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We focus on the optimal use of risk mitigation inventory (RMI) and reserve capacity to manage disruption
risk in serial multi-stage supply chains where product transformation occurs at each stage. We find that under
reasonable conditions it is better to hold more RMI downstream than upstream even when the upstream
holding costs are lower. We also find that it is often optimal to hold more reserve capacity downstream than
upstream. While in one-stage supply chains RMI and reserve capacity always behave as substitutes, it turns
out that in multi-stage serial supply chains the interplay between RMI and reserve capacity is more nuanced.
We find that echelon RMI and reserve capacity at each stage are substitutes. In contrast, RMI at a stage

complements reserve capacity at the adjacent downstream stage.
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1. Introduction

Consider a multi-national pharmaceutical company that manufactures and markets a life-saving
cancer drug. The supply chain typically consists of multiple stages with product transformation
occurring at each stage. The first stage is typically the production of the active pharmaceutical
ingredient (API). The second stage is typically the production of the finished product in the form
of a pill or liquid. The final stage is typically packaging to meet local requirements. Demand for
such a drug remains relatively stable, given that neither the price nor the number of patients vary

significantly. In such circumstances, the pharmaceutical company’s primary concern is the risk of
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disruption. The complex pharmaceutical production process is exposed to disruption risks such
as a biological contamination at a production site, which results in production stops for extended
time periods.

Observe that a disruption at a stage results in no product transformation occurring at that stage.
As a result, no input can be fed to the next stage unless the disrupted stage either has inventory of
its finished product or has extra capacity that can be brought online in the event of a disruption to
the primary capacity. This results in two main disruption risk mitigation levers. First, firms may
hold Risk Mitigation Inventory (RMI) at a stage. RMI at a stage is held in the form of its output
that is used to supply the next downstream stage in the event of a supply disruption. Second,
firms may hold reserve capacity for a stage at another reliable manufacturing site. In the event of
a disruption at the primary production site, the reserve capacity can be used to produce output
to supply the next downstream site.

In this paper we focus on understanding the optimal use of RMI and reserve capacity in serial
multi-stage supply chains to deal with disruption risk at each stage. An important goal in our
research is to understand what factors influence the location (e.g. the stages) and quantity of RMI
and reserve capacity held in a serial supply chain. Recall that RMI at each stage is held in the
form of output of that stage. Given that inputs are transformed into higher value outputs at each
stage, we assume that holding RMI at an upstream stage is cheaper than holding inventory at
a downstream stage closer to the customer. However, it is important to recognize that RMI at a
stage can only be used to cover disruptions at that stage or further upstream. It cannot be used to
cover a downstream disruption because the transformation capacity downstream is lost and thus
cannot convert the upstream RMI into output.

Unlike RMI that may be used in the event of a disruption at that stage or any upstream stage,
reserve capacity at a stage is only used if a disruption occurs at that stage. It serves no purpose if
an upstream disruption results in no input arriving at the stage.

We illustrate the use of RMI and reserve capacity in Figure 1, where we present a 3-stage serial

supply chain where the middle stage 2 is disrupted. During the disruption we can use RMI at stage
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1 to meet customer demand and RMI located at stage 2 to supply stage 1 where it is transformed
to meet customer demand. If reserve capacity is available at stage 2, we can also use it to supply
stage 1. The RMI located at stage 3 does not help in the event of a disruption at stage 2. Similarly,

reserve capacity at stages 1 and 3 is not used in the event of a disruption at stage 2.
Supply of raw material

Use neither RMI nor
reserve capacity at
echelon 3 during
disruption at echelon 2

Use available RMI and
reserve capacity at
echelon 2 to supply
the next downstream
echelon during
disruption at echelon 2

Disruption
occurs

Use available RMI at
echelon 1 to meet
demand during
disruption at echelon 2

Customer demand

Figure 1 Serial supply chain with disruption at stage 2.

Our collaborating pharmaceutical company used to hold large quantities of RMI at the upstream
(APT) stage of the supply chain due to the lower costs of holding RMI there. However, the company
also recognized the importance of holding RMI at the drug product / finished goods stages that are
further downstream, but committed only to small quantities of RMI downstream. The company
justified holding most of its RMI upstream based on the lower holding costs upstream.

In contrast to RMI, reserve capacity was held up- and downstream as there was no major cost
difference of holding reserve capacity across the different stages. Our goal in this research is to
better understand how RMI and reserve capacity should be best positioned in a multi-stage serial
supply chain and how RMI and reserve capacity influence each other.

One of our main findings is that in a serial supply chain it often pays to push more RMI
downstream even though RMI is cheaper to hold upstream. We refer to this finding as downstream

commitment to RMI. This finding is driven primarily by the observation that in a serial supply chain
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with product transformation at each stage, downstream RMI can help buffer against disruptions
at all upstream stages. These results are counter to what the pharmaceutical company was doing
where it was holding most of its RMI at the upstream stage.

Counter to the practice at the pharmaceutical firm, we also find that it is often optimal to hold
more reserve capacity at a downstream stage when compared to the adjacent upstream stage.

The existing literature suggests that RMI and reserve capacity are substitutes in one-stage supply
chains (Tomlin 2006). We extend this result to multi-stage supply chains where the interactions
is more nuanced. We find that in multi-stage supply chains, echelon RMI and reserve capacity
at any stage are substitutes. In contrast, RMI at any stage and reserve capacity at the adjacent
downstream stage are complements.

Multi-stage supply chains in the presence of disruption risk have been studied in the literature.
However, most literature differs from our work by either not explicitly considering product trans-
formation occurring at each stage (for example Ang et al. (2017)), or by providing simulation based
insights (for example Schmitt and Singh (2012)).

The remainder of this paper is structured as follows. In Section 2 we review the relevant literature,
focusing mainly on multi-stage and disruption risk literature. In Sections 3 to 5 we present our
mathematical models with managerial insights. Finally, we provide concluding remarks in Section

6.

2. Literature Review
Several authors have studied serial multi-stage supply chains with regards to safety inventory in
the absence of disruption probabilities (Clark and Scarf 1960, Federgruen and Zipkin 1984, Chen
and Zheng 1994, Graves 1985, Rosling 1989, Schmidt and Nahmias 1985). DeCroix (2013) showed
that these results do not extend to the presence of supply disruptions in general.

Supply disruptions have been studied extensively in one-stage supply chains in the context of
both RMI and reserve capacity (or contingent rerouting / volume flexibility). Tomlin (2006) studies

a model where a firm can source from a reliable supplier and a cheaper but less reliable supplier.
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The reliable supplier allows for contingent rerouting due to volume flexibility. The author identifies
conditions when different mitigation strategies are optimal. He shows that contingent rerouting is
preferred to RMI as a risk mitigation strategy if disruptions are rare but long, whereas RMI is
preferred if disruptions are frequent but short. Chopra et al. (2007) study reserve capacity and
RMI decisions in the presence of disruption risk and recurrent risk (demand uncertainty). The
authors find that a firm should order more from a reliable source if disruption risk dominates
against recurrent risk but hold inventory and order more from the cheaper but less reliable source
if recurrent risk dominates disruption risk. Qi (2013) extends this work to incorporate the concept
of a waiting time after a disruption. The waiting time allows the decision maker to distinguish
between operational fluctuations and disruptions. The author studies optimal sourcing decisions
and provides structural insights on optimal decision variables. Qi and Lee (2015) study the role
of expedited shipping on the optimal risk mitigation strategy. Their research demonstrates that
expedited shipping is a valuable alternative when the cost of maintaining reserve capacity is high.

There are a few papers that study reserve capacity and RMI decisions in multi-stage supply
chains under supply disruption risks. Ang et al. (2017) study a non-centralized three-stage supply
chain where different sourcing decisions are analyzed besides the use of inventory. The authors
show that penalty contracts alleviate the coordination problem in the supply chain. Schorpp et al.
(2018) study a three-tier supply chain consisting of a buyer, a supplier, and a sub-supplier. The
authors provide insights on the optimal use of reserve capacity at the suppliers in a decentralized
setting. Schmitt and Singh (2012) perform a simulation study and elaborate on the importance
of analyzing supply chain networks as a whole as opposed to the single-stage approach. They find
that firms should focus on minimizing the disruption time rather than the disruption frequency.
Closely related to our research is the paper by Hopp and Yin (2010) who study reserve capacity and
RMI decisions in two-stage supply chains under disruption risk. Through numerical experiments
they find that long upstream disruptions tend to push the reserve capacity upstream. Their model,

however, does not consider product transformation at each stage.
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There is a vast literature on disruption risk management that goes beyond multi-stage inventory
models. Dong et al. (2018) analyze the role of insurance in a two-stage supply chain. They find
that insurance and operational measures can sometimes be complements rather than substitutes.
Lim et al. (2013) study the impact of misestimating disruption probabilities. They show that
underestimation in disruption probability results in higher expected total cost than overestimation.
A thorough literature review on disruption risk management is presented by Snyder et al. (2016).

Our main contribution to the literature is to derive structural insights on how to best use RMI
and reserve capacity to mitigate disruption risks in multi-stage serial supply chains where product
transformation occurs at each stage. We find that it is often better to hold more RMI downstream
than upstream even when the upstream holding costs are lower. We also find that it is often optimal
to hold more reserve capacity downstream than upstream. While in one-stage supply chains RMI
and reserve capacity always behave as substitutes, it turns out that in multi-stage serial supply
chains the interplay between RMI and reserve capacity is more nuanced. We find that echelon RMI
and reserve capacity at each stage are substitutes (a natural extension of the single stage result).
In contrast, we find that RMI at a stage complements reserve capacity at the adjacent downstream

stage.

3. Modeling framework
We consider an n-stage linear supply chain where stage 1 is closest to the customer and stage n
is the farthest from the customer. Stage ¢ — 1 is considered to be downstream from stage i and
stage 7 + 1 is considered to be upstream from stage i. At each stage there is unlimited primary
production capacity that transforms inputs to outputs. The production capacity at stage i uses
the output of stage ¢ + 1 as input and transforms it into output that in turn becomes input for
stage i — 1. We assume that stage n obtains input from a perfectly reliable external source.

