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1. Introduction

D-instantons describe classical saddle points in type II and type I string theories and give non-

perturbative contributions to string amplitudes. While the action −T of a D-instanton is easy

to compute [1] and gives the prefactor e−T multiplying all D-instanton amplitudes,1 the actual

computation of the amplitude suffers from infrared divergences associated with open string

zero modes. For this reason most of the initial study of D-instanton amplitudes, carried out in

ten-dimensional type IIB string theory, used an indirect approach based on S-duality of this

theory [2, 3]. Perturbative amplitudes in this theory are not usually S-duality invariant, but

one finds that for certain amplitudes containing limited powers of momenta, the constraint of

supersymmetry together with the requirement of S-duality fixes the amplitude completely. The

weak coupling expansion of the amplitude then generates the usual perturbative terms, but also

contains terms proportional to e−k T for integer k. These can be regarded as the contribution to

the amplitude from k D-instantons. This procedure has been extended to the study of toroidal

compactifications of type II string theories, producing remarkable results on the effect of D-

instanton corrections to certain amplitudes in these theories [4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

In recent years a similar approach has been successful in computing the effect of Euclidean

D-branes in type II string theory compactified on Calabi-Yau (CY) 3-folds (see [14, 15] for a

review). The quantity of interest here is the metric on the moduli space of the theory. Super-

symmetry implies that the moduli space locally has a product structure MV ×MH [16]. Here

the first factor contains the vector multiplet moduli and is a special Kähler manifold, while the

second factor describes the hypermultiplet moduli and is restricted to be a quaternion-Kähler

manifold [17]. Since the actions of Euclidean branes depend on the four-dimensional string

coupling that is given by the vacuum expectation value of the dilaton field, and the latter is

a part of the hypermultiplet moduli, it follows that the instanton corrections can only affect

the metric on MH . Remarkably, there exists a chain of dualities (see [18, Fig.1]) involving

S-duality of type IIB, electro-magnetic duality of type IIA and mirror symmetry relating the

two formulations, which allows us at least in principle to find all these non-perturbative cor-

rections. In practice, this program has been realized for D-instantons in [19, 20] (based on

earlier works [21, 18]) and for NS5-brane instantons2 in the one-instanton approximation in

[25] where the instanton effects have been encoded into a holomorphic contact structure on the

twistor space associated to MH . The explicit D-instanton corrected metric has been derived

subsequently in [26, 27].

Despite these successes, it is important to develop techniques for direct computation of

D-instanton contributions to amplitudes. There are a variety of reasons for this; we shall

1We call D-instanton any Euclidean D-brane wrapped on a compact cycle. We shall use the sign convention

for the action S such that the Euclidean path integral is weighted by eS .
2NS5-branes generate instanton corrections in CY compactifications which scale as e−1/g2

s and thus are

exponentially suppressed compared to D-instantons which behave as e−1/gs . Nevertheless, they are expected

to be indispensable for making sense of the metric on MH at the non-perturbative level (see, e.g., [22]) and

represent the last unknown contribution to have the complete two-derivative effective action in this class of

compactifications. See [23, 24] for an attempt to go beyond of the one-instanton approximation.
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quote a few. First of all, S-duality is only a conjectured symmetry of the theory and it is

important to test its predictions whenever possible. Second, S-duality and supersymmetry

allow one to compute only a few of the terms in the effective action. In the particular example

of ten-dimensional type IIB string theory, S-duality and supersymmetry can only fix terms

in the four graviton amplitude that contain 14 or fewer powers of momenta but terms with

16 or more powers of momenta are not fixed. Therefore, direct D-instanton computation will

be the only way to fix these terms. Finally, in theories with lower supersymmetry, there may

be contributions that are protected by supersymmetry but are either not fixed by S-duality

or the consequences of S-duality may be difficult to implement. For example, in certain flux

compactifications of type II string theory the superpotential and coefficients of gauge kinetic

terms are holomorphic functions of the moduli but receive contributions from Euclidean D-

branes [28]. Often such terms are important for studying various aspects of the theory like

moduli stabilization [29, 30, 31] and it is important to compute them. At present there is no

known way to fix them using S-duality.

For these reasons one would like to develop a systematic procedure for computing D-

instanton contribution to an amplitude without any help from supersymmetry or duality

symmetries. During the last few years string field theory techniques have been used to develop

a systematic procedure for dealing with the infrared divergences that plague such analysis.

The initial study was carried out for two-dimensional string theory [32, 33, 34, 35], but the

procedure was later extended to type IIB string theory in ten dimensions [36, 37]. In particular,

in both theories the overall normalization of the D-instanton amplitude was determined by

computing the exponential of the annulus amplitude. This suffers from infrared divergences

but string field theory gives an unambiguous procedure for getting a finite result. In both

theories the result is known with the help of duality symmetries — matrix model in the case

of two-dimensional string theory and S-duality in the case of type IIB string theory, and in

both cases the result of direct D-instanton computation agrees with the result predicted by

duality.

Given this success, one could use this procedure for computing D-instanton contributions

to amplitudes where the result is not known otherwise, e.g. amplitudes in type IIB string

theory with large number of momentum factors [38] or the superpotential and gauge kinetic

terms in N = 1 supersymmetric string flux compactifications. On the other hand, it is also

important to test this procedure by computing other amplitudes where the result is known,

e.g., D-instanton corrections to the hypermultiplet moduli space in type II string theories on

CY 3-folds. This is the problem that we shall address in this paper.

Since mirror symmetry relates type IIA and type IIB string compactifications on mirror

CY 3-folds, we concentrate on type IIA string compactifications. In this theory the Kahler

moduli of the CY 3-fold belong to the vector multiplet and therefore cannot affect the metric

on the hypermultiplet moduli space. Since α′ corrections are controlled by the Kahler moduli,

this means that the hypermultiplet moduli space metric cannot receive any α′ corrections. This

allows us to work in the large volume limit and use various geometric properties of the CY

3-fold without having to invoke the exact conformal field theory description of the world-sheet
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theory.

Type IIA string theory has Dp-branes for even p, spanning (p + 1)-dimensional world-

volume. Since the only odd-dimensional cycles inside a CY 3-fold are 3-cycles, the instanton

contributions come from Euclidean D2-branes wrapped on these 3-cycles. We compute a

specific class of contributions which can be described as follows. Let γ label the homology

class of a particular 3-cycle and −Tγ denote the action of a D2-brane wrapped on the 3-cycle

in the sign convention described in footnote 1. The contributions from the instantons in this

sector take the form of e−Tγ multiplied by a power series expansion in string coupling gs. We

analyze only the leading terms in the expansion in powers of gs (which are proportional to

g
1/2
s ). We then compare our results with the earlier predictions based on S-duality, mirror

symmetry and supersymmetry and find perfect agreement. It is certainly possible in principle

to compute higher order terms in the power series expansion, but this will involve more work.

Note that since Tγ is proportional to the inverse string coupling, terms of order e−Tγ for

different γ have exponential suppression relative to each other. Therefore one could question

the significance of including the leading order term proportional to e−Tγ before performing all

order resummation of the contribution from a more dominant instanton. Indeed, a common

criticism of the analysis of instanton contributions to the amplitude is that unless we can re-

sum the whole series of perturbative contributions, instanton contributions cannot be defined

meaningfully. However, D-instantons for different γ’s belong to different topological classes of

saddle points compared to each other and the perturbative saddle point. This is reflected in

the fact that Tγ contains an imaginary part involving the component of the Ramond-Ramond

(RR) 3-form field along the 3-cycle represented by γ. These are different for different γ’s,

and perturbative corrections do not generate any additional dependence on these components

of the RR field. This is a consequence of the fact that the usual string amplitudes involve

the field strength of the RR field instead of the potential, and the only contributions that

depend on the potential arise from the disk one-point function of the RR fields, whose ex-

ponentiation generates the e−i Im (Tγ) factor in the D-instanton amplitude. Therefore, in each

non-trivial topological sector, labelled by a specific dependence of the amplitude on the RR

moduli, the leading contribution is provided by the D-instantons in that topological class and

is unambiguously defined.

The rest of the paper is summarized as follows. We begin in §2 with a review of the

background material that we use in the rest of the paper. This includes conventions for the

world-sheet theory underlying ten-dimensional type IIA string theory as well as some details of

compactification on CY 3-folds and its complex structure moduli space. In §3 we describe the

result for the instanton corrected metric on the hypermultiplet moduli space in the particular

weak coupling limit where we keep only the leading term in each topological sector. The result

is shown in (3.5), whereas the actual computation that leads to it is presented in appendix B.

Sections 4, 5 and 6 describe direct world-sheet computation of the same terms. In §4

we describe the computation of the overall normalization by appropriately ‘regulating’ the

exponential of the annulus amplitude, both for single instantons and multiple coincident in-

stantons. §5 describes the strategy for computing the correction to the hypermultiplet metric.
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In general, while extracting corrections to the effective action from string amplitudes, we need

to compare the on-shell S-matrix elements. Since for massless scalars the first such amplitude

is the four-point function, which receives contributions from the Riemann tensor of the moduli

space metric, one needs to compare the four-point functions in string theory and the effective

field theory. However, we show that due to the presence of the exponential factor e−Tγ in the

correction to the metric, the computation of the leading term in a given topological sector

can be reduced to the computation of a disk amplitude with one closed string insertion and

a pair of open string fermion zero mode insertions. In section 6 we compute all the required

disk amplitudes and use them to make the final prediction of the instanton correction to the

metric. The result is shown in (6.75), and agrees with (3.5) up to field redefinition. Some

of the technical details required for the analysis of this section, e.g. determination of certain

phases and signs, the construction of the RR vertex operator in different pictures and some

identities involving covariantly constant spinors in CY 3-folds are relegated to appendices.

2. Background

In this section we shall review the necessary background material that will be needed for our

analysis.

2.1 World-sheet conventions in ten dimensions

In this section we shall describe the conventions for the world-sheet theory of type IIA string

theory following [36].

Since we shall be working in the large volume approximation, locally the metric will be

nearly flat and we can use the results for flat ten-dimensional target space. We shall denote by

xM with 0 ≤ M ≤ 9 a set of 10 free scalar fields describing the target space-time coordinates

and by ψ̄M , ψM their superpartner left and right-moving fermions. The world-sheet theory

also contains Grassmann odd ghost fields b, c, b̄, c̄ and Grassmann even ghost fields β, γ, β̄, γ̄.

We introduce scalar fields φ, φ̄, and fermionic fields ξ, η, ξ̄, η̄ by bosonizing the β,γ system [39]:

β = ∂ξ e−φ, γ = η eφ, β̄ = ∂̄ξ̄ e−φ̄, γ̄ = η̄ eφ̄ . (2.1)

In the α′ = 1 unit that we shall use, the operator product expansions (OPE) between

various free fields take the form:

∂XM (z)∂XN (w) = − ηMN

2(z − w)2
+ · · · , ψM(z)ψN(w) = − ηMN

2(z − w)
+ · · · ,

c(z)b(w) = (z − w)−1 + · · · , ξ(z)η(w) = (z − w)−1 + · · · , (2.2)

∂φ(z) ∂φ(w) = − 1

(z − w)2
+ · · · , eq1φ(z)eq2φ(w) = (z − w)−q1q2e(q1+q2)φ(w) + · · · ,

where · · · denote less singular terms. The mostly + signature Minkowski metric ηMN will

be replaced by δMN in the Euclidean computation. There are similar OPE involving anti-

holomorphic fields which we shall not write down explicitly. We assign ghost and picture
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numbers to various fields as follows:

ghost number : 1 for c, c̄, γ, γ̄, η, η̄, −1 for b, b̄, β, β̄, ξ, ξ̄, 0 for others,

picture number : q for eqφ, eqφ̄, 1 for ξ, ξ̄, −1 for η, η̄, 0 for others .
(2.3)

The SL(2,C) invariant vacuum is defined to carry zero ghost number and picture number.

The stress tensor Tm(z) and its fermionic partner TF (z) for the matter sector take the

form:

Tm(z) = −∂XM∂X
M + ψM∂ψ

M , TF (z) = −ψM∂X
M , (2.4)

with similar expressions for their anti-holomorphic counterparts. The OPE involving Tm and

TF take the form:

Tm(z)Tm(w) =
15

2

1

(z − w)4
+

2

(z − w)2
Tm(w) +

1

z − w
∂Tm(w) + · · · ,

TF (z)TF (w) =
5

2

1

(z − w)3
+

1

2

1

z − w
Tm(w) + · · · ,

Tm(z)TF (w) =
3

2

1

(z − w)2
TF (w) +

1

z − w
∂TF (w) + · · · .

(2.5)

The stress tensors of the ghost fields, the BRST current jB and the BRST charge QB are given

by:

Tb,c = −2 b ∂ c + c ∂ b, Tβ,γ =
3

2
β∂γ +

1

2
γ∂β = Tφ + Tη,ξ , (2.6)

Tη,ξ = −η∂ξ , Tφ = −1

2
∂φ∂φ − ∂2φ , (2.7)

B = c
(
Tm + Tβ,γ

)
+ γ TF + b c ∂c− 1

4
γ2 b , (2.8)

QB =

∮
dzB(z) . (2.9)

∮
is normalized to include the 1/(2πi) factor so that

∮
dz/z = 1.

We shall follow the normalization conventions of [36] for the picture changing operator

(PCO) X (z) [39, 40] and the inverse picture changing operator Y(z):

X (z) = 2 {QB, ξ(z)} = 2 c ∂ξ+2 eφTF − 1

2
∂η e2φ b− 1

2
∂
(
η e2φ b

)
, Y = 2 c ∂ξ e−2φ . (2.10)

With this definition we have:

[QB,X (z)] = 0, [QB,Y(z)] = 0, Y(z)X (w) = 1 +O(z − w) . (2.11)

We also define:

X0 =

∮
dzX (z), Y0 =

∮
dz Y(z) . (2.12)

As already mentioned before, we have an analogous set of operators and OPEs in the anti-

holomorphic sector. In the following we shall use the words right (left)-moving and holomor-

phic (anti-holomorphic) fields interchangeably. The labelling of picture numbers will be done
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accordingly, with picture number (m,n) implying picture numberm from the left-moving fields

and n from the right-moving fields. The BRST charge for open strings can be represented by

QB, whereas the BRST charge in the closed string sector will be given by the sum of QB and

Q̄B.

Next we turn to the spin fields. We denote by Sα and Sα the 16-component spin fields in the

matter sector, carrying opposite chirality. We shall use the convention that in the holomorphic

sector e−φ/2Sα and e−3φ/2Sβ are GSO even operators while in the anti-holomorphic sector

e−φ̄/2S̄α and e−3φ̄/2S̄β are GSO even operators. This assignment is a consequence of the fact

that in type IIA string theory the left and the right-moving Ramond sectors carry opposite

chirality. The relevant OPE involving the spin fields are:3

ψM(z) e−φ/2Sα(w) =
i

2
(z − w)−1/2 (ΓM)αβe

−φ/2 Sβ(w) + · · · ,

ψM(z) e−φ/2Sα(w) =
i

2
(z − w)−1/2 (ΓM)αβe−φ/2 Sβ(w) + · · · ,

e−3φ/2Sα(z) e−φ/2Sβ(w) = (z − w)−2 δαβ e
−2φ(w) + · · · ,

e−φ/2Sα(z) e
−φ/2Sβ(w) = i(z − w)−1 (ΓM)αβ e

−φ ψM (w) + · · · ,

(2.13)

where the 16× 16 matrices ΓM
αβ satisfy the identities:

{ΓM ,ΓN} = 2 ηMN I16 , (ΓM)αβ = (ΓM)βα , (ΓM)αβ = (ΓM)βα , (2.14)

with the understanding that when we take product of the ΓM ’s, the successive ΓM ’s will have

their indices alternating between upper and lower indices. Here I16 denotes the 16×16 identity

matrix. The OPE in the anti-holomorphic sector are obtained by replacing all the holomorphic

fields in (2.13) by anti-holomorphic fields, replacing the upper spin indices by lower ones and

the lower spin indices by upper ones. We also have,

(ΓM)αβ = (ΓM)αβ for M 6= 0, (Γ0)αβ = δαβ , (Γ0)αβ = −δαβ . (2.15)

As in [36], for the closed string vacuum carrying momentum k, we choose the normaliza-

tion:

〈k|c−1c̄−1c0c̄0c1c̄1 e
−2φ(0)e−2φ̄(0)|k′〉 = −(2π)10δ(10)(k + k′) , (2.16)

while for the open string vacuum on a p-brane we choose:

〈k|c−1c0c1 e
−2φ(0)|k′〉 = (2π)p+1δ(p+1)(k + k′) . (2.17)

We shall follow the convention of [36] for computing disk amplitudes in the presence of

a (Euclidean) Dp-brane. Since this will be used extensively in our analysis, we shall briefly

3Even though we deal with Euclidean D-branes, we use Lorentzian gamma matrix algebra, regarding time

and energy as taking imaginary values. For most of our analysis it makes no difference whether we work in

Euclidean or Lorentzian signature. One place where the continuation from one signature to the other introduces

an ambiguity is in the sign of the contribution from integration over the fermion zero modes. As discussed

at the end of §4.1 and appendix C, this sign can be fixed using the cluster property of the multi-instanton

amplitudes.
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review the convention for the amplitudes relevant for us. Let Vc be the unintegrated vertex

operator of a closed string. Then the disk one-point function of this closed string is given by

{Vc} =
1

2
κTp 〈c−0 Vc〉D , (2.18)

where we define

c±0 ≡ (c0 ± c̄0)/2, b±0 = b0 ± b̄0, L±
0 = L0 ± L̄0 . (2.19)

〈 〉 denotes correlation function on the disk, κ =
√
8πG is the gravitational constant and Tp is

the tension of the Dp-brane, related to the string coupling gs via the relations

κ = 23 π7/2 gs, Tp =
1

(2π)pgs
. (2.20)

We also need to insert appropriate number of PCOs in the disk correlation function in (2.18)

to make sure that total picture number of all the operators adds up to −2. The factor of

κ was not present in eq.(3.26) of [36] but has been included since we shall be working with

canonically normalized fields. On the other hand, if we have a disk amplitude with one closed

string and n open strings inserted on the disk, the amplitude takes the form (see eq.(3.28) of

[36]): {
Vc

n∏

k=1

V (k)
o

}
= ε π κ Tp

∫ 〈
Vc

n∏

k=1

V (k)
o

〉

D

, (2.21)

where ε is some power of i, V
(k)
o are the open string vertex operators, with one unintegrated and

(n− 1) integrated vertex operators, and the integral runs over the locations of the integrated

vertex operators along the real axis. The factor of ε was not determined in [36] (see footnote

5 of [36]) since there one needed four powers of the disk amplitude. However, in our analysis

we need two powers of the disk amplitude and for this we need the actual value of ε. It is

shown in appendix A that we have

ε = i . (2.22)

As in (2.18), we need to insert appropriate number of PCOs in (2.21) to ensure that the total

picture number adds up to −2. Using the factorization analysis of [36], it is easy to check that

ε is independent of the number n of open string insertions, but we also check this in appendix

A.

