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Abstract

The frequency-dependent mass and stiffness matrices of a Timoshenko-Ehrenfest beam are developed through
extensive application of symbolic computation. Explicit algebraic expressions for the frequency dependent shape
functions and each of the independent elements of the frequency-dependent mass and stiffness matrices are
presented concisely. The ensuing frequency-dependent mass and stiffness matrices of the Timoshenko-Ehrenfest
beam are applied with particular reference to the Wittrick-Williams algorithm to investigate the free vibration
characteristics of an individual Timoshenko-Ehrenfest beam and a framework. The results are discussed with
significant conclusions drawn. The proposed method retains the exactness of results like the dynamic stiffness

method, but importantly, it opens the possibility of including damping in the analysis.

1. Introduction

The original idea of the frequency dependency of mass and stiffness properties of structural elements for free
vibration analysis was developed by Przemieniecki [1, 2] who formulated the frequency dependent mass and
stiffness matrices of a Timoshenko-Ehrenfest beam and provided series expansions of the matrices by retaining
two frequency dependent terms. Przemieniecki’s work was further developed by subsequent researchers [3-6]
who also relied on power series expansion of the mass and stiffness matrices and truncated the series at some
point. By contrast, explicit algebraic expressions for the elements of the frequency-dependent mass and stiffness
matrices of a Bernoulli-Euler beam using symbolic computation were published recently [7] which circumvented
the limitation of earlier research by including all terms of the infinite series implicitly. This technical brief extends
the work of [7] to a Timoshenko-Ehrenfest beam through skilful application of symbolic computation [8-10]. The
resulting frequency-dependent mass and stiffness matrices of the Timoshenko-Ehrenfest beam are related to its
dynamic stiffness matrix which is finally utilised to compute the natural frequencies of two illustrative examples

with particular reference to the Wittrick-Williams algorithm [11].
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2. Frequency-Dependent Exact Shape Functions

Figure 1 shows the coordinate system and notations for a Timoshenko-Ehrenfest beam of length L with its node

1 located at the origin O and node 2 at the other end at a distance L from the origin.

In the usual notation, the governing differential equations of motion in free vibration in terms of the flexural

displacement w(x, t) and bending rotation &, t) are [12]

a%w a (ow
—pAZY +kAG (22 -6) =0 (1)
REY:] EY] ow
Z
: : 2
o X
I |e dx
X
L

Fig. 1. Coordinate system and notation for a Timoshenko-Ehrenfest beam.

In Egs. (1) and (2), A is the area, and I is the second moment of area of the beam cross-section, E, G and p are
the Young’s modulus, modulus of rigidity (shear modulus) and density of the beam material, respectively, and k
is the shear correction factor (also known as shape factor) for the beam cross-section which accounts for the non-

uniform shear stress distribution through the beam cross-section, approximately.

Introducing the non-dimensional length & = x/L and assuming harmonic oscillation with circular or angular
frequency w, Egs. (1) and (2) can be solved to give the amplitudes of flexural displacement W and bending rotation
Pas[12]

W (&) = Ay cosh aé +A, sinh aé +A5 cos BE +A, sin Bé 3)
0(¢) = B, sinh aé +B; cosh aé +Bj; sin B¢ +B, cos B¢ (@)
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where a and g are given by

2 2 2 2
o? =_w+%\/(r2+52)2 +bi2(1—b2r252) (5)
2 2 2 2
52 =@+%\/(r2+52)2 +l;iz(1_b27’252) (6)
with
2 _pAWTLY o 1, 2 _ _E
b* = U T a5 T kacr (7

and Ai-A4 and B1-B4 are two different sets of constants, related as follows [12]

Ke ke k k
B = TAI; B, = TAzi B; = _TBAsi B, = TﬁAzL (8)
where
_ a?+b2s? ) _ Bz_bzsz
o= (E25); 1= (£2) ®