The primary production capacity at each stage is subject to disruption risk. When a disruption
occurs at stage ¢, the primary production capacity at stage ¢ is no longer available. RMI at stage

i, I;, is assumed to be held in the form of output of the production at stage i. However, RMI I; is
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held at the adjacent downstream stage ¢ — 1 where it can be used as input for production at stage
i — 1 in the event of the disruption. Thus, RMI of the output of any stage ¢ is not destroyed in the
event of a disruption at stage i. Recall that whereas the RMI at stage i +1 (I;11) can be used to
supply stage i if a disruption occurs at any of the stages i + 1, ¢ + 2, ... (any of the stages i+ 1
or further upstream), the reserve capacity at stage i (a;) is only used if the disruption occurs at
stage i. The reserve capacity at stage ¢ is not used if stage ¢ is not disrupted because the regular
capacity can handle all the required production in that case.

The objective of our model is to determine the optimal RMI and reserve capacity at each stage
by minimizing long-run expected cost per unit of time. The decision variables (see Table 1) at
each stage i are the amount of RMI to carry (I;) and the amount of reserve capacity to carry (a;).
Any leftover RMI incurs a holding cost per unit time. The amount of reserve capacity, a;, is the
production rate available at stage ¢ in the event of a disruption at stage i. Reserve capacity a; incurs
an upfront reservation cost of ¢;a; per unit time. An additional cost of ¢; is incurred for each unit
actually produced using the reserve capacity. If a disruption occurs at stage i, the total available
input for stage i — 1 during the entire disruption time (say time d) is constrained by I; + da;. Any
unmet customer demand during a disruption is assumed to be backlogged at a penalty cost of p
per unit. Recall that holding RMI upstream is cheaper than holding RMI closer to the customer,
i.e., hiy1 < h; for all i (because product is transformed at each stage).

Our model is based on the following key assumptions:

A.1 RMI is not perishable.

A.2 The duration of a disruption is known once a disruption occurs.

A.3 Recovery rates are identical across all stages.

A.4 Disruption durations are exponentially distributed.

A.5 Regular production capacity at each stage is infinite, but the reserve capacity is finite at a;.

A.6 Customer demand is deterministic and supply lead time is 0.

A.7 Disruption rates are low compared to recovery rates.
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Indices

i€{1,2,..,n} | Lower case index labels stage number with 1 being the most downstream stage

and n the most upstream stage.

Decision variable

I; > 0| RMI level at stage ¢

a; > 0 | Maximum reserve capacity production rate at stage ¢

Parameters

k | Disruption time

(k) | Probability density function that a stage is disrupted for time k >0

I1(-) | Cumulative distribution function of 7 (k)
a; > 0 | Disruption rate at stage ¢
B> 0| Recovery rate at any stage

p > 0| Penalty cost per unit
h; >0 | Inventory holding cost per unit and per time at stage ¢
h; > 0 | Effective inventory holding cost at stage 4, h; = h;(1+ Z;:l %])
¢; > 0| Reservation cost for the reserve capacity per unit and per time at stage ¢

¢; > 0| Production cost through the reserve capacity per unit at stage i

=1 | Normalized, deterministic demand per time at downstream stage 1

Table 1 Indices, decision variables and parameters of the model

A.8 At most one stage is disrupted at a time.

Let us comment on these assumptions:

Assumption 1 (A.1). Our assumption that RMI is not perishable is reasonable when the shelf
life is long relative to the disruption time. In the pharmaceutical industry the shelf life can be
considered as long due to the practice of retesting the API once the expiry date is reached (ICH
2000). Effectively, this practice allows a pharmaceutical company to extend the shelf life of the API

beyond the original expiry date. Further, note that in order to ensure that RMI does not get too
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old, RMI is constantly refreshed through new production while the oldest RMI is used to satisfy
the adjacent downstream stage or customer demand. The constant refreshment using a first-in,
first-out policy helps ensure that shelf life constraints are satisfied by the RMI.

Assumption 2 (A.2). We assume that the duration of a disruption is known once a disruption
occurs. A consequence of this assumption is that reserve capacity is only used if the available RMI
is not sufficient to cover demand during a disruption. RMI is used before reserve capacity because
holding cost for RMI is assumed to be less than production cost using reserve capacity. We further
assume that downstream RMI is used before upstream RMI because holding cost for downstream
RMI is larger than upstream RMI.

Assumption 3 (A.3). We assume that once a stage is disrupted, the disrupted stage recovers
with a recovery rate 5. We assume that (3 is identical across all stages. This assumption is used
to simplify the model. However, our model is general enough to accommodate different recovery
rates across all stages. For ease of exposition we use the same recovery rate at each stage.

Assumption 4 (A.4). We assume that disruption durations are exponentially distributed (see
Parlar and Perry (1996)). This assumption is equivalent to assuming that disruption and recovery
rates are independent of time (memoryless property). Mathematically, we describe disruptions at
any stage as a random process governed by the pdf m(k), where k > 0 is the disruption time (see
Table 1 for a complete list of parameters, decision variables and indices). We model the distribution
function 7 (k) as an exponential function with recovery rate 3: w(k) = fexp (—Fk). The cumulative
distribution function gives the probability that the disruption time is less than or equal to the

variable K: TI(K) = [

o m(k)dk. We also define a constrained expected disruption time as EX =

i (k) kdk.

The exponential disruption duration distribution is consistent with the findings of our industrial
partner. The company gathered data on the likelihood and impact (in terms of disruption times at
a given site) of disruptions at the various production sites (stages). Disruptions can have several

causes including a biological contamination at a production site, a fire at a production site, a strike,
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an earthquake, or a terrorist attack. These disruptions were broadly categorized as external and
internal. To assess the external disruptions, our industrial partner collaborated with an insurance
company to obtain data on the likelihood and impact of the external disruptions. To assess the
internal disruptions the company surveyed its site managers who provided estimates (based on
their experience) on likelihood and impact of disruptions. All the data was finally fed into a Monte-
Carlo simulation that led to the distribution function of the disruption time (so called site risk
profile). The distribution function has the form of an exponential function.

Assumption 5 (A.5). We assume that the regular production capacity is infinite, but that the
reserve capacity produces at the contracted finite production rate. Fundamentally, the assumption
that the regular production capacity is unlimited states that there is enough regular production
capacity available to meet demand and build up RMI quickly after a disruption (that is, all RMI
is built up before the next disruption occurs). To simplify our model (and to focus on first-degree
effects) we effectively approximate the regular production capacity rate with an infinite rate. Given
that the firm contracts for reserve capacity, the available production from reserve capacity is limited
by the contracted amount. The contracted amount of the reserve capacity is typically specified in a
contract between the CMO and the pharmaceutical company. Such contracts have been discussed
in the case study by Samii and Van Wassenhove (2008).

Assumption 6 (A.6). As common in the disruption risk literature, we set customer demand to be
deterministic with rate y = 1. For ease of exposition we set the lead time equal to zero. Our model,
however, allows a deterministic, positive lead time. The use of a fixed positive lead time does not
fundamentally chain any results (each stage would carry an additional fixed amount of inventory
to cover the deterministic demand during the lead time), justifying the use of a lead time of 0.

Assumption 7 (A.7). This assumption is reasonable for the pharmaceutical industry because of
the low likelihood of disruptions and the goal of quick recovery. It is reasonable to assume that the
average time between disruptions is much longer than the average time to recovery in the event of

a disruption.
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Assumption 8 (A.8). We assume that at most one stage is disrupted at any given point in time.
This assumption is reasonable when disruption rates are low relative to recovery rates (Assumption
7) and the number of stages is not too large (a reasonable assumption in practice where supply
chains are unlikely to have more than ten stages).

These assumptions are quite common in the disruption risk management literature (compare for
example Dong et al. (2018), Ang et al. (2017) and Schorpp et al. (2018)). The advantage of these
assumptions is to somewhat simplify the analysis and allow us to focus our insights on the location
and quantity of RMI and reserve capacity when dealing with disruptions.

Recall that the objective of our model is to determine optimal RMI and reserve capacity quanti-
ties at each stage by minimizing long-run expected cost per unit of time. In the following we provide
an outline of the two-stage serial supply chain objective function (long-run expected cost per unit
of time). The generalization of the objective function to n-stages is in the appendix. Given assump-
tions A.7 and A.8, we assume that after every disruption (whether upstream or downstream) the
supply chain returns to the undisrupted stage before the next disruption occurs. This allows us to
define a renewal cycle as a period of no disruption followed by a period with one disruption (either
upstream or downstream). The duration of a renewal cycle is then defined as the expected time
duration of not being disrupted plus the expected time duration of one disruption (see Figure 2).

Given disruption rate downstream 4 and disruption rate upstream c«,,, the expected time of not

Expected time of not Expected duration of a disruption
being disrupted (either up- or downstream)

J |
Y \

L J

|

Expected length of the renewal cycle

Figure 2 Expected length of the renewal cycle
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1
%] +au,

being disrupted is (neglecting terms arising from simultaneous disruptions). The expected
time duration of one disruption is % Thus, the expected renewal cycle length is given by:

1 1

g+ ay, * B
Based on this definition of the renewal cycle we use the well-known renewal-reward theorem to
calculate the long-run expected cost. Using the subscript u [d] to label the upstream [downstream]
stage of the supply chain, the long-run expected cost E[C(I,, I4,a,,aq)] is the ratio of the expected
cost per cycle and the expected renewal cycle length:

E[C(Iua Id7 Ay de)] = EXpeCted cost per CYCIG

Expected cycle length
In order to determine the expected cost per cycle, let us introduce some definitions:
1. E[Co(Ly,14,au,a4)]: Expected cost per unit of time when there is no disruption
2. E[Cy(1y, 14, au,aq)]: Expected cost per unit of time when there is a downstream disruption
3. E[C.(1.,14,a,,a4)]: Expected cost per unit of time when there is an upstream disruption
The expected cost per cycle is then given by the expected time of not being disrupted times the
expected cost per time when the supply chain is not disrupted plus the expected time of being

disrupted times the expected cost per time when there is a disruption (either up- or downstream):

1 1
TI}E,[C’()(Iu,ld,au, aq)] + B(P(disruption in downstream before upstream)E[Cy(L,, 14, ay,aq)]
Qg T O,

+P(disruption in upstream before downstream)E[C., (1, L4, @, aq)])-

Using P(disruption in upstream before downstream) = adﬁau and
P(disruption in downstream before upstream) = a;fau, we get the long-run expected cost:
E[CO(IU’ Idvau’ad)] + l( L E[Cd(luv Iy, a,, ad)] + E[Cu(IuvId7aua ad)])
E[C(Iu7—[d7 Ay s ad)] = datou flaatou 1 1 Qatau
agtoy B

(1)

The expected cost per time when there is no disruption consists of costs for holding RMI up-

and downstream as well as upfront costs for the reserve capacity up- and downstream:

E[Co(Ly, Ig,ay,aq)] = halg+ hy I, + éya, + Cqay. (2)
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The expected cost per time when there is a downstream disruption consists of five components -
a penalty cost per time for any unmet demand (if all demand cannot be met during the disruption),
a holding cost per time for excess downstream RMI (if all downstream RMI is not used during
the disruption), the cost of reserving downstream reserve capacity per time, a downstream reserve
capacity production cost per time (if downstream reserve capacity is used during the disruption),
and an upstream RMI holding cost per time (because the upstream RMI is not used during a
downstream disruption).

