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Abstract

Immiscible heavy fuel-water (W/HFO) emulsion droplets inside combustion chambers are subjected to
explosive boiling and fragmentation due to the different boiling point between the water and the
surrounding host fuel. These processes, termed as either puffing or micro-explosion, are investigated with
the aid of a CFD model that solves the Navier-Stokes and energy conservation equations alongside with
three sets of VoF transport equations resolving the formed interfaces. The model is applied in 2-D
axisymmetric configuration and it is valid up to the time instant of HFO droplet initiation of disintegration,
referred to as breakup time. Model predictions are obtained for a wide range of pressure, temperature,
water droplet surface depth and Weber number; these are then used to calibrate the parameters of a
fitting model estimating the initiation breakup time of the W/HFO droplet emulsion with a single
embedded water droplet. The model assumes that the breakup time can be split in two distinct temporal
stages. The first one is defined by the time needed for the embedded water droplet to heat up and reach
a predefined superheat temperature and a vapor bubble to form; while the succeeding stage accounts for
the time period of vapor bubble growth, leading eventually to emulsion droplet break up. It is found that
the fitting parameters are +10% accurate in the examined range of We <220, T <2000 K, P <140 bar
and § < 0.15.
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1. Introduction

Despite the global efforts for electrification of the transport sector, heavy-duty and marine Diesel engines
are extensively used as a source of power, since they provide high power output, the highest
thermodynamic and well-to-wheel efficiencies as well as low fuel cost. Over the next two decades it is
expected that the usage of liquid fossil fuel will increase by 25% globally, while the demand of liquid fuels
just for heavy-duty vehicles is forecasted to increase by more than 50% [1]. Still, despite their advantages,
Diesel engines are one of the major atmospheric pollutant contributors, such as NOx and particulate
matter (PM). The aforementioned concerns have motivated policy makers and engine manufacturers to
introduce more rigid and strict emission regulations [2, 3]; among them, water-emulsified fuels can
simultaneously reduce both NOx and PM emissions [4] without increasing cost.

In W/HFO emulsions water is dispersed in the form of fine immiscible droplets inside the parent fuel
droplet. The emulsified fuel is prepared with mechanical agitation and the presence of surfactant agents
in order to avoid coalescence of the water sub-droplets. When the emulsified fuel is sprayed inside the
hot combustion chamber, heat is initially transferred at the surface of the parent fuel droplets. Since the
fuel component has higher boiling point compared to that of water sub-droplets, the latter becomes
superheated and starts to boil [5], creating vapor expansion; that, in turn, leads to fragmentation of the
parent oil droplet that eventually breaks up [6-8] and thus, improving gas-fuel mixing due to faster
vaporisation. Two processes, termed as micro-explosion and puffing, may prevail: puffing is defined as
the process during which partial breakup of the parent fuel droplet occurs [9], while micro-explosion is
the complete breakup of the fuel droplet into small droplets [10].

Puffing and micro-explosion processes have been mainly investigated through experimental campaigns.
However, most of them have focused on the combustion characteristics and pollutant formation at the
macroscopic level of engine performance; see indicatively [11-13]. Regarding single droplet emulsion
experiments, the mechanism of homogeneous explosive boiling was first studied by [14] where the size
of a growing vapor bubble, inside a superheated water droplet was measured. Significant factors that may
affect the emulsion breakup outcome were found to be the water volume fraction [15], the quantity of
surfactant [16] and the size distribution [17] of the water sub-droplets. In the works of [18, 19] the
breakup outcome of a water-fuel droplet subjected to conductive, convective and radiation heating was
investigated. In the recent work of [20] characterization of breakup of an emulsion droplet was reported
while the characterization of size, temperature and location of embedded water droplets was investigated
by [21] during micro explosions. Finally, in the work of [22], a phenomenological description of the
vaporization process during emulsion droplet heating is reported. The aforementioned experiments have

been performed with relatively larger droplets (O (1 mm)) compared to those realized in engines.
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Recently, single droplet experiments having sizes similar to those realised in fuel sprays (O (10 um)), were
performed by [23, 24]. Puffing was observed more often than micro-explosion, resulting to fine droplets.
Still, besides the important conclusions drawn, the breakup mechanism was difficult to visualize due to
the short timescale O (10 us) and the small fuel droplet size.

