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ABSTRACT: We study local operator insertions on 1/2-BPS line defects in ABJM theory.
Specifically, we consider a class of four-point correlators in the CFT; with SU(1,1|3) super-
conformal symmetry defined on the 1/2-BPS Wilson line. The relevant insertions belong to
the short supermultiplet containing the displacement operator and correspond to fluctua-
tions of the dual fundamental string in AdS, x CP? ending on the line at the boundary. We
use superspace techniques to represent the displacement supermultiplet and we show that
superconformal symmetry determines the four-point correlators of its components in terms
of a single function of the one-dimensional cross-ratio. Such function is highly constrained
by crossing and internal consistency, allowing us to use an analytical bootstrap approach to
find the first subleading correction at strong coupling. Finally, we use AdS/CFT to com-
pute the same four-point functions through tree-level AdSs Witten diagrams, producing a
result that is perfectly consistent with the bootstrap solution.
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1 Introduction and discussion

Wilson loops are fundamental non-local observables of any gauge theory, and admit a repre-
sentation in terms of the usual lagrangian fields employed in the weak coupling description.
At strong coupling their properties are naturally encoded into the degrees of freedom of
a semiclassical open string, when a gauge/gravity description is available [1-3]. Wilson
lines are also a prototypical example of defect in QFT, and could support a defect field



theory characterising their dynamical behaviour. In the supersymmetric case, BPS Wil-
son lines provide one-dimensional supersymmetric defect field theories, explicitly defined
through the correlation functions of local operator insertions on the contour [4]. From
this perspective, 1/2 BPS Wilson lines in the four-dimensional N' = 4 supersymmetric
Yang-Mills theory (SYM) have been actively studied in the last few years [5-7]. In this
case, the associated defect field theory is conformal (DCFT). Correlation functions can be
generated through a “wavy line” procedure and studied at weak coupling [8] using general
results for Wilson loops [9]. Further information has been gained by considering four-point
correlators of certain protected operator insertions [5] whose two-point functions control
the N' = 4 SYM Bremsstrahlung function [10]. At strong coupling, these correlators are
evaluated studying the relevant AdS/CFT dual string sigma-model. The latter corresponds
to an effective field theory in AdSs, and correlations functions can be computed by means
of standard Witten diagrams [5]. The conformal bootstrap has been also applied to the
computation of the same four-point functions [11], recovering and extending the analytical
results at strong coupling and studying numerically the finite-coupling regime. Notably,
the same approach led to analogous results in a less supersymmetric scenario [12]. More
generally, line defects provide a useful and physically interesting laboratory for the applica-
tion of the analytical techniques developed in the context of one-dimensional CFTs [13-18].
Finite-coupling results on defect conformal data were also obtained using integrability via
the quantum spectral curve technology [19].

Here we study the DCFT associated to the 1/2 BPS Wilson line in N/ = 6 Super
Chern-Simons theory with matter (ABJM) [20]. The structure of Wilson loops in ABJM
theory is richer than in N' = 4 SYM [21], admitting different realizations through the
fundamental lagrangian fields [22—-24], sometimes leading to the same quantum expectations
values through a cohomological equivalence [24]. The relevant defect field theories should
be able to fully distinguish them, possibly describing different Wilson lines in terms of
marginal deformations [25]. Further motivations are the potential existence of topological
sectors, that could be associated to new supersymmetric localization procedures, and the
relations with integrability, that might lead to an alternative derivation of the elusive h(\)
function of ABJM [26] (see also [27]).

In the following we shall be interested in the calculation of defect correlation functions,
i.e. correlators of local operators inserted along the 1/2 BPS Wilson line. Given some local
operators O;(t;), one can define the gauge invariant Wilson line with insertions as

WI[O1(t1)Os(t2) ... On(ty)] = TrP [Wti,t101(tl)WtthQ(tz) On(tn)th,tf} ,  (1.1)

where ¢ parameterizes an infinite straight line and W, ;, is the path-ordered exponential of
a suitable connection, that starts at position z(t,) and ends at position z(¢;). We choose
t; = —oo and ty = oo. The local operators O;(t;) are inserted between (untraced) Wilson
lines, and therefore are not invariant, but have to transform in the adjoint representation
of the gauge group. The (one-dimensional) defect correlators are then defined as

(W[01(t1)Os(t2) ... On(ts)])
W) '

(O1(t1)O2(t2) ... Op(tn))w (1.2)



This definition of correlators is actually more general than the specific realization in terms of
Wilson lines, and it extends to any one-dimensional defect conformal field theory (DCFT).
Only part of the original ABJM symmetry OSp(6]4) is preserved: the unbroken supergroup
is SU(1, 1|3), whose bosonic subgroup is SU(1,1)x SU(3)grx U(1),,. Defect operators are
classified by a set of four quantum numbers [A, jo, j1, j2] associated to the four Cartan gen-
erators of this bosonic subalgebra. The structure of short and long multiplets representing
this subalgebra has been studied thoroughly in [28] and will be reviewed in the main body
of the paper.

Our study will concentrate mainly on correlators associated to the components of a
short multiplet, the displacement multiplet, which plays a fundamental role in any su-
persymmetric DCFT. It contains the displacement operator D(t), that is supported on
every conformal defect [29] and describes infinitesimal deformations of the defect profile,
as well as other operators associated to the broken R-symmetries and supercharges. We
will consider three different, complementary realizations of this protected multiplet, that
are useful to probe its properties and to calculate its correlation functions, depending on
the coupling regime and the computational method. A first, more general, realization of
the displacement multiplet is obtained in terms of a superfield ® associated to a short mul-
tiplet of SU(1,1|3). A representation theory analysis shows that this superfield is neutral
under SU(3) and annihilated by half of the supercharges (and thus chiral or antichiral).
In four dimensions, the analogous superfield representation for the displacement multiplet
has been derived in [11], resulting in a superfield charged under the residual R-symmetry
group. A natural strong-coupling realization is provided by the AdS/CFT correspondence:
in ABJM theory a 1/2 BPS Wilson line is dual to the fundamental open string living in
AdS, x CP3, with the appropriate boundary conditions on the straight contour. The min-
imal surface spanned by the string encodes its vacuum expectation value at leading order
in the strong-coupling expansion. Fluctuations around the minimal surface solution nicely
organize in a AdSe multiplet of transverse modes [30, 31], whose components precisely
match the quantum numbers of the displacement multiplet. A summary of this correspon-
dence is provided in table 1. A third realization is obtained by inserting field operators,
constructed explicitly from the elementary fields appearing in the ABJM lagrangian. In
our case the identification is trickier than in the N' =4 SYM case: the 1/2 BPS Wilson
line in ABJM is constructed as the holonomy of a superconnection living on a U(N|N) su-
peralgebra [24, 32], and our multiplet should be represented by the insertion of appropriate
supermatrices. Perturbative weak-coupling results for the correlation functions could be
obtained in this framework by ordinary Feynman diagrams. We construct explicitly the
supermultiplet in terms of supermatrices, taking into account the fact that the action of
the relevant supercharges is deformed by the presence of the Wilson line itself.! We will
use the first two realizations of the displacement supermultiplet in the computation of the
four-point correlation functions at strong coupling, verifying their relative consistency. We

'A basic difference between 1/2 BPS Wilson lines in A/ = 4 SYM and ABJM is that in the first
case the relevant connection is invariant under supersymmetry, while in the second one it undergoes a
supergauge U(N|N) transformation [24, 32]. This fact will be important in deriving the correct field-
theoretical representation of the displacement supermultiplet.



GRADING OPERATOR A m?
Fermion F(t) 0
Boson 04(t) 1 0
Fermion A () CES |
Boson D(t) 2 2

Table 1. Components of the displacement supermultiplet with their scaling dimensions and the
masses of the dual AdSs string excitations. The mass is obtained through the AdS/CFT dictionary
m? = A(A — 1) for the bosons and m? = (A — $)? for the fermions.

leave an analogous weak-coupling calculation to future investigations.

Results. A first important result of our analysis concerns the general structure of the
four-point functions of the displacement supermultiplet. The superfield formalism, together
the underlying superconformal symmetry, enables us to determine all the non-vanishing
correlators for a given ordering of the external superfields in terms of a single function
f(2) of the relevant conformal cross-ratio z = 1234 This function appears directly in the

t13t24 _
correlator of the superconformal primary F(¢) and its conjugate [ (t)

2
t12t34

(F(£0)F (2)F (t3)F (ta)) (1.3)

Above, Cy is the normalization of the superfield two-point function and has a physical
interpretation in terms of the Bremsstrahlung function which will be discussed below, in
section 3.5. In one dimensional CFTs, correlators come with a specific ordering and one
is allowed to take OPEs only for neighbouring operators. Therefore, crossing symmetry
implies that the exchange 1 <» 3 is a symmetry of the correlator (1.3), whereas 1 <> 2 is
not. This means that there could be independent functions of the cross-ratio associated to
different operator orderings, see section 3 for a thorough discussion of this issue.

Having encoded all the information into this function, we use the analytic bootstrap to
compute f(z) in a first-order perturbation around the generalized free-field theory result
obtained by Wick contractions. As a first step we carefully examine the OPE structure
for the superfield ®. In our case, there are two qualitatively different OPE channels to
consider, depending on whether we take the chiral-antichiral OPE @ x ® or the chiral-chiral
OPE ® x ®. We have derived the selection rules for the superconformal representations
appearing in these two channels, as well as the corresponding superconformal blocks.?
In the chiral-antichiral OPE only long multiplets appear and the associated superblocks
are explicitly obtained by diagonalizing the superconformal Casimir operator. The chiral-
chiral OPE is richer and we observe the presence of three short multiplets in addition
to the long ones: importantly the infinitely many long operators appearing here have
(unprotected) dimensions strictly higher than the short (protected) ones. This bound
is crucial in the solution of the bootstrap equations. After having settled the relevant
(super)block expansions, we impose symmetries and consistency with the OPE’s, obtaining

20ur analysis holds for a chiral short multiplet whose superprimary has generic U(1) charge.



an infinite family of solutions. We then use a physical criterium to classify these solutions
and we select the “minimal” one leading to a function f(z)

(=2 1 os1-n)] +o(@), e=-

f(z)=1—z+€|z2—14+2(3—2)log(—2)— . =T

(1.4)
The parameter e controls the expansion around generalized free-field theory, and it will be
interpreted as the inverse string tension 7' appearing in the effective AdSs sigma-model.?
We then extract the anomalous dimensions and the OPE coefficients of the composite
operators appearing in the intermediate channels. At leading order (generalized free-field
theory) the operators exchanged in the OPE channels are “two-particle” operators of the
schematic form FOPF in the chiral-anchiral channel, and FOPF (with odd n) in the chiral-

chiral channel.* We consider the following perturbation over their classical dimension

chiral-antichiral channel : Ap=1+n+eV)+0(?) (1.5)
chiral-chiral channel : An=1+n+eyM +0(?) n odd (1.6)

and comparing (1.4) with the associated block expansion, we find the following expression
for the anomalous dimensions

A = —n? _4n -3, vy = _p?2 _p 42, n odd, (1.7)

and an analogous result for the OPE coefficients. One would be tempted to interpret these
formulas as the leading corrections to the classical dimension of the two-particle operators
defined above (or their supersymmetric generalization). However, as we discuss in section 4,
two-particle operators mix, in general, with multi-particle operators, and our result should
correspond to linear combinations of the actual anomalous dimensions weighted by OPE
coefficients.® We stress anyway that, since we bootstrap directly the correlator (1.3), the
result (1.4) is not affected by mixing.

As mentioned above, the worldsheet fluctuations around the (AdS2) minimal surface
corresponding to the 1/2 BPS Wilson line are in direct correspondence with the compo-
nents of the displacement supermultiplet. Through AdS/CFT, correlators of these AdSs
fields evaluated at the boundary correspond to correlation functions of the dual defect
operators [5]. For large string tension 7', their boundary-to-boundary propagator is free,
leading to a generalized free-field theory result for their four-point function. The 1/7T ex-
pansion for the Nambu-Goto string action involves non-trivial bulk interactions, and the
associated boundary correlators are evaluated via AdS, Witten diagrams.® We derived

3The precise relation between the e parameter and the string tension 7' can only be established after the
comparison with the explicit Witten diagram computation.

4At strong coupling these operators should represent worldsheet bound states, made of two of the
corresponding fluctuations, as discussed in [5].

SThere is of course the possibility that, at the first non-trivial order, the degeneracy is not lifted. In this
case, the result (1.7) would provide the eigenvalues of the dilatation operator.

5We remark that, compared to the usual 1/N expansion in Witten diagrams for higher-dimensional
AdS/CFT, we are expanding the large-N string sigma-model in inverse powers of the string tension. See
related discussion in [5].



the effective quartic Lagrangian governing the interactions of the AdSs fields and obtained
the associated Feynman rules. The computation of all bosonic correlators confirms the
functional form of f(z), in perfect harmony with the bootstrap result once we identify the
two expansion parameters as in (1.4).

It is interesting to point out similarities and differences between the case of interest in
this paper and its four-dimensional counterpart [5, 11]. The structure of the displacement
multiplet for example is different: the superprimary is a fermion, a feature that from the
one-dimensional point of view simply amounts to give a Grafimann character to the related
field. The three-dimensional representation of the supermultiplet, in terms of Lagrangian
fields inserted into the Wilson line, is instead far from being trivial, and implies a sophisti-
cated construction in terms of supermatrices. At strong coupling, the fermionic nature of
the superprimary implies that the bosonic AdSs excitations are dual to super-descendants
in the displacement supermultiplet. Therefore, their correlators do not provide a direct
result for the function f(z), which can be however obtained by comparing the superfield
expansion of the correlator with the Witten diagram computation. This results in a system
of differential equations, whose unique solution — f(z) in (1.4) — provides a non-trivial
consistency check of our procedure.

