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Focusing waves are often considered as an effective simulation of freak waves observed in oceans, or extreme sea
states for marine structures design. The understanding of factors in generating prescribed focusing wave is of
great importance for its generation in both numerical and physical wave tank. Based on the fully nonlinear
potential theory solved by the QALE-FEM, this paper numerically investigates the effect of wave amplitude
distribution over the frequency band under a series of the crest elevation parameters and frequency ranges on

focusing wave generation, including focusing wave crest elevations and focusing positions. The results suggest
that focusing wave crest elevation is significantly affected by the wave amplitude distribution especially for
target waves with large wave crests or those are assigned at low frequency domain. Moreover, generation po-
sitions of focusing wave are also strongly correlated to amplitude spectra through phase shift of the wave surface
and wave nonlinearity denoted by wave steepness.

1. Introduction

Freak waves (also called rogue waves) are extreme water waves in
the ocean, which can bring severe hazards to mariners, coastal and
offshore structures, and navigational vessels. As reported during
2011-2018 (Didenkulova, 2020), freak waves killed 386 people and
made 24 ships sunk. To investigate how freak waves impact on ocean
structures, it is of great importance to reproduce extreme wave events in
either physical or numerical wave tanks. Wave focusing is one of the
mechanisms in generation of freak waves (Kharif and Pelinovsky, 2003;
Fochesato et al., 2007; Shemer and Ee, 2015), and is often adopted to
simulate freak waves, such as the New Year Wave (Clauss and Klein,
2011). Thus, deep understanding of focusing wave generation, partic-
ularly the effects of the amplitude distribution of wave components, is
crucial to effectively mimic freak wave events.

For focusing wave generation, several methods have been proposed
based on various mechanisms. Modifying the external conditions such as
topography, currents or wind can lead to wave energy focus and produce
focusing waves (Zheng et al., 2020; Manolidis et al., 2019; Wu and Yao,
2004; Kharif et al., 2008). Focusing waves can be also generated by
nonlinear self-focusing through adjusting characteristic parameters (e.
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g., frequency bandwidth or wave number) of a wave group, either to
focus wave energy on certain side-bands (Zhang et al., 2019), or to
induce wave resonance among wave components (Fujimoto et al.,
2019). For narrow-banded waves in deep and intermediate-depth water,
the nonlinear Schrodinger (NLS) equation is usually employed to
analyze the nonlinear focusing features (Shemer, 2015). If the spectral
width is not imposed any constraints, the Zakharov equation proposed
by (Shemer et al., 2001) can be considered as a theoretical model to
qualitatively and quantitatively described the slow spatial variation of
the self-focusing wave groups. Several breather-solutions of abnormal
waves generated based on the self-focusing mechanism have been
developed and verified (Chabchoub et al., 2012, 2014; Yuen and Lake,
1980; Onorato and Suret, 2016). Sometimes, they are chosen as typical
design waves by some researchers (Klein et al., 2016, 2021) to investi-
gate hydrodynamic impact on marine structures under extreme sea
states since these breathers could be analytically solved and are up to
physically possible wave elevations under certain frequency. Another
mechanism used to generate focusing waves is the linear superposition
principle of wave energy (also called the spatial-temporal focusing
mechanism), originally introduced by (Davis and Zarnick, 1964) to
generate transient waves based on a ‘sweep frequency’ technique, and
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further developed by (Takezawa and Hirayama, 1976) so as to control
the shape of the initial wave spectrum. Based on the principle, there
summarizes as the wave dispersive method (Touboul et al., 2006) and
the phase modulation method (Baldock et al., 1996). The former utilizes
the variation of dispersion properties of the wave components and
generates the components in descending order of the frequency. The
latter is achieved by phase modulation which forces the amplitudes of
wave components simultaneously arrive at their maximums at specific
time and position.

Comparing above mechanisms used to generate focusing waves,
modifying the external condition and nonlinear self-focusing are diffi-
cult to accurately specify wave profiles or their generating positions
especially for focusing waves with higher and steeper profile. Therefore,
to obtain predefined focusing waves in wave tanks, the linear super-
position of wave energy is more widely used in generation scheme. Its
dispersive method is barely adopted for the physical wave tank as it
contains high frequency components which may go beyond the capacity
of the wave maker. Meanwhile, since it is more practical to modify each
wave component in wave generation, the phase modulation method is
more commonly employed to generate focusing waves for studying the
hydrodynamic responses of ocean structures under tailored extreme
wave states (Ma et al., 2015; Gong et al., 2021; Greenhow et al., 1982;
Deng et al., 2016) and is also adopted in this study.

It is widely recognized that the actually registered wave spectra and
the resulting focusing waves generated in wave tank, either physically or
numerically, are often different from their corresponding target ones. To
successfully produce expected focusing waves, several improvements
have been developed based on the phase modulation method. Consid-
ering the fact that short and high wave groups have strong nonlinearity,
an additional celerity term is considered respectively based on iterative
integration of coupled equations of particle tracks (Kuehnlein et al.,
2002) and the Stokes third order theory (Hennig, 2005), and then the
motion signal of wave board is amended to accurately generate transient
focusing wave surface at specified position of wave tank. A phase iter-
ation scheme, which modifies the phases of the wave components for
them to better converge to zero at the assigned positions was proposed
(Chaplin, 1996). For better determining wave component phases at each
iteration, Clauss et al. (2006) introduced an optimizing scheme based on
the Nelder-Mead Simplex method. On top of the phase iteration,
Schmittner et al. (2009) added an iteration of wave component ampli-
tudes in focusing wave generation. In the new phase-amplitude iteration
scheme, the amplitude of each wave component is modified by the ratio
of its target amplitude and the generated amplitude. However, the
modification would cause the wave components deviating from the
expected ones due to large error introduced in the amplitude iteration
(Deng et al., 2016). To overcome the difficulty, the changing ratio of
component amplitudes by their wave energy at the corresponding fre-
quency intervals was calculated (Ma et al., 2015). Nevertheless, when
the phase-amplitude iteration scheme is applied to generate focusing
waves in the physical wave tank, the time history of the wave free sur-
face cannot be recorded long enough because of reflective waves.
Consequently, wave component amplitudes may not be correctly
calculated by the Fast Fourier Transform (FFT) for the limited time
history of wave free surface record. Niu et al. (2020) and Stagonas et al.
(2018) found that the phase-amplitude iteration scheme became less
effective because of incorrect amplitudes of wave components. To
accurately decide the amplitudes of free wave components in each
iteration, Khait and Shemer (2018) decomposed the complex amplitude
spectrum of the surface elevation into free and bound components based
on the spatial Zakharov equation.