First, the expected penalty cost per time is the unit penalty cost p times the expected unmet

demand divided by the expected disruption time. Unmet demand arises when the disruption time

exceeds the time 12 y required to deplete all RMI I; given demand p =1 and reserve capacity
Iq

production rate a4 (resulting in RMI depletion rate 1 —ay). Given a disruption of duration k > T

the unmet demand is given by k(1 —ay) — I;. Thus, the expected unmet demand during a disruption

%, the expected

is given by: floii[éd m(k)(k(1 — aq) — 1s)dk. Given the expected disruption time
penalty cost per unit time is given by SBp fﬁicéd (k) (k:(l —ag) — Id)dk.

Second, we calculate the expected holding cost per time for excess downstream RMI. Excess
downstream RMI arises when not all downstream RMI is used during the disruption (that is when
the available downstream RMI I, exceeds the demand during disruption time k. Thus, the expected
holding cost for excess downstream RMI during a disruption equals hy fold 7(k)(Iq — k)kdk. Given

the expected disruption time the expected holding cost per unit time for excess downstream

1
ﬁ b
RMI is given by Shy [, 7(k)(Is — k)kdk.

Third, the expected downstream reserve capacity production cost per time is the unit production

cost ¢y times the expected number of units to be produced through the reserve capacity divided by

the expected disruption time. The reserve capacity is used only when the disruption time demand

(k) exceeds the downstream RMI (I,). If k < 94— the quantity produced using reserve capacity is

17ad ’

k—1;. If k> 1}; o the quantity produced using reserve capacity is kay. Thus, given the expected

disruption time 1, the expected reserve capacity production quantity during a disruption is given

Iq

by: Beq 1, " (k) (k — 13)dk + Beq 7 m(k)aakdk.
e



Author: Mitigating product shortages due to disruptions in multi-stage supply chains

14

Fourth, the expected cost per time for reserving downstream reserve capacity is given by ¢,a, +
édad.
Fifth, the cost per time for holding unused RMI upstream is given by h,[,,.

The expected cost per unit of time when there is a downstream disruption sums up to:

(e%e] Id
E[Cy(1,, 14, a0, aq)] = 5p/1d w(k)((l—ad)k—ld)dk+ﬁhd/ 7(k)(I4 — k)kdk (3)
= 0
1 dfid 0o
+Bcq / “ 7(k)(k — I,)dk + Beg / - w(k)agkdk + by, + &,a, + éaaa.
I —

aq

We calculate costs similarly when the supply chain is in the state of an upstream disruption.
In this case, we incur a penalty cost per time for unmet demand or inventory holding costs per
time for excess RMI up- and/or downstream as well as a reserve capacity production cost per time
upstream. The only difference relative to a downstream disruption is that we now use the the entire
RMI, I;+ I, before needing production from reserve capacity and thus only pay a holding cost for
any unused RMI up or downstream. The expected cost per unit of time when there is an upstream
disruption is (the derivation of the cost-terms is analogous to the case when a disruption occurs
downstream):

o0

Ig+Ty
E[Cy(Iu, Is, au, ag)] = ﬁp/I w(k)((l—au)k—Id—Iu)dk:Jr,Bhu/ w(k) (Lo + I, — k) kdk

d+Iu I,
Ig+1u
I—aqy
+5/ hd Id—k)+hqu>kdk+ﬁcu/ w(k)(k — Iy — I)dk
Tg+1y
+Bc, / Jaukdk + ¢y a, + Cqaq. (4)

The long-run expected cost can then be obtained using Eq. 1. We first consider the case where
both RMI and reserve capacity are held at each stage at optimality. The case where some stages
do not hold RMI or reserve capacity are a natural specialization of the more general case and are
discussed in Appendix A.3. Applying the first-order conditions to the long-run expected cost, the

optimal RMI and reserve capacity at each stage can be characterized as follows:
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PROPOSITION 1. Let Assumptions 1-8 (A.1-A.8) hold. The optimal RMI and reserve capacity

levels at the downstream stage satisfy:

I

0= ay (H(l ) (p—ca) + H(La)ea+ B'hy —p) + (b — ha) B + (hg — hy) — %hu, (5)

—aq

A ad | ow
pritg _ L WA GHE) (6)
B8 adp—ca)
The optimal RMI and reserve capacity levels at the upstream stage satisfy:
I+ 1, Ig+1 Qg

0= a, | II( - Y(p—co) + (14 + L)e, + Efat b, —p | + (1+§)hu, (7)

e 1 Gu(1+ 5+ )
B aulp—c)

Igt+1u

i Ig+1Iu
with BT = [0 (k) kdk.

Note that Eq. 5-8 can be solved in two steps. In the first step, Eq. 5 and 6 are solved simultaneously

14
lfad

to determine and I;. In the second step, Eq. 7 and 8 are solved simultaneously to determine

Ig+1y

1—aq

and I;+ I,,. Observe that the optimal RMI levels are determined by balancing holding costs
with penalty cost, while being modulated with the available reserve capacity.

Next, we introduce an approximation that allows for a simplification of the expressions governing
the optimal RMI and optimal reserve capacities (Eq. 5 - 8). When a disruption takes place at
any stage, observe that only RMI at the disrupted stage or further downstream can be used
to meet disruption demand. All RMI upstream of the disrupted stage cannot be used to meet
demand because the disrupted stage cannot transform upstream RMI. Because the disruption time
is uncertain, there is some probability that not all of the available RMI at the disrupted stage or
further downstream is used to meet disruption demand (for example when the disruption turns
out to be short). In this case we incur inventory holding costs during the disruption time for this
unused RMI at the disrupted stage or further downstream. Observe that in most instances we
will have none or very little unused RMI at the disrupted stage or downstream in the event of a
disruption. As a result, the holding cost will be negligible for this unused RMI. Under our suggested

approximation, we ignore the inventory holding costs for any unused RMI during the disruption
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time that is carried at the disrupted stage or further downstream. Observe that we do not neglect
the inventory holding costs for the unused RMI that is carried upstream of the disrupted stage
because this will be a more significant quantity. This approximation is reasonable when disruption
rates are low relative to recovery rates (see Assumption A.7). We refer to this approximation as
the low disruption/ high recovery rate approximation. Under this approximation we can simplify

Proposition 1 as follows:

PROPOSITION 2. Let Assumptions 1-8 (A.1-A.8) hold. Under the low disruption/ high recovery
rate approximation, the approrimate RMI and reserve capacity levels at the downstream stage (fd

and a4 respectively) satisfy:

1 ~ Q
0= ad<(p— calll(; —dad> _p—l—cdH(Id)) thg—he— Fdhu, 9)
prif - 1 Gl (10)
B B aq(p —ca)

The approrimate RMI and reserve capacity levels at the upstream stage (fu and a, respectively)
satisfy:

(0%

8

hu), (11)

I,+1, _
0= ay <H( 1d—d )(p—cu) p+cuH(Id+Iu)> +h, (14

gt 1 GU+HF+R) (12)
B a,(p—c,)

In Section 5, our numerical experiments show that this approximation is very close to optimal and
provides robust insights. It is straight-forward to generalize Propositions 1 and 2 to n-stage supply

chains.

4. Optimal location and quantity of RMI in multi-stage supply chains
In this section we study the optimal location and quantity of RMI in serial n-stage supply chains in
the absence of reserve capacity. The optimal use of both RMI and reserve capacity in multi-stage
supply chains is studied separately in Section 6.

Our main finding in this section is that in a serial supply chain where product is transformed

at each stage, it often pays to push more RMI downstream even though RMI is cheaper to hold
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upstream (we refer to this phenomenon as downstream commitment to RMI). This finding is driven
primarily by the observation that in a serial supply chain with product transformation at each
stage, downstream RMI can help buffer against disruptions at all upstream stages. In other words,
even though downstream RMI is more expensive to hold, it may compensate for the higher holding
cost by being useful no matter whether the disruption is downstream or upstream. We also discuss
conditions when there is no downstream commitment to RMI. In general, the cheaper upstream
holding costs become, the less likely we are to observe downstream commitment at optimality.

All insights in this section are based on assumptions A.1-A.8 and the low disruption / high
recovery rate approximation (Proposition 2). In Section 5, we validate our approximation and the
key findings of this section numerically. We denote the effective inventory holding cost at stage m
as N = o (1 4+ Z;’;l %J) Further, we assume that the penalty cost is high enough (there exists a
stage m such that h,, < pa,,) to ensure that we hold RMI at at least one stage.

We define a gap in the supply chain as a set of consecutive stages where it is optimal to not hold
any RMI.

DEFINITION 1. Consider a n-stage supply chain. We say that stage m € {1,..,n — 1} is followed
by a gap upstream of size g € {1,...,n —m} if it is optimal to hold RMI at stage m, i.e., I, >0,
while holding no RMI at stages {e|m <e<m+g}, i.e.,, I, =0 for {e|m<e<m+g}. A stagem
is followed upstream by a gap of size g =0 if I, >0 and [,,,; > 0.

In Figure 3 we illustrate a gap of size 1 upstream of stage 1.
We find that the occurrence of gaps in the supply chain is primarily driven by the ratio of

inventory holding costs between adjacent stages.

LEMMA 1. Let Assumption 1-8 (A.1-A.8) hold. Let m € {1,2,...,n — 2} be any stage where it
is optimal to hold RMI, I,, > 0. First consider the case where m is not the most upstream stage
carrying RMI, i.e., there exists some stage m >m + 1 that also carries RMI. Then, under the
low disruption/ high recovery rate approximation, stage m is followed by a gap upstream of size

0<g<n—-m-—1 (ie., stages m+1, m+2,..., m+g carry no RMI, but stage m+ g+ 1 carries
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Figure 3 Stage 1 is followed by a gap of size 1.

