City Research Online
City St George’s, University of London

ST GEORGE'S

UNIVERSITY OF LONDON

Citation: Narayana, K. J., Burela, R. G., Ponnusami, S. A. & Harursampath, D.
(2020). Geometric nonlinear analysis of composite stiffened panels using
variational asymptotic method. AIAA Journal, 58(9), pp. 4189-4203. doi:
10.2514/1.j058963

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/26104/

Link to published version: https://doi.org/10.2514/1.j058963

Copyright and Reuse: Copyright and Moral Rights remain with the author(s) and/or
copyright holders. Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge, unless otherwise
indicated, provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is not changed
in any way. For full details of reuse please refer to City Research Online policy.

City Research Online: http://openaccess.city.ac.uk/ publications@citystgeorges.ac.uk



https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/

Geometric nonlinear analysis of laminated composite

flat stiffened panels using Variational Asymptotic
Method (VAM)

Jagath Narayana K, Ramesh Gupta Burela*

MFC Lab, Mechanical Engineering Department, Shiv Nadar University, NCR, Greater Noida-201314, UP, India

Sathiskumar Anusuya Ponnusami

Department of Mechanical Engineering and Aeronautics, City, University of London, London, United Kingdom

Dineshkumar Harursampath
Department of Aerospace Engineering, Indian Institute of Science, Bengaluru-560012, Karnataka, India

Nomenclature
) Small parameter identification
€11, €22 Extensional 2-D strains
€12 In-plane 2-D shear strain
Y135 Y23 Transverse 2-D shear strains
Ty Components of green strain
K11, K22 Bending 2-D curvatures
K12 Torsional 2-D curvature
Ais Mgy As Lagrange multipliers
Wi, V; Warping 3-D components in zeroth and first order approximation
o1, P2 Rotations along x and y coordinates
1Ty, Iy Zeroth and first order energy
P Strain energy density function for an individual layer
03 Second Piola-Kirchhoff stress components
Vi Body force components
& Natural coordinates
A, B,D Sub matrices of 2-D stiffness matrix
Cij Components of direction cosine matrix
Cb;j,Cb;j, Ct;;  Material constants of bottom, core and top layer
€ijk Permutation tensor components
Fij Components of deformation gradient tensor
F., M, T. Force, moment and transverse shear stress resultants
g Determinant of metric tensor in undeformed configuration
hp, he, hy Thickness of bottom, core and top layers
L Identity matrix components
Ng Shape functions
*rameshgupta.iisc@gmail.com
fapsathiskumar@gmail.com
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P, P* Position of any arbitrary material point in undeformed and deformed configurations

T!,T? Top and bottom surfaces traction forces

U Total strain energy per unit mid surface area

U, U, W Translations along x, y, z coordinates

%4 Principle of virtual work

Yi Cartesian coordinates

r,R Position vectors in undeformed and deformed configuration

b;,B; Base vectors in undeformed and deformed configurations

G; Covariant base vectors in deformed configuration

g, g Covariant, contra-variant base vectors in undeformed configuration

r,R Position vector points on the reference surface in undeformed and deformed configuration

I. Introduction

Stiffened composite plates are efficient and reliable structures. By adding small weight in terms of
stiffeners to the plates, total strength of the structure can be increased predominantly [1]. However, the
structure fails [2] majorly in the presence of compressive loads, transverse loads [3]. The stiffened structure
analysis is one of the challenging problem in engineering domain due to the combination of plate and
stiffener models [4], various material properties and different boundary conditions. The stiffened structures
are analyzed in various approaches; Sheinman[5] presented the nonlinear analysis of laminated stiffened
composite panels and developed nonlinear equations which are solved by using finite difference method
under various boundary conditions. Patel et al.[6] analyzed the stiffened panel nonlinear behavior under
various boundary conditions. Sheikh[7] investigated the geometric nonlinear analysis of stiffened plates by
using spline finite strip method. Several experimental tests have been conducted by Romeo[8] and Park [9]
on blade and hat stiffened panels made up of graphite/epoxy material subjected to uniaxial compression and
compared the accuracy with theoretical analysis.

Here, the state-of-art Variational Asymptotic Method (VAM), which was introduced by Berdichevsky
[10], is applied to develop a computer code NASSVAM (Nonlinear Analysis of Stiffened Structures using
Variational Asymptotic Method). Further, VAM is used to analyze the behavior of stiffened structures
under compressive and transverse loads. This method is computationally efficient and gives us asymptotically
correct solutions. Berdichevsky [10] is the first researcher to apply VAM technique to model shells. VAM
method is developed by identifying the geometric and physical small parameters that are inherent to the
problem definition. Atilgan et al. [11]; Sutyrin and Hodges [12]; Harusampath [13] exploited this VAM
approach to the various applications. Le and Nguyen [14, 15] developed the analytical formulations for
beams. Further, Le and Yi [16] and Le [17, 18] have established the error estimate of the approximate
laminated and functionally graded plates and shells showing the accuracy of variational asymptotic method.
The small parameters are utilized to classify the total potential energy in an asymptotic manner [19]. These

energy density functionals are minimized using calculus of variations.
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In the present work, the dimensional reduction of 3-D laminated plate is carried out using VAM [11], and
this procedure is applied to the 3-D energy functional to reduce its dimension to an equivalent 2-D plate
[20]. First variation of energy functional with respect to the unknown warping functions will provide a set of
differential equations that are solved by adopting the appropriate boundary conditions [21]. As a result, an
asymptotically accurate analytical expressions for warping functions are obtained [22]. Then, substitute back
these warping functions into the strain energy and integrate through-the-thickness. The double derivative
of 2-D strain energy density with respect to 2-D generalized strains will give the 2-D nonlinear constitutive
law for laminated composite flat plate.

The 2-D nonlinear program [23] is developed by taking VAM input (2-D constitutive law). The integrated
model of stiffened structure nonlinear behavior is analyzed by obtaining load-displacement curve with the

numerical calculations and the results shows good agreement with those available in the literature.

II. 3-D kinematics

Consider a 3-D plate composed with a set of laminae, called as laminated plate, with relatively small
thickness, h as compared to its length and width dimensions. Therefore, plate is represented as 2-D reference
surface and here mid-surface is considered as its reference surface. The un-deformed and deformed reference
surface of a plate can be represented in the cartesian coordinate system vy, where ¥y, denotes the surface
coordinates (o = 1,2) and y3 = h€ uniquely represents the normal coordinate at any arbitrary point in the
3-D continuum medium, where —1/2 < £ < 1/2. Through out the formulation, latin indices assumes 1, 2
and 3 while greek indices are 1 and 2, further, repeated indices are summed over their ranges. Let b; denote
the orthogonal unit vectors in the un-deformed plate configuration along y;, one can express the position of

any arbitrary material point P(y1,ys2,ys) by its position vector T in the un-deformed plate configuration.

T(y1,92,y3) = r(y1,92) + ysbs (1)

Covariant and contra-variant base vectors are expressed as: g; = 0t/dy;, g' = z—xl/geijkgj X g, where e;j,
represents the permutation tensor and g = det(g;.g;). The position vector in the undeformed configuration
can be illustrated from a fixed point O to the material point P, as shown in Fig.1. The deformed plate

~

configuration is described by representing the deformed position vector [24] R, which was at 7.

ﬁ(yh y2,y3) = R(y1,y2) + y3Bs + wi(y1, v2, y3)Bi(y1, v2) (2)

where R is expressed as: R(y1,¥y2) = r(y1,y2)+u(y1, y2). The material point in the deformed configuration is
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represented as P*, from the same fixed point O, in the base coordinate system and w is the displacement field.
B, is represented as the deformed configuration unit vectors. w;(y1,y2,y3) are 3-D warping field components,
where w; and wy are in-plane warping functions and wjs is out-of-plane warping function. Thus, the variation
of normal through the thickness is accounted in the current VAM formulation by introducing the warping
function and these can be solved by using appropriate constraints. The relation between base vectors B;
and b;, are represented in the deformed and undeformed configurations respectively, can be specified as:
B; = Cj.b;, where C;; = B;.b;. In the deformed configuration, covariant base vectors are specified as:
G, = GR/ Oy;. Thus, the above expressions are utilized to form the appropriate strain that is Green stain
and its components are represented as: I';; = (FjxFr; — I;;)/2, where I;; is identity matrix components with

size of 3 x 3 and F;; is the Deformation Gradient Tensor (DGT), is expressed as: Fj; = Bi.Gkgk.bj.

1 5 Wi(y1s Y2, ¥3)Bi (V1 ¥2)
Ysbs 2 B
\ VaB3 (Y1, ¥a)
. 3 B2(y1, ¥2)

b by u(yy ¥2)

Y1, Y2, ¥3) : ;
N B1 (1, y2)

ﬁ(yb Y2, ¥a) X
r(y1, ¥2)

R(y1, ¥2)

Figure 1. Schematic representation plate deformation

III. Potential energy

The principle of minimum potential energy is applied and set the first variation of this energy to zero
in order to determine the unknown warping functions. The corresponding structural deformations must
satisfy the minimum potential energy principle. Thus, obtain the stationary points of the potential energy
functional as displacements with respect to the imposed global and inter-laminar constraints. As a result, the
boundary value problem can be formed but it is so complex to solve unknown functions due to the presence of
coupled nonlinear differential equations. Therefore, the analytical expressions for 3-D warping functions can

not be achieved directly. However, through VAM procedure one can obtain the solutions of these warping
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functionals in an asymptotically accurate manner, by taking the advantage of small parameters that are
inherent to the problem definition. Total strain energy (U) per unit mid surface area is obtained by, the
integration of 3-D strain energy density function (¢) for all laminae over their thicknesses and summation

of all the layers contribution.

h h he
-= = F+he
U:/h Ydys+ [ wdy3+ﬁ P dys (3)
— e he

where ¢ = (¢7T)/2, o0 and T are the components of 3-D stress and strain fields respectively. For a 3-D
geometrically nonlinear problem, total potential energy function can be specified in terms of total strain
energy U and total work done W (principle of virtual work), is given as: II = U — W. The total work
done by the applied forces acting on the bottom and top surfaces of the structure, and body forces are
specified as: W = Tfw! + TPwl+ < p;w; >, where T}, T} are the top and bottom surfaces traction force,
@; is the body force, w! and w! are warping field components of top and bottom surfaces. Throughout the
paper angular brackets denotes through-the-thickness integration of Laminated Composite Stiffened Panel

(LCFSP) structure at any given point of location on the mid-plane.

IV. Constraints on warping functions

The warping field of each lamina can have different forms of functional to make the equation of R to be

determinate, the following constraints have been imposed on the warping functions to avoid the redundancy.

