 1.26563p5) p3 + (1.26563p3 + 2.53125p4p2 + 4.21875ps5p2

—2.53125py + 1.26563p3 4 1.26563p2 — 2.53125p4 + 1.6875p4ps — 2.53125p5)p3

= —1.26563p4p3 — 2.10938psp3 — 1.26563p3p2 — 2.10938p2ps + 2.53125p4p2 (5.48)
—1.6875p4pspa + 4.21875psps — 0.84375psp? — 0.84375p2ps + 1.6875psps — 0.918584

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.6 Polytope 30: PdPg, (2)

The polytope is

(5.49)

(5.50)
The superpotential is

W = X13X32 X091 + X4 X1 X192 + X536 X65X54 X3 + X57X73 X35
+ X8 X7 X76 + X7,10X10,6 X67 + X10,1X19X9,10 + X92X210X10,8 X589
—X910X10,1X12 — X141 X13X35X54 — X320 X204 Xy3 — X5 X57X76
—X73X36X67 — Xg7X7,10X108 — X10,6X68X89X0,10 — X19X92X01. (5.51)

The number of perfect matchings is ¢ = 53, which leads to gigantic P, @); and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (5.49),
where

q:{qla"'aQ?)}? 7":{7"1,..-,7"17}, t:{t17"'7t6}
u={uy,...,us}, s={s1,...,817}- (5.52)

The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)ExU(1)5,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
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The Hilbert series of the toric cone is

) D)
(B P (s R ey
() () M) (e e
Tt t;g) (1-2s) " (1-2)a- ;t:» (1-4)
+ ! + ! (5.53)

(1 - %) (1 - %) (1 — titats) (1 - i) (1 — t1ta) ( - gg) '

The volume function is then

— Aby” 4 4by (by — 3) — 2by° + 39by — 153 (5.54)

(b1 +3)(bz +3) (b1 — b2 + 3)(b1 + ba — 6)(by + 2b2 — 6) ‘
Minimizing V yields Vipin, = 0.116367 at by = 1.939465, by = —0.878930. Thus, amax =
2.148375. Together with the superconformal conditions, we can solve for the R-charges of

the bifundamentals. Then the R-charges of GLSM fields should satisfy

(2.25pg + 11.25p3 + 6.75ps5) p3 + (2.25p3 + 4.5p3p2 + 4.5pspa — 4.5ps + 11.25p3
+6.75p% — 22.5p3 + 22.5p3ps — 13.5p5)ps = —9.p3p3 — 6.75psp3 — Ipaps — 6.75p2ps
+18p3p2 — 13.5p3psp2 + 13.5pspe — 6.75p3ps — 6.75p2ps + 13.5p3ps — 5.729 (5.55)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.7 Polytope 31: K2:5,1,4

The polytope is

pa D3 . (5.56)

The brane tiling and the corrresponding quiver are

(5.57)
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The superpotential is

W = X13X34X41 + X004 X43X32+ X35X57X76X63+ X46X68X85X54
+X3,9X9,10X10,8 + X7,10X10,9X09,7 + Xo,1X1,2X211 X119 + X10,11 X11,1 X110
—X12X04Xu1 — X34X46X63 — Xa3X35X54 — X108X85X57X7.10 (5.58)
—X76 X638 X9 X097 — X9,10X10,11X11,9 — X10,9X9,1X1,10 — X11,1X1,3X32X211.

The number of perfect matchings is ¢ = 66, which leads to gigantic P, QJ; and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (5.56),
where

q=A{q,q}, r=A{ry,...,r25}, s={s1,...,52}
t={t1,...,ta}, u={uy,...,us}, v=A{v1,...,v}. (5.59)
The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){xU(1)®,

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

HS = : zay 1 t3t2
(=0 08 (-8 () ()
+ t2 t + t ts tot2
(=) (1-8) (-ak) (-8)(-8) (-5
+ ! + !
(1 - %) (1 - ;3) (1—tits)  (1—t1) (1 - %) (1— g)
1 1
o (-) (-5 (- g) 0 nw
1 1
(=) (- - )
1
+(1t2)( 7%)( *%). (5.60)

The volume function is then

2 (ba? — 3by — 36) — 3by (b2 + 5)
(b1 +3) (b2 — 3)(b2 + 3) (b1 — b2 + 3) (b1 — 2(b2 + 3))
Minimizing V' yields Viyin = 0.106224 at by = 2.907158, by = 0.685037. Thus, amax =

2.353517. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

V=-

(5.61)

(5.0625p2 +0.84375p4 4 1.6875p5) p2 4 (5.0625p3 + 8.4375p4p2 + 3.375psp2

—10.125p2 +0.84375p3 +1.6875p2 — 1.6875p4 + 1.6875paps — 3.375ps )ps = —4.21875paps
—3.375psp3 — 4.21875pips — 3.375p2ps +8.4375p4p2 — 1.6875papspa +6.75pspa
—0.84375p4p? — 0.84375p3ps + 1.6875p4ps — 2.35352 (5.62)
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5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.8 Polytope 32: K213

The polytope is

pa b3 . (5.63)

The brane tiling and the corrresponding quiver are

.QQQQ.Q.Q.

GG
o 5o ol
DHERA A
006 Sl
50 0O SN

The superpotential is

W = X12X910X10,8X81 + X124 X43X31 + Xo3X35 X54 X420 + X56 X683 X57X75
+X37X79 X096 X63 + X9,10X10,1X19 — X10,1 X714 X492 X5 10 — X12X23X31
—X43X37X75 X510 — X35 X56X63 — Xo6Xe63Xs1X19 — Xa7X79X0,10X108.  (5.65)

The number of perfect matchings is ¢ = 46, which leads to gigantic P, QJ; and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (5.63),
where

q:{(Il7Q2}, T:{T17"')T20}) 5:{817"-)813}
t={t1,...,t3}, u={uy,...,us}. (5.66)

The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)ExU(1)5,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
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The Hilbert series of the toric cone is

S (o Y (o 2 e oy o ey
(eI [
e cmry e § o (e e Yy
T n —t;w (1-5) T (1 —112) (1-42)
() e e oy e M
- aTIE e o 24:+_3>9 T (5.68)

Minimizing V yields Vi, = 0.121782 at by = 3.092671, by = 0.479773. Thus, amax =
2.052849. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.6875pa +0.28125p4 +0.84375ps5) p3 + (1.6875p3 +2.8125p4pa + 1.6875p5p2
—3.375p2 +0.28125p3 +0.84375p2 — 0.5625p4 4 1.125p4ps — 1.6875ps)p3 = —1.40625p4p3

—0.84375psp3 — 1.40625p2p — 0.8437513%]92 +2.8125pap2 — 1.125papsp2 +1.6875p5p2
—0.5625p4p? — 0.5625p%ps + 1.125p4ps — 0.684283 (5.69)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.9 Polytope 33: K25:1,2
The polytope is

P2 t ps3

D4

(5.70)
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The brane tiling and the corrresponding quiver are

(5.71)

The superpotential is

W = X13X35 X54X41 + Xoa Xu3X32 + Xios X57X76 X63 + X356 X609 Xo5
+X78 XgoXo7 + X9 X092 X021 X18 — XgaXos X1 X18 — X021 X13X30
— X3 X3 X54 — X35 X56 X63 — X76X69X02 X207 — Xo5X57 X758 Xs9. (5.72)

The number of perfect matchings is ¢ = 36, which leads to gigantic P, @); and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (5.70),
where

q=A{q, e}, r={ry,...,m7}, s ={s1,...,510}, t = {t1,t2}. (5.73)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){ xU(1)%,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

HS = ! 242 + ! 12,2
I M RISt
e () () a-m (-8 (- 5)

1 1
+ i3 t + t ts tot2
(-t (1-2) (1-a5)  (1-8) (-2) (-4
+ ! + !
() (80w () ()
1
+< _%) (1 72) o (5.74)
The volume function is then
6 (bo? + by — 18) — b1(bg + 9)
[ R T g)Z(b; ?)))(191 3 Tt ZZ’))J(Fbl (b, +3)) (5.7)

Minimizing V' yields Vi = 0.135851 at by = 2.974853, by = 0.227507. Thus, amax =
1.840251. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.125ps + 1.6875p4 4 0.5625p5) p3 + (1.125p3 + 3.375paps + 1.125p5p0

—2.25py + 1.6875p3 + 0.5625p2 — 3.375p4 + 1.125paps — 1.125p5)p3 = —1.125p4p3
—0.5625p5p3 — 1.125p2ps — 0.5625p2py + 2.25paps — 1.125papspa + 1.125psps
—0.28125p,p3 — 0.28125p7ps + 0.5625p4p5 — 0.613417 (5.76)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.10 Polytope 34: K251

The polytope is

p3 P2

P4 q

ps P . (5.77)

The brane tiling and the corrresponding quiver are

(5.78)

The superpotential is

W = X{,X5: X351 + X33 X36 X64X12 + X34 X45X53 + Xo7X78 Xs6
+ X5 X35 X17X75 + Xy X 1o Xos — X51 X1 X35 — X35 X34 X2
— X4 X15X58 X6 — X53X36X67X75 — X78 X3 X17 — X3 X153 Xog. (5.79)

— 78 —



The perfect matching matrix is

T13 T14 S9

P1 P2 P3 g2 710 T11 T12 S6 S7 S8 P4 P5

76 S3 T7 T8 S4 T9 S5

T1 T2 S1 T3 S2 g1 T4 T5

0
1

0O 0 0 0 0 O 0O 0o o0 o

1 1 1 1

1

0O 0 1 0 0 0 O
1

1
1

0O 0 0 0 0 O
0O 0 0 0 0 O

1

0O 0 0 0 O

0 0

0 0

0O 0 0 1

1

1

0O 0 0 0 0 0O o0 O

0O 0 0 0 0 O

1
1

1 1
1

1

0

0O 0 0 0 0 1

1
1

1
1

0O 0 0 O

0

1

0O 0 0 0 0 0 O

0
1
0
1

1 1. 0 0 0 0 O
1 1 0 0 0 0 O

1
1

1

1

1

1

0O 0 0 0 0 0O 0 0 0 O

0O 0 0 0 0 0 0 O

1
1

1
1

1

1

1

1

1

1

1

1

1
0
0

0O 0 0 0 O

0

1

1

(5.80)

X351

X301

Xog

X31

X340 0 O

X36|0 0 0 0 0O

X420

Xas

X530 0 0 0 0 0 0

Xs8|0 0 0 0 0O

X6a|0 0 O

Xe7

X750 0 0 0 0 0 0 0 0 O

X780 0 0 0 0O

X340 0o 0o 0o o0 000O0OGO O O0O0O0O

X821000000000000000

X360 0o o 0o oo 0000 O0OOOOO

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

s9

S6 87 S8 P4 P5 T13 T14

0O 0 0 O
0O 0 0 O

P2 P3 g2 T10 711 T12

p1

S5

S4 T9

83 r7 T8

T4 "5 T6
0O -1 0 0
0O -1 0 0

T2 S1 T3 S2 41

71

0
0

-1
-1
-1
-1
—1
-1

-1 0 O
-1 0 O
-1 0 O

0
0
0
0
0

—1
-1
—1
—1
0
0
0
0
—1
-1
—1
0

0O 0 0 O
0O 0 0 O
0O 0 0 O

0
0
0

0

1

0O 0 0 0 O
0O 0 0 O
0O 0 O

0 0

-1 0 0 0 O

0
0
0
0
0
0
0
0

0 0
-1 0 O
-1 0 0

-1

1

0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O

0
0

1

0 0

0
0
0
0
0
0
0
0
0

0O 0 O

1

0
0
0
0

-1 0 O

0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O

-1 0 O
-1 0 O
-1 0

—1

1

0

0
0

-1 0 0 0 1
-1 0 0
—1

-1
0

0 0

—1

—1

1

0 0

0

0 0

0 0

0

0O 0 0 0 O
0O 0 0 O
0O 0 0 O

0

0
0
0
0

0
0
0
0

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

1
0
0

-1 0

0

0

0
0

0
0
0

0
0

0O 0 0 0 O
0O 0 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O

0
—1

0

-2 -2 0 O0

—1
—1
—1
-1
—1
—1

0
0
0
0
0
0

-1 0 O
-1 0 O
-1 0 O
-1 0 O
-1 0 O
-1 0 O

-1 0 0 0 O

0
1
0
0
0

0 0

0

0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O
0O 0 0 O

0

-1 0 O

0

0
0

0
0
0

0

(5.81)

with kernel

=
o™ @ —
<
Ao~ ~
&
)
o = o~
«

0
0
1

1
0O 0 0
1

710 T11 T12 S6 S7 S8 P4 P5
0 1
1
1

P1 P2 P3 92
1 -1 -1 0 -1
0
1

0
1
1

Te S3 T7 T8 S4 T9 S5
0
1
1

o~
- O
(=]
Plo = ~
JFlo —= ~
m.A_la21
F= o~
Plo = ~
b e
Mo = ~
Jlo = =

G- (
From G¢, we can get the GLSM fields associated to each point as shown in (5.77), where

(5.82)

(5.83)

., 89}

s ={s1,..

., T4},

r={ry,..

q={q1,q2}

- 79 —



From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.

The Hilbert series of the toric cone is

ST e A S Yy
(B (w5 e e ey
() (-8 R
TR T e A s e T
qUESE .

