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ABSTRACT. This paper will consider a group of individuals who each have a target number of
contacts they would like to have with other group members. We are interested in how close
this can be to being realized. Considering the group’s long-term outcome under reasonable
dynamics on the number of contacts. We formulate this as a graph realization problem for
undirected graphs, with the individuals as vertices and the number of desired contacts as the
vertex degree. It is well known that not all degree sequences can be realized as undirected
graphs, and the Havel-Hakimi algorithm characterizes those that can. When we ask how close
the degree sequences can be to realization, we ask for graphs that minimize the total deviation
between what is desired and possible. The set of all such graphs and all such associated
sequences are termed the minimal sets. Broom and Cannings have previously considered
this problem in many papers, and it is hard to tackle for general target sequences. This
paper revisited the minimal set in general, investigating two particular classes of sequence in
particular. We considered the n-element arithmetic sequence (n-1, n-2, ... 1,0) for general n,
including obtaining a formula that generates the size of the minimal set for a given arithmetic
sequence, and the all or nothing sequences, where targets are either 0 or n-1, where a recurrence
relation for such a formula was found. Further, we consider the question of the size of the
minimal set of sequences in general. We consider a strategic version of the model where the
individuals are involved in a multiplayer game, each trying to achieve their target, and show
that optimal play can lead to the minimal set being left, thus answering an open question
from earlier work.


http://dx.doi.org/xxxx

1. Introduction.

1.1. General evolving models. The original game theoretical models of populations consid-
ered infinite well-mixed populations [13, 14, 32, 25, 17, 18] where all individuals can interact.
There are important differences between finite and infinite populations; however, see, for exam-
ple, [37]. Real populations are also not homogeneous but have a population structure, which has
been incorporated in various ways. A population may evolve on a simple graph G = (V, E), see
[24], where vertices represent individuals and edges connections between them. Here the popu-
lation is assumed to be comprised of (at least) two types of individuals. The games are played
between neighbours, with the composition of the population changing according to the outcomes
of these games; perhaps the essential property of such populations is the fixation probability, the
probability that a randomly placed mutant will eventually replace the resident population [2, 8].
Other models consider situations where the graph grows as new individuals are introduced to
the population following some reproductive process. For example, Southwell and Cannings in
[33, 34, 35] consider a model where at each time point ¢ every vertex produces an “offspring”.
The current edges are retained, and new edges involving the new vertices (amongst themselves
and linked to the old vertices) are formed following some rules.

In real populations, both graph structure and population composition change. A work showing
how the interactions between the individuals affect the structure, as well as the types occupying
the vertices, has been done, e.g. see [36]. In [27, 28] the rates at which links are formed or
broken depend upon the types of individuals involved. For a review see [29] (see also[1]). A lot of
this work considers the problem of whether cooperative behaviour can evolve. The details vary,
but Allen and Nowak [1] note that a common theme is that it is easier to achieve cooperation
when the cooperators can group in a way that can exclude defectors, at least to some extent.
In the current paper, we consider strategic network formation. Such models date back to 1975
[4]. More recently, Jackson and Wolinsky [23] considered a scenario where an individual’s payoffs
depend upon the network. And they considered incentives of individuals to form networks (see
also [19, 20], and [21] for a review of such models, as well as a demonstration of some simple
examples, which illustrate some complexities and interesting features of these models). A variety
of scenarios have been considered, depending upon the allowable changes, whether individuals can
condition their play on potential changes of others and whether links can be formed unilaterally;
this latter situation [3, 11] is also how our model works.

1.2. A dynamic network population model. Consider a network of interactions between
the distinguishable vertices set V' = (1,2,3,....), and the edges which link pairs of individuals
(vertices) such that X = (z,;) where i,j = 1,2,....,n denotes the edges for any given graph
(see [7]), with x;; = 1(0) representing the presence (absence) of an edge between individuals
¢ and j. Edges can be formed or broken, and we follow a process in discrete time, which we
describe below. We thus have a time-dependent matrix X (¢) describing the links, and this in
turn generates the vector e; = (e1y, €2ty ....., €nt), the sequence e; of X(t), where at time ¢ an
individual ¢ has e;; links. In [9] each vertex had a preferred range of links [m;, M;] to other
individuals, where 0 < m; < M; < n — 1. In this paper we will only consider m; = M; = t;
where t; is the unique target of individual 7. Following a dynamic process, described precisely
in Section ??. For the unique target case, in [9] individuals were selected at random to change
their number of links. The individual below (above) their target range would form (break) one
of its links at random; an individual within its target range would make no change. Thus, we
have a fixed set of individuals (vertices) while the links change randomly. The process follows
a Markov chain, with vertices breaking or forming random connections to optimize their total
number; for the unique target case that we will consider, individual ¢ will aim to get as close
as possible to the target ¢;. Depending on their desired total number of links, the presence or
absence of a specific link may benefit both, neither, or precisely one of the two involved.
Suppose the collection of targets, the target sequence, can be achieved by a graph. In that
case, it is possible that all individuals can be on target simultaneously when no further changes
happen (indeed, it is proved in [6] that the situation must eventually be reached). In this case,
the target sequence is called a graphical sequence. A lot of work has been done on these sequences,
for example in ([15], [12], [16], [26], and [30]). We shall discuss graphical sequences in Section 2.
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1.3. Paper outline. In this paper, we consider a model where "evolution” takes place on the
class of simple graphs with a fixed number of vertices that represent individuals interacting
with each other, and the set of edges represents the links between these individuals. Section 77?7
has been a general introduction to our dynamic network population model. Section 2 describes
the model, including the target sequence and the general concept of the minimal set and its
properties. In Section 3 we consider the size of the minimal set, including for two key classes
of target sequence. In Section 4 we discuss the game theoretical model introduced in [7] and
further developed in [10] to resolve an open question from [7]. Finally Section 5 is a discussion
of our results and future work.

2. The Model.

2.1. Graphic Sequences. In this section, we will present many key definitions for this paper,
in particular, that of a graphical sequence, and we give sufficient and necessary conditions for a
sequence to be graphic, which we will introduce as a theorem (The Havel-Hakimi Theorem), as
well as mentioning some applications.

2.2. What is a graphical sequence?

Definition 2.1. The degree of a vertex (V) is the number of links going out of the vertex which
connects the vertex with other individuals deg(v;).

Definition 2.2. A finite sequence (t1,t2,ts,...,t,) of non-negative integers is called a degree
sequence of a graph G if the vertices of G can be labelled v1,vs,...,v, such that deg(v;) = t;
foralli =1,2,3,...,n [38].

Definition 2.3. The sequence (ey, e, ..., e,) is graphical if there exists a graph which achieves
that sequence exactly. Thus, if a sequence S : (e1,e9,€3,...,¢e,) is a degree sequence of some
graph the sequence S is called a graphical sequence. Not every sequence of non-negative integers
can be graphical. Below we define two important classes of sequence which we shall consider
later in the paper.

Definition 2.4. The n-element arithmetic sequence has the form (n — 1,n —2,n—3,...,1,0)
for general n.

Definition 2.5. An all or nothing sequence is a sequence of n elements, m; of which have target
n — 1 and mg = n — my of which have target 0.

2.2.1. Sufficient and Necessary conditions for a graphical sequence.

Theorem 2.6 (the Havel-Hakimi Theorem). A sequence S : (t1,to,ts,...,tn) of non-negative
and non-increasing integers with n > 2, t1 > 1, is graphic if and only if the sequence S’ :
(to — 1, t3 = 1,t,,, — 1,...,ty,) is graphic.