(wi(y;)) =0 and (yswa(y;)) =0 wheres,j=1,2,3anda=1,2 (4)

The above constraints are written for a laminate with three layers as:

_he he he 1 p,
2 b 2 . 5 +hy .
. w; (y5) dys + LY (y;) dys + . w;(y;) dys =0 (5)
~he ~he he
[ mebdi [ metlm)dins [ el =0 (©)
~ e —hy - L

where hy, he and h; are the thickness of bottom, core and top layers. Either it is multi-functional composite
laminate[25] or a composite laminate, it must satisfy the continuity conditions at the interfaces of all layers
within the laminate. The continuity conditions are explained physically by applying the continuity of warping

filed and transverse stresses at the interface of layers. Mathematical expressions of the continuity conditions

5 of 21

American Institute of Aeronautics and Astronautics



are expressed as:

t_ ¢ b __ ¢ . t _ _c b _ ¢
Wi = Wi lyy=he and w; = w; —he; Oa3 = Oa3 |y3:h7c and 0.3 = 043 |y3:*gc (7)

|y3 |y3:

V. Dimensional reduction of LCFSP structure using VAM

The process of reproducing the 3-D strain energy stored in a three-dimensional structural body to an
equivalent reference surface or a mid-surface formulation (2-D) is referred as a methodology of dimensional
reduction process [26]. In this process, the major work is to reproduce the total strain energy distribution of
a 3-D body over an equivalent 2-D body and this procedure cannot be accomplished exactly. Nevertheless,
the reduced formulations can be developed according to the VAM procedure in an asymptotically accurate
manner. Plates and shells are considered as dimensionally reducible structures because of its very small
thickness as compared to the other two planar dimensions[4]. Here, VAM applied by taking the advantage
of small parameters (thickness to maximum wavelength ratio and strains) that exists within the problem
definition and not making any adhoc kinematic assumptions. The present model is also analyzed as a
laminated plate using VAM and followed the procedure, is given below.

3-D laminated composite flat stiffened panel can be represented as 2-D model, which is achieved in an
asymptotically correct and computationally efficient approach. Further, the order of magnitude of small
parameters can be determined and these can influence the entire formulation. The estimated order of
magnitudes for small parameters pertaining to the LCFSP structure has been segregated according to the
leading order terms and the functional to be minimized based on those estimated orders. Therefore, the
total potential energy can be written with different order sets such as: II = Ily 4 II; + II5... where Il is the
zeroth order potential energy, II; is the first order potential energy and so on. The sequence of potential
energy based on the order of magnitude is as follows: IIy > II; > Il,... and higher order terms are less
critical for the engineering application.

The 3-D strain energy expression comprise of all terms (2-D strains ~ O(6?), warping functions ~ O(8°)
and its derivatives ~ O(8?)) up to O(d*) in the zeroth order approximation, ITy, where § is used to assess
the order of magnitudes. This Iy corresponds to the major energy contribution and is expressed in an
asymptotically accurate approach. The next higher order terms O(d%) are considered for the first order
approximation. The unknown 3-D warping functions are determined by the minimization process of total

potential energy functional, is given as:

oIr* = 0, where IT* =1I — Az (wi> — A4 <y3w1> — A5 <y3WQ> (8)
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and A; (i =1,2,3), Ay and A5 are the Lagrange multipliers. The analytical expressions of warping functions

and 2-D stiffness coefficients of zeroth and first order approximations are given in the Appendix.

VI. 2-D plate nonlinear analysis

Stiffened panel 2-D analysis starts with the input obtained from the 1-D through-the-thickness analysis,
those inputs are in terms of material constants (Cb;;, Cb;;, Ct;;), 2-D strains (€11, €22, V12, K11, K22, W, Y13, Y23)
and thickness coordinate (y3). In addition, the input parameters are nodal coordinates, material properties,
loads and boundary conditions. The defined shape functions for 4-node iso-parametric quadrilateral elements

and its derivatives are substituted in the 2-D kinematics formulation.

3-D Geometric nonlinear
analysis of LCFSP Geometric nonlinear analysis (2-D)

l

Through the thickness | | 2-D constitutive
analysis (1-D) Law

Input parameters
(geometry, boundary conditions, external forces)

[ Update external force and residue

¢
[ Loadstep |

| Element stiffness calculations |

Calculate global stiffness
matrix and force vector

Converged
solution

No

2-D displacements
and strains
3-D recovery |

relations

3-D displacements,
strains and stresses

Figure 2. Flow chart of geometric nonlinear analysis (NASSVAM)

The 2-D geometric nonlinear strain energy density functional is formed after substitution of these terms
in the kinematic expressions. Thereafter, the internal forces are obtained by taking first derivative of strain
energy density functional with respect to the nodal displacement variables and double derivative of strain
energy density function with respect to the nodal displacement variables to obtain elemental stiffness matrix.

Subsequently, external forces can be computed to solve the required nonlinear equations (force-displacement
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equation) by using Newton-Raphson iterative method in order to obtain 2-D nodal displacements, as shown
in Fig. 2. Four-noded isoparametric plate elements have been used for discretization. The deformation fields
are interpolated using shape functions and those are expressed as: u = Zi:l Nyuy, where ug are the nodal
displacements, Vi are the linear shape functions. The functional form of the shape functions are expressed
as: Ny = (1x7)(1Fs)/4, where r and s are the natural coordinates. Further, the 3-D displacements can be
calculated with the inputs of the 2-D results through closed-form 3-D recovery relations, which are derived
as part of the through-the-thickness analysis. The recovery relations for 3D displacements field are expressed
as:

Ui = U; -+ ygﬂl -+ Cij (’lUj -+ ’Uj) Where (Z,j = 1, 2, 3) (9)

where u; are the 2-D plate displacement variables, 6; are the rotations of the normal (2-D finite element
analysis provides reference surface nodal displacements and rotations in three global coordinate directions)
and ys3 is the thickness coordinate. The final 3-D displacements are due to the contribution of 2-D displace-
ments, rotations and, local rotation and stretching/compression of the normal (through the asymptotically
accurate warping components of zeroth-order and first-order perturbations (w; + v;) with the appropriately

transformed by the direction cosine matrix Cj;).

y
t a) Cross section (S-S) of cross ply laminated stiffened panel
i
i
i 9Q°
i 6.35mmf ——3 "0 90°
i 6.35 mm?{_| . — 170"
i 6.35
, i mm = %%
—____ -y 50 mm
gl ts b) Cross section (S-S) of angle ply laminated stiffened panel
-45°
6.35mm{ ——— 45 - 45°
6.35 mm{ | 1 45°
6.35 mm? -45°
L 45°

20 mm

Figure 3. Schematic representation of stiffened laminated plate cross section a) Cross ply b) Angle ply

A. Ply-drop

Laminated plates with ply-drop are generally used in the applications where the compressive loads are
prominent[27]. In the present work, it has been implemented in three stages, first stage; obtain the 2-D
nonlinear constitutive law for each laminate individually through the thickness analysis that can be utilized
as input for the LCFSP 2-D nonlinear finite element analysis. In detail, analytical expressions of 2-D
constitutive law (stiffness matrix) can be obtained for three layer and two layer laminate of skin respectively

as well as for the corresponding two layer laminate of stiffener. The substitution of input values in the
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analytical expression gives a numerical stiffness matrix, where the input values are in terms of 2-D strains,
material constants and thickness of the laminae.

In second stage, identify the elements that are associated with the specific laminate to the specific ge-
ometry including the skin and stiffener. Thereafter, the element loop can facilitate to take the required
constitutive law for the described elements. In third stage, assign an appropriate 2-D constitutive law to
elements in order to achieve the ply drop accordingly for LCFSP. The coordinates of a stiffener are trans-
formed to skin coordinate system to elucidate the integrated structure. Then, the developed transformation

matrix is applied by pre and post multiplication with elemental stiffness matrix.

6+ 74
€ % . 61
E 5 < 3
c £ 54
S 44 X c
] L 4
3 3 ® NASSVAM
3 NASSVAM s 3l Chatooadh
I 5 = Chattopadhyay o x Li atto;l)?a dyay
e 29 x  Liao & Redd E 2] 20 & Reddy
o 3

14 o 1 _/

0 T T T T T T ] 0 T T T T T T ]

0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Load intensity (10° N/mm®) Load intensity (10 N/mm?)
Figure 4. Central deflection of cross ply laminate Figure 5. Central deflection of angle ply laminate

VII. Results and validation

A. Angle ply and cross ply laminated stiffened structures

A rectangular composite stiffened plate is analyzed by using the present NASSVAM (Nonlinear Analysis of
Stiffened Structures using Variational Asymptotic Method) approach. The geometry of a simply supported
laminated composite stiffened panel is shown in Fig. 3. The current model has been analyzed for angle ply
and cross-ply laminate. The stacking sequence for cross ply laminate is showed in Fig. 3a and the angle ply
laminate stacking is depicted in Fig. 3b. The panel length (L) is 2438 mm, the stiffener height and width
are S = 6.35 mm and S,, = 20 mm respectively.

This problem has been analyzed by taking one quarter of stiffened plate due to its symmetry. To develop
the FE model of stiffened panel, the information such as, material properties [28], dimensions, boundary
conditions, mesh description, analysis method and type of assumptions made for the analysis can influence
the results [29]. In the present problem, plate and stiffener material properties are, E1; = 25 FEaa, Fay =
7031 MPa, G12 = G13 = 0.5 Fas, Gog = 0.2 Fsy and v = 0.25. The transverse load is applied on top side

of the plate and simply supported boundary conditions along the four edges of the stiffened panel. For cross
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ply laminate problem the boundary conditions are given below as BC1:

u=w=¢s=0at y=a/2, u=w=¢; =0at y=a/2, u=¢ds =0 at y=0, v = ¢; =0 at x=0

and corresponding to the angle-ply laminate problem boundary conditions are BC2:
u=w=¢y=0at y=a/2, u=w=¢; =0at y=a/2, u=¢dy=0at y=0, u =¢; =0 at x=0

where u,v,w are translations along x, y, z coordinates and ¢1, ¢2, 3 are the rotations along x, y and z
coordinates. Each node associated to the finite element has six degrees of freedom. The choice of convergence
criteria and the associated convergence tolerance has been chosen carefully in Newton-Raphson iterative
procedure. The results are validated with the reported data by Liao and Reddy [30] and Chattopadhyay
[31]. The load intensity verses central deformation curve for angle ply lamination is depicted in Fig. 5. The
present results have good agreement with the published results and close to the results of Chattopadhyay
[31]. The central deflection curve for cross ply problem is shown in the Fig. 4 and the results are matching
well with the results of both Chattopadhyay and Liao and Reddy. However, it is observed that the central
deflection of cross ply problem is less when compared to angle ply problem because, the cross ply laminate

is stiffer in bending as compared to the angle ply laminate [32].