By eliminating the constants A;1-A4 and B1-B4 from Egs. (3) and (4) with the help of nodal end conditions at £=0
and & = 1, respectively, the shape function N relating the displacements within the element (8) to the nodal

displacements (&n) at node 1 (W1 and &) and at node 2 (W, and ) is given by

W,

_ _ 811 .. W1_] Nur Nuz Nus Ny 1|61
§ = N6y or [8] = [Ny Ne][sz],l.e.,[g]— AR Al | (10)

0,

Through extensive application of symbolic using REDUCE [10], explicit expressions for the shape functions

(Nw1, Nw2, Nws, Nwa) and (N1, Nez, Nes, Nas) are derived and given below

Ny1 = (kg cosh ag + p, kg sinh aé + psk, cos B — p; kg sin &) /A ~
Nyo = (—u4 cosh a& + pg sinh a& + py cos fE + py sin BE)L/A
Nw3 = (Uekakp cosh aé — uskg sinh a& — pig kakg cos fE + sk, sin &) /A

Nyws = (47 cosh a& + pgkp sinh aé — p; cos B¢ — ugk, sin BE)L/A

No1 = (2 cosha$ + py sinh ag — p; cos B — pg sin f)kq kg /(AL) g (1)
Ngz = (Uzkgy cosh al — pyk, sinh ag + py kg cos B — pykp sin &) /A

Ngz = (—Us coshaé + ug kg sinh a + ps cos B¢ + ugkp sin f&) kg kg /(AL)

Nos = (Ukgkg cosh a& + p; kg, sinh aé — ugk, kg cos € + kg sin &) /A Dy,
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with
t = ka(1 = CraCp) — kgShaSp ~
t2 = kaSnaCp + kgChaSp
U3 = kaSnaSp + kp(1 — CraCp)
ta = koChaSp — kpSnaCp (12)
Us = KaSha + kpSp
ke = Chg — Cg

U7 = kaSp — kgSha

A = (k& — k3)ShaSs + 2kakg(1 — ChaCp) /
where

Chg = cosha; Spg =sinha; Cg=cosf; Sg=sinp (13)

3. Frequency-Dependent Mass Matrix

The shape functions derived in Section 2 can now be used to derive the frequency-dependent mass matrix m of

the Timoshenko-Ehrenfest beam as follows [2, 13]

m = [ pN'Ndv (14)
where T denotes a transpose.

Using Eqg. (10), the frequency dependent mass matrix of Eq. (14) can be expressed as

(15)

Ny1 Ney My Myz Myz Myy

_ 1| Nuz Ngz2f[pA O Ny1 Nz Nyz Ny | Mz Mgy my3z Myy

m(w) =L, N 0 pl Ng1 Ng, Npz Ng, 48 = | myz my3 myy may
N,

w3 N93
wa Noa Mig Mg M3y Myy

Substituting Egs. (11) and (12) into Eq. (15) and carrying out the matrix multiplications and integration
algebraically with the help of REDUCE [10] yielded explicit expressions for the elements of the frequency-

dependent mass matrix m(w) as follows

VIB-22-1095 BANERJEE 4



M1 () = mya(@) = pAL (16)

myz(w) = —mgu(w) = pAL zajf;Az (17)
3
my3(w) = pAL 2aa, fO7 (18)
mua (@) = —mg3 () = pAL (19)
DL?
Myz(w) = mys(w) = pAL 20,507 (20)
my4(w) = pAL Z;;il;mz (21)

where

Dy = 2001 BorpizkiCF + 4aPuskakp (3 — (or?kakp)CpCha — a1 B261k5CeSp + 4aPkakp (A — kar?kokp)CaSha +
2“1/3/31#1#2]‘[236‘}%(1 - 4aﬁkzxkﬁ(;llr2kakﬁ + K4)Cha5ﬁ + a1ﬁﬁ1y1kfzfcha5ha —4daBurkqkg (G + (1r2kakﬁ)535ha +0

(22)