See [6, 12, 16] for more on graphic sequences. Here S’ is obtained by deleting the largest
element in S and subtracting one from the next largest elements. We note that it may be that
to—1>1t3—1>1,, —1...>t, does not hold, in which case we would normally re-order the
terms to again be a non-increasing sequence. This is necessary for the repeated implementation
of the Havel-Hakimi result to a sequence often carried out.

2.2.2. Vertex classification. In this section we will discuss vertex classifications (see [7]). We shall
see that for specific target sequences, following the random process described in Section 4.1, we
will eventually reach a situation (the minimal set, as discussed later) where some individuals
might never be under or over target, and we shall classify them by their long-term possibilities.
We shall consider a target sequence t and the sequence of a graph v, e(v).

Definition 2.7. The distance between two sequences (a) and (b) is giving by: Z(a,b) =
Dici lai = bil.

Definition 2.8. The deviation of a graph (and its associated sequence) is the distance from that
sequence to the target sequence t.

Definition 2.9. The score of ¢ is s(t) = min,egZ(e(v),t).
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The score is the minimal value of the deviation for all graphical sequences of the target ¢.
The adjusted Havel-Hakimi algorithmfinds the score of a sequence by following the steps:

e Sort the sequence in decreasing order.

e Remove the first (greatest) element. If this greatest element was k, subtract 1 from the k
following terms.

e If a negative number appears (only —1 is possible) change it to zero and add one to the
running total (which starts at 0).

e Repeat this process until we end up with a sequence of zeros.

The score is then the final total of summed 1’s. We will now define two central concepts for our
paper, the minimal sets of graphs and sequences.

Definition 2.10. The minimal set of graphs, K(min), is the set of graphs which achieve the
score.

Definition 2.11. The minimal set, J(min), is the set of sequences of graphs which achieve the
score.

For sequences, we must be careful about ties. We say a sequence of integers contains a tie if
an integer belonging to that sequence is repeated in a row, in other words if two consecutive
individuals have the same target. For example in the target sequence {2,2,1} there is a tie in
the first and second positions. For members of the minimal set permutations within the tied
positions are equivalent, for example {2,1,1} and {1,2,1} for the above sequence. To find J(min)
we thus disallow any sequence that is not non-increasing in the tie positions. For each element of
J(min) there will be a corresponding set of at least one element of K(min). For graphic sequences
the score is 0, as the target can be achieved by a graph, and consequently J(min) has a single
element (the target sequence itself). Here we are interested in non-graphic sequences, where not
all vertices can achieve their target simultaneously. For any given graph, a vertex can be in one
of three states:

e vertex i is Neutral if e; = t; (it would neither wish to form nor break an edge);
e vertex 7 is a Joiner if e; < t; (it would wish to form a new edge);
e vertex i is a Breaker if e; > t; (it would wish to break one of its edges).

It was shown in [7] that all vertices are Neutral for at least some elements of J(min). This then
implies that every vertex is of one of the following four types:

1. vertices which can be either Joiner or Breaker in some elements, and necessarily must be
Neutral for some other elements, of J(min). We denote the set of these as S4.

2. vertices which are either Joiners or Neutral for all elements of J(min). We denote the set
of these as 5.

3. vertices which are Breakers or Neutral for all elements of J(min). We denote the set of
these as Sp.

4. vertices which are Neutrals only. We denote the set of these as Sy.

By Lemma 4.1 in [7], We know that we cannot have vertices from S4 and vertices from Sy
for the same sequence. Clearly, if the sequence is graphic then the only sequence within J(min)
corresponds to members of K(min) where the target is achieved for all vertices, i.e. all of its
vertices will be Neutral. In this case we cannot have Joiners or Breakers and all vertices are of
type 4.

2.3. Properties of the minimal set. In order to reach the minimal set, there will be a
number of steps and transitions which reduce the deviation of the graph until the minimal set
J(min)/K(min) is reached. By noting that no further improvement can occur we can conclude
the following:

1. There will be no links between two Breakers.
2. Any two Joiners will have a link between them.
3. If a Neutral is joined to a Breaker it means that Neutral is joined to every Joiner. Similarly,
if a Neutral is not joined to some Joiners that means it is not joined to any Breakers.
4. If we have a Neutral N which is joined to some Breakers and another Neutral Nx is joined
to some other Breakers then NV and Nx are joined.
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5. If some Neutral N is not joined to some Joiners and another Neutral Nx is not joined to
some other Joiners then IV and Nx* are not joined.

Note 2.12. J(min) contains at least one member with no Joiners and at least one with no
Breakers (see [6] for further details).

Note 2.13. It was shown in [7] that (for a non-increasing target sequence) that members of S;
must have lower index than members of Sy or S 4, which must have lower index than members
of Sp. Some sets can be missing, indeed as stated above both S4 and Sy cannot occur, but any
present must always satisfy the above conditions.

3. The size of the minimal set. In this section we shall consider the minimal set(s) more
generally, and in particular we are interested in the size of the minimal set. We consider two
special cases, and the size of the largest minimal set in general for a given number of vertices n.

3.1. The largest minimal set. We consider two types of the minimal set, namely J(min) and
K(min). We shall mainly consider J(min) for the following reasons:

1. Dealing with J(min) is simpler than K(min), partly due to the difference in the size of
the minimal sets. Every sequence (in J(min), and in general) has at least one graph (in
K(min), and in general) which makes K(min) larger than J(min). The number of graphs

for n vertices is 2(3), and so asymptotically the logarithm of this number is of order n?,
whilst the number of sequences is bounded above by n”, the logarithm of which is of order
nin(n) (many sequences are not graphical and ties in the target further reduces this).

2. The minimal set is defined in terms of sequences not graphs. We saw this from the definition
of the score, and the fact that it can be found using the modified Havel-Hakimi algorithm
[6]. Whether any given graph/sequence achieves the score is thus established through
consideration of the sequence. When is the minimal set likely to be large? It might be
thought that J(min) should be at its largest when the score is the largest. What sequences
yield this maximal score? We show this in the following theorem. Note that, although the
main focus of this paper is J(min) as discussed above, we shall consider K(min) below, as
for the particular sequences involved, this is actually an easy set to find. The maximal
score ms(n) for n vertices occurs as follows.

Theorem 3.1. 1. If n = 2m, the mazimal score occurs for target {(n — 1)™, 0™}, where ¥
denotes a list of y x’s, and the score is ms(n) = m?.

2. If n = 2m + 1 the mazimal score occurs for target {(n — 1)™TL 0™} (and for its dual

{(n — 1)™,0™*1}), and the score is ms(n) = m(m + 1). In each case the size of the

minimal set K (min) is 25,

Proof: For given target t (elements listed in descending order) there is at least one graph that
achieves the score. Choose such a graph, and count the edges of each vertex, listing these in
vector s. Clearly the elements of s are non-increasing (except perhaps in tied positions from
the target, and so there is an equivalent sequence where they are non-increasing), otherwise
swapping the links between some pair of vertices reduces the deviation, which is not possible
since the graph achieves the score.

It is shown in Theorem 4.11 from [7] that for our graph, any vertices that are short of target
(Joiners) must precede those achieving their target (Neutrals) which in turn must precede those
over target (Breakers). Now consider the sequence where we replace the target for all Joiners
by n — 1, the target for all Breakers by 0, and the target for neutrals by some number of n — 1s
preceding some number of Os. This has a larger score than t (unless it is already of this type).
Thus the maximum score sequence(s) must be of form {(n — 1)*, 0" *}.

