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Abstract

We provide general conditions under which a class of discrete-time volatility models
driven by the score of the conditional density converges in distribution to a stochastic
differential equation as the interval between observations goes to zero. We show that
the form of the diffusion limit depends on: (i) the link function, (ii) the conditional
second moment of the score, (iii) the normalization of the score. Interestingly, the
properties of the stochastic differential equation are strictly entangled with those of
the discrete-time counterpart. Score-driven models with fat-tailed densities lead to
continuous-time processes with finite volatility of volatility, as opposed to fat-tailed
models with a GARCH update, for which the volatility of volatility is explosive. We
examine in simulations the implications of such results on approximate estimation and
filtering of diffusion processes. An extension to models with a time-varying conditional

mean and to conditional covariance models is also developed.
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1 Introduction

Volatility modeling and forecasting is a topic of prominent interest in theoretical and applied
finance. Since the seminal works of Engle (1982) and Bollerslev (1986), GARCH-type models
have become very popular in the academic community and many extensions have been
proposed over the years. Recently, there was a growing interest in score-driven volatility
models, introduced by Creal et al. (2013) and Harvey (2013). Score-driven models provide
a general framework for volatility modeling based on the score of the conditional density.
This methodology has been proved to be optimal from an information theoretic criterion
(Blasques et al., 2015) and encompasses several existing models, like the GARCH model of
Bollerslev (1986) and the EGARCH model of Nelson (1991). In addition, it leads to new
models with a different update rule for volatility. Thanks to their generality, score-driven
models have been applied successfully in many different areas (see, among others, Creal et al.,
2011; Barunik et al., 2016; Harvey and Lange, 2017, 2018; Blasques et al., 2018). However,
nothing has been studied on the relation between the score-driven stochastic difference
equations and the continuous-time stochastic differential equations that are usually found
in the theoretical finance literature. This lack of knowledge is in sharp contrast with the
literature on GARCH models, for which the continuous-time limit is known since the seminal
work of Nelson (1990).

It is the purpose of the present paper to partially fill this gap. We provide a set of
general conditions for the weak convergence toward an It6 diffusion of a class of score-
driven volatility models based on scale family conditional densities. The latter include
the Student-t and the General Error distributions, which are commonly employed when
modeling volatility through score-driven models (see e.g. Creal et al., 2013; Harvey, 2013).
We show that the form of the coefficients characterizing the diffusion limit is determined by
the link function, the conditional second moment of the score, and the scaling quantity used
to normalize the score. Interestingly, it turns out that the properties of the diffusion limit
are strictly entangled with those of the corresponding discrete-time process. Compared to
a GARCH update, the score of a fat-tailed density is less responsive to large returns. This
different behavior is reflected into the diffusion limit process. In models with a GARCH
update, the volatility of volatility of the diffusion limit can diverge as the density becomes
more and more fat-tailed. In contrast, in score-driven models, the volatility of volatility
of the diffusion limit remains finite, even for extremely fat-tailed densities. Similar results
are obtained when comparing score-driven models with an exponential link function to the
EGARCH model of Nelson (1991).

The conditions guaranteeing the weak converge of score-driven volatility models to dif-
fusions are easy to verify in practice, since they are related to the existence and finiteness of
the moments of the score and of the conditional density up to a certain order. Furthermore,

we need conditions guaranteeing the existence and uniqueness of the solution of the limiting



stochastic differential equation. We show that these conditions are satisfied for the class of
score-driven models based on scale-family conditional densities. Our results can be regarded
as a generalization of the well-known diffusion limit of Nelson (1990). In the case of the
normal density, we exactly recover Nelson’s limit. For non-normal densities, we obtain the
limiting stochastic differential equation of a class of volatility models characterized by a
different update rule. Extension of our results to models with a time-varying conditional
mean and to conditional covariance models is also provided.

The likelihood of discrete-time observations generated by a continuous-time process is
rarely available in closed form. Common techniques employed for parameter estimation of
diffusion models include simulation-based methods (Gourieroux et al., 1993; Gallant and
Tauchen, 1996), generalized method of moments (Hansen and Scheinkman, 1995; Duffie
and Glynn, 2004), asymptotic expansions of the transition density (Ait-Sahalia, 2002; Ait-
Sahalia and Yu, 2006). Similarly, the estimation of volatility in continuous-time models is a
non-linear, infinite dimensional filtering problem which often requires numerical integration
(see e.g. Kitagawa, 1987). The result of Nelson (1990) suggests that discrete-time GARCH
models can be regarded as diffusion approximations. This is the main idea of “Quasi Ap-
proximate Maximum Likelihood” (QAML) (Engle and Lee, 1996; Barone-Adesi et al., 2005;
Fornari and Mele, 2006; Stentoft, 2011), which recovers approximate continuous-time pa-
rameters from the estimated discrete-time parameters, and of misspecified GARCH filters,
whose asymptotic optimality has been studied by Nelson (1992), Nelson and Foster (1994)
and Nelson (1996).

We perform an extensive Monte-Carlo study to examine the implications of the recovered
continuous-time limit on approximate estimation and filtering of diffusion models. We find
three main results. First, models based on fat-tailed conditional densities provide better
filtered estimates of the volatility of the underlying diffusion. These models are indeed more
flexible in approximating the likelihood of the continuous-time model, which is generally non-
normal. Second, and more importantly, among the models based on fat-tailed conditional
densities, those driven by the score are significantly less biased in QAML estimation. This is
due to the particular form of their continuous-time limit, which has non-explosive volatility of
volatility. Finally, in estimating the volatility of the underlying diffusion, score-driven models
perform better than fat-tailed models with a GARCH update, in line with the results of
analogous experiments involving discrete-time stochastic volatility models (Koopman et al.,
2016).

The literature on the convergence of discrete-time Markov sequences towards diffusion
processes goes back to Stroock and Varadhan (1979), Kushner (1984) and Ethier and Kurtz
(1986). In 1990, Nelson established a set of conditions guaranteeing such convergence; see
Nelson (1990). Precisely, the convergence as the sampling interval gets arbitrarily small,

at appropriate rates, of a set of conditional moments to a well defined limit is required in



Nelson’s framework. In his work, he shows that the GARCH(1,1) model of Bollerslev (1986)
and the AR(1) Exponential ARCH of Nelson (1991) converge to a continuous-time diffusion.
The continuous-time limit of the GARCH(1,1) has been reconsidered in Corradi (2000)
under different assumptions, and in Kallsen and Taqqu (1998) using different mathematical
techniques. Instead, the limit of the non-linear ARCH model of Ding et al. (1993) has been
determined in Fornari and Mele (1996), whereas that of the augmented GARCH has been
examined by Duan (1997). Other more recent works related to the previous ones are those of
Alexander and Lazar (2005) and Trifi (2006), where the diffusion limit of the weak GARCH,
of the CEV-ARCH of Fornari and Mele (1996), and of the CMSV model of Hobson and
Rogers (1998) and Jeantheau (2004) is determined. In addition, Brown et al. (2003) and
Wang (2002) discuss the speed of convergence to the continuous time limit of GARCH-type
models and its statistical implications, whereas Kliippelberg et al. (2004) develop a class of
continuous time GARCH models. The problem of temporal aggregation of GARCH models
is related to their continuous-time limit, and has been studied by Drost and Nijman (1993)
and Drost and Werker (1996) among others. Finally, Hafner et al. (2017) derive the weak
diffusion limits of a modified version of the dynamic conditional correlation (DCC) model
of Engle (2002). The work of Hafner et al. (2017) is, to the best of our knowledge, the only
one in a multivariate framework.

We proceed as follows. In Section 2 we present convergence results for score-driven scale
family models in a general setting. Section 3 specializes the results of the previous section
to models generated by a Student-t and a General Error distribution. Section 4 presents
the Monte-Carlo results. Section 5 turns to the generalization of the results in Section 2 to
location-scale family models (Subsection 5.1) and to multivariate models (Subsection 5.2).
Section 6 concludes. All the technical results and proofs are reported in an online appendix.

In the following sections, when we refer to Assumptions 1-4 and conditions (A1.1) —
(A1.3), we tacitly refer to the corresponding assumptions and conditions in Section A of the
online appendix, where we gather a set of conditions for the weak convergence of a system of
discrete-time stochastic difference equations to a system of stochastic differential equations
(SDEs) (see the works of Stroock and Varadhan, 1979; Kushner, 1984; Ethier and Kurtz,
1986; Nelson, 1990).

2 Dynamic scale family models

Let {y;}}~, denote a univariate time-series of financial log-returns and let us denote by

Gy =o(y1,-..,Y), the o-algebra generated by observations up to and including time t. We



assume that {y,;}}_; are sampled from the following conditional density function:

yt|gt71 ’ip(yt‘gtfﬂcta@) (2-1)

1 Yt
p(y|Gi-1;¢,0) = ﬁ\ll <ﬁ, @) (2.2)
where ¢, € RT is a G,_;—measurable scale parameter, © denotes a set of static parameters
and V¥ is a probability density function. The function p (y|Gi—1; i, ©) belongs to the class
of scale family densities, implying that j—%|gt_1 Ly (,0). In Eq. (2.2), ¢ = A (), with
A : R — R' being a monotonic and differentiable function of a G;_;—measurable time-
varying parameter A, € R. As it is common in the econometric literature, the function
A (+) is refereed to as link function. The time-varying parameter )\; is computed based on

observations available up to time ¢ — 1. In particular, it obeys the following law of motion:
)\t =w + 6)\,5,1 + aup_q (23)

where w, 8, € R and w1 = u(y,—1,\—1) is a function depending on y; 1 and A\,_;.
The model in Eq. (2.2), equipped with the update rule in Eq. (2.3), is in the class of
observation-driven models (Cox, 1981), meaning that parameters are pre-determined given
past observations.

