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We reconsider the problem of discretizing the worldsheet for the gauge-fixed Green-Schwarz superstring
on a null cusp background, and present a setup which fully preserves its global U(1) x SU(4) symmetry.
We discuss divergences by power counting on the lattice, and study renormalizability at one loop with the
example of one-point functions and one bosonic correlator of the worldsheet excitations. In order to remove
UV divergences at one loop, it is necessary to introduce two extra parameters in the action, which need to
be either fine-tuned at tree level or renormalized at one loop.

DOI: 10.1103/PhysRevD.105.074507

I. INTRODUCTION AND DISCUSSION

In the framework of the AdS /CFT [1,2] correspondence, the
expectation value of a lightlike cusped Wilson loop in N =4
super-Yang-Mills theory is equal to the partition function of
an open string propagating in AdSs x S° space and ending
on the loop at the AdS boundary. In practice one writes

(9)

<Wcusp> = /DYD‘I’e‘Swsp(Xcl*Y-W) = e‘fTvz, (1.1)

where S, is obtained from the Green-Schwarz AdSs x s°
superstring action, by parametrizing the fluctuations of the
bosonic degrees of freedom X = X, + Y around the
classical null-cusp solution X, [3,4], and by fixing the local
bosonic (diffeo) and fermionic (kappa) symmetries e.g., to
light-cone gauge [5]. The free energy of the open string is
proportional to the worldsheet volume V, and we refer to the
prefactor f(g) as the cusp anomaly] [6,9,10]. The cusp
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In some literature, f(g) is called “scaling function.” From the
gauge theory point of view, it governs the logarithmic behavior in
the large spin anomalous dimensions of twist-two operators, and
equals twice the cusp anomalous dimension of lightlike Wilson
loops [6]. The same can been seen [7] at the level of the dual
classical string solutions, respectively [3,4]. The normalization
factor 1/8 in (1.1) also takes into account the conventions of [8].
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where R is the common radius of AdSs and S°, & is the
squared string scale, while 4 is the 't Hooft coupling on the
gauge side of the AdS/CFT correspondence. The cusp
anomaly has been calculated to next-to-next-to-leading
order in a perturbative expansion in g~!' [8] and in dimen-
sional regularization. Assuming integrability [11,12] and
using the corresponding technology [11,13—15], the cusp
anomaly can be evaluated also at finite coupling.

The Green-Schwarz AdSs x S° string is expected to be
defined also at the nonperturbative level. A valid question is
whether the nonperturbative regime of the ¢ model, which
describes the AdSs x S° string at tree level in string
perturbation theory, is accessible through a lattice discre-
tization of the worldsheet (while target space remains
continuous). This question is motivated by the success
of the lattice as a UV nonperturbative regulator of quantum
chromodynamics. This approach has been pioneered in
[16-19], where a lattice-discretized version of Sy, has
been introduced and also used to perform Monte Carlo
simulations.”

Once a lattice discretization of Sy, and of the path
integral is proposed, one still needs to understand whether
the continuum limit (i.e., the limit in which the lattice
spacing a vanishes) exists for physical observables, and
whether the obtained continuum theory has the desired
defining properties. Notice that the inverse lattice spacing
a~! is nothing but a uv cutoff, and the question of the
existence of the continuum limit is logically equivalent to
the question of cancellation of uv divergences after

anomaly is a function of the coupling constant g =

*Other lattice approaches to AdS/CFT include [20-37], see
also [38] and references therein.
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renormalization: once a discretized action is defined as a
function of a finite number of bare parameters, is it possible
to cancel all uv divergences in on-shell observables with a
redefinition of the bare parameters? The existence of the
continuum limit at the nonperturbative level is a very
complicated issue, both theoretically and numerically.
However, if the lattice regularization makes sense at all,
then one should recover the correct continuum theory also
order by order in the perturbative expansion, i.e., in powers
of g~!. The goal of this paper is precisely to set the stage for
such a perturbative expansion, and to discuss some pecu-
liarities of the lattice regulator.

In Sec. II, we present a new discretization for S,
Contrary to the actions proposed and used in [17,18,39],
the new action is invariant under the full U(1) x SU(4)
group of internal symmetries. As usual in QFT, more
symmetries mean less uv divergences. In Sec. III, we
parametrize the fluctuations around the classical solution in
analogy to what is usually done in the continuum [8] and
we calculate the propagators for the lattice discretized
theory.

In Sec. IV we calculate the superficial degree of
divergence of the generic Feynman diagram and we show
that power counting suggests that infinitely many counter-
terms are needed at every order in the perturbative
expansion to cancel all uv divergences.

This result is not so surprising, as the Green-Schwarz
action expanded around a classical background is known to
be formally power-counting nonrenormalizable [40—42].
However in the continuum, when using the regularization
introduced in [17,18] to which we refer as “dimensional
regularization” in what follows, the cusp anomaly turns out
to be finite without any counterterm, at least up to two loops
[8,42]. The cancellation of divergences has been verified
similarly for the two-point functions and the dispersion
relation of excitations near a long spinning string in AdS5 at
one loop [43], and for a “generalized scaling function”
governing the energy of a string spinning both in AdSs and
in $° at two loops [44,45].°

In order to understand whether similar cancellations of
uv divergences happen also in the lattice discretized theory,
we calculate the cusp anomaly, the one-point function of
the field ¢ (which parametrizes the radial direction of
AdSs), and the two-point function of x, which parametrizes
the fluctuations of the string at the AdSs boundary. These
calculations are presented in Sec. V. We will see explicitly
that, in the considered lattice discretization, the situation is
quite more complicated than in dimensional regularization,
and it is related to the presence of power divergences. We
observe the following interesting facts:

3The classical worldsheet theory of the long spinning string in
AdSs is equivalent, via an analytic continuation and a global
conformal transformation, to that of the lightlike cusp solution
which is of interest here, see footnote 1.

(1) The quadratic divergences cancel at one loop in the
one-point function of ¢ and in the two-point
function of x (while they are subtracted by hand
in the cusp anomaly). At one loop, these cancella-
tions seems quite robust in the sense that they will
always happen in any reasonable discretization of
the action.

(2) Linear divergences arise as well, and they generally
do not cancel in all considered observables. These
divergences are very specific of the lattice discreti-
zation, and arise from the particular choice of
forward and backward discrete derivatives. In order
to cure this problem we have introduced two extra
parameters b in the action that would be naturally
set to 1 at the classical level. In order to remove the
linear divergences at one loop, these parameters
need to be either fine-tuned at tree level or renor-
malized at one loop.