RMI, with g >0) and stage m+ g+ 1 is followed by a gap upstream of size g, where § could be 0

(i.e., stage m+ g+ 1 may or may not be followed upstream by a gap) iff

- m+g hmtgt1 N mtg—1
h Ze:m Qe — 7 Ze:7n Qe

=< e Vge{1,2,...,q9} (13)
hm+q Ze:thrq Qe

_ m-+g+g+1 h s m+
Z gTyg . — 1n+g+g+22 g

h e=m € h e=m Qe
1
and —— ot (14)
m—+g+g+1
m+g+1 Ze:m+g+1 €

where h; =0 ifi>n. Ifm e {1,2,...,n—1} is the most upstream stage carrying RMI, i.e., m+g=mn,
then, under the low disruption/ high recovery rate approximation, stage m is followed by a gap

upstream of size g iff condition Eq. 13 holds.

The intuition behind the lemma is that gaps occur when effective inventory holding costs do
not decrease much across adjacent stages as we move upstream. If there is only a small difference
in effective inventory holding costs between adjacent stages (the fraction Efl—?q is close to 1), it
is better to hold RMI only downstream rather than both upstream and downstream (resulting

in the occurrence of a gap) because the downstream RMI can be used in the event of an up- or

downstream disruption whereas the upstream RMI can only be used in the event of an upstream
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disruption. Note that Eq. 13 and 14 are equivalent to ,—f—”l < g—?—i& Vg € {1,2,...,g} if the last
m+q

stage of the gap is also the last stage of the supply chain (h,,;,+1 =0) and if disruption rates are
identical across stages. For example, for a two-stage supply chain with identical disruption rates
up- and downstream, it is optimal to not hold RMI upstream when the effective inventory holding
cost upstream is at least half as expensive as downstream. Even when downstream RMI is almost
twice as expensive to hold, we hold no upstream RMI (holding all RMI downstream) because the
downstream RMI helps buffer against a disruption at either stage. The additional value it creates
by buffering against either disruption more than compensates for the higher holding cost.

The following theorem shows that if the inventory holding cost at the most upstream stage is
not too low, the optimal quantity of RMI at the most downstream stage that carries RMI is larger
than the sum of the RMI quantities held at all other stages. We refer to this finding as global

downstream commitment to RMI.

THEOREM 1. Let Assumption 1-8 (A.1-A.8) hold. Let stage m* € {1,2,....,n — 1} be the most
downstream stage that carries RMI, i.e., no RMI is held at stages 1,2,....m"* — 1. Let stage m*
be followed by a gap upstream of size g, where g could be O (i.e., stage m* may or may not be
followed by a gap upstream). Then, under the low disruption/ high recovery rate approximation,
RMI held at stage m* is larger than the sum of RMI held at all stages upstream of stage m*

(fm* > Z?:m*ﬂ fj) iff the effective inventory holding cost at the most upstream stage n is not too

7 7 2
(hm* 7hm*+g+1) (o278
*
¥
P TS ac)?

low, i.e., < }_1n (where }_lm*+g+1 =0 me* +g:n).

The logic for global downstream commitment can be explained as follows. The RMI at the most
downstream stage holding RMI can be used in the event of a disruption at any stage in the
supply chain. Thus, it makes sense to hold more RMI downstream because it contributes more to

improving RMI service level in the event of a disruption. However, this rationale breaks down when

(77'17}77'24»5])20411 > hn) .

the upstream inventory holding cost at stage n is below a certain threshold ( ST 00
e=1 %e

Theorem 1 translates into the following managerial insight:
Insight I: Holding the majority of RMI at the most downstream stage is the most effective way

of dealing with disruptions if the inventory holding cost at the most upstream stage is not too low.
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In the pharmaceutical industry, there are many settings where the inventory holding cost at
the most upstream stage is not too small. In particular, this holds whenever the active ingredient
(which tends to be the most expensive part of most drugs) is produced at the most upstream stage.

Clearly, the condition that the inventory holding cost of the most upstream stage is not too
low is not always satisfied. Consider for example a manufacturer who holds large quantities of
cheap raw-material upstream. In such cases a global downstream commitment to RMI may not be
optimal anymore. However, it turns out that on a local scale a downstream commitment to RMI
may still be optimal in a somewhat stylized setting.

In order to describe this local downstream commitment to RMI, recall that in general it is not
necessarily optimal to hold RMI at each stage of the supply chain (occurrences of gaps). Instead,
it may be optimal to hold RMI only at a subset of stages in the supply chain. We refer to a band
as a set of stages that are adjacent to each other and all hold RMI.

Let us compare the optimal RMI quantities held at adjacent stages within a band. We find that
as long as the difference in holding costs across adjacent stages is not too large, it is optimal to
hold more RMI at a downstream stage than at the adjacent upstream stage- referred to as local

downstream commitment to RMI.

THEOREM 2. Let Assumption 1-8 (A.1-A.8) hold. Let m € {2,3,...,n—1} and m+1 be any two
adjacent stages where it is optimal to hold RMI, I, >0 and me > 0. Let stage m+ 1 be followed
by a gap upstream of size g, where g could be 0 (i.e., stage m + 1 may or may not be followed

by a gap upstream). Let stage m be preceded downstream by a gap of size §, where § could be 0

him—Pm g1

ST (where
e=m

(i.e., stage m may or may not be preceded downstream by a gap). Let A,, , =
h; =0 if i >n) satisfy A2 0 <Api1gAp_go1g, i.e., the difference in holding costs between stages
m and m+ 1 is not too large. Then, under the low disruption/ high recovery rate approximation,

RMTI held at stage m, I,,, is larger than RMI held at the adjacent upstream stage m+1, I~m+1, i.e.,

Iy > It

The theorem translate into the following managerial insight:
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Insight II: In multi-stage supply chains it makes sense to group adjacent stages together where
the inventory holding costs do not deviate too much from each other (but are still increasing as we
move downstream). Within such a group of stages, it is optimal to hold more RMI at any stage
compared to its adjacent upstream stage.

Let us illustrate Theorem 1 and 2 with a numerical example.

ExaMPLE 1. We provide a numerical example illustrating both local and global downstream

commitment to RMI for a four-stage supply chain (see Figure 4).

Supply of raw material

()
oS

ﬁ.‘; = h-:{ - hq

— Ag = hg = h,;;

=i A] = h] = h-g

Customer demand

Figure 4  When does downstream commitment occur at stage 27

The optimal RMI levels are (see proof of Theorem 2 for details of mathematical derivation):

- 1 hy — h
Ir=-"1 (hl h2)

B\ pu
I = —;m (}_‘2]3&:3) -
I = —;m(hz;gh‘*) oI
i;;_—;ln(;‘:) I I

Using the numerical values p =50, 8 =0.1, a; = 0.010, as = 0.012, a3 =0.014, oy =0.016 hy =

1.00, hy = 0.45, hs = 0.25, hy = 0.11, we calculate: I} =0, I} =11.6, I} = 3.6, I; = 1.7. Clearly,
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we have a band consisting of stages 2, 3 and 4. Within this band we observe local downstream
commitment to RMI at stages 2 and 3 (f;k > f;; and f;; > T +) even though holding costs decrease
as we move upstream. At stage 3 we hold more RMI than at stage 4 (even though holding cost
at stage 4 is lower) because the RMI at stage 3 can be used in the event of a disruption at either
stage 3 or 4, whereas the RMI at stage 4 can only be used in the event of a disruption at stage 4.
A similar argument holds for local downstream commitment at stage 2.

In addition to local downstream commitment we observe a global downstream commitment
to RMI (1:2 > fg + 1:4) because the upstream inventory holding cost (hy = 0.12) is larger than
w =0.08 (see Theorem 1). Even though h, is smaller than h3 (and hs), it is relatively large

paj

enough to justify global downstream commitment to RMI at optimality.

5. Numerical validation of the low disruption/ high recovery rate
approximation

In this section we numerically evaluate the performance of the low disruption/ high recovery rate
approximation relative to the optimal solution.

To perform the numerical calculation we first rewrite the conditions for the optimal RMI levels
(as characterized by Proposition 1) using the Lambert W function W_,(-) (see Corless et al. (1996)
for further details). From the calculation in Example 2 (see Appendix B) we can deduce the optimal

RMI levels in closed form:

1 —(hg —hy) B+ aghy — aghg — o (hg — hy, 1 16
1, = —BW,1 ( d )B d d'’d (ﬁzad ) ) _B_ — +§ (dh — ) (15)
(adhd+au(hd—hu)) exp (1+m> aha +ay(hg — Ny
and
1 (I+ %) hy+ 2y 1 p
I,+1,=—=W_| - - = 16
’ 5 1 Bowexp(1+22) ) B ha (16)

We then calculate the optimal RMI levels with MATLAB using the command lambertw.
First, we calculate the long-run expected cost per time for both the optimal solution and our
approximation: (i) E[C(I,, ;)] (with optimal I, and I, given by Eq. 15 and Eq. 16) and (ii)

E[C(I,,1,)] (with approximate I; and I, given by Proposition 2). In Figure 5.a we plot the relative
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Figure 5.a Change in total cost as a function of ad;”‘“ Figure 5.b Change in total cost as a function of %

E[C(Tu,1p)]~E[C(Iu.14)]
E[C(Iu,14)]

x 100, as a function of %ﬁo‘“ (keeping 5 =0.2

change in expected total cost,
and «, = o). Further parameters are: hy =1,h, = 0.4,p = 140. In Figure 5.b we plot the relative

E[C(Tu,Ig)]—E[C(Iu,I4)]
E[C(Tu;14)]

change in expected total cost, x 100, as a function of }fid (keeping hg = 1).
Further parameters are: §=0.2,a4 =, =0.01,h, =0.4.

Figures 5.a and 5.b show that the expected cost from our approximation is very close to the
optimal expected cost. Observe that in both figures the relative difference in the long-run expected
cost per time is less than 0.4%. We have conducted exhaustive numerical experiments by varying
all parameter combinations and find consistent results. Our numerical experiments indicate that
the approximation performs very well even when disruption rates are relatively high compared to
recovery rates.