Development of micro-explosion models has recently been attempted; a number of simplified
mathematical models have been suggested [25-28] and they are of interest to the present work. In the
work of [27] a mathematical model is presented describing the growth of a vapor bubble inside a water
droplet placed inside a liquid pool. Besides the simplifications considered, the results of the model were
found to be in good agreement against the experiment of [29]. A similar configuration was employed in
the breakup model of [28] that performed a stability analysis for predicting the droplet size and velocity.
A more complex configuration was investigated in [26]; the embedded water droplet was located at the
centre of a fuel droplet and the time period needed for the former to reach its boiling degree was
predicted. Although this model ignores water-vapor bubble formation and growth, the predicted puffing
time was in reasonable agreement with the relevant experimental results. More sophisticated CFD models
can in principle provide further insight into the physical mechanisms of micro-explosion of emulsions but
so far, only few relevant studies have been reported due to the enormous computation time required.
Along these lines, the numerical simulations of [30] have shed light on the complex evolution of puffing
and micro-explosion phenomena for a predefined location and size of the water-vapor bubble. The
heating process of emulsion droplets has been studied by [31], concluding that the flow inside the droplet
and the fuel Peclet number define the time needed for the water droplets to become superheated and
start boiling. Recently, in the CFD work [32] from the authors, the droplet heating up to water-vapor
expansion and droplet fragmentation were simulated and the corresponding time needed for those
processes to occur was predicted. The latter was observed to be faster compared to the aerodynamic-
induced breakup of a neat HFO droplet exposed to the same surrounding gas flow conditions, suggesting
that fuel emulsification is beneficial for viscous fuels, such as HFO. In the present work, this model is
further applied to a wide range of conditions for which no prior experiments or simulations exist; namely
We and p — T values (40 < We < 200, 10 < p < 140 bar, 600 < T < 2000 K) including also those
typically realised in marine engines during the main injection phase (p~120 bar, T~900 K). The emulsion
droplet diameter and gas stream velocity range, correspond to the aforementioned We range, are 50 um
and 40 <u, <100 m/s, respectively. From the numerical simulations, two distinct timescales are
estimated: the heating time until the water boiling initiation and the vapor bubble growth time until fuel
droplet break up. These results are subsequently used to derive a fitting model predicting the W/HFO

emulsion breakup initiation time. The numerical methods used, scope and rational for suggesting the



proposed correlations for this wide range of conditions, that has been documented in a number of
relevant previous works of the authors [33-37] is to overcome the restrictions imposed by the enormous
computational time required by CFD simulations while they further resolve the limitation of mesh
resolution realized when small water droplet sizes (1 um) are located at the proximity of the HFO-gas
interface. In the works of [33, 36, 37] the aerodynamic induced breakup of a single droplet and droplets
in tandem was investigated while in [34, 35] heat transfer and evaporation of a single fuel droplet was
simulated. The derived fitting model is suitable for implementation to widely used fuel spray simulation
codes utilizing the Eulerian-Lagrangian approach [38] for resolving the development of sprays consisting
of multi-million droplets. In the following sections, the mathematical description of the derived model is

presented, alongside with the discussion of the obtained results and the most important conclusions.

2. Model description
2.1 CFD model-Examined cases

As already mentioned, the CFD model of [32] is employed to examine a configuration where a single
spherical water sub-droplet (D,, = 10 um) is located inside a fuel droplet (D; = 50 pm) as shown in Figure
1 (left panel); note that the figure is not in scale. Equations are solved in an axisymmetric domain where
the left vertical axis is a velocity inlet boundary that imposes the velocity of the stream flow, while the
rest boundaries are open and the velocity gradient is set to zero. Three VoF equations are employed to
resolve the water-fuel, fuel-gas and water-vapor-fuel interfaces, respectively. Each VoF equation is
spatially discretised using the compressive scheme [39], while the momentum equations are spatially
discretized with a second order upwind scheme; a first order upwind scheme is employed for the spatial
discretisation of the energy conservation equation. Moreover, an adaptive local refinement technique is
employed [40], as it further enhances the resolution of the computations at the interface regions. Starting
from a course base grid resolution of 2cpR, a resolution of 200cpR is finally achieved with 6 levels of
refinement