Skin  stiffener

Figure 6. Representation of LCFSP structure with skin, flange and blade stiffener

B. LCFSP structure with ply-drop

The stiffener and skin are analyzed by considering both as plate models with the 2-D displacement continuity
at their interface. In the laminated composite stiffened structural design, the skin constitute of two laminae
with each laminae thickness of 0.736 mm, the flange is made up of three laminae with each lamina thickness
of 0.736 mm, and stiffener laminate comprise of two layers with each lamina thickness of 0.736 mm. The
ply-drop is applied between flange and skin by assigning the required constitutive law to the corresponding
elements. The geometry of LCFSP model is represented with a length of 400 mm, width of 300 mm and the
web height as 15mm with flange width of 30 mm, Fig. 6. The stacking sequence for skin is [0/90], flange is
[0/90/0] and web is [0/90]. The stiffened plate material properties are, F1; = 152800 MPa, Fyy = Eay =
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Figure 7. Force-deformation curve of LCFSP structure
under compressive load Figure 8. Mesh convergence study of flat stiffened panel

8700 MPa, G2 = G13 = 4200 MPa, Go3 = 3150 MPa, v15 = v13 = 0.335, 193 = 0.380 and ply thickness
= 0.736 mm. The mesh convergence study is carried out, as shown in Fig. 8 and sixty-four elements are
taken (mesh density) to perform the geometrical nonlinear analysis. The boundary conditions are simply
supported at the four edges of stiffened panel and the applied force is compressive force on two opposite

edges along the width. The results are assessed as load-displacement response, as shown in Fig. 7.

VIII. Conclusion

A composite stiffened panel is modeled and analyzed using Variational Asymptotic Method (VAM).
A symbolic mathematical computational tool, Mathematica® has been used to develop the theoretical
formulation of VAM and developed a computer code NASSVAM for geometric nonlinear analysis of stiffened
panel. In the development of VAM, 3-D stiffened panel problem is broken down into two stages; first
stage (1-D analysis), perturbed warping functions are substituted in the strain energy expression in order to
obtain 2-D constitutive law; second stage (2-D analysis), the obtained 2-D constitutive law from through-the-
thickness analysis is provided as an input to the 2-D plate analysis (reference surface analysis). NASSVAM
program has been developed using Newton-Raphson iterative method and used to analyze the behavior of
flat stiffened composite panel. NASSVAM results are compared with the test cases available in literature
for cross-ply stiffened panel and angle-ply stiffened panel. The results are showed good agreement with the
literature results. Thus, the geometric nonlinear analysis of laminated composite stiffened panel is carried
out by analyzing both the skin and the stiffener as plate models with the 2-D displacement continuity at

their interface.
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Appendix

The zeroth order warping functions are determined from the minimization process of total potential energy
functional [Eq. 8]. The zeroth order warping solutions (for top surface as w!,w) and wi; for core surface
as w¢, w§ and w§; for bottom surface as w?,w§ and wh) are substituted back in the strain energy functional
expression and integrated through the thickness to obtain the 2-D energy; the second partial derivatives of
this strain energy with respect to 2-D strains, 7 = {{e}, {x},{7}} (where {€}T = {e11, €22,712}, {x}T =
{k11, k22, w}, {7}T = {713,723}), provides the generalized 2-D constitutive law. F = {Ny1, Nao, N1}, are

the force stress resultants; M = {Mjy, Maa, My2}, are the moment stress resultants; 71 = {T13, Te3}, are

the transverse shear stress resultants; these are specified as:

F, A B 0 €
M,¢=|B D 0|\« (10)
T, 0o 0 S| |~

where the sub matrices A, B, D are of size 3 x 3 and S is of size 2 x 2, the elements in these matrices represents
the extensional, coupling, bending and shear stiffness coefficients respectively. These sub matrices includes:
Cby; , Ceyj, Ct;; (material constants of bottom, core and top layers) and hy = he = hy = h/3. The 2-D
strain components €11, €22 are in-plane (along y1,y2 directions) extensional strains and -2 is the in-plane
shear strain. k11, Koo are the mid surface bending curvatures and w is the twisting curvature. 73, v23 are the
transverse shear strain components and they act in a plane y; — y3 and ys — ys, finally the 2-D constitutive
law is constituted with all these terms. The analytical expressions of zeroth order warping functions are

expressed below:

1

(60713CbssCes5y3 + 7133 (337CbgsCessh? — 188CbssCtgsh? — 68Ccs5Ctssh?)

wt =
1 4h2(Cbgg (17Ccss + 47Ctgs) + 17Ces5Ctgs)
+ 7¥13(—240Cbg5Cegsh® + 195Cbg5Ctgsh® + 45Ces5Cts5h°))
c_ 1 3 2 2 2
wy = — (60713Cbgs5Cts5y3 — v13¥3(68Cbg5Ccs5h™ — 217Cbs5Cts5h” + 68Ccs5Ctssh™)
4h2(Cbgg (17Ccy5 + 47Ctss) + 17Ccs5Ctss)
— ~413(45Cbg5Ces5h® — 45Ccs5Ctg5h>))
b _ 1 3 2 2 2
wy = — (60713Cc55Cts5y3 — 713Y3(68Cbg5Ccs5h® + 188Cbs5Ctssh” — 337Ccs5Cts5h™)
4h2(Cbgg (17Ccyp + 47Cts5) + 17Ces5Ctss)
— ~413(45CbgsCessh® 4 195Cbg5Ctysh® — 240Ccs5Cts5h®))
t 1 3 2 2 2
wg = — (60v23Cbyg4Ccyqay3 + 723¥3(337CbygCcygh” — 188CbyyCtygh” — 68CcyqCtygh™)
4h2(Cbyy(17Ccyy + 47Ctgy) + 17CcyqCtay)
+ ~23(—240Cbyy Ceggh® + 195Cb gy Ctyqh® + 45Cc 4 Ctyqh®))
c 1 3 2 2 2
wg (60v23Cbg4Cta4y3 — 723Y3(68CbygqCcygh” — 217CbyyCtygh” + 68CcyqCtyqh”)

© 4h2(Cbyy(17Ccyy + 47Ctyy) + 17CcyqCtay)

— 723(45Cbyy Ceggh® — 45Cc 4 Craqh®))
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1
b= (60723 Ccaq Ctaqys — v23v3(68Chbyy Cegqh? + 188CbyqCtygh? — 337Ceyy Ctaqh?)

Wb = _
2 4h2(Cbyg(17Ccag + 47Ctyy) + 17Ccyy Cay)
— ~93(45Cb gy Cegqh® + 195Cbyy Ctygh® — 240Ccyq Ctaqh®))
t 1 2 2 2 2 2 2
wh= ————  Cb33(Ce33(Chag(hraa(167Th? — 108hys — 180y32) + co(394h2 — 648hyg + 72y3)) + 12Ct 3h(k11 (19h2 — 36y3)
864Cbg3Ceg3Ctagh
+ 24€11(2h — 3y3)) + Ctog(hraa(61h% + 108hyg — 252y3) + 2e99(91h% — 108hy3 — 36y2))) — 8Ct33h2(—7Cbas(hray + 2e22) + 3Ccazhran
+8Ccq3(hk1y + 18€11) + 54Ccggeq0 + TCtaghrag + 14Ctagens)) + 8CeggCtygh? (—3Cbyg(6e11 — 5hriy) — Ctog(hrog + 2€22))
1
w§=—————8Cc33Ct33 h2(—SCb13(5511 — 5hk11) — 16Cbog(ega — hkog) — Ctog(hkrgs + 2e23)) + Cb3g3(4Cc33 h2(Cb23(17h'€22 + 22e32)
864Cbg3Ceg3Ctagh
+ 6Ct13(5hr1y + 6€11) + Ctog(13hrog + 14eaa)) + Ct33(—Cbas(Th? — 108hys — 36y32)(hrao + 2e22) + 84Ccoghras
+12Cc13h(7Th% k1) — 36r11y3 — T2yge11) — 432Ccoghrooya — 864Ccoghysgens + TCtagh  rag — 108CtazhZrogys + 14Ctaghegy — 36Ctoghrooya
— 216Ctgghyzeay — 72Ctagyacan))
b i 2 2 2
wh = CeggCtag (12Cbygh(ry1 (19h2 — 36y3) — 24e11 (2h + 3y3)) + Cbag(hraa (281h2 + 108hys3

864Cbg3Cog3Ctagh
— 396y3) + eao(—470h% — 648hyg + T2y2)) — Ctog(53h2 + 108hys + 36y2)(hrao + 2€92)) + 4Cbggh? (Ctgz(—13Cbgg (hrag + 2en3) — 6Ccaghrog
+6Ccy5(18e11 — hrq1) + 108Ccagens + 13Ctaghtas + 26Ctageas) + Cegs(Chbag (1Thias + 22¢95) + 6Ct13(5hiqq + 6e11) + Ctag(13hnras + 14e25)))

Zeroth order stiffness coefficients:

1
Aqq = 7}L(Cb%3(Cb33(C633 + 7Ct33) — 26Cc33Ct33) — Cb13(27Cb33(Cecy3 — Ce31)Ct33 + 2Cbg1(Cb33(Ce33 + 7Ct33) + 28Cc33Ct33))
108Cbg3Ce33Ctgs

+ 27Cbg1 Cb33(Ccy3 — Cc31)Ctsg + Cb§1(0b33(0033 + 7Ctg3) — 26Cc33Ctg3) + 108Cbg3(Ccy3(Ct33(Cbyy + Ccyy + Cty1) — Ct%B) — Ccy13Cc31Ct33))

1
Ajg = ——— h(—216CbggCc33Ct13Ctgg — 52Cb13Cbgo3CegzCtag + 216Cb15CbgzCeg3Ctag + 216CbggCeyaCeggCtag
216Cbz3Ccz3Ct33
+ 216Cbg3Ceg3Ct15Ctgz — 216Cbg3Cc13Cca3Ctss — 2Cb13Cbos (Cbag(Cegg 4+ 7Ctss) + 28Cc33Ctas) + Cb13(2Cbysg(Cbgz(Ceag + 7Ctas)

— 26Cc33Ct33) — 2Cbg3 (Cbgg(Cezg + 7Ct33) + 28Cc33Cts3)) + 2Cb13Cby3Cb3zCegy + 14Cby3Cboz Cby3Ctag)