Focusing waves are determined by the assigned characteristic pa-
rameters (i.e., input wave crest parameter, specified focusing position
and time, frequency range, and wave component amplitude spectrum).
In general, when large wave crest parameters are input, the actually
generated focusing wave crest elevations can significantly exceed their
initially specified ones (Yan and Ma, 2012; Ning et al., 2012; Ai et al.,
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2014; Li and Liu, 2015). The focusing position and time parameter affect
wave generation in a combined way, i.e., for one with fixed focusing
position, only when the given focusing time is larger than a critical
value, the focusing wave is likely to be accurately generated (Xu et al.,
2019). As for frequency range, it may be broadened, reduced or shifted
(i.e., keeping the bandwidth constant and moving the frequency range).
Most of studies focus on widening or narrowing frequency ranges, and
find that narrower bandwidths will generate larger focusing wave crest
elevations (Baldock et al., 1996; Ai et al., 2014; Xu et al., 2019).
Nevertheless, studies on the shift of frequency range are very limited (Li
and Liu, 2015) presenting numerical investigations based on cases with
bandwidth being 0.56Hz.

Wave amplitude spectrum containing the amplitude distribution of
wave components over the assigned frequency range, is also a significant
parameter for focusing wave generation. Several wave amplitude
spectra, such as the Gaussian amplitude distribution employed in early
days to analytically analyze evolving process of focusing waves (Clauss
and Bergmann, 1986), the constant wave amplitude spectrum (CWA)
(Baldock et al., 1996) and the constant wave steepness spectrum (CWS)
(Hennig, 2005), have been investigated. Chaplin (1996) found that the
breaking criteria of focusing waves was affected by wave component
amplitude distribution. The influence of the amplitude spectrum for
nonbreaking waves was also confirmed in comparison of focusing waves
based on the CWA, the CWS and the amplitude distribution given by
JONSWAP spectrum (Li and Liu, 2015). More comparisons are con-
ducted between focusing waves produced by the CWS and a linear slope
steepness spectrum (Wu and Yao, 2004). Additionally, for focusing
waves based on the quasi-CWA (QCWA) spectrum and the quasi-CWS
(QCWS), experimental investigations conducted by Xu et al. (2019)
indicate that the amplitudes of high-frequency components play an
important role on the shape and crest elevation of focusing waves. Ac-
cording to the existing focusing wave generation research base on the
linear superposition principle of wave energy for both in the physical
tank and by numerical simulation, the influence of wave amplitude
spectrum on focusing wave generation has been widely identified. While
to the best knowledge of the authors, systemic analysis of how the wave
amplitude distribution in wave spectrum affects the focusing crest
elevation and position has not been performed.

In this study, to explore the effects of the amplitude distribution in
wave spectrum on the wave crest elevation and generating position, and
therefore to effectively guide wave spectrum selection and construction
for focusing wave generation, three amplitude spectra, will be designed
containing the same wave energy but different amplitude distributions.
Focusing wave crest elevations and positions corresponding to each type
of distribution under a range of wave crest parameters and central fre-
quencies will be analyzed to deeply understand the influences of wave
amplitude spectra distribution on them. Investigations are performed in
a numerical wave tank, which is established based on the fully nonlinear
potential theory (FNPT), solved by the quasi arbitrary Lagrangian-
Eulerian finite element method (QALE-FEM) and the Modified Simpli-
fied Finite Difference Interpolation method (MSFDI).

2. Mathematical model and numerical methods

In this paper, a 2D rectangular numerical wave tank is set up as
shown in Fig. 1. A flap-type wave maker is arranged at the left side, and a
damping zone with the Sommerfeld condition is imposed at the right
side of the tank to suppress the wave reflection. The Cartesian coordi-
nate system is adopted, and its origin is at the mean free surface. The x-
axis is along the length of the tank, and the z-axis is positive upwards. A
series of numerical wave gauges are used for recording wave surfaces in
the numerical wave tank.

2.1. Fully nonlinear potential theory (FNPT)

Following the FNPT (Ma and Yan, 2006), the fluid is assumed to be
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Fig. 1. Numerical wave tank consisting of flap wave generator, wave absorber
and wave surface gauges.

incompressible, inviscid and irrotational, and surface tension is
neglected. With the velocity potential function ¢, the fluid velocity can
be expressed by u = V¢, and the velocity potential ¢ satisfies the Lap-
lace equation as

Vip=0 (6]

On the free surface, z = n(x,y,z,t), the kinematic and dynamic con-
ditions are written by the Lagrangian form as Egs. (2) and (3),
respectively.

Dx_ap Dy _abDz_d

Dt ox'Dt dy' Dt oz 2
D¢ J
% g2Vl ©

in which 2 denotes the total time derivative, and g is gravitational ac-
celeration. The pressure on wave free surface is zero.