When we carry out the analysis for D-branes wrapped on Calabi-Yau cycles, we shall use

the large volume approximation to regard the brane as locally flat. Then to compute the

amplitudes, we can use the ten-dimensional formulæ where the vertex operators do not carry

any momentum along the brane. In this situation, according to (2.17), we get a factor of

(2π)p+1δ(p+1)(0) which can be viewed as the volume of the brane. We should interpret this as

the statement that the result without this factor needs to be integrated along the brane.

– 8 –



2.2 Compactification

Let us now consider compactification of the theory on a CY 3-fold Y. We shall label the four-

dimensional coordinates by Greek indices µ, ν · · · and the six-dimensional indices by lower

case bold-faced indices i, j,k · · · . The gamma matrix conventions will be as follows. Let us

denote by Γ̃i the six-dimensional γ-matrices and define

Γ̃ = i Γ̃4 · · · Γ̃9 , (2.23)

so that

Γ̃2 = I4, {Γ̃, Γ̃i} = 0 . (2.24)

We also denote by γµ the four-dimensional γ matrices that commute with the Γ̃i’s. Then the

ten-dimensional γ-matrices will be chosen as:

Γµ = Γ̃⊗ γµ, Γi = Γ̃i ⊗ I4 . (2.25)

We shall denote the six-dimensional spinor indices by α(6) and the four-dimensional spinor

indices by α(4) so that the ten-dimensional index α can be regarded as the pair (α(6), α(4)). We

shall use the dotted and undotted spinor index α, α̇ for the four-dimensional spinor. In this

convention the components of γµ acting on the undotted and dotted spinors will be labelled

as (γµ) β
α̇ and (γµ) β̇

α respectively. They satisfy the relations:

{γµ, γν} = 2 ηµνI2, (γµ)αβ̇ = (γµ) γ̇
α ǫγ̇β̇, (γµ)α̇β = (γµ) γ

α̇ ǫγβ , (γµ)α̇β = (γµ)αβ̇ , (2.26)

with the understanding that in the product of γ-matrices, an (un)dotted index on the top is

contracted with an (un)dotted index at the bottom.4 I2 and ǫ represent respectively the 2× 2

identity matrix and the 2 × 2 antisymmetric matrix with ǫ12 = ǫ1̇2̇ = 1. Although we shall

use the indices α, β, · · · to label both the ten-dimensional spinor indices and four-dimensional

undotted spinor indices, it should be clear from the context whether a given spinor index α

corresponds to ten- or four-dimensional index. Since the ten-dimensional spinors carry definite

chirality, the chiralities of the four- and the six-dimensional spinors should be correlated.

Therefore, the dotted and undotted four-dimensional spinor indices must be accompanied

by six-dimensional spinors of opposite chiralities. Furthermore this correlation should be

opposite in the left and the right-moving sectors, since in type IIA string theory the left and

right-moving spinors in ten dimensions have opposite chiralities.

CY 3-folds have a complex conjugate pair of covariantly constant spinors which we shall

denote by η and η̄. Covariant constancy ensures that η̄η is a constant. We shall choose the

normalization and chirality of η such that

η̄ η = 1, Γ̃η = η . (2.27)

The unbroken supersymmetry transformations in the compactified theory are related to the

supersymmetry transformations in the ten-dimensional theory coming from the holomorphic

4A similar convention must also be followed for the product of six-dimensional gamma matrices.
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sector by taking the ten-dimensional supersymmetry transformation parameters to be the

product of η and an arbitrary undotted spinor or η̄ and an arbitrary dotted spinor. For super-

symmetry transformations coming from the anti-holomorphic sector, η will be accompanied

by a dotted spinor and η̄ will be accompanied by the undotted spinor.

The D-instanton contribution we shall analyze will be one or several Euclidean D2-branes

wrapped on some 3-cycle Lγ ofY. In order to preserve half of the supersymmetries, the specific

3-dimensional subspace that the D2-brane wraps must be a special Lagrangian submanifold,

but there may be more than one special Lagrangian submanifold in a given homology class la-

belled by γ. The D-instanton boundary conditions break half of the space-time supersymmetry

by relating the supersymmetry transformation parameters associated with the holomorphic

sector to that associated with the anti-holomorphic sector. Associated with the broken super-

symmetry there will be Goldstino zero modes on the instanton which we shall label by two

component spinors χ̃α and χ̃α̇. Since the zero modes are in one to one correspondence with

broken supersymmetry generators, which we shall identify with the supersymmetry generators

in the holomorphic sector, we can also represent them as ten-dimensional spinors X α and X̂ α,

carrying opposite four-dimensional chiralities. Using the dictionary given earlier, we can take

X = η ⊗ χ̃α, X̂ = η̄ ⊗ χ̃α̇ . (2.28)

Note that for each four-dimensional spinor χ̃α and χ̃α̇ we have a zero mode, but once these

spinors are given, the components of the ten-dimensional spinors X and X̂ are fixed by (2.28).

In particular, we have X̂ α(Γµ)αβX β =
(
η̄Γ̃η

) (
χ̃α̇(γµ)α̇βχ̃

β
)
.

2.3 Complex structure moduli space of Calabi-Yau threefold

We shall now review some useful properties of the moduli space describing complex structure

deformations of a CY threefold and evaluate a few integrals that will be needed for our analysis.

For a given CY threefoldY, let {AΛ, BΛ} ∈ H3(Y) with Λ = 0, . . . , h2,1(Y) be a symplectic

basis of 3-cycles such that the only non-vanishing intersection numbers are AΛ∩BΣ = δΛΣ. We

also introduce a dual basis of 3-forms {αΛ, β
Λ} ∈ H3(Z,Y) such that

∫

AΛ

αΣ = δΛΣ,

∫

BΛ

βΣ = −δΣΛ ,
∫

BΛ

αΣ =

∫

AΛ

βΣ = 0. (2.29)

The complex structure on Y is encoded into a covariantly constant holomorphic 3-form Ω.

Expanding it in the basis introduced above

Ω = zΛαΛ − FΛβ
Λ, (2.30)

we get coefficients zΛ and FΛ given by

zΛ =

∫

AΛ

Ω, FΛ =

∫

BΛ

Ω, (2.31)

which describe deformations of the complex structure and parametrize a moduli space MC .

As it is easy to show (see, e.g., [41]), they are not independent. In fact, the moduli space MC
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carries the structure of a projective special Kähler manifold which means that (locally) there

exists a homogeneous of degree two holomorphic function F (z) such that FΛ = ∂zΛF and the

metric on MC is captured by the following Kähler potential

K = − logK, K = i

∫

Y

Ω̄ ∧ Ω = zΛNΛΣz̄
Σ,

NΛΣ ≡ −2 ImFΛΣ, FΛΣ ≡ ∂zΛ∂zΣF ,

(2.32)

where we have used the Riemann bilinear identity

∫

Y

χ ∧ θ =
∑

Λ

(∫

AΛ

χ

∫

BΛ

θ −
∫

BΛ

χ

∫

AΛ

θ

)
(2.33)

to evaluate the integral over Y. Note that under a holomorphic rescaling of the coordinates

zΛ → f(z)zΛ, the Kähler potential transforms by a Kähler transformationK → K−log f−log f̄

which does not affect the metric. This originates from the fact that Ω is defined only up to such

a rescaling. As a result, the complex structures are parametrized by only h2,1(Y) coordinates

which can be taken to be za/z0 with a = 1, . . . , h2,1. We will work in the gauge z0 = 1 and

use za as independent coordinates on MC .

It is useful to note that there is also an alternative basis in the space of 3-forms on

Y adapted to the Hodge decomposition H3 = H3,0 ⊕ H2,1 ⊕ H1,2 ⊕ H0,3. It is given by

{Ω, χa, χ̄a, Ω̄} where

χa(z) = ∂zaΩ + ΩKa, Ka ≡ ∂zaK. (2.34)

The relative coefficient between the two terms is fixed by requiring
∫
Ω̄ ∧ χa = 0.

Let us now consider an arbitrary 3-form C. It can be expanded in either of the two bases

introduced above. The two decompositions give rise to two sets of coefficients:

C = ζΛαΛ − ζ̃Λβ
Λ (2.35)

and

C = ρΩ + ̺aχa + ¯̺aχ̄a + ρ̄ Ω̄. (2.36)

A relation between them can be found by substituting (2.30) and (2.34) into (2.36), which

gives

ζ0 =2Re (ρ+ ̺aKa),

ζa =2Re
(
(ρ+ ̺bKb)z

a + ̺a
)
,

ζ̃a =2Re
(
(ρ+ ̺bKb)Fa + Fab̺

b
)
,

ζ̃0 =2Re
(
(ρ+ ̺aKa)F0 + ̺aFa0

)
.

(2.37)

Setting ̺0 ≡ 0, these relations can be written in a compact form as

ζΛ =2Re (ξΛ), ξΛ = ̺Λ + (ρ+ ̺aKa)z
Λ,

ζ̃Λ =2Re (FΛΣξ
Σ).

(2.38)
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In particular, one finds

zΛζ̃Λ − FΛζ
Λ = iKρ̄. (2.39)

Finally, let us choose a 3-cycle Lγ = qΛA
Λ − pΛBΛ and its dual 3-form ωγ = pΛαΛ − qΛβ

Λ,

parametrized by a vector of integers γ = (pΛ, qΛ). We are interested in evaluating three

integrals over this cycle

Θγ ≡
∫

Lγ

C, Θ∗
γ ≡

∫

Lγ

⋆C, ΘJ
γ ≡

∫

Lγ

J(C), (2.40)

where J is the complex structure and

J(C)ijk =
1

3

(
Jm
i Cmjk + Jm

j Cmki + Jm
k Cmij

)
. (2.41)

The first integral is trivially evaluated using (2.35),

Θγ = qΛζ
Λ − pΛζ̃Λ. (2.42)

The second integral can be found rewriting it as an integral over the whole CY 3-fold:

Θ∗
γ ≡ −

∫

Y

C ∧ ⋆ωγ (2.43)

and using the identities [42, 43]
∫

Y

αΛ ∧ ⋆αΣ = −
(
ImM+ ReM( ImM)−1ReM

)
ΛΣ
,

∫

Y

βΛ ∧ ⋆βΣ = − ( ImM)−1ΛΣ,

∫

Y

αΛ ∧ ⋆βΣ = −
(
ReM( ImM)−1

) Σ

Λ
,

(2.44)

where

MΛΣ = F̄ΛΣ − i
(Nz)Λ(Nz)Σ

(zNz̄)
. (2.45)

It is straightforward to find

1

2
( ImM)−1ΛΣ = NΛΣ − 1

K

(
zΛz̄Σ + z̄ΛzΣ

)
, (2.46)

where NΛΣ is the inverse of NΛΣ, so that

1

2

(
ReM( ImM)−1

) Σ

Λ
= ReFΛΘN

ΘΣ − 1

K

(
FΛz̄

Σ + F̄Λz
Σ
)
, (2.47)

(
ImM+ ReM( ImM)−1ReM

)
ΛΣ

=
1

2
NΛΣ + 2

(
ReF N−1 ReF

)
ΛΣ

− 2

K

(
FΛF̄Σ + F̄ΛFΣ

)
.

These results can be used to obtain

Θ∗
γ = 2Cγ −

4

K
Re
[
Z̄γ(z

Λζ̃Λ − FΛζ
Λ)
]
, (2.48)
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where we introduced

Zγ =

∫

Lγ

Ω = qΛz
Λ − pΛFΛ (2.49)

and

Cγ = NΛΣ
(
qΛ − ReFΛΞp

Ξ
) (
ζ̃Σ − ReFΣΘζ

Θ
)
+

1

4
NΛΣ p

Λ ζΣ. (2.50)

Using (2.38), Cγ may also be expressed as

Cγ = Im
(
(qΛ − FΛΣp

Σ)ξΛ
)

= Im (̺a∂zaZγ + (ρ+ ̺aKa)Zγ) .
(2.51)

To find the last integral in (2.40), we have to evaluate the action of the complex structure

on a 3-form. This is where the basis adapted to the Hodge decomposition becomes very

convenient. Indeed, using (2.36), one finds

J(C) = i
(
ρΩ− ρ̄ Ω̄

)
+
i

3
(̺aχa − ¯̺aχ̄a) . (2.52)

Taking into account (2.49), this gives

ΘJ
γ = −2 Im (ρZγ)−

2

3
Im
[
̺a(∂zaZγ +KaZγ)

]
. (2.53)

It remains to express this result in terms of ζΛ, ζ̃Λ. Using (2.39) and (2.51), one immediately

obtains

ΘJ
γ = − 4

3K
Re
[
Z̄γ(z

Λζ̃Λ − FΛζ
Λ)
]
− 2

3
Cγ . (2.54)

3. D-instanton corrected hypermultiplet metric from twistors

In this section we present a prediction for the instanton corrected hypermultiplet metric follow-

ing from a combination of various dualities, wall crossing and mirror symmetry and obtained

using a twistorial description of quaternionic manifolds.

First of all, let us recall that after compactification on a CY threefold Y, the low energy

effective theory contains n = h2,1(Y) + 1 hypermultiplets. Each hypermultiplet comprises

4 real scalars which parametrize a 4n-dimensional quaternion-Kähler moduli space MH . In

type IIA theory we have the following hypermultiplet scalar fields:

• the fields za (a = 1, . . . , h2,1) describing deformations of the complex structure of Y

which were reviewed in §2.3;

• the RR fields ζΛ, ζ̃Λ (Λ = 0, . . . , h2,1) arising as period integrals of the RR 3-form of type

IIA string theory over a symplectic basis of cycles in H3(Y,Z) (see (2.35));

• the four-dimensional dilaton r = eφ;

• the NS-axion σ which is dual to the B-field in four dimensions.
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At tree level the metric on MH can be obtained by Kaluza-Klein reduction from the ten-

dimensional type IIA supergravity action or via the c-map [44, 45]. The resulting metric is

completely determined by the holomorphic prepotential F (z) on the space of complex structure

deformations and is given by

ds2tree =
1

r2
dr2 − 1

2r

[
( ImM)−1

]ΛΣ (
dζ̃Λ −MΛΛ′dζΛ

′

)(
dζ̃Σ − M̄ΣΣ′dζΣ

′

)

+
1

16r2

(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ

)2
+ 4Kab̄dz

adz̄b̄,
(3.1)

where Kab̄ are the second derivatives of the Kähler potential K given in (2.32) and the matrix

MΛΣ is defined in (2.45). We have used conventions where the Einstein-Hilbert Lagrangian

density and the kinetic term for the hypermultiplet scalars, collectively denoted by ϕi with

i = 1, . . . , 4n, read as

Lkin = −R(g)− 1

2
Gij(ϕ) ∂µϕ

i∂µϕj. (3.2)

Note that MH carries an action of the symplectic group. In particular, (zΛ, FΛ) and (ζΛ, ζ̃Λ)

transform in the vector representation, whereas r and σ are symplectic invariant.5

The metric (3.1) receives a one-loop correction and instanton corrections from Euclidean

D2-branes and NS5-branes wrapping 3-cycles and the whole CY, respectively. In this paper

we restrict our attention only to the corrections due to the first type of instantons. These

instantons are characterized by integer charges γ = (pΛ, qΛ) labelling homology classes in

H3(Y). The charge lattice carries an integer pairing

〈γ, γ′〉 = qΛp
′Λ − q′Λp

Λ. (3.3)

In the small string coupling limit each instanton of charge γ produces a factor Ωγ e
−Tγ where

Ωγ is the integer valued generalized Donaldson-Thomas (DT) invariant of Y, which roughly

counts the number of supersymmetric cycles in homology class γ, and

Tγ = 8π

√
r

K
|Zγ|+ 2πiΘγ. (3.4)

Here Zγ , defined in (2.49), is the central charge of the supersymmetry subalgebra left unbroken

by the instanton, and Θγ is a linear combination of RR axion fields given by (2.42). The full D-

instanton corrected metric includes in addition a gs-perturbative expansion around instantons

as well as multi-instanton contributions.

A formal6 expression for the metric incorporating contributions of all D2-instantons with

all perturbative expansions around them has been found in [27, Eq.(2.31)]. It was derived from

a twistorial construction [19, 20] that encodes the D-instantons into the so called holomorphic

contact structure on the twistor space, a CP 1 bundle over MH [46, 47]. Although this con-

struction allows to capture all D-instantons by a single holomorphic function (dilogarithm),

5Recall that we work in the gauge z0 = 1 which is not invariant under a generic symplectic transformation.

Besides, the prepotential F is not invariant either.
6It is formal because it involves various expansions which are at best asymptotic.
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to extract the metric from it requires solving an integral equation of Thermodynamic Bethe

Ansatz (TBA) type. Generically, this can be done only by a perturbative expansion in powers

of DT invariants and leads to a highly complicated result. We will argue now that for our

purposes it is actually not needed and this complication can be avoided.

The point is that contributions non-linear in DT invariants, in particular, those generated

by an iterative solution of the TBA equation mentioned above, involve products of the form∏
i Ωγi e

−kiTγi with ki ∈ Z
+. They are to be compared with the contribution of a single

instanton of charge γ =
∑

i kiγi. Since Θγ depends linearly on charge, the two contributions

have the same axionic coupling and thus belong to the same topological sector. However,∑
i ki|Zγi| ≥ |Zγ| with equality possible only if all central charges are aligned. This can

happen only at very special loci in the moduli space unless all the γi’s are aligned. If two

charges γ, γ′ are mutually non-local, which means that they satisfy 〈γ, γ′〉 6= 0, the loci with

argZγ = argZγ′ are known as walls of marginal stability and coincide with codimension 1

hypersurfaces in MC where DT invariants jump, so that they are not even well-defined at

these walls. The metric however is smooth across the walls and we can safely assume that

we stay always away from any such wall. As a result, contributions from mutually non-local

multi-instantons turn out to be exponentially suppressed compared to one-instantons of the

same total charge. Since we are interested here only in the leading gs corrections in a given

topological sector, such multi-instantons can be ignored.