1

2,02
B1g = ——————————h"(Cb73(Cbg3g(Cecg3 + 7Ct33) — 53Cc33Ct33) — 2Cb13((Ce13 — Cec31)(Cbgg(Cegg + 7Ctzg) + Ccz3Ctyz)
216Cbg3Ceg3Ctag
+ Cbgy (Cbaz(Cegs + 7Ctaz) + 55Cc33Cta3)) + 216CbgzCega (Ctag (Cb1y — Cti1) + Ctly) + Cb3; (Cbga(Ceag + 7Ctag) — 53CcgzCtas)
+ 2Cbg (Ce13 — Cegp)(Cbgz(Cegz + 7Ct33) + CezzCtss))
1 2
Big= ——— h?(—432Cb33Cc33Ct13Cta3 + 106Cb13Cby3Cc33Ct33 — 432Cb15Cbg3Ce33Ctags + 432Cb33Ce33Ct15Ct33
432Cb33Ce33Cts3
+ 2Cb13Cbg3(Cbg3(Cc33 + 7Ct33) + 55Cc33Ct33) + Cb13(2Cbg3(Cb33(Ccgy + 7Ct33) + 55Cc33Ct33)
— 2Cbo3(Cbg3(Cegy + 7Ct33) — 53Cc33Ct33)) — 2Cb13Cbo3ChgzCe33 — 14Cb13Cho3Cby3Cts3))
1
2
Agg = —————————— h(Cb33(Cbg3(Cezz + 7Ctz3) — 26Cc33Ctzz) — Cha3(27Cbg3(Cegz — Cegn)Ctgg + 2Cbga(Cbg3(Cegg + 7Ct33)
108Cbg3Ccg3Ctas
+ 28Cc33Cta3)) + 27Cbgy Cbaz (Cegy — Cega)Ctas + Cbag(Cbas(Cess + TCtaz) — 26Cc3Ctas)
2
+ 108Cbg3(Cc33(Ct33(Chaz + Cegz + Ctaz) — Ctaz) — Cea3Ce32Ctsy))
1
202
Bgy = ——————————h“(Cb33(Cb3z3(Ccz3 + 7Ct33) — 53Cc33Ct33) — 2Cba3((Cca3 — Cc32)(Cb33z(Cegz + 7Ctz3) + Cc33Ctz3)
216CbgzCe33Ctag
+ Cbgy(Cbgs(Cess + 7Ctz3) + 55Cc3Ctag)) + 216Cbg3Cegs (Ctaz (Cbag — Ctag) + Ct33) + Cbag (Cbasg(Cesg + 7Ctaz) — 53Cc33Cts3)
+ 2Cbgy(Cea3 — Cegz)(Cbgg(Cegg + 7Ct33) + Cez3Ct33)))
405Cbg5CepsCtysh 405Cbgy CeyyCtygh 5
S11 = — , S22 = » A33 = h(2Cbgg + Ctge), B3z = h™ (Ctge — Cbge)
Cbgs(34Ccs5 + 94Ctg5) + 34Cc55Cts5 Cbyg(34Ccyy 4 94Ctyy) + 34Cc g Ctyy
1
D11 = 7’13(2013%3(01333(0033 + 7Ct33) — 116Cc33Ct33) — 20b%3(0b33(0033 + 7Ct33)

432Cb33Ce33Ctas

+118Cc33Ct33) + 4Cb33(9Cc33(Ct33(13Cb1y + Cepg + 13Ct11) — 13Ct75) + 2Cc5(Cegg — 2Ctg3) — CeZg(2Cces3 + 5Ct33)))

13 of 21

American Institute of Aeronautics and Astronautics



1
Dig=—— h3(—936Cbg3Ceg3Ct13Ctas — 232Cby3CbggCeggCtyg + 936Chy5Cbgg CeggCtgy + 72Cbgg CeqpCeggCtag
864Cbg3Ceg3Ctag

+ 936Cbg3Ceg3Ct15Ctgz — 72Cbg3Cey3CeggCtas — 2Cb13Chyag(Cbga(Cegs + 7Ctg3) + 118Ccg3Ctag) + Cby3(2Cbys(Cbgz(Ceag + 7Ctas3)
— 116Cc33Ct33) — 2Cby3(Cbgz(Cegz + 7Ct33) + 118Cc33Ct33)) + 2Cb13Cby3CbgzCegs + 14Cby3Cby3Cb33Ctys)

1
Doy = ———————————h3(2Cb35(Cbgz (Cegg + 7Ctz3) — 116Ce33Ctaz) — 2Cb24 (Cbgg(Cegy + 7Ctzg) + 118Ceg3Ctay)
432Cbg3Ccg3Ct33

+ 4Cbg3 (9Cc33(Ctz3(13Chay + Ceag + 13Ctan) — 13Ct33) + 2Cc35(Cegg — 2Ctg3) — Celg(2Ccs3 + 5Ct33)))
1.3
D3 = —h?(14Cbgg + 13Ctgq), A13 = B1g = Az = B2a = Ag1 = Az = Ba1 = Baz = D13 = Dag = Dg1 = Dy2 = S12 = 521 = 0

The first order approximation is carried out by taking next higher order contributions to the energy
functional in an asymptotic sense. The first order stiffness coefficients are illustrated using the equation

below:

where @ is the first order 2-D stiffness matrix, which consists of sub matrices A, B, D and S. These sub
matrices A, B, D are of size 3 x 3 and S is of size 2 x 2; the elements in these sub matrices represents the
extensional, coupling, bending and shear stiffnesses respectively. The matrix @ is of size 8 x 8 represents
the constant part of . The vector X is of size 8 x 1 and the matrix Z is of size 8 x 8 represent the
linear and quadratic part of Q respectively. In first order approximation, the perturbed warping functions
are determined from the minimization process of first order total potential energy. The first order warping
functions are representing for top surface as vt, v§ and vi; for core surface as v$, v§ and v§; for bottom surface

as v}, vy and v8. The analytical expressions of these first order warping functions are expressed below:

1

3 2
= (713¥3 (60Cbg5Ces5Ctss + 120Cbss Cegs)
4h2(Cb25(19Ccs5 + 29Ct55) + CbgsCtiss(81Ccss + 112Ct55) + 2Ccs5Ct25) 3 e 29 55795

— 713u3 (180Cbg5CeysCtysh — 180Cb2g Cegsh) — v13y3(—621Cbgs CogsCtysh? — 194Cb2s Ceggh? + 448CbgsCtZgh?2

4 116Cb25 Ctgsh? + 8Ces5CtEgh?) — v13(375Cbys CegsCtsh® + 215Cb2; Cegsh® — 455Cbg5Ct25h% — 130Cb25 Ctsh® — 5Ccs5Ct25h%))

1
c 3 2 2

W = — (v13¥5 (120Cb25Ctrs + 60CbgsCtas)
L 4h2(Cb25(19Cc55 + 29Ct55) + CbssCts5(81Ces5 + 112Ct55) + 2Cc55Ct25) 3 R °vTee

— 713u3 (180Cbg5Ct25h — 180Cb25Ctgsh) — v13v3(324Cbs5Ces5Ctssh? + 76CbEsCegsh? — 497Chgs Ct25h2

— 154Cb25Cts5h? + 8Ces5CtEgh?) — 413(—45ChgsCeys Ctysh® + 50Cb25 Cegsh® — 35Chss Ct25h® + 35Cb25 Cts5h® — 5Cey5Ctagh®))

1
b 3 2

W0 = (¥13Y5 (120Cbg5Ces5Ctss + 60Ccs5 Ctes)
L 4h2(Cb25(19Cc55 + 29Cts5) + CbssCtss(81Ces5 + 112Ct55) + 2Cc55CtEy) 3 i S0Tes

— 713¥3 (180Ccs5Ct25h — 180Cbys CegsCtssh) — v13v3(—1026CbssCegs Ctgsh? + 76Cb2s Cegsh? + 448CbgsCt25h? + 116Cbeg Ctysh?

+ 143Ccs5Ct25h2) — v13(—660Cbs5CessCtssh® 4+ 50Cb2g Cegsh® + 475Cbs5Ctagh® + 110Cb25 Cty5h® + 25Ccs5Ct25h %))
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1
t 3 2

ot = = (v235 (60CbyyCeyqCtyy + 120Cb3,Cegy)
2 4h2(Cb34(19Ccyy + 29Ct44) + CbyyCtyy (81Ccyy + 112Ctyy) + 2Ccy 1 Ct3y) 3 ad

— Y232 (180Cb g4 CegqCtygh — 180Cb3,Cegqh) — v23y3(—621ChyyCegqCtagh? — 194Cbh7, Cegqh? + 448CbggCt2 4 h2 + 116Cb3, Cryqh?

+8Cc4Ct34h?2) — 723(375CbygCogqCygh® + 2150b3,4 Cegqh® — 455Cbyy CtI 4 h3 — 130Cb3, Ctygh® — 5Ccyy CtI4n%))