(b1 +3)(ba — 3)(b— 2+ 3)(by — 4by + 3)(by — 2(b2 4+ 3))

Minimizing V' yields Vipin = (143 4+ 19/57)/1944 at by = (9v/57 — 57)/4, by = 0. Thus,
Gmax = (—34749 + 4617/57)/64. Together with the superconformal conditions, we can
solve for the R-charges of the bifundamentals. Then the R-charges of GLSM fields should
satisfy

(4pa + 4p3 + 2p4) P2 + (4p3 + 8papa + 8papa — 8p2 + 4p3 + 2pF — 8p3 + 8psps — 4pa)ps
= —Adp3p3 — 12p4p3 — 4pips — 12p3p2 + 8p3pa — 24p3papa + 24paps — 10p3p;
—10p2p4 + 20psps — 171V/57 + 1287 (5.86)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.11 Polytope 35: K4424

The polytope is

po %P3 . (5.87)
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The brane tiling and the corrresponding quiver are

(5.88)
The superpotential is

W = X14X45X53X31+X23X36X64X42+X58X810X10,7X7,5+ X6,7X79X98X56
+X10,11 X11,1X 1,10+ Xo,1 X1 20 X0 11 X110 — X12X03X3 1 — X0 11 X111 X14X42  (5.89)
—X53X36X6,7X75— X64X45X55X86— Xos5Xg10X10,11X11,9 — X10,7X7,9X09,1 X1 10-

The number of perfect matchings is ¢ = 60, which leads to gigantic P, @ and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (5.87),
where

q:{qlaq2}7 7":{7"1,...,7"25}, U:{Ul,...,ug},
t:{tl,tQ}, S:{Sl,...,SQO}, U:{Ul,...,vg}. (590)
The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){xU(1)®,

where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

_ 1 1
B ) [ (Y (R R TR T (R (e
1 1
N I I R (R T ()
1 1
+(1—t1)(1—t2)< —t%) ! <1—%> (1—t9) (1—%)
1 1
+(1 — 1) (1 - #) (1 — tat3) i (1 — t1t3)(1 — tat3) (1 . #)
1 1
+<1 - %) (1 - %) (1 —tatats) ! (1 - %) (1 —tity) ( - %’)
1
EDICHICE o
The volume function is then
Vo —b1(ba + 15) 4 bo® + 3by — 72 (5.92)

(b1 +3)(ba — 3)(ba + 3)(by — b2 — 6)(by — b2 + 3)°
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Minimizing V' yields Vi, = 0.112411 at by = 2.224267, by = 0.261487. Thus, amax =
2.223982. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(12.1849py 4 4.06163py 4 6.09245p5) p2 + (12.1849p3 + 16.2465p4ps + 12.1849p5po

—24.3698ps +4.06163p32 +6.09245p2 — 8.12326p4 +4.06163paps — 12.1849p5 ) ps

=—8.12326p4p3 — 6.09245p5p3 — 8.12326p7p2 — 6.09245p2 ps + 16.2465p4p2 — 4.06163p4pspo
+12.1849p5p2 — 2.03082p4pz — 2.03082p7ps +4.06163psps — 5.35289 (5.93)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.12 Polytope 36: K*4%22

The polytope is
Ps t p2

pau bs : (5.94)

The brane tiling and the corrresponding quiver are

(5.95)
The superpotential is

W = X1, X03X31 + Xo5X56X64Xa2 + Xa7X75 X353 X34 + X609 X0 10X10.8 X586
+X78 X531 X190 Xo7 + X101 X795 X2,10 — X9 Xo5X53X31 — X23 X34 X140 (5.96)
— X175 X56 X069 Xo7 — XeaXa7X78 X6 — X108 X581 X12X2,10 — X19X9,10X10,1-
The number of perfect matchings is ¢ = 48, which leads to gigantic P, @ and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (5.94),
where

q={q, ¢}, r={ri,...,ra1}, u = {u1,uz},
t= {tl,tg}, s = {31, v 7816}. (5.97)

The mesonic symmetry reads U(1)?x U(1)g and the baryonic symmetry reads U(1)ExU(1)5,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
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The Hilbert series of the toric cone is

S o AT ] (s
R R M
R R T e e ey
TR R
) (T M e s
V- 2 (£6b + by + 6z — 45) (5.99)

Minimizing V yields Vipin = (59 + 11v/33)/972 at by

243

Omax = 512

(11v/33 — 59). Together with

(b1 + 3)(b2 — 3)(b2 + 3)(()1 — 2by +3)(b1 — by — 6)‘

(9v33 — 33)/8, be = 0. Thus,
the superconformal conditions, we can solve for

the R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(19683pg + 6561py 4 13122ps5) p2 + (19683p3 + 26244p4ps + 26244psps — 39366,
+6561p3 + 13122p2 — 13122p4 + 13122p4ps — 26244ps)ps = —13122p4p3 — 6561p5p3
—13122p3ps — 6561p2ps + 26244psps — 13122p4pspa + 13122p5pe — 6561pap2 — 6561p3ps

+13122pyps — 4V 33 — 236 (5.100)
5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
5.13 Polytope 37: K%41:3
The polytope is
pr ¢ q Pp3
P4
bs 2 (5.101)
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The brane tiling and the corrresponding quiver are

(5.102)
The superpotential is
W = X93X34 X 49 + X124 X145 X53X31 + X47 X738 X36X64 + X56X69X07X75
+Xg2 X021 X185 + X1 X12X99 — X12X03X31 — X901 X714 Xy0
— X34 Xu7X75X53 — Xu5X56X64 — X7 X738 X520 X209 — Xz X69X01X18. (5.103)
The number of perfect matchings is ¢ = 34, which leads to gigantic P, ¢); and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (5.101),
where

q={q,...,q3}, r={ry,...,T9}, s={s1,...,514}, t =A{t1,...,t3}. (5.104)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){ xU(1)%,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

S = L L
B G S I (R ) (o) R ()Y (Y (R
1 1
+(1—1t1)(1—t2)( —tf—;) ’ (1—%) (1—t) (1_%)
1 1
+(1 —tit3)(1 — tats) (1 - ﬁ) " (1-t) (1 - %) (1 - ttﬂ)
1 1
T i (-8 (-8 ()
1
ERIEHICED] o
The volume function is then
Ve 3 (ba® — 2by — 39) — 4b1(by + 6) (5.106)

(b1 4 3)(b2 — 3) (b2 + 3)(b1 — ba + 3)(2b1 — 3(b2 + 3))

Minimizing V' yields Viin = 0.133134 at by = 1.844031, by = 0.575732. Thus, amax =
1.877807. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(9.05965p3 + 3.01988p, +3.01988ps) ps + (9.05965p3 4 9.05965p4ps + 18.1193psps
—8.1193p3 +3.01988p2 +3.01988p% — 6.03977p4 + 6.03977paps — 6.03977ps )2

—4.52983pap2 — 9.05965ps5p32 — 4.52983p2 p3 — 9.05965p2 p3 +9.05965p4p3 — 9.05965p4psps
(5.107)

+18.1193p5p3 — 1.50994p,p2 — 1.50994p2ps + 3.01988p,4ps — 3.36045

constrained by Y

5
p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.14 Polytope 38: K241:2

The polytope is

Ps q P2

p3
b1 b . (5.108)

The brane tiling and the corrresponding quiver are

oD !
%.g,%gy,. |
8«&2&%
oSS

(5.109)

The superpotential is

W = X192 X93X31 + X4 Xy5X50 + X35X56X64Xu3 + X583 X1 X17.X75

+ X7 X720 X208 X6 — X17 X790 X04 Xy3X31 — Xo3X35 X50 — Xy5X58 Xg6X64
—X56X67X75 — X2 Xs1X12. (5.110)
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The perfect matching matrix is

T8 S9

P3 T4 S6 Ts5 T6 T7 ST P4 S8 42 P5

P1 71 S1 T2 P2 g1 S2 T3 S3 S4 S5

(5.111)

)

0O 0 0 0 0 1
1

1
0 0 0 0 0 0 0 0 o0 o000

0O 0 0 O

0O 0 1 0 0 1
0O 0 0 0O O 0 O

1
1

0O 0 0 0 1
0O 0 0 O

0
1

1
1
1

1

0O 0 0 0 O

0O 0 0 1

1

1

0

0 0 0 0 0 0 0 0 o0 0 00O

1

1
1
1

0O 0 0 0 O
0O 0 0 0 O

1

1
1

0
0O 0 0 O

1 0 0 0 O
0O 0 0 0 O

1

1

1

0O 0 O

0O 0 O
1
0O 0 0 O

1

1

0O 0 0 0 O

0o 0

1

0O 0 O

0

1

1 1
1

1

0 0

0O 0 0 0 0 0 1
0O 0 0 0 0O O 0 o0 o

0
0

0

0O 0 0 O

1

0
0
0

0O 0 O
0O 0 O
1

1
1

1
0O 0 0 O

0

o 0 0 0 0 1 0 O0 0 1
1
0O 0 0 0 0 O

0

0

0O 0 0 0 O

1

0

0

1
1

0
1

0

0

1

0O 0 0 0 0 O

1
0

1
0
0

1 1
0O 0 0 0 0 0 O O o0 O

0 0 0 0 0 0 0 O

0
0

11

1

0O 0 0 0 0 0 O

0O 0 0 0 0 0 0O O o0 O

X2

X7 1

Xo3

Xo4| 0O

Xog

X31

X35

Xa3

Xea| O

Xe7| 0

X72

X7s

Xg1

Xs6

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

5 Te T7 ST P4 S8 42 P5 T8 S9
-1 0 0 O -1 0 0 O
-1 0 0 O -1 0 O

pP3 T4 Se

84 S5

s3

S1 T2 P2 g1 S2 T3

T1

p1

(5.112)

1

0
0
0

0 0
0 0
0
0

1
0

-1 0 1

-1

0

0

0
0

-1 0 O
-1 0 0
0

0
0

—1

0O 0 O

1

0O 0 0 O

0
0

1
0

-1 0 0 O

0O 0 0 0 O

0O 0 0 O

1

0O 0 -1 0 0
0 0 -1
-1

0O 0 0 0 O

0O 0 0 O

0
1

o 0 0 0 O

0O 0 o

0
-1 -1 -1 0 0

0
-1
-1

0O 0 0 O

0
0
0
0
0
0
0
0
0
0
0

0
0
1

0

0

0O 0 0 O

-1 -1 0 0

0O 0 0 O 0o 0 0 0 O

0

0

-1 0 0
—1

0

0O 0 0 O

0

0O 0 0 O

0O 0 0 O
-1 0 0 0 O

1

-1

—1

-2 0 0 O
-1 0 0 O
-1 0 0 O
-1 0 0 O
-1 0 0 O

0O 0 O
0O 0 O
0 0

0 O

0 0

0O 0 0 0 O

0O 0 0 O

0
1
0
0
0
0

-1 -1 0 0

0

0O 0 0 O

0O 0 0 O

0O 0 0 O

0O 0 0 O

-1 0 0 0 O
-1 0 0 O

0

0O 0 0 O

0

0 0

with kernel

(5.113)

|

From Gy, we can get the GLSM fields associated to each point as shown in (5.108), where

1
0
1

T8 S9
0
1
1

76 T7 S7 P4 S8 42 P5
1
1
1

—~ o ~
o~ ~
(=R ]
Plo = ~
L= o ~
Jo = ~
m.u21,.1
R o~
J= o~
Pl o~
Plo =~
J= o~
m.A_I,All
3T o -
o = ~
S~ o =
Jleo = ~
Sl o~
N———
I
=
G

(5.114)

.y 59}.

st s ={s1,..

q= {QLQQ}’ r= {T‘b' .