This sequence has score z(n — 1) — x(x — 1) = z(n — z). It is easy to see this by connecting all
pairs of n — 1 vertices and splitting all pairs of 0 vertices; the existence (or otherwise) of a link
between any 0 and n — 1 pair has no effect on the deviation. Thus the largest possible scores are
given by the targets stated in the theorem. Now consider the size of the minimal set K (min). For
n = 2m consider {(m — 1)™,0™} which is graphic, achieved by a unique graph with a subgraph
K,,, a subgraph with m vertices and no edges, and no edges between the two subgraphs. The
score of our target being m?, this graphic sequence is a member of the minimal set for our target
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sequence. We can add any set of r edges between the two subgraphs and obtain a graph in this
minimal set. Adding any edges between the 0 vertices or removing any edges from between the
other vertices increases the deviation, meaning that any resulting graph is not in the minimal
set. Thus we have 2™ states in all. For n = 2m + 1 we consider the graph {m™*1 0™} with
subgraph K,,+1, which is graphic and a member of the minimal set of target {(2m)™*! 0™}.
Using the same reasoning as above, we obtain a minimal set of size 2™("+1) [,

We note, however, that the largest K(min) does not necessarily occur for the sequence with the
largest score. Consider the n = 3 case. From Figure 1 we see that there are six states within the
minimal set for the sequence 111; however, the sequences with the maximal score are 220 and
200 with four states in the minimal set.

FIGURE 1. Transitions between the elements of the minimal set of graphs
K(min) of the sequence 111 showing every possible move between each of the
six elements.

represents a link between the corresponding two nodes.

- - - - represents the absence of such a link.

We have considered sequences of this type before in [7]. We considered a Markov process with
individuals not achieving their targets always choosing out of the potential improving moves
uniformly. And found the stationary distribution over the population states (the set of recurrent
states, which is K(min) and which formed a single class). We note that for the strategic game
considered in Section 4, the corresponding process would be much more difficult to analyse.
There are many states and possible transition distributions between these states (which occurs
depending upon strategic choices); all ms(n) edges represent a change that would improve the
deviation of one of the two participating individuals.

We note that although the above ”all or nothing” targets have a large minimal set of graphs,
their minimal set of sequences is not necessarily large due to a large number of ties within the
target (there are only two distinct values, n — 1 and 0). Thus reordering within the sequences
as discussed in Section 2.2.2 means that many different sequences are identical. Therefore it will
not be the case generally that sequences with the largest score will have the largest minimal set
J(min). But which sequences will have the largest J(min)? We cannot answer this question in
general, though we can investigate it for the smallest number of individuals. In particular, we
have found the minimal sets for all sequence lengths for 2 < n < 7 using a Matlab program.

In Table 1 we show the size of the largest minimal set, the corresponding target sequence and its
score. We also show the size of the minimal set and the score for two special classes of sequence
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n | score | |J(min)| sequence Ar Ar AoN AoN
|J(min)| | score | |J(min)| | score

2 1 2 1,0) 2 1 2 1

3] 2 3 (2,2,0)° 2 1 3 2

3| 2 3 (2,0,0)*

il 3 7 (3,2,0,0) 7 2 7 4

4| 3 7 (3,3,1,0)

4] 4 7 (3,3,0,0)*

4] 2 7 (3,2,1,0)

51 4 20 (4,3,1,0,0) 7 2 13 6

5| 4 20 (4,4,3,1,0)

6 7 84 (5,5,4,1,0,0) 30 3 34 9

71 9 262 | (6,6,5,1,1,0,0) | 30 3 76 12

71 9 262 | (6,6,5,5,1,0,0)

TABLE 1. The sequences with the biggest minimal set size where n is the number
of individuals, —J(min)— size: refers to the minimal set size. We also consider
two special classes of sequence, the arithmetic (Ar, the sequence T above is an
example) and all-or-nothing (AoN, sequences * above are examples) sequences
discussed later, for comparison.

described later. From Table 1 we see that the largest minimal set is not in general for the all-or-
nothing sequences, except for when there are very few nodes. Why is this? Let us consider the
case with 6 nodes as an example.

Example 3.2. Consider the following sequences

1) 555000
e 2) 554100
e 3) 543210

The first sequence has the largest score (9), the third sequence has a much smaller score (3),
and the second sequence has an intermediate value of the score (7). Thus we might think that
(1) should have the largest minimal set of the three and (3) the smallest.

The first sequence has the largest three numbers and the smallest three numbers all the same;
the second sequence has the largest and smallest two numbers the same, but the middle two take
different values; the third sequence has all numbers different. When we find the minimal set, we
must reorder the first and last three numbers for sequences in the minimal set of (1) and the first
and last two numbers for sequences in the minimal set of (2) to account for ties as discussed in
Section 2.2.2 (for sequence (3) there are no ties to consider). Thus there will be more equivalent
sequences for (1) than (2), and therefore (1) will have more elements to be omitted from the
minimal set. Thus J(min) is larger for the second sequence even though the score is smaller. It
has the biggest minimal set for the n = 6 case. In general, something similar occurs for all values
of n, as for all or nothing sequences, the number of ties is ever increasing. We have also seen in
the above example, and from Table 1, that the arithmetic sequence, which is the only type with
no ties, also does not achieve the maximum minimal set size. It has a relatively low score, and
we hypothesise that, in general, a combination of a high score and a low number of ties gives
a large minimal set. Note that we see in Section 3.3 that the minimal set J(min) of the all or
nothing sequences are generally bigger than the arithmetic one (although we have not been able
to prove this).

In the following two sections, we consider the two special classes of sequence, arithmetic and all
or nothing, that we have discussed above.

3.2. The minimal set for the arithmetic sequence. In this section we consider the n —

element arithmetic sequence (n—1,n—2,n—3,...,1,0) for general n as mentioned in definition

2.4. In particular, we demonstrate an exact formula for the size of the minimal set J(min) for
7



this sequence in the process of identifying its precise membership. We will label the set as J,
and thus the size of the set as | J, |.

We know that the set n = 2m + 1 has the same size as that for n = 2m, and that the elements
of the set for n = 2m + 1 can easily be derived from those for n = 2m (see [7] Theorem 4.2).
Thus we only need to solve the problem for n = 2m for general m. We can find the score of
n = 2m by the following lemma:

Lemma 3.3. The score for n =2m is m.

Proof: 2m —1,2m —2,... ., m,m — ,0 is an arithmetic sequence. Applying the adjusted
H-H algorithm on this sequence as follows7 we obtain:

2m—1,2m—2,...,m—1,...,0 (+1)

2m —3,2m —4,...,0,0 (+1)

2m —5,2m —6,...,0,0,0 (+1)
and so on. After the rth step, we obtain the sequence: 2m — 2r — 1,2m — 2r —2,...,1,0,...,0
where there are r zeros with a cumulative total of r 1’s added. The leading term reduces by 2
for each further step and addition of 1 to the H-H algorithm’s value. We end with a sequence of
m zero’s with a value of m. Thus the score is m. [

Lemma 3.4. The members of the minimal set for n = 2m have the first m elements in Sy and
the last m elements in Sg, in the terminology of (7).

Proof: We shall divide the sequence (2m —1,2m —2,...,m,m —1,...,0) into two sets:
= {2m71,2m72,...,m} and Sy = {mfl,mf2....,0}.
We further denote:
B;: The links within Sy (or Sp) for i =0,1,2,...,2m — 1,
«;: The links between the sets S7 and S5 for i =0,1,2,...,2m — 1.
1. The deviation of the sequence, written as D, can be found as follows.

2m—1 m—1
D_Z|Z_az /Bz|+2|l_az Bil >
i=m =0
2m— m—1
Z G — ) = 18:0) + 318 + el — il) >
i=m =0
2m—1 m—1
Y- =)+ D) (Bit+ai—i)=
i=m 7=0
2m—1 2m—1 2m—1 m—1

m—1 m—1
D= d = D Bk d Bk ) - i
i=m i=m i=m =0 =0 =0

We know that
2m—1

m—1
E a; = E Q;,
=0 i=m

since the ;s represent the links between S; and S5 and so the summation is common
between the two sets.

