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Abstract
In recent years, the development of lighter and more efﬁcient transport aircraft has led to an increased focus on gust load
alleviation. A recent strategy is based on the use of folding wingtip devices that increase the aspect ratio and therefore
improve the aircraft performance. Moreover, numerical studies have suggested such a folding wingtip solution may incorporate spring devices in order to provide additional gust load alleviation ability in ﬂight. It has been shown that wingtip
mass, stiffness connection and hinge orientation are key parameters to avoid ﬂutter and achieve load alleviation during
gusts. The objective of this work is to show the effects of aeroelastic hinged wingtip on the problem of worst-case gust
prediction and the parameterization and optimization of such a model for this particular problem, that is, worst-case gust
load prediction. In this article, a simpliﬁed aeroelastic model of full symmetric aircraft with rigid movable wingtips is
developed. The effects of hinge position, orientation and spring stiffness are considered in order to evaluate the performance of this technique for gust load alleviation. In addition, the longitudinal ﬂight dynamics of a rigid aircraft with an
elastic wing and folding wingtips is studied. Multi-objective optimizations are performed using a genetic algorithm to exploit
the optimal combinations of the wingtip parameters that minimize the gust response for the whole ﬂight envelope while
keeping ﬂutter speed within the safety margin. Two strategies to increase ﬂutter speed based on the modiﬁcation of the
wingtip parameters are presented.
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Introduction
Atmospheric gusts and turbulence can signiﬁcantly affect
aircraft ride quality and increase airframe loads. The turbulence is caused by the movement of the air through which
the aircraft passes. The gust velocity is the velocity of the air
perpendicular to the ﬂight path. The calculation of the
structural responses to gusts and turbulence is important in
aircraft design and development because it determines the
most extreme levels of stress.1 For this purpose, loads
corresponding to gusts and manoeuvres are applied to
detailed linear aeroelastic models to determine the worstcase values for various quantities of interest (e.g. bending
moments, shear forces, torques and load factors).1,2,3
Performance optimization is a fundamental aspect of
aircraft design, and nowadays, many efforts have been
made to ﬁnd techniques that reduce aerodynamic drag. A
considerable contribution, usually 30%–40% of the
overall drag, is lift-induced drag, which could be reduced
by increasing the wingspan. However, such a design

solution has some limitations related to the increase in
bending moments along the wing and also to the maximum aircraft dimensions allowed at airports. A possible
solution to the second problem is to use a folding wing that
can be employed on the ground. An example of this
technique is the latest version of the Boeing B777X where,
through the use of wingtips, the wingspan will be 7 m
longer than that of the original B777.4 The folding wingtip
capability will be used only on the ground during taxi to
and from the gates allowing the aircraft to ﬁt within the
airport gate.
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Over the years, folding wingtips have been used on
a number of aircraft.5 The ﬁrst known use of a hinged wing
for gust alleviation is on the Rey R.1 aircraft which made
its ﬁrst ﬂight in 1949. The introduction of the hinged
wings gave a reduction of 60% in the stresses resulting
from gust loads.6 Each wing of the Rey R.1 is divided into
two sections connected by rubber disk. The torsion of the
rubber provides the ‘spring action’.7
In 1999, Allen8 introduced the concept of combining the
beneﬁts of a foldable winglet for maximizing the wingspan
of the aircraft during cruise operation while reducing wing
bending moments during extreme ﬂight manoeuvres. The
foldable winglet is joined to the aircraft wing via a hinge,
and an actuator is mounted on the aircraft wing and attached
to the foldable winglet. In cruise, the winglet can be rotated
from a vertical position to a fully extended position,
wherein the winglet becomes an extension of the wing.
When the wing is subjected to severe loads, the loads
overcome the action of the actuator and pivot the winglet to
the vertical position. Pitt9 considered a straight wing of
a modern aircraft and examined the capabilities of using
a hinge to produce aeroelastic tailoring. He showed that the
effect of moving the wing fold line at a relative angle to the
bend direction is similar to the pitch-bending coupling of
helicopter blades. Pattinson et al.10 showed the potentiality
of a folding wingtip to alleviate the wing loads by coupling
a ﬂexible multibody dynamics solver into a computational
ﬂuid dynamics–coupled structural model. Wilson et al.6
deﬁned the ﬂare angle as the angle between the longitudinal
axis of the aircraft and the hinge rotation axis and showed
that for short-range aircraft, a zero stiffness ﬂared hinge
reduces gust and manoeuvre loads. The use of a zero
stiffness hinge could cause ﬂutter which can be stabilized
via tip masses, the choice of hinge location and hinge ﬂare
angle. The choice of hinge ﬂare and hinge location has
a small effect on the bending moment at the wing root.
Similarly, Castrichini et al.11 investigated the effects of
using a folding wingtip as a load alleviation device considering a numerical aeroelastic model of a typical commercial jet aircraft. In this work, they investigated the effect
of hinge stiffness, damping, hinge orientation and wingtip
mass on the static loads, gusts loads and ﬂutter behaviour.
For low hinge spring stiffness and wingtip mass, an increase
in the hinge angle with respect to the free stream direction
allowed improved load alleviation capability. They showed
that in the case of 25° hinge, a low wingtip mass is beneﬁcial for the ﬂutter speed, while a zero stiffness hinge with
a high wingtip mass decreases the ﬂutter speed. Castrichini
et al.12,13 investigated the effect of a passive nonlinear hinge
spring to connect the folding wingtip to the main wing.
They showed that signiﬁcant load alleviation was possible
when the system has a low overall stiffness around the trim
equilibrium point for a large enough range of deﬂection
angles. Moreover, they showed that through proper design
of the wingtip device, it is possible to increase the wing
aspect ratio with a small increase, or even reduction, of the
gust loads experienced by the aircraft.
Cheung et al.14 performed a series of low-speed wind
tunnel tests using a ﬂared hinged folding wingtip device.
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They considered both steady and dynamic aerodynamic
conditions, in conjunction with variations in the stiffness
of the folding hinge. The steady aerodynamic tests for stiff
hinge and free hinge demonstrated that the folding wingtip
is statically aerodynamically stable, regardless of hinge
stiffness and measurements compared with aeroelastic
predictions gave similar trends. Numerical results generated by the MSC/NASTRAN aeroelastic models
showed similar trends to the experimental data in terms of
gust load alleviation performance with respect to changes
in hinge spring stiffness for different hinge angles.
Moreover, the achieved reduction from the wind tunnel
measurements is higher than predicted. Cheung et al.15,16
added an aerodynamic surface into the wingtip to control
the folding action. In a series of steady aerodynamic tests,
they demonstrated that this device is capable of maintaining the orientation of the wingtip over a range of wind
tunnel velocities and angles of attack. Moreover, they
showed that actuating the secondary aerodynamic surface
could improve the load alleviation capability already
achieved by the folding wingtip alone.
Wilson et al.17 investigated the possibility of a free
folding wingtip to exhibit limit cycle oscillations. This
phenomenon was observed in a simpliﬁed model. Wilson
et al.18 developed the AlbatrossONE Semi-Aeroelastic
Hinge small-scale demonstrator aircraft, which represents the ﬁrst-ever ﬂight of an aircraft with free folding
wingtips. Flight testing showed that the wingtips were
statically and dynamically stable throughout the ﬂight.
The wing load alleviation effect from the free wingtips has
been conﬁrmed through different ﬂights.
In this work, two aeroelastic models of a simpliﬁed
symmetric aircraft have been developed. In the ﬁrst model,
a classical straight wing is considered, while the second
model is a straight wing with a folding wingtip. The dimensions and total mass between the two models are
maintained constant. In the detailed design of the aircraft,
typically, dimensions and weight distributions must respect
numerous limitations that restrict the design. The choice of
the wingtip parameters, such as dimensions, centre of mass
(CM) and ﬂare angle, is given by the compromise between
constraints coming from different ﬁelds, such as the
structure, aerodynamics, ﬂight mechanics or safety. The
advantage of having a simpliﬁed model compared to more
sophisticated numerical models is the possibility to explore
different conﬁgurations and perform a large number of
simulations utilizing a smaller computational time. In this
way, it is possible to efﬁciently perform optimization
considering different ﬂight conﬁgurations.
In a complex and coupled problem, such as aircraft
design, the variation of a single parameter will have a global
effect on the performances of the aircraft. During the
conceptual design, a priori knowledge of the effect of the
parameters could lead to an efﬁcient selection of the wingtip
parameters. The main goal of this work is to extrapolate
some general guidelines to be used in future works for the
design of aircraft with folding wingtips. In the remainder of
this article, the aeroelastic models of an aeroplane with
a straight wing and the one with a straight wing and folding
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wingtip are presented. The two models are validated and
optimizations of the wingtip parameters to exploit the
capability for gust load alleviation are performed.
In the section titled ‘Aeroelastic model’, the aeroelastic
models of a rigid aeroplane with a straight elastic wing and
the model with a straight elastic wing and folding wingtip
are presented. In the section titled ‘Validation’, the gust
response is performed to validate the models developed
with a numerical example from the literature. Moreover, the
effects of wingtip hinge stiffness, ﬂare angle and wingtip
CM position on the gust response are determined. The
dimensions and total weight of a civil commercial aircraft
are considered in the model introduced in the section titled
‘Civil commercial aircraft case’. In the section titled ‘Multiobjective optimization’, a genetic algorithm (GA) is used to
perform multi-objective optimizations considering wingtip
CM position, ﬂare angle and wingtip span. Furthermore, the
ﬂutter speed is determined, and two strategies to increase
the ﬂutter speed are shown.