This leads to crucial simplifications as we do not need anymore to solve any integral

equations — the first iteration gives rise to an exact solution. An explicit expression for the

metric in this approximation has been obtained in [26] (see [48] for a recent construction of

the same metric by mathematicians) and we present it in appendix B. In the same appendix

we argue that multi-instanton contributions non-linear in DT invariants for mutually local

charges are also suppressed, this time by a power of the string coupling7, and extract instanton

corrections to the tree level metric (3.1) that are linear in DT invariants. The result can be

conveniently represented in the following form

ds2inst =
∑

γ

Ωγ Σγ

16r
√
2πT R

γ

[
|Zγ|2
rK

(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ − 4i
√
rK

|Zγ|
Cγ + 8r Im ∂ log

Zγ

K

)2

− 1

π2

(
dTγ − 8π|Zγ|

√
r

K
d log

|Zγ|2
K

− 16πi

K
Im
[
Z̄γ(z

Λdζ̃Λ − FΛdζ
Λ)
])

dTγ

]
,

(3.5)

where the sum goes over all charge lattice, ∂ = dza∂za is the Dolbeault holomorphic differential

on MC ,

Cγ = NΛΣ
(
qΛ − ReFΛΞp

Ξ
) (
dζ̃Σ − ReFΣΘdζ

Θ
)
+

1

4
NΛΣ p

Λ dζΣ (3.6)

is a combination of differentials of the RR fields (cf. equation (2.50)), T R
γ = Re Tγ, and the

7In fact, the argument in the previous paragraph shows that multi-instantons with mutually local charges,

but central charges non-aligned, are actually suppressed exponentially.
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function Σγ is defined as:

Σγ =

∞∑

k=1

σkγ√
k
e−kTγ . (3.7)

Here σγ is a sign factor, known as quadratic refinement, which satisfies the defining relation

σγ1σγ2 = (−1)〈γ1,γ2〉σγ1+γ2 . A few remarks are in order:

• It is easy to see that the terms real in the square brackets in (3.5) are even with respect

to γ → −γ, whereas the pure imaginary terms are odd. Therefore, since T̄γ = T−γ, the

sum over charges produces a real expression, as it should be.

• Note that in contrast to multi-instanton contributions non-linear in DT invariants, the

multi-instanton contributions linear in DT invariants, captured by the k > 1 terms in

(3.7), are not suppressed by powers of string coupling in the small string coupling limit.

We shall see that these contributions come from multiple branes fused together in a

sense that will be made precise at the end of §4.2.

• Due to the summation over k in the definition of Σγ , the term with a given γ in (3.5)

contributes to multiple topological sectors labelled by integer multiples of γ. We can

rectify this by rewriting the formula where we replace Σγ by the k = 1 term in the sum

and replace Ωγ by the rational invariant Ω̄γ defined as:

Ω̄γ =
∑

d|γ

d−2Ωγ/d. (3.8)

• An important feature of the result (3.5) is that the contribution of each charge is a full

square up to terms O(dTγ). As we shall see, the latter terms can be removed by field

redefinition at the leading order and therefore are not relevant for our purposes. On the

other hand, the full square structure is precisely what follows from the analysis of these

amplitudes in §6.

• Another useful remark is that a simple rescaling of fields makes it clear that both metrics

(3.1) and (3.5) have a uniform scaling in the small string coupling limit. Indeed, let us

redefine fields as

r = r′/g2(4), ζΛ = ζ ′Λ/g(4), ζ̃Λ = ζ̃ ′Λ/g(4), σ = σ′/g2(4), za = z′a, (3.9)

where g(4) is the four-dimensional string coupling which can be thought as the vacuum

expectation value of r−1/2. If we rewrite the metric in terms of the primed variables,

then it is easy to see that g(4) drops out from the perturbative metric (3.1), while in

the instanton contribution (3.5) we get two overall factors: g
1/2
(4) in front and g−1

(4) in the

instanton action. Thus, keeping the primed fields fixed in the weak coupling limit, the

metrics have an overall scaling g0(4) and g
1/2
(4) e

−g−1
(4)

T ′
γ , respectively.
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To finish this section, let us establish a precise relation which holds at leading order

between the four-dimensional dilaton r appearing as one of the coordinates on MH and the

closed and open string couplings, gs and go, that will appear in the amplitude computations.

To this end, let us note that both couplings are related to the real part of the instanton action.

On the one hand, it has the canonical expression as a product of the D2-brane tension and

the volume Vγ of the 3-cycle Lγ wrapped by the brane

T R
γ = T2Vγ =

Vγ
4π2gs

, (3.10)

where we used (2.20) for p = 2. On the other hand, it can be written as [49, 50, 51, 36]

T R
γ =

1

2π2g2o
. (3.11)

In the following we shall regard gs and g(4) as constants, related to the vacuum expectation

values of the fields. Therefore, (3.10) and (3.11), as well as (3.16) and (3.17) below, should be

regarded as relations involving vacuum expectation values. However, in general, e.g. in (3.5),

we shall regard Tγ and Zγ as functions of fields.

As shown in [1], the BPS condition requires the cycle Lγ to be special Lagrangian, i.e. the

pullback of the Kähler form ω on Y to Lγ must vanish, and the pullback of the holomorphic

3-form Ω has to be proportional to the volume form of Lγ which we denote by vγ:

ω|Lγ
= 0, Ω|Lγ

= f vγ , (3.12)

where f = eiθe
1
2
(K′−K), θ is a real constant and K and K′ are Kähler potentials on the space

of complex and Kähler structure deformations of CY, respectively. Integrating the second

relation over Lγ and using equation (2.49), one finds

f Vγ = Zγ. (3.13)

Then taking into account the explicit form of f and that in the large volume approximation

K′ = − log

(
4

3

∫

Y

ω ∧ ω ∧ ω
)

= − log(8V ), (3.14)

where V is the volume of Y, the absolute value of the relation (3.13) becomes

Vγ =

√
8V

K
|Zγ|. (3.15)

Substituting this into (3.10) and comparing with (3.4), one finally obtains

r =
V

2(2π)6g2s
=
πV

2κ2
, (3.16)

while (3.11) implies

g2o =
2gs
Vγ

=
gs√
2|Zγ|

√
K

V
=

√
K

16π3|Zγ|
√
r
. (3.17)
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4. Normalization of the instanton amplitudes

The leading order contribution to an instanton amplitude involves the product of the usual

factor of i accompanying all amplitudes, exponential of the annulus amplitude and a set of

disk amplitudes. In this section we shall focus on the computation of the exponential of the

annulus amplitude that fixes the overall normalization of the amplitude. First, we consider

the case of a single instanton, and then turn to the case of k identical instantons.

4.1 Single instanton

Since our analysis in this section will follow closely to that in [36], we shall begin by briefly

reviewing the steps followed there.

1. Formally the annulus amplitude vanishes due to supersymmetry [52], but the zero mode

contributions from the NS and R sector suffer from infrared divergences. We regulate the

infrared divergences by putting slightly shifted boundary condition on the two boundaries

of the annulus and express the exponential of the annulus amplitude as a ‘path integral’

over open string modes. The regulator produces a non-zero L0 eigenvalue h for all the

modes which otherwise would have had zero L0 eigenvalue.

2. The variables involved in the path integral include the usual bosonic zero modes asso-

ciated with the breaking of space-time translation invariance by the instanton and the

fermionic zero modes associated with broken supersymmetry. However there are two

additional Grassmann odd modes which can be identified as the Faddeev-Popov ghosts

arising from Siegel gauge fixing. In the limit when we remove the regulator by taking

the h → 0 limit, the ghost action vanishes, indicating a breakdown of the gauge fixing

procedure. We remedy this by working with the original gauge invariant form of the path

integral whose gauge fixed version produces the exponential of the annulus amplitude.

This gauge invariant version does not have the integral over the ghost modes, but has

an integration over an extra Grassmann even variable that was set to zero in the Siegel

gauge and also contains a division by an integral over the gauge parameter that was

removed by the gauge fixing procedure.

3. We can explicitly perform the integration over the extra Grassmann even mode in the

numerator. The remaining bosonic zero modes are related to the position of the D-

instanton in space-time. The precise relation is found by comparing the dependence of

an amplitude on these zero modes with the expected dependence of the amplitude on the

position of the D-instanton. Using this result we express the integral over these bosonic

zero modes in terms of the integration over the instanton position. The latter integra-

tion eventually produces the usual momentum conserving delta function. Similarly the

integral over the gauge transformation parameter in the denominator is performed by

first finding the relation between the gauge transformation parameter and the parameter

θ̃ labelling the rigid U(1) symmetry on the instanton under which an open string with

one end on the instanton picks up a phase eiθ̃. Once this relation is found, the factor
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in the denominator can be expressed as an integral over the rigid U(1) transformation

parameter θ̃. The latter integral gives 2π since θ̃ has period 2π.

4. Finally the integration over the fermion zero modes associated with the supersymmetries

broken by the instanton tells us that in order to get a non-vanishing amplitude, we must

sprinkle the vertex operators associated with these zero modes in the rest of the factors in

the amplitude. Once this is done, the integration over the zero modes can be performed

using the standard rules for Grassmann integration.

We shall now give the results obtained during different steps. The D-instanton we shall

analyze is a Euclidean D2-brane wrapped on a special Lagrangian 3-cycle. We shall assume the

3-cycle to be rigid so that the only bosonic zero modes on the instanton are those associated

with translation invariance of the instanton along the non-compact directions. The vanishing of

the annulus amplitude now fixes the number of fermionic zero modes. After taking into account

the pair of ghost zero modes that arise in fixing the Siegel gauge, one can show that the only

fermion zero modes left are the four zero modes associated with broken supersymmetry. With

this information, at step 1 we arrive at the following expression for the overall normalization:

N = i

∫ { 3∏

µ=0

dξµ√
2π

}
dp dq exp

[
−1

2
h

3∑

µ=0

ξµξ
µ − h p q

]∫ 2∏

δ,δ̇=1

dχδ dχδ̇ exp
[
mαβ̇χ

αχβ̇
]
.

(4.1)

Here ξµ are the Grassmann even variables associated with broken translation symmetry, χα

and χα̇ are the Grassmann odd variables associated with broken supersymmetry, and p, q are

the Grassmann odd Faddeev-Popov ghosts. mαβ̇ is a matrix with | detm| = h. (4.1) differs

from eq.(4.7) of [36] in that here µ ranges from 0 to 3 instead of from 0 to 9, reflecting the

fact that the instanton can move only along the four non-compact space-time directions and

that α, α̇ together range over only 4 values instead of 16, reflecting the fact that the instanton

breaks only 4 out of 8 supersymmetries. For h > 0, the integrals appearing in (4.1) can be

carried out explicitly, and give the result i, reflecting the vanishing of the annulus amplitude.

At the end of step 2 we arrive at the following integral in the h→ 0 limit:

N = i

∫ ∞

−∞

dφ e−φ2/4

∫ 3∏

µ=0

dξµ√
2π

∫ 2∏

δ,δ̇=1

dχδ dχδ̇

/∫
dθ , (4.2)

where φ is the extra mode that appears when we ‘unfix’ Siegel gauge and θ represents the

gauge transformation parameter. This part of the analysis is identical to that in [36]. After

carrying out integration over φ we get the analog of eq.(4.32) of [36]:

N = i (2π)−2 2
√
π

∫ 3∏

µ=0

dξµ
∫ 2∏

δ,δ̇=1

dχδ dχδ̇

/∫
dθ . (4.3)

The procedure outlined in step 3 gives the analog of eq.(4.38) of [36]:

ξµ = g−1
o π−1 2−1/2 ξ̃µ , (4.4)
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where ξ̃µ is the space-time coordinate of the D-instanton and go is the open string coupling

constant. Also the relation between θ and θ̃ takes the form θ = 2θ̃/go, leading to the analog

of eq. (4.45) of [36]: ∫
dθ = 4π/go . (4.5)

Using these results, we get:

N = ig−4
o π−4 2−2 (2π)−2 2

√
π
go
4π

∫ ∏

µ

dξ̃µ
∫ 2∏

δ,δ̇=1

dχδ dχδ̇ . (4.6)

The fermion zero modes χα, χβ̇ appearing in (4.1) are canonically normalized so that their

vertex operators are accompanied by a factor of the open string coupling constant go. It will

be more convenient for our analysis to define new variables χ̃α, χ̃β̇ by absorbing the factor of

go so that the vertex operators do not carry any such factor. To this end we define:

χ̃α = go χ
α, χ̃β̇ = go χ

β̇ ,

∫ 2∏

δ,δ̇=1

dχδ dχδ̇ = g4o

∫ 2∏

δ,δ̇=1

dχ̃δ dχ̃δ̇ , (4.7)

From (4.6) and (4.7) we get the analog of eq.(4.49) of [36]:

N = igo 2
−5 π−13/2

∫ ∏

µ

dξ̃µ
∫ 2∏

δ,δ̇=1

dχ̃δ dχ̃δ̇ . (4.8)

We need to multiply this by the product of disk amplitudes of external closed strings (one

on each disk to get the lowest order term) and insertion of the vertex operators of the open

string fermion zero modes χ̃α, χ̃β̇, distributed on the disks in all possible ways. Then we use

∫ 


2∏

δ,δ̇=1

dχ̃δ dχ̃δ̇



 χ̃αχ̃α̇χ̃βχ̃β̇ = ǫαβǫα̇β̇ . (4.9)

Therefore, if we denote by Aαα̇ββ̇

∏
i e

ipi.ξ̃ the product of disk amplitudes with closed string

insertions carrying momenta p1, p2, · · · and open string zero mode χ̃α, χ̃α̇, χ̃β, χ̃β̇ insertions,

then the final result for the amplitude takes the form:

i e−TγN (0)
1 (2π)4δ(4)

(
∑

i

pi

)
A1, N (0)

1 = go 2
−5π−13/2, A1 = ǫαβǫα̇β̇Aαα̇ββ̇ . (4.10)

The momentum conserving delta function comes from integration over the ξ̃µ’s and the ǫαβǫα̇β̇

comes from integration over the χ̃δ’s and χ̃δ̇’s. This is the analog of eq.(6.5) of [36]. The

notations N (0)
1 and A1 were not introduced in [36], but are convenient for comparison with

the multi-instanton amplitude.

Note that in carrying out the integration over the fermion zero modes using (4.9), there is

a phase ambiguity associated with the integration measure over the fermions [36]. This reflects
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the ambiguity associated with the sign factors σγ in (3.7). However, we show in appendix C

that this choice is correlated with the sign of the multi-instanton contribution analyzed in

§4.2. In particular, (4.9) is compatible with (4.21). If on the other hand we have a sign σγ on

the right hand side of (4.9), then (4.21) will get an extra factor of σk−1
γ and A1 given in (4.10)

(and its generalization for multi-instanton amplitudes) will get a factor of σγ . Therefore the

k instanton contribution will get an extra factor of (σγ)
k = σkγ. For a given γ, this phase can

be absorbed into the shift in the RR scalar field appearing in the axionic coupling e−2πikΘγ

accompanying the k instanton amplitude. Our choice of sign, encoded in (4.9) and (4.21) will

turn out to agree with (3.5), (3.7) for the choice σkγ = 1 for a given γ and all k. However,

the compatibility condition described below (3.7) shows that this choice cannot be made for

all γ simultaneously. It should be possible to see the origin of this compatibility condition

by carefully analyzing the contribution from multiple instantons carrying mutually non-local

charges. But this has not been done so far and we shall not discuss the σγ factors any further.

4.2 Multiple instantons

Let us now describe the computation of the overall normalization of k instanton amplitude

which is expected to capture the k-th term in the sum in (3.7). The normalization factor is

given by the exponential of the annulus amplitude for open strings living on the configuration

of k identical instantons. To compute it, we shall follow the procedure described in [37].

At the initial stage, we can analyze this system by regarding the open string spectrum as

k2 copies of that on a single instanton. This leads to the analog of (4.3):

Nk = i (2π)−2k2(2
√
π)k

2

∫ k2−1∏

a=0

{
3∏

µ=0

dξµa

}


2∏

δ,δ̇=1

dχδ
adχ

δ̇
a



 eS

/∫ k2−1∏

b=0

Dθb . (4.11)

The main distinction from (4.3) is the inclusion of the eS factor. At quadratic order the action

vanishes, but in order to integrate over the non-abelian modes we need to include higher order

terms in the action.

Next we change variables from θb to the parameters θ̃b of the rigid U(k) symmetry group

living on the D-instanton. This relation takes the form θb = 2θ̃b/go, and we get, as in (4.5),

∫ k2−1∏

b=0

Dθb = 2k
2

(go)
−k2
∫ k2−1∏

b=0

Dθ̃b. (4.12)

In this integral, θ̃0 represents the U(1) generator. Since the correctly normalized generator of

U(1) is Ik/
√
k, θ̃0 has period 2π

√
k and integration over θ̃0 produces the factor of 2π

√
k. The

rest of the θ̃a parametrize the group SU(k), but since U(k) = (SU(k)×U(1))/Zk, integration

over the θ̃a’s for 1 ≤ a ≤ (k2 − 1) produces the volume of the group SU(k)/Zk. This gives

Nk = i(2π)−2k2(2
√
π)k

2

2−k2(go)
k2 1

2π
√
k

1

VSU(k)/Zk

∫ k2−1∏

a=0

{
3∏

µ=0

dξµa

}


2∏

δ,δ̇=1

dχδ
adχ

δ̇
a



 eS .