D, = —aa; fresko Cf + 2aP{kg(n3r?kZ + 163) + ka(m172kG + 12)}CpCha + @@y Boaka CpSp — 2aBvy (G372 kaky +
04)CpSha + a1 BP1eskgCho + 2aBvy ((ar?koky — §3)ChaSp — @1BB1E2KEChaSha — 2aB{r?kakg (ioke + 13kp) —

(n3ke + U1kﬁ)}5ﬁ5ha +0 (23)

P3 = —aalﬁmkéCE - Zaﬁ{ﬂzﬂskakﬁ(a1r2kakﬁ - ‘1’4) —kakg(Bsuyps — B4H3M5)}Cﬁcha - aalﬁzwkéCBSﬁ +
2aBkakg(Baéy + 2B3p215)CpShe + a1ﬁﬁ1fzk;23'cr%a = 2afkakg (B3¢ — 2Patiztts)CraSp + alﬁﬁl‘plkéchasha -

Zaﬂkakﬁ{ﬂzﬂﬁ(aﬂzkakﬁ + a1) — us(Bsus + .34#1)}5[35ha + 0 (24)

P, = aa1ﬂ2p4kaC§ - Zaﬁ{uekak[; (Bsuq — Paus) + Mz#7(0f17”2kakﬂ - a4)}C,8Cha — aa1 P83k CpSp + 20!3(&;54 -
2Bshatiskakp)CpSha + a1BB1d2kpCle — 2aB(2Batiztiskakp + P3Es)CnaSp + a1 BBiV2kpCraSha —

Zaﬁ{ﬂekakﬁ (B33 + Bauq) + #2#7(a4r2kakﬁ + a1)}5,85ha +1, (25)

P5 = _20‘“1[32#1#4(:5 —aa1,6,(pSp — 4aﬂu4({2r2kakﬁ - (1)Cﬁcha + 4“[3(774T2kakﬁ - Kl)CﬁSha -

201 BP1pspaChy + 4“B(K1r2kakﬁ + 714)Cha5/3 + a1 BB (5 + 15) CraSna — 4aﬁ(13T2kakﬁ + 1P1)555ha +T5 (26)

D¢ = aa, By (Ustteka + #1#7)@% + 2aB{paps (a7 kokg — ay) + p7(Bsity — Battz)}CpChe + aay Bop3CpSp —
2aB(Bs&1 — 2Battaltr)CpSna — @1 BB1A2Chy — 2B(Baés + 2B31alts) ChaSp + @1 BB1PaCraSha + Zaﬂ{u4u6(a4r2kakﬁ +

ay) + p;(Bzus + ﬁ4ﬂ1)}5,85ha + T (27)
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with
a; = a’ + B% a, = a? — B% az = —aky + Pkg; ay = Pky — akg

1+k2r? B,=1— kﬁrz; Bs = akokgr® — B; By = Bkakgr? +a

i
01 =1—kir% 0, =1+kjr? 03 =k% —kj; 60, =p5 +pu3

Vi=ui e va=ui el va= 0 —1ds va =0 -1

Sy =ui— 3 8 =1 —uk; 6 =i — i 84 =i + 3

€1 = HiMa t UHpl3; €2 = Uila — UpH3; €3 = Uiz — Halla; €4 = Pl — U3l

(1 = auz + Buy; §o = auy — Pus; 3= auy + Pus; {4 = auy — P,

M = api + Bliapa; N2 = au3 — Blzkz; N3 = BU3 + Alaly; Na = —Pui + apypis
Ky = QUi + Bupis; Ky = aui — Plopts; K3 = —Bui + apiopis; Ky = aui — Bapis

M = apuis + Buss Ay = kpliapts — tsty; Az = Qaly + Bliapa; Ay = auipy; — Busity

-

Y1 = apypy — Busha; Yo = ausis + Bialis; Y3 = ausiis + Pllite; Yo = Uity + Uslly

V1 = kqlts — kplly; V2 = Kplalls + Uiy V3 = Kpllale + Uslis; Va = Kplslle — Ualis