3

Figure 1. Model one – aircraft with a straight wing.

Aeroelastic model
In this section, the aeroelastic model of the aircraft with
a straight wing will be presented (model one) and subsequently the wingtip will be introduced (model two).
Aeroelasticity is the science that studies the mutual interaction between the aerodynamic forces and the elastic
forces and the inﬂuence of this interaction on structure
design.19 A classical approach to develop a structural model
is the ‘stick’ representation, in which each major component
is treated as an assembly of sticks placed along the reference
axes. The aerodynamic models used in the aeroelastic
calculations are essential to ensure a correct estimation of the
deformations and loads. Different manufacturers tend to
adopt different practices in detail, although there will be
similar core features. Typically, two-dimensional unsteady
strip theory or three-dimensional unsteady panel methods
are used, combined with the output of steady computational
ﬂuid dynamics and wind tunnel studies.3
In this work the structural and aerodynamic models
have been selected to obtain a model with the least number
of degrees of freedom without losing the main effects. The
only deformable parts of the model are the wing, in
bending and in torsion, and the wingtip. These two elastic
modes have been considered because, typically, they are
the modes at lower frequencies.3 Additional degrees of
freedom could have secondary effects in the study of the
gust load alleviation. The aerodynamic model is based on
strip theory. Although the panel method could provide
more accurate results, it would lead to further aerodynamic
degrees of freedom.20 In the two aeroelastic models, the
following degrees of freedom are considered: displacement zc (downwards) and pitch α (nose up) at the CM on
the inertial axis and the torsional qt (nose up) and the
bending qb (downwards) modes of the wing on the elastic
axis of the wing.3 The wingtip’s span is assumed to be
20% of the half span and there is a relative angle (γ)
between the hinge axis and the free stream velocity. The
two aeroelastic models of the symmetric aircraft have been

Figure 2. Model two – aircraft with a straight wing and
folding wingtip.

obtained through the Lagrange formulation. Figure 1
shows model one and Figure 2 shows model two.

Structural and aerodynamic model of an aircraft
with a straight wing (model one)
The simpliﬁed ﬂexible aircraft consists of a uniform,
untapered, unswept ﬂexible wing of chord c and semispan s, plus a rigid fuselage and tailplane, as shown in
Figure 1. The wing is assumed to have a uniform mass
distribution and the wing mass axis lies at distance lWM
ahead of the aircraft CM.
The mass and pitch moment of inertia of the aircraft
fuselage will be represented by discretization into three
‘lumps’ of mass mF, mC and mT. These discrete masses are
located, respectively, at the front fuselage (at a distance of
lF forward of the CM), at the whole aircraft CM and at the
tailplane aerodynamic centre (at a distance of lT aft of the
CM). The wing elastic axis is assumed to lie at a distance
of lE ahead of the WM axis. The wing aerodynamic axis
(WA) is at the wing quarter chord and is at a distance of lW
ahead of the CM and at a distance of lA ahead of the elastic
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axis. In order to minimize any coupling between the rigid
body modes and the ﬂexible mode equations, the mean
axis reference frame has been used.3 The wing is modelled
using the Euler–Bernoulli beam theory, so a quadratic
shape function is used for the bending mode and a linear
shape function for the torsion mode.
The displacement zWA(y, t) (downwards positive) of the
WA is
zWA ð y,t Þ ¼ zc ðt Þ  lW αðt Þ
 

y2 
þ k e0 1 þ A
 lA γe0 qb ðt Þ
s
(1)
h

yi
þ ke0  lA γe0 1 þ B
qt ðt Þ
s
where A and B are unknown constants deﬁning the amount
of bending and twist present along the wingspan, respectively, and ke0 and γe0 are constants deﬁning the wing
root displacement and twist deformation, respectively. The
displacement zT(t) (downwards positive) of the tailplane
aerodynamic centre is
(2)
zT ðtÞ ¼ zc ðtÞ þ lT αðtÞ
The aerodynamic terms due to the wing and the tailplane have to be determined. To this end, the tailplane is
considered as rigid, while the wing contribution involves
integration using a strip dy because of the ﬂexibility. The
lift of a strip dy at the position y along the wingspan is


y
1
dL ¼ ρV 2 cdyaw α  α0 þ γe0 1 þ B
qt
2
s


(3)
y2  q_
z_c
b
þ
þ k e0 1 þ A
s
V V
where α0 is the incidence for zero wing lift and aw is the
sectional wing lift curve slope. There is also a zero lift
pitching moment for the wing
1
M0W ¼ ρV 2 SW cCM0W
(4)
2
The tailplane lift considering the contribution of the
downwash kϵ, the effective incidence due to the nose up
pitch rate and the increment of lift due to a rigid vertical
displacement, is
 