1

c 3 2 2
v = — (7235 (120Cb3 4 Ct g + 60Cby  Ct3 )
4h2(Cb34(19Ccyy + 29Ct4y) + CbyyCtyy (81Ccyy + 112Cty4) + 2CcygCt3y)
— 723Y3(180CbyyCtI4h — 180Cb3, Ctygh) — v23y3(324CbygCogqCygh? + 76Cb3 Cegqh? — 497CbyyCtI4h? — 154Cb3,Cagh?
+8CcqCt34h?2) — 723(—45Cbyy CegqCtygh® + 50Cb7, Ceggh® — 35Cbyy Ct2,h2 4+ 350b3,Ctaqh® — 5Cc 4 Ct340%))
W= . ! —— (4233 (120Cbyq Cegg Ctay + 60CcsqCtly)
4h2(Cb34(19Cc g + 29Ctyy) + CbygCtyy (81Ccyy + 112Ctyy) + 2Ccg4Ctdy)
— 723Y3(180Cc 4 CtI4h — 180Cbyy Cegq Ctagh) — v23y3(—1026Cb gy Cegy Ctygh? + 760b34Cogqh? + 448Cbyy Cta4h2 + 116Cb3, Ctyyh>
2 2 3 2 3 2 .3 2 3 2 3
+148Ccy4Ct34h2) — v23(—660CbyyCogqCtagh® + 50Cb3, Cogqh® + 475Cby Ot h3 + 11003, Ctygh® 4 25Cc 4 Ct34h%))
t 1 2 2 2 2 2 2
vy = ————————r11(2Cc33(52Ct33(6e11 — Shr11)h” + Cc3z3(h(449h" — 540y3h + 180y3)k11 — 6(97h° — 108yzh + 36y3)e11))CbTg
15552Cc35Ct35
2 2 2 2 2
— (3(3Ct33((4Thr11 + 4)h2 + 108y3(hryy — 4)h — 36y2 (hr1] — 4)) — 8(Ct13(45(h — 2y3)r11h> + (36y3 — 29h%)e11)))
+ 2Ct33(234Ct33(hryy — 4)h2 + Cey3(25h2 — 108yzh + 36y3) (hr1y — 18€11) + 6(2h2Ct13(45hr1, — 2¢17) — 3Cca3(25h%)ena))
—104h2CtZ5(Cey3(hryy — 18e11) — 18Ceagenn))Chyg + 8h2Ct35(9(4eqy — 9hr11)Celg + 2(18Ccazean + 7Ct13(18e11 + hryg))Cerg
+ 252Cco3Ctygegn) — 2Ccg3Ctas (36(61h% — 108ysh + 36y3)eq1 Cerg + (54Ctag (3hry] + 4)h% 4+ 36Cca3(61h% — 108ysh + 36y3)eao
+ Ct13(83h% — 108y3h — 36y3)(18€11 + hr11))Ce1s + 2(162(Ceq + 12Ct11)Ctggrih® + 28CtT3 (611 + 5hng1)h? — 9Ct13(13Ct35(hr1y — 4)h>
+ Cegz(—83h2 4+ 108ygh + 36y3)))) + Cels((12(178h% — 756y3h + 612y2)e1) + 2(415h% — 1512y3h? — 180y2h + 1296y3)r11)Ct3,
+9(24Cta3(5h% — 36yzh + 36y3)can + Cta3(—288r11y5 — 36(hryy + 20)y3 + 108h(hryy — 4)yz + h2(83hk1) + 700)))Cti3
+ 648Ct11 Ctaz (13h° — 27y3h? + 4yd)r11))
c ! 2 2 2 2 2
v§ = ——— 2hCcggriy (8h2Ce33(28hryy — 39e17) — Ctgz(Th? + 108yzh — 36y3)(5hryy — 6e1q))Cbag — (12h2(8h(5Ct 311 + 9Ctazeaa)ry]
15552hCc35Ct3g
4 3Ct33(20€7; + (40 — 4dhry1)erq + hryp(28hr) — 44)))Cely + Ct33(9Cta3(Th? 4+ 108ygh — 36y3)(4e21 + (8 — dhri1)ery + hrig(hryy — 4))
+ 8hr11(3(30Ccazeanh? + Ctyg(90yzri1h? + (Th? — 36y2)e11)) — 5h2Ceyz(hriy — 18e11)))Ceas — 2hCt25(Th2 + 108ygh — 36y32)
k11 (Ceyg(hri] — 18e11) — 18Ccpzen))Chyg + 2hCtagr11 (—36(2(Th? — 36y2)e1 + 9y3(3h2% — 4y3)r11)Cely + (T2Cca3(36y3 — Th?)egn
— Cty3(7h? — 108ygh — 36y3)(18c1q + hry1))Ceyg + 18CeagCtyg(—7h? + 108yzh + 36y3)enn) — 4h2Ccly(4hryq (39¢1q + 28hry1)Ctig
— 9(Ct33(20€2; + (T6hry] +40)e1] + hryy(28hr1] + 76)) — 24hCtogenar1])Ctg + 288hCt33(Ceygery — Ctige1r + (Copa — Ctig)ena)rnil)
+ Ceg3Ctaz (2h(Th? — 108ygh — 36y2) k11 (6e11 + 5hr11)CtIg + (9Ct33(Th? 4+ 108yzh — 36y3) (421 + (8 — 4hrii)er] + hrig(hryy — 4))
— 40h® k11 (18Ccggeng + Ceyg(18eyy + hry1)))Ctyg — 72h(16h2e) 1 Corg + (16Ccazennrnyy h? + 3Ctgz(12r71 y3
+36(e11 + 1r11y3 + 3611 (e11 + 2)yg — Th?(e11 + 1)r11))Ce1g + Ctg3(108Ceagygenn(ean +2) + r11(Cer1 (2(Th? — 36y3)e11
2 2 2 2
+9y3(3h” — 4y3)r11) + 2((Cerg — Ct12)(7Th™ — 36y3)e22))))))
b 1 2 2 3
vg = ——————————8Ct533r11(9(4e11 + 9hr11)Cclg + (36Ccazenn — 13Ct13(18e17 + hry1))Ce1g — 234Cca3Ct13e22)h

15552hCc33Ct3g
+2Cb35Ce33r11 (56Ct33(5hryy — 6e11)h? + Cegz(6(173h2 4 756y3h + 612y3)e1q + (—415h° — 1512y3h? 4+ 180y2h + 1206y5)r 1))k
+ 2Cc33Ct33(—36(61h2 4 108y3h + 36y3)e11r11Ccag + (k11 (Ct13(25h2% + 108y3h + 36y3)(18e1] + hry1) — 36Cca3(61h% 4+ 108y3h + 36y3)en)
+ 54hCtg3(36e71 + (72 — 4hryy)eqq + hry (Bhryy — 4)))Cerg + 2(26h% k11 (6e11 + 5hr1)Ctig — 9(14hCtag (4e3q + (8 — 4hry1)e1 + hryp(hryy — 4))
— Ceag(25h? + 108ygh + 36y3)eaan11)Ct13 + 18hCtgz(54Ccagena(ean + 2) + hr11(Cer1(dery + Ohw11) — 4((Ctya — Cepa)ean + Ctig(e11 — 27hr11)))h
+ Cb13(—112Ct3gr11(Cerz(hniy — 18e11) — 18Ceggenn)h® + 2Ce33Ct33(252hCtag (el + (8 — 4hmi)err + hrpy (hriy — 4))
+ k11 (Ce13(83h2 4+ 108y3h — 36y3) (hryy — 18e11) + 6(2h2Ct13(2€11 + 45hr11) — 3Cca3(83h2 4+ 108yzh — 36y3)ea)))h
— 3Cc35(8hr11 (Ct13(45(h + 2y3)ry1h2 + (20h2 — 36y2)e11) — 9Ctaz(5h2 + 36ygh + 36y3)enn) + 3Ctz3(4(83h2 + 108ygh — 36y2)cs;
+4((166 — 53hr11)h? 4 108y3(hr1y + 2)h + 36y3 (Thriy — 2))e11 + hr11))))) — Celg(2hryy (6(97h? + 108ygh + 36y3)e1y + h(449h2 4 540y3zh + 180y3)r11)CtIy
— 9(Cta3(—4(25h2 + 108y3h + 36y3)e7; + 4((121hr1] — 50)h2 + 108y3(hr1] — 2)h + 363 (hr1] — 2))e11)Ct1a + 72hCtas (54Ctag (h + 2y3)eas(eag + 2)

+ k11 (Cep1 (6102 4+ 36y3)eqy + (Ceqg — Ct) (6102 + 36y3)eng + Ct11€11))))
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First order stiffness coefficients:

1
A = W}L(CC33(Ct33(CcH(12wf2 + 48735 +156h% k%] +13h%w? — 24y19hw — 288hkyy — 288hryger) + 1dder; + 288cqq) + Cepa (1277
c33Ct33

+ 48735 +52h% k3, + 18h%w? — 24410hw — 96hkgg — 96hragean + 482y + 96¢a2) + 2(3Ctpp (1277 + 13h2w? — 24y19hw) + Cty1 (12475 + 48+
+156h2k2; +18h2w2 — 244 0hw — 288hry] — 288hrje) + 144e2 + 288e11) + Ctyo(12v75 + 48v35 + 52h2 k3, + 13h2w? — 24415 hw — 96hkay

— 96hrogenn + 48e35 + 96€02))) — 2Ct25 (12735 + 48735 + 156h% k%1 + 13h%w? — 24y phw — 288hry) — 288hrygey] + 1443, + 288e1; + 96)

— 2Cta3Ct13 (1270 + 48v35 + 52h%k3y + 18h%w? — 24v19hw — 96hrgy — 96hkagean + 48¢35 + 96en2)) — Cta3(Cey3(Ceaz (12779 + 4835
2 2 2 2 2 2 2 2 2 2 2 2
+52h2k2y + 130202 — 24v)0hw — 96hrgy — 96hrogens + 48e35 + 96eaa) + 192Ct 3) + Colg (12425 + 48+25 + 156h2k3 | + 13h2w? — 244 5 hw

— 288hry] — 288hryjeq] + 144e3 + 288¢11) — 96Ct23))))

1
2
A2 = mh(0633(0t33(4(0012 +2Ct12)(h(r11(18hrog — 12) — 12rg9) — 12e32(hr1y — 1) + 12€11(—hrog + €22 + 1)) + Ctgp(36712
c33Ct33

+39h%2w2 — 72415hw)) — 8Ct13Ctos(13h2 k11 rag — 12hk1y — 12hkos — 12e05 (k1 — 1) + 12e11 (—hros + €ao + 1) + 12))
— 4Ct33(Ce3(Cey3(h(r11(18hkrgg — 12) — 12k29) — 12eg9(hr1y — 1) + 12e11(—hrag + €2 + 1)) + 12Ct13) + 12Ctp3(Ce13 — Cti3)))

1
A1z = mh(ccw(@ss(cﬂn(12’Y12(—’m11 +e11 + 1) + hw(13hryy — 12e17 — 12)) + Ce12(12y12(—hkryy + €11 + 1) + hw(18hryy — 12€13
c33Ct33

—12)) 4+ 2(Cty1(12v12(—hr11 + €11 + 1) + hw(13hryy — 12e17 — 12)) 4+ Ct19(12v10(—hr1y + €11 + 1) + hw(13hry] — 12e7] — 12))
+3Ctge (12713723 + 12v12(—hr11 — hkog + €11 + €22 + 2) + hw(18hryy + 18hkog — 12611 — 1269

— 24)))) + Ct75(2hw(—13hr1] + 12e17 + 12) — 24719 (—hr11 + €11 + 1)) + 2Cta3Ct 3 (hw(—18hr + 1211 + 12) — 12719 (—hr1y + €11 + 1))
— Cey3(Ceyg 4 Ceg3)Ctaz(12v10(—hkryy + €11 + 1) + hw(13hryy — 12611 — 12)))

1
Ao = mh(0033(0c33(0c12(12~,f2 + 48425 +52h2k2] + 130202 — 244 0hw — 96hk] — 96hr1 €11 + 4831 + 96€11) + Cegn (12775 + 48733
c33Ct33