(3) Once the linear divergences are removed by tuning
or renormalization, the logarithmic divergences
cancel in the cusp anomaly and in the two-point
function of x (while they survive in the one-point
function of ¢ in analogy to the continuum). More-
over the continuum limit of the cusp anomaly and of
the dispersion relation of the worldsheet excitation
with the quantum numbers of the field x are the same
as the ones obtained in dimensional regularization.

The extra parameters b, do not seem to have any deep

meaning besides the fact that they make the bare propa-
gators particularly simple. Moreover we do not claim that
the introduction and fine-tuning of these two extra param-
eters is enough to make all physical observables finite at all
orders in perturbation theory, and this is in fact highly
unlikely. Still, one would like to understand whether the
number of parameters needed to achieve finiteness of
physical observables via fine-tuning or renormalization
is finite or not. If infinitely many parameters are necessary,
then the discretized model has no predictivity, and it cannot
be used as a viable nonperturbative definition of the
AdSs x §° string in null-cusp background. A complete
one-loop analysis of the divergences of n-point functions
may help shed light on this issue, and we plan to carry it on
in the future, with the technology developed in this paper.

One may also try to find a general mechanism that

prevents linear divergences in the first place. Building on
the idea that odd powers of a must be accompanied by odd
powers of m, one may try to exploit a spurionic symmetry
that involves the replacement m — —m, the reflection of
both worldsheet coordinates and an SO(5) rotation, which
is enjoyed by the continuous action. Such spurionic
symmetry is broken by our lattice discretization. Some
preliminary explorations that we do not report here indicate
that it is not completely trivial to preserve this symmetry on
the lattice while avoiding the doubling problem. Different
options in this direction will be explored in the future.
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II. U(1) x SU(4) INVARIANT DISCRETIZATION

In the continuum, the AdSs x S° superstring action in a AdS-lightcone gauge-fixing describing quantum fluctuations

around the null-cusp background reads [8]

Seusp = g/dtds{

m |2 1
8,x+§x +Z—4 0sX

m
——x

2 Mo, Moy b MN\i ,j 2
+{ 0™ + 52+ S avmi (")
2 Z

1 m 2 ) . . . 1 .
+ = (asZM - EZM> +i(0'0,0; +n'0m; + 0,0,6' +n,0m') — 2 (n'n;)?

1 . om0, m
| — Mpi(pM). . i — i — i _
+21L3z n'(p )U(aﬁ y = (asx 2)6))

m

U o e i
— A o0, ——@. +—n.
+Zgz ni(pM")7 | 0,0, 20t

where
(i) x is a complex bosonic field whose real and
imaginary part parametrize the fluctuations of the
string (in light-cone gauge) at the boundary of AdSs.

(ii) zM are six real bosonic fields, i.e., M = 1,...,6; 7 =
VzMzM is the radial coordinate of the AdSs space,
while uM = z™ /7 identifies points on Ss.

(iii) The GraBmann-odd fields 6" = (0;)", ' = (n,)",
i =1, 2,3, 4 are complex anticommuting variables
(no Lorentz spinor indices appear).

(iv) The matrices (p"V),/ = (pMp™])/ are the SO(6)
generators; p{.‘f. * are the (traceless) off-diagonal
blocks of SO(6) Dirac matrices y" in chiral repre-
sentation, see Appendix A.

The massive parameter m keeps track of the (dimen-
sionful) light-cone momentum P, set to one in [8]. The
action (2.1) is invariant under a U(1) x SU(4) global
symmetry defined by

Mo AU, 0> UL0, U, (22)
x = e'x, 0" — /20, n— eT Py, (2.3)
|
) A m |2 1 A
Seusp = gZa b, 0x + 3¥ + o b_0gx — >

s,

-39}

(2.1)

where U is an element of SU(4) and its representative in the
adjoint, Ad(U), is an element of SO(6). While the original
Green-Schwarz AdSs x S° string action is invariant under
diffeomorphisms and x symmetry, these local symmetries
have been fixed by the choice of light-cone gauge in
Eq. (2.1). Notice that the action is not invariant under
worldsheet rotations, parity (s — —s), or time reversal
(t - —1).

In order to define the lattice-discretized theory we need
to provide a discretized action, but also an explicit
expression for the measure. We choose to use a flat measure
for the fields, but we keep in mind that this choice is quite
arbitrary as it is not invariant under reparametrization of the
target AdSs x S5 target space. Given a generic observable
A, expectation values in the lattice discretized theory are
defined by

(A) =

/ dxdx*d®zd*0d* 0" d*nd*nTe Saw A, (2.4)
cusp

where df =[], df(s.t), as usual the partition function
Zysp 1s fixed by the requirement (1) = 1, and S, refers
now to the discretised action, that we choose to be

: LT AT NI
+<b+8tz +z +Z—2z ni(p )’jn’)

1 /4 A m? A a 1 .
+ (0sz O™ + 7Z2> +2i(0°0,0; + n'om;) — — (n'n;)?

Z2

1 ; - .m0 . A m
+2i L—31M77 (") <b+8s9/ —591 —2111 (b_(‘?sx —Ex)>

1 i = m i AL, Mmoo
+Z—3ZM11,(pM )1<b+8s9] —59/ +271/ <b_8\x —EX >>:| }

(2.5)

4By convention, we will write the indices of p as down and those of p' as up.
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The action is written in terms of the forward and backward
discrete derivatives

R e ~f(e).
Buf(o) =1 =S c(f ~aeu) 2.6)

where e, is the unit vector in the direction 4 = 0, 1, and o is
a shorthand notation for (s, 7).

Notice that the proposed discretized action (2.5) depends
on four parameters: g, m, and the auxiliary parameters b .
It is straightforward to see that the discretized action S,
reduces to the desired continuum action S¢igy in the naive
a — 0 limit, if b, — 1. However, as we will discuss in
detail, the naive choice b, =1 produces undesired uv
divergences at one loop. The values of b need to be tuned
in such a way that these uv divergences cancel. This is a
sign of the fact that the lattice regulator does not manage to
reproduce the cancellation of uv divergences that occurs in
dimensional regularization.