Second, we want to evaluate if the commitment to downstream RMI (which we proved using

the low disruption/ high recovery rate approximation) is preserved at the true optimal solution.

In Figure 6.a we plot the downstream RMI as a fraction of the total RMI for the true optimum

agtaoay

B

( Id{;‘ilu) and the approximate optimum ( ididf ), as a function of

(keeping 8 =0.2 and «, =
ag). Further parameters are: hy = 1,h, = 0.4, p = 140. The unbroken line corresponds to the true

optimum and the broken line to the approximate optimum. In Figure 6.a we observe that for

ad;au >0.06 it is optimal to hold more RMI downstream than upstream ( Idflu > 0.5).
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In Figure 6.b we plot the downstream RMI as a fraction of the total RMI for the true optimum

( Idff[u) and the approximate optimum (%), as a function of (keeping hg = 1). Further pa-
rameters are: 5 =0.2, a4y = o, = 0.01, h,, = 0.4. The unbroken line corresponds to the true optimum
and the broken line to the approximate optimum. Once again, we focus on the range ,fld > 85 where

it is optimal to hold RMI both up- and downstream. Observe that RMI held downstream is larger

than RMI held upstream ( Idfflu >0.5).

Observe that the fraction of downstream RMI using our approximation is fairly close to the opti-
mal fraction. Our approximation, however, slightly overestimates the fraction of downstream RMI.
Fundamentally, the overestimation is driven by the fact that our approximation underestimates
downstream inventory holdings costs (by ignoring holding costs downstream in the event of a dis-
ruption). Observe, that the overestimation of downstream RMI is low for reasonable penalty costs
and disruption/recovery rate ratios, but becomes somewhat more pronounced at very high values

agtay

of p and 5 Our findings regarding the commitment to downstream RMI, however, continue

to hold.

6. Optimal location and quantity of reserve capacity and RMI in
multi-stage supply chains

In this section we study the joint use of RMI and reserve capacity in serial supply chains. We follow

the same set of assumptions as in Section 4 (A.1-A.8).



Author: Mitigating product shortages due to disruptions in multi-stage supply chains

25

Similar to downstream commitment to RMI when upstream holding costs are not too small, we
find that it is optimal to hold more reserve capacity downstream than upstream as long as the
reserve capacity costs upstream are not much cheaper than downstream and as long as disruption
rates upstream are not higher than downstream. Fundamentally, this finding is driven by the fact
that when some RMI is held upstream, downstream reserve capacity is used more often than
upstream reserve capacity. In the event of a disruption at the downstream stage, we first use the
downstream RMI (to save on holding cost) and then the downstream reserve capacity to meet
customer demand. In the event of an upstream disruption, we first use both down- and upstream
RMI (to save on holding cost) and then the upstream reserve capacity to meet demand. Thus, the
presence of upstream RMI reduces the need for upstream reserve capacity while maintaining the
need for downstream reserve capacity. Thus, more downstream reserve capacity is likely to be used
than upstream reserve capacity. In Appendix B we provide a formal proof of this statement for the
two-stage supply chain.

Tomlin (2006) has shown that in one-stage supply chains, RMI and reserve capacity always
behave as substitutes. A goal in this section is to understand how RMI and reserve capacity interact
in multi-stage supply chains with transformation.

Define echelon RMI at stage m = Z;ﬂ:l I;, as the sum of all downstream RMI up to stage m.
We generalize the result in Tomlin (2006) and find that echelon RMI and reserve capacity at any

stage of a multi-stage supply chain behave like substitutes.

THEOREM 3. Let Assumption 1-8 (A.1-A.8) hold. Echelon RMI held at any stage and the reserve
capacity held at the same stage are substitutes, .e., an increase in echelon RMI held at any stage

reduces the marginal value of reserve capacity at the same stage.

As aresult, if we increase (decrease) echelon inventory at any stage, we should decrease (increase)
the reserve capacity at that stage.

Next, we show that across adjacent stages, RMI and reserve capacity behave as complements.
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THEOREM 4. Let Assumption 1-8 (A.1-A.8) hold. RMI held at any stage m is complementary
to the reserve capacity held at the adjacent downstream stage m —1, i.e., an increase in RMI held

at any stage increases the marginal value of reserve capacity at the adjacent downstream stage.

An increase in RMI at any stage m reduces the need for echelon RMI at the adjacent downstream
stage m — 1 because less echelon RMI is needed at m — 1 to mitigate upstream disruptions. By
Theorem 3, the reduction of echelon RMI downstream at m — 1 increases the need for reserve
capacity at stage m — 1. As a result, an increase in RMI at any stage results in an increase in
reserve capacity at the adjacent downstream stage. Likewise, an increase in reserve capacity at
any stage m reduces the need for echelon RMI at the same stage (by Theorem 3). The reduction
of echelon RMI at stage m increases the need for RMI at the upstream stage m -+ 1 because the
downstream echelon RMI would have been helpful in the event of an upstream disruption. As a
result, an increase in reserve capacity at any stage m results in an increase in RMI at the adjacent

upstream stage m + 1.

7. Conclusion
In this paper, we have analyzed the location and quantity of RMI and reserve capacity held in
serial multi-stage supply chains with product transformation at each stage. We find that under
reasonable conditions it is better to hold more RMI downstream than upstream even when the
upstream holding costs are lower. We also find that it is often optimal to hold more reserve capacity
downstream than upstream. A key contribution of this research is to provide an economic rationale
for the occurrence of this commitment to downstream RMI and downstream reserve capacity. We
further find that echelon RMI and reserve capacity at a stage behave as substitutes in multi-
stage supply chains. In contrast, the RMI at any stage and the reserve capacity at the adjacent
downstream stage behave as complements.

The research arose out of a collaboration with a leading pharmaceutical company. Based on our
research, a key take-away for the company is to focus their risk mitigation effort on the downstream
stages. Even though RMI and reserve capacity are cheaper upstream, holding more RMI and reserve

capacity downstream is more cost effective in the long term.
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Appendix A: Proofs
A.1. Proof of Proposition 1 for the two-stage supply chain

As described in Section 3, the long-run expected cost per cycle, E[C(I,, I4,a.,a4)], is given by (combining

Eq. 1- 4):
1
E[C(I,, 14,00, a4)] = —395 | hyly+ hy I, + Gya, + éqaq (17)
agtoy B
00 Iy
tag (p/ ) (1 gk~ I)dk + hd/ (k) (I, — k) kedk
T—ay 0

Ig
—agq oo 1
—l—cd/l d F(k)(k—ld)dkjtcd/l W(k)adkzdk+ﬂ(hqu—i-éuau—i-édad))
I d
ad

d =

+a, (10/oo m(k)((1 —a, )k —I,—1,)dk + h, /Id“uw(k)(ld—i—lu—k)kdk

Ig+1u
1—aq
I Lyt
+/ (k) (hd(Id — k) + hqu) kdk + ¢, / (k) (k — I, — 1) dk
0 Ig+1y

oo 1 R R
+c, /Id+1u, w(k)a, kdk + B (cuau + cdad)>]

The first order conditions with respect to oy, a,, I; and I, are:

aE[C(L“ Id, Ay s a’d)]

0=
aad <
0= ozd(fp/ w(k)kdk+cd/ w(k)kdk) fe (1422 Sy o
0 7 N
prit _ 1 _GU+F+E)
B ad(p - Cd)
which is equivalent to Eq. 6 in Proposition 1.
O _ 3E[C(Iu,fd,au,ad)} o
Oda,
—au(-p[ N s (14 % G
0= ozu( p/IIdHu w(k)kdk + c, /Ildm w(k)kdk) tal+F+) e
pt 1 &GUTFTY)
5 au(p - Cu)
which is equivalent to Eq. 8 in Proposition 1.
o aE[C(Iu,Id,au,ad)]
0= al, &
oo Iq liiid
0= hd—l—ad<—p/l ﬂ(k)dk:+hd/ w(k)k:dk;—cd/ w(k)dk) (18)
~d. 0 Iy
1-agq
) Ig+1y Ia Ild:ralqr
+a, —p/ w(k)dk—khu/ W(k)kdk+hd/ w(k)kdk—cu/ w(k)dk |.
e Ia 0 Ig+1u
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- aE[C(Iu’Idvau7ad)]
0= a1, <
o Tg+1, Iq4 % «
0= a, _p/ w(k)dk+hu/ W(k)kzdk—i—hu/ n(k)kdk—cu/ a(k)dk | + (1+—)h,
% Iy 0 fattu 5

- s .
0= au<—p/I W(k)dk—i—hu/ w(k)kdk —c, W(k)dk) + (1+l)hu &
0

dtlu Ig+1y B

1—aqy

I,+1,
e <H<f_a><p—cu>+H<Id+fu>cu+E’d““hu —p) 1+ Gk

which is equivalent to Eq. 7 in Proposition 1. From Eq. 18 and Eq. 7 we get:

Qg

8

0 = ay((p = el (=) = p+ haB" + cl1(L) ) + (= b E' + (hy = ) = b

1y
1—ay
which is equivalent to Eq. 5 in Proposition 1. Note that the second order condition is satisfied. The result
thus follows.
A.2. Proof of Proposition 2 for the two-stage supply chain

Using Eq. 17 we rewrite the long-run expected cost per cycle, E[C(L,, I, a.,,aq)], as follows:

1
E[C(Iy, 14, a0, aq)] = —552 | haly + b I, + ¢y, + Eaaq
agtay B
oo ﬁf‘éd oo
tay <p / (1 - a)k— L) dk+ e, / 2 (k) (k — L)dk + cq / " w(k)askdk
17id la 17Lid

1 R . o0
+B(Cdad +épa, + hqu)> +a, (p /deu m(k)((1 = a,)k —I,— IL,)dk

T—ay

Iq+1Iu
1—aqy
teu w(k)(k—Id—Iu)dk—i—cu/

Tqt+Iy latiu

1—aqy

oo

m(k)a, kdk + %(édad + éuau)> +A

with

A = au(ha / ) B)kdk) +a (B, / ) (L L — ) kdk £ / ) (a(La= k) + b1, ) k).