Thus
2m—1 m—1 2m—1 m—1
D>Y"i—-23i— > B+ > Bi=
=0 =0 i=m 2m711:0 .
(2m(2m —1)/2) = (2m(m —1)/2) - Bit+ > Bi=
i=m =0

2m—1
m - Zﬂz"’Zﬁz

The only way to achieve the score m is to have that all B; =m—1fori >mandall 5; =0
for ¢ < m.
Thus we have proved that to be in the minimal set we must have 8; = m — 1 in S; and

61‘:0111 SQ.



2. This then leaves the target number of links between the elements of S; and Ss, as i =
0,1,.....,m—1for S; and j =1,2,.....,m for S3. We will substitute for the values of 3; for

all nodes as follows:

2m—1 m—1
D= [(i—a)—(m-1[+ Y [i—a;)—0l.
i=m i=0

Denoting j =i —m + 1, we have

m m—1
D= Z | ym—1 — j| + Z v — .
=1 i=0

Now suppose that for some k such that 0 < k < m we have k < aj4m,—1, then

m m—1
D=3 logimor —l+ 3 fo —il =
j=1 =0

m m—1
(ak+7n—1 - k) + Z |.7 - O‘j+m—1‘ + Z |7/ - ail Z
=0

ik
m m m—1 m—1

2(hrm—1 — k) — Z%‘er—l + Z i1+ Z Q; — Z i =
j=1 j=1 i=0 i=0

2(agtm—-1 — k) + (m(m+1)/2) — (m(m — 1)/2) = 2(aktm—1 — k) + m > m.
That means that the sequence is not in the minimal set, and so k > a4, —1 i.€. no element
in Sy can be a Breaker, i.e. all elements of S; are in Sj.
3. For 1 < k < m we will now assume that «y < k.

m m—1
D= Z|aj+m—1 =)+ Z la; — i =
j=1 i=0

m m—1
Z |aj+m—1 *])| + (k - ak) + Z |ai - 'L| Z
7j=1

ik
m m m—1 m—1
ST =Y legrma] + 20k — i) + D Joul = Y il =
j=1 j=1 i=1 i=1

2(k —ag) +m >m,
so again that means the sequence is not in the minimal set. Thus oy > k i.e. no element in So
can be a Joiner, i.e. all elements of Sy are in S .

Lemma 3.5. If a member of the minimal set has elements where fori < j in S; we have t; > t;
and e; < e;, then the sequence with these two numbers swapped, so vertex i (j) has element e;
(e;), is also in the minimal set. Similarly for any two members of Sg.

Proof: Consider the sequences S :ejq,ea,...,¢€;,...,€j5,...,€n
and S’ :e1,ea,...,€5,...,€;,..., €y, the same sequence with e; and e; swapped. We will define
n n
Dy=Y [ti—el, Di= " [tk —exl+[t:— el +[t; — eil.
=0 k#iorj

We thus have that
D, — Dy = [t; — ej| + |t — el = [ti — es| = [tj — 1.
We wish to prove that D, — Dy < 0. To do that we will discuss the following cases:
].. Ifej Zeiztz th
Dg —DS = (ej —ti)+(€7;—tj) - (62‘ —ti) - (6]‘ —tj) :0, SO .D/S :DS.
2. Ifej Zti Zei th

D;—DS:((ij—ti)—F(ei—t]‘)—(ti—ei)—(ej—tj):26i—2ti§07SOD;SDS.
3. If@thithZei
DngS:(ej7ti)+(tj76i)7(ti76i)7(€j7tj):2tj72ti SO, thus D; SDS

9



4. IftiZej Zei th
D/S — D, = (ti — ej) + (62‘ - tj) — (ti — 6,‘) — (ej - tj) = —2€j + 2e; <0, thus Dg < D,.
9. Iftizej>f,j2€i
D; — Dy = (ti — €j) + (tj — €i) — (t,‘ — ei) - (Ej - tj) = —2€j + 2tj <0, thus Dla < Dy.
6. Ift >t >61’Z€j
D, — D, = (t; —e;) + (t; —e;) — (t; —e;) — (t; —e;) = 0, thus D, = D; in this case. Thus
D’S D, <0 in all cases, so that the result is true. [.

Lemma 3.6. From Lemmas 5.3, 3./ and 3.5 we have that the vertex deviations, denoted €; in
the terminology of [7], must satisfy ; < m+1—1 fori <m and e; <i—m fori>m for alli.

Proof:

1. From the proof of Lemma 3.5 we have the following: 1 <i<m, 8; =m—1,s0¢; > m—1.
From Lemma 3.5 we have e; < 2m — 1.
Thus the deviation ¢; = |t; —e;| =2m —i—¢; <2m—i—(m—-1)=m+1—1.

2. From the proof of Lemma 3.5 we have: m+1<i<2m,3; =0,¢; < m.
From Lemma 3.5 again we have: e; > 2m — i, so the Deviation ¢, = ¢; — (2m — i) <
m—(2m—i)=1i—m. O.

Lemma 3.7. The following inequality holds.

l 2m
Z€J+ Z >0 1=1,...m (1)
j=1 j=2m—I+1
Proof: From Lemma 3.5 we have
l l 2m 2m
Se=Yem-iel ¥ = X (-en-j)
j=1 j=1 j=2m—Il+1 j=2m—Il+1
Denoting s =2m + 1 — j,
2m l
S Gm-i) =361
j=2m—1+1 s=1

Adding the two terms from the LHS of Inequality (1) we get:

l
Z(Qm—j)— (s—1) Ze]—k Z ej:Z(Qm—Zj—i—l Zej—i— Z ej =

1 2m l

j=1 s=1 j=1 j=2m—Il+1 Jj=1 j=2m—Il+1
CRREDWE RS S
j=2m—I1+1
1(2m+1) — (211 +1)/2) — Zej—i— Z e; =
j=2m—Il+1
I(2m+1-1-1) ZeJ—F Z e =12m—1) — Zej—k Z €.
Jj=2m—Il+1 j=2m—I+1

We will divide j =1,2,..., 2m into three sets: set A which contalns the first [ elements, set B
which contains the middle 2m — 2[ elements and set C which contains the last [ elements. We
can make 23:1 e; as small as possible by forcing all the elements from set A to be connected to
elements in set B and force the elements in set A to be connect to each other.
We can similarly make Z i—2m—i41 €5 85 small as possible by forcing all the elements in set C to
be broken from the elements in set and B, and the elements in the set C to be broken from each
other.
We denote the following;:
L4y : are the links between the elements in set A (each edge is counted twice, representing a
link for two A individuals).
Lap = Lpy : are the links between the elements in set A and set B.
Lic = Lca : are links between the elements in set A and set C.

10



Lgc = Lep : are the links between the elements in set B and set C.

Lee : are the links between the elements in set C (each edge is counted twice, representing a
link for two C individuals).

We have the following:

l 2m
doei+ > ey =12m—1) — (|Laal+|[Lag| + [Lacl) + (|Loal + |Los| + [Lecl) >
j=1 j=2m—l+1

12m —1) = [Laal = |Lag| + |Le| + [Lec| 2 U2m = 1) =11 = 1) = 1(2m — 21) = L.
0.

Lemma 3.8. For any sequence that satisfies Lemmas 3.6 and 3.7 and has Z:;l €; = m, then
there is a graph which has this sequence.