_ T z_c
1 2
αl
LT ¼ ρV ST aT kϵ α0 þ ð1  kϵ Þα þ
þ
þ aE η
2
V
V
(5)
where aE is the tailplane curve slope deﬁned with respect
to the elevator angle and η is the elevator angle and has
been included to provide trim.
The effect of the vertical gust on the aerodynamics is
a change of angle of attack. Thus, on the elastic wing, the
increment of lift on a strip dy, located at distance y from the
root, is given by
1
wg ðtÞ
dLWg ¼ ρV 2 cdyaw
2
V

(6)

while on the tailplane the gust will act with a delay given
by the ratio between the distance between the wing
aerodynamic centre and the tailplane aerodynamic centre
and the free stream velocity ðt ∗ ¼ lW þ lT =V Þ. Hence
1
wg ðt  t ∗ Þ
LTg ¼ ρV 2 ST aT
2
V

(7)

The kinetic energy due to the rigid motion and the
dynamic motion is
1
1
1
1
T ¼ mz_c þ Iy α_ þ mb q_b þ mt q_t
2
2
2
2

(8)

where m is the total mass of the aircraft, Iy is the aircraft
pitching moment at the CM and mb and mt are, respectively, the bending and torsional modal masses. The
elastic potential energy corresponds to the strain energy in
bending and torsion, such that
1
1
U ¼ kb q2b þ kt q2t
2
2

(9)

Finally, the virtual work done by lift forces and moment
and the gravitational ﬁeld force is
Z s
Z s
dLδzAC  LT δzT þ
dLWg δzAC
δWA ¼
(10)
0
0
 LTg δzT þ M0W δα þ mgδzc
Exploiting the Lagrange formulation, the full aeroelastic equation in the classical second-order form is
obtained as
8 9
8 9
8 9
q_b >
q€b >
qb >
>
>
>
>
>
>
>
>
>
>
>
>
>
>
=
< q€ =
< q_ =
<q >
t
t
t
2
þ ðρV B þ DÞ
þ ρV C þ E
A
>
>
>
€>
α>
α
α_ >
>
>
>
>
>
>
>
>
>
;
;
;
: >
: >
: >
zc
z€c
z_c
¼ f η η þ f 0 þ f g þ f Wg wg ðt Þ þ f Tg wg ðt  t ∗ Þ
(11)
where A, D and E are the structural inertia, damping and
stiffness matrices, respectively, B and C are the aerodynamic damping and stiffness matrices, respectively, and
the force vector f on the right hand side of the equation has
contributions due to the elevator (fη), zero incidence (f0),
gravitational ﬁeld (fg), gust on the wing ðf Wg Þ and gust on
the tailplane ðf Tg Þ.

Structural and aerodynamic model of an aircraft
with a straight wing and folding wingtip
(model two)
As mentioned above, the difference between the two
models is the presence of the movable wingtip. The model
of the aircraft with the folding wingtip can be obtained
from the equations of model one, considering the additional contributions coming from the wingtip and taking
into account that the elastic wing is composed of two
contributions from wingspan s1 and wingspan s2, as
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shown in Figure 2. It is worth noting that in the region of s2
the chord is not constant, but is a function of the ﬂare angle
γ, of the elastic wingspan s and of the span position y. The
geometric relation is
cðyÞ ¼

sy
tanðγÞ

1
Uwt ¼ kθ θ2
2

The total work done by the external force of the
wingtip is
δWwt ¼ Lwt δzACwt þ mwt gδzΓ

(12)

The wingtip is considered as a rigid body of mass mwt
with the CM at Γ = (Γx, Γy) deﬁned in a reference coordinate system with the origin at the leading edge of the
elastic wing tip and with the x-axis parallel to the hinge
axis, as shown in Figure 2 θ is the degree of freedom
related to the wingtip rotation and it is deﬁned such that
a positive angle variation produces a downwards
displacement.
Considering small rotation of the wingtip and assuming the aerodynamic centre of the wingtip is at the
quarter chord and halfway along its span, its vertical
displacement is
zACwt ¼ ½ke0 ð1 þ AÞ  lA γe0 qb þ ke0  lA γe0 ð1 þ BÞ qt
s3
þ zc  l w α þ θ
2
(13)
The wingtip CM is at position Γ = (Γx, Γy) measured
with respect to coordinate system x2, y2 in model two (see
Figure 2). The origin of this reference system is at the
conjunction between the wing leading edge and the hinge
axis. Hence, the x2 axis in this local coordinate is parallel
to the hinge axis as shown in Figure 2. The vertical
displacement of the wingtip CM is


Γx
zΓ ¼ ke0 ð1 þ AÞqb  xf 
γ ð1 þ BÞqt
cosðγÞ e0


(14)
c
Γx
 lW þ 
α þ zc þ Γ y θ
4 cosðγÞ
where xf is the longitudinal position of the elastic axis
measured from the wing leading edge. The wingtip lift is
given by
2
1 2
q_
Lwt ¼ ρV Swt aw 4ke0 ð1 þ AÞ b þ γe0 ð1 þ BÞqt þ α  α0
2
V
3
z_
s3 θ_ wg ðt Þ5
þ
þ þ θ sinðγÞ þ
V
V
2 V
(15)
where the contribution θsin(γ) is the component of the rotation around the hinge perpendicular to the free airstream.
The kinetic energy due to the rigid and dynamic motion
of the wingtip is
1
Twt ¼ mwt jz_Γ j2
(16)
2
which gives a negligible contribution to the total inertia.
The potential energy corresponding to the strain energy of
the spring at the hinge between the elastic wing and the
wingtip is

(17)

The Lagrange formulation is used to obtain
elastic equation of motion as
8 9
8 9
q_b >
q€b >
>
>
>
>
>
>
>
>
>
>
>
>
> >
>
>
>
>
€
_
q
q
>
>
>
t
t
=
< >
< =
€ þ ðρV B þ DÞ α_
þ ρV 2 C þ E
A α
>
>
>
>
>
>
>
>
>
>
> z_c >
> z€c >
>
>
>
>
>
>
>
>
;
;
: >
:€>
θ
θ

(18)
the aero8 9
qb >
>
>
>
>
>
> >
>
>
q
>
t
=
< >
α
>
>
>
>
> zc >
>
>
>
>
>
;
: >
θ

¼ f η η þ f 0 þ f g þ f Wg wg ðt Þ þ f Tg wg ðt  t ∗ Þ
(19)
In contrast to the previous case, equation (11), an extra
degree of freedom related to the wingtip rotation has been
introduced.
In the following analysis, equations (11) and (19) have
been solved using a 5th order Runge–Kutta method with
a 4th order time step selection.21

Gust model
Atmospheric disturbance models are categorized into two
idealized categories: discrete gust and continuous turbulence.22 In this article, a typical ‘1 - cosine’gust disturbance is considered, with a maximum gust velocity of wg0
and a gust wavelength of lg. The proﬁle is deﬁned as
8



wg0
2πV
lg
>
>
>
1

cos
t
, for 0 ≤ t ≤
< 2
lg
V
w g ðt Þ ¼
(20)
>
>
lg
>
: 0,
for t >
V
In the model validation section, gusts with a maximum
gust velocity of 5 m/s and different lengths in the range of
20–200 m are considered.
However, for the case of civil commercial aircraft,
gusts wavelengths are varied between 18 m and 214 m
(according to22), and the gust velocity is calculated as
1:6

H
wg0 ¼ wref
(21)
106:14
where the gust gradient H is half the gust wavelength lg
and the reference gust velocity wref reduces linearly from
17.07 m/s equivalent air speed (EAS) at sea level to
13.41 m/s EAS at 4572 m, and then again to 6.36 m/s EAS
at 18,288 m.