(4.13)
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Since the action does not depend on the center of mass coordinates ξµ0 and χα
0 , we can factor

out these integrals and relate them to the location ξ̃µ of the ‘center of mass’ of the D-instanton

system and the fermion zero modes χ̃α normalized so that their vertex operators do not carry

any factor of the open string coupling constant. These relations take the form,

ξµ =
√
k g−1

o π−1 2−1/2 ξ̃µ , χ̃α = go χ
α , (4.14)

generalizing (4.4) and (4.7). The extra factor of
√
k in the relation between ξµ and ξ̃µ can be

traced to the fact that the Chan-Paton factor accompanying the correctly normalized vertex

operator for ξµ is given by 1/
√
k times the identity matrix [37]. Therefore (4.13) can be

rewritten as:

Nk = iN (0)
k

∫ 3∏

µ=0

dξ̃µ
2∏

δ,δ̇=1

dχ̃δ dχ̃δ̇ , (4.15)

where,

N (0)
k = (2π)−2k2(2

√
π)k

2

( √
k

go π
√
2

)4

2−k2 (go)
k2 1

2π
√
k

1

VSU(k)/Zk

g4o

×
∫ k2−1∏

a=1

{
3∏

µ=0

dξµa

}


2∏

δ,δ̇=1

dχδ
adχ

δ̇
a



 eS .

(4.16)

The action S appearing in (4.16) is given by the dimensional reduction of N = 1 super-

symmetric Yang-Mills theory in four dimensions, with canonically normalized kinetic terms,

to zero dimensions. Therefore, it has a quartic interaction involving ξµa with coefficient g2YM/4

and a ξ-χ-χ Yukawa coupling with coefficient gYM where go =
√
2 gYM [49, 50]. We can remove

the dependence of S on go by making a change of integration variables

xµa = g1/2o ξµa , yαa = g1/4o χα
a , yα̇a = g1/4o χα̇

a , (4.17)

and define

Xµ = xµa T
a, Y α = yαa T

a, Y α̇ = yα̇a T
a , (4.18)

where the generators T a are normalized as Tr (T aT b) = δab. In terms of these variables, we

have:

S =
1

8
Tr
(
[Xµ, Xν][X

µ, Xν ]
)
+

1√
2
γµ
αβ̇

Tr
(
Y α[Xµ, Y

β̇]
)

(4.19)

and

N (0)
k

N (0)
1

= (2π)−2(k2−1)(
√
π)k

2−1 k3/2

VSU(k)/Zk

∫ k2−1∏

a=1

{
3∏

µ=0

dxµa

}


2∏

δ,δ̇=1

dyδady
δ̇
a



 eS . (4.20)

The integral appearing in this expression can be read out from the conjecture of [53] (derived

in [54]) (see eq.(26), (27) of [53] for D = 4 and N replaced by k). We get

∫ k2−1∏

a=1

{
3∏

µ=0

dxµa√
2π

}


2∏

δ,δ̇=1

dyδady
δ̇
a



 eS =

2k(k+1)/2π(k−1)/2

2
√
k
∏k−1

j=1 j!

1

k2
. (4.21)
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We also have [55, 56] (see [37] for translation of these results to the normalization convention

used here):

VSU(k)/Zk
= 2(k

2−1)/2 2
(k−1)/2π(k−1)(k+2)/2

√
k
∏k−1

j=1 j!
. (4.22)

Substituting (4.21) and (4.22) into (4.20) and using (4.10) we get

N (0)
k

N (0)
1

= k−1/2 , N (0)
k = go 2

−5π−13/2k−1/2 . (4.23)

We shall end this section with a few observations:

1. The analysis carried out above has been done for the system where all k D2-branes wrap

a particular special Lagrangian submanifold in a given homology class γ. Typically there

are multiple special Lagrangian submanifolds in a given homology class whose number is

given by the DT invariant Ωγ. For amplitudes that are protected by supersymmetry, all

the special Lagrangian submanifolds give the same contribution so that the amplitude

is multiplied by Ωγ . We can also have configurations in which different D2-branes wrap

different special Lagrangian submanifolds — these will be discussed below.

2. During our analysis we have assumed that the special Lagrangian submanifolds along

which the D2-branes are wrapped are rigid, i.e. they cannot be deformed inside the CY

3-fold. It is known that this requires the first homology group of the special Lagrangian

submanifold to be trivial [57]. If we relax this assumption, then the instanton will have

additional degrees of freedom associated with the motion in the moduli space of this

submanifold and we need to integrate over this moduli space. For a single instanton this

integral yields the Euler number of the moduli space up to a sign [58], which coincides

with the definition of DT invariant when it does not reduce to a simple counting. How-

ever, for multiple instantons the effect will be generically non-trivial since it will add

new degrees of freedom to the integral appearing in (4.20).

3. Since the action (4.19) has no dependence on string coupling, the integral over the xµa in

(4.20) gets contribution from a range of order unity. (4.17) now shows that ξµa integrals

get contributions from a range of order g
−1/2
o . On the other hand, the set of ξµa ’s in

the Cartan subalgebra of SU(k) can be interpreted as the mutual distance between the

instantons. Therefore, after taking into account the scaling given in (4.14) that relates

the ξµ variables to physical positions ξ̃µ, we see that the integral in (4.20) receives

contribution from the range when the physical separation between the instantons is of

order g
1/2
o . Since it vanishes in the limit of weak string coupling, the instantons fuse into

each other in this limit.

The last observation provides an explanation for why the ratio N (0)
k /N (0)

1 is independent of

go. In general the normalization constant for multiple instantons should contain a factor that

is the product of the normalization constant for each instanton, and since N (0)
1 is proportional

– 23 –



to go, we would expect N (0)
k to be proportional to gko . However due to appearance of massless

open string states on coincident branes, there is extra enhancement from the region of small

separation between the instantons, and this is what cancels the extra factors of go, leading to

the result (4.23) for N (0)
k /N (0)

1 that is independent of go.

This situation can be contrasted with the case when we have multi-instanton system with

different instantons wrapped on different special Lagrangian submanifolds. In this case even

in the limit of weak string coupling, the separation between the branes remain fixed and there

is no extra enhancement. The only exception are the points where the submanifolds intersect.

However, as long as the intersection is transverse, there are no tachyonic or massless open

string modes at the intersection points and we do not expect any enhancement. Therefore,

contributions from such configurations will always be suppressed by powers of the string

coupling. Furthermore, if the wrapped cycles belong to different homology classes γ1 and γ2,

then |Zγ1| + |Zγ2 | will typically be larger than |Zγ1+γ2 |. Thus, the contribution from such

configurations, being proportional to e−Tγ1−Tγ2 , will be exponentially suppressed compared to

the contribution proportional to e−Tγ1+γ2 from an instanton wrapping a cycle in the homology

class γ1 + γ2.
8

5. Strategy for computing D-instanton corrections to the metric

In this section we shall describe the general strategy for computing the D-instanton contribu-

tion to the moduli space metric. Since for massless scalars the two and three-point amplitudes

vanish, one needs to compute the four and higher point amplitudes for finding corrections to

the effective action, including the moduli space metric. However, we shall show that by ex-

ploiting the momentum non-conservation on individual disk amplitudes, we can compute the

leading correction to the metric by examining the two-point function of a pair of scalars. The

latter can be non-zero before imposing momentum conservation and can be further decom-

posed into a product of two disk amplitudes, each with one scalar and a pair of fermion zero

modes. A similar analysis can be carried out for scalars obtained by dualizing the two-form

fields.

5.1 Scalar amplitudes

Let us suppose that the action contains a term of the form:

−1

2

∫
d4xGij(~ϕ) ∂µϕ

i∂µϕj , (5.1)

8As discussed already in §3, the full D-instanton corrected metric and, in particular, the one given in

(B.1) does have such exponentially suppressed contributions. It is natural to expect that these contributions

also appear in the components of the Riemann tensor which are expected to be directly related to four-point

amplitudes in string theory [1]. However, the action of such multi-instantons does not saturate the BPS

bound. While this raises a puzzle why such terms are present, one can note that similar terms do appear even

in ten-dimensional type IIB string theory [59, 11, 60].
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where ϕi are real scalars and ~ϕ denotes the collection of all the ϕi’s. We use the Greek indices

µ, ν, · · · for labelling the four-dimensional space-time indices and the roman indices other than

k for labelling the fields. k will label the instanton number. In the following discussion we

shall assume that the fields ϕi are normalized as the primed fields introduced in (3.9) so that

the dependence of various terms on the string coupling g(4) is simple. In these variables Gij(~ϕ)

is expected to have an expansion of the from:

Gij(~ϕ) = G
(0)
ij +

∑

γ

e−TγH
(γ)
ij (~ϕ) , (5.2)

where G
(0)
ij is the perturbative metric with an expansion in powers of g(4), with the leading

tree level term being independent of g(4). The term proportional to e−Tγ is the contribution

from the topological sector with charge γ. Tγ is proportional to the inverse power of the

string coupling g(4) and H
(γ)
ij (~φ) has an expansion in powers of g(4) with the leading term

proportional to (g(4))
1/2. It may even have exponentially suppressed contributions, but im-

portantly H
(γ)
ij (~ϕ) ∂µϕ

i∂µϕj is invariant under the shift symmetry of the RR moduli. The sole

breaking of the shift symmetry comes from the factor e−Tγ , which thus uniquely distinguishes

the instanton sector of charge γ. We denote by h
(γ)
ij (~φ) the leading term in the expansion of

H
(γ)
ij (~φ)

If we denote by φi the expectation value of ϕi and by λi = ϕi − φi the fluctuations of ϕi,

then by expanding the metric to quadratic order in λi we get the scalar field kinetic term:

−1

2

∫
d4x

[
Gij(~φ) + λm ∂mGij(~φ) +

1

2
λmλn ∂m∂nGij(~φ)

]
∂µλ

i∂µλj + · · · . (5.3)

Since Tγ has inverse power of g(4), the leading term proportional to e−Tγ in the expression for

∂m∂nGij(~φ) will come when both derivatives act on Tγ in the exponent in (5.2). Therefore,

the leading four-λi term in the action proportional to e−Tγ will be of the form:

−1

4

∫
d4x e−Tγ ∂mTγ ∂nTγ h

(γ)
ij (~φ) λm λn ∂µλ

i∂µλj . (5.4)

Such term in the action induces a contribution to the four-scalar amplitude. Let the α-th

external state represent the scalar ǫ
(α)
m λm and carry momentum p(α). Then the contribution

to the amplitude induced from the action (5.4) is given by:9

A = (2π)4δ(4)

(
∑

α

p(α)

)[
ǫ(1)m ǫ(2)n ǫ(3)i ǫ(4)j ∂mTγ ∂nTγ h

(γ)
ij (~φ) e−Tγp(3).p(4)

+ inequivalent perm. of (1),(2),(3),(4)

]
,

(5.5)

where the field indices i, j etc. are raised and lowered by the lowest order metric G
(0)
ij and its

inverse.

9In order to avoid writing factors of i, in the analysis of this and later sections we shall refer to amplitudes

as the ones computed in Euclidean signature, so that the amplitude generated by a term in the action is

directly given by that term written in momentum space, without any extra factor.
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We shall now compare this contribution with the explicit computation of the instanton

amplitude. We shall classify terms by the homology classes γ that determine the imaginary

part of Tγ, i.e. the dependence on the RR moduli. For a given γ, the amplitude could receive

contribution from either single instanton or multiple instantons. In the latter case it follows

from the discussion at the end of §4 that the leading contribution comes from the configurations

where all the instantons wrap the same special Lagrangian submanifold. Therefore, we can

have k instantons of charge γ/k wrapping the same cycle, where k is any integer that divides

γ. This contribution will be proportional to N (0)
k and therefore to go ∼ (g(4))

1/2, in agreement

with the scaling found in §3 (see below (3.9)).

The leading contribution to the four-point amplitude includes, besides the overall normal-

ization constant N (0)
k , the product of four disk amplitudes each with one closed string vertex

operator corresponding to one of the ǫ
(α)
m λm combinations, and four open string fermion zero

modes distributed among the four disks. Since each disk must carry even number of fermion

zero modes, we can either have all four fermion zero modes inserted on one disk, or have two of

them on one disk and two of them on another disk. The contribution from the disks without

fermion zero mode insertion, and the insertion of the vertex operator corresponding to λm

is given simply by the derivative of the instanton action with respect to the field inserted,

i.e. −k ∂mTγ/k = −∂mTγ . The factor of k comes from the trace over the Chan-Paton factors

on the boundary of the disk. Therefore, the contribution from the amplitude where all four

fermion zero modes are inserted on a single disk will have the momentum dependence of the

amplitude coming entirely from the fourth disk. However, by Lorentz invariance this must

be a function of p2 where p is the momentum carried by the vertex operator on the fourth

disk. Since p2 = 0, such an amplitude does not have any momentum dependence and would

give rise to a potential term. Since we do not expect instanton corrections to generate any

potential, we expect this amplitude to vanish.

Therefore, the only surviving contribution is the one where we have two of the zero modes

on one disk, two on another disk, and two disks without zero modes. It will have the structure:

(2π)4δ(4)

(
∑

α

p(α)

) [
ǫ(1)m ǫ(2)n ǫ(3)i ǫ(4)j ∂mTγ ∂nTγ N (0)

k,γ/k e
−Tγ A(k,γ/k)

ij (~φ)

+ inequivalent perm. of (1),(2),(3),(4)

]
,

(5.6)

where A(k,γ/k)
ij is the product of two disk amplitudes, each with a pair of fermion zero mode

insertions and insertion of vertex operators of λi or λj , contracted with ǫαβǫα̇β̇ as in (4.10).

The superscript (k, γ/k) on A represents that the instanton configuration responsible for the

amplitude consists of k instantons each of charge γ/k. The γ/k added to the subscript of N (0)
k

is a reflection of the fact that it has implicit dependence on the instanton charge γ/k due to

the dependence of N (0)
k on go via (4.23) and the charge dependence of go via (3.17). If Ωγ

denotes the number of special Lagrangian 3-cycles in homology class γ, then the contribution
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(5.6) is multiplied by Ωγ/k. Comparing this with (5.5) we get:10

∑

k|γ

Ωγ/k N (0)
k,γ/k A

(k,γ/k)
ij (~φ) = h

(γ)
ij p.p′

⇒ p.p′
∑

γ

h
(γ)
ij e−Tγ =

∑

γ

Ωγ

∞∑

k=1

N (0)
k,γ A

(k,γ)
ij (~φ) e−k Tγ ,

(5.7)

where p and p′ are the momenta carried by λi and λj . Therefore the knowledge of A(k,γ)
ij (~φ)

can be used to determine the instanton corrected metric, keeping the leading term in each

topological sector. Note however that (5.7) vanishes for p′ = −p, and so we implicitly need to

keep in mind the presence of the extra pair of λ’s that allow momentum to be not conserved.

In practice we can just analyze the λi-λj amplitude without using momentum conservation.

There is one important limitation of this approach arising due to possible ambiguities in

rewriting the action (5.4) using integration by parts, or equivalently, rewriting the amplitude

(5.5) using momentum conservation. To examine this, it will be convenient to choose a basis

for the field variables so that the instanton action depends on only one of the fields. For

example we could take the instanton action itself as a (possibly complex) field variable, and

denote by ξ its fluctuation. Then the action (5.4) takes the form:

−1

4

∫
d4x e−Tγ h

(γ)
ij (~φ) ξ2 ∂µλ

i ∂µλj . (5.8)

Now suppose that λi is also ξ. In that case (5.8) reduces to

−1

4

∫
d4x e−Tγ h

(γ)
ξj (

~φ) ξ2 ∂µξ ∂
µλj = − 1

12

∫
d4x e−Tγ h

(γ)
ξj (

~φ) ∂µ(ξ
3) ∂µλj . (5.9)

We can now integrate by parts to write the integrand as proportional to ξ3∂µ∂
µλj which

vanishes once we use the on-shell condition for the field λj . This shows that we cannot use

the two-point function to compute the leading correction to the metric proportional to h
(γ)
ij if

either i or j represents the fluctuation ξ. In a general basis of field variables this translates

to the statement that we cannot compute components of the metric along the fluctuation

directions ∂mTγ λ
m.

Physically, one can understand the origin of this limitation as follows. Since the S-matrix

of string theory determines the action only up to field redefinition, we can consider a field

redefinition of the form ϕm → ϕm+e−Tγgm(~ϕ) for any set of functions gm(~ϕ) without changing

the S-matrix. Here we should regard Tγ as a function of the field variables ~ϕ and not just of

the background ~φ. Under this transformation:

dϕm → dϕm − e−Tγgm(~ϕ) ∂nTγ dϕ
n + · · · , (5.10)

10Note that a term proportional to e−kTγ may get contribution from different sources, e.g. terms proportional

to Ωγ and Ωkγ . They are distinct contributions and all of them are included in the sum in (5.7). Using that

N (0)
k,γ/k ∼ k0 and, as will be established below, A(k,γ/k)

ij ∼ k−2, one can reorganize the sum in (5.7) so that we

only have the k = 1 term in the sum and Ωγ is replaced by the rational index Ω̄γ defined in (3.8).
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where · · · are subleading terms in the power series expansion in g(4). Therefore, the leading

effect of such transformations on the perturbative terms will be to generate terms in the metric

proportional to e−Tγ ∂nTγ dϕ
n. This can be used to change the leading terms in the metric

proportional to dTγ from instantons of charge γ. For this reason, terms proportional to dTγ

in the instanton induced metric cannot be computed unambiguously.

5.2 Two-form field and its dualization

In our analysis we shall also encounter a dual version of this problem where instead of scalar

fields φi we have 2-form fields Bi,µν with action

−1

6

∫
d4xGij(~ϕ)Hi,µνρH

µνρ
j , Hi,µνρ = ∂µBi,νρ + ∂νBi,ρµ + ∂ρBi,µν . (5.11)

When we dualize the 2-form fields into scalar fields, we get back an action of the form given

in (5.1) with Gij given by the inverse of the metric Gij. Now Gij has an expansion similar to

the one given in (5.2):

Gij(~φ) = G(0)ij(~φ) +
∑

γ

e−TγF (γ)ij(~φ) + · · · . (5.12)

If we denote by f (γ)ij the leading term in the expansion of F (γ)ij(~φ) in powers of g(4), we get

the analog of (5.4) for the leading term in the action proportional to e−TγλmλnHi,µνρH
µνρ
j :

− 1

12

∫
d4x ∂mTγ ∂nTγ f

(γ)ij e−Tγ λm λnHi,µνρH
µνρ
j . (5.13)

This leads to a λm-λn-Bi,µν-B
µν
j amplitude of the form:

A =
1

3
∂mTγ ∂nTγ f

(γ)ij e−Tγ (pµbνρ + pνbρµ + pρbµν)(p′µb
′
νρ + p′νb

′
ρν + p′ρb

′
µν) , (5.14)

where p, p′ are the momenta and bµν and b′µν are the polarizations of Bi,µν and Bj,µν. In this

formula we have not explicitly written down the momentum conserving δ-function, but it is

certainly present.