Proof: We have the following sequence which represents the index of the nodes of our target
sequence: (1,2,...m,m + 1,...,2m — 1,2m) so that the target of node ¢ is 2m — i. We will
divide this sequence into two sets: (S7 : 1,2,...m) and Sy : (2m,2m — 1,...m + 1), where we
have switched the order of Ss for convenience as we see below. The required number of links for
each node respectively will be as follows:

S1:2m—1—¢€,2m—2—¢€9,...,m~+ 1 —¢p.
SQ : 0+€2m,1+62m_1,...,m72+€m+2,m7 1+6m+1.
Firstly: from the statement of the lemma, we have the following:

l 2m
g € + g € > 1,
j=1 j=2m—l+1
and
m 2m
E € + E €; =m.
j=1 j=m+1

From these we can conclude that

m 2m—I1
E € + E € <m-—1L
j=l+1 Jj=m+1

Secondly: as per Lemma 3.5 we have m — 1 links for each individual in S; to the other Sy
elements and zero links between the nodes in S5. In addition we will connect each node 7 from
S1 with nodes m + 1 up to 2m — i in S;. This is illustrated in figure 2. By this procedure we
will get the following required extra links for each node in S7 and S5 respectively:
S1:l—e€,1—€ ..., 1 —€p_1,1 —€n.

S2 1 €my €2m—1;- -+ €mt2; Emy1-
Thirdly: now we need to consider the value of €; + €op, ;7
Here we will discuss the various possibilities:

1. Suppose that €; + €2,,—; = 1, then there are two possibilities:
e If ¢, =0 and €9,,—; = 1, this means each node has achieved its desired target.
o If ¢, = 1 and €3,,—; = 0, both nodes in each opposite pair will need one more link, in
which case we will link these two nodes, so they would then have achieved their target.
2. If €; + €2,n—; > 1 we will denote €; + €2,,—; = k and €s,,,_; = . Given that

2m—I1

m
DG+ D g<m-l,
j=l+1 j=m+1

11



2m 2m-1 2m-2 m+2 m+1

F1GURE 2. This figure shows the links between node i from S and node j in Ss,
where S7:1,2,...,m—1,m.and S5 : 2m,2m—1,...,m+2,m+1 at the second
step of the process in Lemma 3.8 (other links between the two sets are absent).
These are in addition to the links between all elements of S;. All elements of
So are split from each other. We have thus illustrated the situation prior to the
third step.

there are at least k — 1 pairs where €; + €2,,—; = 0 with j > 4. In this case we will link the node
2m —1i in So with & nodes from S; corresponding to the highest j values for which €; + €5, _; = 0.
By this connection all these z nodes in S; will reach their desired target and the node 2m — i
in Sy will be satisfied as well. That will leave & — z — 1 nodes from S; where €; + €2,,,—; = 0
requiring one more link and node ¢ with £ — 2 — 1 too many links. To have them achieve their
target we will connect these £k — x — 1 nodes in S to the opposite node vertically in S3. This
will remove the extra one’s in the deviation for those nodes, but leave their partners with one
link too many. Now we consider node ¢ in S; which has (kK — 2 — 1) extra links. To remove these
links we will break (k —x — 1) links between node ¢ in Sy to these (k —x — 1) nodes in Sz. Then
i and 2m — 4 have achieved their target, and for all j > i either j and 2m — i are on target or
Ej + Egm_j = 0
Finally: repeat step 2 for subsequent i. For the final step €; + €2,,,—; = k, there must be exactly
k —1of ¢ + eapp—j = 0 with j < ¢, following the previous procedure, then we are left with all
nodes on target, and finally that we have a sequence in the minimal set. [J.
Now let us define Q% as the number of ways of picking a sequence of 2i numbers qi, ga, ....q2;
which sum to & where the following conditions are satisfied:
Y . .
{qu‘ﬂ b &)
G <j—t J >

and

Zq]+ Z >l k—i (3)

j=2i—1l+1
In particular Lemma 3.8 implies that

i k . i— . 7
Lemma 3.9. Qj = Zj:max(k7i+1’0) (j+1) k,ljw Jor k<1, Qp =1.

Proof:

1. Let W} be the set of all sequences of length 2i which sum to k and satisfy Inequalities 2
and 3. Thus by the definition of @}, we have |W}| = Q5.

2. Let X = (q1,¢2,.--,q2) € W} where ¢1 + q2; = jo and k —i + 1 < jo. We will show that
this implies that X' = (g2, .., q2i-1) € Wi} .

X is of length 2i = X' is of length 2i — 2 = 2(i — 1).

2i—1 . . . o . .
Z] G =k=3 0 g =k—jo g <itl-jforj<i=g¢g<(i-1)+1-(—-1)
12



for j —1 <4 —1. Similarly ¢; < (j —1)+1—(i—1) for j—i >i—1s0¢q; =¢;_, for
2 < j < 2i— 1. Thus the entries of X’ satisfy Inequality (2).
Now we must show that the sequence X’ also satisfies Inequality (3).

We have
2i—1
Zq]—l— Z >l—|—/€—z:>2q]+ Y gtatazltk—i
j=2i—1+1 j=2 j=2i—1+1
Usmg q1 + q2i = jo, we have
2i—1
Zqﬁ >, 4=l (k—jo) -
j=2i—1+1
Letting j° = j — 1 then we have
-1 2i—2
Yodi+ Y =i+ (k—jo) -
§'=1 §'=2i—1

Since ¢} > 0 for any value of j’, we have

Jj'=1 J'=1
and
2i—2 2i—2 2i—1
2. 4= > qﬁZqﬁ >, Gzt (k—do)-
"—2i—l+1 §'=2i—1 §'=2i—1+1

which means that Condition (3) holds
Thus we have that X' € lef}o-

3. We now show the reverse implication to the above, namely that if X = (q2,...,q2i-1) €
Witk qu+q = jo and k — i+ 1< jo then X' = (q1, 2, .-, q2i—1,q2:) € W} .
It is clear that X’ is of length 2¢ and Z _1q =k For2<j<i q € W,i:;o satisfies

¢ <(—-1)+1—-(j—1)=j+1—jandi<j<2i—1 batlbﬁesqj < (]—1)—(i—1) =j—i.
Since we also have q1, g2; < ¢ then all of the entries of X' satisfy Inequality (2).

Now we must show that the sequence X' also satisfies Inequality (3).

For I =1, we have ¢1 +q2; = jo > k — i+ 1.

For 2 <1 < i we have:

l 21 2i—1
g+ Y %ZZQﬂ- Yo gt (@ ta) = (=1 +(k—jo) = (i—1)+jo=l+k—i
j=1 j=2i—141 j=2 j=2i—14+1

which means that Condition (3) holds.
4. Let X = (q2,43,---,G2i—1) € WK; and X' = (q1,q2 ..., q2;) € W}.
Since g1 +qg2; = jJo, q1 > 0, g2; > 0 and jo < k < i then we have jy+ 1 ways to transform
X to X’. Thus all sequences of W,z ; can be transformed into a sequence of W} in jo + 1
unique ways.
5. Finally we note that no two sequences in W,z:; or two sequences one each from W,i:;l and
W,i:}z can generate the same sequence in W,@
If z1 and z9 are two such distinct elements then they differ in at least one position, so then
any supersequence of them must also differ similarly.
We shall solve the recurrence relation in Lemma 3.9 to get a solution for | Ja,, |. We note that
from the above we have a way of identifying all of its elements (any sequence with deviations
satisfying Lemma 3.8.