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.
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The Hilbert series of the toric cone is

1 1
e 2 b CEAN t2 tits
() (=) (%) 0w (=) (-3)
1 1
* 1_ts t 1 t3t3 T 1 ] ) :
( _5> ( _%) ( _T> ( _tltB)( —t2t3)< —m)
1 1
" L Lat; * ¢ t: tot
G-m(-)(-5) (s (-g) (-5
! 1
T 1 + . —. (5.115)
(1 - H) (1 - 5) (1 —titats) (1 —t2) (1 - é) (1 _ ﬁ)
The volume function is then
6 (bo? + by — 24) — 2by (by + 9
V= ( 2 2 ) 10 ) (5.116)

(b1 + 3)(b2 — 3)(ba + 3) (b1 — 2by + 3)(2b1 — 3(b2 + 3))

Minimizing V yields Vi = 0.154554 at by = 1.904961, b, = 0.289299. Thus, amax =
1.617558. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(0.5625p3 +0.28125p4 4 0.5625p5) p3 + (0.5625p3 +0.28125p4p3 +1.125p5p3

—1.125p3 +0.28125p2 4 0.5625p2 — 0.5625p4 +0.5625p4ps — 1.125p5)p2 = —0.140625p4p3
—0.28125p;5p3 — 0.140625p3p3 — 0.28125p2p3 +0.28125p4p3 — 0.28125p4psps +0.5625p5p3
—0.28125p4p? — 0.28125p3ps +0.5625p4ps — 0.269593 (5.117)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.15 Polytope 39: K241:1

The polytope is

D4

pr ps . (5.118)

The brane tiling and the corrresponding quiver are

(5.119)
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The superpotential is
W = X19X53 X531 + X33 X3, Xuo + X34 X5 X53 + X7 X72X26 X5
+X46X61X17X74 — X17 X720 X5, X31 — X33 X 34 X2 — X34 X146 X65X53
—Xu5 X57X74 — Xo6X61X12. (5.120)
The perfect matching matrix is

S7 P4 P5

s
=
S
-
»
[
<
N
3
N
o«
N
N
w
<
I
@«
w
»
>
N
ot
»
o
<
o
]
w
o«
o
<
<
»
©

(=}
o
(=]

: (5.121)

Xs57

I
N
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H O O0OO0OO0OO0OO0OOR~OOOHR OO &~
mHFP 0000000~ OOOOO &
-~ O 00O~ O0OORrROOOOOGOO |8

where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

pP1 T1 S1 T2 P2 S2 T3 T4 S3 S4 T5 S5 T6 P3 S6 S7 P4 P5 T7 S8
o o 1 1 0 -1 0 0O O OO -10-10 0 0 01
o o0 1 o 0O O O OO O OoOOo0DS-10-10 0 0 10
1 -1 1 o 0o 0 O OO —-1090 0O O—-10 01 00
o o0 o0 1 06 -1 0 0O O OO O O -101 0 00
0o -1 1 1P 0 -1 0o 06 0O OOO O O0O-11 0 0 00
-10 1 1 0 0 -1 0 O O OO -11 0 0O OO0OO
o o o 1 0 0 -1 0 0O -120 1 0O O O O O O 0O
0o -1r1 1 0 0 -1 0 0 -11 0 O O O OO O OO0
Qt - o o o 1 0 -1-10 1 0 0O 0O 0O O O O 0 o0 00O (5122)
0o -11 1 0 -1-11 0 0O O O O O O O O O 0 O
1 -1 0 -11 0 0 0O O O OO O O O OO O OTFUO
o o 1 2 o0 0O -1 0 0 O OO -10-10 0 0 00
o o 1 2 0 0O -200-10 0 0 0 0O 0 0 0 00
o o o 1 0 -1-10 0O 1 0 O O O O OO O 00O
o 0 -11 0 0 -1 0 0 O OO O O 1 0 O O 00
o 1 -1 0 0 1 -10 0 O OO O O O OO O0O00O0
0o -r o 1.0 0 -10 0 O OO 1T 0 0 0O O O00O0

with kernel

pP1 r1 S1 T2 P2 S2 T3 T4 83 S4 Ts5 S5 Te P3 S6 S7T P4 P5 T7 S8
1 0L 0 _-11001100100T112 00 1

Gt = 1101 101100710712 00-101290]"° (5‘ 123)
1111 111111111111 1 1 11

From G¢, we can get the GLSM fields associated to each point as shown in (5.118), where

r={r,...,r7},  s={s1,...,s8}. (5.124)

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)?, where the subscripts “R” and “h” indicate R- and hidden symmetries
respectively.
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The Hilbert series of the toric cone is

_ 1 1
T ) (- ) e (- 8) (- )
1 1
)T (D)
1 1
R (o am(i- ) (- %)
1
+< - %> (1 - %) . tltg). (5.125)
The volume function is then
Vo 3 (4b1 — 3bo® — 6b2 + 57) (5.126)

(b1 + 3)([)2 — 3)(b2 + 3)(1)1 — 3by + 3)(2b1 — 3([)2 + 3)) '

Minimizing V' yields Vinin = (347 + 294/145)/4050 at by = (154/145 — 153)/16, be = 0.
Thus, amax = 160%(29\/ 145 — 347). Together with the superconformal conditions, we can
solve for the R-charges of the bifundamentals. Then the R-charges of GLSM fields should
satisfy
(64p3 + 128py + 64ps) p5 + (64p3 + 64paps + 128psps — 128p3 + 128p] + 64p3
—256p4 + 256paps — 128ps)pa = —32pap3 — 64psp3 — 32pips — 64p3ps + 64paps
—64p4psps + 128psps — 96pap3 — 96p3ps + 192psps — 725v/145 + 8675 (5.127)

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

5.16 Polytope 40: K%3:2:2

The polytope is
ps 4 p2

pe t P . (5.128)

The brane tiling and the corrresponding quiver are

(5.129)
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The superpotential is

W = X13X39X91 + Xog X41 X190 X97 X720 + X35 X57 X76 X63 + X6 X68X85X54
+Xg9XgoXog — X41X13X35X54 — X320 X094 X46X63 — X5 X57X72X08
—X76 X638 X589 X97 — X92X21 X19. (5.130)

The number of perfect matchings is ¢ = 32, which leads to gigantic P, Q); and G;. Hence,
we will not list them here. The GLSM fields associated to each point are shown in (5.128),
where

q:{ql,qQ}, r = {Tl,...,Tg}, s = {81,...,814}, t= {tl,tg}. (5.131)

The mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry reads U(1){xU(1)%,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.

The Hilbert series of the toric cone is

S e [ ) M e e Ty
(T [N R Ty
TG a0
RO T
Rl ) -
V=— ~24b by + 12 — 117 (5.133)

(b1 + 3)(b2 — 3)(b2 + 3) (b1 — b2 + 3)(2b1 — by — 9)

Minimizing V yields Vinim = (83 + 13v/65)/1350 at by = (15v/65 — 81)/32, by = 0. Thus,

Umax = %(13\/ 65 — 83). Together with the superconformal conditions, we can solve for

the R-charges of the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1280p32 +512p4 + 768ps) p3 + (1280p3 + 1536p4ps + 1536psp2 — 2560p +512p3  (5.134)
+768p2 — 1024ps +512paps — 1536ps)p3 = —T68pap3 — 512p5p3 — 768pips — 512p2ps
+1536pap2 — 512papsp2 + 1024pspa — 256pap? — 256p2ps + 512p4ps — 32565 + 2075

5
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
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6 Five hexagons

6.1 Polytope 41: PdPy4. (3)

The polytope is

pP3  De

P4 D5

(6.2)

The superpotential is

W = X72X3, X18Xs7 + X13X32 X5 + Xo5 X540 Xa2 + X6 Xe7X75 X353 X34 + X558 X6 X635
— X6 Xo7X72 X5 X158 — Xy X13X34 X2 — X532 X05 X53 — X54X46 X065
—X75 X538 X37. (6.3)

The perfect matching matrix is

3
iy
S
N
©
fors
o
%)
)
w
»
Ny
]
fivs
3
N
3
w
N
w
N
ot
)
o
o«
o
2
(%)
S
o
»
S

P4 P5 P6

3
~
[
)
<
o

S9 S10 S11
(V] 1

o

&
O 00000 OORROOOR OO = &~
O 00000 OO R OOORKHROO
O 0O 0 0 00O+ OO HKHFEOKKHOOOHR O
OO0 000 O0OKrRHOOOKRKREOOORRO
O 000 O0OO0OKrRHKHOOOOOOO = &~
O 00 00O KrFEHKHOOOOOHRKEOO
O OO0 O O K KFHOOOOoOKrH OO KR OO
O 0O 0O+ OO+ OO H+HOO O =OOo o
O 0O 0O+ OO+ OO HKHFEOHKHOOOO O
O 00O OOk KFEFOOOKFEHOOOOO
OO0 o0 OOrRHKHOOOOOOOO R
OO OO OO0 OO OO RO O = &~
O O OO0 K OO0 000000 KrKHKREOO
O O OO0 OO0 00K OoOKr OO OO
O O P O OO0 O0 000K+ OO O
OO+ RHOFROOOORROROOOOO
O+ HOOOOrHOOOOROORR OO
H 0O O0OO0OO0OHOOOOOHRORREOOO
H 0O 00O+~ OOKrROR~ROOOKROOO
H O OO HOOOOOOOKR OO O+
H OO0 HOOOOHROHRROOOO O
H = 0O 0O 00000 FrFKF OO0 O H+O O O
HHEHOOOOOOOoORr R OFr OO O O
H 2 0O 0000~ OOOHRIHEKEKOOOO
H 2 OOOOQOOHKHEFOODOOOOOO
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where the relations between bifundamentals and GLSM fields can be directly read off.
Then we can get the total charge matrix:

TL T2 S1 S2 S3 S4 Pl P2 T3 T4 T5 S5 S6 P3 T6 S7T P4 P5 P6 T7 S8 T8 S9 S10 Si1
11 0 1 -10 0 0 000 1 00 0GO0-1-102020200 0 1
-11 0 0 0 0 0 0000 1 00UO0UO0-1-100202020 1 0
-11 -11 0 0 0 0000 1 00UO0O0-1-10020U01 0 0
21 0 1 0 0 0 0 00O 1 0O0UO0GO0-1-100207120 0 0
01 -11 0 0-1000D00 0000 010201200 0 0
-11 0 1 0 0-10 0000 0O0UO0OGO0OO-10T1T0U0TU0 0 0
1 0 -11-100 0000 00O0UO0OTG OUO--1120202020 0 0
2 0 -10 00 0 -1000-1020201 0 000000 0 0
10 0 0 000 -1000-100T1T0U0 0U0U0O0UO0TO0 0 0
1.0 -10 000 0000 -10120200 000O0UO0TO0 0 0
Qt = 1 -10 0 0 0 0O 0 0OOTO O=-1100T010 000000 0 0 (6 5)
1 0 0 -10 0 -1001 00000 0 0 0O0UO0TG OT O 0 O
1 0 -1 0 0 0 -10 10000000 0 0O0UO0OT O 0 0
1 0-10 00 0 -1100 000000 0UO0UO0O0UO0GO0 0 0
1 -10 0 -110 0000 00O0UO0® OGO O0O0OO0OTO0TO 0 0 0
o o 0 1 000 0 0O0OO0 10000 -1-1020202020 0 O
3 -2 0 -1 0 0 1 -1000-1000U0 0 1 00000 0 0
2 -1 0 0 0 0 -10 000102020201 000000 0 0
1 -10 0 -100 00001 00000 O0O0OO0OOTO0TO0 0 0
1 -1-11 0 0 0 0 000 0O0O0OU OO OGO OUOO0OOUO0O0 0 0
1 -10 -11 00 0000 00UO0TUO0OT® OGO OOTO0OOTO0TO 0 0 0
0 -2 1 0 00 0 1 00O0O0O0OO0OTO OO 0 O0UOT OO OTO 0 0

with kernel

T1 T2 S1 S2 S3 S4 P1 P2 T3 T4 T5 S5 S6 P3 T6 ST P4 P5 P6 "7 S8 T8 S9 S10 S11

Gt — o o011112-100DO0"1112 01 3 -10010 1 1 1 . (66)
$1r 1000002 11 10O0-110-11 0101 0 O 0
$r 111111 1 1 1 11 1 1 1 1 1 11 1 1 1 1 1 1

From Gy, we can get the GLSM fields associated to each point as shown in (6.1), where

7’:{7'1;'”77"7}, 82{81,...,811}. (67)

From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R~ and hidden symmetries
respectively.

The Hilbert series of the toric cone is

_ 1 1
S CIEAY (Y Co RNy FEYY co
1 1
+(1_t12> (1_ﬁ>(1—t1t3)+(1—t1) (1—%>( —%)
+ ! 4 1

(1—%) (1-t) (1—%) (1—%) (1—%) (1 — tots)

1 1

+ 1 tots t t1 ts ' (68)
a-w(1-4) (1-%) -0 (-2)(1-2)
The volume function is then
6b12 — by (6by + —4bo® + 72) — 2093 + 27by2 + 36by — 513
vV — 1 1 ( 2 2 ) 2 2 2 (6.9)

(b1 +3)(ba — 3)(ba 4 3)(by — ba + 3)(by + b2 — 6)(b1 — 2(b2 + 3))
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Minimizing V' yields Vipin = 0.160827 at by = 0.979128, by = 0. Thus, amax = 1.554465.
Together with the superconformal conditions, we can solve for the R-charges of the bifun-
damentals. Then the R-charges of GLSM fields should satisfy

p2(3.375p3pe + 1.125p4pg + 4.5p5p6 + 1.6875p% 4 0.5625p7 + 1.6875p2 — 3.375p3
+1.125p3ps — 1.125p4 +3.375p3ps + 1.125paps — 3.375ps5 + 2.25pa — 4.5p6 ) + pa(1.6875p3
+0.5625p4 + 1.6875p5 +2.25pg) = —1.125p3pz — 1.125pap2 — 1.125psp2 — 1.125p2pe
—1.125p3p6 — 1.125p2pg + 2.25psps — 2.25pspaps + 2.25p4ps — 3.375pspspe

—2.25p4psp6 + 2.25p5ps — 0.5625p3ps — 1.6875p3p2 — 1.125p4p2 — 0.5625p3p4 (6.10)
+1.125p3pg — 1.6875p3ps — 1.125p%ps + 3.375p3ps — 2.25p3paps + 2.25p4ps — 1.03631

6
constrained by »_ p; =2 and 0 < p; < 2, with others vanishing.
i=1

6.2 Polytope 42: PdPs5. (3)

The polytope is

bro b : (6.11)

(6.12)

The superpotential is

W = X91 X14X43X39 + X36 X65X53 + Xu5X57X76Xe64 + X69X01X18X56
+X78 X382 X209 Xo7 — X18Xg9 Xo1 — X9 X1 X14X45X53X30 — X43X36X64
—X65X57 X78 X6 — X76X69Xo7- (6.13)
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The perfect matching matrix is