An important feature of the proposed discretized
action and measure is that they are invariant under the full
U(1) x SU(4) internal symmetry group. This is in contrast
to the discretization previously presented in [18]. The key
ingredient is the use of forward and backward discrete
derivatives for both the bosonic and the fermionic part of
the action. This is normally avoided for fields that satisfy
first-order equations of motion (usually fermions), since it
breaks parity and time reversal. In our case, this is not an
issue because these symmetries are already broken in the
continuum action. In [18], instead, the symmetric derivative
was used and, as in lattice QCD, a Wilson-like term was
included to cure the resulting doubling problem, while
breaking either the U(1) or the SU(4) symmetry.

III. PERTURBATIVE EXPANSION

On the lattice as in the continuum, the perturbative series
is obtained by expanding the action around one of its
minima. The SU(4) symmetric point (all fields vanish in
this point) is a singularity for the action because of the
terms proportional to inverse powers of the radial coor-
dinate z. As a consequence the minimum of the action must
spontaneously break the internal symmetry. In the con-
tinuum an absolute minimum of the action is given by
=6M5, and any other absolute

|

x=x"=0 and M

2

So = ga2Z{
s,t

b+3tx + %x

A

+ ’b_f?sx - %x

minimum is obtained by acting with the SU(4) symmetry.
One can easily check that these minima are also relative
minima for the discretized action. We parametrize the
fluctuations around the chosen minimum which is the
same way as it is done in the continuum [8]

—ot  a— b Y
< e ’ Z e 1+A_11y2’
6 1-3y° 2 ° 2
= , = 9=, a=1,....5 3.1
o =207 G.)

In terms of the new variables ¢ and y“, the path-integral
measure over the 7 fields reads

6
[ dt = e (0050 ) 4 H dy'.  (3.2)
M=1

The contribution of the Jacobian determinant above can be
conveniently included in the effective action

2
Seff _Scusp_2{6¢+510g<l +yz>}, (33)

s,

in terms of which expectation values of observables read

(A) =

1
/ dxdx*dpdyd*0d* 0" d*nd*nTe=5A.  (3.4)
eff

Notice that the sum in the contribution to the effective
action of the Jacobian determinant does not come with the
corresponding a? factor, which means that in the naive
continuum limit it diverges like a~2. This should not be
surprising: in the continuum this term would be propor-
tional to 6°(0) which yields a quadratic divergence in a
hard-cutoff regularization (but it is set to zero in dimen-
sional regularization).

The perturbative expansion, i.e., the expansion in powers
of g~!, is obtained by splitting the action Sy = Sy + Sines
where S, contains all quadratic terms in the fields with a
coefficient proportional to g, and S;, contains all other terms.
Notice that S, also contains g-independent quadratic terms
which come from the expansion of the Jacobian determinant.
We focus here on the leading-order quadratic action

2 . . .
+ b3 (0y")? + mb,y*0,y* + (0,y%)?

+ D2 (0,)* + mb O, + (D5p)? + m*P* + 2i(6°0,0; + n'dn;)

+ 2in' (p°); <b+5‘ 0 ——9/> 2in;(p

<b+8 0, -
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The propagators are conveniently constructed by
going in momentum space. Given a function f(s,?) in
coordinate space, we denote by ]‘( Po» P1) the correspond-
ing function in momentum space. On the lattice, the two are
related by

r/a 2 A
f(s,1) :/_/ ﬁe'm’“p”ﬂpo,m),

F(po.pr) =) _alemPor=ims f(s, 1), (3.6)

The function f(py, p;) is periodic in both components with
period 27/ a, and momentum integrals are always restricted
to —z/a < p; < m/a which shows explicitly that the lattice
effectively enforces a hard cutoff in momentum space. As
in the continuum, discrete derivatives are diagonalized in
Fourier space, and read

8, f(Po. P1) = iD,J (Pos P1)-

Introducing the collective bosonic and fermionic fields

® = (Rex, Imx, y!,....y%, @),
W= (0,....05,0", .0 o),

the free action (3.5) can be written in momentum space as

/a 2 ~ ~
S=0 [ G P DKs(2)B()

+ ¥ (=p)Ke(p)P(p)},

where Kg(p) is an 8 x 8 diagonal matrix for which the
nonvanishing components given by

(3.9)

(3.10)

C+|IA70|2‘4'C—|IA?1|24-”172 ifn=1,2
el pol* + 1p1]? ifn=3,..7
colpoP +|piP+m*  ifn=8

Ky (p) =

(3.11)
9uf (Po. 1) = iPuf (Po- 1) (3.7) where we have defined the combinations
where we have defined b
Ci = bzi + an; = ’ (312)
apy 2. a
P = e Zsin 5" (3.8) . o
and Kg(p) is an 16 x 16 matrix given by
|
0 —Dolaxa _PG(b+f71 - %) 0
Kp(p) = —Dolaxa 0 0 po(by py —1) 6.13)
F - A% A% ’ ’
P6(b+P1 + %) 0 0 —Polaxa
0 —p°(bypi+1%) —Polaxa 0
|
where we have used the identities p% = (p®)* = —(p%)" = , 1 5eb
—p®7 which are valid in the chosen representation (see Zaze_lpa@a(")yb(o»o = 2_gc 1Pol? + c_|p1 2 (3.16)
Appendix A). The two matrices satisfy K% (p) = Kz(—p) ’ - -
and Ki.(p) = —Kr(-p).
Propagators in momentum space are defined by the 5 1 1
: : . s a~e P (p(o)p(0))g= ~ ~ , (3.17
entries of the inverse of these matrices up to trivial Z: (#(0)¢(0))o 2g¢. |pol*+|p1 > +m? ( )

prefactors. The matrix Kz(p) is diagonal and therefore
easily inverted, while the matrix Ky(p) is inverted by
observing that

m2

k(o) = (1poP + P+

>116x16~ (3.14)

The propagators are then easily calculated:

B 1
— . - N
gei|pol*+c_|pi|*+%

Za%‘”’"(x(a)x*(O))O (3.15)

1 oo
29| pof? + ey + 2
(3.18

> @277 (0,(0)07(0)) =
)
1 Pio!

29| pof? + ey + 2
(3.19)

> a2 7 (ni(o)n (0))y =
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b P?j(b+131 -2
29|pol? + ey [Py + 2
(3.20)

Zaze‘i””<9i(0)n,-(0)>o =

1 (b p =)
29|pol* + culpi|* + 4
(3.21)

> e (0 (o) (0))g =

where ¢ is a shorthand notation for (s, 7). All other two-
point functions vanish. The denominators in the propaga-
tors reduce to a particular simple form if we choose ¢, = 1,
which is obtained for b, = b, with

. . (3.22)

2
by = [1+ (ﬂ> 4
As we will see in the following sections, this choice is also
the correct one to reproduce continuum results for the
observables we consider in this paper.