Another difference concerns the R-symmetry structure, since the chiral superfield & is
neutral under SU(3) and its four-point function does not require any R-symmetry cross-
ratio. This prevents the possibility to construct topological operators, whose correlation
functions on the line do not depend on the positions of the insertion. This is in sharp
contrast with the A = 4 case, where topological operators in the displacement multiplet
have been found [5, 11] and their correlation functions have been computed exactly by
localization [6, 7, 33]. In our setting topological operators seem instead to appear inside
another multiplet [34], making difficult to connect our computations to some all order result.

Outlook. A natural development of this work would be to calculate the four-point func-
tions of the displacement supermultiplet beyond tree-level at strong coupling, using loop
corrections to Witten diagrams in AdSs. The relevant AdSs sigma-model should be UV
finite [5], but regularization subtleties are anyway expected in AdSs models with derivative
interactions (for example, see discussion in [35-40]). A parallel attempt would be to com-
pute the anomalous dimensions of exchanged operators beyond the first non-trivial order
using the bootstrap approach: the potential mixing problem discussed above is expected
to arise at this level, and its resolution would require the analysis of different correlators.”
Another very interesting direction could be to apply integrability in this context, as done
recently in the N = 4 case [19]. Data at finite coupling for the correlators of interest here
may also be obtained with lattice field theory methods applied to the string worldsheet,
discretizing the Lagrangian of [41] expanded around the minimal surface corresponding
to the 1/2 BPS line, and using Monte Carlo techniques on the lines of [42-46] for the
correlators of the worldsheet excitations. Weak coupling computations represent also a vi-
able extension of the present work. A traditional perturbative field-theoretical calculation

"We thank Carlo Meneghelli for discussing with us this possibility.



of the correlators, using the supermatrix representation of the displacement multiplet,®
should determine the function f(z) at small coupling. It can be done by generalising the
procedure developed in [28] for the Bremsstrahlung function and exploiting the Feynman
diagrams experience gained in [47]. Topological sectors, hopefully amenable to localiza-
tion, could appear considering other supermultiplets [34]: if this is the case, the study of
more general correlators might be interesting. It would be also interesting to extend these
investigations to non-supersymmetric lines in ABJM, as done in [48] for ' = 4 SYM, or
to higher-dimensional defects [49].

This paper proceeds as follows. In section 2 we discuss the displacement supermultiplet
in ABJM, relating its components to the symmetries broken by the line defect. We present
its properties from the representation theory point of view, and derive the field theoretical
realization of its components as supermatrix-valued insertions in the 1/2 BPS Wilson
line. Section 3 is devoted to the chiral superfield approach to the study of the four-
point correlation functions, and to the discussion of the different OPE’s and selection
rules relevant for the bootstrap approach. The actual derivation of the functions f(z) is
contained in section 4, where the full bootstrap machinery is applied to the four-point
correlators and the extraction of the conformal data is discussed. In section 5 we turn our
attention to the computation of the correlators performed via Witten diagrams. A number
of technical appendices complete our manuscript.

2 1/2 BPS Wilson line and the displacement supermultiplet in ABJM

This section is devoted to the definition and construction of the displacement supermultiplet
for a line defect given by the 1/2 BPS Wilson line in ABJM. For completeness, we start by
recapitulating some basic facts about this theory. The gauge sector consist of two gauge
fields A, and fl” belonging respectively to the adjoint of U(N) and U(N). The matter
sector instead contains the complex scalar fields C7 and C' as well as the fermions v; and
Y!. The fields (C7,!) transforms in the bifundamental (N, N) while the couple (C7, ;)
lives in the (IV, N). The additional capital index I = 1,2,3,4 label the (anti)fundamental
representation of the R-symmetry group SU(4). The kinetic term for the gauge fields
consists of two Chern-Simon actions of opposite level (k, —k), while the ones for scalars
and fermions take the standard form in terms of the usual covariant derivatives. To ensure
super-conformality the action is also endowed with a suitable sextic scalar potential and
1?C? Yukawa type interactions explicitly spelled out in [20, 50].

2.1 The 1/2 BPS line in ABJM

The construction of supersymmetric Wilson loops in ABJ(M) theory [24, 32] is notably
more intricate than in the four-dimensional relative N’ =4 SYM [1, 2, 51, 52]. For instance,
when exploring the dynamics of the 1/2 BPS heavy massive particles obtained via the
Higgsing procedure [53], one discovers that they are coupled not only to bosons (as occurs
in D = 4) but to fermions as well. Then the low-energy theory of these particles turns out to

8See section 2.2.



possess a U(N|N) supergauge invariance instead of the smaller but expected U(N) x U(N)
gauge symmetry. Therefore the (locally) 1/2-BPS Wilson loop operator must be realized
as the holonomy of a superconnection £(t) living in u(N|N) [24, 32, 53]:

W = Str [P exp <—z§1§ dtﬁ(t)) T} . (2.1)

This superconnection can be written in terms of the ABJ(M) fields and reads

o Ayit — 2|\ M o0 —iy/ 2E || np! 22)
—iy/ 2 & |ri” Ayt — g M, CY

Here z*(t) parametrizes the contour while the matrices M ;! (t) and M7 ;(t) and the spinors
nr(t) and 7! (t) are local couplings, determined in terms of the circuit x#(t) by the require-
ment of preserving some of the supercharges. The invariance for this type of loop operators

does not follow from imposing dsusy £ = 0 as usual, but the weaker condition
5susy£ = Dtg = 8tg + Z[»C, g] (23)

where G is a u(N|N) supermatrix. Namely the action of supersymmetry on the connection
L(t) can be cast as an infinitesimal supergauge transformation of U(N|N) [24, 32, 53]. This
directly implies a vanishing variation for the (super)traced Wilson loop, provided that G
is periodic along the contour. When G is not exactly periodic, one can correct the lack of
periodicity either by inserting a twist supermatrix 7 in the supertrace (see eq. (2.1)) [32]
or by adding to £(t) a background connection living on the contour [21]. The explicit form
of either 7 or the background connection is not relevant for the subsequent analysis.

Below we shall focus on the straight line case. The line is located at 22 = 22 = 0 and
the couplings in (2.2) are given by

_ . I_
nt, mL=14(1000) 7, (2.4)

I
=)
o
=
=0
Il
coo+

1

where nt = 771 = <1 1). These couplings break the original symmetry OSp(6/4) to
SU(1,1|3): in particular the original bosonic subsector of the supergroup containing the Eu-
clidean conformal group in three-dimensions Sp(4) ~ SO(1,4) and the R-symmetry group
SO(6) ~ SU(4) reduces to SU(1,1)x SU(3)gx U(1)s,. The first factor SU(1,1) ~ SO(2,1)
is simply the conformal algebra in one dimension, SU(3) g is the residual R-symmetry group
and the U(1), factor is a recombination of the rotations around the line and a broken R-
symmetry diagonal generator. The preserved generators are given in appendix A. The
structure of the residual supergroup implies that we have a defect SCFT; living along the
straight-line. Its operators are characterized by a set of four quantum numbers [A, jo, j1, jo]
associated to the four Cartan generators of the above bosonic subalgebra.? The structure of

9A is the conformal dimensions, jo is the U(1),, charge and j1 and j2 are the SU(3)r labels.



short and long multiplets representing this subalgebra has been studied thoroughly in [28]
and we review it in appendix A.1. Of particular relevance within them is the displacement
supermultiplet which we review in the next subsection.

In the following, we will also find convenient to accomodate the original scalar and
fermionic fields of ABJ(M) theory according the new R-symmetry pattern

Cr=(2,Y,) ct=(Z,v% (2.5)
Ui = (0, xg) UL = (e, x1) (2.6)

where Y (Y,) and xF (X4+) change in the 3 (3) of SU(3), whereas Z and ¢* (1)) are
singlet. Moreover, we have expressed them in a basis of eigenvectors of v1 = o1, e.g.

Yy = (Y1 + o) Y = (Y1 — o) (2.7)

with the rules vy~ = —¢, and y™ = +_. The two gauge fields and consequently the
covariant derivative can be instead split according to the new spacetime symmetry pat-
tern, namely

Ay = (A1, A=Ay—iAs, A= Ay+ids) A, = (A, A= Ay—ids, A= Ay+ids) (2.8)

and D, = (D1,D = Dy — iD3, D = Dy + iD3). In terms of these new fields the super-
connection (2.2) for the case of the straight line takes the following form

(A0 2mi (22 =YY 0 21 (0 —ithy
E(t)—<0 A1>+ k ( 0 ZZ—Y“Ya>+\/;<¢+ 0 > (2.9)

2.2 The displacement supermultiplet

An infinitesimal variation of the Wilson line (2.1) translates into an operator insertion
according to the identity:

W{VM)))) — —i/(:dt (BLE) .., (2.10)

where on the 1.h.s. we are considering an arbitrary correlator with the deformed Wilson line,
while on the r.h.s. we are using the definition (1.2). Notice that ¢ could be any symmetry
generator that is not preserved by the Wilson line. When § is the action of a broken
fermionic or bosonic charge inside the parent superalgebra, the resulting operators can be
related to an element of the super-multiplet of the displacement operator. Consider, for
instance, the six broken R-symmetry generators J;¢ = J* and J,' = J, (see appendix A).
Their action will yield six bosonic defect operators by the symbolic action

O W] = 6, W = / @t WIOUE)] [ W] = idy W = / QW1 (211)

where we indicate by W[0®(t)] an operator that is inserted on the Wilson line according to
the definition (1.1). The equations (2.11) are Ward identities and they need to be thought
as inserted in some correlation function. The defect operator O%(t) has conformal dimension



A = 1, since the line defect is dimensionless and the dilatations commute with J*. The
U(1),, charge is 2 and it can be read from the commutator [Jy,J%] = —2[J;},J9] = 2J2.
Finally, it transforms in the fundamental representation of SU(3). Namely this operator is
characterized by the following set of four quantum numbers [1,2,1,0]. Similarly for O,(t)
we have [1,—2,0,1].

Next to the R-symmetry broken generators, we also have six broken supercharges given
by Q% =iQ® and Qib = €*¢Q, and thus we can define six fermionic defect operators:

(Qa, W] = /dt WA (t)] QW] = /dt WIA*(t)] (2.12)

The quantum numbers of these operators are again fixed by the quantum numbers of the
line defect and the commutation relations of the broken charges with the preserved ones.
We find [2, 2,0,1] for A,(t) and [2,—3,1,0] for A%(t). )

Finally, we can consider the two broken translations P and P in the directions orthog-
onal to the defect. They define the so-called displacement operators

[P, W] :/dtW[ID(t)] [P, W) z/dtW[ID(t)] (2.13)

with charges [2,3,0,0] and [2,—3,0, 0] respectively.

The above construction in general does not uniquely determine the above set of oper-
ators. Since they are defined as objects inserted in the defect and we integrate over the
position along the loop, we can add a total derivative with respect to ¢ to the integrand
without altering the result.

The set of defect operators obtained through the action of the broken charges organizes
itself as a super-multiplet. The action of the preserved supercharges Q% = era and Q, =
i%eachbf on them is essentially dictated by the commutation relations between broken
and preserved charges. For instance, to compute [Q?, (Db] one has simply to consider the
commutator [Q%, J°] acting on W and we get

Q%)% = Q% = Q. = [Q%, 0% = €A, (2.14)

From the commutation relation of (), with the broken supercharges and translation we
immediately find
{Q% N} = —20;D and Q% D] =0. (2.15)

Fixing the action of ), on these defect operators requires more attention. In fact the naive
application of the above procedure would give zero since @), commutes with all the broken
charges. But this is inconsistent with {Q% Qp} = 20§ P where P generates the transla-
tions along the line. However, as stressed above, any result obtained from (2.11), (2.12)
and (2.13) is defined up to a derivative with respect to ¢, which yields zero when integrated.
To fix the form of these derivatives in the commutation relations is more convenient to use
the super-Jacobi identities. For instance, we can determine [Q., D] as follows'?