On all rigid surfaces, including the wave flap, the side walls and the
tank bed, the boundary condition is expressed by
o
— =n-U(t 4
on n-U() Q)
where U(t) is the velocity of the rigid boundary and n is the unit normal
vector pointing out the fluid domain. For static rigid boundaries, their
velocities are zero, which simplifies the Eq. (4) as

o

I 0
In addition to above boundary conditions, at the far end of the nu-

merical tank, the damping zone is governed by the Eq. (6) by applying

the Sommerfeld condition.

op 0 _

E‘FC%—O (6)

()

n in Eq. (6) is the outward unit normal vector of the truncated boundary
and c is the phase velocity of the characteristic wave. In the damping
zone, an artificial viscous term is imposed to the dynamic condition of
the free surface as Eq. (7).

D¢ 1 5 - 0P

D0 gz 4 3V~ s(0)llsign (a—n @
in which v(x) is the damping coefficient, and sign() is a notation func-
tion.

2.2. Numerical methods

The potential function ¢ described by the Egs. (1)-(7) is solved by the
QALE-FEM, which is developed by Ma and Yan (2006). With various key
numerical techniques developed, including the interior nodes move-
ment, the free surface nodes redistribution, the advanced velocity
schemes, the QALE-FEM is validated to be accurate and efficient for fully
nonlinear water wave problems and complex interactions between
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strongly nonlinear waves and structures. In this research, the QALE-FEM
will be adopted for simulating focusing waves.

To implement the QALE-FEM, one time step marching is carried out.
The position of the free surface and the velocity potential values on it are
either initially assigned or obtained by integrating Eqgs. (2) and (3) at
previous time step. The boundary condition on the free surface can be
expressed by the Dirichlet condition, as

b= (€)]

The potential function at each time step can be obtained by solving a
mixed boundary value problem (MBVP), which is defined by Egs. (1), (4)
and (6)-(8). The key procedure for focusing wave simulation in this
study is summarized in Fig. 2 and more details of the QALE-FEM can be
found in references (Ma and Yan, 2006, 2009; Yan and Ma, 2010).

Since the gradient of the potential function plays a significant role in
determining the position of free surface and the value of ¢ for at each
time step, in this work we adopted a new gradient method MSFDI based
on Ma (2008) which has been validated better accuracy and higher ef-
ficiency (Xu et al., 2015).

3. Focusing wave generation in numerical wave tank

Focusing waves are generated based on the spatio-temporal focusing
mechanism by setting the focusing position x¢ and time t¢. The wave free
surface is expressed as

N
nx,y, 0= Z aycos [ky (x — x¢) — 2af, (t—t)] )
n=1

where N is the total number of wave components; k, and f;, are wave
number and frequency of the nth wave component respectively with the
relationship of (2zf,)? = gk, tanh(k,d). Within the frequency range of
[f1, fx], £y is linearly varied as

fn — 1)

N-1 (10)

f,,:f1+(n71)><

a, is the wave amplitude of the nth component, which is given by the
wave amplitude distribution. For investigating the effect of wave
amplitude distributions on focusing wave generation, three distribution
forms containing the same energy are created as shown in Fig. 3.

The first amplitude distribution is the Large Wave Amplitude at Low
frequency (LWAL) converted based on the QCWS spectrum proposed by
Xu et al. (2019). As the water depth approaches infinite in the QCWS
spectrum, it transfers to the LWAL spectrum with each wave amplitude
calculated by

Solve MBVP of ¢

tHAt

Update
wavemaker
boundar

Update n&®;

Estimate u

Fig. 2. Flow chart for simulating focusing waves in QALE-FEM.
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Fig. 3. Three amplitude distributions of wave components for focusing
wave generation.

Ay

= an
k> 1/k,
n=1

ap

where, A¢ is the target focusing wave crest elevation. The expression of
LWAL spectrum in Eq (11) is identical with the definition of the CWS
spectrum as given in Introduction. For highlighting the topic of this
paper which to investigate wave amplitude distributions, the spectrum
expressed by Eq (11) is named as LWAL spectrum here after. As illus-
trated by the red broken line in Fig. 3, the LWAL provides high ampli-
tudes at lower frequency and a gradual decrease of the amplitudes with
frequency increases.

The second distribution form is the Constant Wave component
Amplitude (CWA) with the amplitudes of each component evenly
distributed across the frequency range and expressed as,

A
"N
The third is the Large Wave Amplitude at High frequency (LWAH)

spectrum for which the amplitudes continuously increase with the in-
crease of their frequencies as expressed in Eq. (13)

(12)

an

A¢

W=
kN—m»l Z l/k“
n=1

13

The amplitude in the LWAH distribution presents an opposite trend
to the LWAL spectrum over the wave frequency range with higher am-
plitudes located at the higher frequencies.

Once the focusing wave parameters, i.e., Ay, f, an, Xf, and t¢ are
specified, the focusing wave surface at the wave maker can be obtained
by Eq. (9). According to the linear wave generation theory, the rotating
angular 0(t) of the wave flap is calculated by

LOEDY ;_“COS [27fat+ (knxe — 27tftr) e

n=1

where F,, is the transfer function (Biesel and Suquet, 1951) between the
generated wave free surface elevation and the corresponding rotating
angle of the flap which can be expressed as

4(2xf,)* cosh(k,d)[cosh(k,(d — hy)) — cosh(k,d) + kydsin(k,d) ]

F, =
g Kk2(2k,d + sinh(2k,d))

(15)

in which hy is the length of the wave paddle below the mean free
surface. According to linear wave generation theory, a phase shift of
-1t/2 exists between the far-field wave surface expressed by Eq (9) and
the corresponding rotating angle 6(t) in Eq (14). For generating focusing
wave with the wave group superposed, this phase shift phenomenon
does affect the far field wave which will be discussed in the section 5.3
but not exactly following this -n/2 relationship. In addition, wave
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amplitude distribution also affects phase shift of the wave surfaces and
may further result in differences of focusing positions. Therefore, the
rotating angle 60(t) is not modified, neither for the surface expression as
in Eq. (9). By defining the angular velocity Q as d6/dt, the velocity at a
point on wave flap surface is determined by

Ui=Q xr, (16)

where Q is written as [0 Qy 0] and 1y, is the vector from the rotational
hinge to the point on the wave flap.