Let us turn now to the interaction vertices. The expansion
of S.¢ in powers of the fields x, ¢, v, 0, and 7 is fairly trivial
except for terms involving the forward derivative of zM. We
observe that

e?FacyM(x 4 aey) — e?MuM(x)
a
W +ads(x) [ (x) 4+ adpuM (x)] — P uM (x)

M (x) =

a

= e‘/’("){ék(f)(x)uM(x) + O (x)

D) _ 1 — gd
L e aakqs(x)uM(x)} (3.23)

a

The first two terms in the last expression survive in the naive
a — 0 limit, while the third term takes into account the
violation of the Leibniz and chain rules at finite lattice
spacing. By expanding the exponentials, one obtains
terms that have an arbitrary number of powers of 3k¢(x)
multiplied by explicit powers of a. The number of derivatives
and the number of factors of a are related by dimensional
analysis. Analogously one finds the following formulas:

() — D WO ) el P
2{1 + 3y (x) + a0y ()P H1 + 13(x)*}

(3.24)

B () =~ @O @) ey X,

A{1+ 11 (x) + a0y ()P H1 +1y(x)?}
(3.25)

Again, by expanding these expressions in y, one obtains

terms an arbitrary number of powers of 9,( y¢(x) multiplied
by explicit powers of a. The number of derivatives
and the number of factors of a are related by dimensional
analysis.

By inspecting all terms one sees that, at each order in the
perturbative expansion, the interaction Lagrangian density
in x is a polynomial of the fields ®(x), ¥(x), their first
derivatives O®(x), O%(x), O¥(x), the lattice spacing a,
and the mass m. We will not write all vertices explicitly;
however, the following observations will be useful
later on.

(i) Possible vertices are constrained by dimensional
analysis: the boson fields have mass dimension 0,
the fermion fields have mass dimension 1/2, the
discrete derivatives and m have mass dimension 1,
and the lattice spacing has mass dimension —1,
while vertices must have dimension 2.

(i) The considered action generates only terms that are
proportional to m°, m', or m?.

(iii) Vertices exist only with 0, 2, or 4 fermion fields.

(iv) The considered action generates only terms that are
proportional to a” with p > —2. In particular terms
proportional to a~2 are generated by the Jacobian
determinant in Eq. (3.3).

IV. SUPERFICIAL DEGREE OF DIVERGENCE

The goal of this section is to show that the lattice-
discretized theory is nonrenormalizable by power counting.
To this end, we need to calculate the superficial degree of
divergence of the generic Feynman diagram.

Feynman integrands on the lattice are periodic functions
in each component of the momenta, with period 2z/a. In
particular they are not rational functions as in the con-
tinuum, but rational trigonometric functions of the
momenta. As a consequence, the problem of establishing
an appropriate power counting on the lattice is subtler than
in the continuum, and it was solved completely by by Reisz
[46] (see also e.g., Refs. [47,48]). Following Reisz, given a
momenta p;_
ficial degree of divergence deg F' of the function F is
defined by means from its asymptotic behavior

F(iq, pym,afd) =2 Crpideet 4 o(adeer=1y (4.1)
where Cr #0. It is straightforward to show that
deg(FG) = deg F +degG and deg(F~') = —degF. As
in the continuum, each loop integral contributes with a
superficial degree of divergence 2.

Denote by ©,(p) the generic (bosonic or fermionic) field
in momentum space. We consider here the connected
n-point function in momentum space

074507-6
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O, (PE)) e

)(2m)?y 8 <—n - ipl). (4.2)

inez?

(B4, (p1) -+

In this formula, we have used the fact that momentum
conservation on the lattice takes the form of a delta comb
which accounts for the 2z/a periodicity in momentum
space. As in the continuum, the perturbative expansion of
G,(p) has a representation in terms of a sum of Feynman
integrals. We introduce the amputated n-point function

Ggllrfl.)..,ag(plv ceey pE)
Z G/}, ..... B le - PE H ag/se (4'3)
Pro---Pe e=1

where D(p) is the propagator matrix. Gy "' (p) has a
representation in terms of a sum of Feynman integrals in
which the external lines have been amputated, and we will
refer to them as external legs.

Since lines that do not belong to any loop do not
contribute to the superficial degree of divergence, we can
restrict our analysis to diagrams that do not have such lines,
i.e., one-particle irreducible diagrams. Therefore consider
the generic one-particle irreducible Feynman diagram con-
tributing to G5 (p), and let A be the corresponding
Feynman integral. We will denote by E and E - the number
of external bosonic and fermionic legs respectively, and by
I and I - the number of internal bosonic and fermionic lines
respectively. Let/,_; _; be the momentum flowing in the ith

77777 g be the
momentum flowing in the eth external leg (with
E = Ep + Ep). The Feynman integral has the general form

A:/ﬁdz‘“.../ 4L s ﬁ
= (22)? ) (2”) pal

.....

(4.4)

where D; is the propagator associated to the ith internal line,
W is the product of all vertices, and L is the number of loops.
The internal momentum /; can always be written as
[; = P; + Q; where P; is a linear combination of external
momenta, and Q; is a linear combination of loop momenta.
Also, because of one-particle irreducibility, every internal
line belongs to a loop, so Q; is not identically zero. The
propagators are functions of /;, whose degree of divergence

is determined by looking at the asymptotic behavior
s o2 . a(Pi4Q;) il arien2A . a(Pi42Q;)
T —sin—— —e" 7 —sin———

2 a 24

=10, +0(10). (4.5)

It follows easily that the degree of divergence of
bosonic and fermionic propagators are the same as in
the continuum, i.e.,

—2 if iis a bosonic line

degD; = . . ... (406)
—1 if iis a fermionic line

The contribution to the degree of divergence of the
Feynman integral of all propagators is simply

deg[[Di =) degD; =21y —1.  (4.7)

Each vertex contributes to the function W with

(i) some integer power of a and m, coming from the
explicit dependence on these two parameters of the
interaction Lagrangian, as discussed in Sec. III;

(i) a product of some p, where p, is the momentum
flowing in the eth amputated external leg, coming
from the discrete derivatives acting on fields in
vertices which are Wick-contracted to external
fields;

(iii) a product of some ?i where /; is the momentum
flowing in the ith internal line, coming from the
discrete derivatives acting on fields in vertices which
are Wick-contracted to fields in other vertices or
possibly the same vertex.