&1 = kalspe — kﬁlh/léi &2 = kaliafte — Ualis; €3 = kaliapie + Ustiz; $4 = kaspl; — kBH1H7

p1 = akqui — Bkgui; p2 = Bkapl + akgui; ps = Buir?ki — potz; pa = Kalizts — Halty

b1 = katlille — Halls; @2 = kpliafls + Uatly; G3 = Kallille — Hall7; ®a = Kplizfls — Ually

and

I} = —aalﬁy4r2k,§k§ +2aa;pskg + 2“2#2(172"5"5 + aa; By kl — 4aBuyiikakp + aaiﬁyg,ké - 2a1ﬂl«l1ﬂzk§
I = —050(15(3191]‘;3 + €402k ) + aypy s (aPoky — /)’31’{/3) — axaps(aPoky + ﬂ.31kﬁ) — 2aB(parikaks + p1)

I3 = aa1ﬁ#6kakﬁ(#191kﬁ — H3brke) + az#z#ekakﬁ(ﬁﬁ1kﬁ + aprka) — a#s#ské(azrzké -—a) -

ﬁlh.uské (a2r?kl — ay) — aa; Buypsbs — zaﬂkakﬁ(%#zﬂsrzkakﬁ —12)

(28)

(29)

(30)

(1)

(32)

(33)

(34)

(35)

(36)

@37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

I, = allallekgz(“zrzk;z; —ap) + ﬂuluekﬁ(azrzké —a)+ ““1B(H1#791kﬁ + Haugbs) + a2ﬂ2ﬂ7(ﬁﬁlkﬁ + aprka) —

aa; Busp;0:ky + 2aBkokg(arpauer*kaks —13)
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5 = aa, BS3r2kE + 2Buspa(air?k — az) + aalﬁ(&ﬂ”zk;z? + V4) - 2“.“1.“4(“17"2";% - “2) + 20‘:8.“4(2{272":1"[? +

a1 iy) (47)

[y = —““1ﬁ#6(11391kﬁ + #1‘92ka) - azﬂ4ﬂe(ﬁﬁ1kﬁ + aﬁzka) + aa, Bluai;037% — Buspy (aar2ki — ;) +

aﬂ1ﬂ7(“1’”2k;2? - 052) - 2“:8(147”2"0("1? + ajuapy) (48)
4. Frequency-Dependent Stiffness Matrix

The shape functions derived in Section 2 can likewise be used to derive the frequency-dependent stiffness matrix
of the Timoshenko-Ehrenfest beam by using the following relationship [2, 13]

k@) = L[N (N =N BT 0 s (49)

Substituting Nw and Ne from Eg. (10) into Eq. (49) gives

1|[N91 N‘,’v1 = Ngl-l
! 7 1 ! ! !
k(a)) = Lf NGZ NWZ - N92 El 0 ] N91 N92 N93 N94
] Nég NV'V3 - N93 0 KkAG N‘,'V1 - N91 N\':/z —Ng, Ny.—Ng. N,
Ng, Nw, = No

d§

2 3 3 4 _N94

4

kll k12 k13 k14
k12 k22 k23 k24

= 50
kis Kz Ksg ks (50)
k14 k24 k34— k4—4

Performing all matrix operations and subsequent integration using REDUCE [10], explicit algebraic expressions

of the elements of the frequency-dependent stiffness matrix k(w) are generated as follows

0 = ) = (2) 5 &
) = ) = (2) b @
kiz(w) = (%) Zaa:I;;sZAZ (53)
@) = ) = (2) gt 5
k2o (@) = ks () = () s (55)
os(@) = () s (56)

where

VIB-22-1095 BANERJEE 7



Wy = 200y @i pizkiCF — 4aPurkokp(aBlis?kaky + $29a9p)CpCha — a1 a1 k3 CpSs — 4aBkokp(aBAs?kaky +
K19a9p)CpSha + zaﬁlﬁﬂlﬂzkécr%a + 4aBkykg(aPraskoks — 219495)CraSp + a1¢71ﬁ}’1k§chcx5ha +