The angular motion calculated by Eq (14) cannot be directly
employed to generate focusing waves because of nonzero displacement
appearing at initial instant. If the theoretical signal is directly employed
to generate waves in numerical wave tank, the generated wave surface
may have sawtooth problem, or the numerical simulation may break due
to bad convergence. In this study, an inserting and extending scheme
proposed by (Xu et al., 2019) is employed to generate the practicable
motion signal of wave flap.

4. Numerical convergence and validation

The numerical tank for focusing wave simulation has the length of L
= 200m and the depth of d = 3.5m. The depth h from the rotating hinge
of the flap to the tank bottom is 1.64m. The dimension of this numerical
wave tank is similar to that of the towing tank for the physical experi-
ments (Xu et al., 2019), except that the length of the numerical tank is
longer by adding the numerical damping zone. According to the tests on
damping zone in Ma et al. (2001), its length Ly, is taken as the smaller
value of 3A¢ and 3d, where A is the characteristic wave length defined as
the minimum wave length of wave components.

4.1. Convergence tests

The convergence tests regarding mesh size and time step are carried
out for the wave with Af= 0.1m, Xf = 30m, f, = 0.1695-0.4545Hz, t =
36s, and N = 32. By fixing ds to be As/35, At is set to be Ty, /70, Tp,/100
and Ty,/200, where Ty, is the minimum period of the wave components.
The time histories of wave surfaces with different time step lengths are
demonstrated in Fig. 4 (a). The discrepancy between the free surfaces
obtained from At = Ty/100 and At = Ty,/200 is negligible, which
suggests that the numerical result has converged when the time step is
smaller than Ty,/100. Thus, the time step is taken as Tp,/200 in
following simulations.

For the tests on the mesh size, the time step length is fixed as Ty,/200,
while ds is set to be As/10, As/20, As/35 and As/45. As shown in Fig. 4
(b), difference of free surfaces at the wave crest is negligible when the
mesh size is smaller than As/20. Mesh size will be A¢/35 in following

0.15F T T =\

A=T (70
010} _ 4
At=T, /100
—~ 005 At=T /200
e ol
= 0.00
-0.05
0.10 I I I I I I
32 33 34 35 36 37 38 39
t(s)
0.14 ‘ ‘
As=2 /10 02 e
0-10r AS=1y/20 1
006 o As=A/35 [— |
€
< — _ AS=)_/45
= 002 As=hg
-0.02
-0.06
15 18 22 26 30 34
X(m)

Fig. 4. Convergence tests for (a) time step and (b) mesh size.
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simulations. The time step and mesh size convergent tests were also
carried out for nonlinear water waves by Ma and Yan (2009) and the
results converged with similar mesh size and time step.

4.2. Numerical validation

The focusing wave simulations are validated against a series of
physical tests carried out in the towing tank in Harbin Engineering
University. 24 wave gauges were arranged along the length of the
physical tank, and the interval between two neighboring gauges was
0.4m. When the focusing position parameter x¢ was specified as 30m,
40m and 50m, the far left wave gauge in Fig. 1 was correspondingly
deployed at 21.905m, 31.495m and 38.905m away from the wave flap
to capture the focusing wave crest. In the simulations, wave surface is
recorded at 1100 points across the numerical wave tank with the in-
terval of 0.1m.

For the case based on the QCWA spectrum (similar to the LWAL
spectrum), with A¢ = 0.2m, xf = 50m, f;, = 0.1587-0.5882Hz, t; = 36s,
and N = 32, the validation of temporal and spatial wave surface against
the measured data is presented. The comparison of the time history of
wave surface at x = 45.305m (the actual focusing position) demon-
strated in Fig. 5 (a), shows a good agreement of the crest evolution and
attenuation between the measured data and the simulation results.
Particularly for their focusing wave crest elevations, the difference be-
tween them is about 3%. For validation results of other cases, the rela-
tive errors of focusing wave crest elevations are less than 5% and
detailed comparisons are summarized in Xu (2016).

Fig. 5 (b) demonstrates the free surfaces at t = 35.6s (the actual
focusing time) recorded in the physical and the numerical wave tanks. It
is observed that the spatial free surface simulated by the numerical wave
tank has a good agreement with the measured data. Although the wave
surface is slightly underestimated at the upstream of the crest, the
focusing position captured by the numerical method is well agreed with
the measurement with the difference smaller than 1%. For all other
validation cases, the errors of the simulated focusing positions are less
than 6% (Xu, 2016). According to the series of validations, the numerical
wave tank used in this paper can be considered as an effective tool for
focusing wave simulation and to investigate how the distributions of
wave amplitudes influence focusing wave generation.

0.25
— - -Measured
0.16- QALE_FEM
E
=
0.2+ e  Measured B
QALE_FEM
E
[=4

X (m)

Fig. 5. Validations of the numerical wave simulation against measured data for
the case of Af = 0.2m, X; = 50m, f, = 0.1587-0.5882Hz, t¢ = 36s, and N = 32
for (a) surface time history at the focusing position and (b) spatial wave free
surface at focusing instant.
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5. Results and discussions

In this section, the wave crest elevations and focusing positions ob-
tained by adopting three amplitude distributions, i.e. LWAL, LWAH,
CWA, under a variation of two input parameters will be discussed
including (1) A¢ which is the amplitude parameter for determining the
amplitude of each wave component and also the target focusing wave
crest elevation; and (2) f. which is the central frequency of input wave
components indicating median of the frequency range. In the following
numerical tests, wave surface elevation will be recorded at 601 points
along the length of numerical wave tank. The first numerical wave gauge
is set at 20m away from wave maker flap, and the interval between two
neighboring ones is 0.1m. The actual focusing wave crest elevation and
focusing position generated in the numerical wave tank are expressed as
Af and x{ respectively. For all the tested cases, focusing time parameter
tf and wave component number N are specified to be 36s and 32, unless
mentioned otherwise.