This needs to be compared with the product of four disk amplitudes, two with insertions

of λm and λn and two with insertions of Bi,µν and Bj,µν, and and four fermion zero mode

insertions spread among the four disks. In this case using Lorentz invariance one can see that

the disk amplitude with just Bi,µν insertion vanishes unless it also has fermion zero mode

insertions. Therefore, we must insert two fermion zero modes on the disk containing Bi,µν and

two fermion zero modes on the disk containing Bj,µν. Following the same logic as in the case

of scalar amplitudes, we can now conclude that if for k instantons of charge γ/k, we denote

the product of the two disk amplitudes containing Bi,µν and Bj,µν, by

1

3
B(k,γ/k)ij (pµbνρ + pνbρµ + pρbµν)(p′µb

′
νρ + p′νb

′
ρν + p′ρb

′
µν), (5.15)
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then we have

f (γ)ij =
∑

k|γ

Ωγ/k N (0)
k,γ/k B(k,γ/k)ij . (5.16)

Thus, the disk amplitudes induce the following term in the effective action

−1

6

∑

γ

Ωγ

∞∑

k=1

∫
d4x e−kTγ N (0)

k,γ B(k,γ)ij Hi,µνρH
µνρ
j . (5.17)

Since in four space-time dimensions a 2-form field Bµν is dual to a scalar, we can express

the instanton correction (5.17) to the action as a correction to the metric of the dual scalar

field. Let us recall the rules for the duality transformation and derive their consequences for

the instanton corrections. Suppose that we have an action of the form:
∫
d4x

(
− f

12
HµνρH

µνρ +
1

6
ǫµνρτHµνρAτ

)
, (5.18)

where f and the one-form A could be functions of other fields. Then we introduce the dual

scalar field σ̃ via the relation

Hµνρ = f−1 ǫµνρτ (∂τ σ̃ + Aτ ) , (5.19)

and replace the action (5.18) by:

−1

2

∫
d4x f−1 (∂µσ̃ + Aµ) (∂

µσ̃ + Aµ) . (5.20)

In this case the equation of motion of Bµν derived from the action (5.18) is automatically

satisfied by (5.19), whereas the Bianchi identity dH = 0 becomes the equation of motion of σ̃

derived from the action (5.20).

Note that the actions (5.18) and (5.20) are not equal. If however we deform the action

(5.18) by deforming the function f by δf , then, to first order in δf , the deformation of the

scalar action can be computed simply by expressing the deformation of (5.18) using the relation

(5.19). To see this, suppose f is deformed to f + δf . Then according to (5.20) the deformed

scalar action will be

− 1

2

∫
d4x (f + δf)−1 (∂µσ̃ + Aµ) (∂

µσ̃ + Aµ)

=− 1

2

∫
d4x f−1 (∂µσ̃ + Aµ) (∂

µσ̃ + Aµ) +
1

2

∫
d4x f−2 δf (∂µσ̃ + Aµ) (∂

µσ̃ + Aµ) .

(5.21)

On the other hand, evaluating the deformation of (5.18) using (5.19), we get

− 1

12

∫
d4x δf HµνρH

µνρ = − 1

12

∫
d4x δf f−2 ǫµνρτ (∂

τ σ̃ + Aτ )ǫµνρτ
′

(∂τ ′ σ̃ + Aτ ′)

=
1

2

∫
d4x δf f−2 (∂µσ̃ + Aµ) (∂µσ̃ + Aµ) ,

(5.22)

which agrees with the deformation (5.21). This observation will be useful for us since this

means that in order to rewrite the correction (5.17) in terms of scalar fields, we simply have

to express it in terms of the scalars using the perturbative relation between the three-form H

and the dual scalar field.
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6. Explicit computation of D-instanton corrections

The goal of this section is to determine the D-instanton correction to the metric on the

hypermultiplet moduli space from the computation of amplitudes in string theory. We shall

first outline the general strategy and then turn to the computation of different components of

the metric.

6.1 General strategy

Our main tool for computing the metric will be (5.7). For this we need to compute A(k,γ)
ij , the

product of two disk amplitudes, each with one closed string vertex operator and two fermion

zero modes. Furthermore, since we are looking for a contribution where each disk gives one

power of momentum, one of the zero modes must carry dotted index and the other one should

carry undotted index so that we get a contribution proportional to pµ(γ
µ)αβ̇. To compute such

disk amplitudes, we shall use the upper half plane description of the disk, insert the closed

string vertex operator at i, the vertex operator for the undotted zero mode at the origin and

that of the dotted zero mode at a point z on the real axis, and integrate over z. Whether we

take the dotted vertex operator to be the integrated one or the undotted vertex operator to

be the integrated one is a matter of choice and the final result does not depend on this choice.

Also the vertex operators of the zero modes can be represented either as holomorphic or as

anti-holomorphic operators. We take them to be holomorphic and in the (0,−1/2) picture,

and the closed string vertex operator in the (−1, 0) or (−1/2,−1/2) picture so that the total

picture number of all the vertex operators adds up to −2. In order to fix the normalization of

the closed string vertex operators so that they represent the fields appearing in (3.1), (3.5), we

some time need to compute disk one-point function of closed string vertex operators without

any zero mode insertion. For such computation we take the closed string vertex operator to

be in the (−1,−1) or (−1/2,−3/2) picture and insert it at the point i on the upper half plane.

While carrying out the integration over the location z of the dotted zero mode vertex

operator, we may encounter singularities as z → 0, i.e. when the two fermion zero mode

operators collide. These can be analyzed carefully using the rules of open string field theory

and can be shown to lead to the principal value prescription, but here we shall describe a

simpler procedure. If α and α̇ are the spinor indices carried by the zero modes, then the residue

at the pole is proportional to γµα̇α contracted with e−φψµ — the vertex operator of the bosonic

zero mode field associated with translation along the non-compact directions. Therefore, this

will produce the amplitude without any insertion of the zero mode fields multiplied by a factor

of pµγ
µ
α̇α. On the other hand, the insertion of a closed string vertex operator without any open

string zero mode insertion will produce non-zero result only if the closed string field is along

the direction ∂mTγ. Hence, the contribution to the effective action of the fluctuating field λm

will be proportional to ∂µλ
m∂mTγ . Since we have argued in §5 that at the leading order these

contributions are ambiguous, we shall ignore them. This allows us to choose the contour so

that it passes on one side of the origin — we shall choose it to pass above the origin. Note

that this prescription must be followed for all the amplitudes since individual closed string
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fields are typically not along the direction ∂mTγ , and only after taking the sum of all the

contributions we can justify ignoring the residue at the origin.

If we denote by λm the closed string field whose amplitude we compute, and by pµ the

momentum carried by it, then the result of the computation produces a term of the form11

i am pµ γ
µ
α̇α λ

m χ̃αχ̃α̇ , (6.1)

for some constant am. Note that this result is the same for all k instanton amplitudes since for

k instantons the trace over the Chan-Paton factor gives a factor of k and the two open string

zero modes carry factors of 1/
√
k each, so that there is no net k-dependence. The product

of a pair of such disk amplitudes, one for the field λm and another for the field λn, carrying

momenta pµ and p′µ respectively, will have the form −am an pµ p′ν γµα̇α γνβ̇β. Using the result

(4.9) that the integration over the fermion zero modes produces a factor of ǫαβǫα̇β̇ and one

has ǫαβǫα̇β̇ γµα̇α γ
ν
β̇β

= −Tr (γµγν) = −2 ηµν , we see that the net contribution to (5.7) from this

particular k instanton amplitude is given by

2Ωγ N (0)
k,γ e

−kTγ am an pµ p
′µ (2π)4 δ(4)(p+ p′) λm(p)λn(p′) . (6.2)

The collection of all such amplitudes may be obtained from a term in the effective action of

the from:

−
∑

γ

Ωγ

∞∑

k=1

N (0)
k,γ e

−kTγ
∑

m,n

am an

∫
d4x ∂µλ

m ∂µλn . (6.3)

String theory computation naturally gives the action (6.3) in the background where the

four-dimensional string metric is set equal to ηµν . For this metric the coefficient of the Einstein-

Hilbert term is V/(2κ2) where κ has been defined in (2.20) and V is the volume of Y. On

the other hand, the results of §3 have been presented in the convention where the four-

dimensional canonical metric is set equal to ηµν because this makes the decoupling between

the hypermultiplet and the vector multiplet moduli manifest. As shown in (3.2), for this metric

the coefficient of the Einstein-Hilbert term is equal to 1. Since the metrics in the two frames

are related by a factor of 2κ2/V , the effect of setting the canonical metric to ηµν corresponds

to setting the string metric to 2κ2ηµν/V . In this case we need to multiply the kinetic term

(6.3) of the scalar field action by a factor of 2κ2/V and the correction to the effective action

takes the form:

−2 κ2 V −1
∑

γ

Ωγ

∞∑

k=1

N (0)
k,γ e

−kTγ
∑

m,n

am an

∫
d4x ∂µλ

m ∂µλn . (6.4)

Comparison of (5.1) and (6.4) now shows that we have a correction to the moduli space metric

of the form

δ(ds2) =
∑

γ

Ωγ

∞∑

k=1

Nk,γ e
−kTγ

(
∑

m

am dλ
m

)2

, Nk,γ = 4κ2 V −1N (0)
k,γ . (6.5)

11We shall use the convention that while writing an amplitude we also include the fields whose amplitude

we compute as multiplicative factors, so that we can directly read out the effective action from the amplitude.
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Below, we shall calculate the coefficients am for various fields. But before doing this, let

us express the coefficient Nk,γ in terms of the variables used in §3. Using (4.23), (3.16) and

(3.17), we get

Nk,γ = 2−6π−7k−1/2r−5/4K1/4|Zγ|−1/2. (6.6)

We remind the reader that even though the computation of the amplitude is done by regarding

the string coupling constant and other moduli as constant background, once we express this

in the form (6.5), we can regard all the moduli, including those appearing inside the am’s

and Nk,γ, as fields. As explained in §5, the ability to do this follows from the fact that the

leading contribution to the four-point amplitude computed from the metric comes from the

dependence of the metric on the moduli through the e−kTγ factor, and the latter dependence is

captured by disk one-point function without any zero mode insertion that appears as common

factor in all amplitudes.

In the rest of this section we shall work in the limit in which the CY threefold Y has

large size. Since the moduli associated with the size of Y belong to the vector multiplet in

type IIA string theory, they cannot affect the metric on the hypermultiplet moduli space.

Therefore, the results derived in the large volume limit are exact. We shall also make the

further approximation of working to leading order in the string coupling in each charge sector.

Since the modulus labelling the string coupling belongs to the hypermultiplet, we do expect

non-vanishing corrections to our results at higher order in the string coupling.

6.2 NSNS axion contribution

We shall now compute the contribution to the component of the metric of the scalar field dual

to the NSNS 2-form field which is a universal field present in all string theories. For this we

need to compute the instanton induced contribution to the disk amplitude with one insertion

of the vertex operator of the 2-form field and a pair of vertex operators associated with open

string zero modes.

We denote by bµν the polarization of the 2-form field Bµν and take the vertex operator

to be in the (−1, 0) picture, inserted at the point i in the upper half plane. The pair of open

string fermion zero mode vertex operators are taken in the (0,−1/2) picture, inserted at the

points 0 and z on the real axis. The 2-form vertex operator in the (−1, 0) picture in the

normalization convention of [36] is given by:

VB = 2 bµν c c̄ (∂X
µ + i pρ ψ

ρψµ) eip.Xe−φ̄ψ̄ν(i) + · · · . (6.7)

The · · · terms have non-zero ξ-η charge and will not contribute to the correlation function. We

denote the unintegrated −1/2 picture undotted vertex operator of the open string fermionic

mode by

X αcWα, Wα ≡ e−φ/2Sα , (6.8)

where X α is the ten-dimensional representation of the fermion zero mode introduced in (2.28).

The integrated −1/2 picture dotted vertex operator takes the form:

X̂ β Wβ = X̂ β e−φ/2Sβ . (6.9)
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Note that we are using the ten-dimensional description of the zero modes, but eventually we

shall transform them into four-dimensional versions by taking X α and X̂ β to be η ⊗ χ̃α and

η̄ ⊗ χ̃α̇ respectively. Using (2.21), (2.22), the disk one-point function in the presence of a flat

Euclidean D2-brane is given by:

iπκ T2 2 bµν X αX̂ β

∫ ∞

−∞

dz
〈
c c̄ (∂Xµ + i pρ ψ

ρψµ) eip.Xe−φ̄ψ̄ν(i) ce−φ/2Sα(0) e
−φ/2Sβ(z)

〉
,

(6.10)

where κ and T2 have been defined in (2.20).

The correlation function involving ∂Xµ is proportional to pµ and vanishes after using the

physical state condition pµbµν = 0 for the polarization tensor bµν . Due to the same reason,

we can also drop the eip.X factors from the correlation function, keeping in mind that when

we consider the general location ξ̃µ for the D-instanton, the eip.X factor will generate the eip.ξ̃

factor, which in turn will give (2π)4δ(4)(
∑

i pi) factor after integration over the bosonic zero

modes ξ̃µ. Furthermore, using the doubling trick, we can replace the anti-holomorphic fields in

the closed string vertex operator by holomorphic fields placed at −i with an additional factor

of −1 due to the Dirichlet boundary condition on the Xµ and ψµ fields. For example, since

c̄ e−φ̄ψ̄µ is an anti-holomorphic dimension 0 operator, using Dirichlet boundary condition on

ψµ, we can replace this by −c e−φψµ placed at the complex conjugate point. This expresses

the amplitude as

−2iπ κ T2 bµν X αX̂ β

∫ ∞

−∞

dz
〈
i c pρψ

ρψµ(i) c e−φψν(−i) c e−φ/2Sα(0) e
−φ/2Sβ(z)

〉
. (6.11)

As stated earlier, we shall take the z integration contour to pass above the origin. We shall now

deform the z integration contour to pick up residue from the pole at i using (2.13). The effect

of this is to drop the integration over z and the e−φ/2Sβ(z) factor from inside the correlator

and replace the ψρψµ(i) factor inside the correlator by (iπ/2) (Γρµ) γ
β e−φ/2Sγ(i). The resulting

correlation function can be easily evaluated using (2.13), (2.17) and gives:

1

2
π2κT2 pρ bµν X αX̂ β (ΓρµΓν)βα (2π)

3δ(3)(0) =
1

2
π2κT2 pρ bµν X αX̂ β (Γρµν)βα (2π)

3δ(3)(0) ,

(6.12)

where

ΓM1···Mn ≡ Γ[M1 · · ·ΓMn] . (6.13)

In going from the left to the right hand side of (6.12) we have used the fact that ΓρνΓµ differs

from Γρνµ by terms proportional to ηµν and ηµρ. Both terms vanish after we use the physical

state condition for bµν . The (2π)3δ(3)(0) factor is a reflection of the momentum conserving

delta function in (2.17).

We shall now replace X α and X̂ β by η ⊗ χ̃α and η̄ ⊗ χα̇, respectively, and replace the

(2π)3δ(3)(0) factor by an integral over the world-volume of the Euclidean D2-brane wrapped

on a 3-cycle Lγ of Y. Using (2.25) and (2.27) the resulting expression may be written as:

1

2
π2κ T R

γ pρ bµν χ̃
αχ̃α̇ (γρµν)α̇α , (6.14)
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where we used (3.10) to express the result in terms of the real part of the instanton action.

We shall now rewrite this in terms of the dual scalar field. For this we need to first examine

the tree level kinetic term for the 2-form field Bµν . In the normalization convention of [36]

that we have been using, the ten-dimensional action for Bµν in the harmonic gauge pµBµν = 0

is given by:

−1

2

∫
d10p

(2π)10
Bµν(−p) p2Bµν(p) . (6.15)

The gauge invariant action leading to this has the form

−1

6

∫
d10p

(2π)10
Hµνρ(−p)Hµνρ(p) = −1

6

∫
d10xHµνρ(x)H

µνρ(x) , (6.16)

where

Hµνρ(p) = i
(
pµBνρ(p) + pν Bρµ(p) + pρBµν(p)

)
. (6.17)

Upon compactification on a CY 3-fold Y, the action takes the form:

−
∫
d4x

V

6
Hµνρ(x)H

µνρ(x) , (6.18)

where V is the volume ofY. For the moment, we shall ignore the presence of the Chern-Simons

type terms shown in (5.18) but will include the effect of such terms later. Using (5.19) and

(5.20), we now see that, ignoring instanton corrections, the scalar field σ̃ obtained by dualizing

Bµν satisfies

Hµνρ =
1

2V
ǫµνρτ ∂τ σ̃ , (6.19)

and has action

−
∫
d4x

1

4V
∂µσ̃ ∂

µ σ̃ . (6.20)

This is the result when the string metric is set equal to ηµν . As discussed below (6.3), when

the canonical metric is set equal to ηµν the action has a further multiplicative factor of 2κ2/V .