0={Qc, [Q" DI} — {Q",[D,Qc} + [D, {Qc, Q"}] = {Q", [Qc, D]} — 252 [P, D]
={Q"%[Qc, DI} = 2009,D = {Q",[Qc, D] + 0}y = [Qe,D] = —Oihe,  (2.16)

9We choose to represent P as —d; and then [P, ®] = 9;®, see the discussion in [54].
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{Q*F} =0

[Qa’ @b} —_ eabcAC
{Q% Ny} = —20;D
[Q",D] =0

{Qa, T} =0

[Qa» (Db] = 25281‘,[F
{Qa, Mo} = —2€4c0,0°
[Qc, D] = =i,

Table 2. Summary of the supersymmetry transformations of the displacement supermultiplet of a
1/2 BPS line-defect in N' = 6 supersymmetric theories in D = 3.

where we assumed, as usual, that the action of the translation P is realized by —0; to
be consistent with (3.10). Similarly we can show that {Qa, Ay} = —2€4.0;0¢. Finally
we have to consider the action, since we do not have an operator of lower dimension,
it would be natural to set [Qc,Ob] = 0: this choice is, however, inconsistent with the
super-Jacobi identity:

0 :{Qw [Qa’ (Db]} - {Qa7 [®b7 QC]} + [®b7 {Qw Qa}] = _2(Slc)at®a + {Qa7 [Qw (Db]} (2'17)

The consistency of (2.17) suggests the existence of an additional fermionic operator [, that
is a singlet under SU(3), which obeys the anticommutation relation:

{Q".r} =0 (2.18)

which in turn implies [Q., 0°] = 2620;F. The Jacobi identity for this new field immediately
shows that {Q, F} can be consistently chosen to vanish. Furthermore, F has the correct

_1
quantum numbers to be the superprimary of the chiral multiplet B3 0.0 (see appendix A.1)
2 bl

with the structure

b
2,0,0
[£,3,0,0]
N
[1,2,1,0]
N
[%a gv 07 1]
N
[2,3,0,0]

(2.19)

In section 2.3 we will illustrate how the supermultiplet is realized a in terms of the funda-
mental fields of ABJM theory. An analogous actions of the supercharges can be derived
for the conjugated operators leading to the barred version of the commutation relations in
table 2 up to changing the signs of the terms involving an epsilon tensor.

The displacement supermultiplet (2.19) appearing in the defect CFT; living along the
Wilson line should match the string transverse excitations via AdS/CFT. As reviewed in
the Introduction and below in section 5, the expansion of the Green-Schwarz string action
around the minimal surface solution results in a multiplet of fluctuations transverse to the
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string [30, 31] whose components match precisely the quantum numbers of the operators
in (2.19), once the two standard relations between AdSs masses and the corresponding
CFT; operator dimensions are taken into account, m? = A(A — 1) for scalars and A =
3 4 |m| for spinors [56, 57]. In particular, in the scalar fluctuation sector one finds one
massive (with m? = 2) complex scalar field X in AdSy, corresponding to the A = 2
displacement operator D, and three massless complex scalar fluctuations w?®, a =1,2,3 in
CP3, corresponding to the A = 1 operators 0%, a = 1,2,3. In the fermionic sector, there
are two massless fermions which should correspond to the A = % fermionic superprimary
F of the multiplet and its conjugate, as well as six massive fermions (of which three with
mass mp = 1 and three with mp = —1) corresponding to the A = % fermionic operator
A, and its conjugate.

2.3 Weak coupling representation in terms of supermatrices

The goal of this subsection is to provide an explicit realization of the ABJM displacement
supermultiplet in terms of the fundamental fields of the underlying theory. Since these
fields live along the Wilson lines and in most cases they are obtained by varying the
superconnection (2.2), they naturally possess the structure of a supermatrix. The lowest
component of the multiplet ' has quantum numbers [%, %,
a merely fermionic object. On the other hand, the only field or combination of elementary

0, 0] and thus we expect it to be

fields with these quantum numbers, which can appear in the entries of the super-matrix,
is the bosonic complex scalar Z. Therefore we shall write the following ansatz for [,

2T 07
F=1i4/—¢ 2.20
JEL). "

where € is a fermionic parameter endowing [ with its anticommuting nature.'! To construct
the next element of the multiplet we have to act with 6, Q% on the operator inserted in the
Wilson line, where 6, is a GraBmann-odd parameter that we can identify with one of the
fermionic coordinates of the superspace constructed in section 3. In the four-dimensional
case, the only contribution would come from the action of 8, Q® directly on the operator,
since the connection and thus the (open) Wilson line are both invariant. This is not the
case for operators inserted in the fermionic Wilson loop of ABJM theory. In fact there
is an additional contribution coming from the variation of the Wilson line. However this

1YWe remark that € is just a bookkeeping device to keep memory of the Grafmann nature of the operator
insertions when constructing their explicit representation in terms of super matrices, and it appears in the
definitions (2.20), (2.24), (2.26), (2.27) of F,0,A,D below. In any explicit gauge theory computation of
four-point functions the presence of such fermionic parameters (each of the fields in the correlator shold
have a different one) will result in an overall factor, which should be dropped when comparing the final
result with any alternative calculation. In particular, there is no € dependence in the correlators of the
quantum fluctuations of the dual fundamental string evaluated in section 5. The fermionic/bosonic nature
of these fluctuations is indeed already explicit in the corresponding fluctuation Lagrangian.
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amounts to “covariantize” the usual action of the supersymmetry on the operator as follows
2

0 O
il _ . 2.21
k <9aY“ 0) ’ ] ’ ( )
, o [27 | (0 6%,
deove =0 Qq e +24/— “ ) ®
Qe t k [(0 0 )

where 6, and 6% are GraBmann odd parameters associated to supertranslations. The com-

dcov ® = 04 Qa *+2

: (2.22)

mutators in (2.21) and (2.22) compensates the super-gauge transformation of the Wilson
line induced by the supersymmetry transformation (2.3) with the matrix G given by

2 0 0%,
9_2’/k<9a17a 0 ) (2.23)

The action of dcoy on F defined in (2.20) is quite straightforward to evaluate once we
use the transformations in appendix B. The final result is

5w (2/Zzve —xe
SeonF =it/ To,e |V E X+ ) =g,0%, (2.24)
k 0 2/EYyez

namely we have obtained the second component of our supermultiplet (2.19), the one asso-
ciated to the R-symmetry breaking. An identical expression can be obtained by exploiting
that the fields appearing in the super-connection (2.9) under the action of J* transforms
as follows

83a(Z,Yp) = (0, i(ng)v dja (Zv Yb) = (_Z’Yav 0), 5J“¢+ =0, 5J‘”Z)+ = _Z.)Zi-'
(2.25)
Using (2.11) one can apply the action of these broken generators on the superconnec-
tion (2.9) recovering the same result for 0. Similarly, the form of O,(t) can be obtained
by looking at the explicit action of J, on the fields. Applying once more 6oy, we reach the
third component

2w ca b —
2 VA (Cam XLY? — Z ) -DY,
6cov(0a®a):2i %enrsgresg k (4an +_ ] n) - ) n
V A Y ZY VI (Ean YO X — x5 Z)
=—€"%0,05 M, . (2.26)
Also in this case, the expression (2.26) for A, perfectly agrees with the one obtained by
acting with the broken generator on the superconnection (2.9) according to (2.12).

Finally, applying again dcov to (2.26) we obtain the top component D of the supermul-
tiplet (2.19), namely the displacement operator

Seov (—€7%0,050,) =24/ %emeneres ¢

\/%mz DZ—2DY, Y+ x%x;) —i Dty
D, —i Dy VEi(2DZ 227 DY, ~x; ¥%)
=2¢"°0,0,0,D, (2.:27)
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where ﬁt is the covariant derivative constructed only with the bosonic part of the super-
connection. The D insertion can be also constructed out of its abstract definition (2.13) by
acting with a broken translation on the superconnection, as was done in equation (5.18)
of [28]. In this case, the two expressions are not identical and the difference between the
two definitions is proportional to the matrix

2n .7 _
A ’ |« ( o 0) . (2.28)
Db~y L

This difference is compatible with the construction (2.13), which is blind to total deriva-
tives. For the case of Wilson lines insertions, total derivatives are implemented [28] as the
following modification for an operator O(t) inserted into the loop

/ dt WO(#)] = / dt WO()] + B WIE(®)])]

_ / dt (WIO(t)] + WIDiE(t)]) = / dWO®) +DEM)],  (2.29)

where D; is the covariant derivative defined in (2.3). We then conclude that our supermatrix
construction perfectly agrees with the abstract structure outlined in section 2.2.

3 Chiral correlation functions in superspace

3.1 Algebra

The algebra preserved by the 1/2 BPS Wilson line is the one-dimensional A/ = 6 supercon-
formal algebra, or su(1,1|3), generated by {D, P, K,R," J;Q% Q,,S% Sa}, a = 1,2,3,
where the identifications with the osp(6|4) generators are spelled out in appendix A.
The bosonic generators {D, P, K} are those of the one-dimensional conformal algebra
su(1,1) ~ so(2,1), together with the SU(3) traceless generators R,’ (a,b = 1,2,3) and
the additional u(1) R-symmetry current algebra generator Jy. Their commutation rela-
tions read

[P,K]=-2D, [D,Pl=P, [D,K]=-K [R} RY=0RL-3R,2, (3.1)

and Jy commutes with all of them. The anticommutation relations for the fermionic gen-
erators Q%, Q, and the corresponding superconformal charges S S,, a =1,2,3 are

{Q" Qu} =20;P, {5% S} =20, K (3-2)

{Q7, 5y} = 257 <D + ;J()) — 2R, {Q Sb} = 250 <D - ;J()) +2RS, (33)
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and the non-vanishing mixed commutators read

a 1 a ) 1= a a a) Q
[DuQ]:§Q [Dan}:EQa [K’Q]:S [Kan]:Sa
(3.4)
D, 5] =~ [D,54) =35, [P,5%=-Q" [P,S.=-0Q,
(3.5)
c 1 c N N 1opm a 1 a N 1=
R,Q71=6:Q" 10000 [RAQ) =010+ 1000, [10,Q" = 1Q" [0, Qul =1,
(3.6)
[Ra, 5= 055"~ 2085°  [Ra,5c) = ~0"8at 5005  [J0.5")=35"  [Jo,5a] =554
(3.7)
The quadratic Casimir is
(2) 2 1 1 2 1 bpa l = a 1 a )
C%W=D"—{K,P}+ 3 Jy — s R’ Ry" + - [Sa, Q"] +  [S", Q] (3.8)
2 3 2 4 4
and, when acting on a highest weight state [A, jo, j1, j2] of su(1,1|3), it has eigenvalue
C2:A(A+2)+§ —g(h + j1J2 + j3)- (3.9)

To compute the superconformal blocks we need to represent the algebra above as an ac-
tion on superconformal primaries. For this purpose we introduce (t,6,,0%) as superspace
coordinates, where ¢t is the coordinate along the Wilson line and 6, and #* are GraBmann
variables.'> We can then write the differential action of the ' = 6 generators as

P=-9, (3.10)
D = —t0; — 30,0° — 3690, — A (3.11)
K = —t20; — (t +00)0,0° — (t — 00)070, — (00)%0; — 2t A + %jo 00 (3.12)
Q"= 0" — 00 (3.13)
Qa = 5{1 — 0404 (3.14)
S = (t 4 68) & — (t — 66) 60, — 25°6°3, — 2 (A - j0> z (3.15)
. - _ 1
So = (t—00) 9 — (t + 00) 0,0, — 20,0,0" — 2 <A -3 j0> 0a (3.16)
1 los
J(] = —56(18& + 59“(% + Jo (317)
o 1 _
R’ = —0,0"+6°0, + 3 82 (0.0° — 6°0.) (3.18)

where 9% = %, O = %, 00 = 0,0° and we are neglecting the SU(3) charges j; and jo
because we will only be interested in neutral superfields. The superspace is also equipped

with supercovariant derivatives

D* = 9% + 00, Do = 0a + 0,0; . (3.19)

12The natural superspace to study correlation functions in the bulk has been introduced in [55], and the

setup adopted here could also be seen as the reduction of the one considered there.
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3.2 Chiral correlators

The representation theory analysis of the supergroup SU(1,1|3) reviewed in the previous
section shows that the displacement operator belongs to a chiral multiplet with R-charge
Jjo = % and dimension A = % (the conjugate operator belongs to an antichiral multiplet
with opposite R-charge). For the purpose of this section we are going to consider a chiral
multiplet with arbitrary R-charge jo and dimension A = %0 A chiral superfield ®;, should
respect the chirality condition

D,®;, =0, (3.20)

for every value of a. By defining the chiral coordinate y = t + 6,62, such that D,y = 0, one
simply has the component expansion

1 1
®jo (y,0) = 6(y) + 0" (y) = 0alt e ne(y) + 5 0a050c ee(y) (3.21)

where the numerical coefficients of each component are fixed by consistency between the
action of the supercharges on the superfield and the commutation relations in table 2.
Similarly, the antichiral field is expanded as

B (y,0) = 60) + 0Valy) + 300 care ') — 0PF cancly). (322)

The two-point function of a chiral and antichiral superfield must be expressed in terms of
the chiral distance (D {ij) = D; (ij) = (@i +Q;) (i) = (@i + Q) {ij) = 0)

(iJ) = yi — yj — 204:0% , (3.23)

and reads co
(@, (y1,01) P, (y2,02)) = —55—, (3.24)
(12)s

where Co,, is a normalization constant that in the case of the displacement supermultiplet

has a physical meaning, see section 3.5.
In this paper we are interested in the four-point functions

62 .
(®jo (y1,01)P—jo (y2, 02) @, (y3, 03) P (ya, 04)) = ﬁ f(2), (3.25)
(12) 73 (34)73
02 .
(@, (y1,01) Py (Y2, 02) P, (y3, 03) D5y (4, 04)) = — % h(X), (3.26)
(12)% (43) %
where
B (1?) <321> B (1?) (43)
SiRiTYE) Y= (3.27)

are the two superconformal cross ratios corresponding to the two different correlators.
These two invariants are built out of the chiral distance (3.23). In the general case one
may have a set of additional superconformal invariants which are nilpotent due to their
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Grafimann nature. For long-multiplet four-point functions, the use of such nilpotent invari-
ants guarantees a finite truncation in the superspace expansion (see e.g. [58]). However,
none of these invariants is compatible with the chirality condition (3.20). The absence of
nilpotent invariants is expected for correlators of 1/2 BPS operators, and in general for
4-point functions containing two chiral and two anti-chiral operators [59]. It is important
to notice that both correlators (3.25) and (3.26) are ordered such that t; < to < t3 < t4. In
higher dimensions these two correlators would be related by crossing, but in one dimension
this is not the case. To make this more concrete, let us consider the bosonic part of the
cross ratios (3.27)

_ t12t34 X = t12t34
t14t3o t13to4

(3.28)

where z is the bosonic part of Z and x is the bosonic part of X. With our ordering we
have z < 0 and 0 < xy < 1. The two cross ratios are related by the transformation

X
z= 1 (3.29)
The absence of nilpotent invariants implies that the superprimary correlators
(D(t1)d(t2)d(ts)p(ta)) = (d(t1)(t2)) (B(t3)d(ta)) f(2), (3.30)
(D(t1)d(t2)d(ts3)p(ta)) = (D(t1)d(t2)) (B(t3)b(ta)) h(x), (3.31)

fully determine the four-point functions of the whole superconformal multiplet, i.e. the
correlators of superconformal descendants can be obtained by the action of differential
operators on f(z). Of course, one is free to express the function f(z) in terms of the
cross-ratio x by considering f (ﬁ) One can also take the analytic continuation of f(z)
for 0 < z < 1 (f(2) has branch cut singularities at coincident points, i.e. z = 0,1, 00),
which would naively establish a relation between (3.30) and (3.31). Nevertheless, in one
dimension this is not the case and h(x) is not the analytic continuation of f(z). Still,
we will see in section 3.4 that a relation between these two functions exists through their
s-channel block expansion.