Let us assume that p (y:|Gi—1; A(\:), ©) is differentiable with respect to A\;. We set the
function u;_; in the driving mechanism in Eq. (2.3) as in score-driven models (Creal et al.,
2013; Harvey, 2013), i.e. we assume that it is proportional to the score of the conditional

density:

_ 0logp (y:]Ge-1; A(Me), ©)
I\ ’

u =5 (\) Vy, Vi (2.4)
where s (\;) is a continuous and measurable function of \; and © collects the static param-
eters w, 8, @ and other parameters appearing in the conditional density function. Different
choices of s (\;) lead to different dynamic scale models. In order to account for the curvature
of the log-density function, Creal et al. (2013) set s (\;) equal to a power of the inverse of
the conditional Fisher information x; = E[V?|G;_4], i.e. they set s(\) = x; 7, ¢ € [0, 1].
Standard choices for ¢ are ¢ = 0,1/2,1. The main advantage of the above formulation
is that the time-varying parameter )\; is updated by taking into account the full shape of
the conditional density function p (y;|G;—1; A(N\), ©) (see discussions in Creal et al., 2013;
Harvey, 2013). For instance, if the Student-¢ density is employed, the score undermines
volatility forecasts when extremely large returns are observed, since they are likely to be
due to outliers rather than to large changes in volatility. A similar mechanism is absent in
the t-GARCH model of Bollerslev (1987), whose update rule is the same as in the GARCH,



although based on the Student-t conditional density.

Using the results in Section A of the Appendix, we now derive weak diffusion limits for the
general class of score-driven scale family models described by Eq. (2.1)-(2.4). Without loss
of generality, we set y; = \/m €;, where ¢; is distributed according to a scale family density
with scale equal to one. We can thus write the cumulative log-return process x; = Zle Yi

as:

vy = w1+ VA& (2.5)

>\t+1 = w+ B}\t + as ()\t) Vt (26)

In order to exploit the results in Section A of the Appendix, we assume a timestamp of

length h and allow the static parameters in Eq. (2.3) to depend on h. Formally, for k € N,

we write:
h h
xl(ch) = xgk)—l) A<)‘kh)6kh (2.7)
)‘Ezzrl)h = Wrt 5h)\k71 + ans (%&?) Vg}z) (2.8)
and:
P [(:1:'0 ,)\(h) c F} — u(I) forany T €B(R?), (2.9)

where {e,(gh} has scale v/h and v, is a sequence of probability measures on (R?, B (R?))
(h) y(h)

satisfying Assumption 3. Together with the discrete-time processes (mkh , kh) we consider

the continuous-time processes (xt JA h)> constructed as specified in Appendix, Section A,
fe. 2™ = x,(;,LL) and A" = /\,(J,LL) for kh <t < (k+1)h.

Let .7-" on = O <x(()h), e ,xEle)h> denote the o-algebra generated by observations of the
discrete-time process defined by Eq. (2.7)-(2.9). We aim to determine under which condi-
tions the continuous-time process (mt )\( ) converges in distribution to an Itd process as

h goes to zero. Let

o A A (1) )
" oY

(2.10)

be the score of the conditional density of log-returns y,g;z) = xl(;,ll) — xEZ)fl)h computed with

respect to the time-varying parameter )\,(:Z). We denote by f,(fh) =E {(V,g,?)é ]f,gz)] ,{eN
the conditional moments of order ¢ of the score. Let z be a standardized random variable
with p.d.f. ¥ and denote by (¥ = E [zf], ¢ € N its moment of order ¢. The following
theorem, which is the main result of this section, shows that convergence in distribution is

attained provided that the parameters wy,, ), ay, are well-behaved as h goes to zero, and the



moments & ,(Ci), ¢ exist and are finite up to the fourth order.

Theorem 2.1. Under the assumption that:

lim A~ tw), = w (2.11)
h—0
limh™"' (1 — ) =0 (2.12)
h—0
lim h~ 'l = o? (2.13)
h—0

where w, 0, a € R, and under the assumption that the moments 5,553, CO exist and are finite
for £ < 4, the continuous-time process (:r;gh), )\Eh)> converges in distribution to the following

Ito process as h goes to zero:

dz, = /A () ¢ awV (2.14)

dX = (w— OA) dt + as (A) /X (Ne) W, (2.15)
and
P [(z0, o) €] =15 ()  for any T € B(R? (2.16)

where x(A\¢) = limy_o 51(53, and Wt(l), Wt@) are independent standard Brownian motions,

independent of the initial values (g, Ao).

The proof of the previous theorem consists of two main steps. In the first step, we
show that, for the general class of scale family densities considered here, the conditional
moments 5,3,3 do not depend on h; see Theorem 2.2. This result greatly simplifies the
computation of the limits in (A1.1), (A1.2) and (A1.3). Indeed, if the conditional moments
5,?2 are independent of h, they can be regarded as constants and the asymptotic behavior
of the expressions in (Al1.1), (A1.2) and (A1.3) is only determined by that of the static
parameters wy, Bn, ap. In addition, if {,(i) are independent of h, the limit of f,(jl), which
appears in the limiting SDE, trivially exists and is finite under the assumptions of Theorem
2.1. The second step consists in verifying that, under the hypothesis of Theorem (2.1),
Assumptions 1-4 hold.

Theorem 2.2. For the class of conditional scale family densities

(h)
1 y
p (yéﬁ)lf((ﬁll)h; A (Mﬁ’i}) ,9) = 1\ 0 (2.17)

A h A (M) h




¢
the moments f,(i) =K [(Vg}?) |.7:,£Z)] are given by:

A () s v (2,0) \'
z
¢ — (-1 |22 / <1+—’z> U (z,0) dz (2.18)
kh 2 A (%ﬁﬁ?) o U (2,0)
(MY = A0 () = OU=0)
where A <)\kh> = and W (2) = =,
Proof. See Appendix C.1. m

Thanks to the result in Theorem 2.2, the asymptotic behavior of the expectations in
(A1.1), (A1.2) and (A1.3) is only determined by the parameters wy, 55, ap,. In what follows,
we report explicit expressions for the limits of these expectations, computed under the
hypothesis of Eq. (2.11)-(2.13). Detailed derivations of the latter are reported in Appendix
C.2.

The drift per unit of time (Condition A1.1) is given by:

- h h h

h'E [(xl(fh) - $Ek),1)h> ’Flgh)} =0 (2.19)
_ h h h h

h'E [(Agklnh - /\l(ch)> |‘Flgh)] =W 9>\l(€h) (2.20)

Note that, at this stage, the parameters w and 6 can vary over R. Constraints guaranteeing
that the scale remains positive with probability one depend on the link function and will be

discussed in specific cases. The second moments per unit of time (Condition A1.2) are:

e [ h 2 L

B | (] ifl) 1] =2 () o
- [ h h 2 h h 2

B () ] =t () 6 ot e
_ r h h h h h

o [ (o) = i) (N = A) 170] =0 223

As the function s (AS;,?) is typically related to the inverse of {,(51), the expression in Eq.
(2.22) is finite provided that the assumptions of Theorem 2.1 are satisfied. Finally, we
need to prove that Condition (A1.3) holds. As in Nelson (1990), we choose 6 = 2 and set
wp = hw, ap = h'?a and B, = 1 — h#. We obtain the following expressions for the fourth

moments:
4 2
o8 [ (ol = o) 17 = () e 229

4 4
B (A - ALL) 1| = hats () €0 + 00 232 229



As (W ¢ ,(:Z) are finite by assumption, we conclude that both expressions converge to zero as
h goes to zero. Thus, Assumption 1 is satisfied and the two coefficients a(z,t), b(x,t) are

given by:

b(x,)\)zl 0 ] (2.26)
(2.27)

Assumption 2 holds by setting o (z,A) equal to the element-by-element square root of
a(z,A). Note that the form of the coefficients of the limiting SDE is fully determined
by the link function A(\), the conditional second moment of the score x(\), and the scaling

quantity s(A) used to normalize the score. Note that, if p (y,(cz)|f((£11)h; A ()\,(J;L)) ,@) is the

normal and A (Ag;}) = )\g;), Eq. (2.26), (2.27) reduce to the well-known GARCH diffusion
limit of Nelson (1990). We report additional comments related to the result in Theorem 2.1

in the following two remarks.

Remark 1. In the present paper, we assume, as in Nelson (1990), that the rate of con-
vergence of oy, is h*/%. Corradi (2000) recovered a weak diffusion limit for the GARCH by
assuming a rate of convergence h. In the first case, one obtains a stochastic volatility model
driven by two independent Brownian motions, whereas in the second case the continuous-
time limit is a deterministic variance model. The limit result of Corradi (2000) has the
advantage of preserving the number of the sources of randommness in the transition from the
discrete-time process to the continuous-time process. However, the conditional volatility of
volatility is zero. In this paper, we use the same rate of convergence of Nelson (1990) in all

our computations.