+156h2 k25 + 18h2w2 — 244 0 hw — 288hrgy — 288hrggens + 144e2y + 288enn) + 2(3Cte6 (12775 + 13h%w?2 — 24y 9hw) + Ctyp (12775 + 4834
+52h2k%] +13h2w2 — 24y19hw — 96hry) — 96hry1er] + 48€51 + 96€11) + Ctog(12v7y + 4825 + 156h2 k2, + 13h2w? — 24+y19hw — 288hkgy

— 288hrggegg + 144c3y + 288¢99))) — 2Ct35 (12775 + 48+35 + 15682 k3, + 13h2w2 — 24y 5hw — 288hroy — 288hrageny + 144c3, + 288cny + 96)

— 2Ct13Cto3 (1273 + 48+v75 + 52h2 k3] + 13h2w? — 24v10hw — 96hr ] — 96hk1e1] + 48e3, + 96€11)) — Ctag(192Cco3Ctag + Coag (12735 + 48735
+156h2 k25 + 18h2w2 — 244 5hw — 288hrgy — 288hrggenn + 144e2y + 288enn) + Coy3Ceng (12775 + 48475 + 52h2 k2, + 130202 — 24415k

— 96hr1) — 96hry1e1] + 4851 + 96¢11) — 96Ct35))))

13 5 13 5 13 5 13 5 13 5 13 5 1 5 3
A3 = —wCtgeri1h> + —wCeigragh® + —wCeapraah® + —wCtigraah® + — wCtookaph® + —wCtgeragh® — ————13wCc35ka0h
s 48 48 24 24 s 48Ccgg
3 1 2 3 3 1 2 1 2 1 2 1 2 2
— 18wCe3Ceagraah® — ——— (18wCt33ra9h® — 13wCt 3Ctagranh®) — —wCcigh? — —wCeagh? — ~wCtigh? — ~wCtagh? — BwCtggh
24Ctgg 4 4 2 2

3 2 _ ! 2 _ 1 2 _ 1 2 _ 1 2 _ 3 2 1 2 2 2
— —wCtgge11h® — —wCcioegoh® — —wCecooegoh® — —wCtigegah® — —wCtgoenoh” — —wCtggengh® + ——— (wCchgeg2h” + wCc13Cco3ea2h
2 4 4 2 2 2 4Cc33
2 2 2 2 52 2 L
+ Cc33v12Kk22h" + Cc13Cca3v12Kk22h" + wCci3h” + wCc13Cco3h”) +

2 2 2 3 2 1 2
(wCtagegph™ + wCt13Cta3e22h™) — —Ctggri2r11h” — —Ceiav12/22h
2Ct33 2 4
1 1

1 1 3
- ZCC22712"’22h2 - ;Ct12712N22h2 - ;Ct22’Y12N22h2 - ;Ctss’vmﬁzzhz + 2C (Cfgs’vlfzwzhz + Ct13Ctagv12ma0h” + th§3h2 + wCty3Cagh?)
t

33

1 1
+ 3(320622712 + 128Ctggv12 + 64Ctgge11v12 + 32Cca2e22712 + 64Ctgge22712 — ?(40613(24&23 + 24Ccgge22)v12 — 4Cca3(24Cta3
c33
1 2
+ 24Ccage22)712) + 64Ctee7v13723 + 2Cc12(16e22712 + 16712) + T(zssﬁz €22Cca3 + 288Ccy3712€22Cc23 + 48Ct23(6Cc13v12 + 6Ce23712)
c33

1 1
- ?(160023(60013712 + 6Cc237v12) — 16Cc23(6Cc13v12 + 6Ceagy12)€e22)h + &(32Ct22v12 + 128Ctgev12 + 64Ctgge11712 + 32Cta2€22712
c33

+ 64Ctggeanv12 — 4Ct13(24e25Ctag + 24Cta3)y12 — 4Cta3(24e99Ctag + 24Cta3)v12) + 64Ctggv13723 + 2Ct 2 (1622712 + 16712)

3Ctag

1
(12Ct13v12(24€22Cta3 + 24Ct23) + 12Cta3712(24€22Cta3 + 24Ct23)) — 0t (16Ct23(6Ct13v12) — 16Cta3(6Ct13v12 + 6Ctazvi2)e22))h)

Ct33 33

16 of 21

American Institute of Aeronautics and Astronautics



kS
w
@

[}

"~ 96Ccg3Ctas

—  h(Ce33(—2(39h%w? — T2hyyow + 3677, + 48775 + 48c2; + 5202k 4+ 96€1; — 96hr] — 96heqq R 1)Cteg — 4Ctag (39h%w?
384Cc33Cta3

— T2hy1ow + 36775 + 24425 + 24v35 + 2462 + 2435 + 2602 k7, + 26h% k3, + 48e1) + 48egg — 48hry] — 48heygr1] — 48hroy — 48heaarag)Ctry
— 2Ct25(39h2w2 — T2hy ow + 36775 + 48735 + 48e3g + 5202 k35 + 9690 — 96hrgy — 96hegaran) + Ctaz(104Ct 1 raq h2 + 104Ct grT h2
+ 312Ctggr71 h2 + 52Ccoar3ah? + 104Ct 1gr3ah? 4 104Ctgar2oh? + 812Ctgar30h2 + 39w Cegah? + 78w2Ct 1 h2 + 156w2Ctoh? + 78w Ctggh?

+ 624Ctggr11 roah? — T2wCcaay12h — 144wCty1v1oh — 288wCtigvigh — 144wCtagy1ah — 192Ct 1 k11 h — 192Ct gk 1 h — 1152Ctggr11 h
— 192Ctyje11r11h — 192Ct ge11r11h — 576Ctgge11r11h — 576Ctggeanri1h — 96Ccogragh — 192Ct grogh — 192Ctoorogh — 1152Ctggranh

— 576Ctgge11 raoh — 96Ccogegarash — 192Ct gengranh — 192Ctageaaragh — 5T6Ctggeanranh + 36Ccanriy + 72Ct 1759 + 144Ct 977

+ 72Ctap775 + 96Ct 1 723 + 96Ct 0775 + 48Cconvag + 96Ct 19753 + 96Ctanvas + 96Ct 1 €21 + 96Ct ges, + 288Ctgge; + 48Ccageay + 96Ct peas

+ 96Ctgge3, + 288Ctggesy + 192Ct ey + 192Ct ge1] + 1152Ctggeq] + 96Ccageny + 192Ct geny + 192Ctggens + 1152Ctggenn + 576Ctgger1 oo

+ Cep1(39h%w? — 72hvy ow + 36775 + 48+%5 + 48¢3, + 52h%kT ] 4 96¢11 — 96hr1y — 96heyyr11) + 2Cc10(39h2w? — T2hyigw + 36775 + 24775

+ 24933 + 247 + 243y + 26h7 k3] + 26h% k3, + 48e11 + 48eng — 48hr11 — 48111y — 48hrog — 48heagraa))) — (Ceyz + Ceag)Chaz(Cers(39h2w?
— T2hy1gw + 36739 + 48725 + 48¢2; + 5202 k%] + 96611 — 96hn1] — 96heqgr11) + Conz(39h2w? — T2hy1gw + 3677 + 48734 + 48e34 + 52h k2,

+ 96eg2 — 96hroy — 96hen2r22))))))

h2(Ct33(Ce13(Cenz (12729 + 4825 + 60hZ k2, + 158202 — 26v19hw — 104hrgy — 104hrogen + 48c35 + 96ean) + 64Cty3)

+ Cc23(12v35 + 48735 + 180n2 k%, + 15h%w? — 267 0hw — 312hry) — 312hryger] + 1ddes; + 288eqq + 64) — 32Ct75) + Cegz(—Ctgg (Ceya(12+7,

+ 48735 + 60h% k3, + 15h%w? — 26y10hw — 104hkgg — 104hkogean + 483y + 96¢aa) + Ceqq (12779 — 26v10hw + 3(16775 + h(60hr?; + 5hw? — 104r77)
+ €11 (96 — 104hr 1) + 48¢71)) + 2(3Ctgg (12775 + 15h%w? — 267 9hw) + Ct19(12775 + 48723 + 60h% k35 + 15h%w? — 267 9hw — 104hkroy — 104hkogeny

+ 4835 + 96€00) + Ct11 (12735 — 26710hw + 3(16755 + h(60hrT; + 5Shw? — 104r11) + €11 (96 — 104hr11) + 48¢31)))) + 2Ct25 (12735 + 3(16+25 + 60h% k3

)
©
Il

" 48Ccg3Cta3

+5h%w? — 104hry) + €11 (96 — 104hry 1) + 48¢3; + 32) — 26719hw) + 2CtagCtyg (127 + 48v35 + 60h%r3y + 15h%w? — 267 9hw — 104hray

— 104hrggens + 48e34 + 96¢22)))))

1
—— h?(Ce33(Ct33(Ctgg (—36725 — 45h%w? + 78y19hw) — 4(Ceqg + 2Ct19) (h(r11 (15hkag — 13) — 13k99) + €22(12 — 13hk11)
48Cc33Ctgs
+ e11(—13hkgg + 12699 + 12))) + 8Ct13Cta3(15h2 k11 ko — 18y — 18hrgg + e90(12 — 18hr11) + €11 (—13hrog + 12699 + 12) + 12))

+ 4Ct33(Ceq3(Cegg(15h2 k11 rag — 13hk11 — 13hkgy + epa(12 — 13hk11) + €11 (—13hrgg + 12e99 + 12) + 8) + 4Ctag) + 4Ct13(Cegg — Ctag)))

1
h?(Cey3(Cerz + Cea3)Ctag(v12(—13hn1y + 12e11 + 12) + hw(15hn1y — 13e11 — 13)) + Cegz(Caz(Cern (v12(13hr1y — 12e11 — 12)

+ hw(—15hry] + 13e17 + 13)) + Ceya(v12(13hkyy — 12e11 — 12) 4+ hw(—15hk1y + 13e17 + 13)) — 2(Ctyq (v12(—13hr1y + 12e11 + 12)
+ hw(15hr1y — 13e17 — 13)) + Ct1o(v12(—13hr1y + 12e17 + 12) + hw(15hry — 1311 — 13)) + 3Ctgg (12713723 + v12(—13hk11 — 13hkao
+12€1] + 1299 + 24) + hw(15hr1] + 15hrgy — 13e1] — 13egy — 26)))) + Ct2g(v12(—26hr1] + 24e1] + 24) + 2hw(15hr1] — 13e1 — 13))
+ 2Ct93Ct13(v12(—13hryy + 12e11 + 12) + hw(15hky] — 13e11 — 13))))

———— h2(Ct33(64Cca3Ctaz + Cclg (12775 + 48v35 + 180h2 k3, + 15h%w?2 — 26710hw — 312hkog — 312hkagegy + 14dedy + 288eng + 64)
96Ccg3Ctag

+ Ce13Ceaz (12425 + 48475 + 60h% k%, 4+ 15h%w? — 26y19hw — 104hry) — 104hkyjeqq + 48¢3, + 96¢11) — 32Ct34) + Cegz(—Ctaz(Cera (12775

+ 48735 + 60h% k%] + 15h%w? — 26v10hw — 104hkyy — 104hkyge1] + 48€31 + 96¢11) + Cean (12735 — 26v19hw + 3(16435 + h(60hr2y + 5hw?