This gives the action for σ̃ to be:

−
∫
d4x

κ2

2V 2
∂µσ̃ ∂

µσ̃ . (6.21)

We can now use the discussion below (5.20) to rewrite (6.14) using the momentum space

version of (6.19). This expresses the disk amplitude for σ̃ as:

1

2
π2κ T R

γ

1

6V
ǫρµντ p

τ (γρµν)α̇α σ̃ χ̃
αχ̃α̇ . (6.22)

Using ǫρµντ (γ
ρµν) = −6iγτγ

5 where γ5 = iγ0γ1γ2γ3 and that γ5 acting on an undotted index

gives 1, we can express (6.22) as:

− i

2V
π2κ T R

γ pρ(γρ)αα̇ σ̃ χ̃
αχ̃α̇ . (6.23)
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Comparing this with (6.1), we get

aσ̃ = − 1

2 V
π2κ T R

γ . (6.24)

Our next task will be to find the relation between σ̃ and the field σ that appears in the

analysis of §3. For this we compare the metric (6.21) with the perturbative metric for the

field σ given in (3.1). In the absence of RR background, the metric involving σ is given by

dσ2/(16r2), leading to an action:

−
∫
d4x

1

32 r2
∂µσ∂

µσ . (6.25)

This agrees with (6.21) after we make the identification:

σ̃ = − V

4rκ
σ = − κ

2π
σ , (6.26)

where in the second step we used (3.16). Note that (6.26) is correct up to a sign. The correct

sign can in principle be determined by comparing string amplitudes involving σ and σ̃ in the

two formalisms, but we have not done this. We shall see that the choice of sign made in (6.26)

reproduces correctly the result of §3. Then (6.24) and (6.26) imply

aσdσ =
πκ2

4V
T R
γ dσ . (6.27)

We now note from (3.1) that when RR fields are not set to 0, ∂µσ in (6.25) is replaced by

(∂µσ+ ζ̃Λ∂µζ
Λ−ζΛ∂µζ̃Λ). Comparison with (5.20) shows that this is the effect of Chern-Simons

type of coupling of H as in (5.18) with Aµ = − κ
2π

(ζ̃Λ∂µζ
Λ − ζΛ∂µζ̃Λ). We also see from (5.22)

that its effect is to replace ∂µσ by (∂µσ+ ζ̃Λ∂µζ
Λ−ζΛ∂µζ̃Λ) in the correction terms. Therefore,

we conclude that (6.27) should be replaced by

(aσdσ)mod =
πκ2

4V
T R
γ (dσ + ζ̃Λ dζ

Λ − ζΛ dζ̃Λ) . (6.28)

6.3 RR three-form contribution

In this section we shall compute the disk amplitude with one insertion of the vertex operator

of the RR 3-form field and two insertions of open string vertex operators representing fermion

zero modes. For RR vertex operators we shall follow the conventions of appendix D.

We start with a flat ten-dimensional Euclidean D2-brane and denote by

v =
1

3!
vIJKdx

I ∧ dxJ ∧ dxK (6.29)

the volume form on the D2-brane. According to (2.21), (2.22) the relevant disk amplitude

with one RR closed string field with polarization F γ
δ, normalized so that the vertex operator

in the (−1/2,−1/2) picture is given as in (D.1), and two open string zero mode fields X α, X̂ β,

is

iπκ T2 F
γ
δ X αX̂ β

∫
dz
〈
cc̄e−φ/2Sγe

−φ̄/2S̄δ(i) c e−φ/2Sα(0) e
−φ/2Sβ(z)

〉
. (6.30)
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We shall take the z contour to lie above the origin as before. The boundary condition on the

real line takes the form:

S̄δ =
1

3!
vIJK (ΓIJK)δδ

′

Sδ′ . (6.31)

Therefore, we can use the doubling trick to represent the closed string vertex operator as

− 1

3!
c e−φ/2 Sγ(i) c e

−φ/2 vIJK (ΓIJK)δδ
′

Sδ′(−i). (6.32)

We can now calculate the correlation function by first deforming the z contour to pick up

residue at i. Using (2.13), we see that this makes the operator at i to be 2π c e−φψM (ΓM)βγ.

Thus, we are left with a ψ-S-S correlator that gives a term proportional to (ΓM)δ′α. The

result is:

− 1

3!
π2κT2 F

γ
δ X α X̂ β (ΓM)βγ vIJK (ΓIJKΓM)δα (2π)

3 δ(3)(0) . (6.33)

Now suppose that C̃PQR is the RR 3-form field normalized as in (D.21). Then interpreting

the (2π)3 δ(3)(0) factor as giving the integration over the D2-brane world-volume and using

(D.21), we see that the amplitude given above leads to an effective action of the form:

− i
π2

36
κT2X αX̂ β pN

∫
v vIJK C̃PQR(Γ

NPQR)γδ (Γ
M)βγ(Γ

IJKΓM)δα

=− i
π2

36
κT2X αX̂ β pN

∫
v vIJK C̃PQR(Γ

MΓNPQRΓIJKΓM)βα ,

(6.34)

where the integral runs over the D2-brane world-volume and the first factor of v is to be

regarded as a three form.

Now consider the D2-brane wrapped on a 3-cycle Lγ ⊂ Y. Since we work in the large

volume limit, we can use (6.34) if we interpret it as an integral along the D2-brane world-

volume and replace v by the volume form vγ on Lγ . We shall use notations introduced in §2.2

for labelling compact and non-compact coordinates. Since to compute the metric using (6.1),

we need the contribution proportional to pµ and the internal components of the 3-form field,

we are interested in the following contribution to (6.34)

−i π
2

36
κT2X αX̂ β pµ

∫

Lγ

vγ C̃pqr vγ,ijk (Γ
MΓµpqrΓijkΓM)βα . (6.35)

Expressing the zero modes X α and X̂ β as η⊗χ̃α and η̄⊗χ̃β̇ as before, reduces this contribution

to

−i π
2

36
κT2 χ̃

αχ̃β̇ pµ

∫

Lγ

vγ C̃pqr vγ,ijk (η̄Γ
MΓµpqrΓijkΓMη)β̇α . (6.36)

Note that the contraction with η, η̄ removes the 6-dimensional part of the spinor index but

leaves behind the 4-dimensional part. Once we express the sum over M as separate sums

over the non-compact index µ and compact index m, this expression has a fully covariant

expression under coordinate transformations in Y. Furthermore, we can freely switch back

and forth between flat tangent space indices and space-time indices.
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Using (2.25) and (2.27), we get

(η̄ ΓMΓµpqrΓijkΓMη)β̇α = (γµ)β̇α

(
−2 η̄ Γ̃pqrΓ̃ijkη − η̄ Γ̃mΓ̃pqrΓ̃ijkΓ̃mη

)
. (6.37)

We can further simplify the gamma-matrices by assuming the general form:

− 2 Γ̃pqrΓ̃ijk − Γ̃mΓ̃pqrΓ̃ijkΓ̃m = c1 δ
pqr,ijk + c2 Γ̃

pqrijk

+ c3

(
δpq,ij Γ̃rk + cyclic perm.

)
+ c4

(
δp,i Γ̃qrjk + cyclic perm.

)
,

(6.38)

where ‘cyclic perm.’ denote cyclic permutations of pqr and independently of ijk, producing

nine terms inside each parentheses. Our convention for the δ-symbols are:

δi1···in , j1···jn = gi1j1 · · · ginjn + (−1)P weighted perm. of j1, · · · , jn , (6.39)

with the understanding that when we use tangent space indices, gij will be replaced by δij.

We can determine the coefficients ci by comparing both sides for the following inequivalent

choices of (ijk,pqr): (456,789), (456,489), (456,459) and (456,456). This gives

c1 = 8, c2 = 4, c3 = 4, c4 = 0 . (6.40)

Using these results, we can rewrite (6.36) as

−i π2κT2 (γ
µ)β̇α χ̃

αχ̃β̇ pµ Iγ , (6.41)

where

Iγ =
1

36

∫

Lγ

vγ C̃pqr vγ,ijk η̄

[
8 δpqr,ijk + 4 Γ̃pqrijk + 4

(
δpq,ij Γ̃rk + cyclic perm.

)]
η . (6.42)

Using (2.27), (E.1) and (E.6), this integral can be reduced to

Iγ =
1

9

∫

Lγ

vγ C̃pqr vγ,ijk
(
2 δpqr,ijk − i ǫpqrijk − 3i δpqs,ijkJr

s

)

=4

∫

Lγ

(
2 C̃ + i ⋆ C̃ − 3i J(C̃)

)
,

(6.43)

where J is the complex structure of Y and J(C) has been defined in (2.41). In arriving at the

last expression we have used (E.11).

We now need to find the relative normalization between the field C̃MNP and the field

CMNP that defines the RR scalars in §3. In principle this could be done by comparing the

string field theory kinetic term written in terms of C̃MNP with the kinetic term for the fields

ζΛ, ζ̃Λ following from the metric (3.1). However, writing down the kinetic term of the RR fields

requires introducing an additional free field and then decoupling one combination of the two

fields [61]. We shall avoid this by computing the one-point function of C̃MNP on the disk, and

then comparing the result with the imaginary part −2πiΘγ of the instanton action. For this

we need to use the vertex operator of 3-form field in the (−1/2,−3/2) picture. Using (D.9)
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with A β
α = 0, (D.15) and (D.19), we see that the relevant part of the vertex operator is given

by:

Ṽ =
i

2 · 3! C̃MNP

[
(ΓMNP )αβ c c̄ e

−3φ/2Sαe−φ̄/2S̄β + (ΓMNP )αβ c c̄ ∂ξ e−5φ/2Sα η̄ e
φ̄/2 S̄β

]
eip.X ,

(6.44)

where we have dropped the term in the third line of (D.9) since it does not satisfy the ξ-η

charge conservation and therefore will have vanishing one-point function on the disk. Also for

this computation we can drop the eip.X factor. From (2.18) we now see that the disk one-point

function of C̃MNP takes the form:

A ≡ κT2
2

i

2 · 3!
1

2
C̃MNP

[
(ΓMNP )αβ 〈(∂c− ∂̄c̄) c c̄ e−3φ/2Sαe−φ̄/2S̄β(i)

+ (ΓMNP )αβ 〈(∂c− ∂̄c̄)c c̄ ∂ξ e−5φ/2Sα η̄ e
φ̄/2 S̄β(i) 〉

]
.

(6.45)

After evaluating the correlation function using the doubling trick, we get:

A =
1

4
κT2

i

2 · 3! C̃MNP × 1

3!
vMNP × 2× 2× (−3!)× 16× (2π)3 δ(3)(0) . (6.46)

Here the 16 comes from the trace of the identity operator in the spinor representation, one

factor of 2 comes from the (∂c − ∂̄c̄) term, the second factor of 2 represents the contribution

from two terms inside the square bracket and the (−3!) comes from contraction of the gamma

matrices. Interpreting the (2π)3 δ(3)(0) factor as the integral over the 3-cycle Lγ , we get

A = −8iκ T2

∫

Lγ

C̃ . (6.47)

Equating this with −2πi
∫
Lγ
C, we obtain

C̃ =
π

4κT2
C . (6.48)

Let us now return to the evaluation of the integral (6.43). Using the relation (6.48) and

noticing that the three terms precisely correspond to the three integrals in (2.40), we get

Iγ =
π

κT2

(
2Θγ + iΘ⋆

γ − 3 iΘJ
γ

)
. (6.49)

The three integrals were evaluated in (2.42), (2.48) and (2.54), respectively. Substituting these

results, one finds

Iγ =
2π

κT2

[
Θγ + 2iCγ

]
, (6.50)

where Cγ has been defined in (2.50). Substituting this into (6.41), we get

−2 i π3(γµ)β̇α pµ χ̃
αχ̃β̇

[
Θγ + 2iCγ

]
. (6.51)

Comparison with (6.1) now gives:

aΛdζ
Λ + aΛdζ̃Λ = −2 π3

[
dΘγ + 2i Cγ

]
, (6.52)

where Cγ defined in (3.6) coincides with dCγ where the differential acts only on the RR fields.
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6.4 Complex structure moduli contribution

We shall now use (2.21), (2.22) to compute the disk amplitude of the metric fluctuation with

components along Y and a pair of open string fermion zero modes X α and X̂ β in the presence

of a D2-brane instanton. At this stage we shall not commit ourselves to whether the closed

string corresponds to metric or 2-form components and denote the polarization by eij. Then

the vertex operator has the form

Ve = 2 eij c c̄
(
∂X i + i pρ ψ

ρψi
)
eip.Xe−φ̄ψ̄j(i) + · · · , (6.53)

so that the amplitude is given by

2 i π κ T2 eij X αX̂ β

∫
dz
〈
cc̄
(
∂X i + i pρ ψ

ρψi
)
eip.Xe−φ̄ψ̄j(i) ce−φ/2Sα(0) e

−φ/2Sβ(z)
〉
. (6.54)

We can drop the ∂X i and eip.X terms since they do not contribute to the correlation function.

Also, using the doubling trick, we can replace the c̄ e−φ̄ψ̄j(i) term by (P j

k − Qj

k) c e
−φψk(−i)

where P and Q are projection operators to subspaces tangent to the brane and transverse to

the brane respectively. This allows us to replace (6.54) by

2 i π κ T2 i pρ X αX̂ β eij (P
j

k−Qj

k)

∫
dz
〈
c ψρψi(i) c e−φψk(−i) ce−φ/2Sα(0) e

−φ/2Sβ(z)
〉
. (6.55)

We can now deform the z contour to pick up residue at i and then evaluate the resulting

correlator. The result takes the form:

− 1

2
pρ X αX̂ β eij π

2 κT2 (P
j

k −Qj

k) (Γ
ρΓiΓk)βα (2π)

3 δ(3)(0)

=− 1

2
pρ χ̃

αχ̃β̇ eij π
2 κT2 (P

j

k −Qj

k) γ
ρ

β̇α
η̄Γ̃iΓ̃kη (2π)3 δ(3)(0) ,

(6.56)

where in the second step we have used four-dimensional notation for the zero modes.

In appendix E, we prove the following result

eij (P
j

k −Qj

k) η̄Γ̃
iΓ̃kη = 4 ess′P

ss′, (6.57)

where s, s′ = 1, 2, 3 label the holomorphic coordinates on Y. Importantly, the r.h.s. involves

only the symmetric, holomorphic components of eij, showing that neither the internal compo-

nents of the NSNS 2-form field related to anti-symmetric components of eij, nor the Kähler

moduli of the metric related to the mixed components est̄, contribute to the disk amplitude

we are interested in. This is consistent with the fact that both the 2-form field along Y and

the Kähler moduli are parts of the vector multiplet moduli space and should not appear in

the hypermultiplet action.

On the other hand, the holomorphic components of eij appearing in (6.57) are related to

the h2,1 complex structure deformations δza of the CY metric. In the normalization convention

of [36] that we are using, we identify eij = δgij/(2κ) and (see, e.g., eq.(7) in [62])

δgss′ = δz̄a
Ωstrg

tt̄′grr̄
′

||Ω||2 (χ̄a)s′ t̄′ r̄′ . (6.58)
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In appendix E, eq. (E.22) we also show that this variation of the metric satisfies

P ss′δgss′ = δz̄a
(vγ , χa)

(vγ ,Ω)
, (C,C ′) ≡ 1

3!
C ijk C̄ ′

ijk . (6.59)

Using (6.57), (6.59) and the relation ess′ = δgss′/(2κ) in (6.56) and interpreting the factor

(2π)3 δ(3)(0) as a result of integration over the D2-brane world-volume, we get

−pρ π2 T2 χ̃
αχ̃β̇ γρ

β̇α
δz̄a
∫

Lγ

vγ
(vγ, χa)

(vγ,Ω)
. (6.60)

Using (E.10), (E.11), (3.12), (3.13), (3.10) and (2.34), we can rewrite this expression as

−π2 pρ T R
γ χ̃αχ̃β̇ γρ

β̇α

δz̄a

Z̄γ

∫

Lγ

χ̄a = −π2 pρ T R
γ χ̃αχ̃β̇ γρ

β̇α
δ̄ log(Z̄γ/K) . (6.61)

Comparing this with (6.1), we obtain

azadz
a + az̄adz̄

a = i π2 T R
γ ∂̄ log(Z̄γ/K) . (6.62)

As a cross check on the normalization of the closed string vertex operator, we have also

verified that the one-point function of the vertex operator of za on the disk without any fermion

zero mode insertion agrees with −∂Tγ/∂z
a. We shall not present the analysis here.

6.5 Dilaton contribution

We shall now compute the coefficient am associated with the dilaton field r. We start with

the dilaton vertex operator in the (−1,−1) picture which, at non-zero momentum, is given by

Ṽ−1,−1 = fµν c c̄ e
−φ ψµ e−φ̄ψ̄ν eip.X , (6.63)

where

fµν ∝
{
ηµν − (n.p)−1 (nµpν + nνpµ)

}
, (6.64)

and n is any four-vector for which n.p 6= 0. We shall determine the constant of proportionality

in (6.64) shortly. (6.64) ensures that pµfµν = 0, which, together with the on-shell condition

p2 = 0, ensures BRST invariance of the vertex operator. The vertex operators for different

choices of n differ by BRST exact states. One can also construct a fully covariant vertex

operator in the same BRST cohomology class, given by:

Ṽ ′
−1,−1 ∝

[
ηµν c c̄ e

−φ ψµ e−φ̄ψ̄ν eip.X +
1

2
c c̄ (η ∂̄ξ̄ e−2φ̄ − ∂ξ e−2φ η̄) eip.X

]
. (6.65)

We have checked that the computation with this vertex operator gives the same result as with

(6.63). We shall present our analysis using (6.63), since the computations involved are simpler.

According to (2.18), the disk one-point function of the vertex operator is given by:

κT2
2

1

2

〈(
∂c(i)− ∂̄c̄(i)

)
Ṽ−1,−1(i)

〉
= −κ T

R
γ

4
f µ
µ , (6.66)

– 40 –



where we have replaced the (2π)3 δ(3)(0) factor by the volume integral over Lγ and used (3.10).

We would like to normalize the dilaton so that the deformation of the dilaton can be identified

with δr/r. From the expression for Tγ given in (3.4) we see that the expected one-point

coupling of δr/r is −T R
γ /2. Therefore, we choose

f µ
µ =

2

κ

δr

r
. (6.67)

We shall now use (2.21), (2.22) to compute the disk amplitude with one dilaton and a

pair of open string fermion zero modes. For this we need the dilaton vertex operator in the

(−1, 0) picture. This is given by:

V−1,0 = −fµν c c̄ {∂Xµ + i pρ ψ
ρψµ} eip.Xe−φ̄ψ̄ν(i) + · · · . (6.68)

This has the same form as (6.7) with bµν replaced by −fµν/2. As a consequence the analysis

of the amplitude follows exactly the same route as in §6.2 and leads us to the left hand side

of (6.12) with bµν replaced by −fµν/2:

−1

4
π2κT2 pσ fµν X αX̂ β (ΓσµΓν)βα (2π)

3δ(3)(0) = −1

4
π2κT2 pσ fµν χ̃

αχ̃α̇ (γσµγν)α̇α (2π)
3δ(3)(0) .