Remark 2. The Euler-Maruyama (EM, henceforth) discretization of the SDE in Eq. (2.14)-
(2.15) leads to a discrete-time stochastic volatility model characterized by two independent
sources of noise, a fact that has already been observed in the GARCH literature (see, e.g.,
the discussion in Section 3 of Corradi, 2000). In addition, since the EM scheme weakly
converges to the limiting SDE, it has by construction as limit model the one given in Eq.
(2.14)-(2.15). Therefore, the EM discretization and the dynamic scale family models in The-
orem 2.1 converge weakly to the a SDE of similar form, with the same order of convergence.
They can thus be used interchangeably to simulate the limiting SDE. The fact that the two
discrete-time models above converge to the same SDE may seem unnatural because of the
different number of independent noises in the two models; however, in Appendiz B, we pro-
vide a simple, although representative for our results, example showing that two independent
Brownian motions may be obtained as weak limit from a single sequence of independent

random variables in a very natural way.



To conclude the proof of Theorem 2.1, we need to discuss the issues of finiteness of the
process in finite intervals and uniqueness of the diffusion limit; see Assumption 4. The answer
to these issues depends on the growth and regularity of the two coefficients b(x, \) and a(z, \)
in Eq. (2.26), (2.27), as well as on the link function A(-). The next subsection specializes
the general formulation in Eq. (2.5), (2.6) to two classes of models. More precisely, in
the first class, the link function is the identity, i.e. A (\) = )\;, and we set \, = 7. In
this class of models, the function s(c?) is set equal to the inverse of the Fisher information
matrix, and the product s (62)” x (02) appearing in the coefficient a(z, 02) turns out to be
proportional to of. In the second class of models, the link function is exponential, i.e. we set
A (M) = exp (2),). In this case, the product s (\;)* x (\) turns out to be constant. These
two classes include, but are not limited to, important examples of models used in the score
literature, namely the t-GAS or Beta-t--GARCH model of Creal et al. (2013) and Harvey
(2013), and the Beta-t-EGARCH model of Harvey (2013).

The following two theorems show that, in both classes, there is a unique adapted solution
to Eq. (2.14), (2.15) and provide an explicit formula for it'. In particular, it turns out that

the solution of the SDE is finite almost surely in compact sets.

Theorem 2.3 (Existence and uniqueness, A(\) = X\;). For the following system of SDE:

dz, = Cy (©) oy dwV
doj = (w—007)dt +Co(©) o7dW”,  (w0,00) = (w0.05)  (2.28)

where Wt(l) and Wt@) are independent Brownian motions independent of the initial values
(1g,02), w >0, 0 € R constant parameters, and Cy (©) and C, (©) positive constant func-
tions (possibly) dependent on the vector of static parameters ©, there is one and only one

continuous adapted solution (xy,0?) which is given by the following explicit formula:

t s
no= et [ e—;(9+502<e>2>s+502<@>wf>\/ (o§+w / e<9+502<@>2>r—02<@>wﬁ”dr)dW;”
0 0

t
ol = o= (0+3C2(0))t+Ca(@)W?) (0(2)+w/ e(e+;02(9)2)5—02(®)W£2)d5>
0

Proof. See Appendix C.3. m

'In principle, there are other possible choices for the link function and for the scaling quantity used to
normalize the score. While the convergence result in Theorem 2.1 is general, the problem of showing the
existence and uniqueness of the solution of the SDE depends on the form of its coefficients. For choices
of A(M\:) and s(\;) which lead to SDE’s of different forms, we refer the reader to standard textbooks in
stochastic analysis, e.g. Karatzas and Shreve (1991) and Protter (1992).

10



Theorem 2.4 (Existence and uniqueness, A()\;) = e**). For the following system of SDE:

dz; = Cy (©) exp (Ay) WV
A\ = (w — O \) dt + Cs (©) dW?, (20, Ao) = (20, Ao) (2.29)

where Wt(l) and Wt(z) are independent Brownian motions independent of the initial values
(w0,02), w,0 € R constant parameters, and Cy (0) and Cy (©) positive constant functions
(possibly) dependent on the vector of static parameters ©, there is one and only one contin-

uous adapted solution (xy, ;) which is given by the explicit formula:

t s
r, = xo+Cy (@)/ exp <e‘93 (Ao + %} (1—e")+Cy (@)/ eerW,,(z))) dw )
0 0

t
N o= e (AO+%(1—6“)+02 (©) / eedeS(2)>
0

Proof. See Appendix C.3. n

We point out that the framework of Nelson (1990) implicitly assumes that the update of
volatility is of the same form for any data frequency. Drost and Nijman (1993) prove that the
GARCH, in its strong form, is not invariant under temporal aggregation. They show that it
is necessary to introduce the larger class of weak GARCH models to achieve closure under
temporal aggregation. In proving their result, Drost and Nijman (1993) exploit the fact that
the squared returns in a GARCH model follow an ARMA process. The temporal aggregation
problem for GARCH is thus mapped into an equivalent problem for ARMA models, which
is well-established in the literature. The scaled score of a non-Gaussian conditional density
is generally different from the innovation process y? — o7 in the ARMA representation of
GARCH models. Typically, it is a non-linear function of y? and o?; see e.g. Eq. (3.3).
Contrary to the GARCH, the squared returns are not described by an ARMA process, and
it is not possible to use the argument of Drost and Nijman (1993) to construct a larger class
of models closed under temporal aggregation. However, score-driven volatility models can be
regarded as particular instances of the class of square-root stochastic autoregressive volatility
(SR-SARV) models of Meddahi and Renault (2004); see their Definition 2.1. Indeed, as
the conditional expectation of the score is zero by construction, the variance process is
a VAR(1) with respect to the filtration generated by past returns. The class of SR-SARV
models is an extension of the class of weak GARCH models, and includes both GARCH-type
(e.g. GARCH with leverage and skewness) and stochastic volatility models. In particular,
Meddahi and Renault (2004) show that the process resulting from the temporal aggregation
of a SR-SARV process is still a SR-SARV process; see their Proposition 2.2. This result
implies that volatility models driven by the score of the conditional density aggregate in

the class of SR-SARV process. To enclose the class of score-driven volatility models under

11



temporal aggregation, it is thus necessary to consider a more general class of models, wider
than the class of weak GARCH’s. Essentially, this is due to the non-linear structure of the

score, which differs from the simple GARCH innovation process.

3 Models based on Student-t and General Error dis-

tribution

In this section, we show some examples of weak diffusion limits of dynamic volatility models
driven by the score of the conditional density. Asin Creal et al. (2013) and Harvey (2013), we
focus on models generated by a Student-t and a General Error distribution. We distinguish
the class of models for which the link function is the identity, i.e. A(A\;) = A, and the class
of models for which the link function is exponential, i.e. A()\;) = €?**. As underlined above,
these two classes include important examples of volatility models used in the score literature.
Using the same nomenclature in Harvey (2013), such models are dubbed Beta-t-GARCH
and Gamma-GED-GARCH, or Beta-t-EGARCH and Gamma-GED-EGARCH, depending
on the type of link-function. To avoid confusion with models with a GARCH update, like
the --GARCH of Bollerslev (1987) or the EGARCH model of Nelson (1991), we adopt here
a slightly different nomenclature. If A(\;) = A, we refer to them as Beta-t and Gamma-
GED, whereas if A()\;) = e?*, we refer to them as Beta-t-E and Gamma-GED-E. Harvey
(2013) discusses the statistical properties of these models and provides sufficient conditions
for achieving consistency and asymptotic normality of the maximum likelihood estimator in
the Beta-t-E and Gamma-GED-E.

Despite being characterized by different conditional densities and by different update
rules, these models converge to a limiting SDE of similar form. For instance, both Beta-t
and Gamma-GED converge to a continuous-time limit which has a form similar to that of
the well-known GARCH diffusion. However, compared to Nelson’s limit, models generated
by fat-tails densities give rise to an SDE with lower volatility of volatility. This is due to
the damping mechanism of the score, which undermines volatility forecasts in the presence
of large returns, and generates less erratic volatility paths. Similarly, models generated by
light-tails densities lead to an SDE with larger volatility of volatility. In this case the score
overreacts to large returns and, in turn, generates more erratic volatility paths.

It is interesting to note that the opposite behavior is observed in models generated by
non-normal densities but with a GARCH update. As it will be shown, the limiting SDE of
the t~-GARCH model of Bollerslev (1987) is characterized by a volatility of volatility which
diverges as the number of degrees of freedom v decreases. This is due to the absence of the
above-mentioned damping mechanism. Similarly, the volatility of volatility of the limiting
SDE of a GARCH with a GED density diverges when the distribution is fat-tailed, and
becomes finite - but lower than that of the Gamma-GED diffusion - when the distribution is
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light-tailed. Similar results are recovered when examining models with an exponential link
function.

We point out that the different behavior of the diffusive coefficient generated by score-
driven models is likely to hold even for models constructed with a different choice for the link
function and/or for the scaling quantity. Essentially, these results come from the computa-
tion of the conditional second moment of the process, which in turn relies on the particular
structure of the score. As far as the score is different from the innovation process y? — A(\;)
that we have in the GARCH update - and this is generally true for non-normal models - the
limiting SDE in the two models has a different diffusion coefficient. The latter is thus less
affected by outliers when the distribution is fat-tailed and more affected when the distribu-
tion is light-tailed. Here, we limit ourselves to illustrate this result for a specific although

representative class of score-driven models.