3.3 Selection rules

Even though we consider half-BPS multiplets as external operators, more general multi-
plets can be exchanged when an OPE is applied to the correlator. In our case, there are
two qualitatively different OPE channels to consider, depending on whether we take the
chiral-antichiral OPE ® x ® or the chiral-chiral OPE ® x ®. Each of them presents its
own selection rules for superconformal representations appearing in these two channels,
as well as corresponding superconformal blocks. We start from the chiral-antichiral chan-
nel. In [60] all the selection rules for the 1/6 BPS defect theory were derived, and it was
found that only the identity and long multiplets can appear in the chiral-antichiral OPE
for su(1,11), a.k.a. N’ = 2 supersymmetry. For the N’ = 6 case of interest here, every pair
{Q% Q.} at fixed a generates a su(1,1|1) subgroup of su(1,1|3), and a chiral multiplet of
su(1,1]3) is also a chiral multiplet of all the three su(1,1|1) subgroups. This implies that
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the operators appearing in the ® x ® OPE must belong to long multiplets of all the su(1,1[1)
subgroups, i.e. they must not be annihilated by any supercharge. Furthermore, three-point
functions with one chiral, one antichiral and one long multiplet are non-vanishing only
when the superprimaries R-charges sum to zero, namely a long multiplet enters only when
its superprimary can be exchanged. We conclude that

Bj, x B_jy ~ T+ Afo. (3.32)

where Z is the identity and we use the notation of appendix A.1 for the su(1,1|3) super-
multiplets. In this case the unitarity bound (A.24) simply reads A > 0 and every positive
dimension is allowed for long operators.

For the chiral-chiral channel, the situation is richer. To extract the selection rules
we will borrow an argument from [61]. Consider the chiral superprimary operator ¢.
Chirality gives

[Qa, 6()] = 0 [Sas $(1)] = 0 (3.33)
for any a and any t. The first condition is simply the definition of chirality, whereas the
second one comes from the requirement that ¢ is a superprimary at the origin together with
the commutation relation [P, S,] = —Qq,. These two conditions imply that any operator O
appearing in the ¢ x ¢ OPE must respect

[Qa, O(1)] =0 [Sa, O(t)] = 0 (3.34)
for any a. It is then immediate to realize that the only superprimary operator which is
allowed to appear is a chiral operator of dimension Agye = 2% All other multiplets will
contribute with a single superdescendant (and all its conformal descendants) generated by
the repeated action of Q.. Concretely, a long multiplet will contribute with the operator
generated by Q30 (here Q% = ¢*°Q,Q,Q.), where O is the superprimary, and a similar
story holds for other short multiplets. The complete analysis yields

2 2 2 2 %3 A
Bj, x Bj, ~ Baj, + sz(ﬁ_%’l + Bajo+1,0,1 + A2j0+%,070 (3.35)

In particular, in the OPE of the superprimary operator ¢, every supermultiplet con-
tributes with a single conformal family, whose conformal primary has quantum numbers
[A,250,0,0]. As usual, for short multiplets the dimension is fixed in terms of jy. In table 3
we summarize the schematic form of the only relevant superdescendant operators and we
make explicit their conformal dimension, which can be easily obtained from the one of
the associated superprimary. The dimension of the long multiplet is clearly unfixed, but
it should respect the unitarity bounds (A.24). For this specific case we find that the di-
mension of the superprimary must be!®> A > 2% + %, while the relevant superdescendant,
obtained by acting with all the @Q)’s, must have dimension

.
Alons - % +o. (3.36)

exc

13Here the equality is excluded because in that case the long multiplet decomposes as in table 4 and the
relevant superdescendant falls back into the 82j0+17071 multiplet.
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Multiplet | Exc. Acxe
Bajo o | %
82j0+%71 QO | #H+1
Bajy+101 | Q20 | 2o 42

A 3 3
A2j0+§,0,0 Q0| Aty

Table 3. The multiplets contributing to the chiral-chiral OPE with a schematic representation
of the only superconformal descendant (but conformal primary) contributing to the OPE (in this
table O indicates the superprimary of each multiplet).

This bound will be very important in the following, where we are going to focus on the

Jo = % case. In summary, the ¢ x ¢ spectrum admits three protected conformal primaries
2j

%,
dimensions strictly higher than the protected ones.

of dimensions 2% + 1 and 2% + 2 and infinitely many operators with unprotected

3.4 Superblocks

We now derive the superconformal blocks associated to the two channels. The chiral-chiral
channel is the easier one. Each supermultiplet only contributes with a single conformal
family, therefore one only needs to select the sl(2) conformal blocks with the appropriate
dimensions. Let us then start by introducing the si(2) blocks which resum the contribution
of 1d conformal descendants [62]

gn(x) = X" o F1 (R, h; 2h; X) (3.37)

Each conformal primary listed in table 3 contributes with an si(2) block with h = Agxc.
Let us consider the specific correlator of interest for this paper!

2

(D(t1)e(t2)d(t3)d(ta)) = %B(X) (3.38)

3+ 3
t14 t23

where, comparing with (3.31) we defined h(y) = (FTX)QJTOI”LOO The ¢ x ¢ channel corre-

sponds to the x — 1 limit and we have

~

h(x) = C%g%(l -x)+ C%-ﬁ-lg%ﬁ-l(l -x)+ c%ﬁg%ﬁ(l —-x)+ gCAgA(l - X)
(3.39)
where the sum runs over unprotected operators with dimension A > % 4+ 2, and ca’s are

the squared moduli of the OPE coefficients (we use a different font to distinguish these
coefficients from the ones that will appear in the chiral-antichiral channel).

The correlator (3.30) does not admit an expansion in this channel since one cannot take point ¢(t1)
close to ¢(t3).
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In the chiral-antichiral channel, long multiplets with quantum numbers [A, 0, 0, 0] con-
tribute with all the allowed superdescendants, and we can decompose the four-point cor-
relation function in terms of superconformal blocks. The latter are always expressed as a
linear combination of ordinary si(2) blocks with shifted dimensions. Conformal blocks can
be seen as eigenfunctions of the Casimir differential operator [62]. Analogously, supercon-
formal blocks can be computed by considering the differential equation generated by the
action of the superconformal Casimir [59]. We start by the s-channel OPE expansion of the
superspace four-point function (3.25), namely we insert a resolution of the identity between
points t9 and t3, and we act on each term of the sum with the quadratic Casimir C; + Co,
where C; is the differential operator (3.8) acting on the supercoordinates (¢;, 04, éf) This
leads to the block expansion

f(2) =14 caGal2) (3.40)
A

where the sum runs over the dimensions A > 0 of the superprimary operators exchanged
in the chiral-antichiral channel and each conformal block satisfies the differential equation

(= 2%z — 1)02 — 2(2 — 3)0,) Ga(z) = A(A +2) Ga(2), (3.41)

where A(A + 2) is the Casimir eigenvalue (3.9) with zero R-charges. The equation above

is solved by the hypergeometric function®

Ga(2) = (—2)22F1 (A, A 2A + 3;2) . (3.42)

As a check, we find that Ga(z) can be decomposed in terms of a finite sum of si(2)
blocks (3.37) (here we use §(z) = g(-27) = (—2)22F1(A, A;24; 2), implementing the

z—1

change of variable from y to z)

_ - 3A 3A2(A +1) A
Ga(z) = ga(z) + mgA-H(Z) + 10A T 3)2A T DA T 2)9A+2(2)
A*(A+1)
T 8CA T 32RA T 5)9A+3(z) (3.43)

With the aim of finding a connection between the two correlators (3.30) and (3.31) it
is important to consider the s-channel expansion of (3.31)

h(x) =14 éaGalx) (3.44)
A

where

Ga(x) = x22F1 (A A28 + 3; ) . (3.45)

15The appearance of a minus sign in (3.40) is due to our use of z, which takes real negative values, rather
than the more standard x, see (3.28).
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The similarity between this block expansion and (3.40) is apparent, especially when one
considers the relation between ¢a and ca. Denoting by Oa the exchanged operator of
dimension A, the expressions of ca and ¢éa are given by

ca = fogonoson CA = foi0a f300n (3.46)

where fy50, is the three-point coefficient determining (ppOA). In one-dimensional CFT
the OPE coefficients depend on the signature of the permutation. In particular, despite
there is no continuous group of rotation, there is a Zs parity transformation ¢t — —t (this
symmetry was called S-parity in [63]). Operators are charged under this symmetry and
one has

(O1(t1)Oa(t2) Os(t3)) = (—1) 14T (Og(—t3) Oa(—12) O1 (—11)) (3.47)

where 17, To and T3 are the charges of the operators under parity. For our example, if ¢
is a bosonic operator we have

Fsgon = (1) f3504 (3.48)

whereas for a fermionic ¢

fogos = (DT 00, (3.49)

Therefore the two coefficients ca and ¢a, for a fermionic ¢ are related by
CA = (—1)TO+15A (3.50)

As an example, which will be useful in the following, operators of the schematic form
O,, = ¢9''¢ have charge To = n. In section 4 these relations will allow us to establish a
precise connection between the correlators (3.30) and (3.31) in a perturbative expansion
around the free theory result.

3.5 The displacement superfield and its four-point function

The displacement operator belongs, as shown in appendix 2.2, to a chiral supermultiplet
with jo = % In light of the application to string sigma-model in section 5, we use the super-
space analysis to extract the correlators of some relevant components of the displacement
supermultiplet. The component expansion of the chiral and antichiral superfield (compared

to (3.21) we renamed the components for the specific case jo = 3) reads

1 1
®(y,0) = F(y) + 0,0%(y) — Qeaeb € M (y) + geaebac €°D(y), (3.51)
_ _ _ 1- _ _ 1- _, _ _

(I>(y7 9) = [F(y) + ea(Da(y) + 59(191} €abc Ac(y) - geaebec eabch(y) . (352)

From the Grafimann expansion of the two-point function (3.24) we extract to the following

two-point functions

FF () = 2 (0°(11)0(t2)) = Qj‘;:g (3.53)
(M () Py (£2)) = Sf;f’ % (D(t)D(t2)) = fc‘b (3.54)
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For the case of the displacement supermultiplet the normalization factor Cy has an
important physical interpretation. As we showed in section 2.3 most of the components
in the displacement multiplet are obtained by the action of a broken symmetry generator.
Such generators have a natural normalization in the bulk theory and therefore the Ward
identities (2.13) fix the physical normalization of the displacement operator, making its
two-point function an important piece of defect CFT data. There is concrete evidence
that in the presence of a superconformal defect this coefficient is related to the one-point
function of the stress tensor operator [64-66]. Moreover, for the case of the Wilson line this
coefficient is particularly important as it computes the energy emitted by an accelerating
heavy probe in a conformal field theory [10, 67], often called Bremsstrahlung function.
The relation with the two-point function of the displacement operator in the context of
superconformal theories in three and four dimensions has allowed for the exact computation
of this quantity in a variety of examples [10, 28, 30, 60, 64, 65, 67-74]. In the present context
we have

Co(A) =2By2(N), (3.55)

where B /2(/\) is the Bremsstrahlung function associated to the 1/2 BPS Wilson line in
ABJM theory (see, e.g., [28, 69]). In this paper we focus on the four-point correlators (3.30)
and (3.31), where the disconnected part has been factored out and the functions f(z) and
h(x) are independent of the chosen normalization.