(6.69)

We now replace (2π)3δ(3)(0) by Vγ as usual. Also expressing (γσµγν) as γσµν + γσηµν − γµησν ,

and using the form of fµν given in (6.64), we see that only the γσηµν term contributes. Finally,

using (6.67), the resulting expression may be written as:

−1

2
π2 T R

γ pσ
δr

r
χ̃αχ̃α̇ (γσ)α̇α . (6.70)

Comparing (6.70) with (6.1), we obtain

ardr = i
π2

2
T R
γ

dr

r
. (6.71)

6.6 Final result

Combining (6.28), (6.52), (6.62) and (6.71), one obtains the combined contribution of the

NSNS 2-form field, the complex structure moduli, the RR moduli and the dilaton:

(aσdσ)mod +
(
aΛdζ

Λ + aΛdζ̃Λ

)
+
(
azadz

a + az̄adz̄
a
)
+ ardr (6.72)

= π2T R
γ

[
κ2

4πV
(dσ + ζ̃Λ dζ

Λ − ζΛ dζ̃Λ) + i ∂̄ log(Z̄γ/K) + i
dr

2r

]
− 2 π3

[
dΘγ + 2 i Cγ

]
.

From (3.4) we have:

dTγ = T R
γ

(
1

2

dr

r
− 1

2

dK

K
+
d|Zγ|
|Zγ|

)
+ 2πi dΘγ. (6.73)
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Since we have argued that we can determine the metric only up to terms proportional to dTγ,

we can set dTγ = 0 for our analysis. Using this we can eliminate the dΘγ term, and then use

(3.16) to express (6.72) as:

∑

m

amdλ
m =

π2T R
γ

2

[
1

4r
(dσ + ζ̃Λ dζ

Λ − ζΛ dζ̃Λ)− i
(
∂ log(Zγ/K)− ∂̄ log(Z̄γ/K)

)]

− 4π3i Cγ +O(dTγ) .

(6.74)

Substituting this into (6.5) and expressing T R
γ as the real part of (3.4), we get the correction

to the metric where we keep only the leading contribution in each homology class. The result

is

π6

Kr

∑

γ

Ωγ |Zγ|2
(

∞∑

k=1

Nk,γ e
−kTγ

)[
(dσ + ζ̃Λ dζ

Λ − ζΛ dζ̃Λ)− 4i

√
K r

|Zγ|
Cγ

− 4ir
(
∂ log(Zγ/K)− ∂̄ log(Z̄γ/K)

)]2
+O(dTγ) ,

(6.75)

where Nk,γ is given in (6.6). After setting σγ = 1, the prediction (3.5) based on supersymmetry

and duality symmetries agrees with (6.75) up to terms proportional to dTγ, which, according

to our arguments in §5, are ambiguous due to the possibility of field redefinition. The role of

the σγ ’s has already been discussed at the end of §4.1.
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A. The phase of the mixed open-closed string amplitude

In this appendix we shall determine the phase ε that appears in (2.21). In principle this can

be determined by carefully studying factorization in different channels, but we shall determine

this by analyzing a special class of amplitudes.

We consider the open string vertex operator associated to the translation zero mode along

the Mth direction. We need the zero picture unintegrated and integrated vertex operators

which we denote by V M
un and V M

int , respectively. They have the form:

V M
un = i

√
2 c ∂XM , V M

int = i
√
2 ∂XM . (A.1)

The overall normalization of the vertex operators will not be important for us but the relative

normalization will be important.
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Now consider the effect of inserting such an integrated vertex operator into a closed string

amplitude on the disk carrying momenta p1, p2, · · · transverse to the D-brane. This effect can

be studied using the OPE following from (2.2):

V M
int (z) e

i ps.X(zs) ≃
1√
2

pMs
(z − zs)

ei ps.X(zs) . (A.2)

This gives ∫
dz V M

int (z)
∏

s

eips.X
s

(zs) = πi
√
2
∑

s

pMs
∏

s

eips.X
s

(zs) . (A.3)

In other words the effect of inserting the open string vertex operator into an amplitude

with closed strings carrying momenta p1, p2, · · · is to multiply the original amplitude by

πi
√
2
∑

s p
M
s . We shall now see if this holds for an amplitude with a single closed string

and a single open string zero mode insertion.

Let us consider the closed string vertex operator,

Vc = −2 eNK c c̄ e
−φψN e−φ̄ψ̄K eip.X , eNK p

N = eNK p
K = 0, p2 = 0 . (A.4)

For definiteness we shall choose eNK to have components tangential to the brane and p to be

orthogonal to the brane. We shall compute the disk one-point amplitude of this state using

(2.18). Representing the disk as upper half plane and placing the vertex operator Vc at i, we

get:

{Vc} =
1

2
κTp (−2 eNK)

〈
1

2
(∂c− ∂̄c̄) c e−φ ψN c̄ e−φ̄ ψ̄K eip.X(i)

〉

= −1

2
κTp eNK

[〈
∂c c e−φψN eip.X(i) c e−φ ψK e−ip.X(−i)

〉

+
〈
c e−φ ψN eip.X(i) ∂c c e−φ ψK e−ip.X(−i)

〉]

= −1

2
κTp e

N
N ,

(A.5)

where in the second step we have used the doubling trick to replace the anti-holomorphic fields

by holomorphic fields at complex conjugate points.

Next we shall compute the disk two-point amplitude with the closed string state Vc and

the open string zero mode introduced in (A.1). For this we need to use the unintegrated open

string vertex operator. Using (2.21), we get

{VcV M
un } = −2 ε πκ Tp eNK

〈
c e−φ ψN c̄ e−φ̄ ψ̄K eip.X(i) i

√
2 c ∂XM(0)

〉

= −2 ε i
√
2πκTp eNK

〈
c e−φ ψN eip.X(i) c e−φ ψK e−ip.X(−i) c ∂XM (0)

〉

= − ε√
2
π κTp p

M e N
N .

(A.6)

According to (A.3) the desired result for this is πi
√
2 pM times (A.5). This gives

− ε√
2
π κTp e

N
N = −π i

√
2
1

2
κTp e

N
N ⇒ ε = i . (A.7)
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Note that if we had more external open strings, the corresponding vertex operators would

be integrated. For these we shall automatically get the desired factor πi
√
2 pM by our previous

analysis and hence ε is independent of the number of open string insertions.

B. The leading instanton contribution to the hypermultiplet metric

In this appendix we shall compute the D-instanton correction to the hypermultiplet metric,

keeping only the leading term in each homology class. Our starting point will be the metric

computed in [26]. This will be reviewed below and then used to extract the leading contribu-

tions.

B.1 The initial metric

The hypermultiplet metric including perturbative and D-instanton corrections, but ignoring

contributions of multi-instantons with mutually non-local charges, has been found in [26,

Eq.(3.6)]. It is given by

ds2 =
2

r2

(
1− 2r

R2U

)
(dr)2 +

1

32r2
(
1− 2r

R2U

)
(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ + V
)2

+
R2

2r2
|zΛYΛ|2 +

1

rU

∣∣∣∣∣YΛM
ΛΣūΣ − iR

2π

∑

γ

ΩγWγdZγ

∣∣∣∣∣

2

− 1

r
MΛΣ

(
YΛ +

iR
2π

∑

γ

ΩγVγΛJ (2,+)
γ

(
dZγ −U−1Zγ∂K

)
)

, ×
(
ȲΣ − iR

2π

∑

γ′

Ωγ′ V̄γ′ΣJ (2,−)
γ′

(
dZ̄γ′ −U−1Z̄γ′ ∂̄K

)
)

+
R2K

r

(
Kab̄dz

adz̄b − 1

(2πKU)2

∣∣∣∣∣
∑

γ

ΩγZγWγ

∣∣∣∣∣

2

|∂K|2

+
1

2πK

∑

γ

ΩγJ (2)
γ

∣∣dZγ −U−1Zγ∂K
∣∣2
)
.

(B.1)

Here we used the following notations:

• Jγ with various upper indices denote the Penrose-like integrals which have their origin

in the twistorial formulation of D-instantons

J (1)
γ =

∫

ℓγ

dt

t
log
(
1− σγe

−2πiΞγ(t)
)
, J (2)

γ =

∫

ℓγ

dt

t

1

σγe2πiΞγ(t) − 1
,

J (1,±)
γ = ±

∫

ℓγ

dt

t1±1
log
(
1− σγe

−2πiΞγ (t)
)
, J (2,±)

γ = ±
∫

ℓγ

dt

t1±1

1

σγe2πiΞγ(t) − 1
,

(B.2)

where ℓγ is the “BPS ray”

ℓγ = {t ∈ P
1 : Zγ/t ∈ iR−} (B.3)
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and

Ξγ(t) = Θγ +R
(
t−1Zγ − tZ̄γ

)
. (B.4)

Here Θγ and Zγ are the axionic coupling of the instanton and the central charge defined

in (2.42) and (2.49), respectively, while R is a variable which will be related below to

the dilaton. Finally, σγ is the quadratic refinement introduced below (3.7).

• The prepotential F , the Kähler potential K = − logK and the matrix NΛΣ describe the

special Kähler geometry of MC and were introduced in §2.3.

• VγΛ and uΛ are the vectors

VγΛ = qΛ − FΛΣp
Σ, uΛ =

∑

γ

ΩγwγVγΛ, (B.5)

where

wγ =
1

4π

(
ZγJ (2,+)

γ + Z̄γJ (2,−)
γ

)
. (B.6)

• MΛΣ is the inverse of the matrix

MΛΣ = NΛΣ − 1

2π

∑

γ

ΩγJ (2)
γ V̄γΛVγΣ. (B.7)

• U is the function

U = K − 1

2π

∑

γ

Ωγ |Zγ|2J (2)
γ + uΛM

ΛΣūΣ, (B.8)

which can be thought of as an instanton corrected version of the Kähler potential.

• Wγ is a function on the charge lattice defined by

Wγ = Z̄γJ (2)
γ −J (2,+)

γ uΛM
ΛΣV̄γΣ. (B.9)

• YΛ is the one-form

YΛ = dζ̃Λ − FΛΣdζ
Σ − 1

8π2

∑

γ

Ωγ

(
qΛ − pΣFΛΣ

)
dJ (1)

γ . (B.10)

• V is the one-form playing the role of the connection in the circle bundle with fiber

parametrized by the NS axion

V =2R2K

(
1− 4r

R2U

)
AK +

8r

RU

∑

γ

Ωγ

(
wγ +

1

2π
J (2)

γ VγΛM
ΛΣūΣ

)
Cγ

+
2r

πiU

∑

γ

Ωγ

[(
Wγ +

RU

8πir
J (1,+)

γ

)
dZγ −

(
W̄γ +

RU

8πir
J (1,−)

γ

)
dZ̄γ

]
,

(B.11)

where Cγ was defined in (3.6) and

AK =
i

2
(Kadz

a −Kādz̄
a) (B.12)

is the Kähler connection that V reduces to in the perturbative approximation.
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• Finally, the coordinate R should be viewed as a function of other coordinates on the

moduli space. This function is defined only implicitly through the following relation

r =
R2

4
K +

χ(Y)

192π
− iR

32π2

∑

γ

Ωγ

(
ZγJ (1,+)

γ + Z̄γJ (1,−)
γ

)
. (B.13)

Here the first term relatesR to the dilaton at the tree level. The second term provides the

one-loop correction parametrized by the Euler characteristic of CY χ(Y) and captures

all perturbative contributions to the metric. The final term is the contribution of D-

instantons.12

B.2 Evaluation of the leading contribution

There are two possible views on the metric (B.1), or in other words, two approximations where

it holds:

1. The first possibility is to restrict the sums over charges γ to a mutually local subset.

Then (B.1) is an exact quaternion-Kähler metric that includes all D-instantons to all

orders in the instanton and string coupling expansions from this particular subset.

2. The second possibility is to sum over all charges, but then only terms linear in DT

invariants can be trusted.

Our goal here is to extract from this metric the leading contribution in each instanton sector

in the small string coupling limit, which corresponds to taking the g(4) → 0 limit keeping fixed

the primed variables introduced in (3.9).

This limit is analyzed as follows. First of all, note that, by expanding the logarithm or the

ratio, the twistorial integrals (B.2) can all be evaluated in terms of series of modified Bessel

functions Km(x)

J (1)
γ = − 2S(0,1)

γ , J (1,±)
γ = 2i

(
Z̄γ

|Zγ|

)±1

S(1,1)
γ ,

J (2)
γ =2S(0,0)

γ , J (2,±)
γ = −2i

(
Z̄γ

|Zγ|

)±1

S(1,0)
γ ,

(B.14)

where

S(m,n)
γ =

∞∑

k=1

σkγ
kn

e−2πikΘγKm(4πkR|Zγ|)

=
1

2
√
2R|Zγ|

∞∑

k=1

σkγ

kn+
1
2

e−2πikΘγ−4πkR|Zγ |

[
1 +

4m2 − 1

32πkR|Zγ|
+ · · ·

]
.

(B.15)

12It is worth pointing out that the definition of the four-dimensional dilaton, appearing as one of the

coordinates on the moduli space, is ambiguous at the non-perturbative level. For example, in [48] it was

chosen to coincide with the first term in (B.13). Our definition is suggested by geometry since the function r

defined here coincides with the so-called contact potential of quaternionic geometry [47], and by symmetries

since it is symplectic invariant and transforms as a modular form of weight (− 1
2 ,− 1

2 ) in the mirror type IIB

formulation [19]. This ambiguity does not affect the leading terms that we shall be analyzing.
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Taking into account that due to (B.13) R ∼ r1/2 = (r′)1/2g−1
(4) (see (3.9)), this result implies

that in the leading approximation all these functions are proportional to
√
g(4) e

−kTγ in the

topological sector kγ. At the same time, all terms in the metric (B.1) can be represented as

series expansions in powers of ΩγS
(m,n)
γ . As a result, all terms non-linear in DT invariants are

always of higher power in g(4) comparing to the terms linear in Ωγ. Thus, for our purposes,

it is enough to restrict to such linear terms. Therefore, in the weak coupling limit, the terms

that survive in the first approximation outlined above are a subset of those in the second

approximation. For this reason we shall stick to the second approximation and no restriction

on the charges will be imposed.

It is a straightforward exercise to extract the linear approximation to the metric (B.1).

Additional simplifications occur once we restrict ourselves for each class of terms only to the

leading contribution in the small string coupling limit. For example, this means that we can

neglect the one-loop correction captured by the Euler characteristic in the relation (B.13)

between R and the dilaton, and inverting this relation one finds

R ≈ 2

√
r

K

(
1− 1

8π2
√
Kr

∑

γ

Ωγ |Zγ|S(1,1)
γ

)
. (B.16)

Furthermore, it turns out that the second term inside the parentheses can also be dropped

because in the weak coupling limit the contribution ΩγS
(1,1)
γ is always multiplied by an extra

factor of g(4). By examining (B.5) to (B.13), one can see that all other terms proportional to

J (1)
γ and J (1,±)

γ have similar powers of g(4) multiplying them. The only exception is the dJ (1)
γ

term in (B.10) whose leading term is that of −2S
(0,0)
γ dTγ. Thus, in our approximation the

leading instanton contribution is captured by the function

S(0)
γ =

(K/r)1/4

4
√
|Zγ|

∞∑

k=1

σkγ√
k
e−kTγ , (B.17)

which is the leading term in the expansion (B.15) of S
(m,0)
γ . In the following we shall use the

symbol ≈ to denote that we keep only those terms which produce terms of order unity in the

perturbative metric and terms of order (g(4))
1/2e−Tγ in the instanton correction to the metric in

the topological sector labelled by γ. In this convention one finds the following simplifications

for the various quantities entering the metric:

wγ ≈ |Zγ|
πi

S(0)
γ , (B.18)

U ≈ K − 1

π

∑

γ

Ωγ |Zγ|2S(0)
γ , (B.19)

Wγ ≈ 2Z̄γS
(0)
γ , (B.20)

YΛ ≈ dζ̃Λ − FΛΣdζ
Σ +

1

2πi

∑

γ

Ωγ

(
qΛ − pΣFΛΣ

)
(
dΘγ −

2i|Zγ|√
Kr

dr

−4i

√
r

K

(
d|Zγ| −

1

2
|Zγ|d logK

))
S(0)
γ , (B.21)
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V ≈ −
(
χ(Y)

24π
+

8r

πK

∑

γ

Ωγ |Zγ|2S(0)
γ

)
AK

+
4r

πiK

∑

γ

Ωγ

(
|Zγ|

√
K

r
Cγ +

(
Z̄γdZγ − ZγdZ̄γ

)
)
S(0)
γ , (B.22)

1− 2r

R2U
≈ 1

2
− |Zγ|

2πK

∑

γ

Ωγ |Zγ|S(0)
γ . (B.23)

The term proportional to χ(Y) in (B.22) actually does not contribute at the leading order. To

see this, note that once we use the primed variables, V appears in the combination dσ′+ g2(4)V
in (B.1), and in the weak coupling limit the g2(4)χ(Y) term drops out. In contrast the rest of

the terms in the expression for V does contribute since g2(4)r = r′ does not vanish in the weak

coupling limit.

Substituting these results into (B.1), expanding to linear order in Ωγ and keeping only

the leading terms in the weak coupling limit, one obtains

ds2 ≈ ds2tree + ds2inst, (B.24)

where the tree level metric is the one given in (3.1) and the instanton contribution reads as

ds2inst =
∑

γ

Ωγ S
(0)
γ

{
−|Zγ |2(dr)2

πr2K
+

|Zγ|dr
πir

√
rK

(
dΘγ −

4

K
Im
[
Z̄γ(z

Λdζ̃Λ − FΛdζ
Λ)
])

+
|Zγ|2

16πr2K

(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ

)2

+
|Zγ|

2πirK

(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ

)[√K

r
Cγ + |Zγ|

(
∂ log

Zγ

K
− ∂̄ log

Z̄γ

K

)]

− 1

πr

(
C2
γ −

1

4
(dΘγ)

2 +
2

K
dΘγ Im

[
Z̄γ(z

Λdζ̃Λ − FΛdζ
Λ)
])

+
8i

π
√
rK3/2

Im
[
Z̄γ(z

Λdζ̃Λ − FΛdζ
Λ)
](

d|Zγ| −
|Zγ|
2

d logK

)

− 2|Zγ|
π
√
rK

Cγ
(
∂ log

Zγ

K
− ∂̄ log

Z̄γ

K

)
+

4

πK
|dZγ − Zγ∂ logK|2

}
, (B.25)

where Cγ has been defined in (3.6). Finally, noting that S
(0)
γ =

√
πΣγ/

√
2T R

γ with Σγ defined

in (3.7), (B.25) can be rewritten in the form given in the main text in (3.5).