5.1. Free surfaces profiles of focusing waves

Based on the wave amplitude distributions as described in Section 3,
focusing waves with parameters of A = 0.14m, x¢ = 50m and f, =
0.1641-0.4063Hz are generated in the numerical wave tank. The spatial
wave free surfaces at their focusing times are compared in Fig. 6,
showing different locations where the focusing wave crests occur. The
results are nondimensionalized by target focusing position and crest
elevation for the horizontal and the vertical axis respectively.

The focusing wave based on the LWAH distribution presents a steep
crest and a deep trough, with its wave crest slightly higher (the nondi-
mensional wave crest elevation Nyax/As being about 1.027) than those
of the other two distributions. Also, moderate-sized wave crests are
generated around its maximum wave crest. However, the focusing wave
with the LWAL spectrum demonstrates a flat and shallow wave profile,
and the wave free surface changes gently in the vicinity of the wave
crest. As for the focusing wave produced by the CWA distribution, its
wave crest elevation is the minimum (Nmax/Af = 1.015), and the wave
free surface profile up- and downstream fluctuates between the other
two wave free surfaces. Above comparison suggests that the amplitude
distribution of wave components not only has impact on the focusing
wave crest elevation but also on the local wave free surface profile.

Crest positions of focusing waves are also altered by applying
different wave amplitude distributions. The focusing wave based on the
LWAH distribution occurs at the farthest position from wave maker flap,
while the focusing wave of the LWAL spectrum appears at the nearest
position in wave tank and the position of the CWA distribution is in
between above two focusing waves.

5.2. Focusing wave crest elevations

This section will investigate the effect of wave component amplitude
distribution on focusing wave crest elevations. Tests are carried out by
varying two focusing wave parameters, i.e., the wave crest elevation
parameter Af and the central frequency f,

1.0
0.5
N
< 00
=

-0.5

0.4 0.8 1.2 1.5

Fig. 6. Comparisons of focusing wave free surfaces for Af = 0.14m, xf = 50m
and f, = 0.1641-0.4063Hz under three wave amplitude distributions.



G. Xuetal

5.2.1. Focusing wave crest elevations under As parameters

By varying the wave crest parameter A¢ from 0.05m to 0.32m, waves
are generated with the frequency band of [0.1641Hz, 0.4063Hz]. The
normalized crest elevations based on the amplitude distributions are
plot in Fig. 7, showing that for all the amplitude distributions, the
amplification of the wave crest elevation becomes more significant
when the wave crest parameter increases especially for the LWAL
spectrum.

When the wave crest parameter is small (A¢f <0.15m), three distri-
butions result in similar wave crest elevations which are all close to the
specified one with maximum 2% amplification. However, when the
wave crest parameter becomes larger (Af >0.15m), the rate of the crest
elevation increase becomes more significant especially for the LWAL
distribution. As a result, the wave crest elevation generated by the LWAL
spectrum exceeds those based on the LWAH and the CWA and reaches
maximum amplification of 13% when Ag¢ is assigned to be 0.32m. The
discrepancies from elevations of other two spectra are also enlarged with
increased Ayf. According to the trend of focusing wave elevations in the
range of small A¢ values, it can be deduced that the crest elevations
produced by the CWA distribution may be larger than those by the LWAL
distribution for A¢ being smaller than 0.05m. It is consistent with results
found in Li and Liu (2015) for the comparison between focusing wave
crest elevations generated by the CWA and the CWS spectrum (similar to
the LWAL distribution in this research). By considering amplitude dis-
tributions over the frequency band, it can be known that, for small crest
elevation parameters, different amplitude distributions have slight in-
fluence on focusing wave elevations. While for the large A¢ parameters,
large amplitudes being assigned to low frequency components will
produce considerable amplified wave crest elevation but such phe-
nomenon is weakened for constant amplitude distribution and large
amplitudes at high frequency.

In the next section, the cause of focusing wave amplification
responding to different amplitude distributions will be further analyzed.
It should be noted that similar increasing crest ratio with the amplitude
parameter is also presented in Baldock et al. (1996) and Ning et al.
(2012) for focusing waves based on the CWA spectrum and in Xu et al.
(2019) with the QCWA and the QCWS distributions. They pointed out
that the increase of the crest elevations is caused by high-order wave
components produced in the focusing wave generation process.

As shown in Fig. 8, the wave components of focusing waves are
divided into three categories, which are the initially input wave-
frequency [f; fn], and extra frequencies introduced in the generation
process including the lower-frequency f;, < f; and the higher-frequency
f, > fy. By carrying out FFT (Fast Fourier Transform) for the generated
focusing wave, the wave crest elevations corresponding to the frequency
categories are also classified as A}, AY, and AF. Within the range of the
tested cases as shown in Fig. 7, here A¢ values are chosen to be 0.08m,

114
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Fig. 7. Focusing wave crest elevations under A¢ parameters.
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0.20m and 0.32m. Wave crest elevations corresponding to wave fre-
quency categories are demonstrated in Fig. 8.

It can be seen that, both wave-frequency and higher-frequency
components produce positive wave crest elevations with the former
contributes most to the focusing wave crest elevation as demonstrated in
the second and fourth columns in Fig. 8. Nevertheless, lower-frequency
components all produce negative wave crest elevations, which will
offset part of the wave crest elevations generated by the wave-frequency
and the higher-frequency components.