Theorem 3.10. We have the following formulae:

; 2i+k+1 2i+k+1
Q2<l+k+>2<22_f > ()
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From Equation (4) and | Jom |= QI we will have:
dm+1 3m+1
anl = (1) <2 (). o)
m m—1
k

Qp=> (+1Qi =

J=0

Proof:

k
Qi = (G+1QGL,_, =
j=0

k

E

k

Q= Q=D (+DQ, - D U+1QGL) ;=D Q' =
j=0 j=0 =0
Qi — Q1) — Q1 — Qhn) =Q ' =
Qi —2Q%_, +Qi_, = Qi . (6)

This is a standard second order recurrence relation (for ¢ = 1) which has the solution: a,, =
al + aP, where a,, = a” is the solution for the homogeneous case and a? is a particular solution.
Firstly: we will find the solution for the homogeneous case a” which is given using m?—2m-+1 = 0.
Solving this equation we get a double root where m = 1, thus the general solution has the form
Ak + B;.

Secondly: we will consider a particular solution (for simplicity of final form, we shall actually
consider the summation of two parts) a2. We will first check

; 2i+k+1
= ("), )

by substituting into Equation (6). Thus

<2i+:+1> 2<2i+(:_11)+1>+<2i+(:_22)+1)

_(2i+k+1)!_2 (20 + k)! (2 +k—1)!
K2+ 1) (k—D!12i+ 1) (k—2)1(2i+1)!
@i+ E-1) . B ) B
= 7]“(22, ! (20 +k+1)(20+ k) —2k(20+ k) + k(k — 1)]
_ @i+k-1! 2tk _ i

EN(2i + 1)! k koo

as required. Similarly, checking a second term
i (2i+k+1
= ("5 ®)

it is easy to see that Equation (6) is also satisfied as required. We will consider the expression
in (7) minus twice that in (8) as our particular solution.
Thus our solution will have the form
- 2i+k+1 2i+k+1
. = Ak + B; -2 .
S G B G
Now we will find the values of Ai'and B;:
Qi =2i= A, =0and wehave Q4 =1 = B;+1+0=1= B; = 0. We thus have the expression
from Equation (4) as required, and the theorem follows directly from this. .

Example 3.11. We have the size of the minimal set given by:

3m+1 3m+1
m m—1

14



For m =1 we will have |J3| = (‘11) — 2(3) =4-2=2.
For m = 2 we will have |J4| = (}) — 2(:) =21 — 14 = 7...etc, see Table 1 where we give further
results for the size of the arithmetic sequences.

It is worth recalling that, in the arithmetic sequence we have |Jop, 11| = |Jam| as we can obtain
any sequence of Jo,,+1 from the corresponding sequence of Ja,, by adding a node with target m
in the middle of the 2m element sequence then adding one to all higher target nodes (as shown
in [7]), see for example Table 1 where |J5| = |J2| and |J5| = |J4] ete.

Using Stirling’s approximation formula
n n
n! ~2mn (7) ,
e
we can investigate the asymptotic behaviour of the above sequence.

<3m+1> _2(3m+1> ~ @Bm+1)l2

m m—1)  @2m+2)m! "~

2e 3m+1
V2o \l m(2m + 2)
The exponent term is clearly the dominant one, and for large m this term is approximated by
2m1n(3v/3/2), and so In |Jo,,| = 2m1n(3v/3/2).
Thus for even n we have an expression for the size of the minimal set for a particular class
of target sequence, and so we know that the largest minimal set must increase at least at rate
exp(n1n(3v/3/2)) or 2.598". We can see a comparison between the natural logarithm of the

precise values of the minimal set formulae from Equation (5) and the above approximation in
Table 2.

exp{(3m + 1) In(3m + 1) —mlnm — (2m + 2) In(2m + 2)}.

| Jom| = (1) — 2377 In [ Joy, | In | Jop,| ~ 2mn(3v/3/2) | % error
PAEE In [Jo] = 0.70 In[J3] ~ 1.90 171.4
|Ja| =7 In |Jy| =1.95 In |J4| ~ 3.82 95.9
|Js| = 143 In |Js| = 4.96 In | Js| &~ 7.64 54.0
| J1a| = 21318 In | Ji4] = 9.97 In|Jy4| ~ 13.37 34.1
| J1s] = 690690 In |Jyg] = 13.45 In |Jyg] ~ 17.19 27.8
|J100| = 5.90065579 1038 1I1|J100| = 89.27 111|J100‘ ~ 95.48 7.0

TABLE 2. In this table we show the size of the minimal set, its logarithm and
the corresponding term from the approximation from above. We see here that
whilst this approximation is poor as expected for small m, the relative error
(third column minus second column, divided by second column) decreases with
m, i.e. the larger m, the more accurate value we will get from the approximation
formula we gave.

3.3. The all or nothing sequence. Here we will consider the all or nothing sequence {(n —
1)™t,0™2} that we defined in Definition 2.5 and we considered in Section 3.1. For example the
sequences in Table 3 are those of this type, where the number of n — 1 and 0 target vertices are in
equal number for even n, and there is one more n — 1 target for odd n. These are the sequences
which yield the maximum score from Theorem 3.1. Using the Matlab program described in
Section 3.1 we obtain the following sequence of sizes of the minimal set: 2, 3, 7, 13, 34, 36, 221,
557......(1) We know from the proof of Theorem 3.1 that in the minimal set all the nodes with
target 0 are split from each other and all nodes with target (n — 1) are connected to each other,
and then any combination of links between nodes with target n — 1 and nodes with target 0 is
in the minimal set. This can be represented as an m; X mo matrix with a 1 if there is a link and
zero otherwise. The row-sums and column-sums of this matrix then have a 1-1 correspondence
with the sequences of the minimal set. For any collection of row-sums and column-sums, adding
my — 1 to the row sums and listing them in decreasing order, followed by listing the column sums
in decreasing order, gives the equivalent sequence in the minimal set. The problem of finding
the size of the minimal set for this class of target corresponds precisely to finding the number
of distinct sets of row sums and column sums for matrices where all entries are 0 and 1. This
15



Sequence minimal set size

{10} 2

{2,2,0} 3

{3,3,0,0} 7

{4,4,4,0,0} 13

{5,5,5,0,0,0} 34

{6,6,6,6,0,0,0} 76
{777,7000,0} 221
{8,8,8,8,80,0,0,0} 557

TABLE 3. The sequences and minimal set sizes for the maximal score sequences

forn=2,...,9.

problem was considered in [9], and is addressed in the on-line encyclopedia of integer sequences
[31] as sequence number A029894 (strictly speaking the above sequence 2,3,7,34, ... is sequence
A327913, and A327913 is given in tabular form as it is two-dimensional). [31] gives the following
formulae, which we use to generate Table 4 of minimal set sizes (an extended version of the Table
shown in (A327913) T'(my,ms) for sequence {(n — 1)™*,0™2} using a Matlab program. where
the function F satisfies the following iterative formula:

min(t+i,c)

F(b,c,t,w) Z > Fligt+iw-1) w>0,
1=0 j=[(t+i)/w]
where F(b,¢,0,0) =1, F(b,¢,t,0) =0, t > 0. For example:
T(2,2) = F(2,2.0,2) = F1,1,0,1) + F(2,1,1,1) + F(2,2,0,1) = F(0,0,0,0) + F(0,0,0,0) +
F(1,1,0,0) + F(0,1,0,0) + F(0,0,0,0) + F(1,1,0,0) + F(2,2,0,0) = 7. Note that T(1,1)=2,
my/me | 0] 1 2 3 4 5 6 7 8

0 1] 1 1 1 1 1 1 1 1

1 1| 2 3 4 5 6 7 9

2 113 7 13 22 34 50 70 95

3 114 | 13 34 76 152 280 482 787

4 1] 5| 22 76 221 557 1264 2630 5108

5 116 | 34 | 152 | 557 | 1736 4766 11812 26930

6 1] 7 | 50 | 280 | 1264 | 4766 15584 45356 119999

7 1] 8 | 70 | 482 | 2630 | 11812 | 45356 | 153228 | 465673

8 119 | 95 | 787 | 5108 | 26930 | 119999 | 465673 | 1611189

9 1] 10| 125 | 1230 | 9362 | 57270 | 293089 | 1294838 | 5060227

TABLE 4. The values of the minimal set for the all or nothing sequences with

my “all” vertices and mo “nothing” vertices.