For their use below, we now extract some specific components of the correlator (3.25),
by expanding both sides in Grafimann variables

2
(F ()P ()F (1) = ;2 (2 (3.50
2
(0% (1) (£2)0% (1), (1)) = sy - [352058 (F(2)— 2 (2) 422" (2))
12734
— g (z2f’(Z)+z3f”(z))} (3.57)
(D(t1)D(t2)D(t3)D(ts4)) = (1;0;5)2 % [36f(z)—36(z4+z)f’(z)+18z2(—14z3+3z2+1)f”(z)
12¥34
—62% (552° — 3922432 +1) f®)(2) 32" (4625~ 6322 +182—1) fW(2)
—3(2:—1)2,25(72—1)f(5)(z)—(z—1)3z6f(6)(z)} (3.58)
= s/ @A 2403 .1 4 p(4) 3 £(3)
(D(t1)D(t2)0%(t3)0a,(t4)) = 71 5&*[(1—2)2 [P(2)=Bz+1)2° 1 (2)
t12t34 6
1322 (2)—62f'(2)+6 f(z)} , (3.59)

where for each correlator we factorized the (squared) two-point function contribution (3.53)
arising from the double OPE. In the next section we will use analytic bootstrap techniques
to evaluate, at leading and subleading order at strong coupling, the function f(z). In
section 5 we will confirm the superspace analysis of this section by evaluating directly the
correlators at strong coupling, using AdS/CFT, via Witten diagrams. We will namely
consider the correlation functions of the string excitations corresponding to the various
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defect operators and obtain that they are given in terms of (derivatives of) a uniquely
determined function f(z), verifying explicitly the relations above.

4 Bootstrapping the supercorrelator

In this section, by imposing symmetries and consistency with the OPE expansion, we
extract the leading strong coupling correction to the four-point function of the displacement
supermultiplet. We then extract the anomalous dimensions and the OPE coefficients of
the composite operators appearing in the intermediate channels.

Let us start from the expressions of the four-point functions of the superprimary (3.30)
and (3.31), which for this specific case read

2
F () F)F ()F () = ;21 (2) (4.1
2
(F () Fe2)F ()P (1) = 7 (42)
and we define
)
fx) = . (4.3)
such that the crossing equation simply reads
Fo) =Ffa-x). (4.4)

4.1 Leading order

The leading order result at strong coupling can be easily obtained from Wick contractions,
and reads

fOr) =1-2 RO(y) =1-x (4.5)

1
x(1-x)°
functional form. Looking at the s-channel expansion of the two correlators (3.40) and (3.44)

or, alternatively f(o)(x) = Unsurprisingly, the two correlators have the same
and using the well-known fact that in free theory the only exchanged operators are of the
schematic form [FF], ~ FOPF with dimension h, = 1+ n, we immediately realize that
the mismatch factor (—1)*" between (3.44) and (3.40) is compensated by an identical
factor from the relation (3.50) for the OPE coefficients, which in the case of the operators
[FF],, reads

0 = (—1)tHne0) (4.6)

n

As a result, in free theory the two expansions (3.40) and (3.44) are identical up to the
exchange z <> x. It is also easy to extract the explicit form of the OPE coefficient at
leading order

0 _ VT2 T (n + 4)

(n+ 1) (n + %) (4.7)
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(0)

In a similar fashion one can read off the form of the coefficients ¢, ’ appearing in (3.39).
As expected, in the OPE of two identical fermions, only operators of the schematic form
[FO"[F],, with odd values of n appear. We find

o _ V/E2HD(n 4 1)

(

c n odd 4.8
" I (n+ %) (4.8)
<=0 n even (4.9)

In the following we would like to consider a first-order perturbation of this result.

4.2 Next-to-leading order

We are interesting in finding the first-order strong coupling correction to the correlator.
We expand the function f(x) as

F0) =FO0) + e fD(x) h(x) = hO(x) + e hM(x) (4.10)

where € is a small parameter, whose precise relation with the string tension cannot be
predicted by symmetry considerations. Following [11, 18], we start with the following
Ansatz for the first order correction to f

FO(x) = r(x)log(1 — x) + (1 — x) log x + q(x) (4.11)

where 7() and g(x) are rational functions and

a(x) =q(1—x) (4.12)

In appendix C we show explicitly that comparing the expansions (3.40) and (3.44) one can
express the function A" () in (4.10) in terms of r(x) and q(x). Here we only report the
final result for the function A" (y) = 1_Txh(l)(x) introduced in (3.38)

A () = —r (1;) log x + [r <X’f1> +r (lixﬂ log(1 — ) — ¢ (&) (4.13)

The final result for A% (x) is essentially what you would obtain by making the transforma-
tion xy — % in f (1) and neglecting the imaginary part of the logarithm. This is equivalent
to the prescription, given in [5] of putting an absolute value in the argument of the loga-
rithm, but a precise justification of this fact can only be obtained by comparing the block
expansions (3.40) and (3.44) as we do in appendix C.

Now we would like to bootstrap the rational functions r» and ¢ imposing crossing and
consistency with the block expansions (3.39) and (3.40). First, we rewrite the latter for
F(x) in the s- and t-channels

F00 = =+ 3 eabalv) (4.14)
X A
f00 = 1 + S ealall -0 (4.15)
A
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with Ga(x) = X 'Ga(X7) = X2 L9 F1(A, A+3;2A+3; x). We consider the perturbation

x—1
Ap=1+n+ 677(11) + O(€?) (4.16)
en =9 4 ecl) 4 O(e?) (4.17)

which allows to write the expansion for f(1)(y)

fP0=>" (CS)@Hn(x) + C&O)'V,Sl)%(%(x)!hzun) (4.18)

n

This expansion is regular for y — 0 and crossing obviously guarantees that f(l)(x) is
regular also at x — 1. Staring at the Ansatz (4.11) one immediately concludes that r(x)
is regular at x — 1. Since we assume that r(x) and ¢(x) are rational functions and we
expect them to have poles for physical values of y, i.e. x =0 and x = 1, the most general
form for the function r(x) is

Mo

r)= > rmx™ (4.19)

m=—M1

where My and M take integer values and My > —Mj. Notice that, in general, r(x) can
be singular at y — 0 as it multiplies log(1 — x) (which is regular in this limit) and the
divergence can be canceled by a pole in the function ¢(x). The latter must respect the
symmetry (4.12) and its most general form is

Lo
g0 = Y ax'(1—x) (4.20)
l=—L1

for integer values of L1 and Lo and Lo > —L;. Imposing the aforementioned cancellation
of poles between r(x) and ¢(x) one finds several constraints which we derive in appendix C.
The final result is that all the coefficients 7, in the expansion (4.19) are fixed in terms of
the coefficients ¢; in (4.20). Furthermore, we find

M =1;+1 My =21y +1 (421)

Therefore, we are left with an infinite number of solution parametrized by the Ly + Lo + 1
coefficients ¢;. In this respect, one can construct a minimal solution by keeping a single
term in the sum (4.20). One criterium to choose which term to keep is the analysis of
the large n behaviour of %(LI). In higher-dimensional examples of AdS/CFT the large twist
behaviour of the anomalous dimension of the so-called “double trace operators” (of the
schematic form OO™(9)‘©) is related to the relevance of the bulk interaction and it is
bounded from above [75, 76]. Nevertheless, there are at least two obstacle for the direct
application of this argument to the one-dimensional case [11]. First, there is no distinction
between the spin and the twist of the double trace operators, which are characterized,
in one dimension, by a single parameter n labeling the number of derivatives (Q9™0O).

Secondly, in the higher-dimensional case the large NV analysis allows to lift the degeneracy
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between double trace operators and other operators with identical quantum numbers at
the classical level. Here, as we will discuss in great detail in section 4.3, this degeneracy
is not lifted, preventing us from a clear identification of the operators appearing in the
tree-level OPE with the double-trace operators. Therefore, analogously to the N =4 SYM
case [11], we use the large-n behaviour of the anomalous dimension simply as an organizing
principle for the infinite set of solutions. The term with the mildest large n behaviour has
[ = —1. All the negative values of [ give a large n behaviour of the order v, ~ n~2, while
for positive values of I the growth is much faster (already I = 0 gives a v, ~ n°). We
conclude that the functions r(x) and ¢(x) yielding the mildest behaviour at large n are

r(x) = — +— a() = —=— (422)

X x(1—x)

As we show in appendix C all the 7, coefficients can be fixed in terms of the ¢;. In this
specific case we get

T2 =q-1 r_1=2¢1 (4.23)

It is instructive, though, to see how this result can be obtained in this very simple situa-
tion. The first relation in (4.23) simply arises by requiring that the pole at x = 0 in the
function ¢(x) is canceled by the product r(x)log(1—x). To fix the coefficient r_1, instead,
one needs to analyse the function h(x) in (4.13) and impose consistency with the block
expansion (3.44). In the chiral-chiral channel we perturb the leading order result by

Ap=1+n+ey() +O(?) n odd (4.24)
cn =9 +ecl) + O(?) n odd (4.25)

In (3.36), we showed that unprotected exchanged operators in the chiral-chiral channel must
have dimension A > 3. Therefore, in (4.24) we must impose y; = 0. This is translated
in the absence of terms like (1 — x)2log(1 — x) in A(x). Using the Ansatz (4.13) with
the solution (4.22) one immediately finds r_; — 2r_s = 0. The presence of a protected
operator of dimension 2 of the form FOF might be surprising and one may wonder what
is the reason for the large gap (3.36) for the unprotected spectrum. Since the origin of
this large gap is superconformal symmetry, one may answer this question by looking at the
correlators of superdescendants. This analysis shows that not imposing the absence of the
anomalous dimension y; translates in the appearance of unphysical exchanged operators
in the superdescendant block decompositions.

The remaining overall factor ¢_; can be reabsorbed in the definition of € leaving us
with the final solution for f(V)(x)

(4.26)

f(l)(x)=—<12+>2<>10g(1—x)—<( L2 >log(><)—

X 1-x)? 1-x x(1—x)
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It is useful to write down also the explicit expressions of f)(z) and A} (y), which can be
simply obtained from (4.3) and (4.13) (see also appendix C)
(1) (1-2)°
fH(2) = ———log(l —2)+2(3—2)log(—2)+2—1 (4.27)

z

WO () = X 111-x)°

N X log(1 —x) — x(3 —x)log(x) +1—x (4.28)

where the overall sign has been chosen to match the string theory analysis of section 5 with
€ > 0. Using this result, it is a straightforward exercise to extract the defect OPE data.
We summarize our results in the next section.

4.3 Extracting CFT data

Before computing the values of anomalous dimensions and OPE coefficients, we need to
comment on the class of operators one expects to appear in this context. When classifying
operators that can be exchanged in a given channel, one is interested in eigenstates of the
dilatation operators. When perturbing the leading order result, one can think of building
operators out of the fundamental fields in the worldsheet lagrangian (see section 5), which
are in one-to-one correspondence with the components of the superdisplacement multiplet.
In this respect, it is easy to realize that “two-particle” operators of the schematic form O,, ~
FO"F will have a three-point function (FFO,) that is leading compared to higher particle
operators. Nevertheless, these two-particle operators are not well defined eigenstates of
the dilatation operator. A simple example is the mixing between two- and four-particle
operators FO?F and FFFF. Only a linear combination of these two operators will be an
eigenstate of the one-loop dilatation operator, but both of them are allowed to appear in
the F x F OPE.'® Of course the situation becomes increasingly more intricate for heavier
operators. Therefore, we are led to conclude that any operator which includes a two-particle
contribution will appear in the leading order OPE and the anomalous dimension we extract
is actually a linear combination of the anomalous dimensions of these operators, weighted
by their OPE coefficients. Given that part of this degeneracy is lifted by decomposing in
terms of superconformal blocks instead of ordinary conformal blocks there are a few cases,
where we can be certain that a single long multiplet with a given dimension can appear.
These are the n = 0 and n = 1 case for the F x F channel associated to the operators FF
and FOF and the n = 1 case in the F x [ channel associated to FOF, which is protected. To
solve the mixing for heavier operators one would have to study a larger class of correlators,
a task which goes beyond the scope of this paper.

Given this caveat, we are ready to extract the values of anomalous dimensions and OPE
coefficients in the two channels. Let us start from the chiral-antichiral channel. Comparing
the expansion (C.1) with our result (4.27) one finds

23— 2) = 3 P Grin(2) (129
n>0

16We would like to thank Pietro Ferrero, Shota Komatsu and Carlo Meneghelli for very useful discussions
on this point.
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The G14, functions, for integer n, form an orthonormal basis of solutions of the differential
equation LGy = MG with £ = —2%(z — 1)0% — 2(z — 3)0. in (3.41). Therefore one can
derive the orthogonality relation'”

dz z
P i = CrenlIG s () = (4.30)
where the contour circles 0 counterclockwise. Using this to invert the expansion (4.29)
we obtain
1 dz 2%(3 —2)
- — pHoz 2~
LN ©) 7§2m' (1—2)3 G3-n(2) (431)
n

Solving the integral we get
A = —p?—an—3 (4.32)

The correction to the OPE coefficients can be easily obtained at each value of n finding
agreement with the general relation [75-77]

0
1) — ~ (.0 (1)
V) = == (P40 (4.33)

Their explicit expression is

() — 0) [_2 dng A <¢ (n+4) — o <n + g) ~2log (2) nil)] (4.34)

where ¥(n) = 1;/((7?)).