Notice that the degree of divergence of p, is determined by
the asymptotic behavior

~ 2Ee

p.=¢€"2 —sin
a

w2 . ap, i
—
= p, + 0(7). (4.8)

Let P, and P,, be the total number of a and m factors
respectively, and let Dy and D; be the total number of
discrete derivative acting on external and internal lines
respectively. Using Eqs. (4.5) and (4.8) one derives the
asymptotic behavior

iy 1
(P,l m,a) oo W(A°p,Ag;m,a/l) {1 —+ 0<z)]
1
= AP=PaW(p, g;m, a) [1 + 0(1)}’ (4.9)
which implies
degW =D, -P,.

(4.10)

The superficial degree of divergence of the considered
Feynman integral is given by
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degA = -2L +degW + ZdegDi

It is also interesting to calculate the mass dimension of
the Feynman integral. Notice that

) —2 if iis a bosonic line
—1 if iis a fermionic line
dimW =P, —P,+ D; + Dg, (4.13)
which yields
dimA =2L + dimW + » _ dimD;
:2L+Pm_Pa+D1+DE_2IB_IF (414)

On the other hand, A is a term in the perturbative expansion
of G3""(p). The mass dimension of the amputated n-point
function is calculated by observing that the mass dimension
of a bosonic field in Fourier space is —2, the mass
dimension of a fermionic field in Fourier space is —3/2,
and the mass dimension of the momentum-conservation
delta is —2. Using Egs. (4.2) and (4.3), one obtains

dimA = dim G*™P

3

1
:2__EF'

: (4.15)

Combining with Egs. (4.11) and (4.14) we get our final
formula for the degree of divergence of A:

degA:2—%EF—Pm—DE. (4.16)
This formula shows that the degree of divergence of one-
particle irreducible diagrams cannot be larger than two.
However, since the degree of divergence does not depend
on the number of external bosonic legs, at any loop order
the number of divergent diagrams is infinite. This implies
that one needs infinitely many counterterms at any loop
order to cancel the UV divergences. Without extra con-
straints on the counterterms one would conclude that the
theory is nonrenormalizable.

Since the Feynman diagrams with P, = 0 are the same
ones that appear in a continuum regularization, the same
conclusion holds in this case. However it is known that, in
dimensional regularization, nontrivial cancellations of uv
divergences happen, effectively showing that the uv counter-
terms are highly constrained. Even though some general
argument exists for the uv finiteness of the Green-Schwarz

AdSs x §° string before any gauge fixing, we are not aware
of a complete derivation of such constraints in the gauge-
fixed theory, parametrized around the null-cusp background.
The question of whether a similar cancellation of UV
divergences happens in the lattice discretization is a
legitimate one. We will see with a couple of examples
that unfortunately this does not work as well as in dimen-
sional regularization: a certain amount of fine-tuning is
needed in order to reproduce the continuum results.

V. SOME CALCULATIONS

A. Cusp anomaly

The partition function of the lattice-discretized theory is
given by

Zewsp = / dDdYe 5o (5.1)

in terms of the collective fields ® and W that are defined in
Eq. (3.9) and of the effective action S is defined in
Eq. (3.3). Since the logarithm of the partition function is
extensive, a complete calculation is performed by consid-
ering a finite worldsheet with area V,. At this point the
integral defining the partition function is finite and can be
analytically calculated order by order in the perturbative
expansion. Finally one can define the free energy density in
the infinite-volume limit, i.e.,

. 1
p(g.m,a) = — lim —logZy,(g.m.a,V,). (5.2)

V=0 V2

As in every statistical system, the free energy is defined up
to an additive constant and only free-energy differences
have physical meaning. It is also interesting to notice that
rescaling the integration measure in each lattice point
doO(s, 1)d¥ (s, 1) = pd®(s,1)d¥(s,t) is equivalent to
v
rescaling  Zgp = ﬂa_%Zcusp, ie., to redefining p —
p—a?logp. This shows that quadratic divergences in
the free energy are immaterial and can be removed by
rescaling the integration measure. We propose to identify

the following derivative of the free-energy density with the
cusp anomalous dimension

49
f(g.m,a) = Z%/)(g,m, a. (5.3)

It is straightforward to show that this derivative coincides
with the standard definition in dimensional regularization,
and it is also free from the normalization ambiguity.’

*Notice that in Eq. (1.1) the parameter m is set equal to 1. In the
continuum, the m dependence can be reintroduced by simple

. . . . . 1)
dimensional analysis, yielding Z,, = e
p =9 w2, which is indeed consistent with the definition (5.3).

and consequently
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At leading order the path integral defining the partition function reduces to a Gaussian integral, which yields

m> 4 1 [r/a d*q detKy(q)
,m,a) = g———log(2 = O(g™). 54
plg.m.a) = g—-——log(2m) + 5 e {detKF@] +0(g7) (5:4)
The determinants are calculated from the explicit expressions of K and K given in Sec. IIL, yielding
detKp(q) _ (c4ldol +c-1an* +25)*(co1dol + 121 ) (c11qol® + a1 P + m?) (5.5)
det Kr () (30 + e+ 1an +25)°

The calculation of p and its small-a expansion can be
reduced to the following general integral:

/e d’q 2 A2 2
/_,[/a(zn)z]()ga {Z(l +ad;)|pil* + M

l

00) 5 +8, & +6 N (8; = 6,)?
a’ 2a 4 47
2

M
- 4—10g(aM)2 + MZI(()O’O) + O(aloga),
n

(5.6)
where I(_OQ‘O) ~1.166 and I(()O’O) ~0.355 are numerical con-
stants. The derivation of the above asymptotic expansion
and the precise definition of the constants are given in
Appendix B 1. By using the above asymptotic expansion,
with the convention ¢y = 1 + amdc., after a lengthy but
straightforward calculation, one gets

m?  4log(2x) méc_ 3m’log2 m>sc?
plg,m.a) Iy T + 2¢ 8z 4
25c_(6c_—26

e (6¢ cy)

4

+ O(aloga) +0(g™"),
(5.7)

and, correspondingly, for the cusp anomaly:

26¢_(8c_—26¢c.)
_|_
2am b2 b2
+O(aloga)+O0(g™").