Validation
In order to analyze the models, a numerical example found
in the literature for the gust analysis of a ﬂexible aircraft is
considered.3 The aeroplane and wingtip main parameters

6
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Table 1. Aircraft parameters.
Half span
Total mass
mF
mT
mW
Wing inertia
Aircraft inertia

7.5 m
5000 kg
750 kg
750 kg
1500 kg
1330 kgm2
72000 kgm2

Chord
lW
lT
lA
lE
lWM
lF

2m
0.6 m
7m
0.25 m
0.25 m
0.1 m
6.8 m

aW
aT
aE
kϵ
α0
CM0W

4.5
3.2
1.5
0.35
0.03 rad
0.03

Table 2. Wingtip parameters.
Mass
Span
γ
Γx
Γy

150 kg
1.5 m
20°
0.94 m
0.70 m

are reported in Tables 1 and 2. All the analyses consider an
equivalent airspeed of 150 m/s. The coefﬁcients A, B, γe0,
ke0 and the bending and the torsion modal masses have
been obtained through a minimization process exploiting
the orthogonality condition between the elastic modes and
the rigid modes (for the detail see Appendix C of Wright
et al.3). The bending and torsional modal stiffnesses are
determined to obtain the respective modal frequencies.3
Due to the linearity of the model, the analysis has not
considered the static contribution due to the initial trim in
order to analyze only the dynamic response to the gust.

Figure 3. Comparison between model one (continuous line)
and the reference model3 (dashed lines).

Comparison of different models
To validate the developed numerical model, the gust response of an elastic aircraft is obtained and compared with
those reported by Wright et al.3 for the gust response of an
elastic aircraft (reference model). The reference model has
three degrees of freedoms, the vertical displacement and
the pitch angle of the aircraft centre of gravity and the
torsional mode of the wing. In order to have a proper
comparison, the natural frequencies of the elastic modes
not considered in the reference model have been set to
a high value and the torsional frequency is the same as the
reference model. Therefore, in both models, the torsional
mode frequency is set at 8.5 Hz, the bending mode at
56 Hz and the ﬂapping mode at 61 Hz in model two.
The gust response in terms of vertical displacement of the
trailing edge of the tip of the wing (zTE), angle of incidence
(α) and vertical displacement of the centre of gravity (zc) are
simulated for gusts with different wavelengths. Figures 3 and
4 compare the results of model one and model two, respectively, with the reference model (black dashed lines).
The results show that the models give similar results.

Model two gust response
This section presents the dynamic response of model two for
different gust lengths and for various wingtip parameters.
The modal stiffness has been set in order to obtain the

Figure 4. Comparison between model two with rigid
connections (high stiffness) (continuous line) and the reference
model3 (dashed lines).

frequency of the bending mode at 5 Hz and the frequency of
the torsional mode at 8.5 Hz when a high value of the
wingtip stiffness connection is considered.
Figures 5–8 show the gust responses for low and high
values of the stiffness connections between the wing and
the wingtip. These two extreme cases represent the cases
when the wingtip is free to rotate at the hinge (kθ = 0 Nm/
rad) and the wingtip is rigidly attached to the wing (kθ =
108 Nm/rad). When the wingtip is free to rotate at the
hinge, the heave mode is less exited and the pitch mode is
more exited with respect to the case when the wingtip is
rigidly attached to the wing. It is also possible to see that
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Figure 5. Rigid body responses to a 20 m 1-cos gust.

Figure 6. Elastic mode responses to a 20 m 1-cos gust.

Figure 7. Rigid body responses to a 200 m 1-cos gust.

the zero stiffness connection reduces the torsional and
bending mode responses.
Figures 9–11 show the maximum and minimum values
of the wing bending and torsional mode responses for
values of the gust length between 20 m and 200 m. Figure

7

Figure 8. Elastic mode responses to a 200 m 1-cos gust.

Figure 9. Gust response for different gust lengths and values
of stiffness connection.

Figure 10. Gust response for different gust lengths and ﬂare
angle (kθ = 0 Nm/rad).

9 considers different cases of the wingtip stiffness connection, Figure 10 considers different cases of the ﬂare
angle (γ) and Figure 11 considers different positions, along
the chordwise direction, of the wingtip CM (Γx).
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The hinge with zero torsional stiffness and the introduction of a larger ﬂare angle are able to reduce the
wing bending and the wing torsional mode response for all
gust lengths. Furthermore, for gusts at high frequency, if
the CM position is towards the trailing edge of the wingtip,
the torsional mode has larger positive and negative peaks,
but for gusts at low frequency, the torsional mode response
has smaller peaks.

Civil commercial aircraft case
In this section, the geometric and weight data of a civil
commercial aircraft model are used to develop a simpliﬁed
model based on the method explained in the previous
section. It is assumed that the wingtip span is 20% of the
total span. The dimensions and total weight have been
estimated from the FFAST aeroelastic model23 of a representative civil jet aircraft whose structure was modelled
using a ‘stick’ model with lumped masses. The weight
distribution, the dimensions and the main parameters are
reported in Tables 3 and 4. In order to have a more realistic
model, the effect of engine mass is considered in this
model. The engine is modelled as lumped mass mM located at the longitudinal distance xM from the elastic axis
(positive aft) and yM from the symmetric axis as reported
in Table 5. The coefﬁcients A, B, γe0 and ke0 and the
bending and the torsional modal masses have been obtained through a modiﬁed minimization process in order to
consider the effects of the engine (see Appendix A). The

Figure 11. Gust response for different gust lengths and
positions of the wigtip CM (kθ = 0 Nm/rad).

bending and torsional modal stiffnesses are determined so
as to obtain a bending modal frequency of 2.5 Hz and
a torsion modal frequency of 4.5 Hz.

Quantities of interest
The objective of a gust load alleviation system is the
reduction of the stresses acting on the airframe. Since the
most critical point for an aircraft is the connection between
the wing and the fuselage, the wing root bending moment,
the torsional moment and the shear force are taken as
interesting quantities. The intensity of these forces and
moments can be recovered from the aerodynamic, inertia
and gravitational ﬁeld force distribution acting on the wing
and on the wingtip (see Appendix B).