The emulsion droplet is initially placed at ambient gas with pressure p and temperature T,, (range of
values is illustrated in Table 1), while the initial fuel temperature is T, (360 K). Evaporation of the parent
fuel droplet is ignored, since its timescale is much longer compared to that of emulsion breakup [30]. The
examined properties are similar to that of a highly viscous HFO, while the preheating temperature of the
fuel and the ambient conditions examined (p = 90 bar, T = 900 K) are typically met in large marine Diesel

engines. Since a 2-D axisymmetric domain is adopted, the embedded water droplet can only be located



on the axis of symmetry. Fuel density, dynamic viscosity and surface tension can be found in the work of
[41], while thermal conductivity and heat capacity are computed by empirical relationships provided in
[42]; these properties were assumed constant at (p, T;) without accounting for their slight change due to
droplet heating, while the surrounding gas properties were computed at (p, T, ). Model predictions have
been obtained as function of the water droplet location inside the parent droplet, We and p — T
conditions, summarized in Table 1; in all simulations performed, one parameter is changed each time. For
the cases 1 to 4, where the gas temperature is varied, the corresponding change in the gas properties is
compensated by a corresponding change in the gas stream velocity in order to keep the We number
constant. In cases 5 to 7, the effect of the dimensionless distance § of the water sub-droplet from the
from the HFO-gas interface (§ = dj/Ry) is examined; § approaching 0 indicates that the water droplet
approaches this interface. The effect of water content is not examined here. In practice, a wide range of
water droplet sizes will appear in emulsion droplets; such cases require a 3-D approximation which is
impossible to resolve since enormous CPU resources are required. Finally, it is pointed out that the effect
of Nusselt, Peclet, Prandtl, Biot and Stanton numbers, which are relevant in heat transport processes, has
also not been examined. This is justified as the variation of the HFO physical properties in the examined
range of temperatures is not significant, while at the same time, the study of lighter fuels is out of scope
in the present work, as water emulsions are not utilised in practice. On the contrary, the variation of the

We number is relevant since it controls the aerodynamic-induced deformation of the parent droplet.

To p We dp, R, T, p We dp R,

ref 1000 30 68 0.06 Case8 1000 30 40 0.06
Case 1l 700 30 68 0.06 Case9 1000 30 92 0.06
Case 2 800 30 68 0.06 Case 10 1000 30 136 0.06
Case 3 1200 30 68 0.06 Case11l 1000 30 188 0.06
Case 4 1400 30 68 0.06 Case12 1000 10 68 0.06
Case 5 1000 30 68 0.02 Case 13 1000 50 68 0.06
Case 6 1000 30 68 0.05 Case14 1000 100 68 0.06
Case7 1000 30 68 0.15 Case15 1000 120 68 0.06

Table 1. Operating conditions for the examined cases. For all cases Oh~0.9

Demonstration of the temporal evolution of emulsion droplet heating and fragmentation for an indicative

case is illustrated in the right panel of Figure 1; At t = 3 us, the appearance of a water-vapor bubble is



observed at the proximity of the HFO-water interface after the criteria for the water-vapor generation
have been fulfilled [32]. Then the bubble grows and at some time instant (t = 4.7 us) it reaches the HFO-

gas interface, allowing it to escape into the surrounding ambient gas.
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Figure 1. Model configuration (left panel) and temporal evolution of emulsion droplet breakup (right panel) where HFO,

water and vapor phases are indicated by blue, green and red colours, respectively

2.2 Break-up initiation time fitting model

The correlations of this model are based on the assumption that the emulsion-induced breakup time can
be split into two distinct time periods (Eg. 1): (i) the time period t, of water droplet heating from its initial
temperature T, up to a superheated one Ty,; = Tgq: + AT Where the formation of a tiny water-vapor
bubble is realized; (ii) the subsequent time period tgow during which the water-vapor bubble grows up

until the HFO-gas interface eventually breaks up.
tor = th + Egrow (1)

The time period t;, depends mostly on a heat convection time t.,,,, inside the fuel phase, as shown in Eq.
2. This assumption is valid since the fuel Peclet number (Pef = Dfuf/a) is in the range 3000-7000. The
characteristic velocity magnitude uy is computed as reported in [43, 44] and it is based on the gas-fuel
density ratio and the gas stream velocity. While t.,,,, forms the basis for the estimation of t;, three
empirical coefficients (fiy., fr and fs) have been considered to quantify the influence of We (0 — 200),
gas temperature (600 < T,, < 2000) and location § (0 — 0.15) of the water droplet from the HFO-gas
interface. The derivation of these coefficients, shown in Appendix 1, is based on the superposition
principle without accounting for any interdependencies between the parameters examined; the validity

of this assumption is discussed in sub-section 3.4.
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It can be observed that the heating time decreases with increasing gas temperatures and We. Moreover,
a preheated water droplet at the saturation temperature will have zero heating time (i.e. vapor will form
instantly); on the contrary, for a water sub-droplet approaching the HFO-gas interface (§ = 0), the bubble
will not form instantly and a finite time is needed to reach the required superheated temperature.