71 S1 P1 P2 91 T2 S2 83 P3 T3 T4 T5 T6 S4 S5 T7 S6 S7 T8 P4 T9 S8 S9 S10 S11 P5 92 P6 T10 S12

1

0
0

1 0 0 061 00 1 0 0 O

0

0O 0 0 0 0 0 0 0 0 0 O

1
o 0 0 0 o0 0 O o0 O

0

0

1
1

1 0 1 1
11

1
1

0 0

0

0O 0 0 O

0O 0 0 0 0 0 0O o o0 o0 o

o 0 0 o0 1
1

1
0 0

0

0O 0 0 0 0 1
0O 0 0 0 0 0 O

1
1

0O 0 0 0 1
1 0 0 0 0 0 0O

1
0

0

0

1 0 0 0 0 1

0O 0 0 0 0 0 o0 o

0O 0 0 0 0 O

1
1

0 0 0
1
0O 0 0 0 0 0 O

0O 0 0 0 o0

0
0
1
0

1

0

0

0
0
0

1 0 0 0 0 O
0O 0 0 0 o
0O 0 0 0 O
1

1
1

1
1

1
0 0 0 0 0 0 0 O

0

1

1

1

0O 0 0 1

1

0O 0 0 0 0 O

1
1

0O 0 0 0 o0

o 0 0 0 0 O0O0OO0OO0OO0OT1T 0 0 0 0 O

1
o 0 0 0o 0 0 O 0o 0 o0 O

0
0
0
0

1

1

1

1
0

1
0o 0 0 0 0O 0O 0OOO 0O 0O 0 O0 0 00O

o o0 0 o0 o0 o0 o 0o o o o0 o o0 o0 o

0 0

1

X14]0 0

X188/ 0 O

Xa1

Xag

Xs32[0 0

Xa6| 1

X431 0 0

X5

X571

Xe5| 0

X76| 0 0

X7g| 0 0

Xg2[ 0 O

Xgg| 0 0

Xo1

Xo7[ 0 O

(6.14)

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

S8 S9 S10 S11 P5 492 P6 T10 S12

-1 0 O
-1 0 O
-1 0 O
-1 0 0
-1 0 O
-1 0 O
-1 0 O

S5 T7 S6 ST T8 P4 T9

3 P3 T3 T4 T5 T6 S4

T2 S2

P2 q1

p1

S1

T1

0
0
0
0
0
0

-1 0
-1 0

0 0 O
0O 0 O

0

0
-1 0 0 O

-1 0 0 O

0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O

0
0
0
0
0

0
0
0
0
0

0

0
0
0

0
0
0
0

0
0
0
0
0

0
-1 0 0

0

0

0

0
-1

-1 -1
-1 0

0
0O 0 O

0

—1

-1 0 0 0 0 O
-1 0 0 0 0 O

-1 0 0 0 O O

0
0

0

1

0
-1 0

-1 1
0 1

-1 0

-1 0 1

—1

-1 0 0 0 0 O

-1 0 0 0 O

0
-1 0

0

1

1

0

1

-1 0 0 O

0
0

1

-1 0 0

-1 -1 0
—1
0
-1

0

1
1
0

-1 0

0
0

0
0
0

-1 1 0 0 0 O
-1 0 0 O

-1 0

0O 0 0 0 O
0O 0 0 0 O

-1 0 0 0 0 O

—1

-1 0 0 O

-2 0
-1
—1
-1
-1
—1
—1
-1

0O 0 O

0
0
0
0
0
0
0

0

0

2

0O 0 O
0O 0 O
0O 0 0
0O 0 O
0O 0 O
0O 0 0

0
1
0
0
0
0

0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 o
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 o

0
0

0
0

0

-1 -1

1

(6.15)

with kernel

]
- o —
@
o
o ~ o~
=
©
D.OOI
—
Al
S o=

-1 0 0 0 0 1
1 0
1 1

T2 S2 83 P3 T3 T4 T5 T6 S4 S5 T7 S6 ST T8 P4 T9 S8 S9 S10 S11 P5
1 1 0
0 0 1
1 1 1

T1 S1 P1 P2 41
1 3 -2 -10
0 -
11

0
1
1

G- (
From Gy, we can get the GLSM fields associated to each point as shown in (6.11), where

(6.16)

(6.17)

. ,512}.

s={s1,..

L T10)

r={ry,..

q={q,q},
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From Q; (and Qr), the mesonic symmetry reads U(1)2xU(1)r and the baryonic symmetry
reads U(1){ xU(1)*, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.
The Hilbert series of the toric cone is
1 1
HS =773 N zay 2 ,
(1-%) (1=25) (=) 0=w(1=5) (1-25)
1 1
+ 1 t + t t
(1—5) <1—72) (1—tits) (1—t) <1—§) (1—5)
1 1
t t1t + 1 t
(1—7>(1—t2)(1— ;3) (1—E>(1—é>(1—t2t3)
1 1
+ +

4 . (6.18)
ERERIER
The volume function is then
b12((ba +9)) — 18b; (by + 3) + 18 (b2 — 2by — 27
v 1“((b2 +9)) 1(b2 +3) + 18 (bo 2 ) (6.19)

(b1 — 6)(b1 + 3)(b2 — 3)(b2 + 3)(51 — by + 3)(b1 — 2(52 + 3))

Minimizing V yields Vipin, = 0.145643 at by = 1.383054, by = 0.258873. Thus, amax =
1.716526. Together with the superconformal conditions, we can solve for the R-charges of
the bifundamentals. Then the R-charges of GLSM fields should satisfy

(1.26563ps 4 0.421875p4 + 1.26563ps + 2.10938p6 ) p3 + (1.26563p3 + 1.6875p4po
42.53125p5p 4 4.21875pg pa — 2.53125p, +0.421875p3 + 1.26563p2 + 2.10938p2
—0.84375p4 +0.84375p4ps — 2.53125p5 4+ 1.6875p4pg + 2.53125p5p6 — 4.21875p6 ) p3

= —0.84375p4p3 — 1.26563psp3 — 1.6875pgpa — 0.84375p3ps — 1.26563p2ps — 1.6875p2py
+1.6875p4pa — 0.84375p4pspa + 2.53125p5pa — 1.6875papepe — 2.53125p5pep2 + 3.375p6p2
—0.421875p4p? — 0.84375p4p2 — 0.421875pspa — 0.421875p2 ps +0.84375p4ps (6.20)
—0.84375p3ps — 0.421875p2ps + 1.6875p4ps — 0.84375papsps +0.84375psps — 0.858263

6
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

6.3 Polytope 43: PdPg (3)

The polytope is
Pe 1 q P2

P4 P3

b b : (6.21)
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The brane tiling and the corrresponding quiver are

(6.22)
The superpotential is
W = X14X43X31 + Xo3 X35 X540 Xu2 + Xue X7 X74 + X57 X783 X36 X065
x X710X10,1X19X07 + X92.X2 10X10,8X59 — X19X92X23X31 — X2 10X10,1X1,4X42
X X43X35 X57X74 — X54X46X65 — X67X7,10X10,8X86 — X738 X9 X07. (6.23)
The number of perfect matchings is ¢ = 46, which leads to gigantic P, @+ and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (6.21),
where

q:{Q17”'7Q3}7 7’:{7“1,...,7“18}, 8:{817”'7516}7 t:{tlv"‘7t3}- (624)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1)gxU(1)5,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

B 1 1
B e [ I AR I ey
1 1
O I IR (R I (R Iees
1 1
+(1 —t) (1 = (1 4 i (1 ) (1 his)
1 1
+< —%) <1—%) (1 — tots) i (1—t) (1—%) <1_ tﬁs)
1 1
R (T () ATETAT (e N () M
The volume function is then
_ 2b1%(by + 6) — 2b1 (2b2” + 15by + 18) + 2bo® + 9by* — 108by — 459 (6.26)

(b1 +3)(ba = 3)(ba 4 3) (b1 — b2 — 6) (b1 — b2 + 3)(b1 — 2(b2 + 3))

Minimizing V' yields Vinin = 0.126977 at by = 2.020709, by = 0.520709. Thus, amax =
1.968861. Together with the superconformal conditions, we can solve for the R-charges of
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the bifundamentals. Then the R-charges of GLSM fields should satisfy

(0.5625p3 + 1.125p4 + 0.5625p5 + 1.6875p6)pa + (0.5625p3 + 1.6875pap3 + 1.125psp3
+2.8125pgps — 1.125p3 + 1.125p7 + 0.5625p2 + 1.6875pg — 2.25p4 + 0.5625p4ps — 1.125p;5

+2.25paps + 1.125p5ps — 3.375p6)p2 = —0.84375p4ps — 0.28125psp3 — 1.40625p6p3

—0.84375p3ps — 0.28125p2p; — 1.40625p3ps + 1.6875paps — 0.5625papsps + 0.5625ps5ps
—1.6875papeps — 1.125pspep3 + 2.8125peps — 0.28125p4p2 — 0.28125p4pa — 0.5625p5p2
—0.28125p3ps + 0.5625p4ps — 0.28125p3ps — 0.5625p2ps + 0.5625p4ps — 0.5625p4psps

+1.125p5pg — 0.656287

6
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

6.4 Polytope 44: PdP4s (2)

The polytope is

Pe D5

b3 D2

& b1

The brane tiling and the corrresponding quiver are

L
%s%s%s s

The superpotential is

W = X13X36X64 X102 X0, + Xu5X53 X34 + Xos Xs7X76 + X72 X3 X158 X5 X57

— X3 X13X34 X142 — X53X36X68Xs5 — X6aXa5X57X76 — X7 X72 X5 X18-
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The perfect matching matrix is

T7 T8 S7 P6 T9 S8 S9

P3 "5 T6 S6 P4 P5

71 T2 S1 P1 S2 P2 T3 T4 S3 S4 S5

(6.31)

)

0O 0 0 1
0O 0 O

1

0

0 0

0O 0 0 0 O

0
1
0

1

0O 0 0 0 0 0 0 O
1

0O 0 0 O

1
1
0O 0 O
0O 0 O

1 0 0 0 00 O

0

1

0 0

1

0O 0 0 O 0O 0 O

0O 0 0 O

0

1
1

1

1
0O 0 0 O

1
0

1 0 0 0 OO0 O

0 0

0

0O 0 0 O

1
0O 0 0 0 0 0 0 O

1
1

0O 0 O

1
0

0
0
0
0
0

1
0
0

0
0
0

1 1 0
0
1

1

1 1 1

0

1 1 1 0 1 1

0O 0 0 0 0 0 O o0 o

0O 0 O

0
0
0

1
0
0

0O 0 O
0O 0 O
0O 0 O

0
0
0
0
0

1 0 0 0O OO 0O
1 0 0 0O 00O 0O
1 0 0 0 O

0O 0 0 1

0o 0 0 0 0 0 0O 0 0 O

0O 0 0 0 0 0 O 0 0 O

0
0

1

0
0
0
0

0O 0 0 0 0 0 O

0O 0 O

0
0
0

0

1
0

Xi3

Xi18

X lo

X34|0 0 0

X36[0 0 O

X420 O

Xas

Xs3|0 0 0

X570 0 0

X72|0 0 0

X760 0 O

Xg5|0 0 0

P=

Xg7|0 0 0

where the relations between bifundamentals and GLSM fields can be directly read off.

Then we can get the total charge matrix:

77 T8 S7 P6 T9 S8 S9

-1 -10 0 O
-1 -10 0 O
-1 -10 0 O

S4 S5 P3 "5 T6 S6 P4 D5

2 P2 T3 T4 S3

T2 81 P1

T1

(6.32)

0

0
0
0
1

0O 0 0 O
0O 0 O
0O 0 O

0
0

0

0O -1 0 0 O

0
0

-1 0 0 1

-1 0

0
0

0
0

0

0

-1 -1

—1
—1

-1 0 0 O

-1 0 O
-1 0 0
0

0
0

0

—1

0 0 0 0
0O 0 o0 0 0O 0O 0 0 O

—1

0
0

0
0

1

-1 -1 0

0

0O 0 0 0 0 0 O

0 0
-1 -10 0 0 0 0O O O

0O 0 0 0 O
0O 0 0 0 O

0
0

1
-1

0O -1 0 O

0

—1
0

—1

-1 -1

—1

0 0

with kernel

\./
]
«”
3=
N~—
/-~
J= o ~
R= o ~
lo = ~
glo o =
=
Plo = ~
Slo —= ~
MAll
Sl o~
Pl o ~
Llo = =
Plo = ~
gln 7 =
F—= o~
S o ~
RN o ~
Jo = ~
Plo = ~
m421
F= o~
mlll
S~ o~
o = ~
Olo = =

G- (
From Gy, we can get the GLSM fields associated to each point as shown in (6.28), where

(6.34)

., T9t, s={s1,...,59}.

r={ry,..

From Q; (and QF), the mesonic symmetry reads U(1)2xU(1)g and the baryonic symmetry
reads U(1){ xU(1)3, where the subscripts “R” and “h” indicate R- and hidden symmetries

respectively.
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The Hilbert series of the toric cone is

- 1 1
B R I s T (e D RRTEAT (I (e
1 1
O I N G GO
1 1
D (e 0 G- (1-4) (1o )
1 1
+

+ . (6.35)
IR MERCRIC
The volume function is then

v 6 (b1 — 2byby — 3by + 6bo® + by — 99) (6.36)

(b1 = 6) (b1 + 3)(b2 — 3) (b2 + 3) (b1 — 2b2 + 3)(b1 — 2(b2 + 3)) .