3.1 Case 1: A(N) = N

We set \; = o7. The general framework developed in Section 2 enables us to determine the
coefficients of the limiting SDE by computing the function s (c?), the conditional second
moment x(0?) of the score, and the second moment ¢® of the standardized variable 2.
Weak existence and uniqueness, as well as the finiteness of the solution of the limiting
SDE in compact sets, are guaranteed by Theorem 2.3. Since the moments of the score
are independent of the scale parameter h, we consider innovations of unit scale in the

measurement equation. This choice does not affect the form of the limiting SDE.

3.1.1 Beta-¢

Let t, denote a standardized Student-t density and assume? v > 4. Consider the model:

Yt = 0ty (3.1)
071 = w+ Bo} + aoju (3.2)
where ¢, = (v — 2)/v)"/% &, & Lt,,w>0,a>0,8>0and u is given by:

v+Dy
(v —2) 0} +yp

(3.3)

U =

2Such assumption is necessary to guarantee the existence of the conditional moments in Assumption 1.
In real data the estimates of v in score models based on Student-t density are typically slightly above 4; see
for instance Creal et al. (2011).
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The conditional density function is:

(v+1)

v +1)/2) [ vi ]
G102, V) = 1+ —— 3.4
p(ytl t—1,0U¢ ) F(V/Z) 7_‘_(]/_2)0_? (1/-2)0}2 ( )
Setting z; = y;/+/0?, we have U (z;,v) = % [1 + %] and therefore:
v+1)y?

-1 3.5

Vi = 20’t|:1/—2 Joi +yP 1 (3:5)

X (o (3.6)
(o) = 208 v+ 3

¢® =1 (3.7)

The scaling quantity is s (0?) = 20}, and is proportional to the inverse of the Fisher infor-
mation. Note also that the two fourth moments 5,(;;3 and ¢ exist and are finite under the
assumption v > 4. Using equations (2.26), (2.27), the limiting SDE of the Beta-t is:

dz; = o dW (3.8)

/ v
do? = (w - 90?) dt + ay /2 (V——1—3) deWt(Q) (3.9)

If v — oo, we obtain a result similar to that of Nelson (1990). The only difference is that the
drift component in the log-price is zero, as we did not include for simplicity the conditional
mean in the measurement equation. In Section 5.1, we consider the case of models with a
time-varying conditional mean. Furthermore, the presence of the factor v/2 is due to the
slightly different choice of aj, which is set as a; = ah'/2, whereas in Nelson (1990) it is
st as ay, = o (h/2)"%. When v is finite, the diffusion coefficient in Eq. (3.9), the so-called
volatility of volatility, turns out to be smaller than that of the well-known GARCH diffusion,
implying that the dynamics of volatility are less erratic. This is due to the fact that the
score of the Student-¢ density is less sensitive to large returns.

It is interesting to investigate whether a similar result is found when computing the
diffusion limit of the t~-GARCH model of Bollerslev (1987). The latter is characterized by
a Student-t conditional density, but the update rule for volatility is the same as in the
GARCH. The t-GARCH reads:

Yo = Ot (3.10)

ol = w+ B0} +aoje (3.11)

where ¢, = ((v —2)/v)"? &, & Lt,,w>0,a>0,3>0 Furthermore, we assume v > 4.
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We work in the same framework of Section 2, i.e. we partition the time on a grid of length

h, then construct the continuous-time process (x,gh), afh)’Q

> as described in Section A of the
Appendix and allow the parameters wy, By, ay to depend on h. Using the results in Section

A, in Appendix D.1 we prove the following:

Theorem 3.1. Under the assumption that:

lim h~lwy, = w (3.12)
h—0
limh™ (1= B, —ay) =0 (3.13)
h—0
lim h o} = o? (3.14)
h—0

where w > 0, 0 > 0, a > 0, the continuous-time process <$§h),0§h)’2> constructed from a

t-GARCH converges in distribution to the following Ité process as h goes to zero:

dz, = o dw (3.15)

—1
do? = (w—002)dt+ay/2 <’/—_4> o2dw (3.16)
where VVt(l), Wt(z) are independent standard Brownian motions, independent of the initial

values (zg,03).

As in the Beta-t, if v — 00, we recover Nelson’s limit. However, if v is finite, the
volatility of volatility of the t-GARCH diffusion is larger than that of the Beta-t. Figure

(3.1.1) plots the diffusion coefficient fi(v) = /2 (;%) of the Beta-t and the diffusion

coefficient fo(v) = /2 (Z_:zl;) of the --GARCH as a function of v. As v | 4, the volatility
of volatility of the t-GARCH diffusion diverges. This happens because outliers are entirely
imputable to large changes in volatility. In contrast, as v | 4, the volatility of volatility of
the Beta-t diffusion is finite. Outliers in the Beta-t are indeed more likely to be generated

by the conditional density, rather than by large changes in the underlying volatility process.

3.1.2 Gamma-GED

Let GED(v) denote a Generalized Error Distribution with shape parameter v > 0. Consider
the model:

Yo = 016 (3.17)
ol = w+ Bo;+aciuy (3.18)
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Figure 1: We report the diffusion coefficient f;(v) = /2 (L) of the Beta-t and the diffusion

v+3
coefficient fo(r) = /2 (%=}) of the --~-GARCH as a function of v.

where ¢, < GED(v), w >0, >0, > 0 and u, is given by:

Ut 1

2
Oy

Ut =

(VTN

The conditional density function is:

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

p(9|Gi1;07,v) = ! exp L V
) S ) P\ 2| Ve
Setting z; = 2 h =1 1y .
g z = yi/\/0f, we have U (z;,v) = RSy exp (—3 |z]") and therefore:
1 (v w ’
Vi=—|= -1
' 202 [2 Vo? ]
2 y
X (07) = =
( t) 4ot
o _ AT
L)

from which we have s (0?) = 20¢. Even in this case, the scaling quantity s (o?

) is related

to the inverse of the Fisher information. Note also that the two fourth moments 5,(;) and
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(™ exist and are finite. By virtue of equations (2.26), (2.27), the limiting SDE of the
Gamma-GED is:

dz, = /(@ g, dW) (3.24)
do} = (w — fo7) dt + aﬁadet@) (3.25)

If v = 2, the GED(v) reduces to the normal and we recover Nelson’s limit. If v < 2, the
GED(v) has heavier tails than the normal. As in the Beta-t, the dynamics of volatility
are less sensitive to large returns, and the volatility of volatility is smaller compared to the
GARCH diffusion. In contrast, if v > 2, the GED(v) has lighter tails than the normal.
In this case, the score overreacts to large returns and the volatility of volatility is larger
compared to the GARCH diffusion.

As done with the Beta-t, we compare the limiting SDE of the Gamma-GED with that of
a GARCH model with a GED conditional density. We refer to the latter as GED-GARCH.
The GED-GARCH reads:

Yt = Ot€t (326)

o1 = w+Bo}+aciy (3.27)

where ¢, < GED (v),w>0,8>0,a>0. In Appendix D.2, we prove the following:

Theorem 3.2. Let wy, B, ap be as in Theorem 3.1. Then the continuous-time process

<x§h),0§h)’2) constructed from a GED-GARCH converges in distribution to the following

Ito process as h goes to zero:

dr, = /(@odwV (3.28)
D) +ab(atr@) —2r@)] "

1

do? = (w—00?)di+a aw®  (3.29)

where VVt(l), Wt(2) are independent standard Brownian motions, independent of the initial

values (xg,03), and T'(+) denotes the Gamma function.

As in the Gamma-GED, if v = 2, we recover Nelson’s limit. Figure (3.1.2) compares the
diffusion coefficient ¢;(v) = /v of the Gamma-GED to the diffusion coefficient g»(v) of the
GED-GARCH in Eq. (3.29). If v < 2, the latter is larger than g;(v) and diverges as v | 0.
This circumstance is similar to that in Section 3.1.1, as the GED(v) has heavier tails than
the normal. In contrast, if ¥ > 2, the GED(v) has lighter tails and go(v) is smaller than
g1(v). In this case, the score overreacts to large returns and the volatility of volatility of
the Gamma-GED diffusion turns out to be larger than that of the GED-GARCH diffusion.
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Note also that go() converges to a finite value as v goes to infinity, in particular we obtain

lim, 10092 (V) = %.

10 ;
g1(v), Gamma-GED
g2(v), GED-GARCH
St
6}
4L
2t
0 . . . .
0 2 4 6 8 10

14

Figure 2: We report the diffusion coefficient ¢;(v) = /v of the Gamma-GED and the

r(L)44v (4%r(g)—2r(%)) 1/2

diffusion coefficient go(v) = e of the GED-GARCH as a function

of v.

3.2 Case 2: A()\;) = et

In this class of models the link function is the exponential, namely A (\;) = exp (2)\;). As
done in Section 3.1, we compute the scaling function s(\;), the conditional second moment
X (A¢) of the score, and the second moment ¢ ) of the standardized variable z. Theorem 2.4
ensures the weak existence, the uniqueness and the finiteness of the solution of the limiting

SDE on compact sets.