Observe that A corresponds to the inventory holding costs during the disruption time for the unused RMI
at the disrupted stage or further downstream. Under the low disruption/ high recovery rate assumption we
set A = 0. Using this approximation, the approximate RMI and reserve capacity levels at the downstream

stage (1:,1 and a, respectively) follow from a similar calculation as in Proposition 1:

)= p+call(la)) +ha—hu = Zha,

I
0 :ad<(p—cd)H(1_dd 3

g1 G+ )
aq(p—ca)
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which is equivalent to Eq. 9 and 10 in Proposition 2. The approximate RMI and reserve capacity levels at
the upstream stage (fu and a, respectively) satisfy:

Qg

Kl

I,+1, L
o%(H( at )(pcu)p+cuH(Id+Iu)>+hu(1+ ha),

1—a,

El_d+fu - l éu(l—‘riﬁd—’_%)’
B u(p—cu)

which is equivalent to Eq. 11 and 12 in Proposition 2. Note that the second order condition is satisfied. The

result thus follows.

A.3. Proof of Proposition 1 for the n-stage supply chain

Recall that the long-run expected cost for the two-stage supply chain is given by Eq. 1:

[CO(Iualtbau; ad)] + L ( [Cd( Id7au7ad)] + 2 E[Cu(l’tu Id7au7ad)])

]E[C(Iuvjdaau,ad)] = %T B D‘d+o‘ : - agtoy,

agtoy B

The long-run expected cost is generalized to the n-stage supply chain as follows:

E[Co] + 3(X1_, s+ E[C.))

1 1

Z?:1 (=13 + B

]E[C] _ i

where E[Cy] is the expected cost per unit of time when there is no disruption and E[C,] is the expected cost
per unit of time when there is a disruption at stage e. We have: E[Cy] =) _"_, (hl. + ¢.a.). The expected
cost per unit of time when there is a disruption at stage e, E[C,], is given by the sum of the following four
terms:

L Bp [5e_ 1, w(k)((1—a)k — D I,)dk, represents the penalty cost per unit of time when disruption
Tl-ae

demand is larger than &

2. By, f - 1 ., (hz(zj =R+ b )kdk‘, represents the inventory holding costs per

unit of time for unused RMI at any of the stages [ =1,2,...;e

3. Be. fg m(k) (k=325 I;)dk + Be. f%olgjezj 7w (k)a.kdk, represents the cost for using the reserve ca-
pacity per unit of time.

4. ( o Collo Y 41 holo), represents the costs per unit of time for reserving the reserve capacity as
well as inventory holding costs for unused RMI at the stages e+1,...,n
Thus, we obtain:

E[C] = ad+au [Za ( /Z;’ ) 77T(k>((1_ae)k_zlj)dk

Ozd+04u i—ae ji=1
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1 I Zi=1l; e
+Z/ 17 hl ZI k)t Z h I)kdkz+ce/ Rk (k= L) dk
II o=I+1 ?:1 I; j=1
+Ce/; (k) aekdk+ Zcoao+ Z ho1,) >+zn:(hele+éeae)
S oot 1 =

Observe that for n =2 we get the long-run expected cost for 2 stages (Eq. 17).

The first order conditions with respect to a,, and I, are given by:

OE[C]
O =
oa,,
oo oo . n a,
0= am<—p/z;n_llj w(k)kdk + c,, /zy;lrj w(k)kdk) tea(1+Y =) &
Tam Toam o=1
PRy 1 Cm (14 o
Eﬁ _ 1 ( E 1 /3) (19)
/6 O[m(p - Cm)
which generalizes Eq. 6 and Eq. 8 in Proposition 1.
0— OE[C]
- 9L,
n R ¢ Z_I}:l J Z;n,lll
0=> a 7p/z; g w(k)dm;hl /ZHI w(k)kdk+hm/0 7(k)kdk
e= i—a =m j=173
25:1 1 m—1
—c ©ow(k)dk | + h(1+
j=11i o ) Jz:l 2

Next, we rewrite this equation using the definition of the cumulative distribution function of the pdf «(k),

I(K) = [, n(k)dk, and the definition EX = [ 7(k)kdk:

n e_ I € — m—
0= Zae<‘p(1—ﬂ(z” 2)) + D m(EEi b = B 4y BRI
e=m I=m

1—a,
‘. < o,
—c, (H(XI:J_:;:) —H(ij))> + (1 + Z ?J).

Next, we use the identity » ;_ h,(EZé:l L _ gEi by = —hmEZ;n;11 by ZmeH EXimil (hl_l — hl) +

h. EXi=17 Thus:

e

n . I, m— ° — e
0= Z%(-p(l—ﬂ(%%“)) —h, EXia oy Z EXi (hlfl_hl> +h EXi=11i

—a
¢ I=m+1

+hf’mEZ;ﬂ=—11 h —Ce (H( Z] - ] ZI )> +h7u

a
1—a, E)

HMS

We rearrange some terms:

n ? I e . e B
0= Zae<(p—ce)ﬂ(23=1 D) eI L) h ER= 4 Y EZ5= 0 (hyy —hl)>

j=1 l=m+1

+h (14 —j)—pZae. (20)
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Without loss of generality we assume that there is a gap of size g upstream of stage m where g could be
0. Let us differentiate between the following two cases: First, consider the case where m is not the most
upstream stage carrying RMI, i.e., stage m + g+ 1 <n carries RMI, but all stages in between do not carry
RMI. Second, consider the case where m is the most upstream stage carrying RMI, i.e., stages m+1,...,n
do not carry RMI. Note that in this case stage m + g + 1 does not exist because m+g+1=n+1. To
facilitate our analysis, let us first focus on the first case. We can then rewrite Eq. 20 as follows: We split the

sum »."_ into two sums, S and

i e—mt g4 1> and further split the sum Zf:mﬂ into these two sums,

m-+g+1 e .
Dy and 3o . We have:

m+g e . e . ° ,
0= Z a, ((p — Ce)H(Q) + CEH(Z )4 h EXi=1Ti 4 Z EXisil (hy_y — hz))

l1—a
€ j=1 I=m+1

n Z?_ljj mg+1
£ > wfeeonEEE e e Y B )

1—a,
e=m-+g+1 j=1 l=m+1

m—1 n
+ Z EEiS (b, 1—hl>+hm(1+zog)—p2ae. (21)
j=1 e=m

l=m-+g+2
Next, we calculate the first order condition with respect to I,,4,41:
0— OE[C]
aIm+g+1
- 25:1 I - Se_L I - it
0= Z Qe (p—ce)H(l_iae)—FceH(ZI]-) +h Exi=1li 4 Z EXi=1li(hy_y — y)
e=m+g+1 j=1 l=m+g+2
m+g n
Fhomggi1 (14 Z -p Y. . (22)
j=1 e=m+g+1

Combining Eq. 21 and Eq. 22 leads to:

m-+g ejf I € e i —
0= Z a, ((p_ ce)H(Q) +CEH(Z )+ h EXi=1Ti 4 Z EXiS Li(hy_y — m))

1-a, j=1 I=m+1
n mtg+1 mtg
+ > a ( S BT (. 1—hl)> ~ D (1Y ?J)
e=m-+g+1 I=m+1 j=1
+p Z o+ oy, 1+Z pZae.
e=m+g+1
Next, we observe that > ™" | I, = Z;n;ll Li=..= Zm+g I; (by assumption there is a gap of size g upstream

of stage m). Rearranging some terms leads then to:

m+g m_ I. m . e .
0= Z a, ((p — CE)H(Q) + CeH(Z )+ h EXi=Ti 4 Z Exi= i (hy_y — m))

1- Qe :
j=1 l=m+1
n m+g+1 m-+g o
+ ) aﬁ( S OBy, - hl)> — D1 (1+ Y ?J)
e=m-+g+1 l=m+1 j=1

m—1
RNCED 3L T Sr
j=1
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Next we use following identities: h. + >, . (hi—1 — h) = h,, and likewise E;’:;gill(hl,l —hy) =h,, —

Rt gt1. Thus:

m+g m I m -
0=> a <(p—ce)H(21:J__;]) +ceH(ZIj)+hmEzillﬂ'> (23)
e=m ¢ j=1
n m-+g . m— a m+g
+(hm_hm+g+1)EZj’:11j Z ae_hm+g+1(1+ Z ?J) Z E pzae'
e=m-+g+1 j=1 j=1 =

Note that the second order condition is satisfied. Let us now return to the second case where stage m is the

most upstream stage carrying RMI, i.e., m 4+ g =n. An analogous calculation (see Eq. 20) then yields:

m+ m m m—1 m+
0= X%a <<p— con(z=h, Fell(o 1)+ hmEE’a”éﬂf) 1+ 5) pe_zjae. (24)
Observe that Eq. 23 and 24 are identical if (i) we set in Eq. 23 m+¢ =n and (ii) we set in Eq. 23 A, 441 =0.
Technically, we would have to treat both cases as independently throughout the manuscript. However, to
facilitate the analysis we abuse notation and simply refer to Eq. 23. We keep in mind that in the second case
when m + g =n we simply set h,,4 441 =0.

Thus, Eq. 19 and Eq. 23 generalize Eq. 5- 8 in Proposition 1 to n-stages.

Let us generalize Proposition 2 to n-stages. Under the low disruption/high recovery rate assumption we
ignore the inventory holding costs for the unused RMI during a disruption at the disrupted stage or further
downstream. As a result, under the low disruption/high recovery rate approximation, Eq. 23 and Eq. 19
respectively become:

m-+g ZT_YLI j’j m m-+g m— 10{ m-+g
0= Zae D—cCe) (ﬁH_CeH(ZI') — Rntgt1 1+Z m(1+ FJ pZae (25)

j=1 e=m

<.

and

s 1 (143500 %)
£ " 76 am<p_CM) ' (26)

Thus, Eq. 25 and Eq. 26 generalize Eq. 9- 12 in Proposition 2 to n-stages.
A.4. Proof of Lemma 1

The generalization of Eq. 9 and Eq. 11 in Proposition 2 to n-stages is given by Eq. 25:

m-+g

m+g m 7 m m+g m—1
0= Zae<(pcc) (Zlﬂ_; 1)t e II( Z ) g (14 Y %)+hm(1+ > %)—pzcye.