Minimizing V' yields Vipin = 40/243 at by = 3/2, by = 0. Thus, amax = 243/160. Together
with the superconformal conditions, we can solve for the R-charges of the bifundamentals.
Then the R-charges of GLSM fields should satisfy

(15p3 + 5pa + 10p5 + 15pg)p3 + (15p3 + 10paps + 30psps + 30psps — 30p3 + 5p; + 10p2
+15p2 — 10py4 -+ 10paps — 20ps + 10paps + 30psps — 30ps)p2 = —5paps — 20psp3 — 15pep3
—5paps — 20p2ps — 15p2ps + 10paps — 20papsps + 40psps — 20papeps — 40pspeps

+30psps — 10pap? — 10papg — 10pspg — 10p3ps + 20paps — 10pips — 10p2ps + 20paps
—20p4pspe + 20psps — 9

(6.37)
6
constrained by > p; = 2 and 0 < p; < 2, with others vanishing.
i=1
6.5 Polytope 45: PdPg. (3)
The polytope is
Pbe g P2
ps P3
p1 t yZs (638)
The brane tiling and the corrresponding quiver are
@
@
{,,_\ \
No
@
(6.39)
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The superpotential is

W = X13X35 X524 X41 + X4 X63X32X04 + Xeg Xg7 X75X56 + Xg9X01X1,10X10,8
+X10,2X20Xo7X710 — X29 X091 X13X32 — X1,10X10,2 X214 X491 — X3 X35X56

X X54 X146 X658 X9 Xo7X75 — X7 X710X10,8- (6.40)

The number of perfect matchings is ¢ = 40, which leads to gigantic P, @+ and G;. Hence,

we will not list them here. The GLSM fields associated to each point are shown in (6.38),
where

q={q1,e} r=A{ry,...,m5}, s={s1,...,515}, t = {t1,t2}. (6.41)

The mesonic symmetry reads U(1)?xU(1)g and the baryonic symmetry reads U(1){xU(1)?,
where the subscripts “R” and “h” indicate R- and hidden symmetries respectively.
The Hilbert series of the toric cone is

_ 1 1
Crn w0
1 1
R a5 (- 8)
1 1
+<1—t11) (1 — ) (1—%) i (1—t) (1—%) (1 — tats)
1 1
R - ame (-8 (- ()
1 1
Y (o) B (O TER AN ()
The volume function is then
v 3 (4b1” — 4by (by + 3) + 3 (b2” + 2by — 51)) (6.43)

(bl — 6)(b1 —|—3)(b2 — 3)(52 =+ 3)(b1 — by — 6)(()1 — by —|—3).

Minimizing V' yields Vipin = 32/243 at by = 3/2, by = 0. Thus, amax = 243/128. Together
with the superconformal conditions, we can solve for the R-charges of the bifundamentals.
Then the R-charges of GLSM fields should satisfy

(12ps + 16ps + 12ps5 + 16pg)p3 + (12p3 + 32p4aps + 24psps + 40psps — 24ps + 16p3 + 12p?
+16p2 — 32p4 + 16paps — 24ps + 32papes + 24psps — 32p6)p2 = —Spap3 — 12psp3 — 20pep3
—8pips — 12pps — 20pgps + 16paps — 16papsps + 24psps — 32papeps — 24pspeps
+40psps — 8papi — 16papg — Apspg — 8pips + 16paps — 16pips — 4pips + 32paps
—16papspe + 8pspe — 9 (6.44)

6
constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1
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7 The toric variety X (A)

Given a lattice polytope A of (complex) dimension n, besides the (n + 1)-dimensional
Calabi-Yau cone which is non-compact, we can also get a compact toric variety X (A)
under the construction of inner normal fan ¥(A). Here, we give a quick review on the
compact toric variety X (A). A detailed treatment can be found in [46, 47].

To build X(A), we choose one interior point as the origin, then the fan 3(A) is
constructed out of cones having rays going through the vertices of each face with origin as
the apex, viz,

Y(A) = {pos(F) : F € Faces(A)}, (7.1)

where

pos(F') = {Z Av; v, € FO N > O} (7.2)
i
is the positive hull of the n-cone over face F. For instance, choosing the left interior point
as the origin, the polygon (4.139) in section 4.17, C/(Zs x Zs2) (1,0,0,2)(0,1,1,0), has the
toric variety

(7.3)

with the cones o; as affine patches.
However, such X (A) may not be smooth. In fact, the toric variety built from (7.3) is
not smooth. This is solved by the following definition:

Definition 7.1. The polytope and the corresponding fan are regular if every cone in the
fan has generators that form part of a Z-basis.

The regularity can be determined by the determinant of all n-tuple vectors of each
cone. If all the determinants are 41, then we have a regular polytope and a regular fan.
With regularity, we have [47]

Theorem 7.1. The toric variety X (A) is smooth iff A is regular.

For example, in (7.3), det(ug,uz)=—2, and therefore the corresponding toric variety
is singular. Nevertheless, we can always resolve the singularities via triangulations of the
polytope. For reflexive polytopes, FRS triangulations are considered [13, 71], where

e “Fine” stands for all the lattice points of the polytope involved in the triangulation;
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e “Regular” stands for the polytope being regular;
e “Star” stands for the origin being the apex of all the triangulated cones.

Now that we are dealing with polygons having two interior points, F and S can not be
simultaneously satisfied. Hence, we will drop the condition F, and contemplate RS trian-

gulations. Under such triangulations, we get a complete resolution, X (A), of X(A). For
instance, (7.3) can be resolved to

Ugy

Ug

o ) (7.4)
which is complete and smooth.

7.1 The two interior points as origins

From [72], we know that X (A)’s constructed from reflexive polytopes are Gorenstein Fano,
i.e., its anticanonical divisor Kx is Cartier and ample. However, as we have two interior
points here, X(A) does not hold this property any more. Actually, since we have two

choices of the origin, we can build two compact toric varieties, which may or may not be

the same.”

—_—~—

For the two X (A)’s built from A to coincide, it is necessary for them to have the same

—_—

Euler number. As we will discuss in section 7.2, the Euler number of X (A) equals to the
number of triangles under the triangulation, viz, the number of two-dimensional cones.
Hence, this can be checked by counting the numbers of triangles under triangulations.

After complete resolutions, we find that there are only 12 polygons that have X (A)’s with
different Euler numbers. In terms of the ordering in appendix A, they are (2), (4), (10),
(12), (15), (18), (19), (23), (37), (38), (39) and (40).

As the two interior points is connected by a straight line, now for simplicity, let us call
this line the “spine” of the polygon. Since the Euler number is related to triangulation, it is
not hard to see that when we have zero or two perimeter points lying on the spine, the two
Euler numbers are equal.!® On the other hand, if there is only one perimeter point on the
spine, the two complete resolutions would yield different Euler numbers. This is because

"Notice that even though we have this choice on the level of the toric 2-fold, the affine 3-fold is the same
and hence the gauge theories are the same.

8Hence, none of the hexagons belongs to the 12 polygons as it has been proven in [27] that the two
interior points of a hexagon must lie on the same diagonal.
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Figure 1. (a) The complete resolution X is constructed from the zeroth-grade point. The Euler
number Yo is 4. (b) The toric variety X is already smooth, viz, X; = X;. The Euler number y;
is 3. (c) We make a further blow-up on X; by adding the ray uz = (1,0). The new variety )A(/{ has
Euler number x} = 4.

for these three points on the spine, if the interior point is in the middle (which we will refer
to as the “zeroth-grade” point), the fan will have rays extending to both of the other two
points on the spine. For the other interior point (which we will refer to as the “first-grade”
point), the fan will only have one ray on the spine. Thus, the zeroth-/first-grade Euler
numbers will differ by 1:
xo—x1 = 1. (7.5)
As will be discussed in section 7.2, the first Chern numbers will then satisfy C1 1 —Ci0 =1
where C;; denotes the first Chern number of X;(A) from the i*'-grade point.'
For the remanining 33 polygons who have two zeroth-grade points, it turns out that

—_—

not only the corresponding Chern numbers of X(A)’s, but also the two Chern classes

(and hence the two Euler numbers) are equal. For the 12 polygons with first-grade points,
consider the complete resolution whose fan has the first-grade point as the apex. If we add
another ray opposite to the original ray on the spine, i.e., we further resolve the complete
smooth surface, then we will reach a new variety with Euler number x; = x1 +1 = xo. As

a matter of fact, we find that the total Chern classes of Xo(A) and X (A) are equal:
c ()/E{) =c ()?6) . (7.6)

As an example, the different resolutions of (3.10) in section 3.2 is depicted in figure 1.

It is worth noting that all the 12 polygons with first-grade points can be higgsed from
a minimal parent theory which also has a first-grade point (and two zeroth-grade points).
This minimal parent theory is

(7.7)

YFor polytopes with arbitrarily many interior points, the zeroth-grade points will be those which give
the largest possible Euler number n while the m*-grade points will give Euler number (n —m).
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(3.10)

Figure 2. Each point in the Hasse diagram corresponds to a toric diagram, with the corresponding
equation number as indicated. Going down along the lines in the Hasse diagram corresponds to the
process of higgsing.

where the blue lines indicate three of the higgsed polygons each from blowing down three
points. The remaining 9 can be obtained from these three polygons. Notice that the
first-grade point in (7.7) is always higgsed away, and one zeroth-grade point becomes a
first-grade point after higgsing. Since these polygons form a poset, we can arrange them

20

into a Hasse diagram*” as in figure 2.

P e N g

As the first-grade point trivially yields a different X;(A) from X((A), we will consider

P

X1 (A) which has an extra step of resolution when comparing the two compact smooth
complete varieties built from each toric diagram. Since the characteristic classes are always
the same for the two varieties, we need a new approach to distinguish them. Our strategy
is the same as classifying inequivalent lattice polygons, that is, checking whether the two
fans are related by SL(2,Z) transformations (along with translations and reflections).?! One
way to see this is to tell whether the vectors ending on the each row/column are properly
shifted. Another way is to consider the determinants since all the transformations have
determinant +1 and all the 2x2 matrices with determinant 41 is such a transformation.
Then if we pick out any corresponding pairs of vectors from the two fans, the matrices they
form should have the same determinant up to a sign.

20Tt is worth noting that recently Hasse diagrams has become a powerful tool to study various geometric
spaces, along with magnetic quivers, in theories with 8 supercharges. See, for example, [73-78].

2More precisely, as the origin is always the apex of the cones, we have no translations here, and thus the
transformations lie in SL(2,Z) X Zs.
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It turns out that this can be directly read off from the symmetries of the toric diagrams
since we only have one spine (which is a result of always having two interior points). Due to
the existence of the unique spine, the vectors above and below the spine should be shifted
along opposite directions. However, as we are moving from one interior point to the other
along the spine, the vectors above and below the spine would always be shifted along the
same direction. An example is illustrated in figure 1(a,c).

2

Hence, reflection or rotation®? is necessary to make the two varieties coincide. As a

result, the two )?(\A/) 's are the same iff the lattice polygon (under certain SL(2,7Z) trans-
formations) satisfies either of the following two: (1) axially symmetric with respect to the
perpendicular bisector of the two interior points; (2) centrosymmetric.?> Therefore, only
8 out of the 45 toric diagrams give rise to two same X (A)’s. In terms of the ordering in
appendix A, they are (14), (20), (22), (24), (26), (43), (44) and (45).

Before moving on to the next subsection, let us briefly discuss the smoothness of
X (A). Although it is not always the case, some A’s still lead to smooth X(A). There
are 9 such polygons. In terms of the ordering in appendix A, they are (2), (6), (7), (8),
(18), (25), (26), (41) and (42). In particular, since (2) and (18) (that is, the toric diagrams
in (3.10) and (4.108), the bottom two points in figure 2) have both zeroth- and first-grade
points, only the first-grade points in both of the cases can give smooth varieties directly.
The other 7 toric diagrams can all give rise to two smooth complete surfaces without any
further resolutions. It is straightforward that all the perimeter points need to be corner
points for X(A) to be smooth. If the toric diagram has a first-grade point as well, then
the zeroth-grade point cannot yield a smooth X (A).

7.2 Minimized volumes and topological quantities

As we have obtained the volume data of the 45 cases in section 36, we plot 1/Vi,in against
the number of lattice points N in figure 3.

Now we would like to relate the minimized volume functions of Sasaki-Einstein mani-
folds to the topological quantities of X (A)’s. From [46, 47], we have

P

Theorem 7.2. For the smooth projective variety X (A) of (complex) dimension n, the
Betti numbers satisfy

bok—1 =0, bopg =S (=1)"*(  )dn_i, 7.8
=0 b= () (7.9
where k = 0,1,...,n and d; is the number of j-dimensional cones in A. As the Euler
number x = Y1 o(—1)%b;, then

X = dn. (7.9)

This verifies our statement that the Euler number is the number of triangles under the
triangulation used in section 7.1. Then

22Due to reflection, without loss of generality, rotation can be restricted to inversion, viz, rotation by .
ZThese two properties then rule out all the toric diagrams with a first-grade point. Even though we
further resolve them to make the Chern classes match, we still cannot have same toric varieties.
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Figure 3. The reciprocals of minimized volumes against the number of lattice points V. This is
bounded by the straight line 1/Vj,;,, = N where the triangles live.