— 104r99) + €22(96 — 104hroo) + 48¢29)) + 2(3Ctg6 (12775 + 15h%w? — 26710hw) + Ct1g (12775 + 48725 + 60h% k2, + 15h%w? — 26710hw — 104hkyy
— 104hryjeq) + 48¢3y + 96e11) + Ctan (12775 — 26v10hw + 3(167325 + h(60hr3y + 5hw? — 104k99) + 92 (96 — 104hrgy) + 48¢34)))) + 2Ct35 (12775
+3(16735 + 60n2 k35 + 5h2w? — 104hkog + €92(96 — 104hrgy) + 483, + 32) — 26v12hw) + 2Ct13Ctag (1275 + 48774 + 60h2 k3,

+ 150202 — 26v10hw — 104hr ] — 104hr ] e1] + 48e3; + 96e11)))))

Wh2(C023(C013 + Ceg3)Ctag(v12(—13hkrag + 12€92 4 12) + hw(15hkrgy — 13eg3 — 13)) 4 Cez3(Ct3z3(Cei2(v12(13hrgy — 12e93 — 12)
c33Ct33

+ hw(—15hkgg + 13e39 + 13)) + Cean (712 (13hkag — 12e95 — 12) + hw(—15hkrag + 13eao + 13)) — 2(Ct1a(v12(—13hroy + 12695 + 12)
+ hw(15hroy — 13e99 — 13)) + Ctog(v12(—13hrog + 12e99 + 12) 4+ hw(15hkgy — 13eg9 — 13)) + 3Ctgg (12713723 + v12(—13hr1y — 13hroo + 12e1]

+ 12e99 + 24) + hw(15hr] + 15hrgy — 13e1] — 13eng — 26)))) + Ct33(v12(—26hros + 24ens + 24) + 2hw(15hrgy — 13egy — 13))
+ 2Ct13Cta3(712(—13hrog + 12e95 + 12) 4+ hw(15hrgy — 13egp — 13))))
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1

— h2((Cey3 + Ceg3)Ctaz(Cerz(45h2w? — T8hvy1gw + 36775 + 48475 + 48¢2 + 60h2 k7| + 9611 — 104hry] — 104hey ri)

384Ccg3Ctas
2 2 2 2 2 2 2 2 2 2 2

+ Ceag(45h?w? — 78hy1ow + 36770 + 48735 + 4835 + 60h% k3, + 96eay — 104hkoy — 104heggran)) + Cezz(2(45h2w? — 78hy1gw + 36775 + 48+725

+48¢2) +60h2k2]| 4+ 96e1] — 104hr1 — 104he11r11)Ctig + 4Ctog(45h2w? — T8y ow + 36775 + 24775 + 24735 + 24e7; + 24e2y + 30h2 K7,

+30h%k3, 4 48cq) + 48coy — 52hnr1y — 52hey R — 52hrog — 52hegnron)Ctiz + 2Ct35(45h2w? — T8hyygw + 36775 + 48735 + 48e2, + 60nZ R,

+ 96e99 — 104hkgy — 104heggkag) — Ct3g(120Ct 1 k7, h2 4 120Ct 19k71 h? 4 360Ctggr11h2 + 60Ccogragh? + 120Ct gr2gh? + 120Ctagk2gh?2

+ 360Ctggragh? + 45w2Cegah? + 90w2Ct 1 h? + 180w2Ctyoh? + 90w Ctagh? + 720Ctggr11 raoh? — T8wCeany12h — 156wCty vk

— 312wCt1pv12h — 156wCtogyioh — 208Ct 111 h — 208Ct g1 h — 1248Ctggr11h — 208Ct11e11/11h — 208Ct ge11r11h — 624Ctgger1r11h

— 624Ctggeanr1h — 104Ccogkanh — 208Ct grosh — 208Ctagkonh — 1248Ctggrash — 624Ctgge 1 wanh — 104Ccogengrnash — 208Ct genn ko h

— 208Ctggeaarnah — 624Ctggenaranh + 36Ccanyiy + 720t 1 vio + 144Ct 077s + 72Ctany Ty + 96Ct 1 75 + 96Ct19vFs + 48Ccanvas + 96Ct 0733

+ 96Ctagv3 + 96Ct 1 €5 + 96Ct 19e5, + 288Ctgger; + 48Cconesy + 96Ct neay + 96Ctageaq + 288Ctggeag + 192Ct 111 + 192Ct g€l

+1152Ctgge11 + 96Ccageny + 192Ct genn + 192Ctgnenn + 1152Ctggenn + 576Ctgge11 cnn + Copq (45h2w? — 78hy1ow + 36739 + 48724 + 48¢2;

+60h%k3] 4 96¢1) — 104hryy — 104hey ryy) + 2Ccyn(45h%w? — T8hy pw + 364325 + 24775 + 24735 + 24¢3; + 24¢35 + 30h2k%; + 80n% k3, + 48¢q

+ 48egg — B2hkqy — 52heqqr1q — 52hrgg — 52heankan))))))

1
—— h3(Cc?5(12800Ccs3 — Ct33(2340v25 + 9360~75 + 39204h2 k%, + 3267h2w? — 5400v;9hw — 64800hr1] — 64800hk11e1] + 280803,
17280Cc33Ct33

+ 56160e11 + 16640)) — Cc13(Ctyz(9Ccos (260739 + 1040735 + 145202 k35 + 363h2w? — 600719 hw — 2400hrgy — 2400hrageny + 1040e35 + 2080€02)

+ 4160Ct]3) + 25600Cc33Ct13) + Cogg (9Ctzs (Ceqq (26073 + 1040775 + 435602 w2, + 363h2w? — 6007 9hw — 7200hr1] — 7200hr11e1] + 312067

+6240¢11) + Co19 (26072, + 1040725 + 145202 k35 + 363h2w2 — 6007 9hw — 2400hroy — 2400hrogecan + 10402y + 2080¢a0) + 2(3Ctgq (26073

+ 3630202 — 600v19hw) + Ot (260775 + 104025 + 4356h2 k%, + 363h%w? — 6007 9hw — 7200hk1] — T200hk11eqq + 312067, + 6240¢17)
+ Ct12 (260775 + 1040735 + 145202 k35 + 363h2w2 — 600712 hw — 2400hrgy — 2400hrogean + 1040625 + 2080€32))) — 2Ct75 (2340725 + 9360+25

+39204h2 k3 + 3267h%w? — 5400712 hw — 64800hr1] — 64800hr1]e1] + 28080€2, + 56160e1] + 12320) — 18Cto3Ct)3 (260775 + 1040733

+ 145202 k2, + 363h2w? — 6007 9hw — 2400hkoy — 2400hkogens + 1040e3, + 2080en)) + 2080Ct25Ctz3)))

- h3(—7020~725Ccg3Ctg3Ctgg + 26136Ccg3Ct13Ctagh2rig koo — 13068CcyoCeggCtagh2rqrag — 26136Ccg3CtioCtagh2rig koo
8640Cc35Ctgg

— 9801Cc33Ct33Ctggh2w? — 4Ccy3(Cegg(1600Ccs3 + Ctgg (—3267h2 k11 koo + 2700hk1] + 2700hkas + 180€gs (15hi1 — 13) — 180e11 (—15hkog
+ 13e99 + 13) — 2080)) — 20Ctq3(80Cc33 + 13Ctg3)) + 16200~ 5 Cegg CtggCtgghw — 21600Cc33Ct13Ctaghiyl + 10800Cc1 o CegzCtaghmyy

+ 21600Cc33Ct15Ctggzhiy — 21600Cc33Ct 3Ctaghras + 10800CcyoCegyCtaghioy + 21600Cc33Ct o Ctyghigy — 21600Cc33Cty3Ctaghiy can
+ 10800Cc 5 Cegg Ctgghrgqeag + 21600Ccg3Ct19Ctgghriyeay — 21600Cc33Ct15Ctaghmgserq + 10800Cc 5 CogzChaghrasery

+ 21600Ccg3Ct19Ctaghrggel] + 18720Cc33Ct13Ctage1] — 9360Cc g CeggCtggery — 18720Ccg3CtyoCtgge1] + 18720Cc33Ct13Ctagens

— 9360Cc 5 Ce33Ctggeny — 18720Ccg3Ct19Ctagenn + 18720Ccg3Cty3Ctager] oy — 9360Cc1 g CeggCtageqcan — 18720Cc33Ct19Ctage11 €a2

+ 12320Cc33Ct13Ctg3 + 80Cc3Cty3(80Cceg3 + 13Ctgg) — 1040Ct3Ctn3Ctg3)))

1
— h3(Ceg3(Ctgz(Ceyq (20712 (—15hk11 + 13€17 + 13) + 3hw(121hkyy — 100e17 — 100)) + Ce19(20v12(—15hk1q + 1317 + 13)
960Cc33Ct33

+ 3hw(121hryy — 10011 — 100)) + 2(Ctq1 (20712 (—15hr1] + 18e1q + 13) + 3hw(121hry] — 100eyq — 100)) + Ct15(20~v19(—15hr1] + 13e17 + 13)
+ 3hw(121hk11 — 100e1] — 100)) + 3Ctgg (260713723 + 20712 (—15hw11 — 15hrga + 13e11 + 1390 + 26) + 3hw(121hry] + 121hrgy — 100e1]

— 100eg9 — 200)))) + CtI5(6hw(—121hr1] + 100e1] + 100) — 40719 (—15hr11 + 13e1q + 13)) + 2Ctp3Ct 3 (3hw(—121hr1] + 100e17 + 100)
— 20y19(—15hkyy + 13e11 + 13))) — Ce13(Ceyg + Cep3)Ct33(20v10(—15hkyy + 13€17 + 13) + 3hw(121hry] — 100e7; — 100)))