Let us first consider the case when m + g < n. In the absence of reserve capacity we have:

m-+g m m—+g m—+g

0= Z ang(ij) ~ By g1 (14 Z %) Z % —p Z Q.
= ; = =
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Using the definition of the effective inventory holding costs, A, = h,, (1 + doT G, we have:
m-+g m-+g
0= Zaepﬂ ZI m+g+1 +h,, pZae.
Thus,
m_o }_l + Zm-ﬁ-ga
ZI m+g+1 m TP e
= P
This condition is equivalent to (using II(3°"", I;) = fozf:1 N (k)dk = fozf:1 " Bexp (— Bk)dk):
> b —h m+tg
/ ’ Bexp (— Bk)dk = mtotl ’legp Loz O =
0 pze m Qe
= m Bm mt
exp ( Z +ot1 — mi‘gp Diem @ N
=1 pZe—m Qe
o 1 h — R e
ST = ~5n (1— mtaty =R £P e ) (27)

Z ;n:+ﬂ‘z Qe

By assumption, there exists a stage m where it is optimal to hold some RMI, i.e., > ", I, > 0. The condition

that there is a gap of size g > 0 upstream of stage m and a gap of size § upstream of stage m+ g+ 1 (where

¢ could be 0) is then equivalent to:

m m-+q m
Zjlz Zjl VqG{l,Q,,g} and Zjl<
=1 =1 =1

with (using Eq. 27)

j=1
and
m+q
~ 1
= (1_
J
=1 b
and

m+g+1

S
=1

$7, = a1 Bt~ 220
B

p Z:L:-tg Qe

Pt g1 —

D Dye! )
pz’;ntg{»q Qe

gt _
Rt g+
Z L ln (1 _ +9+4+2

Conditions 28 are equivalent to:

7 m+g+1+g

- hm+g+1 +pZe m-+g+1 Qe

Zm+g+1+§ ’
e=m-+4g+1

Pontgr1 — B+, < Pttt = R £ DY 0t e vge (1,2 }
S Vi A v e
and Bm+g+1 — Ry, +p22§5 Qe < Bm+g+§+2 - hm+g+1 +PZ?+£i;if Qe '
Pyl a, P

(28)
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These conditions are equivalent to:

hm+g+1 —ha, > hm+g+1 hm+q

m-+g a, - m+g

Vge{1,2,...,9}

e=m e=m-q Ce

Pntgr1r =l Pnggrgrz = Pmggra

mtg mtgt1+d
Ze:m Qe Ze=m+g+1 Qe

and

These conditions are equivalent to:

— m+g m+g+1 m+q 1
hon Do Qe — >

e
hm4q
; < i Vqge{1,2,...,g} and (29)
m—+q e=m-+q (e

— m+g+g+1 Rontgtgte m+g

h'm e=m Qe — ﬁn1+g+l e=m Qe 30
h > m+g+g+1 ( )

m+g+1 Ze:m+g+l Qe

Observe that the first condition (Eq. 29) arises from the fact that echelon RMI does not increase within
the gap m + 1 to m + ¢ while the second condition (Eq. 30) arises from the presence of an upstream stage
m+ g+ 1 at the end of the gap carrying positive RMI.

Let us now return to the second case where stage m is the most upstream stage carrying RMI, i.e
m+ g =n. In this case the condition that there is a gap of size g > 0 upstream of stage m is equivalent to

(compare Eq. 28):

m m—+q
D Iz I Yee{l.2,..g}
=1 =1

with
- 1 Pt g1 = +p2m+g
Sh= (i i)
= B Py s
and
mZJrqj . 1 n (1 }_lm+g+1 hm+q +p27entrgl+q E)
i — T A - m-+ :
j=1 /6 pze 'rz+q

An analogous calculation shows that this condition is equivalent to Eq. 29:

_ m-+g m+g+1 7n+q 1
hm Ze:m Qe — [ Z Qe
s S Vg€ {1,2,....g},

e=m-q

which simplifies to (because h,, 4,41 =0 for m+ g=n):

7 m+g
o, i

h S m—+g
m-+q Ze:m-ﬁ-q ae

Vge{1,2,...,g9}.

The result thus follows.
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A.5. Proof of Theorem 1

We provide the proof for the general case when m + g < n. In case m + g =n all our arguments can be
specialized by setting h,,1411 =0 as introduced in Appendix A.3 (Proof of Proposition 1 for the n-stage
supply chain).

The generalization of Eq. 9 and Eq. 11 in Proposition 2 to n-stages is given by Eq. 25:

m—+g m m+g m—1
0=Za8<(p—ce) (le—a +c HZi >— m+g+1(1+z%)"‘hm(l"‘z%)_PZae-
J— e i=1 =1 p—

In the absence of reserve capacity we have:

m-+g m m+g m—1 m-+g
- a; et
T STY ) SLAMSINIES SLIRUMIES SETRS 3%
e=m = j=1 j=1 e=m
Using the definition of the effective inventory holding costs, h,, = h,, (1 + D = ), we have:

m+g m m—+g

0= ZaepH m+g+1+h pZae.
Thus,

7 m+g
Pmtgi1 — hon +D> 77

2 - Py a

’\n

This condition is equivalent to (using TI(}7, I;) = foz-;n:l 1 7(k)dk = fozﬁl Ti Bexp (— Bk)dk):

POUEPE Bm . }_lm +p mj—g .
/ Bexp (— Bk)dk = totl e Liezm &
0 Py

i 1 gt = +p 3000
t P
Zm:f — —lln (1 _ Bm+g+1 - Bm +pzz;+rfz ae)
J m+g .
pZe:m Qe

g
By assumption we know that there exists a most downstream stage m* where I« >0. Thus:

exp

[ o R "m*ﬂﬂpz"m jgpze ) (31)

Likewise, we have:

The condition I,,- > > 41 I, is equivalent to (by adding I,,- to both sides of the inequality):

2, > 31,
.
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This condition is equivalent to (using Eq. 31 and Eq. 32):

2 Py B g, 1 .
——In|1-— Fotl *jpze m > ——1In 1—L &
B py ol a. 5 pa,

_ _ * 2 _
hm* - hm* m— +f e n - hn
1 — —mitetd m*jgp e=m & < (1-2En—n &
pZe 'm* pan
(hm* - hm*+g+1)2an

P a)?

< h,

The result thus follows.

A.6. Proof of Theorem 2

We provide the proof for the general case where stage m + 1 is not the most upstream stage carrying RMI,
i.e., stage m+1+g+1 <n carries RMI, but all stages in between do not carry RMI. In case m+1+g=mn all
our arguments can be specialized by setting h,,1144+1 = Rmtgt2 =0 as introduced in Appendix A.3 (Proof
of Proposition 1 for the n-stage supply chain).

The generalization of Eq. 9 and Eq. 11 in Proposition 2 to n-stages is given by Eq. 25:
m+g Zm f m_ m+g m— a; m-+g
0:20&6<(p—ce) ( 1]7 +CHZI )- m+g+1 1+Z +h7n ZE pZae
In the absence of reserve capacity we have:

m-+g m m+g m—1 m-+g

a .
D S ST ARUSIES 9F SRUONIED 35 I 318
e=m j=1 j=1 e=m
Using the definition of the effective inventory holding costs, h,, = h,,, (1 + Zm tag ) we have:
m+g m m—+g

0= Z o pll Z Pt gr1+ Pm Z Q.

Thus,

m 7 m+g
Z Pontgi1r —ho +0> 00

- Zm_+g Q.

= e=m

This condition is equivalent to (using TI(3 ", I;) fo =5 e (k)dk = fozy;l T Bexp (— Bk)dk):

0

=
pZe:_‘—’rg Qe
S Bm-‘,— +1 }_Lm +psz+g Qe
exp(—p I)=1- g — e—m &
( ]; J) pze:ts Qe
. s 1 Bm+g+1 - }_Lm +p Zm—+g Qe
Z i = —Bln<1— P = ).
j=1 pEe:m «
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By assumption we have: I,,>0 and I~m+1 > 0, i.e., the gap upstream of stage m has size g =0. Thus:
lis ~ 1 Bm _Bm m
S = o (1 - A e TR, (33)
= B Py,

By assumption stage m + 1 is followed by a gap upstream of size g, where g could be 0 (i.e., stage m+ 1 may

or may not be followed by a gap upstream). Thus,

asg 1 Rmtgt2 = Pt +PZ?+;+”17 Qe
> =5 (1- BRSNS ). (34)
j=1 pZe m—+1 Qe

By assumption stage m is preceded downstream by a gap of size §, where § could be 0 (i.e., stage m may or

may not be preceded downstream by a gap). Thus,

m—g—1 T 7 m—1
Z = ——ln( hm*hm‘g‘ﬁpZe:m‘@‘lae). (35)

m—1
pZe:mf‘@fl Qe

The condition 7, > I:m+1 is equivalent to (using I, =y L= '], and Im+1 = m+1 -y )

m m—+1
221} ZL+2L
=1
m—g—1

This condition is equivalent to (using Z:’;l I = 1 I, because stage m is preceded downstream by a

gap of size §):
m B m—+1 B m—g—1 B
SIS O
=1 =1 =1
This condition is equivalent to (using Eq. 33, Eq. 34 and Eq. 35):

2 Rpni1 —h 1 ntgr2 = M1 +p Y0t 1
‘I (17 m—+1 m+pam> >~ _"In (17 +g+2 +1 pZe m—+1

6 yyesr ﬁ p Z;n—ti_tf Q,

_11n<1—ﬁm_ﬁ’" 5 1+pze:m—§—1ae>

5 pze m—g—1 Qe
This condition is equivalent to:
(1 Bm+1—hm+pam)2<(l Bm+g+2_ﬁm+1+pze t;_ti]ae (1 Em_hm g— 1+pze m—g— 1a€>
- - m—+1 - m—1
PO Py e Pl g1 O

This condition is equivalent to:

hm - h’m+1 2 hm+1 - hm+g+2 hm—@—l - hm
a < ( m—+1+g )( m—1 )
m e=m-+1 € e=m-—g—1 Qe

The result thus follows.

A.7. Proof of Theorem 3

The Theorem follows directly from the fact that at optimality, the first order conditions imply that at any

211]

stage m we have =
—am

= const (Eq. 19).
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A.8. Proof of Theorem 4

From the first order optimality conditions in Eq. 23 we know that Z;”:l I; = const. As a result, RMI held
at any stage reduces the marginal value of RMI at any adjacent stage.

From Eq. 19 we have that Zlg_n;;m[] = const. As a result, RMI held at any stage reduces the marginal value
of reserve capacity at the same stage.