Corollary 7.2.1. For the lattice polygons, we have
bp=0bs =1, b1 = b3 =0, bo=di —2dy=d1 —2=x—2. (7.10)
Since by, = Zfzo RPF=1 we get

Y = Z(il)r—l—shr,s

7,8
— h2,2 + h2,0 + hl,l _|_h0,2 —|—h0’0
=24 2n20 4 pbl, (7.11)

—_——

In fact, we find that the dimension of the Kéhler cone over X (A) is always x — 2.
Thus,
R2=p" =1 p0=p"2=0, nMl=yx-2 (7.12)

The vanishing h?9(h%2) shows that there is no global sections to the (anti-)canonical
bundle. Then the only remaining interesting Hodge number h'! is determined by the
Euler number. As we are now going to see, the (first) Chern number is also determined by
the Euler number.

For surfaces, we have two Chern numbers: C; = [zcf and Co = [z = x. In
figure 4, we plot 1/Vi,in against the first and second Chern numbers respectively, following
the strategy of [13]. First of all, putting the two graphs together, we can see that the two
sets of points are symmetric with respect to = 6. Indeed, we find

Proposition 7.3. For a smooth complete toric surface )Z', we have
C1+x =12 (7.13)

To prove this, we need the Hirzebruch-Riemann-Roch (HRR) theorem [47]:
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Figure 4. The green points correspond to X (A) built from first-grade points. The varieties (from

zeroth-grade points) of triangles are in orange.

Theorem 7.4. Let D be a divisor of X and O%(D) denote the sheaf of it, then

X (05(D)) = /~ ch (O(D)) Td (X).

X
Therefore, we are able to prove (7.13):

Proof. Take D = 0 such that ch ((9 )~() = 1. Then by HRR theorem,
0z) = / Td (X
x (0%) = ( )

1 1
= /)} <1 + 501 + E(C% + 02)>

:0+/5€<112(c%+02)> :%(CI‘FX)'
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Since X is smooth and complete, by Demazure vanishing [47],
X (0g) = dimH® (X, 05 ) —dimH' (X,05) +dimH? (X,05) =1-0+0 = 1. (7.16)
Thus, C1 + x = 12. O
This would yield many other interesting identities. For instance,

Corollary 7.4.1. For a smooth complete toric surface )?, we have

C’l—x—i—Q:/Xch ()?) Td (5() (7.17)

Proof. We start from the r.h.s. :

/Xch(X>Td(X) /)?<2+01+20102) <1+201+12(cl+02)>

7 5
-0 -2
6 ' 6"
=C1+ 1C + =
=ttt X 6X
=Cy—x+2, (7.18)
where in the last equality, we have used C; + x = 12. 0

Henceforth, we will solely plot the graph of minimized volumes with Euler numbers as
all the other topological quantities discussed here give no new information.

It is conjectured in [13] that the lower bound of minimized volumes is 1/y, and the
bound is saturated when X is an abelian orbifold of C? for reflexive polytopes in any
dimensions. However, as we can see from figure 4, 1/V,,i, can be greater than the Euler
number. Furthermore, the volumes of triangles do not form a lower bound any more.?*
There are two cases (13 and 17) that are above the orange curve even if we ignore the
green points. Nevertheless, we still find the orange curve seems to follow some pattern.
For reflexive cases, such curve would be x = 1/Vjpi, as this is the bound mentioned above.

For the cases with two interior points, the curve is

1 1 1
=—1|14— 12 — 2. 7.19
X 8 < Vmin> ( Vmin> * ( )

We suspect that for polygons with arbitrarily many interior points, such curves would

follow some specific pattern.

On the other hand, the upper bounds of minimized volumes for reflexive cases in any
dimensions are fibrations of dP3 [13]. Here, for polygons with two interior points, we find
that the upper bound is C3/Z5 (1,2,2), which is the only C? orbifold not on the orange curve.

Z4However, we should emphasize that such bound may still be true for reflexive polytopes in any dimen-
sion, though we do not have available data to test this.
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Figure 5. The reciprocal of minimized volumes against the Euler numbers. Here, the points that
live much closer to the upper bound in the diagram are labelled red.

It is conjectured in [13] that the bounds of the minimized volumes for toric CY n-folds
X with reflexive (n — 1)-dimensional polytopes as the toric diagrams are

L < Vo < / it (7.20)
X

where m3 ~ 373, my ~ 47% and m,, > m,, ;1. We have already seen that the first inequality
does not hold for non-reflexive cases (while the second one still holds here). In figure 5, we
plot the x-1/Viin diagram again. It is obvious that the area bounded by 1/Viin = x/ms
and 1/Viin = (12 — x)/ms is much larger than the region where our data points live.
Hence, it is possible that we may extend the above conjecture to

L < Vg < /C’f_l (7.21)
X
for non-reflexive polytopes.?®

As aforementioned, we have two polytopes (13 and 17) that go beyond the bound of C?
orbifolds.?S In fact, we find that the red points in figure 5, including the four C? orbifolds
and (13) and (17), live much closer to the upper bound in the diagram (lower bound of
volumes) than to the other points.

Finally, we would also like to know whether the minimized volume of Y with an
arbitrary polytope A can be arbitrarily close to 0, viz, unbounded from above in the x-
1/Viin diagram. The answer is yes and can be seen from considering the orbifolds. We
know that the volume of an orbifold is the volume of its parent divided by the order of the

258ince the bounded region here is too large, one may consider that we can refine such bounds. However,
as m, grows for larger n’s, this might be the best bound for any dimensions. Anyway, the bounds of
minimized volumes involving non-reflexive polytopes still require further study.

26We will still ignore the green points as they can be turned into non-green points with an extra blow-up.
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quotient group, regardless of the action:

vol(M)

vol(M/T) = =

(7.22)
From [62], we know that the volume of a (finite) cone is proportional to the volume of the
Sasaki-Einstein manifold. Then the minimized volume function should also follow?’

V(M)

VM/T) = S

(7.23)
For instance, this provides a quick way to see that Viin(C"/Z,) = 1/n as we have shown
in section 2.4. For the conifold C, we have Vi,in(C) = 16/27. Then we would expect the
generalized conifolds (4.21), (4.139) and (4.155) to give Vinin(C)/3, Viin(C)/6 and Vipin(C)/4
respectively. These are indeed the results we get in section 4. Also, this does not depend
on the orbifold action. The lattice rectangle of size 2 x 1 and the toric diagram of Fy are
both C quotiented by Zg, but with different actions. However, they both have Vi, = 8/27.

8 Conclusions and outlook

In this paper, we focused on polygons with two interior points, which serve as the toric
diagrams of certain toric CY3 cones, as well as those of compact base surfaces. Using
brane tilings, we found the quiver gauge theories associated to D3-branes probing these
geometries. The volume functions of Sasaki-Finstein base manifolds were computed so as to
get the R-charges of the fields via volume minimization. Compared to reflexive cases, there
are much more quivers in the toric phases corresponding to one toric diagram. However,
there is always one toric quiver which arises from each orbifold of C3.

We have also analyzed the minimized volumes in terms of the topological quantities of
the compact toric varieties constructed from the polygons. To obtain the compact varieties,
we made fans over the polytope followed by complete resolutions. However, unlike reflexive
cases, we have two choices of origins here, which we called zeroth-grade and first-grade
points. It turns out for most of the cases, the Chern numbers and even the Chern classes
coincide for the two compact varieties. For those with first-grade points, they obviously do
not have such property, but if we further resolve the smooth surface with a ray opposite
to the existed ray along the spine, we found that the Chern numbers and classes are again
the same for the two varieties. We have also argued that whether the two varieties are the
same surface is completely determined by the symmetries of the polygon, namely whether
it is axial symmetric or centrosymmetric.

We showed that all the relevant topological invariants, including Chern numbers, Betti
numbers and Hodge numbers, are dependent to each other. Hence, all the non-trivial
quantities can be expressed with Euler numbers, such as C; 4+ = 12 and by = bV = y —2.
Thus, we only need to consider the relation between Vi, and x. We plotted the diagram of
1/Viin against x. It turns out that the volume bounds relation from the reflexive cases does

2TSince it should be clear, we will use the corresponding orbifold to denote the volume function of ¥ in
our notation.
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not hold for non-reflexive ones, and we have hinted at a generalized conjecture. Moreover,
the minimized volumes of Sasaki-Einstein manifolds of C? orbifolds do not form a lower
bound anymore. However, the upper bound is still safe. Besides, by tracking the orbifold
relation, we saw that the volumes coming from any polytopes can only be bounded by 0,
viz, we can have toric diagrams giving as small volumes as we want.

There is still a lot to study for future works. First of all, we have solely considered 2d
polygons with two interior points. This is quite a strict constraint which only gives us 45
inequivalent toric diagrams. However, as we can see, there are already a sea of toric quivers
that we cannot even list all of them in this paper. If we wish to study the gauge theories from
polytopes with more interior points and higher dimensions, we cannot search them one by
one. For instance, the classification of 3d lattice polytopes with two interior points has been
done in [79], which gives 22673449 of them up to unimodular equivalence. Instead, a general
method needs to be found to get a more detailed understanding of the theories. It would also
be interesting to randomize over the space of toric diagrams and try volume-topolgy plots.

Besides, even just for the 45 polygons, not everything is studied. For instance, the
specular duality for reflexive polygons is studied in [26]. For reflexive cases, the specular
dual of a reflexive toric diagram is still reflexive. Their brane tilings are both on the torus.
However, for non-reflexive cases, although the brane tiling is still on the torus, the dual
brane tiling is not on T? anymore. If we go further, there are also cases that neither of the
specular duals have brane tiling on T2. We wish to explore these in future.

On the geometry side, the study of compact toric varieties could also be extended
to polytopes with more interior points and higher dimensions. We wish to understand
minimized volumes via topological invariants for more general cases. In particular, we
proposed an enlarged bound for volumes. Whether this is really a bound and whether this
is the best bound still requires tests for general cases. However, as it would be impossible
to deal with them case by case, new techniques may be necessary.

For reflexive polytopes of dimension n, besides the affine CY, 1 cone which is non-
compact, we know that compact smooth CY,_1 can be constructed as hypersurfaces in
X (A) from [80-85]. However, for non-reflexive ploytopes, we do not have the defining
polynomials any more. It would be interesting to study the hypersurfaces for such cases.
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A The 45 lattice polygons with two interior points

5 Triangles:
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S all
/
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5 Hexagons

(41)

(42)

(43)

(44)

(45)

B Volume functions

For reference, we list all the 45 volume functions and their minima in table 3.
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3.2 (b1—2b2+3)(2b1+b2 5)(61 T36273) 2 0 5 1
1
3.3 (bo+3)(—2b1 +by —3)(2b7 +3b3—9) 2 -1 8 1
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1— 2
4.11 - R e e —2.8546585 —0.17276 0.156243 4
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5.6 — T BT T e A e F 55T} 1.939465 —0.8789301 0.116367 3
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5.7 ~ TR T T (=2 2.9071583 0.6850367 0.106224 9
_ —2b7 (by+6)+4b32—90
5.8 T B (=) et b =355 FE)) 3.0926707 0.479773042 0.121782 7
5.9 6(b2%+b2-18) b1 (42 +9) 2.97485275 0.22750743 0.135851 9
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2(3by —4bo2 —6by+63 . 14341957
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3(4b1 —3by2—6by+57)

1 _ 347429145
515 (51 F8) (b5 —8) (b5 78)(b —8b5 78) (261 —3(b5F3)) o (15vT45 - 153) 0 3050 2
o —24b1 +bo®+12by—117 1 _ 8341365
516 51 F3) (b —3) (b F8) (b1 —b5 F3) (26 =63 =) g (1565 —81) 0 1350 2
6012 —by (—4b%+6by+72) —2b3°+27b5% +36b5 —513
01| G, =565 731061 —b3 +3) (b1 b —0) (b1 —2(55+3)) 0-97912771 0 0-160827 3
6.2 012 (b2 +9)) 1861 (b2 +3) +18 (132 ~ 205 ~27) 1.3830544 0.2588732 0.145643 17
: (b1 —6)(b1+3)(b2—3)(b2+3)(by —ba+3)(by —2(bz+3)) . : :
63 |2 2t0 20 (2622 11505 418) 1267 952 ~108b; —459 2.02070885 0.52070885 0.126977 3
: (b1+3)(b2*3)(52+3)(b1*’32*6)(512*b2+3)(b1*2(b2+3)) : . .
o 6(b12—2b1by—3b1+6by2+3b5—99) 3 o a0 )
(b1 —6)(b1+3)(ba—3)(ba+3)(by —2b2+3) (b1 —2(b2+3)) 2 243
o5 3(4by2—4by (b +3)+3 (b2 2 +2b5—51)) 3 0 20 L
: (61 —6)(61 13) (b2 —3) (b2 13)(by —b3—6)(b1 —b213) 2 243

Table 3. Volume functions V, critical Reeb vectors b} and their corresponding volume minima
Vinin, with bg = 3. In the last column, we list the degree of the extension L (of Q), where L =

Q(b7,05) = Q(b7)-

12 .
o 10 : ¢
§ ° °
= ol .
8 : :
!
6f - : !
S
4 | | | | | | |
1 5 6 7 8 9 10
X

Figure 6. The red points correspond to regular Sasaki-Einstein manifolds while the quasi-regular
ones are in orange. We omit the first-grade points in the plot.

As a matter of fact, all the minimized volume functions of Sasaki-Einstein manifolds
Y are algebraic. When Vipi, € Q, Y is said to be regular. If Viyin € Q(/¢) (¢ € N), viz,
quadratic irrationals, then Y is quasi-regular. In figure 6, we plot the 1/Vii, against x,
with regular and quasi-regular Y’s highlighted.