— r3(Cc35(12800Cc33 — Ct33(23407 74 + 9360733 + 39204h% k3, + 3267h2w? — 5400y 9hw — 64800hroy — 64800hkag can
17280Cc33Ct3

+ 28080e35 + 5616005 + 16640)) — Cegz (Ct33(9Cc13(260775 + 1040v25 + 1452h2 k2 + 363h2w?2 — 6007 phw — 2400hk1 — 2400hk1q €1
+1040¢2; + 2080€11) + 4160Ctp3) + 25600Cc33Ctag) + Cegs (9Ctzs (Coyn (26072 + 1040775 + 145202 w2, + 363h2w? — 6007 9hw — 2400hr1]

— 2400hr1e1] + 104062, + 2080€11) + Cean (260725 + 104025 + 4356h2r3y + 363h%w? — 6007 9hw — 7200hkgy — 7200hkggeny + 3120e3y

+ 6240c99) + 2(3Ctgg (260770 + 363h%w? — 6007 2hw) + Ct12(260775 + 1040775 + 1452h% k% + 363h%w? — 6007 9hw — 2400hky) — 2400hkyqe1]
+1040¢2; + 2080e11) + Ctoo (26072, + 1040735 + 4356h2 k35 + 363h2w? — 60071 2hw — 7200hrgy — 7200hrogean + 312029 + 6240€22)))

— 2Ct25 (2340735 + 9360735 + 39204h2 k2, + 3267h2w? — 54007 2 hw — 64800hkoy — 64800hrgpenn + 280802y + 5616000 + 12320)

— 18Ct13Cto3 (260775 + 1040775 + 1452h% k%] + 363h%2w? — 6007 9hw — 2400hr1] — 2400hr1gcy) + 1040€2; + 2080eq1)) + 2080Ct25Ct33)))

1
— 13 (Ceg3(Ct33(Ce1a (20712 (—15hras + 13eno + 13) + 3hw(121higy — 100egg — 100)) + Ceag (20712 (—15hrag + 13eno + 13)
960Cc33Ct33
+ 3hw(121hkgy — 100egy — 100)) + 2(Ct12 (20712 (—15hrog + 13eg2 + 13) 4 3hw(121hrgy — 100egg — 100)) 4 Ctoo (20712 (—15hroo + 13eg9 + 13)
+ 3hw(121hkrgy — 100egy — 100)) + 3Ctgg (260713723 + 20719 (—15hryy — 15hrgoy + 13e1] + 13ego + 26) + 3hw(121hry] + 121hrgy — 100ey ]

— 100¢g9 — 200)))) + Ct3g(6hw(—121hroy + 100ean + 100) — 40715 (—15hros + 13ea + 13)) + 2Ct;3Ctaz (3hw(—121hrgy + 100eas + 100)

— 20~715(—15hkgo + 13e05 + 13))) — Ceaz(Ce3 + Ceaz)Ctaz (20712 (—15hkog + 18690 + 13) + 3hw(121hkgy — 10035 — 100)))
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— 1®(Ce33(—2(1089h%w? — 1800y ow + 78075 + 1040+25 + 1040e2; + 1452h% k2| + 2080e11 — 2400hr1] — 2400heqqr11)Ctag
7680Cc33Ctas

— 4Ctg3(1089h%w?2 — 1800hy 9w + 7803y + 520735 + 520735 + 52021 + 52035 + 726h2k3; + 726h2 k2, + 1040€11 + 1040e95 — 1200hk 1,
— 1200heyy R — 1200hkoy — 1200hengran)Ctyg — 2Ct35(1089h2w? — 1800hv1gw + 780v2, + 104025 + 1040e2y + 1452h% k3, + 2080cqn
— 2400hkgy — 2400heggrag) + Ct33(2904Ct 1 ke h% + 2004Ct 19k  h? + 8712CtggrT, h2 + 1452Ccogragh? + 2004Ct 9 k35h2 + 2904Ctgg k3o h2

+ 8712Ctggraah? + 1089w Cegoh? + 2178w2Cty1 h? + 4356w2Ct1ah? + 2178w Ctagh? + 17424Ctggr11 kooh? — 1800wCean1ah
— 3600wCtq1v12h — 7200wCt19712h — 3600wCtany1ah — 4800Ct 1 k11 h — 4800Ct k11 h — 28800Ctggr11h — 4800Ct 11 /11 h
— 4800Ctyge11/11h — 14400Ctgge 1 r11h — 14400Ctggenn ki1 h — 2400Ccoskanh — 4800Ct 5 rosh — 4800Ctasragh — 28800Ctggkash

— 14400Ctgge11 kogh — 2400Ccagengranh — 4800Ct geankaoh — 4800Ctageaaragh — 14400Ctggengkoah + T80Ccoavig + 1560Ct 1 vy

+ 8120Ct15v39 + 1560Ctan 7y + 2080Ct) 1 7v23 + 2080Ct 9775 + 1040Ccavag + 2080Ct 9755 + 2080Ctanva3 + 2080Ct | €21 + 2080Ct e2;

+ 6240CtggeT, + 1040Ccope3y + 2080Ct ge2y + 2080Ctageas + 6240Ctggea, + 4160Ct 1] + 4160Ct ge1] + 24960Ctgge1] + 2080Ccopenn

+ 4160Ct g9 + 4160Ctaneny + 24960Ctggenn + 12480Ctgge; 1 can + Cepq (1089h%w? — 1800hvy 9w + 780775 + 10404325 + 1040e2; + 1452n2 1%,
+2080€y] — 2400hr] — 2400heqq r11) + 2Cc12(1089h2%w? — 1800hv1ow + 78072y + 520775 + 520735 + 5207, + 520c3, + 72602 k3 + 726R2 k2,
410401 + 1040e95 — 1200hr1] — 1200he1j K] — 1200hkoy — 1200hearaa))) — (Ceqg + Cepz)Chas(Ceyz(1089h2w? — 1800hviow + 780775
+1040+25 + 1040¢2; + 145202 k%, + 2080¢) — 2400hk)] — 2400heq 1 r11) + Coa3(1089h%w? — 1800k gw + 780725 + 1040425 + 1040e2,

+ 145212 k2, + 2080€39 — 2400hKgg — 2400hegg122)))))

1 181712Ctd, 1 1

(37536Ct25 — 11712Cc5Ctys) +

— - —  (546912Ct35 + 433344Ccs5Ct2y
288  Ccpps(34Ccss + 47Cts5)2  34Ccys + 47Ctss (34Ccgg + 47Ctg5)2

+132736Cc25Ctys) + T2Ct 11739 + T2Ct 9 v2g + 864Ct1 1725 + 288Ct] 9725 + 864Ctggvag + 288Ct 121 + 288Ct pean + 31202 Ct  rT

+312h%Ctygr3y + 78h2w2Ct 1 + 78h2w2Ct1g — 144hwCty1v1p — 144hwCtigyio + (72hwCc? 519 + 72hwCey3Ceazvia

Cezs

+ 288hCcfger1r1] + 288hCcigryl) + 576Ct 1 €11 + 576Ct gean — 576hCty1r1y — 5T6hCt11e11r1] + (144hwCt5~10

Ct33

+ 144hwCt 3Ctagy1n + 576hCtIgr11) + 3Cc11 (18h2w? — 24hyygw + 12759 + 14475 + 4871 + 5202 k2] + 9611 — 96hr1] — 96he1r11)

— 576hCtigrgy — 576hCtigengrog —

(39h%w2Cc?y — 86CcT 573y — 36Cc)3Cea3v s — 432Cc2v7y — 144Cc)3Cengvag — 144Cc?gedy
33

— 144Cc13Cegzedy — 156h2Cclgn?| — 156h2CeygCeggnag — 39h2w?Cey3Ceny — 288Cc7e1) — 288Cc13Ccagens) — (78h%w?ct?,

t33
2 2 2 2 2 2 2 2 2 2.2 2 2 2
— 72Ct{3vio — 72Ct13Cta377y — 864Ct{3v73 — 288Ct13Ctagzvs3 — 288CtTge], — 288Ct13Ctage5y — 312h°Ctigriy — 312h°Ct13Ctagrss)))

Wh(CCSS(CtSS(S’YlS"QS(CClZ +2Ct12) + Ctee (48713723 + 12v12(—hr11 — hkog + €11 + €22 + 2) + hw(18hryy + 13hrog — 12617
c33Ct33

— 12e23 — 24))) — 167v13723Ct13Ct23) — 8v13723Cc13Cc23Ct33)))))

4
1 181712Ct], 1 1

(546912Ct3 4 + 433344CcygCta, + 132736Cc2,Ctyy) —

— + — (37536Ct3,
288  Ccyq(34Ccyy + 47Ctyy)2  (34Ccyy + 47Ctgy)2 34Ccyy + 47Ctyy

— 11712Ccqq Ctyy) + 72Ct19759 + T2Ctanvig + 288Ct10v g + 864Ctea iy + 864Ctonvag + 288Ct acr; + 288Ctoncay + 312h%CtygnT

+312h2CtogrZy + 78h2w2Ct1g + 7802w Ctoy — 144hwCtigv1g — 144hwCtoovig + (72hwCcZ5~19 + 72hwCey3Cea3v12

Ccssz

+ 288hCc13Cco3e11r11 + 288hCeci3Ceagriy) + (144hwCt35~19 + 144hwCty3Cta3v19 + 576hCt 3Ctazry + 576hCt13Ctagerry1)

Ct33
. 2 2 2 2 2 52,2
+ 576Ctyge1] + 576Ctggeny — 576hCtiary] — 576hCtigeq1r1] + 3Ccin(13h%w? — 24hvyjgw + 12755 + 48+74 + 48€5, + 52h° kT + 96e1

— 96hr1] — 96he1qr11) — 5T6hCtagras — 5T6hCtagengrag + 3Ccan(13h2w? — 24hvyow + 12735 + 144735 + 48e35 + 52h% k35 + 96e00

— 96hrgy — 96henaron) — (39n2w2Ce3y — 86Cc357, — 36Cc13Cegzyfy — 144Ceq3Cen3viy — 432Cc3,72; — 144Ce 3Ceg3es,

€33

1
— 144Cc35¢3, — 15602 Cey3Ceagn?y — 156h2Ce3gr3s — 39h2w?Cey3Cegg — 288Cc13Ceazery — 288Ccagenn) — - (72Ct35435

33
— 72Ct13Ctag 7y — 288Ct 3Ctaz oy — 864Ct35va; — 288Ct 3Ctages, — 288Ct35e5, — 312h2Ct13Ctagrt, — 31202 Ct25x3,)))
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