Static trim solution
From the equation of motion of the full aircraft, equation
(19), it is possible to calculate the static deformation of the
aircraft. The degrees of freedom that have to be calculated
are the bending and torsional modes of the wing, the deﬂection of the wingtip, the pitch of the complete aircraft and
the deﬂection of the elevator. Although the vertical displacement of the centre of gravity of the aircraft is a degree
of freedom of the system, its value is imposed a priori and
will affect the air density. The deﬂection of the elevator has
been introduced as an unknown of the trim calculation in
order to enforce the vertical balance of forces.
Figures 12 and 13 show the trim conﬁguration for
different values of the stiffness on the folding hinge in
terms of pitch angle of the aircraft (α), elevator angle (η),
wingtip deﬂection (θ) and the interesting quantities at
200 m/s at sea level. For high values of the stiffness
connection, which represents the wingtip rigidly connected to the elastic wing, the wingtip is not rotating. For
lower values of the stiffness connection, the wingtip rotates
in the opposite direction to gravity and consequently
produces a lower lift. The vertical equilibrium is respected
through an increase of the pitch of the aircraft. For different
trim conﬁgurations, the elevator deﬂection is imposed to
keep the tailplane lift constant. In order to ensure that for
different trim conﬁgurations, the tailplane generates the
same lift and the elevator deﬂection changes accordingly.
The shear force is not varying for different values of the
stiffness connection because the total lift generated by the
wing and weight of the wing are constant. The distance of
the aerodynamic centre from the elastic axis is constant;

Table 3. Civil commercial aircraft parameters.
Half span
Total mass
mF
mT
mW
Wing inertia
Aircraft inertia

32.5 m
187429 kg
28114 kg
28114 kg
56229 kg
12083 kg m2
12425757 kg m2

Chord
lW
lT
lA
lE
lWM
lF

4m
0.8 m
30.9 m
0.32 m
0.32 m
0.16 m
30.58 m

aW
aT
aE
kϵ
α0
CM0W

4.5
3.2
1.5
0.35
0.03 rad
0.03
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Table 4. Civil commercial aircraft wingtip parameters.
Mass
Span
γ
Γx
Γy

500 kg
6.5 m
30°
4.1 m
1.7 m

Table 5. Civil commercial aircraft engine parameters.
Mass
x position from EA
y position from fuselage

1680 kg
0.0 m
9.344 m
Figure 13. Interesting quantities in trim for different values
of wingtip stiffness connection.

Figure 12. Trim angles for different values of wingtip
stiffness connection: fuselage incidence (α), elevator angle (η) and
wingtip deﬂection (θ).

therefore, a different lift distribution has no effect on the
torsional moment but it modiﬁes the bending moment;
indeed, the increment of the stiffness connection produces
a greater lift on the wingtip and therefore the bending
moment increases.

Multi-objective optimization
Previous studies have shown the importance of the ﬂare
angle and wingtip weight.11 24 In this work, several optimizations are performed to obtain the optimal position of the
wingtip CM, the ﬂare angle and the wingtip span. The
MATLAB GA Toolbox is used for optimization because of
its reliability in ﬁnding global optimal solutions even in cases
where the objective functions have several local maxima and
minima. In this work, parallel computing inside the GA is
used to speed up the optimization process. It is worth noting
that the GAs require lower and upper bounds on the design
variables and they are stochastic search algorithms that can
give different results on repeating the optimization.25
In the optimization process, different optimization
functions, able to minimize all the interesting quantities,
have been considered. In this work, the optimization is
performed in terms of wing root internal loads, but in the

real case, the objective is the wing weight reduction which
leads to the reduction in the fuel burn. To estimate the
wing weight or the fuel burn, a detailed model of a speciﬁc
aircraft is required and the results of the optimizations will
be model dependent. To overcome this problem, it has
been decided to perform multi-objective optimization.25,26
In the following sections, the results of four different
multi-objective optimizations considering the whole ﬂight
envelope are reported, and in each case, different parameters are considered. In all the multi-objective optimizations, it has been considered the hinge connection
between wing and wingtip without any spring. The objective of the optimization is to ﬁnd the optimal position of
the wingtip CM, ﬂare angle and wingtip span (ﬁrst section), the optimal position of the wingtip CM and ﬂare
angle (second section), the optimal position of the wingtip
CM ﬁxing the ﬂare angle at 30° (third section) and the
optimal position of the wingtip CM ﬁxing the ﬂare angle at
20° (fourth section). After the optimizations different
technique to increase the ﬂutter speed will be presented.

Optimization: set-up
In the following subsections, a number of optimizations
are performed for the whole ﬂight envelope and the entire
gusts frequency range. A set of 104 ﬂight conﬁgurations
has been deﬁned, as shown in Figure 14, and the response
to 15 different gusts with gust lengths in the range of
18 m–214 m has been considered.
Before performing the optimizations, two extreme
cases have been analyzed, the wingtip rigidly connected to
the wing and the wingtip free to rotate in the hinge. In each
analysis, the shear force, the bending moment and the
torsional moment time histories have been calculated. The
shear force and bending moment have been plotted against
each other. The convex hull in these two cases has been
calculated and is shown in Figure 15. The same procedure
has been repeated with the bending moment and the
torsional moment. Figure 16 shows the results. Figure 14
shows the ﬂight conﬁgurations associated with the point
on the convex hulls for both extreme cases.
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Figure 14. Flight conﬁgurations considered, worst cases
wingtip rigidly connected to the wing and free to rotate.
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Figure 16. Comparison of the shear force-torsional moment
convex hull obtained with the wingtip rigidly connected to the
wing and the wingtip free to rotate.

A. Optimal parameters: wingtip CM position, ﬂare
angle and wingtip span

Figure 15. Comparison of the shear force-bending moment
convex hull obtained with the wingtip rigidly connected to the
wing and the wingtip free to rotate.

The case of null stiffness connection between the wing
and the wingtip has been considered as a reference conﬁguration for the optimization processes. The ﬂight
conﬁguration and the gust length related to each point in
both the convex hulls of the reference conﬁguration have
been considered as critical cases for the following
analyses.
The following ﬁtness functions have been considered
for the multi-objective optimization
8
< Π1 ¼ maxðmaxðabsðMwri ðtÞÞÞÞ
Π ¼ maxðmaxðabsðTwri ðtÞÞÞÞ, i ¼ 1 : ncrit
(22)
: 2
Π3 ¼ maxðmaxðabsðSwri ðtÞÞÞÞ
where ncrit is the number of critical cases and Mi, Ti and Si
are the bending moment, torsional moment and shear force
time history response for the ith critical case, respectively.
For each conﬁguration, every ﬁtness function represents
the maximum between all the absolute maximum peaks of
a speciﬁc quantity of interest. In the next sections, the
results of multi-objective optimization for different parameterization will be presented.