3.2.1 Beta-t-E

Consider the model:

ye = exp(M)e (3.30)
Ayl = wH BN+ au (3.31)
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where ¢, = ((v — 2) /1/)1/2 €, €t 4 t,, v >4, w,fB,a € R, and u; is given by:

v+1)y? B
(v —2)exp (2N\) + v?

Uy =

(3.32)

The conditional density function p(y:|Gi—1; A¢, ¥) coincides with the one in Eq. (3.4), with
exp (2);) in place of ¢?. Thus:

_ v+ 1y
Vi= (v—2)exp (2N) + 12 (3:33)
X () =2 i 3 (3.34)
(@ =1 (3.35)

In particular, s(A;) = 1. Note also that the two fourth moments f,(ﬁl) and (W exist and are

finite under the assumption v > 4. Hence, the Beta-t-E diffusion limit can be written as:

dr, = exp(\)dW, (3.36)

v (2)
dA (w—0N) dt + « <y 3) dw;, (3.37)

The main difference with respect to the Beta-t limit is that the diffusive term in the
log-volatility process does not depend on A;. The diffusion coefficient f;(v) = /2 (#3) is
the same as in the Beta-t. In the Gaussian limit, it reduces to v/2, which is larger than
fi(v). As found for the Beta-t, this is due to the particular form of the score, which takes

into account the shape of the Student-t density.

3.2.2 Gamma-GED-E

Counsider the model:

Yy = exp ()\t) €t (338)
Ayl = w+ BN+ auy (3.39)

where ¢ < GED (v), w, B, € R and w, is given by:

v

LA (3.40)

exp (\y)

v
U = —
2
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The conditional density p (y:|Gi—1; A, V) is obtained from the expression in Eq. (3.20) by
replacing o2 with exp (2)\;). We have:

14

_v Yt _
irwii (3.41)
X (\) =v (3.42)
o _ 26 (3.43)
() .

from which s(A;) = 1. Note that the two fourth moments 5;5}? and (@ exist and are finite.
Therefore, the Gamma-GED-E diffusion limit is:

dr, = /@ exp(N)dw (3.44)
A = (w—0N\) dt + a/vdW? (3.45)

As in the case of the Student-t, the diffusive term in the log-volatility process does not
depend on \;. The coefficient fo(v) = /v is the same as in the Gamma-GED. The Gaussian
limit is obtained for v = 2. For v < 2, the distribution is fat-tailed and the volatility of
volatility is smaller than the Gaussian. Similarly, for v > 2 the distribution is light-tailed
and the volatility of volatility is larger than the Gaussian.

In order to compare with a different update for the log-volatility, we consider the
EGARCH model of Nelson (1991). The EGARCH reads®:

v = exp(\/2)e (3.46)
)\t+1 = w+ 5)\15 + O!*(|Et| — EHEt”) + Q€ (347)

where ¢, ~ GED (v). The GED is generally employed in place of the Student-¢, since the
latter does not guarantee the existence of the unconditional mean and variance of the A,
process. The term «(|e;| — E[|e;]) + e, responds asymmetrically to positive and negative

shocks, thus capturing the leverage effect. In Appendix D.3 we prove the following:

Theorem 3.3. Under the assumption that:

lim h'wy, = w (3.48)
h—0
limh™ ' (1—3,) =6 (3.49)
h—0

and o, ., are constant, the continuous-time process (mgh), )\Eh)> constructed from an EGARCH

3Note that in the EGARCH the log-variance is modeled instead of the log-volatility.
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converges in distribution to the following Ito process as h goes to zero:

dz, = /(@ exp(A/2)dw " (3.50)
1/2
4T3 4T(E) 2T (3 +2)? 2
dO’t2 = (w — (90'?) dt -+ QET%) + a2 F(%) — iﬂ- th( t351)

where VVt(l), Wt(z) are independent standard Brownian motions, independent of the initial

values (g, 03).

It is immediate to see that the diffusion coefficient in the log-variance process diverges
as v goes to zero. Even for the exponential link function, we thus find that the volatility of
volatility of the diffusion limit of score-driven models has a different behavior compared to

that of other popular update rules.

4 Monte-Carlo analysis: score-driven models as diffu-

sion approximations

Theorem A.1, which establishes the conditions for the weak convergence of a discrete-time
Markov process to a diffusion, suggests that the discrete-time model can be regarded as
an approximation of the continuous-time model. This has lead to the use of GARCH-type
models for approximate estimation and filtering of diffusion processes. “Quasi Approximate
Maximum Likelihood” (QAML), advocated among others by Engle and Lee (1996), Barone-
Adesi et al. (2005), Fornari and Mele (2006), Stentoft (2011), consists in first estimating
the simple, approximating discrete-time model, and then recovering the continuous-time
parameters using a set of moment conditions as those in Eq. (2.11)-(2.13). Similarly,
Nelson (1992), Nelson and Foster (1994) and Nelson (1996) study the asymptotic optimality
of misspecified GARCH filters. Using continuous record asymptotics, they show that the
volatility generated by a class of stochastic differential equations is consistently estimated
by GARCH-type models.

In this Monte-Carlo analysis, we study the behavior of score-driven models when em-
ployed as diffusion approximations. To this end, we examine their performance in recovering:
(i) QAML parameter estimates of their limiting SDE, and (ii) approximate filtered estimates
of the volatility of the underlying diffusion. As a discrete-time approximation, we consider
the Beta-t model described in Section 3.1.1. We also consider two alternative discrete-time
specifications. The first is the GARCH, which differs from the Beta-t in the probability
density function and in the update of volatility. The second is the t-GARCH, which differs
from the Beta-t only in the update of volatility. This comparison allows us to characterize

the properties of the discrete-time model that are more relevant in the approximation to the
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continuous-time model.

The general form of the diffusion limit of GARCH, t-GARCH and Beta-t is:

dl’t = Utth(l) (41)
do? = (w — 002) dt + ko2dW,> (4.2)

We simulate N = 1000 time-series of ns observations of the above SDE using the EM
scheme. The latter provides a first-order Gaussian approximation to the true transition
density. We thus sample the ng observations on intervals of length s € N, i.e. we keep every
s-th observation. Without loss of generality, we assume that n is a multiple of s and set
ns = ns, so that the same number n of observations is available for each sampling frequency.
This allows us to compare the results obtained for each s by avoiding the potential distortion
due to the use of different sample sizes. Furthermore, n is chosen to be large in order to avoid
potential finite-sample effects that may hide the error due to the diffusion approximation.
We set n = 20000 and s = {50, 100, 200, 400, 800, 1600}. In the Euler discretization, we set
dt = 1/n and thus the time between successive observations is given by hy = s/n. The
parameters of the SDE are chosen as w = 0.01, § = 0.2, k = 2.5.

The QAML estimates of the SDE parameters are recovered from the discrete-time pa-
rameters using the moment conditions in Eq. (2.11)-(2.13). In particular, the diffusion
coefficient is computed as & = &/2 in the case of GARCH, and & = éy\/%, k= d\/%
in the case of t-GARCH and Beta-t, respectively. Here, the estimated parameter & is re-
scaled as indicated in Eq. (2.13). Table (1) reports the average of the estimated QAML
parameters and the mean-square-error (MSE) of the filtered volatility estimates. For each
of the three discrete-time models, the MSE is computed as & S°% S (07, —67,)2, where
oy, is the volatility sampled from the continuous-time process in Eq. (4.1), (4.2) in the i-th
simulation, and ¢, is the volatility filtered by the discrete-time model.

The likelihood of discrete-time observations sampled from a continuous-time diffusion is
generally non-normal; see among others Ait-Sahalia (2002), Ait-Sahalia and Yu (2006). The
non-normality increases with the aggregation, as can be seen in Table (1) from the estimated
t-GARCH and Beta-t degrees of freedom parameter. For high sampling frequencies (small s),
the volatility can be regarded as approximately constant in the short time interval hy = s/n,
and thus the diffusion looks locally as a Wiener process. In this case, the three models
provide close QAML estimates and similar filtered volatilities. As the sampling frequency
decreases (large s), the stochastic nature of the volatility emerges more clearly, and the
conditional density estimated by the t~-GARCH and Beta-t becomes fat-tailed. They thus
lead to better volatility estimates and lower average MSE’s compared to the GARCH. It is
interesting to note that, while the degrees of freedom parameter of the two fat-tailed models

is similar for each s, the MSE of the Beta-t is substantially lower at large s. This is due to
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s =50 s=100 s=200 s=400 s=800 s=1600
GARCH 0.0113 0.0119 0.0123 0.0133 0.0140 0.0131
(0.0031) (0.0027) (0.0029) (0.0066) (0.0055) (0.0035)
t-GARCH 0.0123 0.0128 0.0126 0.0143 0.0146 0.0124
“ (0.0013) (0.0013) (0.0030) (0.0029) (0.0054) (0.0083)
Beta-t 0.0119 0.0122 0.0129 0.0135 0.0142 0.0143
(0.0013) (0.0012) (0.0009) (0.0008) (0.0007) (0.0006)
GARCH 0.5050 0.4797 0.4790 0.4803 0.4972 0.4828
(0.4022) (0.3248) (0.2868) (0.1959) (0.2410) (0.2029)
0 t-GARCH 0.5007 0.5322 0.6223 0.5949 0.6527 0.7012
(0.4098) (0.3409) (0.2874) (0.2755) (0.2907) (0.6639)
Beta-t 0.5340 0.5328 0.6731 0.6110 0.7017 0.7361
(0.4231) (0.3450) (0.2893) (0.2140) (0.1577) (0.1199)
GARCH 2.2883 2.2766 2.2201 1.7819 1.7543 1.7428
(0.3902) (0.3878) (0.4219) (0.5681) (0.7637) (0.4645)
t-GARCH 2.7352 2.8288 2.7775 3.3486 4.0970 12.1784
" (0.1211) (0.2325) (0.6075) (0.5099) (0.9492) (5.6790)
Beta-t 2.4873 2.4354 2.3537 2.2045 1.9854 1.8026
(0.0904) (0.0799) (0.0716) (0.0651) (0.0587) (0.0538)
t-GARCH 11.4397 8.5891 6.1133 4.8426 4.2762 4.0006
(0.6019) (0.3456) (0.1891) (0.1273) (0.1046) (0.0087)
Y Beta-t 12.5682 9.5384 6.8371 5.4044 4.7474 4.0223
(0.6806) (0.4057) (0.2251) (0.1493) (0.1245) (0.0193)
GARCH 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
MSE | +-GARCH 0.9727 0.9707 0.9486 0.9069 0.9860 0.9912
Beta-t 0.9742 0.9716 0.9508 0.8821 0.8735 0.9374