Fine-tuning R-charges. There are 22 Sasaki-Einstein manifolds that are neither regular
nor quasi-regular. As a result, the expressions/equations to solve the R-charges in the
main text are also in decimals which are not exact. Nevertheless, we can express the exact
R-charges in terms of roots of some polynomials. As an example, the volume function
discussed in section 4.8 is reproduced here:

2(2b1 + by + 15)
(b? + 3)(-1)1 + by — 3)(b1 + by + 3)(b1 + 2by — 6) '

This reaches the minimum when b; = x¢ and by = 1y, where x( is the only positive root of

V=

(B.1)

the equation
— 1296 — 1922 4 1002% + 2123 + 2* =0 (B.2)
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and

_ —86345699328 + 342641664z + 479698329623 + 342641664x]
v = 20558499840 + 1713208320z '

Then the R-charges of the GLSM fields should satisfy

(B.3)

351 + 432p3py — 216p3p? + 171y — 3y — Tys — 90z¢ — 12x0y0 + 6x0ys + 1222 + 4a2yo
—6561 — 291630 + 16232 4 108y3 — 9y
+
15+ 2z + yo

= p3(432p3 + 108p4) + pa(—864ps + 432p3

—216py + 432p3ps + 108p3)  (B.4)
4

constrained by > p; =2 and 0 < p; < 2, with others vanishing.
i=1

C Higgsing the parent theory

The Higgs mechanism states that by turning on a non-zero vev of a bifundamental and
integrating out the quadratic mass terms in superpotential, we would get a theory with
a different moduli space. This corresponds to removal of an edge in the brane tiling and
merger of two gauge nodes in the quiver. In terms of toric diagrams, it is easy to identify
the parent theories by blowing up/down points. For instance, (3.37) is the parent of all
the triangles and the pentagon (5.87) is the parent of all the hexagons here. As a simple
example, we consider higgsing (3.10) to the theory of dPy:

The superpotential of the parent theory is

W = X112X25X521 + X122X213X31 + X223X314X42 + X§4Xi5X53 + XZ5X511X14
— X1 Xo5 X51 — X1 X3 Xa1 — X33 X5 Xao — X5y Xi5X53 — Xjs X5 X14. (C.2)

We first give a non-zero vev to Xs3, viz, (X53) = 1:

W = X1, X5 X2 + X15 X33 X531 + X33X3,Xu2 + X3, X5 + Xi5 X5 X1a
— X1 X5 X3 — X1 X33 X51 — Xog X3, Xuo — X3, X35 — X4s X3 X14. (C.3)

Integrating our the quadratic terms yields

W = X[y X5X3) + X5 X053 X3 + Xa2X53X5 X14
— X1 X35 X3 — X1 X33X3) — Xap X3 X3 X1a. (C.4)

Finally, by turning on a vev of X9 such that (X42) = 1, the superpotential becomes

W = X112X§3X§1 + X122X213X§1 + X§3X§1X%2
— X1 X33 X3 — X9 X535 X3 — X33 X5 X, (C.5)
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which is exactly the superpotential of the dP( theory. In terms of quivers, we have

1 1 1

5 S s o 2

Merge Merge
nodes nodes
4 3 3&5 4 3 284 3. (C.6)

As a matter of fact, the 45 polygons can be higgsed from a same parent theory. This
theory can be C3/(Zg x Zg) (1,0,5)(0,1,5) such that there is only one corresponding quiver
in the toric phase. It is a huge quiver with 36 nodes and 108 bifundamentals. The R-
charges of the bifundamentals are all 2/3, and hence the three GLSM fields corresponding
to the extremal points all have R-charge 2/3, with others vanishing. If we only want the
minimal parent toric diagram, then we would have C/(Z¢ x Z2) (1,0,0,5)(0,1,1,0).

D More toric phases

Here, we list the toric quivers (other than those appeared in section 3-6) and the corre-
sponding superpotentials for some of the polytopes. Notice that we are not listing all the
toric quivers here (especially for those in section 5-6) as this is exhaustive. These quivers
can be obtained via Seiberg duality as discussed in section 2.2. All the triangles only have
one quiver in the toric phase (up to permutation equivalence). Different quivers of all the
quadrilaterals are tabulated in table 4.

Polytope-Phase Quiver & Superpotential

o

W = X1y X26Xg1 + X2 X3 Xa1 — Xi5 X3 X1 + X35 X56 X1
— X35 X34 Xz + X35 X520 X553 — X7 X0 X6, — X 15 X33 X51
+ X5 X2 Xy — X5 X6 X + X5 X2, Xaz — X5 X5 X5

7-2 (section 4.2) (D.1)
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8-2 (section 4.3)

(D.2)

W = — X1, X3 X144 X3, X03 X3, + Xe3 X34 Xa5 X 26+ Xo5 X 26 X0,
— X5, X16 X0+ X39X0) X14 — X4y Xo3 X3y — X6 X3 X5, Xu5
—Xos X2 X+ X5 X16 X3

8-3 (section 4.3)

(D.3)

W = — X3 X32X5 X14 — X§3 X 43 X6 + X4 Xa5 X6 + Xo5 X 56X
— X1 X16X ¢ + X35 X530 X051 X14+ X4 X735 X36 — X1 X145 X5
— Xos X2, Xdy + X3 X16 X5,

9-2 (section 4.4)

(D.4)

W = Xo 4 Xy 1X1 0+ X6 7X75X56— X63X35X56+X538X56X64X45
+X35,0X0,7X7 8+ X7 10X10,8X8,7+X122X211X11,0X9 12
+X10,11X11,1X1,12X12,10 — X2,4 X4 5 X5 2+ X0 3X35X5 2+
X1,6X6,3X3,1—X1,6X6,4X41 —X75X538Xs7—Xg6X6,7X73
—X7.10X10,11X11,9X9,7 — X890 X9,12X12,10X10,8 — X2,11X11,1X1,2
—X1,19X12,0X23X3 1
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9-3 (section 4.4)

W = X4 X41X12+X67X75X56—X6,3X35X5,6+X538X86X64Xa5

(D.5)

—X3,6X6,7X7,0X9 8+ X7 10X10,8X8,7+X12,2X211X11,12
—X12,9X09,11X09,12 +X10,11X11,1X1,12X12,10 — X2,4 X4 5 X5 2
+X53X35X52+X1,6X63X31—X1,6X6,4X4,1
—X75X58X87—X710X10,11X11,7 + X7,0X011X11,7
+X3g,12X12,90X9.8 — Xg,12X12,10X10,8 — X2,11X11,1X1,2
—X1,12X122X23X31

10-2 (section 4.5)

W = X4 X41 X112+ X6 X5 X56 — X63X35X56 + X57X76X64X45

(D.6)

+X10,2X29X97X7 10 + X01X1,10X10,8 X80 + X16X63X31
—X16X64X41 — X2aXus X520 + X3 X35 X50 — X57.X710X10,8 X85

10-3 (section 4.5)

W = X4 X41 X19 X9 + X8 Xs5X56 — X63X35X56 + X57X76X64 X5

— X8 X9 Xg7X76 — X029 X091 X12 — X1,10X10,2X23X31

> —

(D.7)

+X7,10X10,2X27 — X79 X902 X027 — X19 X98 X351 + X1,10X10,8 X581
+X16X63X31 — X16X64Xa1 — X4 Xa5 X50 + X3 X35 X50
—X57X710X10,8 X85 — X76 X638 X7 + X790 X098 X357
—X1.10X10,2X23X31
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10-4 (section 4.5)

(D.8)

W = Xos Xu1 X1+ Xes Xas X56 — X3 X35 X56 + X57X76 X614 Xu5
—X5,10X10,7X72 + X029 X7 X 72 + Xg9g X91X18 — X5,10X10,1 X138
+X16X63X31 — X16X64Xa1 — Xo4 Xa5 X509 + Xo3 X35 X50
— X5 X57 X784+ X5,10X 10,7 X78 — Xes X80 Xo7 X76 — X20 X01 X1,
+ X7, Xs 10X10,1 — X7, X3 X51

11-2 (section 4.6)

(D.9)

W = Xg3X30Xog + X12X04 X {5 X1 + X35 X54 X 5 — X135 X35 X56 Xo4
—X76X6s Xgr + X711 X18 X357 — X158 Xs3X31 — X320 X024 X35
+X56 Xos X a7 X75 — Xa7 X5 X5a + Xar X6 X6a — Xaz X711 X12 Xog

11-3 (section 4.6)

\

(D.10)

W = Xs3X350Xos+X12X04 X3 X351 + X35 X3, X7
+ X416 X5 X2, — X57 X783 X356 X g5 — X1 X17 X76 + X1 X18 X556
— X158 X3 X531 — X352 X4 X5 — Xj3 X35 X2,
— X34 Xa6 X85+ X7 X76 X5 + X1 X17 X758 — X1 X1 Xos
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12-2 (section 4.7) S (D.11)

W = X13X30X01 + X024 Xu1 X12 — X392 X024 X5 X53 + X46 X63 X34
—Xg5 X57X78 + X310 X10,7X78 + X7 X79 X983 X536
+X10,2X290X9,10 +X01X1,10X10,0 — X1 X13 X34 — X6 X63X33
+ X85 X53 X 38 + X5 X57 X714 — Xa6X67X74 — X10,7X79 X0 10
— X098 X8.10X10,9 — X290 X91 X719 — X110 X102 X021

13-2 (section 4.8) @ e

W = —X510X10,1X13X32 + X416 X65 X514 — X43 X35 X54 + X57 X74 X5
+X69Xo97X76 + X78 X386 X67 + X32X2,10X10,0X08
+X10,1X18 X510 + X13 X35 X51 — X14 X5 X51 + X201 X14 X453 X320
—X46X67X74 — X65X57X76 — X9 Xo98 X6 — Xo7 X78 X5 10X10,9
— X138 Xgo X
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13-3 (section 4.8)

W = X10,2X23X3,10 — X10,1X13X3,10 + X416 X65X54 — X143 X35 X54

+X57 X74 X 45+ X9 Xo7 X76 + X78 X6 Xg7 — X10,2X28 X3 10
+X10,0X08 X3 10+ X135 X35 X51 — X14 X145 X51 — X12X23 X531
+X14X43X31 — X6 X67 X714 — X5 X57X76 — X69 X098 X6
—Xo7 X78 X3 10X 10,9 + X12X28 X5 10X10,1

(D.13)

14-2 (section 4.9)

W = Xo1X15X56 + X52X26X65 — X26 X61X13X32
+X14 X492 Xo1 — X3 X37X78 + X6 X7 X78 + Xa7 X75 X58 X354
—X15X52 X021 + Xog Xg3 X392 — Xog Xga Xuo
= X114 X7 X771 + X3 X37.X71 — X75 X6 Xa7 — X Xg5 X5

(D.14)
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20-2 (section 4.15)

(D.15)

X1 X111 X114+ Xy 20 X0 11 X114+ X122X2 3X3 12
—X121X1,3X312+ X4,6X63X3.4+X57X76X65
+X6,8X8,5X5,6 +Xg,9X9,7X7 8+ X710X10,8X8,7
+Xo9.11X11,10X10,9 + X10,12X12,0X09,10 — X11,10X10,12X12,2X2,11
+X35X5,4X41X1,3—X42X23X34—X54X46X6,5
—X6,3X35X56—Xg5X57X78—X76X638X57
—Xo9.7X710X10,9 — X10,8X8,9X09,10 — X12,0X9,11X11,12

+ X121 X111 X11,12

21-2 (section 4.16)

W:

(D.16)

X14X43X31 — X392 X201 X3+ X35X51 X 13+ X4 X6 X6
+X56 X7 X74 X454+ X7 X790 X3 — X2 X290 X35 — X31 X190 X3

+ X 32 X290 X3 + X2 X01 X190 X g — Xa3 X35 X56 X4 — X51 X14Xu5
— X6 X67 X790 X g5 — X7 Xas X7

21-3 (section 4.16)

W:

(D.17)

X14X43X51 — X352 X01 X153+ X35 X51 X153+ Xu5 X56 X5,

— X7 X76X 3, — X2 X029 Xo7 Xrs — X351 X190 Xo3 + X352 X209 Xo3

+ X2 X021 X190 Xos — X453 X35 X56 X ¢y — X51X14X45 — Xos X6 Xoeo
+ Xo7 X76 X60 + Xar X7 X536 Xy
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21-4 (section 4.16) (D.18)
W = X14Xu3X31 — X32X01 X134+ X35 X51 X153+ X5 X56 Xy

— X7 X76 X3, + Xos Xs7 X720 — X290 Xo7 X72 — X531 X19 X o3

+X32 X 29 Xo3 — Xog X9 Xo2 + X1 X109 Xo2 — X143 X35 X56 X5,

—X51 X34 Xu5 + Xo7 X76 Xes Xso + Xy Xar X7 + Xos Xs7 Xog

(D.19)
22-2 (section 4.17)
W = —Xi211X11,1 X112+ X12, 11 X11,10 X 10,12 + X11,4 X4,12 X129 X9 11

+X35X50X03—X31X1,2X03+X06X63X34X42
+X5,10X10,7X7,5X5,8 + X7,9X9 8 X5 6X6,7+ X11,1X1,2X2 11
—X11,4X42X0 11— X34X412X12 3+ X31X112X123
—X5,9X06X67X75— Xg,3X35X58X86—X10,7X79X011X11,10
—X9.8X5,10X10,12X12,9