Turning now to tgrow, the Scriven’s solution [45] initially serves as the basis for its derivation (see Appendix
B for further details); the values of the coefficients gy, g,, gr and gy, accounting for the influence of
pressure (10 < p < 140 bar), gas temperature (600 < T,, < 2000) and We (0 — 200), have been
determined after calibration with the corresponding CFD results. Note here that for small We and p —
T values, the corresponding coefficients tend to unity (9,9rgwe = 1), indicating that Scriven’s theory is
valid for those conditions without imposing any modifications. The relationship for t4;,,, alongside with

that for the implemented correction factors reads:
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3. Discussion

3.1 Overall performance

Predictions for the breakup time obtained from the above correlations are shown in Figure 2 along with

those predicted from the CFD simulations for the conditions of Table 1. The 45° line is also illustrated

(black solid line); ideally all CFD simulation points should lie on this line together with the corresponding

predictions of the fitting model in the case it was in perfect agreement with CFD. In addition, the lines

corresponding to the maximum +10% deviation between the fitting model predictions and the

corresponding CFD results (black dashed lines) are also indicated.
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Figure 2. Emulsion breakup time as predicted by Eq. 1 (black solid line) alongside with +10% deviation lines (black dashed

lines) and the CFD simulations (scatter symbols)

3.2 Parametric study with We and p — T conditions

The aerodynamic-induced breakup of a neat fuel droplet is typically characterized by the Weber (We) and

Ohnesorge (Oh) numbers; the Reynolds number and the fuel-to-gas density (&) and viscosity (N) ratios

[46]. The shear breakup timescale tg, = D\/E/ug is indicative of the time needed for breakup to be



completed [47], while the breakup initiation time can be predicted by the relationship proposed in [48]

(among others):

1
I+ (pf/pg)_O'

taero = tsp - 8.95 - We™0-352R¢=0086 < 5) (14 2.36-0h%%?) (4)

This relationship is employed in order to compute the aerodynamic-induced breakup time of a neat HFO
droplet and compare it with the emulsion-induced breakup time (Eq. 1), for the range of We numbers
tested. The left panel of Figure 3 shows that t,.,, (black dashed line) decreases strongly with increasing
We, which is in accordance with several past studies [48, 49], while a weak decreasing dependence of the
emulsion breakup on We is observed (black solid line). The difference between t;,- and t,.,, decreases
as We increases; however it is important to mention that emulsion breakup occurs 3-5 times faster than
the aerodynamic breakup for the conditions examined. This difference is in agreement with the results of
[32]. The relative duration of heating (t;; red dashed line) and growth (t4;,,; blue dash-dot line) times,
for the range of We numbers examined, is also shown in Figure 3. The heating time decreases
exponentially as We increases due to the increase of convection, while bubble growth time slightly
changes. Moreover, it is observed that for low We numbers (We < 50), the total emulsion breakup time
(black solid line) depends more on t;, compared to ty;,,,, While the latter becomes more significant as the
We increases. However, the relative duration of the aforementioned times is a strong function of the
emulsion configuration considered. In emulsion droplet realised in fuel sprays, the embedded water
droplets could be smaller and located closer to the HFO-gas interface (see following subsection). In such
a configuration, the duration of the aforementioned times may be quite different. In the right pane of
Figure 3, the aforementioned time predictions are presented again (t*) but non-dimensionalised with the
shear timescale tgj. The latter varies with gas stream velocity u and thus with We, so different curves are

illustrated compared to that in the left panel.
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Figure 3.Dimensional (left panel) and non-dimensional (right panel) breakup time (black solid line) of an emulsion droplet
alongside with heating (red dashed line) and bubble growth (blue dash-dot line) times predicted by the semi-empirical model
and CFD simulations (black scatter symbols) against We. Black dashed line indicates breakup initiation time of a neat HFO