Combining both statements completes the proof.
Appendix B: Commitment to downstream reserve capacity

EXAMPLE 2. In this example we set the modeling parameters of a two-stage supply chain such that it
is optimal to carry RMI and reserve capacity up- and downstream. We show that the downstream reserve
capacity is larger than the upstream reserve capacity even when disruption rates are identical up- and
downstream (ay = o, =: @) and when reserve capacity costs are identical up- and downstream (é; =¢é, =: ¢é
and ¢y =c¢, =:¢).

Let us first impose four conditions that ensure that RMI and reserve capacity is held up- and downstream.
These conditions are expressed in terms of the Lambert W function, W_1(-) (see Corless et al. (1996) for

further details).

A a(p—c)
A F=y
2.
1y (_ exp (—1)B¢(1 + 2;)> oLy (_ a(H(zld;aI:f)(p—c) —p) +(1+ 2;)hu+ac) e
B a(p—c) B e exp (1+ 7¢) ha
(a (H<liid><pfc>—p)+<hrhu><1+%>+ac>a i
3 fW_1<f ) >1+2hf—hu

a(2hg—hy)exp <1+2hfiﬁ‘hu>

4.
ly (7 (a(H(If%’f)(p—C) —p) +(1+22)h, +ac)ﬁ) e
[ hyaexp (1+ ) h.,
1 (a(H(lfi )(p—C)—p)+(hd—hu)(1+2—°‘)+ac)6 c
>——W ( d b )
——w_, (- _
B a(2hy — h,) exp (1 + %f%hu) 2hg —h,
exp (— é 2o
with lffld = % = —éW,l ( — W) — %. Conditions 1 and 2 ensure that reserve capacity is

held up- and downstream. In essence, we require the reservation cost of the reserve capacity to be sufficiently
low relative to the penalty cost (condition 1) and the inventory holding cost upstream not to be too low

(condition 2). Condition 3 ensures that RMI is held downstream. In essence, we require the downstream
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inventory holding cost to be sufficiently low relative to the emergency production cost of the reserve capacity.
Condition 4 ensures that RMI is held upstream. In essence, we require the upstream inventory holding cost
to be sufficiently low relative to the downstream inventory holding cost.

Below we formally proof that if conditions 1-4 are satisfied, we have I; >0, I, >0, ag >0 and a, > 0. We
further prove below that we then have: ay > a,. To convince the reader that the solution set is not empty, we
provide one specific example. For hy; =1, h, =0.4, p=100, 5 =0.2, « =0.02, ¢ =2, ¢ =40, we have: I, = 3.2,
I,=19,a;=0.7, a, =0.5.

For ease of exposition, we do not generalize this example to multi-stage supply chains as it becomes tedious
to express mathematical conditions when it is optimal to hold RMI at some upstream stage in a general
setting.

Proof. We want to find conditions when a4 >0, a, >0, I; >0 and I,+ I, > I; . We have:

e 1 G0FFER)
B au(p_cu)
Tg+1y A a
T 1 (1+—d+a—“)
w(k)kdk = - — —————
A R
L ( ﬁId+Iu)51d““+l 1 G+ +2)
= —(exp| — =_-_-— _F F7
g PN =) s B aulp—c)
Let us define S; := — (35> I‘"H“ ¢ +1). Then:
Sl _ éu(1+%+%)
exp<51+1) 5= _—Cvu(p—cu)
exp (—1)B¢é, (14 <4 + 2=)
exp (Sl)Sl = — o(p—c )ﬁ d

We can solve this equation for S; using the Lambert W function W_,(+):

Sy = W,l(_ exp (- 1Lﬂé(u(1+ ‘)’d + a”))
_ﬂlldjalj L W,1<_ exp (— )a r’;;(lJr) + au))
e =g () “
Likewise, we have:
: fdad i _; B ( ) exp(_llié(;u;? : %)) - % (37)

We are left with determining the optimal RMI levels. We have:

I,+1,
o (H(fa)(p—cu)+H(ld+Iu>cu+E“““hu —P> + (15
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Let us define H, = o, (H(M)(p —Cu) —p) + (1 + %)hu + a,c, + %. Then:

1—ay

O = Oéu <H(Id+ju)cu+E1d+Iuhu> +Hu_05ucu_aLﬂhl7
Iqg+Ty Tg+1, ah
0=a, / Bexp (—pPk)dke, +/ n(k)kdkh, | + H, — a,c, — %7
0 0
_ 1 B(Iy+1,)+1 auhy
0= a, <(1 —exp (—B(la+ Iu)))Cu + (5 — (exp (_ﬁ(Id +Iu)> ﬂ) hu> +H, —q,Cy — 5

Let us define Sy =—8(I;+1,)—1— % Then:

B%) o + B2

1
" ““<(1—exp<52+1+ )eut (+<e><p (S:+1+ )h) CH, e, ~ Sl

B, B h., B B
Cu Ay Cu Cy
0= —aucuexp(52+1+iu )+Fh“eXp(SQ+1+ﬂhu >(52+ﬁhu )+ H,,
0= —auc,exp(Sy+1+ 5Cu)+exp (52 +1+ 5%)(52&% +a,c,) + H,,
B b, B
Cu o Qo
0 = exp (52+1+ %>S2?hu+Hua
H
0 = exp(S2)S2 + 57— - o
huBu eXp(l_A'_Bh;L)
Using the Lambert W function W_;(-) we have:
H
Se=W_1( - -
2 1( Fuou oxp (1 + ic:))
Beu H,
B+ L) —1-E —w (-
5(11 ) hu 1( h“a“exp(l—i—ﬁhc:))
1 H 1 ¢
L+l =—-W_ (- v oL
¢ 8 1( h“”‘“exp(l—}—éf:)) B h,

where we use Eq. 36 to determine H,.

Regarding the downstream RMI we have:

Qg

7h/u7
B

0= ay (H( )(p— ca) +T(Io)cq + E'thy —p) 4 v (ha — ho) B 4+ (hy — hy) —

l—ad

l—ag

Let us define H; = ay <H( Ly (p—cy) fp) + (hg—hy) — %hu + ayeq + %(h”’_h”) Then:

aghg + oy (hg — hy)
ﬁ b
aghg+ a,(hg —hy,)
B b
Iy Iq
0= ad/ 5exp(—5k)dkcd+/ ﬁexp(—ﬁk)kdk(adhd—i—au(hd—hu)) Y H,— agca—
0 0

= Oy4 (H(Id)cd + Ejdhd) + O{u(hd — hu)EId + Hd — QqgCq —

0= adH(Id)Cd + EId (Oédhd + au(hd - hu)) + Hd — qCq —
agha + ay(ha — hy)

B )
aghag + ay(hg —h,)

Bl;+1

0=y (1 —exp (—Bld))cd + <; — (exp ( - ﬁld) ) (adhd + ay(hg — hu)) +Hy—agcq—

B
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_ Bega .
Let us define 53 = _61[1 —1— m Then:
Beacua
0=—- Ss+1
agexp (Ss+1+ ovaa T v (g hu))Cd
Sa 4 Beqgag
Ca¥ 3 o oy —Nu
o (51 e ) TS o 1)1

0 = exp (S3+1+ Beau N )) 53

ot i) 7 (et auha— ) +
Hyp
(Ozdhd + Ozu(hd — hu)) exp (1 + %) s

aghgtay(hg—huy)

0 = exp(53)Ss +

Thus,
H
53 — W71 _ dB
(adhd + ay, (hg — hu)) exp (1 + %fx—?}fd_W)
Cqx H
_Bld_l_othrBad(ij fh):WA(_ - Bega
dltd u\ltd u (adhd + au(hd - hu)) exp (1 + m)
Thus,
1 H 1
1; = **W_l(— dﬂ )777 ; Cda,;L -
B (Oédhd"'au(hd_hu)) exp (1+m> ﬂ Qq d+au< d u)

where we use Eq. 37 to determine H,.

Recall that we want to find conditions when a4y >0, a, >0, I; >0 and I; + I, > I;. First, observe

du (14 %+ %)
ay(p—cu)

that % >0 if % - > 0, which is equivalent to B‘?gjia) y > ¢ when disruption rates up- and
u z

downstream are equal (g = «,, =: @) and when reserve capacity costs up- and downstream equal (é; = ¢, =: é

and ¢; = ¢, =: ¢).

I a(pfc) ~ e Ig+1y .
17‘1% 30T > ¢. We have a4y > 0 and a, > 0 if fiTu > I, + I,. This

condition is equivalent to:

Ly ( exp (= )ﬁc(1+2“)) 1 Ly ( a(H(Iffif')(p—C)—p)+(1+‘;)hu+ac+“gu) 1 e
gt a(p—c) /3 g Pt oxp (1+7°) B h
L (e )ﬁ0(1+ Ly o(MAEE) (=) =p) + (14 %) hatae,
8 _1<— a(p— ) _1(_ “To‘exp(l—i—f—j) >_H
Next, we have I; >0 if
1 Hdﬁ 1 C
(- e oy
B 1( a(th — hu) exp (]_ + e hu) ) B 2hg—h,
H,B Be
_W1<_a(2h —h,)e (1 ) g 1+2hd*hu
d u) €XP +2hd o
H,pB Be
W (- ) > g

a(2hg — h,) exp (1 + 2hg— hu)
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Using H, :a<H( L y(p—ec) —p) + (hg—h,)(1+ %”) + ac we get:

l—ay

(T (p =€) = ) + (ha = h)(1+ 22) + ac)B

—W71(— >>1+72hﬁch
Oé(th — hu)exp (1 + thﬁjhu) d ™ Ty
where 12(1 is determined using Eq. 37.
Next, we have I+ I, > I, if:
1 H,p c 1 H,p c
=W - ——=) — > ——=W_| — - .
-t ey
Using H, = a(H(%)(pf c) fp) +(1+ %”)hu + ac we get:
| (a(T(AE) (p— ) —p) + (1+ )y +ac)By
(- (et
B hyoexp (1+4<) u
1 o @(UEE)E -0 —p) + (= h)(1L+2) +a0)s ;
>_E 71(_ 2% —h 1 Be )_th—hu
a(2ha = hy) exp ( 1+ 555

where 7 ii p is determined using Eq. 37 and % is determined using Eq. 36.

Next, we show that a4 > a,. We have (using Eq. 19):

PN 2a
Elgzl o l_m
B alp-o

EllljaI; _ l_ é(l"‘r%)
B alp—c

As a result, 1211 = % Because I + I, > I;, we have: a; > as.