A similar analysis can be carried out in the chiral-chiral channel. In this case the

expansion is in terms of ordinary conformal blocks and we have the orthogonality relation

dx 1
- =—— 1—x)g_n(l—x)=0bnn 4.
P el = g1 =) =5, (4.35)
where the contour is a circle around x = 1. We use it to invert the OPE expansion
1—x)*4
S S - ) (430
n>3

obtained comparing the coefficient of log(1 — x) in (4.28) with the perturbative expansion
of (3.39). This gives
Y =—n?2—n+t2, n odd. (4.37)

As expected, ygl) = 0. Also in this case, for the OPE coefficients we have

V) = 0, (cOyMy, (4.38)

n

which gives

cM) = ) {—1 —2n + vy <¢ (n+1) -1 <n + ;) —2log 2)] nodd.  (4.39)

"The weighted inner product is obtained requiring the differential operator £ to be self-
adjoint (G, , LGxy)w = (LGx,, Gry)w, which is translated in the equation £~ 'w — Lw = 0 for the weight

w, solved by w = ﬁ which also ensures orthonormality.
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5 Correlators from Witten diagrams in AdS,

The Type ITA background AdS, x CP? is defined via

2R R k?

2 2 2 2 2 2

ds“ =R (dSAds4+4d3q;p3) , e‘f’:?, R :E:Zeqﬁ, (5.1)
3

Fy =2k Jeps Fy = §R3 vol(AdSy), (5.2)

where R is the AdS4 radius, ¢ the dilaton, k£ results from the compactification of the
original M-theory on AdSy x S”/Z; background and coincides in the dual theory with the
Chern-Simons level number [20]. Above, Fy, Fy are the 2-form and 4-form field strengths
with Jeps the Kahler form on CP3. As they only play a role in the fermionic part of the
Lagrangian and we limit our analysis to the bosonic part, we report them here only for
completeness. Using a Poincaré patch for the AdS, metric
dz? + dx"dx"

5 , (5.3)

2 _
dsAdS4 - P

where 2" = (20, 2!, 2?) parametrize the Euclidean three-dimensional boundary of AdS,; and

z is the radial coordinate, the bosonic part of the superstring action in AdS4 x CP? reads
1 1
Sp = 5T / d>oV/'h b [22 (0u2"Dya” + 0,20,2) + 4GS 0, Y MO, YN | (5.4)

Here, o = (t, s) are Euclidean world-sheet coordinates and 7 is the effective string tension.
In its original “dictionary” proposal [20] it is related to the effective 't Hooft coupling A
of the dual N' = 6 superconformal Chern-Simons theory (realized in the limit of k¥ and N
large with their ratio fixed) via

R? \F N
T = —— = — _ . .
2mad! 2’ A k (5.5)

In fact, as we are interested at leading, tree-level order in perturbation theory we may
disregard the corrections to the effective string tension 7" due to the geometry of the back-
ground [20, 78], which start at order - [27]. The classical solution to (5.4) which is relevant

VA
here is the minimal surface corresponding to the straight Wilson line at the boundary

z=35, ¥ =t, =0, 1=1,2, (5.6)

with all the remaining (CP?) coordinates vanishing. This is just the straightforward em-
bedding in the AdS,; background of the solution of [5, 79]. The induced metric is the
AdSs metric

1
Gudotdo” = ?(dt? +ds?). (5.7)

We will consider correlators of small fluctuations of “transverse” string coordinates (the
2’ i = 1,2 and the CP? coordinates) near this minimal surface. The bosonic symmetry
of the defect conformal field theory associated to the 1/2 BPS Wilson line is SU(1,1)x
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SU(3)xU(1),, and it turns out to be the manifest symmetry of the bosonic string ac-
tion (5.4). The SU(1,1) ~ SO(2,1) symmetry can be made manifest by fixing a static
gauge where z and z° do not fluctuate and using the following parametrization for the
embedding of AdSy into AdSy [5]

(14 31x%)? dXdX 1
dst = —2" L (s34 ———— ds? = = (dz? + d2?), 5.8

T O R A T 2T pldnrd, 69
where we introduced the complex combination X = %(wl +1i2?) in terms of the transverse
AdS coordinates z°. X and X have opposite charge under U(1),. Finally, adopting the
following parametrization of the CP3 metric

9 dg, dw®  dwg w* dw® wy,

ds? 3 = -
T T P P

|w|? = W, w?, a,b=1,2.3, (5.9)

the preserved SU(3) subgroup of the SU(4) global symmetry of CP? is manifest.

The Nambu-Goto action with fixed static gauge reads then reads
(14+1/2|X2)? o XX < 0 alyw® aﬂwawawbaywb>
a—1/2x PP = 12x ) 1+ fw]? (14 |w[*)?

Si :T/dQU\l det
(5.10)

where g, = 3%5/“/ is the background AdSs metric. Along the lines of [5], (5.10) can be

interpreted as the action of a straight fundamental string in AdS, x CP? stretched from the
boundary towards the AdS, center (so, stretched along z), as well as the action for a 2d
“bulk” field theory of 143 complex scalars in AdSy geometry with SO(2,1) x [U(1)xSU(3)]
as manifest symmetry. From the AdS/CFT point of view, this second interpretation leads
to a CFT; dual living at the z = s = 0 boundary, namely the defect CFT defined by
operator insertions on the straight Wilson line.

Expanding the action above in powers of X and w® one gets

SBET/dQU\/ﬁ Lg, Lp = Lo+ Lyx + Lox 2w + Lgw + .. ., (5.11)

Ly = g"9,X0,X + 2| X|* + ¢" 0,0 0,0, , (5.12)
_ 1 _

Lix = 2|X* + |X* ("0, X0,X) — 3 (9" 0,X0,X) (¢""0,X0.X), (5.13)

Loxow = (9" 0,X0,X) (9" 0,w*0x0q) — (g" 0, X 0, w®) (9”0, X Osty)
— (g“”é?#)zayw“) (9”70, X 0 0q) , (5.14)

1 1 1
Law = 7§(w“wa)(g“”8uwb8mb) - Q(w“wb)(g“”auwbauwa) + 5 (6" 0pu dya)?
1 1
- i(gw}auwaar/wb) (gpnapwaaﬁwb) - i(g“yauwaaywb) (g””@,,wa(?ﬁwb) . (515)

There are therefore one massive (X with m? = 2) and three massless (w?, a = 1,2,3) com-
plex scalar fields propagating in AdSs, that correspond to the bosonic elementary CFTy
insertions represented in the displacement supermultiplet — respectively, to the A = 2
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displacement operator D and to the A = 1 operators 0%, a = 1,2,3. In fact, as written
above in section 2, to obtain the AdS/CFT dual of the full displacement supermultiplet one
has to consider also the fermionic fluctuations. At quadratic level, the fermionic spectrum
has been worked out in [30, 31], and consists of two massless and six massive fermions
(of which three with mass mp = 1 and three with mp = —1) which should correspond,
respectively, to the A = % fermionic superprimary F of the multiplet and its conjugate
and to the A = % fermionic operators A, and their conjugates. Expanding the full Type
ITA Green-Schwarz action in AdS; x CP? background [80, 81] around the solution (5.6)
up to quartic order in fermions would yield the interaction vertices from which to evaluate
directly, via Witten diagrams, the four-point functions of fermionic fluctuations. Below we
will limit our analysis to the direct calculation of bosonic four-point functions from the ver-
tices in (5.11) above, and compare with the superspace results of section 3. We emphasize
however that in so doing we will in fact evaluate directly the function f(z) which governs
the four-point correlator (3.56) of the fermionic superprimary F — and thus all four-point
functions — as the unique solution of the differential equations in (3.56)—(3.59), arising
from the Grafimann-expansion of the correlator for the four chiral fields in superspace.

Below, we will use these vertices of the AdSs bulk theory to compute the corresponding
tree-level Witten diagrams in AdSs, with bulk-to-boundary propagators ending at points
t, on the boundary. As in the AdSs x S° case, no cubic terms appear in the bosonic
Lagrangian above, so that at this level of perturbation theory the correlation functions are
only a sum of 4-point “contact” diagrams with four bulk-to-boundary propagators.

5.1 Four-point function of massless fluctuations in CP3

Here we compute the tree-level 4-point Witten diagram of the CP? fluctuations w, @ ap-
pearing in the AdSs action in (5.11)—(5.15). As discussed above, these are AdS/CFT dual
to the scalar operator insertions 0%, 0,, a = 1,2, 3 with protected dimension A = 1.

Due to the SO(2, 1) conformal invariance the 4-point function is expected to take the

general form
2

Cw A ay a

(W (1) 1)) 0, (1)) = Loe o). (5.10
t1al34

Here, x is the conformally invariant cross-ratio defined in (3.28), and we used for the two

point function
Cuw(N)
1%

(W™ (t1)Wa, (t2)) = G, (5.17)

The function Gl 33(x) in (5.16) does not depend on the normalization of the w® fields, and
thus on Cy,(A). One can of course choose Cyy(A) = 4B /5(A), so to realize a direct identifica-
tion of w® with the O% in view of (3.53).!® This would just correspond to an overall rescaling

of the fields.!? By evaluating perturbatively the two-point function (5.17) (namely, calcu-

¥ This is the formal choice of [5], where the analogue relation is to the A = 4 SYM Bremsstrahlung

function [10, 82, 83]. See also a related discussion in [49].

9Given the leading strong coupling value of the Bremsstrahlung function B, 72(A) = V2 = T and

4n 27

given our choice (5.19) of the bulk-to-boundary propagator, at tree level this would amount to the rescaling
w® — V/2Tw?.
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w(ty) w(ta) w(ty) w(t2)

w(ts) w(t3) w(ts) w(ts)

Figure 1. Witten diagram for the disconnected contribution to the four-point function (5.16).

w(ty) w(t2)

w(tq) w(ts)

Figure 2. Witten diagram for the connected contribution to the four-point function (5.16).

lating loop corrections to the boundary-to-boundary propagator) one should then be able
to verify that the elementary excitations w® are protected, as well as reproduce the strong
coupling expansion of the corresponding 1/2 BPS Bremsstrahlung function (3.55).

The disconnected part of the four-point function (5.16) originates from Wick contrac-
tions, see figure 1, and reads

a1 Sas a1 Sas

(W (£2) B (£2) 0" (£3) Ty (£2)) ﬂ%wfﬁﬁw%?}
1sconn. t t t t

12%34 14%23

[Cw (V) [ X’ ]
= datos + derdgs ). (518
#5134 s (1—X)2 e (>1%)

The first connected contribution to the four-point function comes from the tree-level con-
nected Witten diagrams obtained from the four-point interaction vertices Ly, in (5.15)
with four bulk-to-boundary propagators attached, see figure 2, and therefore it is sublead-
ing in 1/7. As in [5], we will adopt the normalization [84, 85] of the bulk-to-boundary
propagator in dimension d = 1

z

_ 4
C2yml(A+ )]

for which the tree-level two-point function of the dual boundary operator is

(OA(t1)OA(t2)) = tCT%. Then the connected correlator reads
12

A
Ka (z,t;t’) =Ca |: t’)2:| =Ca KA (Z,t; t,) , Ca (5.19)

22+ (t—

- — 1 a as a a:
(W™ (12) as (t2) 072 (83) Was (t0) eonn = 7 (Cac1)* | QIO + Q20101 (5.20)
where Ca—1 = 1 and Q2% is built out of the D-functions [86-88] reviewed in ap-
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pendix D, explicitly

Q1 = 3D1111 + t39Daory + t3,D1190 — 25, D121 — 2t33 D19y

— 3t33 D121 — 3134 Da11z + A(t14t35 + t13ts, — 19t34) Doz , (5.21)
Qo = 3D1111 + t3, D112 + thgDiog1 — 2t33Do1o1 — 23, D112
— 3ty Dot — 3t3, D122 + 4(t1yt5, + tistsy — tiatss) Dasos . (5.22)

This can be written in a conformally invariant way using the reduced D-functions D defined
in (D.4) — for which we also list explicit expressions in (D.6)—(D.17), leading eventually
to the expression

(W (t1) Was (t2) W (t3) Way (t4)) conn. = € 9a39a3 G1(X) + 053003 Ga(x) | (5.23)

az - a4 a4 ~az

2
[Ca=1] [
2 12
t1at3y
where, according to (5.16), we factored out a [CAzl] % and the expansion parameter € = ﬁ
has been chosen to make contact with the bootstrap calculation.
For the functions G; and G5 above, one finds

2
2
Galx) = —X((f’f ;)? " X(X“j +1)?;) log x — log(1 — x) (5.25)

Using (3.29), the functions above may be conveniently expressed in terms of the invariant z.
Confronting then (5.18) and (5.23) with (3.57) leads to the following system of second-order
differential equations

f(2)=z2f (2)+22f" (2) =1+€ | —d+2—2log(—2)+ (22—;14—3) log(l—z)]

—22f(2) =2 " (2) = 2° +e [z —42*— 2% (3—42) log(—2)+(1+32° —42°) log(1—2) |
(5.26)
whose solution reads

(1—2)°
f(z)=1—z+¢€[z—1+2(3—2)log(—2) — — log(1 — 2)] , (5.27)

in agreement with (4.27).

One can now repeat the analysis for the correlator (w®!(t1)wWa, (t2) W (t3) wa,(t1)).
The result coincides with the one obtained using on the f(z) above with the replacement
z — X, and neglecting the imaginary part of the logarithm. This is in perfect agreement
with what observed in the bootstrap analysis of section 4%° and discussed in appendix C.
Below we will check that the f(z) evaluated above solves also the corresponding differential
equations for the correlators of massive and mixed worldsheet excitations, once the nor-
malization factors defining the corresponding two-point functions are identified with the
ones of their field theory dual.