droplet

Next, the fitting model is used to investigate the effect of ambient conditions on emulsion breakup time.
The latter is computed for a wide range of temperature and pressure values encountered in marine diesel
engines. Figure 4a shows on the p — T diagram the breakup time; We and & are constant and equal to
that of ref case (Table 1). It is clear that the breakup time decreases as T, increases while there is no clear
pattern with pressure. The heating time, shown on Figure 4b, is shorter with increasing temperature (Ty)
and longer with increasing pressure. When the latter decreases, the embedded water droplet can reach
faster its saturation temperature (T, ); this trend is expressed through the f; coefficient in Eq. 2 (see
Appendix A). Finally, the bubble growth time tg,,,, shown in Figure 4c, slightly increases with
temperature while it varies non-monotonically with pressure in the examined range of 30-50 bar. The
latter trend occurs because the variation in pressure affects, is a function of the inverse trends expressed
by the coefficient gp (see Appendix B) and the growth constant 8 in Eq. 3. Overall, minimum values of
emulsion breakup time are predicted for maximum p — T values, while its magnitude is determined
mainly by the heating time period (Figure 4c) which is an order of magnitude higher (~10° s) compared

to the bubble growth time (~107 s).
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3.3 Extrapolation to emulsion configurations not studied with CFD

In actual emulsion droplet configurations, several water micro-droplets will be dispersed inside the host
fuel droplet. Some of them will be quite close to the fuel-gas interface and thus, will be the first to be
subjected to water-vapor formation and growth. The minimum surface depth value investigated here with
CFD simulations is 0.02R, while the size of the embedded droplet used is 0.2Ry, corresponding to 0.5um

and 5um, respectively. However, these length scales can be at least an order of magnitude smaller in

reality.

7t e o t, (CFD)
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Figure 6. Heating (black scatter symbol) and breakup (red scatter symbol) time of an emulsion droplet against the radius of

the water droplet.
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Figure 7. Left panel: Emulsion breakup initiation time against water droplet surface depth for two different water droplet
sizes at We = 68. Right panel: Emulsion breakup initiation time against We for three sets of water droplet surface depth and

size.
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Numerical simulations obtained for the minimum surface depth and various water sub-droplet sizes
(Figure 6) indicate that the heating time (t;) remains unaffected (which can be expected), while the
bubble growth time (t4o,) seems to follow the RZ law indicated by Eq. 3. In the left panel of Figure 7,
the solid lines refer to the CFD model range, while the dashed ones refer to those extrapolated with the
fitting model (for § values up to 0.15). Overall, it is observed that the breakup time increases with § in a
linear way, at least for the sizes examined; this is expected since as § increases, the heat flux has to travel
a larger distance and thus, the breakup process is decelerated. This pattern is in agreement with recent
CFD and analytical model results [25, 26, 30]. Moreover, it seems that for smaller water droplet sizes, the
breakup time slightly decreases, while its gradient with § remains constant. In the right panel of Figure 7,
emulsion breakup time is predicted against We for three different sets of water droplet sizes and surface

depths. The difference in predicted t;,- between the examined configurations diminishes as We increases.

3.4  Model performance for multiple parameter variation

As already mentioned, for the development of the current fitting model and the estimation of the
coefficients incorporated in Eq. 2 and Eq. 3, only one parameter was changing at a time. In an effort to
identify differences that may arise from the simultaneous change of more than one variable, four
additional CFD simulations have been performed. The varying parameters are summarized in the

following Table 2; the rest are kept the same to that of the reference case (Table 1).

d
T, p We h R,
Case 1l 800 10 50 0.06
Case 2 800 10 215 0.06
Case 3 1500 140 215 0.06
Case 4 1500 140 50 0.06

Table 2. Operating conditions for the examined cases

The results obtained for these four cases for the breakup time are shown in Figure 8 together with the
corresponding predictions from the fitting model; the +10% deviation lines are also indicated. Model
predictions seem to be in acceptable agreement with the CFD results, suggesting that the predictions of
the fitting model can be trusted over the examined range of conditions even for simultaneous variation

of the influential parameters considered.
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4. Conclusions