Table 1: For each s = {50, 100,200, 400,800, 1600}, we show the average, over N = 1000
simulations of the DGP in Eq. (4.1), (4.2), of the QAML parameters w, 0, £ and the MSE
of GARCH, -GARCH and Beta-t. The latter is computed as MSE = - SN S (of —
&;:2,1')27 where o, ; is the SDE volatility generated in the i-th simulation, and 6, is the volatility
estimated by the discrete-time model. Each MSE is normalized by the MSE of the GARCH.
We also show the degrees of freedom parameter estimated by the t-GARCH and Beta-t.

The standard deviations of the estimated parameters are reported in parenthesis.
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the robust score update in the Beta-t, which better captures the dynamics of volatility in the
presence of fat-tails. Koopman et al. (2016) obtain similar simulation results when analyzing
score-driven models as approximations to discrete-time stochastic volatility models.

The QAML estimates of the parameter 6 confirm the result of Wang (2002) that QAML
is not necessarily consistent; see also Hafner et al. (2017) for further simulation evidences.
All the three models provide significantly upward biased estimates of 6 for each sampling
frequency. The parameter w has instead a small positive bias, which slightly increases with
s. The diffusion coefficient k is correctly estimated at high frequencies. As s increases, the
estimate provided by the t-GARCH rapidly increases and significantly overestimates the
true diffusion coefficient. This is due to the explosive behavior, for small v, of the diffusion
limit of the t~-GARCH model; see Section 3.1. The estimates of k of the GARCH and Beta-t
are downward biased for large s, however the bias is considerably smaller compared to the
t-GARCH. Note also that the standard deviations of the Beta-t estimates are significantly
smaller compared to both GARCH and t-GARCH estimates.

We thus find that, when the likelihood of the discrete-time observations is non-normal,
the use of the Beta-t for approximate estimation and filtering of the underlying diffusion is
preferable to that of models with a GARCH update. The non-normality of the likelihood
depends, among others, on the sampling frequency. At large sampling frequencies, the
diffusion is locally well approximated by a Wiener process. In this case, the t-GARCH
and Beta-t reduce to the GARCH, and thus the three models behave similarly. As the
sampling frequency decreases, the likelihood becomes highly non-normal, and we see the
benefits of adopting the robust score-driven model. In reality, the last circumstance is of
interest because data is rarely available at very large sampling frequencies, for instance due
to liquidity constraints. Our results indicate that the use of score-driven models as diffusion
approximations is valuable in this real-world scenario. We obtain similar results in the case
of models with an exponential link function, given the analogous explosive nature of the
diffusion coefficient of the EGARCH model of Nelson (1991); see Section 3.2.2.

5 Generalizations

The results of Section 2 can be generalized into several directions. In this section, we examine
volatility models with a time-varying conditional mean in log-returns, and multivariate
volatility models based on elliptical distributions. The former are relevant in markets with

a time-varying risk-premium, whereas the latter are of interest in financial risk management.
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5.1 Dynamic location-scale family models

Let us assume that, conditionally on the past, financial log-returns {y;};_, are generated by

a location-scale family density:

yt|gt—1 < p(yt|gt—1; Ct, @) (5-1)
p (yt‘gt—l; Ht, C, @) = ! Y (yt — Mt,@> (5.2)
Va \ va

where p; € R is a G;_;—measurable location parameter. It is immediate to see that
y%t]gt,l L (+,©). Similarly to the scale parameter \;, the location p; is updated based
on observations available up to time ¢t — 1. More precisely, p; and A\; obey the following laws

of motion:

Mt = d+ b,ut,1 + av_q (53)
AN = WwHB N1 +Hauq (5.4)

where v; and u; are martingale difference sequences given by:

_ d1og p(y¢|Ge—1; pes A (Ne) , O)

Vy = 5#(/% At)vt,,ua Vi o (5.5)
t
Odlo Gi_1; e, A (), ©
up = Sx(phe, )\t)vt,)\a Via = 8Py tal)\ut GO) (5.6)
¢

with s, (¢, A¢) and sx(p, A¢) continuous and measurable functions of i, and A;. In particular,
we set s, (pu, A) = E[V7 ]!, We declare since the beginning the choice of s, (s, A¢) because,
differently from V, ), the moments of V,, depend on the length h of the discretization, as
it will be shown in the following. Thus, the form of the limiting SDE depends on the power
of the Fisher information that is used to normalize the score. The limiting SDE of models
with a different choice of s,(u, \¢) can be obtained following a similar method.

Our goal is to derive the weak diffusion limit of the class of score-driven location-scale
family models described by Eq. (5.1)-(5.4). Without loss of generality, we set y; = 1 +./cré,
where ¢, is conditionally distributed according to a scale family density with scale equal to

I t
one. Writing x; = ) ._, v, we have:

Ty = T + ,ut + \ A ()\t>€t (57)
perr = d+bpy+asu(pe, Ad) Vi (5.8)
Air1 = wF B+ asa(pus M) Vi (5.9)

At this point, we assume a timestamp of length h and allow the static parameters in the
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previous system to depend on h. Formally, for k € N, we have:

h h / h)
x;h) = Ek) yr T :ukh 'h+ A()\I({)h> €kh (5.10)

h )y (h
'ugkl-l)h = dp+ bp Nkh + ahsu(ﬂl(ch)v )‘I(ch))vl(ch),u (5.11)
h h h
Agkll)h = Wnt B )‘kh + O‘hSA(NJE;h)7 )‘l(ch)) vl(ch),)\ (5.12)
and:
P [(Iéh), ,uéh), )\éh)> € I‘] =, (I') forany T €B(R’) (5.13)

where {e;h)} has scale vh and v, is a sequence of probability measures on (R?, B(R?))

satisfying Assumption 3. As done in Section 2, we construct the continuous-time processes
xgh), ,ugh), )\gh)> in the following way: xih) = x,g,ll), ,ug ) = M,E:’;l) and )\,Eh) = )\,(J,LL) for kh <t <
(k + 1)h.

Let us consider again the filtration ]—"lgz) =0 (x(()h), . ,xgz)fl)h» the score VI(J,ZL{A defined
(h)

as in Eq. (2.10), and the score V,(C};L) ., computed with respect to the time-varying mean gy, :

dlogp (yk |F wukhaA()‘kh))

h
Véh),#
a:ukh

(5.14)

¢
Let also define V, = %@7 X. = E[V?] and 5,‘537# =E {(V,(;;L)’u) \.7:,52)1 Finally, let

¢, x(\;) being defined as in Section 2. We state now the main result of this section, which

is the analogue of Theorem 2.1:

Theorem 5.1. Let W (-) be symmetric and such that (¥ > x7'. Under the following

assumptions on the parameters:

lim b~ twy, = w lim h'd), = d (5.15)
h—0 h—0
limh™' (1 —3,) =0 limh (1 —by) =9 (5.16)
h—0 h—0
lim h o} = o? lim h~%a; = a® (5.17)
h—0 h—0

where w, d, 0, ¥, o, a € R, and under the assumption that the moments 5,51 " f,(ﬁl)’/\, ¢
exist and are finite for £ < 4, the continuous-time process q; = (x; (R) , ut ,)\( )) converges in

distribution to the following Ito process as h goes to zero:
dqt = b(qt, t) dt -+ O'(qt, t)th (518)

where Wy is a 3-dimensional vector of standard Brownian motions, independent from qq.
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The drift, b(qs,t), is given by:

M
g, t) = |d =V e (5.19)
w—6’/\t

while o(q;,t) is a mapping such that, for all ¢ € R and t > 0, a(q,t) = o(q,t)o(q,t),
where a(q,t) is defined as:

A()\t)C(Q) aAO\t)Xz_l
alg,t) = |aA)xz" a®A () X! 0 (5.20)
0 0 a?s(Ae)%x (M)

The assumption (@ > ! guarantees that the matrix a(q,,t) is positive semi-definite.
The assumption that ¥ is symmetric can be relaxed at the expense of additional nonzero
entries as3(qs,t), asa(q:,t), which would imply more involved conditions for positive semi-
definiteness. Note that, if (¥ = y7!, the matrix a(g;,t) becomes singular and z;, j; are
driven by two perfectly correlated Brownian motions. This degeneracy is due to the nonzero

correlation between the innovations 6,(;;3 and the score V,(J,LL) L See Appendix E.2. In contrast,

the correlation between the innovations e,(c},? and the score V,(J;L) ) is zero, as shown in Appendix
C.1, implying that \; is always driven by an independent stochastic component.