20See discussion below equation (4.13).
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5.2 Four-point function of fluctuations in AdSy4

The complex field X appearing in the AdSs action in (5.11)—(5.15) is the AdS/CFT dual
of the displacement operator insertion D, which has protected dimension A = 2. Due to
conformal invariance, the 4-point correlator reads then

2
(X (1) K (t2) X (1) X (£4)) = %ﬁf Gx), (5.28)
where we have used Gl
(X (t1) X (t2)) = gi). (5.29)

Again, the normalization factor C'x(\) may be chosen to be in direct correspondence with
the Bremmstrahlung function (3.55) to realize a direct identification of X with the dis-
placement operator D. In view of (3.53), this would mean Cx () = 24B; /5()).

The disconnected contribution to (5.28) reads

. . [Cx(V)]” Xt
(X(t1) X (2) X(t3) X (t4))disconn. = ~a g — 1T qvya | - (5.30)
tiat3y ( X)
The subleading, connected contribution is obtained evaluating Witten diagrams from the

four-point interaction vertices Lyx in (5.11)—(5.15) and reads

(X(12) X(12) X (15) X (t4))eom = 7 (Ca) ' ©, Cama= o (5.31)
Q = 8(Dagoo+t15 D3390 +13, Doog3+t33 Dasza+14 D203
—8t3, Dazog —8t35 D3gzo +16t74t3, D33a3) . (5.32)
Explicitly, and adopting the standard normalization, one gets

2
N Ca=2]” [115x° — 345x* + 543x3 — 511x? + 246 — 48
<XXXX>Conn =€ [ 4A j] X X i X 5 X * X
' tiat3y 3(1=x)

2x*(5x +3) 8
“o1p log x +2(5 — 7) log(1 - x)| - (5.33)
Writing everything in terms of the invariant z, and confronting the superspace predic-

tion (3.58) with (5.30) and (5.33) we obtain

1
36
=324 (4623—6322+18z—1) f(4)(z)—3(2—1)225(72—1)f(5)(z)—(z—1)3z6f(6)(z)}

[36 F(2)=36(24+2) f/(2) #1822 (— 14234322 4+1) /' (2) —62° (552° — 3922+ 32+1) fO)(2)

=1+z%+e {—16—22—1624—223—%4—2(82—3&’4 log(—=2)
+(6—§+6Z4—16z5)1og(1—z)] . (5.34)

This non-trivial sixth-order differential equation is immediately solved by the function f(z)
in (5.27).

Again, one may repeat the analysis for the correlator (X (t1) X (t2) X (t3) X(t4)). The
result coincides with (5.33) after the transformation x — x/(x — 1), and neglecting the
imaginary part of the logarithm.
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5.3 Four-point function of mixed fluctuations

The 4-point correlator mixing two AdS X fluctuations and two CP? w fluctuations reads

— Cx(N) Cuw(N) o,
(X (1) X (t2) w0 (t3) 0, (1)) = XG0 s 5. (5.35)
112134
The disconnected contribution is
o CX()‘)CU)(/\)

<X (tl) X(t2) w™ (t3> Wa, (t4)>disconn. - 532 : (536)

4 42
t12t34

The connected contribution is obtained evaluating Witten diagrams from the four-point
interaction vertices Lyx in (5.11)—(5.15), and reads

_ 1

<X(t1) X(tZ) w* (tB) Wa, (t4)>conn = T (CA:2)2 (CA:1)2 5:;2 Q2X 2w s (5.37)

Qox 2w = 4| Dag11 + 2t39D3311 + 2t3, Dogoy — 2t2, Doz1a — 2ta3 Dagay

— 23, D3g19 — 233 D399y + 4(t1t35 + 1353, — t%2t§4)D3322} , (5.38)

explicitly

<X(t1) X<t2) w <t3) Way (t4)>conn. =€

Ca=2CA=1 (44 [4(X —2)log(1 —x)
thot3, ™ X

—8]. (5.39)

Once again, writing everything in terms of the invariant z and equating to the superspace
prediction, the differential equation obtained

4(z—2)

(1—2) 24 fW(2) = (1-32) 22 FO) (2) 4322 f(2)+62f(2)+6 f(2) = 1 +e [—8+ log(l—z)}

(5.40)

is solved by the function f(z) in (5.27).

Acknowledgments

We thank Fernando Alday, Lorenzo Di Pietro, Pietro Ferrero, Luigi Guerini, Shota Ko-
matsu, Madalena Lemos, Marco Meineri, Carlo Meneghelli, Silvia Penati, Giulia Peveri
and Edoardo Vescovi for useful discussions. The research of LB received funding from
the European Union’s Horizon 2020 research and innovation programme under the Marie
Sklodowska-Curie grant agreement No 749909. The research of GB and VF has received
funding from the European Union’s Horizon 2020 research and innovation programme un-
der the Marie Sklodowska-Curie grant agreement No 813942. The research of VF received
funding from the STFC grant ST /S005803/1, from the Einstein Foundation Berlin through
an Einstein Junior Fellowship, and was supported in part by Perimeter Institute for The-
oretical Physics and the Simons Foundation through a Simons Emmy Noether Fellowship.

— 35 —



A o0sp(6|4) algebra and its subalgebra su(1,1|3)

We now list the commutation relations for the osp(6|4) superalgebra. Let us start from the
three-dimensional conformal algebra

[P, K] = 26" D — 2M* [D, P*] = PV [D,K!] = —K*" (A.1)
(MM MPo] = sl pvle 4 gelv pprle [pr AP = g pel (KR MR = gV P (AL2)

Then we have the SU(4) generators
[(Jr?, It = 6Fag? — 6. a1 (A.3)

Fermionic generators QQJ and Sé‘] respect the reality condition Qrjo = %6[ JKLfoL
and similarly for S. Anticommutation relations are

[QL,QR1PY = 2i /KL () Pp, (S, SRV = i el KL (1), U K, (A.4)
{QLY, SN} = elVE((99) My, + 205 D) + 203K MY (3T — 5k, n7)  (A5)

Finally, mixed commutators are

D,Ql) = Q¥ D, 58] = 5% (4.6)
2, QU] =~ () QY 2, ) = S () S (A7)
(K", Q) = —i (7)o" S [P, 5] = =i ()" QF (A-8)

1 1
r7, Qe =01 QaF + 01 Qe — 507Qa " [, 857 = o1 Sy + 07 Sy — Sor Syt
(A.9)
Inside the osp(6|4) it is possible to identify the su(2|3) (or, more precisely su(1,1|3))

subalgebra preserved by the 1/2 BPS Wilson line. The su(1,1) generators are those of the
one-dimensional conformal group, i.e. {D,P = P, K = K}, satisfying

[P,K] = —2D [D,P] =P D, K] = —-K (A.10)

The SU(3) generators R’ are traceless, i.e. R,® = 0 and they are given in terms of the
original su(4) ones by

Jo? + %J11 Jo3 Jo*t
R, = J32 g it Jg* (A.11)
Ji? R e e

Their commutation relations are
[Ro", R = 64R." — )R, (A.12)
The last bosonic symmetry is the u(1) algebra generated by
Jo = 3iMys — 2J; 1 (A.13)

and commuting with the other bosonic generators.
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The fermionic generators are given by a reorganization of the preserved supercharges
{Qlf, f’ ,Qlf, B.Q* Q%'}, together with the corresponding superconformal charges.
Our notation is

_ 1 - 1
Qa = Q}}—a St = 2'51_1'_(1 Qa =1 §€achb—c Sa = §6abcsgc (A14)

The i factors are chosen to compensate those in the algebra (A.4) so that
{Q% Quv} =265P {59, 5,} = 200K (A.15)

(Q°,8,) = 207 <D + ;J()) —2R"  {Qu,S"} =20 <D = ;JO) +2R,Y  (A.16)

Finally, non-vanishing mixed commutators are

Q"= 5" D, Qu] = 5@ K.QU=5"  [KQJ=5. (A1)
[D,S* = f%S“ [D,S,] = %Sa [P,S*]=—-Q" [P,S,]=-Q. (A.18)

1 _ S 1 1~
[R.", Q) =065Q"— §5ZQC [Ra",Qc) = 753Qa+§5ZQc [Jo, Q"] = 5@ [Jo,Q"] = —5@" (A.19)
1 _ I 1 _ 1
[R,’, 8¢ =655 — 56356 [R.},5.] = —55Sa+§5gsc [J0,5°]=55"  [Jo,8"]=—55" (A.20)
A.1 Representations of su(1,1|3)

Here we present a summary of the representation theory of the su(1,1|3) algebra. A
detailed analysis can be found in [28]. The algebra is characterized by four Dynkin labels
[A, jo, j1, j2] associated to the Cartan generators of the bosonic subalgebra su(1,1)®u(1)®
su(3). The two SU(3) Cartan generators are defined as

Ji=Ri'—R?  Jy=R'+2R? (A.21)
A highest weight state is characterized by
SIA os g1, 42)™ =0 SalAjo, i)™ =0 B Ao, i)™ =0 (A22)

where E are raising generators of SU(3) in the Weyl Cartan basis (see [28]). The long
multiplet is built by acting with supercharges, momentum and SU(3) lowering generators
on the highest weight state. The dimension of the long multiplet is

dim AR, 5, = 271 + 1)(j2 + )1 + j2 +2) (A.23)
and unitarity requires
As @it —do) o< 3R A2
=) 161+ 202+ o) jo > B2

There are several shortening conditions one can impose. The multiplets Bj,.;, j, are
obtained by imposing
. . ..\h
QA jo, j1,J2)™ =0 (A.25)
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for the three cases

1,_. ) )
a=1 A =221+ 52 = o) Bjo 1,2 (A.26)
1. . ) .
a=1,2 A= §<]2 —Jo) j1=0 Bij, .5 (A.27)
1
a:1,2,3 A:—gjo jl :jQZO Bjo (A28)

where, compared to [28] we simplified notation leaving the number of indices to indicate
the fraction of supercharges annihilating each multiplet. The conjugate ones are simply

given by
Qa |Aaj07j17j2>hw =0 (A29)
for the three cases
1, . ) >
a=3 = 301 +2j2 +jo) Bjo 1.1 (A.30)
1, . ) 5
a=2,3 = 5(]1 +7jo) J2=0 Bjo7j1 (A.31)
1 _
a = 1,2,3 A= g]o jl = jg =0 Bjo (A32)
The remaining multiplets are listed for completeness, but they are not relevant for
our setup
3 J1+J2 . J1—J2
Bjo j1 .52 A= 9 Jo = 5 (A.33)
Bj070,j2 A= ]52 Jo = _7]2 j1=0 (A.34)
Bjo,jl,o A= % Jo = % j2=0 (A.35)

We also list the recombination of long multiplets at the unitarity bound. For jy < %
the unitarity bound is for A = %(2]'1 + j2 — jo) and we have

1. 2 1,
—3Jot3iit3i2 o
J0,31,J2 = Bjoj1.j. 8304.27314.1,]'2 (A.36)
Similarly, for jo > % one has
530+331+332 ]
Ajo s = Bijo.j1.5 © 830757]1732“ (A.37)
For jo = L& ]2 we have
J1tj2 B B _. B B A 3%
An oo 2.j1gs @ Bzt g, @ Bz 11, O Bass i, (A38)

For vanishing Dynkm labels the decomposition is different. We first list all short
multiplets with vanishing labels as

{Bjo.0.j2+ Biojzs Bjo.0.j2 } n1=0 Jj2 >0 (A.39)
{Bio.51,0 Bjo.jrs Bjo.jr.0} J1>0 J2=0 (A.40)
{Bjo: Bjo } j1=0 j2 =0 (A.41)

The decompositions of long multiplet at the unitarity bound for these cases are shown in
table 4.
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] 42 3 ]2 ]O o )
o= 'Ajm 02 BJOJz ©® Bjﬁ.% 1,52
] 5(242+d0) _
= _J2 3( Jj2+Jo o )
A=t jo0zz = Biooiz @ Bjo 105,01
, i X R ) )
JO = _J2 72 = B J2 . EB B jo+1 . @ Bl—j2 @ B i )
2 —22.,0,52 —5,0,52 —=27=,0,52+1 221, —92 1,41
. < J1 AS 2]1 ]0) N B @ B
jo ]07‘71)0 .707]170 O+ Jl"l‘l 0
o = J1 3 .]1+.]0) _ 1.
2 =0 Jo = ‘AJOJLO = Bjo.jy ® BJO,?]Ll
i1 4 5 5 .
=9 A} = Bj Bji+1 . B, 1 . B ]
]0 2 %,jl,O 2 71,0 ® %7]14*1,0 ® 712 @ J1 1411
_Jo
3
Jo <0 Ajo0 = Bio ®Bj 1110
J1=72=0 W
. i s B
Jo>0 Ajs00=Bjo ®Bj, 104

Table 4. Decomposition of long multiplets into short ones for the case of some vanishing Dynkin la-
bels.