A fitting model predicting the breakup initiation time of W/HFO droplets for p — T conditions realized in
marine Diesel engines and subjected to a gas flow stream has been presented; it’s influence has been
considered through the variation of the Weber number. The breakup initiation time has been expressed
as the sum of two distinct time periods: (i) the time needed for the water sub-droplet to raise its
temperature from T, to Ty, and thus, for water vapor to form; this is mainly controlled by heat convection
inside the parent fuel droplet; and (ii) the time period required for the formed water-vapor bubble to
grow until the parent fuel droplet eventually breaks; this timescale is based on Scriven’s analytical solution
that predicts the growth of a water-vapor bubble inside an infinite water liquid pool. Calibration of the
empirical coefficients of the derived model has been achieved via numerous CFD simulations obtained
over the examined range of conditions. The obtained results have been found in acceptable agreement
over the examined range of We numbers, p — T conditions and surface depth of the water droplet inside
the parent droplet. For low We numbers (We < 50), results indicate that emulsion fuel breakup time
occurs 5 times faster compared to aerodynamic breakup of a base fuel; this difference diminishes as We
increases. In this We range, it is also observed that duration of heating time period is longer compared to
that of vapor bubble growth. Emulsion breakup initiation time was found to increase linearly with the

surface depth of the water droplet for the examined range of § (0 — 0.15). Regarding the effect of

15



ambient pressure and temperature on emulsion breakup time, it was observed that minimum values were

obtained for high p — T values.
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Appendix A. Derivation of heating time period (Eq.2)

The typical spray droplet velocity range (ug4) in HFO fueled engines is 10-100 m/s [50]; these conditions
are characterized by Pe >> 1, implying that the heating of the fuel droplet is convection dominated. The
timescale 7,5, provides a rough estimation of the time needed for the fuel droplet to heat up along a
distance R,;; and raise its temperature from T to Tw,. In the emulsion configuration examined (Figure 1;
left panel), the embedded water droplet is located at surface depth (dj) while it will start boiling when its
surface temperature becomes equal to Te,; = Tgq: + ATs. Moreover, the droplet is expected to deform,
since it is subjected to the action of aerodynamic forces. The effect of those variables on the heating time
period has been examined with CFD simulations; the corresponding coefficients fr, f; and fy. are
illustrated in Figure 9. It has also to be noted that the droplet heating time is also a function of the fuel
thermal properties. Nevertheless, their effect is not included in the present study, since only one fuel was
studied. Finally, the constant coefficients appearing in Eq. 2 were determined after fitting with CFD model
results; the coefficient 3.6 is likely a function of Biot number, while the coefficient 8.9 appearing in fs is

likely a function of fuel Peclet number.
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Figure 9. Nondimensional heating time predicted by CFD simulations (black scatter symbols) against (Teq; — To)/ (Teo — Tp)
parameter (left upper panel), nondimensional surface depth & (right upper panel) and nondimensional We (lower panel).

Fitting functions to the CFD predictions are illustrated with the red solid lines.

Appendix B. Derivation of bubble growth time period (Eq. 3)

The derivation of the bubble growth time period t4;,,, (Eq. 3) starts from Scriven’s analytical solution,

which reads:

Ry(t) = Baw -t (®)

This equation refers to idealized conditions in which a static vapor bubble grows inside an infinite water
liquid pool. In the CFD cases examined, the bubble grows inside the water droplet with a much faster rate
(Figure 10), which was found to depend on We and p — T conditions. Thus, the growth rate constant £ is
multiplied by a set of corresponding coefficients gr gp gwe and f; these are shown in Figure 11 (b, c, d).
Regarding the bubble size at the breakup instant Rb(tgmw), a careful examination of all the CFD cases
presented in Table 1 has shown that breakup occurs when the bubble reaches approximately half of the

size of the embedded water droplet and depends slightly on We. The corresponding bubble size can be
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expressed as g,R,,, where g;, is the dimensionless bubble size at the breakup instant; the variation of
this coefficient is shown in Figure 11 (a). Combining the aforementioned comments with Eq. 5, the latter

recasts:

IorRw = 97 9p " Gwe B\/ Ay * Lgrow (6)

After solving for tg,o, Eq. 3 is derived.

1
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Figure 10. Nondimensional bubble radius as predicted by the CFD model (black scatter symbols), Scriven solution (blue solid

line) and the current fitting model (red solid line)
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