T(2,1)=3, T(2,2)="7, T(3,2)=13, T(3,3)=34, T(4,3)=76, T(4,4)= 221, T(5,4)=557 are the first
entries in the leading diagonal, and its neighbour, from Table 4, which are of course the same
values of the minimal sets size of the sequences as given in Table 3.
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In|Jap,| of the AoN | In|Ja,,| of the Ar | In|Jop,| =~ 2mIn(3v/3/2)
In |Js| =54 In |Jg| ~ 4.9 In|Jg| ~ 7.64
ln|J10\ =75 In ‘J10| ~ 6.6 In ‘J10| ~ 9.55
hllJlQ‘ =97 In ‘J12| ~ 8.3 In |J12| ~ 11.46

In |J14| =11.9 In |J14| ~ 10 In |J14| ~ 13.67
lTL|J16| =14.3 In |J16| ~ 11.7 In |J16| ~ 15.28

TABLE 5. Here we show the logarithm of the size of the minimal sets for the all
or nothing and arithmetic sequences.

In|J2,,| of the AoN sequence | ln|Jy,,| of the Arithmetic sequence
In ‘J2| ~ 0.7 In |J2| ~ 0.7
In ‘J4| ~1.9 In |J4| ~1.9
In | Jg| ~ 3.5 In | Jg| ~ 3.4
In ‘J8| ~ b4 In |Jg| ~4.9
1H|J10| ~ 7.5 In |J1(]| ~ 6.6
ln|J12| ~ 9.7 In |J12| ~ 8.3
In |J14‘ ~11.9 In |J14| ~ 10
l?’L|J16| ~ 14.3 In ‘J16| ~11.7

TABLE 6. The values of the minimal set for the all or nothing sequences with
my “all” vertices and mo “nothing” vertices.

From Table 6 we can see that for small numbers of individuals the (largest) minimal set for

the all or nothing sequence is larger than for the arithmetic sequence, and that the gap is
increasing. We know from the approximation at the end of Section 3.2 that the logarithm of the
arithmetic sequence has a leading term that is of order n, though a more careful examination
of the approximation shows that it is not a purely linear function, as it involves a term in the
logarithm of n too.
In Figure 3 we can see that the logarithm of the arithmetic sequence gradually increases in
slope, approaching its limiting term, and we can see that it appears that the logarithm of the
(dominant) all or nothing sequence does the same. Thus we can conjecture that it also has a
leading term that is of order one. We have fitted a line to each of these data sets for illustration
for the lowest values of n (distinct lines for odd and even n in each case) for illustration. In
general the all or nothing sequence appears to increase approximately linearly at a faster rate
than the arithmetic sequence, indeed the slope in Figure 3 is already steeper than the limiting
case for the arithmetic sequence, and so it appears that the all or nothing sequence has a larger
minimal set than the arithmetic one in general.

4. The Game-Theoretical Model and the Minimal set. In this section we consider the
game-theoretical model first introduced in [7] and examine whether consideration of the minimal
set is enough to investigate the optimal behaviour, a previously open question. We show below
with a simple example that it is not, but first we need to define the game. In order to do this,
we need to define the underlying Markov chain which governs how links are formed and broken.
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0 é lll fli é 1‘0 1‘2 1‘4 1‘6 1‘8
The number of individuals
F1GURE 3. In this figure we considered two types of sequences; the all or noth-

ing and the arithmetic sequences, and fitted two lines for each; one for the even
values and the other for the odd terms of the sequence.

Line 1:represented by B ...... refers to the even terms of the all or nothing se-
quences, Y = 0.9875x — 2.025.

Line 2: represented by {—— — refers to the odd terms of the all or nothing
sequences, Y = 1.0357x — 2.6071.

Line 3: represented by A— — — _ refers to the even terms of the arithmetic se-
quences, Y = 0.7935x — 1.1786.

Line 4: represented by e—___ refers to the odd terms of the arithmetic se-

quences, Y = 0.7935z — 0.3851.

4.1. The Markov Chain Model: In Section 1.2 we denoted the set of links by the matrix X,
where z;; = x;; = 1 if I; and I; are linked, and x;; = x;; = 0 otherwise. A sequence of moves
occurs, where a random individual is selected to potentially update their set of links. Each move
starts with an individual being selected to do the update at random (i.e. with probability 1/n).
It has n distinct (pure) choices, i.e. it can change any given edge (remove if present or add if
absent) with any of the other n — 1 individuals, or to make no change.

As in [7, 10], we denote the probability that individual ¢ chooses to change edge z;;, conditional
on it being selected to be the updating individual, by wu;;, with u;; representing the probability
of no change. Given that there are n individuals that could be chosen, the strategies for any
situation can be written as an n x n matrix U, where all row sums equal 1. Our strategy matrix
U depends upon the current state X, and so the full set of strategies is denoted by Ux. For an
x* which differs from x at a single position (x;; = 0,27; =1ora; =127 = 0) for a specific
i,

P(Xei1 = x|Xq = x) = 2959 T Ujix)

n
I; will have a number of edges e;; to other individuals, so that the above process generates
an evolving sequence e; = (ey¢, €at, €3¢, -....€nt). In particular in [5] a model where there were

no strategy choices except to always try to improve the deviation for any given individual was
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introduced. Thus any individual below (above) target added (removed) a link, selecting out of
the available choices with equal probability.
For the case z;; = 0, z7; = 1 this led to

1 1 1 1
nn—1-u; + Enflfuj u; < ti,Uj < tj
1 1
n U < ti,uj >t
P(Xt-‘rl = x*‘Xt = 1‘) = ?nfllfui 7 iy Wy = Uy
nn—1—u; U > ti,uy <t
0 wi =ty >t
and for the case x;; =1, 27, =0
11 1.1
nu T w; > ti,uy >t
11
noug wu; >t u; <t
P(Xt+1:;[;*|Xt:x): 71Lu11 i i Uj Sty
nu; u; <t uj >t

4.1.1. The Game. Ux denotes the set of strategies for all situations. If following these strategies
leads to a unique stationary distribution over the states x (this will happen if there is always
some non-zero probability of any transition in the minimal set, but does not happen in general,
as shown in [7]; in particular it happens for the game we are interested in below) which we can
denote by 7(X), then the payoff to individual ¢ can be written as follows:

Ri(Ux) = = Y e(X)m(X), (9)

X

where ¢;(X) is the deviation of I; in state X. Individuals can try to improve their payoffs by
changing their strategy. We only allow local changes, where individual ¢ changes the ith row
of Ux for a single X only (as opposed to global changes, where I; is able to change the ith
row of Ux for any number of states simultaneously). Considering all possible changes by any
single individual, a strategy set is a Nash equilibrium under if, under all allowable changes by
i:Ux — UlX

R;(U) > R;(UY) i=1,...,n.