In this section, multi-objective optimization has been
performed considering the coordinated of wingtip CM
position, the ﬂare angle and the wingtip span as optimal
parameters. The lower and upper bounds of the ﬂare angle
are 0° and 45°, respectively, and the wingtip CM position
is constrained to lie in any position inside the current
wingtip. In each iteration, the wingtip weight has been
calculated considering as unit span weight of 100 kg/m
and the elastic wing weight is corrected to have the total
wing weight constant. The model developed does not
consider the aerodynamic stall, so, a constraint on the
maximum angle of attack has been introduced. The upper
bound of fuselage angle of attack is considered as 7° and it
ensures that the optimization does not converge on high
value of wingtip span that needs high angle of attack to
ensure equilibrium. Figure 17 shows the results. Figure
17(a) shows the ﬁtness function values corresponding to
the Pareto points and the ﬁtness function values related to
the minimum bending moment, torsional moment and
shear force. Moreover, the ﬁtness function points have
been interpolated by a surface, and by rotating the ﬁgure, it
is possible to obtain a better view of its structure, as shown
in Figures 17(b) to (d). The results show a wild range of
variation for all the interesting quantities.
Figure 18 shows the ﬁtness function points of Figure
17(b). In Figure 18, four ﬁtness function values have been
considered and the corresponding parameters are reported
in Table 6. In the conﬁguration selected, the ﬂare angle is
always 44.2°, the spanwise position of the CM is between
1.19 m and 3.38 m (corresponding to the 20% and 53% of
the total wingtip span), the chordwise position of the CM
is between 0.18 m and 3.38 m (corresponding to the 5%
and the 85% of the chord) and the wingtip span is between
5.95 m and 6.42 m (corresponding to the 18% and the 20%
of the total wingspan). Figures 19 and 20 show the convex
hull in the case of wingtip rigidly connected and the optimized conﬁgurations tested on the whole ﬂight envelope.
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Figure 17. Multi-objective optimization results, optimization parameters: wingtip centre of mass position, ﬂare angle and wingtip
span.

As in the previous cases, the conﬁgurations selected can
reduce all the quantities of interest with respect to the case of
wingtip rigidly connected to the wing. The maximum peak
of the bending moment is reduced by 62%–63%, the
maximum peak of the torsional moment is reduced by 31%–
38% and the maximum peak of the shear force is reduced by
31%–33%.

B. Optimization parameters: wingtip CM position
and ﬂare angle
The optimization parameters considered in this case are
the wingtip CM position and ﬂare angle. The lower and
upper bounds of the ﬂare angle are 0° and 45°, respectively, and the CM is constrained to lie in any position
inside the wingtip. Figure 21 shows the results. Figure
21(a) shows the ﬁtness function values corresponding to
the Pareto points, the interpolated surface and the ﬁtness
function values related to the minimum bending moment,
torsional moment and shear force. Figure 21(a) shows the
Pareto front and Figures 21(b) to (d) show Figure 21(a)
from different views. Figure 21 shows a wide range of
variation in the bending moment and torsional moment.
Moreover, the Pareto front shows a corner representative
of an optimal compromise between the bending moment
and the torsional moment. Figures 21(c) and (d) show
a small variation in the shear force.
Figure 22 shows the ﬁtness function points of Figure
21(b) in the proximity of the corner of the Pareto points. In
Figure 22, six ﬁtness function values have been selected

Figure 18. Pareto front on the bending moment and
torsional moment plane at the optimal compromise.

and the corresponding parameters are reported in Table 7.
In all of the conﬁgurations, the optimal ﬂare angle is 45°,
the optimal spanwise position of the CM is between
1.34 m and 1.42 m (corresponding to the 21% and 22% of
wingitp span) and the optimal chordwise position of the
CM is between 0.33 m and 0.42 m (corresponding to the
8.25% and 10.5% of chord).
Figures 23 and 24 show the convex hull in the case of
wingtip rigidly connected and the optimized conﬁgurations tested on the whole ﬂight envelope. The conﬁgurations selected can reduce all the quantities of interest
with respect to the case of wingtip rigidly connected to the
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Table 6. Parameters of the selected points on the Pareto front.
Flare angle
A
B
C
D

44.2°
44.2°
44.2°
44.2°

Spanwise CM position
1.19
1.22
1.98
3.38

m
m
m
m

Figure 19. Shear force-bending moment convex hull for the
rigid connection and for optimized conﬁgurations.

Figure 20. Shear force-torsional moment convex hull for
the rigid connection and for optimized conﬁgurations.

wing. The higher reduction is on the bending moment,
where the reduction of the maximum peak is 67%, the
maximum peak of the torsional moment is reduced by
39% and the maximum peak of the shear force is reduced
by 33%.

C. Optimal parameters: CM positions with ﬂare
angle ﬁxed at 30°
The multi-objective optimization has been repeated
considering the x and y coordinates of the wingtip CM

Chordwise CM position
0.18
0.55
1.49
3.07

m
m
m
m

Wingtip span
5.95
6.02
5.95
6.42

m
m
m
m

position as optimal parameter. In this case, the ﬂare angle
is ﬁxed at 30°. The wingtip CM is constrained to lie in
any position inside the wingtip. Figure 25 shows the
results. Figure 25(a) shows the ﬁtness function values
corresponding to the Pareto points, the interpolated
surface and the ﬁtness function values related to the
minimum bending moment, torsional moment and shear
force. Figures 25(b) to (d) show Figure 25(a) from
different views. Comparing Figures 25(c) and (d) with
Figures 21(c) and (d), one can observe higher variation in
the shear force. In Figure 25(b), the Pareto front has
a corner representative of the optimal compromise between bending moment and torsional moment.
Figure 26 shows the ﬁtness function points of Figure
25(b). In Figure 26, four ﬁtness function values have
been considered and the corresponding parameters are
reported in Table 8. Conﬁguration A is the conﬁguration
that minimizes the torsional moment and conﬁguration D
minimizes the bending moment. Conﬁgurations B and C
represent a compromise between the torsional moment
and the bending moment. In the conﬁguration selected,
the spanwise and the chordwise position of the CM
covers a wide range of variation. Figures 27 and 28 show
the convex hull in the case of wingtip rigidly connected
and the optimal conﬁgurations tested on the whole ﬂight
envelope. As in the previous cases, the conﬁgurations
selected can reduce all the quantities of interest with
respect to the case of wingtip rigidly connected to the
wing. From conﬁguration A to D, the maximum peak of
the bending moment reduced and the maximum peak of
the torsional moment increased. The maximum peak of
the bending moment is reduced by 61% in conﬁguration
A and 63% in conﬁguration D. The maximum peak of the
torsional moment is reduced by 28% in conﬁguration D
and 38% in conﬁguration D. The maximum peak of the
shear force is reduced by 29% in conﬁguration A and
31% in conﬁguration D.

D. Optimal parameters: CM positions with ﬂare
angle ﬁxed at 20°
The multi-objective optimization has been repeated for
the coordinate of wingtip CM position as optimal parameters and assuming ﬂare angle is ﬁxed at 20°. The
wingtip CM is constrained to lie in any position inside the
wingtip. The results are reported as in previous cases.
Figure 29 shows the Pareto front and Figures 29(b) to (d)
show Figure 29(a) from different views. The results in
Figure 29(b) show a corner representative of the optimal
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Figure 21. Multi-objective optimization, optimization parameters: wingtip centre of mass position and ﬂare angle.