The same methodology used for proving Theorem 2.1 can be applied here. More precisely,
the determination of the dependence of the conditional moments & ,(:2 ., and f,(i)’ , on h enables
us to compute the limits in (A1.1), (A1.2) and (A1.3). In particular, it is not difficult to

see that, for 5,(53 y» the same result of Theorem 2.2 holds:

AT 2wz e)
muff;i?)] /oo (” U (=) > v(0)

ie. fl(ﬁl) ) is independent of h. Concerning §l(fh) " instead, it results that it scales as h%/?, as

[ ¢
l(m),,\ = (_1)

the following theorem shows.

Theorem 5.2. For the class of conditional location-scale family densities

(h)| (k) (h) (h) 1 o) — ) h
p (ykh |‘F(k—1)h; Hyep » A <)‘kh) »6) = v ™ ,©
A <)\,(f,?> h Ayg)h

27



the moments f/(i),u =K {( h “> ]Fkh] are given by:

£/2 / ¢
0 _ el D * (V' (z,0) B s
Senp = (—1) [A(A(h))] /—oo (‘P(z,@)> Y00

kh

Proof. See Appendix E.1. m

In particular, for location-scale family models, the asymptotic behavior of the expres-
sions in (A1.1), (A1l.2) and (A1.3) depends also on f,(ﬁl),#, in addition to the parameters
Wh, dp, Br, by, ap and ay. In the following, we report explicit expressions for the limit of the
these expectations, computed under the assumptions of Theorem 5.1. We refer the reader
to Appendix E.2 for details on their derivations.

The drift per unit of time (Condition A1.1) is given by:

i [ (n h) h

h™'E _(951(#1) - x%k )h ) “Fk;h] = /Li(gh) (5.21)
i [k h) h

h'E <Mgk2|—1)h :“kh) ‘flfzh } =d— 19M§ch) (5.22)
- (h h) h

h'E </\Ek:+l) - Akh)> |fl£h } =w—40 )‘I(ch) (5.23)

Again, constraints on the parameters d, 9, w and 6 depend upon the link function and will

be discussed in specific cases. The second moments per unit of time (Condition A1.2) are

given by:

[ h 2w h

B | (o) = 2l ) 1F ] = A (AR) ¢® 4 o(1) (5.24)
i [ m\?2 |

WE | (i — i) |f;£,2 A (M) o) (5.25)
i [ W\ ? | (h (h

h'E (Agk)ﬂ)h )‘l(ch) |~7:kh) = a’sy <ﬂkh ) /\kh)> gkh +o(1) (5.26)
i [ h h h)y . —

h™'E _(xl(ﬁth) - $Ekll>h) (Mgk)ﬂ) Nkh) “Fkh ] = a/A<)\§€h))Xz "+o(l)  (5.27)
1 [\ (h h h h)

h™'E _(Agch) )‘Ek) 1)) </vbgkl1)h - Nk;h) |]'—/£h } =o(1) (5.28)
_ h h h h h

h™'E (xg;h) - xgk) 1)h ) (Agk)ﬂ B /\I(ch)> |]:1§h)] = 0(1) (5~29)

The considerations of the previous section apply also here. Concerning Condition (A1.3),
we choose, as in Nelson (1991), 6 = 2, and then set d, = hd, w, = hw, f, = 1 — hb,
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b, =1 — hd, ap = h'?a and aj, = ha. These choices lead to the following results:

i 4
E | (o) — o) |fé’£)} = ha* (M) ¢ (5.30)
el o h 4
B | () - i) 1| =00, <24 (531)
I VAN 4 h 4
E | (A = A0 ) |f,ih>} —ha'sy (WG M) €l 00 (5.32)

with ¢ > 3/2. In particular, since ((Y and & ,S;Z , are finite by assumption, all the expressions
above converge to zero as h goes to zero. As a consequence, Assumption 1 is satisfied and
the two coefficients b(q,t), a(q:,t) are given by Eq. (5.19), (5.20).

In order to conclude the proof of the Theorem 5.1, we need to discuss the finiteness of the
process in finite intervals and uniqueness of the diffusion limit. This is related to the growth
and regularity of the coefficients b(xy, g, A, t) and a(xy, py, A, t), and on the link function
A(XN¢). Again, we distinguish between models for which the link function is the identity
(A(\;) = \;), and models for which the link function is the exponential (A()\;) = ).

In the first class of models, the equation describing the evolution of o2 is decoupled from
the other two equations, and it has a unique solution since the coefficients are continuous and
globally Lipschitz (see proof of Theorem 2.3). The Cholesky decomposition of a(xy, pis, o2)

gives us the matrix o (4, gy, 02), which is such that o (xy, jt, 02)o (4, e, 02) = a(wy, g, 02):

A/ (2 __aot
o C V C(;)Xz O
o (vpof)=| o Ve

<(2>XZ
0 0 aC(0)o?

where a > 0 and C'(0) is a positive constant function (possibly) dependent on the vector of
static parameter. Under the assumptions of Theorem 5.1 both b(zy, ps, 02) and o (¢, j1, 07)
are globally Lipschitz and, therefore, Assumption 4 is satisfied. In models with an exponen-

tial link function, the matrix o(x¢, pg, Ar) of the Cholesky decomposition of a (xy, pe, At) is

given by:
exp (A) /(@ %2()&) 0
Xz
9 (xuﬁbt, /\t) = 0 exp(A)ay/x- (P -1 0
C(Q)Xz
! 0 c(®)

where a > 0 and C(O) is a positive constant functions (possibly) dependent on a vector of
static parameters ©. Under the assumptions of Theorem 5.1, b(zy, piy, A\r) and o (zy, i, Ar)

are continuous and globally Lipschitz and, therefore, Assumption 4 is satisfied.
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5.1.1 A Student-t location-scale family model

In this section, we specialize the general limit result of Theorem 5.1 to the case of a Student-¢
density with time-varying location and scale. Specifically, we assume that the conditional
density in (5.1)-(5.2) is:

d
yt|gt—1 ~ p(?jt‘gt—120152>@)

o _ T((v+1)/2) (ye — )’ |
p(yt‘gt—b e, Oy @) F(V/Q) (V . 2)7T0t2 [1 + (V — 2>Ut2

(v+1)

7 (v+1)
2

: S o — _D(+D/2) 22
Note that the link function is the identity and ¥ (z,0) = S EN=T [1 + (1/—2):| . In

order to derive the drift vector b(z;,v4,07) and the matrix a(zy, v, 02) in Eq. (5.18), it is

sufficient to compute the following quantities (note that s (o2) and x(c?) are the same as in
Section 3.1.1):

@ =1 (5.33)
v(l+v)
= 2 TY 5.34
X DR (5.34)
s(c}) = 20} (5.35)
1 v
2y
M%)——Qﬁy+3 (5.36)

In particular, it results that ¢® > y;! for all v > 2, whereas b(xy, jt, 02) and a(xy, jt, 02)

are given by:

Ht L oax;! 0
b o) = |d—dm|  alwopood) =0 ot et 0 (537
w— 0o} 0 0 a*40dx(o?)

where w > 0, and d, § and ¥ € R. If v is finite, x;' < 1, implying that the matrix
a(xy, g, A¢) 1s non-singular and that ¢, is driven by three independent Brownian motions.
In the Gaussian limit, y, = 1 and x;, u; are driven by two perfectly correlated Brownian

motions.

5.2 Dynamic multivariate elliptical models

To develop the results in the present section, we first need some matrix notations and
definitions. Let M,,, (R) be the set of m x n matrices with entries in R. We denote the
(4,7) entry of an m x n matrix A by (A);; or a;;. In addition, we set M,, (R) = M, (R)

and denote by S} (R) the set of n x n non-negative definite symmetric matrix. Now, let
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A€ My, (R) and B € M,/ » be two matrices. The Kronecker product is denoted by
A® B, with A® Be M (R). When A = B we write Ag. Moreover, the operator

vec (A) vectorizes the matrix A into a column vector, whereas vech (A) vectorizes the lower-

! ’
mm ,nn

triangular part of a matrix A into a column vector. The operator & for two matrices A and
Bisgiven by: A®@B = (A® B)+(B ® A). Finally, we denote by D,, the duplication matrix,
i.e. the unique matrix D,, such that D,vech (A) = vec (A) for any matrix A € SI (R), by B,
the elimination matrix, i.e. the matrix B, such that B,vec (A) = vech (A), and by C, the
commutation matrix, i.e. the matrix C, such that C,vec (A) = vec (A"). For further details
on matrix operations, we refer to Abadir and Magnus (2005).