In the first row for small crest parameter (i.e., Af = 0.08m), the crest
elevations for the lower-frequency category are almost identical for
different spectrum distributions, which is also the case for the wave-
frequency category. While, the higher-frequency category shows a
certain degree of differences, with the crest elevation of the LWAH being
slightly larger than those of other two distributions. Combing the results
showing in Fig. 7, for cases with small wave elevations, the effect of
amplitude distribution is very limited though the focusing wave gener-
ated by the LWAH distribution has slightly higher wave crest elevation
due to the higher-frequency components. For relatively large crest pa-
rameters (i.e., A = 0.2m and 0.32m), the generated focusing wave crest
elevations are dominated by the wave-frequency category, resulting in
the maximum crest elevation for the LWAL distribution. The LWAH and
CWA have similar results for the wave-frequency category and their
crest elevations are slightly affected by the higher-frequency category.
Besides, the low-frequency category shows negligible difference among
the three distributions even for large A¢ parameters.

The wave component amplitude and phase spectra for the generated
focusing waves with A¢ = 0.2m are illustrated in Fig. 9. Referring to the
initially input component amplitudes (the red broken line), considerable
excess of the wave amplitudes is observed in Fig. 9 (a) at the higher end
of the wave-frequency range, i.e. [0.35 0.40] for the CWA and LWAL
distributions, which contributes to the increase of their generated
focusing wave elevation. The excess of wave amplitudes may be intro-
duced by coupling effects among wave components as found by Deng
et al. (2016). For the LWAH distribution, the wave-frequency ampli-
tudes are nearly the same with the correspondingly assigned ones but its
higher-frequency components demonstrate an apparent higher focusing
level as shown in Fig. 9(b), leading to maximum crest elevation in this
frequency category as illustrated in the third column in Fig. 8. Thus,
focusing wave crest elevations based on the LWAH being higher than
initially assigned crest elevations is likely caused by the
higher-frequency category.

Because the phase values of all lower-frequency wave components
are negative but the amplitudes are all positive, the corresponding wave
crest elevations as a production of the amplitude and the phase become
negative and are consistent with the results in the first column of Fig. 8.
This is similar to the ‘set-down’ phenomenon appearing in evolution of a
wave group (Zou, 2005) and may relates to bound long waves in a
focusing wave group (Sriram et al., 2015).

Moreover, the modulational instability of the above cases was also
assessed based on the Benjamin-Feir Index (BFI). Their BFIs are sum-
marized in Table A of the Appendix. According to the BFIs of the cases
with corresponding A¢ value, it is found that the wave amplitude dis-
tribution of focusing waves influences the BFIs, i.e., wave instability.
Generally, the cases based on the LWAH distribution have the larger BFI
values, compared with the ones under the other two spectra, which
means the modulational stability may become serious. In Fig. 8, the
focusing wave cases under the LWAH distribution have the smallest
wave-frequency crest elevation A" and the largest A} is possibly related
to modulational instability. The wave energy being at wave-frequency
interval may transfer to the higher frequency sidebands. However,
considering the generated focusing wave crest elevations are mainly
from the wave-frequency components and the BFIs are smaller than one,
it is inferred that generation results of focusing waves in this Section are
dominated by dispersion focusing of wave energy, rather than the
modulational instability.
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Fig. 8. Wave crest elevations corresponding to lower, initially given and higher wave frequency categories in the first, second, and third columns respectively. The
overall crest elevations are in the last column. Three rows stand for crest elevation distribution for given target crest elevations of 0.08m, 0.20m and 0.32m. Three
bars correspond to three amplitude distributions adopted for focusing wave generation.
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Fig. 9. Comparisons of initial assigned and the generated (a) wave component amplitude spectra and (b) wave component phase spectra for the case with A¢ = 0.2m.
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5.2.2. Focusing wave crest elevations under f, values

In this section, focusing wave crest elevations based on amplitude
distributions continue to be investigated with a series of f. values by
shifting the frequency band with the same bandwidth from low to high
frequency domains. For all the cases in this section, their wave crest
parameter Ag is fixed to be 0.14m. By keeping bandwidth of frequency
ranges constant, i.e., Af = 0.2422Hz, frequency ranges are shifted with
their central frequencies being from 0.2461Hz to 0.3242Hz.

As shown in Fig. 10, focusing wave crest elevations overall is less
sensitive to frequency ranges than to wave amplitude distributions.
When comparing with the three amplitude distributions, wave crest
elevations generated by the LWAL are the highest, those produced by the
LWAL and the CWA are in the middle and the lowest respectively.

To further analyze focusing wave crest elevations for different f,
values, wave components corresponding to three frequency categories
for the three representative cases are discussed. The definitions for the
three crest elevations, Af, AY", and A} are the same as those in Section
5.5.1.

As shown in Fig. 11, similar as results with various wave crest pa-
rameters as shown in Fig. 8, the lower-frequency components all pro-
duce negative wave crest elevations, while both their wave-frequency
components and higher-frequency components contribute positive ones.

For all the amplitude distributions, the wave crest elevations
generated by the wave-frequency components, i.e. the second column in
Fig. 11, contribute most to their focusing wave crest elevations. For the
LWAL distribution, the crest elevations from the wave-frequency are the
maximum comparing to other two distributions for all central fre-
quencies, which is also the case for the overall crest elevation even
though the contribution from the higher-frequency components varies.
For the LWAH and CWA distributions, their crest elevations from the
wave-frequency are similar and the overall focusing crest elevations are
somtimes affected by their higher-frequency components. Especially for
the central frequency of 0.2852Hz, due to the large crest elevation
generated by the higher-frequency components for the LWAH distribu-
tion, its focusing wave crest elevation is obviously increased, which
surpasses the elevation based on the CWA distribution and gets close to
the maximum elevation based on the LWAL distribution. The contribu-
tion from the higher-frequency for the LWAH also explains the increase
of the crest elevation in the central frequency range from 0.28Hz to
0.30Hz in Fig. 10.