4.2. Example showing that leaving the minimal set can be optimal. Suppose that we
have n individuals, one of them I; with target n — 2 and the others with target zero, i.e we
have the target sequence:{n —2,0,0, .....,0}. We assume that all individuals with target zero will
always break links when they have the opportunity (this is clearly beneficial as then they will
be on target almost all of the time and have a maximum of a single link otherwise). Similarly
individual I; with target n — 2 would always form links when it is below its target of n — 2 (this
individual will almost always be below target as whilst it must be selected to add any links, all
of its potential partners will break such links when they are selected) and may/may not add the
final link if it has the opportunity to do so whilst connected to n — 2 individuals. We will show
that in this game it is sometimes optimal to leave the minimal set, in particular that I; should
form a link when already on target.

Consider the states Sy, .S1,...,S,—1, all of them involving no links between individuals with
target zero, where in state Sy I; has links to precisely & other individuals. Given all have target
0 and will break their one possible link (with I;) when they have the chance, it does not matter
which of the k individuals I is connected to, and so we represented this by a single state.

Assume that if I; is selected in S, _o, then it will choose to form the final link with probability
p, and that if I; is selected in S,,_1 then it will choose to break a link with probability ¢ (and
again it does not matter which is selected in this particular game). The transition matrix P for
this Markov process is given in Matrix (10) and can be used to find the stationary distribution,

19



(n—1)/n 1/n 0 0
1/n (n—2)/n 1/n 0
0 2/n (n—3)/n 1/n . 0
0 0 3/n n—4/n 1/n 0
P . . .
0 . . n—3/n 2/n 1/n 0
0 : : (n=2)/n  (2-p)/n p/n
0 . . . 0 mn—1+¢)/n (1-¢)/n
(10)
The payoff R(p,q) to I for this game with n individuals is given by the formula:
n—1 n—2
R(p,q)=— Y mli—(n—2)| == m(n—2-i).
=0 i=0

1. To find the stationary distribution 7 we have m = 7% P, which yields the following equations:

n—1

1
o + —m = Ty = 71,
n

1 n—2 2 1
T + —TMy = My = M.
n 2!

For m < n — 2 we have:

n—m n
M1 = Eﬂ'm,Q + Tm—1 + %ﬂ'm = MTp_1 = Tm—2 + MTp,. (11)

Let us assume that )
M = 7770- (12)

Substituting Equation (12) into Equation (11) we obtain

m 1
(m D"~ (m—2)!
Thus, since w1 = mg, we have that m,, = mo/m! for m < n — 1. We will now find m,_1
which depends upon p, ¢ and 7y as follows:

o + Mmy, = Ty = -

m/!

1 2—p n—1+¢q
Mp—2 = —Tp-3+ ——Mp2+ ————Tp—1 =
n n n
n—2+p 1 n—1+¢q
—Tp—2 = o + Tp—1 =
n n(n — 3)! n
p o
Tn—1 =

n—1+q(n-2)
To find the value of my we have Z:;L_:lo T = 1=
1
St g 2)
2. We now proceed to find the payoff of individual I; by applying the following formula for
the payoff following Equation (9):

Ty —

n—1 n—3
R(p,q) ==Y mmlm—(n—2)|==> mn(n—2-m).
m=0 m=0

Thus

R(p,q) = — Z(n—m—?)%—k (n—l—i—f])(n—?)! T =




(n=2) Sp sy 1/ml + 3505 1/ (m = 1) 4 p/(n =1+ q)(n = 2)!

R(p,q) = — o (13)
S0 1/m £ p/((n = 1+ g)(n — 2)!
Denoting S, =Y. _,1/mland r = p/(n — 1+ q) in (13) we obtain:
(TL — 2)57173 + Sn74 +r

R = - 14
(.9) S o ir (14)

Finding the derivative of Equation (14) with respect to r we obtain
dR(pa Q) _ —Op—2 + (n — 2)S’n—3 + Sn—4 (15)

dr (Sp—2+71)?

Now we will discuss the sign of the numerator of Equation (15), which we shall denote by
O,. We have O, = —S,,_2 + (n — 2)S,,_3 + S,_4. Recalling that S, = Y7 _;1/m!, we have
So=1,51 =2,5 =2.5,53 =2.6,..., which leads to the following terms for O,,; Oy = —1,03 =
—1,04 = 2.5,05 = 6.9,.... In general O, is positive for all larger values of n. We have that
dR/dr < 0 when n < 4 and dR/dr > 0 when n > 4. From the definition of r it is clear that r
is maximised (r = 1) when p = 1,¢ = 0 and minimised (r = 0) when p = 0 and ¢ can take any
value. Thus r = 1, and so p = 1, is the optimal strategy whenever n > 4 and we thus have that
I, should take the extra link when it has the chance, which leads to the minimal set being left,
whenever n > 4.

5. Discussion. In this paper we have further developed the model of conflicting individual
preference introduced in [5]. In this model each individual is assigned to a vertex in a graph, with
relations between these individuals represented by the set of edges between the vertices. Every
individual has a specific target number of links they would like to form with their neighbours.
The composition of the population does not change, but the relations between the individuals
vary over time following a dynamic process, the transition probabilities of which are governed
by strategic choices of the individuals, as introduced in [7].

An important concept of these models is that of the minimal set (of graphs or their associated
sequences), where collectively the total population deviation, a measure of how far they are from
satisfying all individuals’ objectives, is satisfied. Up to now only some general properties of
these were known, and the core focus of the paper was to consider this in more precise detail.
In particular we found a general formula to find the size of the minimal set, and its precise
composition, for the arithmetic sequence. We also discovered a recurrence relation for the size
of the minimal set for the all or nothing sequence, by showing its equivalence to an existing
problem.

In general these are not the largest minimal sets, and we have also investigated all minimal
sets for a small number of vertices. There are also interesting questions to be examined, even
for these sequences, e.g. in the long run will the minimal set of the arithmetic or all or nothing
sequence be the larger (there is support for this being the latter)?

We considered the game theoretical model developed in [7] where the question of whether it is
never optimal to leave the minimal set (and so considering games only on the minimal set was in
some way sufficient) was left open. In Section 4 we have shown a counter-example where leaving
the minimal set is an optimal strategy for one of the players, thus considering the minimal set is
not always sufficient to solve the game. The study of social networks and their role in shaping
human activities has been a subject of increasing interest in recent years. A good review of work
on how networks influence social and economic activity as well as how they can be modelled and
analysed (up to the time of its publication) is provided in [22]. There is hope that using such
methods will lead to a better understanding of the patterns of human interactions, and will open
the door for future applications. Jackson and Wolinsky [23] studied a case closely related to ours,
where individuals’ payoffs depend upon the network, taking into consideration the incentive for
individuals to form networks.

In their model self-interested individuals could break links unilaterally, although the formation
of links required the consent of both individuals. Thus the detailed analysis was rather different
to ours, and they concentrated on proving general results under these assumptions. The key
aspects that we consider in this paper do align well with their ideas, however. Firstly for our
game, minus the graph deviation is the value as they define it, and similarly the minimal set is
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precisely the set of graphs which they call strongly efficient. We note that we have no stable
states under their definition, unless the sequence is graphic.

There are a number of potential ways to develop this work in the future. Perhaps an individual
prefers to connect with some individuals over others, so that some links will be preferable to
others, so called “transitivity preferences”. Another interesting possibility is to only allow certain
links to be formed or indeed force certain links to be formed (there may be people you cannot
interact with, or have to interact with even if you would prefer not to). We may have a spatially
distributed population and individuals may only be able to form links with their close neighbours.

Alternatively, we might consider different link formation/ breaking rules. In our current work
the selected individual can form or break a link without the receiving individual having any say
in this. What if links could only be added or broken with the permission of the receiver, or if
any individual can break a link but both participants must agree to form one,as in [23]? Work
on the former case is in its early stages.
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