4aﬁ.uzkukﬁ(aﬁ{252kakﬁ - {1.gagﬁ)5ﬁsha + r1 (57)

p, = —aa1&4s3kaCl§ + Zaﬁ(—aﬁxzszkékﬁ - a/?lc3szkakf; +039a9pka + nlgagﬁkB)CﬁCha + aa; @yPako CpSp +
2ap{aBlss?kakp(pska — mikp) — (39095 (M3ka — t1kp)}CpSha + 1@ BeskpClo + 2aBvy (aBlas?kaks +

{4gagﬁ)chasﬁ - alalﬁszkﬁchasha - zaﬁ{aﬁszkakﬁ(WSka + nlkﬁ') + 9a9p (sza + K3kﬁ)}5ﬁ5hcx + f2 (58)

W3 = —aa1&4v3k§CE - Zaﬁkukﬁ{aﬂszk[zkﬁ(a4uzu6 - Hsﬁ) + gap(@1tiatts — $at5)3CCha — aa1&4v4k§CﬁSﬁ -
Zaﬁkakﬁ{ﬁﬂev1(“252kakﬁ - gagﬁ) - 2“53#2#5}(:/;5}1(1 + “1571/?5215/?6511 - Zaﬂkakﬂ{a%vl(ﬂzszkakﬁ + gagﬁ) +

2BBuzt15}ChaSp + alalﬁ(ﬁlkéchasha + 2aBkokg{aps®kokg(arpaie — Usly) — Gap(@atiztts — 1581)3SpSha + T3
(59)

Y, = aa1§4p4kaC§ - Zaﬁ{ﬂakakﬁ (ﬁ.gzlis + a’Eslh) + aayPuspsstkaks + a1#2#7ga9ﬁ}cﬁcha — a1 @,&3ko CpSp —
2aB{2aBspzpskaks + BBats (Hska — 11kg)}CpSha + a1 @1 BPakgCho + 2aB{2B Btz lekaks — aBspr (u3ka —

ﬂlkﬁ)}chasﬁ + a1 @BV, kgCraSna + Zaﬁ{%kak,; (ﬁ.gzlh - a’.gslis) + u2u7(aalﬁszkakﬁ - a4gagﬁ)}SBSha +I, (60)

Wy = —2aa; @4t 14C5 — 4aPBus(BPots + aPsiy ) CpCha — a1 @48,CpSp + 4aB(BBotts + aBspirtts)CpSha —

20, BuspsCEy + 4“3(“[%#2 - BEZ#1#3)ChaSB + a1@1804CaSha + 4‘113#4(.352#1 - aE3H3)SB5ha + T (61)

We = aay @y (Uaptsko + ;) CF + 2aB{uanis(aBske — BB2kg) + 7 (aBGiskaks + (290 95)}CpCha + @1 @ap3CpSp —
2“ﬁ{“53#6(#3ka - ﬂ1kﬁ) + zﬁﬁ_zli4ll7}cﬂsha — @ PACh, + Zaﬁ{ﬁﬁ_zﬂe(ﬂzka - H1kﬂ) - 20533#4#7}Cha53 +

181 BPsCraSpa — Zaﬁ{ﬂztlle(ﬁﬁzka + aﬁakﬁ) + w7 (BBa — 05/?3#3)}5[25)10( + T (62)
with
@ = a’s’kG + g&; @ = a’s?kG — 95 @3 = BPs’kf +gf; @y =PB°s’ki —9f g =a—kai gp=P—kg  (63)
Br = akegh + BkggZ; Br = a®s*kokg — gagps Bs = B2s*kakp + gadp; Bs = ki + kjg2 (64)
and

= aalﬁzﬁufké - a3ﬁszk§ké(a2u§ - B*u3) - Zaazﬁszkéké(aulyz — Buaiiz) + ads By kG + a3ﬁy2gf;k§ +
2aaypiopiz gkl + 4aBgagpkaks(aupy — Buaiis) + aasfus giky — 201 Buipa giks (65)
T, = —aa,@Beikp + aayasBuspss®kaky + aa axBuspas®kokp + 2a°B2pisikoky — aay@sfesky — ayfres —