Figure 23. Shear force-bending moment convex hull for the
rigid connection and for optimized conﬁgurations.

Figure 22. Pareto front on the bending moment and
torsional moment plane at the optimal compromise.

Table 7. Parameters of the selected point on the Pareto front.

A
B
C
D
E
F

Flare
angle

Spanwise
CM
position

45°
45°
45°
45°
45°
45°

1.34
1.36
1.38
1.42
1.42
1.42

m
m
m
m
m
m

Chordwise
CM position
0.33
0.33
0.33
0.35
0.39
0.42

m
m
m
m
m
m

Figure 24. Shear force-torsional moment convex hull for
the rigid connection and for optimized conﬁgurations.

14

Proc IMechE Part G: J Aerospace Engineering 0(0)

Figure 25. Multi-objective optimization, optimization parameters: wingtip centre of mass position with a 30° ﬂare angle.

Figure 26. Pareto front on the bending moment and
torsional moment plane at the optimal compromise, ﬂare
angle 30°

Table 8. Parameters of the selected point on the Pareto front,
ﬂare angle 30°.
Spanwise CM position
A
B
C
D

0.001 m
1.48 m
2.46 m
6.420 m

Chordwise CM position
3.99
0.00
1.11
3.57

m
m
m
m

Figure 27. Shear force-bending moment convex hull for the
rigid connection and for optimized conﬁgurations.

compromise between bending moment and torsional
moment.
Figure 30 shows the ﬁtness function points of Figure
29(b). In Figure 30, six ﬁtness function values have been
considered and the corresponding parameters are reported
in Table 9. In the optimal conﬁguration, the spanwise
position of the CM is between 0.37 m and 1.75 m (corresponding to the 6% and 27% of the total wingtip span)
and the chordwise position of the CM is 3.94 m for the ﬁrst
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three conﬁgurations (corresponding to the proﬁle trailing
edge) and 0.02 m for the last three conﬁgurations (corresponding to the proﬁle leading edge). Figures 31 and 32
show the convex hull in the case of wingtip rigidly
connected and the optimized conﬁgurations tested on the
whole ﬂight envelope. As in the previous cases, the
conﬁgurations selected can reduce all the quantities of
interest with respect to the case of wingtip rigidly connected to the wing. The maximum peak of the bending
moment is reduced by at least 59%, the maximum peak of
the torsional moment is reduced by at least 35% and the

Figure 28. Shear force-torsional moment convex hull for
the rigid connection and for optimized conﬁgurations.
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maximum peak of the shear force is reduced by at least
29%.

Flutter speed
After performing the optimizations, an important aspect is
to ensure that the aircraft will never suffer aeroelastic
instability. In the optimization process before calculating
the gust response, an eigenvalue analysis is performed to
verify the stability of the model. The regulation22 required
to ensure for each altitude is a minimum ﬂutter speed
greater than 115% of the maximum airspeed. It has been
considered the optimal conﬁguration of minimum bending
moment (wingtip CM spanwise position 6.43 m and
chordwise position 3.57 m) obtained in the section titled
C. Optimal parameters: CM positions with ﬂare angle
ﬁxed at 30°. Figure 33 shows the ﬂutter speed for various
altitudes. At low altitude, the ﬂutter speed is lower than the
limit. In the literature, there are different techniques to
increase the ﬂutter speed of a wing, such as changing the
stiffness parameters or adding a balancing mass.3,19 This
work has followed a different approach and considered the
possibility to slightly change the parameters of the
wingtip. In particular, it has been considered to change the
ﬂare angle or to introduce in the hinge connection an
inerter, a damper or a spring. The results have shown that
the introduction of the inerter and the damper are not able
to increase the ﬂutter speed but the introduction of a relatively small value of stiffness (kθ = 2.4 × 105 Nm/rad) as
well as the reduction of the ﬂare angle (1.7% reduction)
are able to increase the ﬂutter speed as shown in Figure 33,
without compromising the capability for gust load

Figure 29. Multi-objective optimization, optimization parameters: wingtip centre of mass position with a 20° ﬂare angle.
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Figure 30. Pareto front on the bending moment and
torsional moment plane at the optimal compromise, ﬂare
angle 20°

Figure 32. Shear force-torsional moment convex hull for
the rigid connection and for optimized conﬁgurations.

Table 9. Parameters of the optimal point on the Pareto front,
ﬂare angle 20°.
Spanwise CM position
A
B
C
D
E
F

0.45
0.40
0.37
1.03
1.48
1.75

m
m
m
m
m
m

Chordwise CM position
3.94
3.94
3.94
0.02
0.02
0.02

m
m
m
m
m
m
Figure 33. Flutter speed at different altitudes, in the
reference conﬁguration, in the optimized conﬁguration, in the
optimized conﬁguration with smaller ﬂare angle (strategy 1) and
in the optimized conﬁguration with stabilizing stiffness
connection (strategy 2).

Figure 31. Shear force-bending moment convex hull for the
rigid connection and for optimized conﬁgurations.

alleviation. Figures 34 and 35 show the convex hull of,
respectively, the shear force and bending moment and the
shear force and torsional moment for the reference conﬁguration, for the optimized conﬁguration, for the optimized
conﬁguration with the reduction of the ﬂare angle (strategy 1)

Figure 34. Shear force-bending moment convex hull
obtained in the reference conﬁguration, in the optimized
conﬁguration, in the optimized conﬁguration with smaller ﬂare
angle (strategy 1) and in the optimized conﬁguration with
stabilizing stiffness connection (strategy 2).
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the ﬂare angle can produce better gust load alleviation, and
between these parameters, the wingtip span is the most
sensitive parameter. To ensure the stability of the aircraft,
the increment of the weight of the wingtip has to be linked
to the change of the CM position.
Further investigations are needed in order to better
understand the effect of the degrees of freedom not
considered. Moreover, experimental tests will be necessary in order to validate the models.
Acknowledgements

Figure 35. Shear force-torsional moment convex hull
obtained in the reference conﬁguration, in the optimized
conﬁguration, in the optimized conﬁguration with smaller ﬂare
angle (strategy 1) and in the optimized conﬁguration with
stabilizing stiffness connection (strategy 2).

and for the optimized conﬁguration with the introduction of
the stiffness on the hinge (strategy 2).