22-3 (section 4.17)

(D.20)

—X12,11X11,1 X112+ X121 X11,10X 10,12 + X11,4X4,12. X129 X9 11
+X55X52X3 53— X51X12X) 3+ X34 X42X3 4

—X3,6X6,2X22,3 + X35,10X10,7X7,5X58 +X7,9X98X35 7
—X7.6X6,8Xg7+X11,1X1,2X0,11 — X11,4X420X2 11
—X34X412X123+X31X1,12X12,3— X75X52X07
+X7,6X6,2X2,7+ X3,6X68X83— X35X58Xs3

— X107 X7,9X911X11,10 — X9,8X8,10X10,12X12,9
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22-4 (section 4.17)

(D.21)

W = —X112711X11,1X1,12 +X112711X11,10X10,12 +X11,4X4,12X122711
—X1179X9,12X122711 +X3,5X5,2X21,3 —X3,1X1,2X2173
+X3,4X4,2X22,3 - X3,6X6,2X22,3 + X5,10X10,7X7,5X58
—X76X6,8X89X9,7+X11,1X1,2X211 — X11,4X42X2 11
—X3.4X4190X123+X31X1190X123— X7 5X52X07
+X76X6,0X2,7+X36X68X83—X35X58X33
—X11,10X10,7X7,11 + X11,0X0,7 X711 + X5 9X9,12X128
—X510X10,12X12.8

22-5 (section 4.17)

(D.22)

W = —X12 11 X111 X112+ X12 11 X11,10X10,12 + X11,4 X412 X129 X0 11
+X35X52X03—X31X12X03+X56X63X34X42
+X5.8X8,10X10,5 — X5,7X7,10X10,5 — X0,7X7,6X6,9
+X9.8X8,6X6,9+X11,1X1,20X211 —X11,4X42X2 11
—X34X412X123+X31X1,12X123—X52X26X65
+X5,7X7,6X6,5 — X6,3X3,5X5,8X8,6+X10,9X9,7X7.10
—X10,9X9,11 X11,10 — X9,8X8.10X10,12 X129
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22-6 (section 4.17) (D.23)

W = —X1210X1011 X111 X112+ X11,4 X412 X129 X9 11 + X35 X5 2 X0 3
—X3,1X1,2X0 3+ X0 6X63X34X42—Xg7X710X10,8
+X3,7X75X5,8+X79X08X56X6,7+X11,1X1,2X2,11
—X11,4X42X011 —X3.4X4,12X123+X31X1,12X12,3
—X52X26X67X75—X6,3X3,5X53Xs,6+X7,10X10,11X11,7
—X79Xo11 X117+ X129X95Xs 12— X1210X105Xs,12

(D.24)
22-7 (section 4.17)

W = —X1210X10,11X11,1 X112 + X11,4 X412 X129 X9 11
—X31X1,2X05X534+X06X63X34X42—Xg5X57X710X10,8
+X79X98 X5 6X6,7+X11,1X1,20X2,11 — X11,4X4,2X211
—X34X412X123+X31X1,12X123+ X0 5X57X72
—X0,6X6,7X72—Xg6X63X38+Xg5X53X33
+X7,10X10,11X11,7 — X7,9X09 11 X117+ X12,90X9 8 X35 12
—X12,10X10,8X5,12
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23-2 (section 4.18) (D.25)
W = X15X54X41 + X24X43X31 X 15 — X37X76 X3
+ X537 X75 X535 — Xo7 X75 X 56 Xe2 + X711 X1 X o7
— X531 X15 X353 — X7 X04 X1 — X54X43 X35
+X56 X63 X35 + X537 X76 X2 — X537 X1 X5
24-2 (section 4.19)
(D.26)

W = —XgoXo3X38+ Xg1 X13X38 — X1 X17X7g + X2 Xo7 X74
+X57 X 76 X63X35 + X6 Xas X514 Xa6 + X34 X 41 X13 — X34 X6 X3
— X190 X3 X35 X54 — Xag X57.X78 + X1 X597 X78 — X76 X3 Xgo Xo7

24-3 (section 4.19)

(D.27)

W = —Xgo Xo3 X35+ X1 X13 X35 — X1 X17X74 + X402 Xo7 X74
—X75 X53X37 + X76X63 X7 + Xa6 Xes X4 — X5 X558 X4
+ X34 X1 X13 — X34 X6 X3 — Xa2Xo3 X34 + X5 X553 X34
+ Xg1 Xq7X75 X558 — X76 X Xgo Xo7

Table 4. The remaining toric phases of quadrilaterals.
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We also give three examples of pentagons in table 5—7.

Quiver & Superpotential

(D.28)

W = X011 X15X57 — Xqa X35 X57 + X53 X2, X 1s 4+ X5, X420 X3,
+X71 X12 X35 X36 X7 — X35 X236 X61 X12 + X61X15X56
— X7 X7a X5 X56 — Xis Xs3 X3y — X3, X4p X34

(D.29)

W = =X X35 X57 + X53X3, X5 + X34 X42X33 + X11 X12 X33 X7
—X76X63X37 — X12 X35 X31 + X16X63X31 — X16X65 X7 X711
+ X76Xe5 X27 — X7a Xy X27 — X3 X553 Xdy — X3, X40 X34

(D.30)

W = X17X7a X3 — X15X2, X5 — X35X3, X142 X05 + X36Xe7X72X 33
+Xo1 X16X62 — X16Xe67 X4 X1 + X15 X X1 + X2 X 3, X35 X2,
— X2 X36X62 — X712 X201 X17
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(D.31)

W = X1 X4 X2 X51 + X53X2, X1 + X37X76X63 — X37 X790 X s
—X26X61X17 X720 + X7 X76X61 — X7 X74X 15 X51 — X35 X53 X3,
— X2 X492 X123 + Xoo X3 X4 Xao

(D.32)

W = —X14Xar Xr1 + X1a X35 X51 + X553 X5, X5 + X34 X020 X 55
+ X5 X33 X36 — X Xo7X76 — X5 X51X16X64 + Xa7X76 X64
— X3 X3 Xy — Xy XaoXos — X5 X36 X + Xor X1 X16Xgo

Table 5. The remaining toric phases of (5.2) in section 5.1.

Quiver & Superpotential

(D.33)

W = —Xe2X21 X16 + Xe2X23 X357 Xr6 — X31 X15 X35 X03 + Xos X35 X35
+ X57 X2 X6a X 45 + X2 X01X15 — X35 X04 X5 — X5 X57X76 Xe4
— X537 X2 Xo3 + X531 X16X63
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(D.34)

W = Xe1X19Xo7 — X73 X390 Xo7 X6 — X12X24 X 15 X53X31
+ X024 X35 X53 X352 + Xo7 X7 X6 X5 — Xi5 X 57X 76 X4
— X2 X1 X17 + X13X31 X171

(D.35)

W = Xe1X19X03X37 X3 + X35X51 X13 — Xo3 X35 X2, X5
+X57 X2 X + X3, Xu6 XG5 — X51X12X05 + X34 X9 Xos
+ X2, X16 X35 — X57X76X8s — X26Xe1X13 X357

(D.36)

W = —X16X§; X731 + X12Xo03 X37 X7, + X35 X51X13 + Xoa X5 X0
+X 15 X57 X7, — Xue X5 X7 — Xo3 X35 X520 — X51 X192 X024 X5
— X5 X7 X7y + Xas Xz X1y — X13X3r X2 + X16X5 X2
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(D.37)

W = —X16X5: X711 + X3 X350 X01 — X3 X7 X7 — Xao X5 X57X7
+Xu5 X57 X2, — Xa6 X X2, + X302 Xo5X51 X153 — X5 X51X14
+ X4 X1 X14 + Xas Xz X7y — X1a X1 X7 + X16 X5 X7,

(D.38)

W = —X16Xe X71 + X711 X192 X7 — X73X30Xo7 — X53X31 X12X04 X5
+ X1 X57 X2, — XX X2y + Xoa X3 X53 X390 — X3 X57 X0y
+ X6 X7 X794 + X16 X3, X173 X1

(D.39)

W = X¢1X12X23 X35 — X7 X73X36 + X35 X51 X153 + Xoa X5 X52
— X2 X5 X5 + X6 X6a X5 — X23X35X52 — X51X12X24 X5
— Xea X35 X + Xz Xr5 X5 + X7 Xr3 X3 — Xe1 X13X 3
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(D.40)

W = X3 X61 X% — X3o X1 X7 — X X3 X3 — Xuo Xo5 X35 X4
— X2 X2 X154+ X2 X6a X5 + X3 X05X51 X153 — X X51X14
+ X0 X1 X4 + X Xos X2e + X2 X3 X2, — X1 X1, X2,

(D.41)

W = Xe1X12X23 X355 — X7 X73X56 + X35 X51 X13 + X203 X35 X3, Xa2
—X54X46X§7X75 — X51X19Xo5 + X54Xi2X25 + X617X75X54X46
+ X3 X3 X3 — X1 X13 X5

Table 6. The remaining toric phases of (5.12) in section 5.2.

Quiver & Superpotential

(D.42)

W = — X35 X0 X13 + X35X51X13 + X56Xe67 X724 Xa5 + Xag Xs6Xe4
+ X7 X71 X3y — Xeo X5 X + X14Xu3 X302 X5, — Xu3X35X56X64
—X51X14X45 — X6 Xe7X71 X1g + X80 X0 Xix — X74Xag Xsr
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(D.43)

W = —X30X5, X15X53 — Xe5X54X16 + Xe7X74Xa6 + Xa3 X6 X64
+ Xsr X1 X1y — X2 X5 Xig — X6aXu3 X6 + Xo5X53X36
+ X 15 X54 Xu3X52X5) — X6 X7 X11 X g + X2 X5 X1
— X7 Xys Xg7

(D.44)

W = —X33X5, X153 + X35X51X13 — X57X76Xe5 + X57X74 X145
— X6 Xes Xar Xra + Xgr X1 X1s — X2 X351 X1 + X14X43X32X3)
— Xu3X35X54 + Xa6X65 X514 — X51X14Xa5 + X7 X76 Xos
— X3 X1 X + Xeo Xo) Xig

(D.45)

W = —X32X3, X153 + X35 X51 X153 + Xas X56. X5y — Xar Xr6 X5y
— X2 X351 X17X78 + X14 X143 X32 X3 — Xa3 X35 X56Xg4
— X51X14X15 — X18Xs6X61 + X17X76 X61 + Xs2X31 X158
+ X7 X78 X6 X4

- 132 —




(D.46)

W = XiyX03 X3 — X15X53X3) — X5 X54Xa6 + Xo7X71X46
+ X4 Xs6 X614 + X711 X 19 X8 X7 — X1 X203 X351 — Xu3X35X54
+X46X65 X514 + X15X54 X43X3) — X6 X67X71X15Xos
— X7 Xys Xg7

@

e

/Ny

EEEEE—

o (D.47)

W = Xo3X35X51 X1 + X14Xu3X31 — X57X76X65 + X57X74X45
— X3 X7 X16Xes + X1 X175 Xos Xy — X1 X03 X351 — Xa3X35X54
+ X6 X65 X514 — X51 X14Xus + X2 X76Xes — X2 X701 X{5 Xog

(D.48)

W = —Xo5X53X39 + Xos X51X12 — X13X34 X45X51 — X57X76X65
+X57 X714 X5 — Xor X74X16Xes + X13 X320 X8 X7 X71
+ X6 X635 X53 X34 + X7 X76Xes — Xa7 X711 X12Xog
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(D.49)

W = Xo3X35X51 X1y + X14X43X31 + X57X74Xu5 + X7 Xs6Xe7
— X714 X46Xer + X1 X5 Xo7 — XjgXso Xo7 — X5 X023 X31
— X43X35X54 + Xa6X65 X514 — X51X14Xa5 — X7 X536 X5 X57
+ X1 X17 X35 — X1 X5 Xog

(D.50)

W = X23X35X51 X1y + X14X13X31 + Xus X6 X5y — Xar X76 X3y
—X17X78 Xs1 + X3 Xos Xg1 — X9 Xo3X31 — Xu3 X35 X56X oy
— X51 X14 X145 — X1 Xos X6 X61 + X17X76 X61 + Xar X7 X6 Xiy

(D.51)

W = —Xo5 X353 X302 + Xo5X51X12 — X13X34 X5 X51 + Xjs X56 X0y
— X7 X76 X3y — X17X78Xs1 + X13X32 X208 Xs1 + Xa5X53X34
— Xus X56 X0y — X120 Xos X6 X61 + X17X76X61 + Xar Xos Xss Xoy
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(D.52)

W = Xy X3 X3 — X15X53X3) — Xur X76X65X54 — X17X78Xs1
+ X7 Xos X1 — Xi9X03 X531 — X6aXa3X36 + Xe3X53X36
+X15X54 X43X31 — X9 Xos Xs6X61 + X17X76X61
+ X7 X783 X3 X4

(D.53)

W = Xo3X35X51 X1 + X14X43X31 — X3 X35 X356 X658 Xs4
+X71 X% Xor — X7s Xgo Xor — X35 Xo03X31 — X51 X14X 45
+Xos X2 X26 — X7 X71 X9 X026 + X758 X84 X5 X56 X7

Table 7. The remaining toric phases of (5.22) in section 5.3.
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