Notice that with the naive choice b, = 1, which corre-
sponds to 6c. =F1/2, the cusp anomaly contains a linear

Sy = 9> 2 { —4¢‘b_(‘§sx - %x
5,1

+2¢,.0,°0,(py") = ¢,.0,0,(y*) + 20,50, (¢py*) — s
_m
2

—4i¢ [’1[(!’6)17 (b+5s9j - %gj) +n;(p°)V <b+3sgj

divergence. On the other hand, with the special choice
b, = b, which corresponds to ¢, = 1 and dc, = 0, the
linear divergence is canceled, and we obtain the same result
as in dimensional regularization:

3log2

f(g.m,0) =4g - +0(g7"). (5.9)

B. One-point functions

Let us turn to the one-point functions of the perturbative
fields. Notice that (x) = 0 because of the U(1) symmetry,
and (y*) =0 because of the SO(5) Cc SO(6)~SU(4)
which leaves the perturbative vacuum invariant. ¢ is the
only field with a nonvanishing one-point function, which
has been calculated in dimensional regularization [8,43,49].
This one-point function, as well as any n-point function of
bare fields, is not expected to be uv finite. In fact it is known
that (¢) is uv divergent in dimensional regularization, and
we will see that it turns out to be uv divergent also in the
lattice regularization. The interest in this one-point function
lies in the fact that it appears as a subdiagram in any other
n-point function, and ultimately its uv divergence contrib-
utes to any physical observable. We will give an example of
this mechanism in the next subsection.

There are two classes of vertices contributing to the one-
point function of ¢: single-field vertices coming from the
measure

(5.8) Sp=—6> . (5.10)
5.t
and three-field vertices coming from the action
|
2 A A A A A

+ C+at¢at(¢2) + 8s¢as¢2 - 4¢(as¢)2
As(yz) - 4¢(avya)2
0 1)] } (5.11)
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Notice that the insertion of S, produces a tree-level
diagram, while the insertion of S,.. produces a one-loop
diagram. However, because of the mismatch in the power of
gin S, and S.., all these diagrams contribute to the same
order in g, yielding

) — 3,2 /n/a &q c_|g P+
gm*a® " gm? J-zja 27 ¢, (gl + c_ |1+
|2

1 /”/“ d*q gl = ¢
2gm2 —r/a (2”)2 C+|@0|2 + |Q1|2 +m2
5 /”/“ d*q ci|gol* =g,

2gm? J s 27)% ¢ 140 + a1
8 [t &g clail+7
" m? ) Q7 o2+ e | P+
gm= Jzfa 27)7|gol* + c|q[* + 5
+0(g7?). (5.12)

With the special choice b, = by, i.e., c, = 1, one can
use the symmetry of the integrals under p, <> p; exchange
to simplify

1 [r/a d? 1
W= [

9J-n/a (2”)2 |£]|2 + mTZ
2

1(1 1
= E{EIOg@—FE_ I(()U'O) + O(aloga)}

0(g7?)

(5.13)

which is logarithmically divergent, as one can explicitly see
by using the asymptotic expansion given in Appendix B 2.

The definition of the numerical constant Iéo’o) ~(.355 is
given in Appendix B 1. Notice that the measure, fermion-
loop and x-loop contributions are separately quadratically
divergent, and the cancellation of these divergences is
highly nontrivial.

In the general case ¢, = 1 + (am)dc,. where 5c. = 0(d®),
one can again use the asymptotic expansions given in
Appendix B 2, and after a lengthy calculation one gets

(am)?

1
—1
ra +4ﬂ 08 4

) = 1{—85@ +c_

9

(5.14)

Notice that the naive choice b, =1 corresponds to the
choice 6c,. =7F1/2 which yields indeed a linear divergence

for (¢):

1

(p) = p {% + O(log a)} +0(g7%). (5.15)

C. Two-point function

We turn now to the two-point function of the field x,
which we calculate at one loop. We will use the two-point
function to extract the dispersion relation of the x particle
propagating on the worldsheet. In dimensional regulariza-
tion and at one loop [43], both the two-point function and
the dispersion relation turn out to be uv finite without any
need of renormalization. We will see that this is true also at
one loop in lattice perturbation theory, provided that one
has chosen ¢, = 1. The naive choice b, = 1 generates uv
divergences in the dispersion relation. Whether these
divergences can be eliminated with a renormalization
procedure is a valid question.

There are two classes of vertices contributing to the two-
point function of x at one loop: three-field vertices

2

o gZaz{—4¢‘b_3sx - %x
s,

+ 20"l (b_(?)vx - ﬂx)
' 2
.. A m
~anpyiny (b =5 )b (50

and four-field vertices

2

Sevw =89 _a*¢? . (5.17)
st

b_ésx —%x

combined to give Feynman diagrams with the three differ-
ent topologies illustrated in Fig. 1. Notice that the tadpole
contribution will be proportional to (¢).
On general grounds one sees that the two-point function
has the following form:
2
(o) = ferlpoP + e lpi+ 5

+; <c_|pl|2 +"5)Hu(p) + 0(9‘2)}_1-

(5.18)

FIG. 1. Topologies of diagrams contributing to the two-point
function at one loop.
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The factor (c_|p;|? —|—’”T2) comes from the fact that, in all interaction vertices, x always appears in the combination

(b_@sx — 2 x) or its complex conjugate. The function IT,(p) has a representation in terms of amputated Feynman diagrams

and it is explicitly given by

z/a d2q

1

Mu(p) = —dglp) +4 /

—/a (27)? ci|gol + 141 * + m?

c|a|® + 1 I

/ﬂ/ﬂ d’q
—afa (27)% ¢ |gol? + c_|a 2 m720+|19/+\6]0|2 +p+aq+m?

p+a;

/ﬂ/a gl 40
-r/a (2”)2|510|2+C+|?11|2+%|P/+\610|2+C+\P/+\CI1|2+%‘

(5.19)

All integrals in the above formula are logarithmically divergent, while the term proportional to (¢) contains in general a
linear divergence. Up to terms that vanish in the @ — O limit, one can replace c, = 1 in the above integrals, obtaining the

simpler expression

wla d’q 1

M,(p) = —4g(¢) + 4 /

p+as

w/a (27)? |G* + m?