Conclusions
Two aeroelastic models representing a symmetric aircraft
were developed. The ﬁrst model consists of two rigid
body modes and the torsional and bending modes of
a straight wing. The second model was developed by
including an additional degree of freedom due to wingtip
rotation in the ﬁrst model. The developed model was
validated against an existing model’s gust responses in
the literature for the case in which wingtip rigidly
connected to the wing (high rotational stiffness value),
and the results show good agreement. The gust response
analysis considering different stiffness connections of the
folding wing have shown that if the wingtip is free to rotate at
the hinge it is possible to reduce the bending and torsional
deﬂection and consequently reduce the moment transmitted
from the wing to the fuselage.
The model considered the dimensions and weight
distribution of a civil commercial aircraft. The gust response for the whole ﬂight envelope was considered and in
the frequency range prescribed by the airworthiness
regulations. Different multi-objective optimizations have
been performed to explore the possible combinations of
the ﬂare angle, wingtip span and position of the wingtip
CM. The results show a wide range of suitable combinations, so when a detailed model is available, it is
possible to select the most suitable conﬁguration. The
different possible solutions were shown to overcome the
reduction in the ﬂutter speed through the use of a spring in
the connection between the wing and the wingtip and
through the reduction of the ﬂare angle. These solutions
result in a small deterioration in the ability to relieve gust
loads. The optimizations have shown that the choice of the
wingtip span, the CM and the ﬂare angle are interconnected. Moreover, the increase of the wingtip span or
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presented. The engine is modelled as a concentrated mass
(mM) at the longitudinal distance xM from the elastic axis
(positive aft) and yM from the symmetric axis. The procedure to ﬁnd the seven unknowns (keF, keC, keT, ke0, γe0, A
and B) can be found in Appendix C of Wright et al.3 The
orthogonality condition has to be modiﬁed to give




A
B
mF keF þ mW 1 þ
ke0 þ mW lE 1 þ
γ
3
2 e0

y 2
M
(28)
þ mC keC þ mT keT þ mM ke0 1 þ A
s

yM 
¼0
 mM xM γe0 1 þ B
s


A
 mF keF lF  mW 1 þ
ke0 lWM
3


B
þ ðIW  mW lE lWM Þ 1 þ
γ þ mT keT lT
2 e0
(29)

y 2 
M
þ mM ke0 1 þ A
ðxM þ lE þ lWM Þ
s


yM
 mM xM γe0 1 þ B
ðxM þ lE þ lWM Þ ¼ 0
s
The modal mass equation has to be modiﬁed in order to
take into account the contribution of the engine as


2A A2 2
2
me ¼ mF keF
þ
þ mW 1 þ
k
3
5 e0


B2 2
þ IW þ mW lE2 1 þ B þ
γ
3 e0

A B AB
2
þ 2mW lE 1 þ þ þ
ke0 γe0 þ mC keC
3
2
4
 
y 2 
M
2
þ mT keT þ mM ke0 1 þ A
s
2

yM 
xM γe0 1 þ B
(30)
s

Appendix B
Quantities of interest
Expressions of the interesting quantities are given in this
appendix. The vertical shear force (positive upwards) is
Z s
Z s
Swr ðt Þ ¼
dLðt Þ þ Lwt ðt Þ þ
ðz€WM ðt Þ  gÞdmw
0

0

þ mwt ðz€Γ ðt Þ  gÞ  mM ðz€M ðt Þ  gÞ
(31)

Appendix A
Modiﬁcation of the orthogonality condition for an
engine on the elastic wing
In this section the procedure utilized to calculate the modal
masses and the coefﬁcients (A, B, ke0 and γe0) of the
bending and torsional degrees of freedoms when the wing
includes a concentrated mass representative of an engine is

The bending moment (positive to the rear) is
Z s
Z s
Mwr ðt Þ ¼
ydLðt Þ þ sLwt ðt Þ þ
yðz€WM ðt Þ  gÞdmw
0

0

þ mwt ðz€Γ ðt Þ  gÞs þ mM ðz€M ðt Þ  gÞyM
(32)
The torsional moment (positive towards the tip of the
wing) is

Balatti et al.
Z
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Z

s

Twr ðtÞ ¼

s

lA dLðtÞ þ lA Lwt ðtÞ 
0

lE ð€
zWM ðtÞ  gÞdmw
0


 Γ
c
x
  lA
 mwt ð€
zΓ ðtÞ  gÞ
cosðγÞ 4
 mM xM ð€
zM ðtÞ  gÞ
(33)
where the acceleration of the wing mass is
 
y2 
€ðtÞ þ ke0 1 þ A
z€WM ðy,tÞ ¼ z€c ðtÞ  lWM α
s

h

yi
þ lE γe0 q€b ðtÞ þ ke0 þ lE γe0 1 þ B
q€t ðtÞ
s
(34)
and the acceleration of the wingtip CM is
αðtÞ
z€M ðtÞ ¼ z€c ðtÞ  ðxM þ lE þ lWM Þ€
 

y 2 
M
þ k e0 1 þ A
 xM γe0 q€b ðtÞ
s
h

y i
M
þ k e0  x M γ e0 1 þ B
q€t ðtÞ
s

(35)

Notation
A
A
AC
ACwt
aE

=
=
=
=
=

aT =
aw
B
B
b
C
c
C
CM
D
E
EAS
f
F
g
g
H
Iy
k
kϵ
kθ
L
lA
lE
lg
lT

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

lW =
lWM =

amount of bending present along the wingspan
structural inertia matrix
aerodynamic axis
wingtip aerodynamic centre
tailplane curve slope (deﬁned with respect to
elevator angle)
tailplane curve slope (deﬁned with respect to
incidence)
sectional wing lift curve slope
amount twist present along the wingspan
structural damping matrix
bending
structural stiffness matrix
chord
centre of mass
centre of mass
aerodynamic damping matrix
aerodynamic stiffness matrix
equivalent airspeed
force vector
fuselage
gravity force ﬁeld
gravitational ﬁeld
gust gradient
aircraft pitching moment
modal stiffness
downwash
wingtip stiffness connection
lift force
distance aerodynamic axis–elastic axis
distance elastic axis–mass axis
gust length
distance aircraft centre of mass-tailplane
aerodynamic centre
distance aircraft centre of mass–aerodynamic axis
distance aircraft centre of mass–mass axis

m
M0W
mb
mM
mt
Mwr
mwt
q
S
s
s1
s2
s3
Swr
t
T
T
t
t∗

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

TE
Tg
Twr
U
V
W
WA
WA
WE
wg
Wg
WM
wref
wt
xM
0
yM
CM0W
ke0
wg0
γ e0
_
ðÞ
z
α
γ
η
θ
ρ
Γ
η
α0
Γx
Γy

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

aircraft mass
zero lift pitching moment
bending modal mass
engine mass
torsional modal mass
wing root bending moment
wingtip mass
generalized coordinates
aerodynamic surface
semi-span elastic wing
ﬁrst contribution to the semi-span
second contribution to the semi-span
wingtip span
wing root shear force
time
kinetic energy
tailplane
torsion
time leg wing aerodynamic centre-tailplane
aerodynamic centre
tip trailing edge
gust on the tailplane
wing root torsional moment
potential energy
unperturbed airspeed
wing
wing aerodynamic axis
wing aerodynamic
wing elastic
gust velocity
gust on the wing
wing mass
reference gust velocity
wingtip
engine chordwise position
zero incidence
engine spanwise position
zero lift pitching moment coefﬁcient
wing root displacement
peak of the gust velocity
wing root twist deformation
differentiation with respect to time
vertical displacement
aircraft pitch angle
hinge angle
elevator angle
wingtip rotation
air density
wingtip centre of mass
elevator angle
incidence for zero wing lift
wingtip centre of mass chordwise position
wingtip centre of mass spanwise position

Symbol
d = inﬁnitesimal increment in y
δ = virtual increment