Additionally, the modulational stability of focusing wave cases
investigated in this section has been evaluated in Table B of the Ap-
pendix. It closely correlates to the wave amplitude distribution adopted.
For the cases with each fc value, the focusing waves based on the LWAH
distribution always have the largest BFI, whereas those of the LWAL
have the smallest one. With the fc shifting towards high frequency
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Fig. 10. Focusing wave crest elevations for f. ranging from 0.2461Hz
to 0.3242Hz.
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domain, the BFIs of all the cases increasingly become large, but they are
smaller than one. Moreover, from Fig. 11 it is known that the wave crest
elevations from wave-frequency components occupy the most of the
corresponding focusing wave crest elevations. Thus, the generation of
focusing waves investigated in this section is also mainly led by the
space-time focusing of wave energy.

5.3. Focusing wave positions

In this section, generation positions of focusing waves based on the
three amplitude distributions are investigated for a range of wave crest
parameters and central frequencies. The focusing position in this
research is where the maximum crest elevation of the focusing wave
occurs, which is commonly deviated from the initially specified position
of x¢. In the following discussions, the positions of the actually generated
focusing waves, x¢, will be nondimensionalized by their specified x¢
values.

5.3.1. Focusing positions under Ag parameters

By running the same set of cases as in Section 5.2.1, generation po-
sitions are plotted against crest elevation parameters for three amplitude
distributions in Fig. 12.

The focusing positions of the generated focusing waves are all
underestimated, with x}/x¢ being kept smaller than one for the whole
range of Af parameter, but at different levels for different amplitude
distributions. The LWAH distribution leads to the smallest deviation
from the initial setting position and other two spectra lead to the
focusing waves occurring more upper stream which phenomena are also
pointed out by Li and Liu (2015).

The upstream shift of focusing positions is also observed in Xu et al.
(2019) and Yan and Ma (2012), in their physical wave tank tests and in
numerical simulations respectively. For linear wave generation by the
wave maker, the progressive wave surface phase at far fluid field will be
shifted -n/2 relative to that at the wave maker. For regular waves, if the
expected wave crests are generated at position of x¢, the actual positions
will be shifted to the downstream locations. Such phase modification of
the wave free surface may also apply to the focusing wave, leading to the
shift of focusing position.

However, a downstream shift of generating positions is observed by
Ning et al. (2009) and Baldock et al. (1996), and they claimed it was
introduced by the wave nonlinearity. Here the effect of wave amplitude
distributions on focusing position will be analyzed from two aspects,
phase modification of free surfaces and wave nonlinearity.

By giving Af = 0.08m and x¢ = 50m, wave component phases (i.e.,
cos¢y) at different positions of the numerical wave tank are presented
for distributions of LWAL, CWA and LWAH in Fig. 13 (a), (b), and (c)
respectively. It is clearly seen that for each amplitude distribution, all
the wave components reach the best focusing level with cos¢, ap-
proaches unity across the whole frequency range. For the range covering
the focusing position, the focusing varies from low level with cosg,
much lower than unity to the optimum with cosg, close to unity at the
actual focusing position, and to low level again. Such focusing level
variation also confirms the upstream shift from the initially assigned
position of x¢ = 50m.

To explore whether the upshift of generation positions of focusing
waves follows the linear wave shift relationship and how it is associated
with wave amplitude distributions, the phase modification of -1/2 on
each wave component of the focusing waves is imposed to reflect of the
non-correction of the generator as shown in Eq. (14). The maximum
wave crest elevations due to wave components superposition at different
positions are calculated using the linear wave theory for above case
under the three amplitude distributions. The results show that their
focusing positions are all shift to upstream places, i.e., 40.25m, 42.1m,
and 43.55m corresponding to the LWAL, the CWA, and the LWAH dis-
tributions respectively. This indicates that the superposition of initially
downstream shifted regular wave components leads to the final focusing
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Fig. 11. Wave crest elevations generated by wave components at different frequency intervals for the cases with f. values of 0.246Hz, 0.285Hz and 0.316Hz.

0941~ LwAL ]
—— CWA
090 — ~ ~LWAH N

1
xf/xf
o
®
o

0.82 1
078 L L L L L
0.05 010 0.15 0.20 0.25 0.300.33

A, (m)

Fig. 12. Focusing positions for A¢ ranging from 0.05m to 0.32m.

wave shift upstream and this shift varies for different amplitude distri-
butions. Furthermore, considering both wave component amplitude
distributions and focusing position upshifts, the larger amplitudes being
assigned to low frequency components leads to the larger upshift and
vice versa, it can be qualitatively deduced that the upshifts of focusing
positions are correlated to the wave amplitude distribution specified.
However, the quantitative estimation of contribution to the focusing
position shift due to the wave surface phase needs further study.

The cases with three A¢ values (i.e., 0.08m, 0.20m and 0.32m) are
selected to investigate how wave nonlinearity affects generation posi-
tions of focusing waves. Local wave steepness (i.e., AT/Ay) is adopted to
denote nonlinearity for the generated focusing waves. Aj is the local
maximum wave crest elevation measured by the wave gauge arranged at
the position of x in wave tank, and Ay is the local wave length, estimated
by the local wave period around the maximum wave crest elevation in
the recorded time history.

Wave steepnesses are noticeably different for three amplitude dis-
tributions as shown in Fig. 14. Wave steepness based on the LWAH

distribution is the largest for all crest elevation parameters, whereas that
based on the LWAL keeps the lowest. One can deduce that local wave
steepness which determines the wave local nonlinearity is significantly
affected by the amplitude distribution adopted.