In the present section, we deal with the class of dynamic covariance models based on
elliptical conditional densities. More precisely, let {yt}thl be a multivariate time-series
where each y; € RY is a vector of log-returns, and denote by G; = o (y1,...,¥:) the o-
algebra generated by the observables up to time ¢. In the following, we assume that {yt}thl

are sampled from the following conditional density:

Yt|Gi—1 < P (YelGi—1; %4, ©) (5.38)
p(lGi1: %1, 0) = ‘E%\P(yzztlyt,@) (5.39)
t

where g € RT is a normalization factor, ¥ is a probability density function, © denotes a set
of static parameters and | - | is the determinant. Note that this class of conditional densities
include the multivariate Student-¢ distribution, and thus the t-GAS model of Creal et al.
(2011). In Eq. (5.38), Xy € S§(R) is G;_j-measurable and depends upon a vector of time-
varying parameters f; € R¥. More precisely, ¥; = X (f;) with ¥ : R¥ — S}, (R) being a
differentiable function of the G;_;-measurable vector f;. The time-varying vector f; obeys

the following law of motion:

ft+1 =c+ Bft + ASt (540)

where ¢ € R¥ is a vector of constants, A, B € Mg (R) and s; = s(y:, f;) € RE is a measurable
function depending on y; and f;. We assume that s, = S (f;) Vi, where S(f;_1) € Mg (R) is
a scaling matrix that may depend on f; in a continuous way, whereas, under the assumption

that p (y;|Gi_1; 24, ©) is differentiable with respect to f;, the score V, is given by:

_ Ologp (y|Gi—1; (1), ©)
Oft

Vi
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We write the cumulative log-return process z; = 25:1 Y; as:

Ty = X411+ U (541)
ft+1 = c+ Bft + ASt (542)

where 7, € RY has an elliptical conditional density with zero mean and normalized such that
E[nn;|Gi—1] = ¥¢. By assuming a timestamp of length h, and allowing the static parameters

to depend on h, we write, for k € N:

h h h
‘Tl(ch) = xEk)—l) + nl(ch) (5.43)
f((I?J)rl)h = cn+ Bufly + AnS(f5))Vi) (5.44)
and
P[(a" ") €T] = () foramy T eB(RYHK), (5.45)

where 771(!2) has scale hZ,g,ll) and the sequence {v,} satisfies Assumption 3. Let .7-—,52) =

o (x[()h), e ,xgz)_l)h) The score V,Ef,? is computed as:

h h h
w [ 21ose (W 1FLL 5 ©)
v = — (5.46)
8fkh

where yr, = g — T—1)n are log-returns. Note that, using the chain rule, it is possible to

write:
(h) _ > (h)
Vin = T Vi (5.47)
_ 8V€Ch(2kh) — (h) .
where Ty, = —ar, and V,,’ denotes the score computed with respect to the lower-

triangular elements of Yp,:

h)| (h h
dlogp (yl(vh)|f((kzl)h; Igh)7 @>
8vech(2kh)’

(5.48)

The matrix Ty, depends explicitly on the parameterization of ¥;.

As done in Section 2, we consider the continuous-time process (xﬁ’“’, ft(h),>/ € RN+E
constructed in the following way: xgh) = m,(;,?, ft(h) = féz) for kh <t < (k+ 1)h. We first
determine the converges rates of the parameters ¢y, By, A, which ensure that Assumptions
(A1.1), (A1.2), (A1.3) are satisfied as h | 0. As in previous cases, it is important to

determine the dependence on h of the moments of the score. Let us denote by f,(jl) =
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E[thvgeﬂf,gz)] the conditional Fisher information matrix and by 51(:}?,@' = E[Vﬁh7i|f,gz)], i =
1,..., K, the conditional fourth moments of the i-th component of the score. In Appendix F,
we show that, for the class of elliptical densities, & ,(jl) and 5,(;21. are independent of h. Thanks

/
to this, we have the following result for the diffusion limit of the process (m,(;,ll),, ,Si)/) :

Theorem 5.3. Under the following assumptions on the parameters:

lim h~te, = ¢

h—0

lim hil (IK — Bh) =A

h—0

lim h 1A = A2 (5.49)
h—0

where ¢ € RX, A, A € Mg(R), and under the assumption that f,(i) and f,(;,‘zi, i=1,...,K

/
mgh)’, ft(h)/ weakly converges as h — 0 to

exist and are finite, the continuous-time process <
the diffusion process my = (x}, f)" which is the solution to the system of stochastic differential

equations:

dmt = b(mt)dt + U(mt)th

where W, € RNTE s q vector of mutually independent Brownian motions, independent from

mo. The drift, b(my), is given by:

b(my) = L _O]j\ ft] (5.50)

while o (my) is a continuous mapping such that, for all m; € RN*K and t > 0, a(m;) =

o(my)o(my), where a(my) is given by:

) 0
a(mt) _ (ft) (NxK) . (551)
Oxxny AS(fi) L (fe) S(fe)A
: o (2)
with Z( f;) = limp, 0 &, -
Proof. See Appendix F.1. m
Using the chain rule, we can re-write the conditional Fisher information matrix as:
o = il T (5.52)

where 5,(53 = E[@khﬁzﬂ}"}gz) |. As previously stated, the expression of the matrix Ty, de-
pends on the parameterization used for ¥;. As in Engle (2002) and Creal et al. (2011), we
decompose the covariance matrix as 3, = D, R;D;, where D, is a diagonal matrix of standard

deviations and R, is a correlation matrix. The latter is written as R, = A;'Q A, !, where
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Q: € ST, (R) and A; = diag[Q,]'/?. We specify the vector of time-varying parameters as

_ (log (diag (D7)
ft_( vech (Qy) ) (5:53)

which contains K = N (N +3)/2 elements. Under this parameterization, Creal et al. (2011)

obtain the following expression for the matrix Y;:
T, = By (IN @D Dth> WDtSD + BNDt@)A;@} [DN — (At () Qt> A;Q;WAtSA] SQ (554)

where i) W, is constructed by having a N? x N? diagonal matrix with diagonal elements
0.5vec (A[ 1) and then dropping the columns containing only 0s; ii) Wp, is constructed by
having a N? x N? diagonal matrix with diagonal elements 0.5vec (D;) and then dropping
the columns containing only Os; iii) the matrices Sa, Sp and Sg are selection matrices
containing only 1s and 0Os such that diag (A?) = Savech (Q;), log(diag (D?)) = Spfi, and
vech (Q;) = So f-

We illustrate the continuous-time limit in Theorem 5.3 for a multivariate Student-¢ den-
sity. In this case, the discrete-time process reduces to the t-GAS model of Creal et al. (2011).
For simplicity, we set N = 2 and assume that the variances are constant over time, i.e. we

set Dy = I55. The conditional density is given by:

e ooy D+2)/2)
PG ) = ) 6 — 2yl R [l+

v Ry,
(v—2)

—(v+2)/2
] (5.55)

where R; = [1, pt; pr, 1]. We employ the DCC parameterization, with fi = (qi1.¢, q12.4, ¢22.t)"
and p; = qi2.4/\/q114G22¢- The matrix T; becomes:

1
T, = m(—%zt/%l,t, 2, _QIQ,t/QQQ,t>,(17 0, 1) (5-56)

By standard linear algebra computations, we obtain that the matrix Z (f;) is given by:

1 2 1

a3, qu1tq12t  q11¢922¢
_ 2 4 2
I(ft) =11 (Pt, V) q11tqi2t Gy qi2tq22t | 7 (557)
1 2 1
q11t922t q12t922t @5a;

where

pi 2+ v(1+pf))
2

o) = s =

(5.58)

In particular, Z(f;) is of rank one, due to the redundancy of the DCC parameterization (see
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e.g. discussions in Creal et al., 2011). For this reason, we set S(f;) = I3x3 and thus the
3 x 3 block in matrix a(m;) is simply AZ(f;)A’.

It is interesting to examine the Gaussian limit. We have:

1 2 1

Q%u q11tq12t q11tg22t
: _ 2 4 2
V11—>I£lo Z(Je) = 1i(pt) qiieqize aia q12¢922t (5.59)
1 2 1
q11tq22t q12tq22t 30,

where II(p;) = %. This is different from the continuous-time limit of the DCC model
(Hafner et al., 2017). In discrete-time, it is known that the ¢-GAS does not reduce to the
DCC as v goes to infinity. We thus recover in continuous-time a result analogous to the one

known in discrete-time.

6 Conclusions

The relation between score-driven stochastic difference equations and continuous-time stochas-
tic differential equations usually employed in the theoretical finance literature is unknown.
The present paper sheds light on this topic by providing the weak diffusion limit of a class
of score-driven volatility models based on scale family densities, thus generalizing the popu-
lar diffusion limit of Nelson (1990). We determine the continuous-time limit of well-known
score-driven models, namely Beta-t, Gamma-GED, Beta-t-E and Gamma-GED-E (see Har-
vey, 2013). Two interesting properties have emerged: a) the form of the coefficients charac-
terizing the diffusion limit depends only on the link function and on the conditional second
moment of the score; b) the properties of the diffusion limit are strictly related with those
of the corresponding discrete-time process; the volatility of volatility of the diffusion limit of
models with a GARCH update can diverge as the density becomes more and more fat-tailed,
whereas in score-driven models this quantity remains finite.

We explore in an extensive Monte-Carlo study the implications of such results on ap-
proximate estimation and filtering of diffusion models. It is found that, as a consequence
of the non-normal nature of the likelihood of the underlying diffusion, the use of fat-tailed
score-driven models improves significantly in parameter estimation and volatility filtering.
We finally provide a generalization of the previous results to time-varying conditional mean

and to conditional variance models.
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