8/”/“ dq o
—fa (22)* |G + 2 |p + g +

As in the continuum, the leading divergence of the above
integrals does not depend on the external momentum;
therefore, the subtracted quantity AIl,(p)=TI,(p)—
IT,(0) has a finite a — 0 limit given by the corresponding
continuum integrals, i.e.,

© d’q q%+'"—2{ 1 1 }
Ally(p)=-8 4 -
O(P) /_oo (2ﬂ)2q2—|—m72 (p+q)2+m2 qz+m2

_8/oo ’q 4o { Potqo 4o }
o ) |aP+5 Up a2+ P+

+O(aloga), (5.21)
while all the divergences are contained in
I1,(0) = —4g(¢) — 4 / dedq 1
a =9 - A2 omE
fa 20 |G+ @
+ O(aloga), (5.22)

where we have used the symmetry of the integrals under
Po <> p; exchange to simplify them.

With the choice ¢ = 1, using Eq. (5.13) one immedi-
ately sees that all divergences cancel and I1y(0) = 1/z. The
two-point function is finite in the continuum limit and

/ﬂ/a dq |+ 1
—afa (27)7 (1> + 5 |p + qf? + m?
—+ O(aloga). (5.20)
a
|
lim(%(p)x*(0))
L[, m? 1 ) m? -1
— - =4 — )11 0(g7? :
g{p += +g<p1+ 2 o(p) +0(g7°)
(5.23)

The two-point function has poles at py = +iE(p;) for
every value of p;, where E(p;) is the energy of a single
excitation with the quantum numbers of the field x,
propagating on the worldsheet with momentum p;. In
the continuum limit this is found to be

m? 1 m2 m2
E(pl)zzp%+—+§<p%+—>no< p%+—,p1>

2 4 2
+0(g7%)
2 2\ 2
2, m 1  m 2
—p2e ™) 1052, (5.24
(i) +ol. 2w

where we have used the on-shell value of I1;, (B29). The
obtained dispersion relation coincides’ with the result
in [43].

However in the general case ¢, = 1 + (am)dc,. where
Sc. = 0(a®), T1,(0) and E(p,) inherit the linear diver-
gence from (¢). Using Eq. (5.14) one obtains

*To compare with [43], notice that one has to redefine the
worldsheet coordinates, resulting in square masses of the fluc-
tuations rescaled with a factor of 4.
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11, (0) = 3260;; 45c_ N 1- 165c;+ +26c2
+ O(aloga). (5.25)

For instance, for the naive choice b, = 1, which corre-
sponds to Scy =F1/2, one obtains for the dispersion
relation

m> 1 m? 18
E(p)* = pi +7+§ <P% +T) [—54' 0(105%“)}

+0(g72). (5.26)
It is interesting to notice that, once we have set b, = 1, the
divergence in the dispersion relation cannot be eliminated
by renormalizing the remaining available parameters, i.e., g
and m. In other words, the choice b, = 1 is not stable
under renormalization. On the other hand, if one allows the
coefficients b to be renormalized along with m and g, then
the divergences in the dispersion relation are eliminated
e.g., by choosing

ampg 1
by =1+——2—|11,(0) -~ ], 5.27
U

11429 1
bo=1-— 8 _(11,(00—-), 5.28

QRHLM;R( 0) ﬂ) (5.28)
m? = m> 1—|—L H(O)—l (5.29)

T

(5.30)

This choice yields a dispersion relation in the continuum
limit of the same form as Eq. (5.24), except that the mass m
needs to be replaced by its renormalized counterpart mp.
One could also see that the one-loop renormalization of the
coupling constant can be chosen in such a way that the cusp
anomaly be finite. With this discussion we do not want to
imply that the chosen lattice theory is renormalizable (we
do not know this). However we conclude that, if the lattice
theory is renormalizable, then it is not sufficient to renorm-
alize m and g, one also needs to introduce extra coefficients
in the action and either fine-tune their tree-level values, or
renormalize them.
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APPENDIX A: p MATRICES

In the action (2.5) the matrices p* appear, which are off-
diagonal blocks of the six-dimensional Dirac matrices in
chiral representation

P ==plt. (MNP + (PNl = 25MVE. (A2)

The two off-diagonal blocks, carrying upper and lower
indices respectively, are related by (pM)V = —(p%’ )=
(p}f)*, so that the block with upper indices, (p"*)Y, is
the conjugate transpose of the block with lower indices.
A possible explicit representation is

0O 1 0 O 0 1 0 O
| -1 0 0 O ) -1 0 0 O
Pij = ; pij = e
0O 0 0 1 0 0 0 -i
0 0 -1 O 0 0 1 O
0O 0 0 1
X 0 0 10
p..: s
Y 0O -1 0 O
-1 0 0 0
0 0 0 - 0O 0 1 0
. 0 0 1 O . 0O 0 0 i
Pij = N il :
0 -i 0 O -1 0 0 O
i 0 0 O 0 -1 0 O
0O 01 O
0 0 0 -1
0 — A3
Pij 100 0 (A3)
0 0 0

The SO(6) generators are built out of the p matrices via

(M) p = (PPl (A4)

074507-12



LATTICE PERTURBATION THEORY FOR THE NULL CUSP ...

PHYS. REV. D 105, 074507 (2022)

APPENDIX B: ASYMPTOTIC EXPANSIONS
OF RELEVANT INTEGRALS

1. Cusp anomaly

We want to calculate the small-a expansion of the
following integral:

o e )

! wa dq Salpil® + M
= —log(aM)? log =1 .
612 Og(a ) + /;ﬂ/a (2”) g M2

(B1)

Using the Schwinger-time representation of the logarithm,
1.€.,

log Ziai|f7i|22 + M?
M

o (. ) . 2
__ /) 75{e—s[azZ,.al-|q,»|2+(aM>2] Ry, (B2
and the change of variable z = ag, we obtain
1 2
F(a) = —log(aM)
a
1 [eds
s [T E e KK ) - 1) (B3)

with the definition

T dz Gin22 1
K(s) = _e—4s51n £ _
(s) /—71: 2n Vars

The function K (s) is infinitely differentiable in [0, 00), and
its large-s asymptotic behavior is obtained by means of a
standard saddle-point analysis. We split the integral in
Eq. (B3) in two regions, and we write

(B4)

(amy K(a1s)K(ars) -1
s

1 1 [l
F(a)=—log(aM)? ——2/ dse™*
a a Jo

1 [oods

—— [ —e M K(a;5)K (ays)

a” J1 N
1
+;F(O,(aM)2). (B5)
We also introduce the auxiliary function
o d
G(s) = / Y K(ay0)K(ay0)
A o
L, o(s™) (B6)
=— sTH).
4 /a0 s

Thanks to the asymptotic behavior (B4), the above integral
is finite and its large-s asymptotic behaviour easily follows.