2aBn3gagpka — 2aBN19295ks (66)
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T = a“1azﬁﬂ1.ﬂ6kuk/2; - “%azﬂﬂzﬂsszkéké - ““1/;3113#652"5]‘;3; + aa’1a’2.3#2#552kék[2; + azazﬁulusszkéké -
aazﬁz,u&usszkékﬁ - aa1ll69;2;k§kﬁ(llz + Bus) + 2aBgagpkaks(@ipaps — ois) — aay BBuopis — aalu3u5gf;k§ -

a1ﬁ§29§zk;23 (67)

L, = _aa1a2ﬁ.u2#652k§zk/2; - aazﬂ#s(zszkékfg + aa @ pirkg — aayaz Bz s*kokg + aay BPaaps +

aa1ﬂ3ﬂ69;23k5 - aa1[?3,u3,u7szkak§ +2aB9agp(He6lakaks + arapis) — aa1u7géka(u2 + Bus) — a1 Bb29éks (68)

Is = —aa, f6352k3 + 2a,@, Buspiy + 4“/3#4(05/35152"0:"1? + fzgagﬁ) + aa1ﬁ35452k§ + 200,y + 0“11,3549;2; +

aa1ﬁ5395 (69)

T = —aa, @ Pustekp + aay ayPlatieS koks — aay @y Busity; — oy @y Pusi; — aoy 3P peky — Zaﬁm(aﬁilszkakg +

{Zgagﬁ) + alEl#‘l#ﬁ - 2““13#4#69119/3 — Qo Aalyf; — QA1 A3Plgly (70)
and all the rest of the terms have already been defined before.
5. Application of the Frequency-Dependent Mass and Stiffness Matrices

The frequency-dependent mass and stiffness matrices in axial motion already exist in the literature [2, 10] which
can be combined with the above theory for free vibration analysis of frame structures consisting of Timoshenko-
Ehrenfest beam elements. In the expressions for the mass and stiffness elements given above, the frequency w
must not be set to exactly zero, but a small value e.g., @ = 10" or 10 rad/s can be used for most of the practical
problems so that any numerical overflow or ill-conditioning can be avoided and yet the degenerate case giving

the frequency-independent mass and stiffness matrices that are generally used in the FEM can be obtained.

The frequency-dependent mass and stiffness matrices for the Timoshenko-Ehrenfest beam m(w) and k(w)

derived in Sections 3 and 4 can be related to its dynamic stiffness matrix ko(w) by the following relationship [10].
kp(w) = k(w) — w?*m(w) (71)

Equation (71) can now be applied either to an individual Timoshenko-Ehrenfest beam or to a plane or space
frame when investigating the free vibration characteristics. For frameworks, the frequency-dependent mass and
stiffness matrices in axial motion [2, 10] must be incorporated into the corresponding flexural mass and stiffness
matrices given by Egs. (16)-(21) and Egs. (51)-(56), and then for all individual elements in the frame, the k()
and m(w) matrices should be assembled using conventional transformation based on the orientation of the

elements, as commonly employed in FEM. Once the overall frequency-dependent mass and stiffness matrices
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K(w) and M(w) and hence the overall dynamic stiffness matrix Ko(w) of the final structure is constructed the

natural frequencies and mode shapes follow from the application of the Wittrick-Williams algorithm [11].
6. Numerical Results and Discussions