B Supersymmetry transformation of the fields

The supersymmetry transformations of the scalar fields under the preserved super-

charges read

Q'Z = x4 QuZ =0 Q*Z = QaZ =ix; (B.1)
QYy = =8y QuYp =ieacx’  QUY'= “*’Cx; QuY’ =iyt (B2)
and similarly for fermions
Quir =0 Quut = 2D,y — Tyl 7] (B.3)
Qy~ = —2D¥* Qur = e V2V (B.4)
QuX; = 2ieq.DY® QX = 2i60 D17 + %[zm A Z) (B.5)
Q" =26/DZ Quxy = ~2ease DV~ el VO]~ OV (B6)
QUi =0 Quive = 2Dy, + [Vl — 1Y) (B.7)
Qui- = 2iDY, Qi = — ey, 7y, (B.8)
QWL =2WDY,  Quiy = 20017 — T [ZAL — A7) (B.9)
Qux° = —2i6° Dz Q" = —2ie™ DY, — @eacd[ycég - ey, (B.10)
where we used the definitions
D =Dy —iD3 D =Dy +iD3 (B.11)
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and the entries of the supermatrices

AL 0 Y, Y? + $8bip 0
oo l=("" a ~ B.12
<0 AZ) < 0 Y'Y, + 165 (B-12)
@b 0\  (Y.YP-8h(Y.Ye+ Z2) 0 (B.13)
0 ey 0 Y'Y, — 82(Y°Y, + Z2Z) ‘
I AO _ (ZZ -Y,Y?) . 0_ (B.14)
0 Ip 0 (ZZ —Y*,)
Notice that, due to the last identity the bosonic part of the superconnection reads
2w (lg O
= . B.1
Lp 3 (0 lB) (B.15)

Finally we can list the transformation properties of the gauge fields

QA =TT X7 - EMYixG) Qadr = T (2 Vel e YY) (B16)
Q*A=0 QoA = —%(Yaw* —ZXg +eacX YY) (B.17)
QA= v ez Yind)  QuA=0 (B.15)

QA = %(Y% —ZXE =X Ys) QaAr= %(xxz — 0 YateancYXY)  (B.19)
Qui=0 QuA =" (W Yamxg ZHeaVRL) (B20)
QA=W 2 ) QuA=o (B.21)

To check the closure of these transformations and to use them on local operators it is
important to keep in mind the equations of motion. For the gauge field we are interested
in the components F = Fo; — iF3; and F = Fa; + iFa; of the field strength. In particular
we focus on the first one, which respects the equation

£ 2mi <Z<5>Z HY. DY+ di + NG ) L0 ) )
k 0 ~ZDZ -V DY, -~y — Xz Xo
(B.22)

<5>Z = 7ZDZ — DZZ. For the fermions

=
where the operator D has the usual definition Z
we need the equation

2r - ~ - - —7 -7 =
Doy = 5= (C1Crby = 0sCrC" + 20004 CF = 20" Crioy + 2e1150,CTHCY) - (B23)
whose projection yields (we list just the components we needed for our computations)

i /s _ o
Dyt =Dy 4+ 22 (sz/f Tlp 2V DN — 2 2V — zyaxiyceabc) (B.24)

k
. _ 27TZ — b Ab . — = _ _ —
Dxf =iDixg + - (xb Qb — Oy — 22V, + 20 YaZ~|—) (B.25)
M (e od g e
+ %%cd (ch+Yd VI Z — Z;ziyd) (B.26)
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with )
Q=00 + AL~ 55313. (B.27)

C Details on the analytic bootstrap

As we highlighted in the main text, the relation between (3.30) and (3.31) is not simply
a consequence of crossing as in higher dimensional CFTs. Here, we show that, in per-
turbation theory one can establish a relation between these two correlators, finding the
expression (4.13). In free theory, we pointed out in section 4.1 that the s-channel ex-
changed operators [FF], have charge n under the parity symmetry described at the end of
section 3.4 leading to the simple relation (0 (x) = h(0)(x). We want to consider a small
perturbation of this solution such that the exchanged operators still have charge n, but
their dimension receives an anomalous contribution A, = 1+n+ 6’)/7(11). The two s-channel
expansions (3.40) and (3.44) at first order read

FOE) = 32 (=2 (AP OsFA () amtin + Fart () log(—2) + 1)) (C.1)

() = 3o (A0 D0AFA()|aciin + Fasi (0(ED P logl) +21)) (C2)

where Fa(z) = 2F1(A, A, 2A — 3, 2z). We can use the relation

() = (—1)t*7ed (C.3)

CTL n

which only depends on the quantum number of the exchanged operator under parity and
therefore it remains true perturbatively. Therefore, we immediately see that the two ex-
pansions (C.1) and (C.2) are mapped to each other by the transformation x — z, up to
the sign of the argument of the logarithm. Starting from the ansatz (4.11) for f (x) one
only needs to use (4.3) and (3.29) to obtain

I S IV S NN )

(C.4)

From this expression, using the argument above we immediately find

R (x) = Xﬁ : [7“ <1ix> log(x) — [’" <X>jl) tr <1i><>} tog(1 —x) +4 <lfx>}

(C.5)

from which (4.13) descends immediately.

We now show that the bootstrap problem for the first order perturbation at strong
coupling has an infinite number of solutions parametrized by the coefficients ¢; in (4.20).
We start by considering f(l)(x) in (4.11) in the limit y — 0. As we mentioned in the main
text, we need to have a cancellation between the poles in r(x) log(1 — x) and those in g(x)
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to have a regular expansion for f (1)(X). We can then expand

r(x)log(1 - x) = Z Zrm mtp (C.6)

— M, p=1

Z Z () a+ (C.7)

l*—Ll q= =0
After shifting the argument of the sums we find

min(p—1,M2)

r(x)log(1 — x) = — E Z m (C.8)

—Mi+1 m=-—

min(q,L2) I
-y e, ) ©9)

g=—L1 l=—1I

The cancellation of the singular behaviour in the sum of these two functions requires that
M; = L1 +1 and that

S omey l
m -1
= (—1)P g (C.10)
m=—1, 1™ 2T, p—1
valid for —L1 < p < —1. This is a matrix equation for the coefficients r,, and the system
has maximal rank because the matrix multiplying 7, is upper triangular. Therefore this
allows to fix all the coefficients r,, for —M; < m < —2 in terms of the coefficients ¢;.
Similarly, we can start from the expression of h(x) given in (4.13) and consider the
expansion around x = 1. We have

r(lix>logx— Z Z p+m — )P (C.11)

Mlp——m+1
X Lo 0 I
A ) = —1)kte 1 —y)? C.12
() 3 3 e (Ml)( 0 12)

By switching the order of the sums we get

Mo

' <1> ogx = - i 2 p:mm(l —x)’ (C.13)

1 —
X p=—M32+1 m=max(—Mi,—p+1)

Y 0 Lo I
q(X_l)= > S (- <q+2l> (1-x)" (C.14)

q=—2L2 I=max(—L1,[-1])

In order for the poles to cancel in the sum of these two terms we need to have My =
205+ 1 and

2Lo+1 r Lo l
p+m Z ]ql( 2 (p+21) (C.15)

m=—p+1 l:[_ P
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for —2Lo < p < 0. This is another system of maximal rank, whose solution allows to
determine all the coefficients 7, for 0 < m < Ms in terms of the coefficients ¢;. Therefore
we are left with two unfixed coeffcients g and r_1. To fix these two coeflicients one can
look at the term proportional to log(1—x) in (4.13). In the xy — 1 limit that term identifies
the anomalous dimensions of the operators exchanged in the chiral-chiral channel. We can
then expand its coefficient around x — 1

X 1 Mo r Moo X T m

() ()= 2 e X e (7)) e
x—1 l=x) =, A=x)m = = (= 1) n

Requiring that this expansion starts at (1 —x)? in the x — 1 limit leads to several relations

among the coefficients r,,. Nevertheless, only two such relations are independent and they

allow to fix 7o and r_; in terms of the other coefficients (and therefore in terms of ;).
These relations are

2rg + Z T =0 r_1=2r_s (C.17)
m7#0

To sum up, we have found that all the coefficients 7, in the expansion (4.19) are fixed
in terms of the ¢ in (4.20), leaving us with infinitely many solutions parametrized by
these coefficients.

D D-functions

Tree-level correlators obtained via contact diagrams may be written in terms of
D-functions [86, 87, 89], defined in the general case of AdSsy; as

d
DA, aynsa, (x1, 22,23, 24) :/%KAl(z,x;xl)KAZ(z,x; xg)f(Ag(z,x; xg).f(A4(z,:U;$4)
(D.1)
in term of the bulk-to-boundary propagator in d dimensions
/ z A 2% !
KA(z,x;x):CA[m =Ca Ka(z,z;2"), (D.2)

where Ca is defined in (5.19). When dealing with derivatives in the vertices, the following
identity is useful

g“”@uf(Al(z,x;xl) al,f(Az(z,x;xg) D3)
- - N - D.3
= A1A [KAl(%SC;H?l)KAQ(Z,fU;m) — 227, KA, 41 (2, 5 01) Kag 41 (2, 15 12) |

with g = 220" and 9, = (0,0,), r =0,1,2,...,d—1. Reduced D-functions are defined
via (D.1) as [88] (X =53, A)

4 d 2AT—A1-Ag) 2AS—Az—A
TN mh(E-5) L 4)DA AoAgA, (U, V)
1A2A304 2F(A1)F(A2)F(A3)F(A4) x?éE_A4)ng2 18248344\ %

(D.4)
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and depend only on the cross-ratios u = % ,U = %. Their explicit expression in

terms a Feynman parameter integral reads

L(EX—-AyT(Ay)

(ay + afu+ By v)zfA‘* ’
(D.5)

while in d = 1 as usual they only depend on the single variable x (u = x2, v = (1 — x)?).

DA1A2A3A4(U7U) = /dadﬁd'y (5(04"’_5"1'7_1) aA1—1ﬁA2—1,7A3—1

Explicit expressions for the D-functions appearing in this paper read

_ 2log(1—x) 2log(x)

Diii1=— D.6
. = (D.6)
_ +2)log(1— 1 lo
3x 3(1—x)x* 3(1-x)
_ log(1— 1 —3)lo
Digar = 8( 2x)+ i ~(x=3) ggx) (D.8)
3x 3(1-x)3*x  3(x—1)
_ 2y +1)log(1— 1 2y —3)lo
DLQJ,Q:_(X ) 2g( X) +(x ) g2(><) (D.9)
3x 3(1—x)x 3(1-x)
5 203 —x+1) (2 -bx+5)log(x)  (2xP+x+2)log(1—x)
22,22 = — 55 : — 3 (D.10)
15(1—x)*x 15(x —1) 15x
_ 3x+4)+3)log(1— 3x—8)+3  (3x—5)lo
D273’1’2:_(><( x+4) i g(l—x) x(3x )2 3Jr( xX—5) ggx) (D.11)
15x 15(x —1)*x 15(x—1)
_ 2x +3)log(1— 2(x=1)x—3 (5—2x)lo
D273’2’1:( X+3) i( x) | 2x )x3 : (5—2x) gix) (D.12)
15x 15(x —1)%x 15(x —1)
_ 2(x(x+3)+6)log(1— 3—x(2x+3) 2lo
Dysr1—— (x(x+3) g g1—x) , 3—x( xt 2 g(x)3 (D.13)
15x 15(x—1)%x*  15(x—1)
5 (12X —42x%+56x —35) log(x)  —24x* +48x3 +5x2 —29x + 18
28237 105(x — 1)4 210(x —1)3y3
—12x3 —6x% -8y —9)log(1—
+( x® —6x* —8x—9)log(1—x) (D.14)
1054
5 (9% +10x+9) log(1—x) N (—9x3 +35x% — 49y +35) log(x)
2:3,3,2 = 1054 105(x —1)5
18x* —43x3 4+26x% —43x +18
X 25X+ 20N~ AF (D.15)
210(x — 1)*x3
b B (9x* —28x +28) log(x) N (—9x® —8x* —6x —12) log(1—x)
e 105(x — 1) 105x°
—18x* 429y — 52 — 48y + 24
X' +29x° —5x X+ (D.16)
210(x —1)3x*
_ (8x*—36x3+64x? —56x+28)log(x) (—8x"*—4x®—4x*—4x—8)log(1—x)
D3333= +

105(x —1)° 105x°
N — 248+ T2x% — Tdx* +28x3 — T4\ 2 + 72 — 24
315(x —1)*x* '

(D.17)
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Further expressions are found through the identities in [8§]

_ _ 21og(x) 1 (x +2)log(1 —x)
D —2D — X — D.1
1122 = X V2211 = 53 39 + 31— x) 3x (D.18)
Dy121=Di212 (D.19)
_ _ 1—x)?log(1—x) , 1 | (x—3)log(x)
Do (1 2D g = & L = 9)loslx) D.20
2112 = (1=X)" Di22n 3x? * 3x * 3(1—x) (020
5 _5 _ (xBx+4+3)log(1—x) xBx—-8)+3  (3x —5)log(x)
3,2,2,1 2.3,1,2 15X4 15(X . 1)2X3 15(X o 1)3
(D.21)
D31 =(1-x)*Das12
2 —1)21og(1 — 2(x — 1)x — —2x)1
_ x#3)—D7log(l —x) | 2x—Dx =3 (5= 2x)log(x) (D.22)

15x1 15(x — 1)x? 15(x — 1)
52,2,3,3 = X253,3,2,2
(—9x® —8x* — 6x —12) log(1 — x)  —18x* +29x> — 5x? — 48y + 24

105x3 210(x — 1)3y2
9yt — 28x3 4 28x?) o
(9x* — 28x x4) g(x) D.23)
105(x — 1)
D323 =(1—x)?D2332
_(—9x® + 35x% — 49x + 35) log(x) N 18x* — 43y + 262 — 43y + 18
105(x — 1)° 210(y — 1)2y3
9t — 8x% —2x% — 8x +9) log(1 —
L (O =8 —2x — 8x 4 9) log(1 — ) .24
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