C. Fixing the sign of the integration over the fermion zero modes

In this appendix we shall test the compatibility between the choice of sign of integration over

fermion zero modes as given in (4.9) and the multi-instanton contribution described in (4.21).
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To this end, let us begin with a general choice:

∫ 


2∏

δ,δ̇=1

dχδ
adχ

δ̇
a



χα

aχ
α̇
aχ

β
aχ

β̇
a = s ǫαβǫα̇β̇ for 0 ≤ a ≤ k2 − 1 , (C.1)

where s can be ±1. We shall however take s to be independent of a. This is needed for

cluster property — when a pair of instantons are widely separated then the contribution to

the amplitude must factorize. We shall now use this to fix the sign of the integral appearing

in (4.21).

We shall consider the case k = 2, but this analysis can be generalized to other values

of k. We carry out the integration over the fermionic modes in (4.21) by expanding eS in a

power series expansion in the fermionic terms in S. Using the commutation relation [T a, T b] =

i
√
2 ǫabcT c for the SU(2) generators normalized as below (4.18), the Yukawa coupling term in

(4.19) can be written as −i go ǫabc(γµ)αα̇ξµa χα̇
b χ

α
c . One particular term in the integral will be:

−g6o
∫ 


3∏

a=1

2∏

δ,δ̇=1

dχδ
adχ

δ̇
a




[(
χα
1 ξ

µ
3 (γµ)αα̇χ

α̇
2

)(
χβ
1 ξ

ν
3 (γν)ββ̇χ

β̇
2

)
× cyclic perm. of 1,2,3

]
.

(C.2)

Let us now cyclically rename the dotted zero mode variables, e.g. χα̇
2 as χα̇

1 etc. Under this

relabelling the integration measure remains unchanged since we have to exchange pairs of

spinor variables together. Now we can use (C.1) to express (C.2) as

−g6o
(
(ξµ3 ξ

ν
3 ) s ǫ

αβǫα̇β̇ (γµ)αα̇ (γν)ββ̇

)
× (3 → 1, 2) . (C.3)

Using manipulations described above (6.2), this may be written as

g6o s
3

3∏

a=1

(2ηµν ξ
µ
a ξ

ν
a) . (C.4)

We see that the sign of the contribution of this term is s3. Even though there are other

contributions we expect that the sign of (4.21) will coincide with the sign of this term, since

this represents the ‘diagonal component’ of the determinant — the other terms are proportional

to ξa · ξb for a 6= b. Since the integral in (4.21) is taken to be positive, we must have

s = 1 . (C.5)

For general k, we can repeat the same argument to argue that (4.21) will have sign sk
2−1 = sk−1.

Therefore, the same choice s = 1 will ensure positivity of (4.21). On the other hand, if we

choose s to be −1, then the k instanton amplitude will acquire an extra factor of (−1)k.

D. Vertex operator for the RR fields

In this appendix we shall present the construction of the vertex operator of the RR field

describing the 3-form potential or equivalently the 4-form field strength in ten-dimensional

type IIA string theory.
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In the (−1/2,−1/2) picture, the off-shell RR field at level 0, describing massless fields, is

given by a state |φR〉 satisfying the conditions b−0 |φR〉 = 0, L−
0 |φR〉 = 0. The general form of

|φR〉 is:
|φR〉 =

∫
d10p

(2π)10
F α

β(p) c c̄ e
−φ/2Sα e

−φ̄/2S̄β eip.X(0)|0〉 , (D.1)

for some set of functions F α
β(p). We have

(QB + Q̄B)|φR〉 =
∫

d10p

(2π)10
F α

β(p)

[
p2

4
(∂c + ∂̄c̄) c c̄ e−φ/2Sα e

−φ̄/2S̄β eip.X(0)|0〉

− 1

4
( 6 p)αγc c̄ η eφ/2Sγe−φ̄/2S̄β eip.X(0)|0〉+ 1

4
( 6 p)βδ c c̄ e−φ/2Sαη̄ e

φ̄/2S̄δ e
ip.X(0)|0〉

]
.

(D.2)

Therefore, BRST invariance of the state will require:

p2 F α
β(p) = 0, F α

β(p)( 6 p)αγ = 0, F α
β(p)( 6 p)βδ = 0 , (D.3)

where 6 p ≡ pMΓM . Note that the first condition follows from the other two. Since we shall be

interested in only the component with 4-form field strength, we use the ansatz:

F β
α (p) =

1

4!
F

(4)
MNPQ(p)

(
ΓMNPQ

) β

α
, (D.4)

where F (4) is a 4-form. Substituting this into (D.3) we get:

p2F
(4)
MNPQ(p) = 0, F

(4)
MNPQ(p)

(
6 pΓMNPQ

)
= 0, F

(4)
MNPQ(p)

(
ΓMNPQ6 p

)
= 0 , (D.5)

leading to

p2F
(4)
MNPQ(p) = 0, pMF

(4)
MNPQ = 0, p[RF

(4)
MNPQ] = 0 . (D.6)

This is the usual on-shell condition on the 4-form field strength.

For our analysis we shall also need the BRST invariant vertex operator for the same

state in the (−1/2,−3/2) picture since this contains information about the potential C̃MNP

associated with the field strength F
(4)
MNPQ. For this we begin with the general form of level

zero string field in the (−3/2,−3/2) picture:

|φ̃R〉 =
∫

d10p

(2π)10

[
A β

α c c̄ e−3φ/2 Sα e−3φ̄/2 S̄β(0) +Bαβ (∂ c+ ∂̄ c̄) c c̄ e−3φ/2 Sα ∂̄ξ̄ e−5φ̄/2S̄β(0)

+Dαβ (∂ c+ ∂̄ c̄) c c̄ ∂ξ e−5φ/2Sα e
−3φ̄/2 S̄β(0)

]
eip.X(0)|0〉 . (D.7)

From this we get

(QB + Q̄B)|φ̃R〉 =
∫

d10p

(2π)10

[
p2

4
A β

α − 1

4
Bαγ( 6 p)γβ +

1

4
Dγβ( 6 p)γα

]

× (∂c + ∂̄c̄) c c̄ e−3φ/2Sα e−3φ̄/2 S̄β e
ip.X(0)|0〉 ,

(D.8)
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|φ̃−1/2,−3/2〉 =X̄0 |φ̃R〉 =
∫

d10p

(2π)10

[
1

2
A β

α ( 6 p)βγ c c̄ e−3φ/2 Sα e−φ̄/2 S̄γ(0)

− 1

2
Bαβ c c̄ e

−3φ/2Sα e−φ̄/2 S̄β(0)

+
1

2
Dαβ ( 6 p)βγ(∂ c+ ∂̄ c̄) c c̄ ∂ξ e−5φ/2Sα e

−φ̄/2 S̄γ(0)

− 1

2
Dαβ c c̄ ∂ξ e−5φ/2Sα η̄ e

φ̄/2 S̄β(0)

]
eip.X(0)|0〉 ,

(D.9)

and the (−1/2,−1/2) picture string field

|φR〉 = X0 |φ̃−1/2,−3/2〉 =
∫

d10p

(2π)10

[
1

4
A β

α ( 6 p)βγ( 6 p)αδ −
1

4
Bαγ ( 6 p)αδ +

1

4
Dδβ ( 6 p)βγ

]

× c c̄ e−φ/2 Sδ e
−φ̄/2 S̄γ eip.X(0)|0〉 .

(D.10)

Comparison of (D.1) and (D.10) leads to the identification

F α
β =

1

4
( 6 pA 6 p−6 pB +D 6 p)αβ . (D.11)

Also (D.8) leads to the on-shell condition

p2A− B 6 p+ 6 pD = 0 , (D.12)

which implies (D.3).

From (D.11) we see that the description in terms of the matrices A, B and D provides a

redundant description of the field strength F α
β. Indeed F

α
β is invariant under the transforma-

tion:

A→ A+ Λ, B → B + Λ′ 6 p , D → D+ 6 p (Λ′ − Λ) , (D.13)

for arbitrary matrices Λ,Λ′. These are related to gauge transformation parameters in the

(−3/2,−3/2) picture. We shall choose a particular gauge in which A = 0. Therefore we have,

on-shell,

F =
1

4
(D 6 p− 6 pB) , 6 pD = B 6 p . (D.14)

We now decompose Bαβ and Dαβ as:

Bαβ =
5∑

k=1
k∈2Z+1

1

k!
B

(k)
M1···Mk

(ΓM1···Mk)αβ , Dαβ =
5∑

k=1
k∈2Z+1

1

k!
D

(k)
M1···Mk

(ΓM1···Mk)αβ , (D.15)

with B(5) being self-dual and D(5) being anti-self-dual. Now, from (D.4), (D.14) and (D.15)

we get,

F
(4)
M1M2M3M4

=
1

16
Tr (ΓM1M2M3M4F ) =

1

4
pM
(
D(5) − B(5)

)
MM1M2M3M4

(D.16)

−1

4

[
pM1

(
D(3) +B(3)

)
M2M3M4

+ cyclic perm. of M1,M2,M3,M4 with sign
]
.
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Also, multiplying the second equation in (D.14) by ΓMNPQ and taking the trace, we get

pM
(
D(5) −B(5)

)
MM1M2M3M4

= −
[
pM1

(
D(3) +B(3)

)
M2M3M4

+ cyclic perm. of M1,M2,M3,M4 with sign
]
.

(D.17)

Using this, we can express (D.16) as

F
(4)
M1M2M3M4

= −1

2

[
pM1

(
D(3) +B(3)

)
M2M3M4

+ cyclic perm. of M1,M2,M3,M4 with sign
]
.

(D.18)

Physically B(3)+D(3) may be interpreted as the RR potential for the field strength F
(4)
MNPQ

and B(5)−D(5), or more precisely its Hodge dual B(5)+D(5), may be regarded as the potential

for the Hodge dual 6-form field strength. Therefore, string field theory naturally uses the

democratic formalism of [63]. Indeed, this is the reason why the open-closed string field

theory constructed in [64] can describe coupling to all D-branes at the same time, including

the ones that are electric-magnetic dual to each other. Equations of motion of course relate

the two field strengths and allows us to express the result in terms of just the 3-form potential

as in (D.18).

We further note that if we had tried to express the 2-form field strength component F
(2)
MN

of F β
α using an expansion similar to that in (D.4), and repeated the analysis described above,

then F
(2)
M1M2

would have contained a term proportional to pM
(
D(3) − B(3)

)
MM1M2

. Therefore,

if we want to generate purely 4-form field strength, we can set

D(3) = B(3) = −i C̃ . (D.19)

Eqs. (D.18) and (D.4) now reduce to, respectively,

F
(4)
MNPQ =

(
i pM C̃NPQ + cyclic permut. of M,N, P,Q × with sign

)
(D.20)

and

F α
β =

i

3!
pM C̃NPQ

(
ΓMNPQ

)α
β
. (D.21)

(D.9), (D.15) and (D.19) with A β
α = 0 can be used to read out the vertex operator of the

3-form field C̃MNP in the (−1/2,−3/2) picture, while (D.1) and (D.21) may be used to read

out the same vertex operator in the (−1/2,−1/2) picture.

E. Some spinor identities in Calabi-Yau threefolds

In this appendix we shall evaluate the contractions with the covariantly constant spinor η

appearing in (6.42) and (6.56).

First, due to anti-symmetry we have η̄Γ̃pqrijkη = c ǫpqrijk. Choosing (pqrijk) = (456789)

one obtains c = −iη̄Γ̃η = −i so that

η̄Γ̃pqrijkη = −i ǫpqrijk. (E.1)
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This relation is valid both for tangent space and space-time indices, provided for space-time

indices the right hand side is understood to contain a factor of (det g)−1/2 to convert it into a

tensor.

Next we shall analyze η̄Γ̃rkη. For this let us work in the local coordinate system in which

the metric and the Kähler form on Y take the form:

ds2 =

9∑

m=4

(dxm)2, ω =

3∑

s=1

dx2s+2 ∧ dx2s+3 . (E.2)

The associated complex coordinates are taken to be

ŵs = x2s+2 + i x2s+3, 1 ≤ s ≤ 3 . (E.3)

Let us denote the holomorphic and anti-holomorphic components of Γ̃m by

Γ̂1 = Γ̃4 + iΓ̃5, Γ̂2 = Γ̃6 + iΓ̃7, Γ̂3 = Γ̃8 + iΓ̃9,

Γ̂1̄ = Γ̃4 − iΓ̃5, Γ̂2̄ = Γ̃6 − iΓ̃7, Γ̂3̄ = Γ̃8 − iΓ̃9.
(E.4)

Furthermore, we postulate that Γ̂sη = 0, η̄Γ̂s̄ = 0 for 1 ≤ s ≤ 3. One can easily verify that

these conditions are compatible with the condition Γ̃ η = η. Then using the anti-commutation

relations {Γ̂s, Γ̂t̄} = 4 δst, we get

η̄Γ̃st̄η =
1

2
η̄Γ̂sΓ̂t̄η = 2 δst = i ωst̄, (E.5)

since we have ωst̄ = gsūg t̄vωūv = −2iδst. We also have η̄Γ̃stη = ωst = 0 as well as similar

relations for their complex conjugates. Therefore, we find η̄Γ̃ijη = iωij in this coordinate

system. However, since both sides are tensors, we can take this to be a general relation valid

in any coordinate system, i.e.

η̄Γ̃rkη = i ωrk = −iJr
mg

mk , (E.6)

where in the last term we used the relation ωij = gikJ j

k = −J i
kg

kj following from the definition

of the Kähler form.

Our next task will be to evaluate

eij (P
j

k −Qj

k) η̄Γ̃
iΓ̃kη , (E.7)

where P and Q are projection operators along the brane and transverse to the brane, respec-

tively. They can be expressed as

P j

i =
1

2
vγ,iklv

jkl
γ , Qj

i =
1

2
(⋆vγ)ikl(⋆vγ)

jkl . (E.8)

We define, for any 3-form,

(C,C ′) =
1

3!
C ijkC̄ ′

ijk, ||C||2 = (C,C). (E.9)
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Note that we have

||vγ||2 = 1 . (E.10)

We shall use the convention that the ⋆ is an anti-linear map which, besides taking the Hodge

dual of a form, complex conjugates the coefficients of the forms written in real coordinates.

On 3-forms we have ⋆2 = −1.

The projectors P and Q satisfy the following properties:

• for any 3-form C one has

P l
iP

m
j P

n
kClmn = (C, vγ) vγ,ijk ; (E.11)

• in the holomorphic coordinates the projectors satisfy

Pst = −Qst, Ps̄t̄ = −Qs̄t̄, Pst̄ = Qst̄ . (E.12)

(E.11) is self-evident. The first two relations in (E.12) follow from the observation that Pik +

Qik = gik and gst = gs̄t̄ = 0. The third relation in (E.12) can be proven as follows. Since the

cycle is Lagrangian, we have the identity (cf. (3.12))

P k
i P

l
j ωkl = 0. (E.13)

On the other hand, using the relation ⋆ω = 1
2
ω ∧ ω, we can write

Qk
i Q

l
j ωkl =

1

8
Qk

i Q
l
j ǫkl

mnpq ωmnωpq

=
1

2
Qk

i Q
l
j ǫkl

mnpq
(
Qm′

m P n′

n ωm′n′

)(
P p′

p P
q′

q ωp′q′

)
= 0,

(E.14)

where in the second equality we used that P and Q are projectors on 3-dimensional subspaces

and the last equality follows from (E.13). In the holomorphic basis, the mixed components of

the two identities (E.13) and (E.14) read as

PsuP
u
t̄ = PsūP

ū
t̄ , QsuQ

u
t̄ = QsūQ

ū
t̄ . (E.15)

Left hand sides of the two equations are equal due to the first two relations in (E.12). Therefore,

the right hand sides of these equations must be equal as well. This gives

Psūg
ūvPvt̄ = Qsūg

ūvQvt̄ = (g − P )sūg
ūv(g − P )vt̄ = Psūg

ūvPvt̄ + gst̄ − 2Pst̄. (E.16)

This implies Pst̄ =
1
2
gst̄ and hence Qst̄ = gst̄ − Pst̄ =

1
2
gst̄. This establishes the last relation in

(E.12).

Let us now turn to the analysis of (E.7). Using (E.6), this can be rewritten as

eij

(
P j

k −Qj

k

) (
gik − iJ i

lg
lk
)
. (E.17)

– 54 –



The second factor vanishes when the index i corresponds to an anti-holomorphic index and is

equal to 2gik when i is a holomorphic index. This allows us to rewrite the above expression

in the holomorphic coordinates, and we get

eij (P
j

k −Qj

k) η̄ Γ̃
iΓ̃kη = 2 est(P

st −Qst) + 2 est̄(P
st̄ −Qst̄) = 4 estP

st , (E.18)

where we used (E.12).

We now use the relation eij = δgij/(2κ) given above (6.58) to write the right hand side of

(E.18) as 2 δgstP
st/κ. Using (6.58) relating δgij to the complex structure deformation, we can

write

P stδgst = δz̄a
Ωijkg

jmgkn

||Ω||2 (χ̄a)lmnP
il (E.19)

because the indices on the projector are automatically holomorphic due to the properties of

Ω and χa. Next, we can compute

||Ω||2 = 1

6
Ωijk(P

il +Qil)(P jm +Qjm)(P kn +Qkn)Ω̄lmn

=
4

3
ΩijkP

ilP jmP knΩ̄lmn = 8 |(Ω, vγ)|2 ,
(E.20)

where we used (E.12) followed by (E.11) and (E.10). Similarly, one has

Ωijkg
jmgkn(χ̄a)lmnP

il =Ωijk(P
jm +Qjm)(P kn +Qkn)(χ̄a)lmnP

il

=
4

3
ΩijkP

ilP jmP kn(χ̄a)lmn = 8 (Ω, vγ)(vγ, χa) ,
(E.21)

where in the first two steps we made repeated use of (E.12) and in the last step we used (E.11)

and (E.9). Thus, (E.19) becomes

P stδgst = δz̄a
(vγ, χa)

(vγ,Ω)
. (E.22)
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