In terms of the auxiliary function, and after integration by
parts, the integral in the large-s region in Eq. (B5) reads

——/ @M K (ay5)K (ay5)

[ d —s(aM)? G/
a2[ se (s)

1
——;G(l)—f—Mz/1 dse™(@M)G(s)
e—(aM)z M2
=S G(1) + T
a dr /oo,

o 1
M? dse™s@M)* L G(s) — ———— 3. B7
* [ se () dr\/ajas (B7)

In the last step we have added and subtracted the leading
asymptotic behavior (B6). Bringing together Egs. (BS) and
(B7), and expanding for small a, we obtain

2
F(a) = %I_z(a) - 47140[1062102g(61M)2 + M?1y(a)

+ O(a*loga), (B8)
with the definitions
Io(a) = —y—/ldsK(“ls)K(“Zs) “l_Ga), (89

0 N
Iy(a) = —#alaz—i— /01 dsK(a;s)K(ays) + G(1)
% 1
+[ ds{G(s) —m}. (B10)

By using the definition of G(s) and after some straightfor-
ward algebra, one also obtains the representation

- [ W%K(a]s)K(azs), (B11)
Iy(a) = 471_1 _ai/az dsK(als)K(azs)

+ [ as K(als)K(azs)—; . (B12)
| drJayiys

We are interested in Eq. (B8) with the special choice
a; = 1 4+ ad;. By Taylor expanding Eq. (B8) in ad;, we
obtain
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I 00 61+ 0 0 8% + 62 /20 ( 1 The unknown integrals can be calculated numerically,
Fla)==I2 I 010,1
@)=zl +— =15 [ T yielding 1'% ~ 1.166 and 10" ~0.355.
M2
_EIOg(aM)Z +M?1o(1,1)+O(aloga),  (B13) 2. One-point function
_ - By taking the derivative with respect to M? of both sides
with the definitions of Eq. (B8), and by using the definition (B1), we obtain
197 =1.,(1.1) /a/a d*q 1
1 IK(s)? =1 wd —nfa (270)* 3 il pil? + M?
- —/ PALLC) il —/ Bik(s)P. (B14) 1
0 s rs =———log(aM)?
4, /a;a,
(10 _ 91 ® K 1
1 = S2 00 == [T dK K L+ o B19
6(11 ., 0 1 4”\/a1—az+ 0(a)+ ((l Oga)' ( )
__r (.4 2!
) A ds ds K (s)] 2’ (BIS) Specializing to a; = 1 + ad; and Taylor-expanding in ad;,
we obtain
2
any_ 91, / NP S
I 5 = 1,1)=- dss|K =-——, (B16 zla 2
5 a01160[2( )== ] dssiK($)F==7_. (BIO) / /a d’q a 1 _
—r/a (27[) Z ( + as; )lpzl +M
0’1 o 1
2,0 -2 0,0
%0 = o (1,1) = _A dssK"(s)K(s) = —Elog(aM)z ~ ot 1" 4 0(aloga).  (B20)
= / ® dsK'(s) i [sK(s)] By applying the differential operator »_; f3; % to both sides
0 ds of Eq. (B8), and by using the definition (B1), we obtain
= ds[K'(s)]? —|—/ dsK’
/0 o) 0 WKW /”/“ dq i pilpil
:%_%’ (B17) —z/a (277")2 Zia'|i)i|2 +M2
& ol _ M2
2 Zﬂ’ “( 8('510’2 - f/zzal) log(aM)?
199 1(1,1) " n(ajay)
11— 1 2 270 2
471' 0 L !
+ /oo ds{ [K(s))? - L} (B18) Specializing to a; = 1 + ad; and Taylor-expanding in ad;,
1 4rxs we obtain
|
r/a dq > Bilpil? B +ﬁ2 ﬁ151 + 26y 20) | P162+ B2y 1) | B8] + oS3 (3.0)
2 2= 2 2 1—2 L B
—aja 27)* > (14 as)|pil* + M a a a 2
83 M +2 6,6 M?
ﬂl + 5 +2 (B1 + p2)dy 21_221 n V2 +’62>log(aM)2
+M2(By + )1 + O(aloga), (B22)
with the following definitions:
120 @) =22 gy = - / ® dss?K" (5)K'(s) = — 2 / " st L k()2 = / TP =, (B23)
-2 O0atday 0 2 Jo ds 0 27’
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3 [s+] [s+] o0 [s+]
13”(@:%2?(1,1):— /0 dss2K" (5)K(s) = A dsK”(s)%[szK(s)]:2 A dssK"(s)K(s) + A dss?K" (5)K'(s)
_ A mdsK/(s)%[sK(s)]—%:—Z A ™ dsK'(5)K (s) =2 A wdss[K’(s)}z—%zl—;—ﬂ, (B24)

+—, B25
i (B25)
in addition to the definitions given in the previous subsection.

3. Calculation of AIl,,

The finite, continuum integral defined in the main text for the two-point function in Eq. (5.21) can be rewritten as the
dimensionless integral

[ 4 gi+1 L
Allo(p) = 8/ (22)? ((q2+2)(<i?+tJ)2+4) 2q2+4)
d’q 45 + Podo 11 1
‘8/ (2n)? <(q2+1)0((ﬁ+q)2+1)_5612+1> i 0

by rescaling the momenta p =% p and manipulating the integrals. Using standard Feynman parametrization, this can be
recast as the integral

-1 1 §—pHxr+2pix— (P + 1 p— p3)(1 —x)? 1
ATIy(p) = _/ g Pa=ri) + 25, (P +1) (P po~)§ C L (B27)
7 Jo 1+ px(1—x) 4-2x+p*x(1-x)) =
Reverting to p = % p and evaluating this at the on-shell value, we obtain
2 2
m — m 1
AIl pr=— ) =—(pP+— ) ——. B28
0<PP 2) mz(p1+4> - (B28)
Notice that for the choice ¢, = 1 where I1y(0) = % we recover the continuum limit found in [43],
2 2
m -1 m
2 )|,y m 4
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