The theory developed above was applied to a wide range of problems and it was ascertained that the frequency-
dependent mass and stiffness matrices give the same results that can be obtained by the conventional dynamic
stiffness method which uses a single matrix containing both the mass and stiffness properties, rather than using
separate mass and stiffness matrices. Two illustrative examples are presented here. The first example focuses on
the free vibration analysis of a Timoshenko-Ehrenfest beam with simple support-simple support (S-S), clamped-
free (C-F) and clamped-simple support (C-S) boundary conditions for which Chen et al. [13] quoted numerical
results up to eight significant figures for the natural frequencies although Huang [12] gave exact expressions for
the frequency equation of each of the above boundary conditions from which results to any desired accuracy can
be computed. The data used were taken from Chen et al. [13] which are: Young’s modulus E = 210 GPa, density
o= 7850 kg/m3, length L = 0.4m, width b = 0.02m, depth or height h = 0.08m, shear correction factor k = 2/3 and
Poisson’s ratio v =1/3. The shear modulus G was calculated by relating it to E through the Poisson’s ratio v to
give G = 3E/8 as reported in [13]. Using these data, the beam parameters were worked out as bending rigidity El
=1.792x10° Nm?, shear rigidity kAG= 8.4x107 N, and mass per unit length pA=12.56 kg/m. The first nine natural
frequencies of the beam with S-S, C-F and C-S boundary conditions computed using the present theory are shown

in Table 1. (To be consistent with [13], the axial natural frequencies are not included in the analysis.)

The natural frequencies shown in Table 1 agreed with the exact natural frequencies quoted in [13]. These results
were further checked using the exact frequency equations reported by Huang [12] and again complete agreement
was found. Since symbolic algebra has been used, such a high degree of accuracy in results is certainly important

so that interested readers can check their own theory or computer programs in future research.

The second example is a plane frame shown in Fig. 2 which is that of [14]. Each element of the frame has the
same uniform geometrical, cross sectional and material properties and the data used in the analysis for each
element are: EI = 4.0x10% Nm?, EA = 8.0x108 N, kAG = 2.0x108 N, pA = 30 kg/m, v= 1/3, k = 2/3. Using the
present theory, nine natural frequencies were computed within the low, medium, and high frequency ranges which
are 1%, 31, 4t 50t 70™ 90t 150%™, 200" and 250" natural frequencies. The results are shown in Table 2. For

comparison purposes the corresponding natural frequencies using the Bernoulli-Euler theory-based dynamic
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stiffness theory [14] were also computed and shown in Table 2. As expected, the Bernoulli-Euler theory gives

poor results for higher order natural frequencies.

4m

3m 3m 3m

Fig. 2. A plane frame comprising Timoshenko-Ehrenfest beams for free vibration analysis using frequency-

dependent mass and stiffness matrices.

Table 1. Natural frequencies of a Timoshenko-Ehrenfest beam for S-S, C-F and C-S boundary conditions.

Natural ;i (rad/s)
frequency
Boundary conditions

no

) S-S C-F C-S
0

1 6838.8336 2529.4927 9741.9469
2 23190.827 13279.905 26150.251
3 43443.493 31044.791 45545.510
4 64939.186 50825.834 66211.994
5 86710.899 71565.047 87376.643
6 108431.34 91994.824 108601.14
7 111981.29 110975.98 114295.44
8 120647.24 119244.57 128739.40
9 130003.61 131606.52 131610.63
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Table 2: Natural frequencies of a plane frame

Natural Frequency i (rad/s)
Natural
Frequency Timoshenko-Ehrenfest theory Bernoulli-Euler theory
Number (i)
1 222.29030 224.75854
3 263.74414 267.38209
4 318.72268 322.91808
50 3553.5494 3776.0281
70 5209.2737 5870.9164
90 6967.8612 8175.5854
150 13518.984 17167.288
200 19153.400 25695.288
250 24771.930 35091.591

7. Conclusions

Explicit algebraic expressions for the elements of the frequency-dependent mass and stiffness matrices of a
Timoshenko-Ehrenfest beam have been derived by extensive application of symbolic computation. The
investigation allows exact free vibration analysis of Timoshenko-Ehrenfest beams and frameworks, but
importantly it paves the way for the inclusion of damping in exact free vibration analysis of such structures.
Numerical examples by applying the Wittrick-Williams algorithm as solution technique are given to demonstrate

the capability of the theory.
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