As shown in Fig. 14, focusing positions marked out by asterisks all
occur at places where their wave steepnesses reach the maximum.
Moreover, by comparing focusing positions of the three spectra, it is
found the larger the local wave steepness of focusing wave is, the farther
wave focuses. The LWAH spectrum leads to the maximum steepness and
consequently the most downstream focusing position. Therefore, it is
concluded that the focusing position is shifted downstream because of
the wave nonlinearity denoted by local wave steepness which depends
on wave amplitude distribution.

Besides, for each amplitude distribution wave steepness increases
with the crest elevation parameter as expected, which also causes
downstream shift of the focusing position. It further indicates that local
wave steepness can be regarded as an indication of focusing wave
nonlinearity which contributes to shift focusing positions downstream.
The extent of the position shift is amplitude distribution dependent with
LWAH causing the most significant shift, followed by the CWA and the
LWAL in descending sequence.

For explaining wave steepness variation and consequently the vari-
ation of downstream shift caused by the amplitude distributions, wave
steepnesses corresponding to wave components being at different fre-
quency intervals are investigated. Wave components are divided into
three categories according to their frequencies as Section 5.2.1, i.e., the
lower-frequency components, the wave-frequency components, and the
higher-frequency ones. To acquire wave steepnesses of wave compo-
nents within three frequency categories, the wave surface time history
recorded at focusing position is firstly decomposed into the corre-
sponding wave components. Then the waves are regenerated based on
the wave components at their frequency categories. Finally, the wave
steepness for corresponding wave components (AS) is acquired by using
local wave height and length. The wave steepnesses of the amplitude
distributions are compared in Fig. 15.
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Fig. 13. Illustration of wave component phases at different positions for the case with A¢ = 0.08 m: (a) the LWAL; (b) the CWA; (c) the LWAH (f, =
0.1641-0.4063Hz; the line with dots represents for phases at corresponding focusing positions).

Fig. 15 (a) and (b) demonstrate that for all the spectra distributions,
the wave steepness S (i.e., A} /Ay being at the focusing position) is mostly
contributed by the components in wave-frequency category with LWAH
leading to the greatest steepness and followed by the CWA and LWAH.
However, for the wave-frequency category, the steepness contributions
for all the spectra distributions are linearly increased with the crest
elevation parameter. This is different from the trend for the overall
steepness as shown in Fig. 15 (a) which shows a faster increase when
crest elevation parameter increases, especially for the LWAH. The dif-
ference can be explained by the steepness from the higher-frequency
components (three curves above zero steepness in Fig. 15 (c)) showing
nonlinear increase of the steepness with the A¢ parameter and contrib-
uting to the enlarged the gaps between the amplitude distributions. As
for the components in the lower-frequency category, all wave steep-
nesses are negative but in very small magnitudes, having limited and
similar contribution to the overall steepness.

Therefore, it is implied that focusing wave steepness values strongly
depends on wave amplitude spectrum distributions. When using the
amplitude spectrum with the large amplitudes being distributed at the
high frequency, the focusing wave steepness is larger than that with
constant distribution and also larger than that with large amplitudes
allocated at the low frequency. The steepness of the focusing waves is
mostly contributed by the wave components in the wave-frequency
category but also affected by the components in the higher-frequency
category.

5.3.2. Focusing positions under f, values
To investigate focusing positions under f. values, the cases selected
in this section are identical as those used in the Section 5.2.2. Keeping
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the frequency bandwidths constant and crest elevation parameter as A¢
= 0.14m, their central frequencies are shifted from 0.2461Hz to
0.3242Hz. The focusing positions of these cases under the assigned
amplitude distributions are compared in Fig. 16.

Overall, the focusing positions are underestimated and gradually
move downstream towards the target positions with the increase of
central frequency. Comparing the results from different distributions,
focusing positions generated by the LWAH are the farthest from wave
maker flap followed by those using CWA and LWAH for the whole range
of the tested f.. Major fluctuation can be observed for the LWAH around
f. = 0.31Hz, where the focusing position drops which will be explained
in the following section. The deviation of the focusing position from the
assigned one affected by wave amplitude distributions will be analyzed
in terms of phase shift of the wave surface and wave nonlinearity
associated with wave steepness.

The case with f. = 0.2617Hz has the actual focusing positions of
37.4m, 38.7m and 40m respectively for the LWAL, the CWA and the
LWAH distributions. To consider the phase shift effect due to linear wave
components generation and to superpose all the —n/2 shifted compo-
nents, the generation positions are correspondingly 36.90m, 39.63m,
and 41.67m. Consistent with the conclusion drawn in Section 5.3.1
where various crest parameters are tested, it can be deduced that the
upstream shift of focusing positions can be caused by the phase shift of
each linear component and their superposition, and is also dependent on
the wave amplitude distribution.

The effect of wave nonlinearity on focusing positions will be
analyzed using wave steepness of the cases with the central frequency
ranging from 0.2617Hz to 0.3242Hz as shown in Fig. 17. It is seen that
the location where the maximum local steepness occurs well matches
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Fig. 16. Focusing positions against central frequency f. for amplitude distri-
butions of LWAL, CWA and LWAH.
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Fig. 17. Comparison of local wave steepness for various central frequencies f. of (a) f. = 0.2617 Hz, (b) f. = 0.2852 Hz, (c) f. = 0.3164 Hz, and (d) f. = 0.3242 Hz.

Besides, a sudden drop of the higher-frequency steepness for the
LWAH at f. = 0.3164Hz in Fig. 18 (c) introduces a slight falling fluc-
tuation of its wave steepness S in Fig. 18 (a). Owning to focusing posi-
tions are positively correlated to the wave steepness, the decrease of the
focusing position for LWAH around f. = 0.31Hz in Fig. 16 may be caused
by the higher-frequency components.

6. Conclusions

This paper numerically investigates the effects of amplitude distri-
bution of wave components on focusing wave generation, including the
focusing wave crest elevation and the focusing position. Wave amplitude
spectra with three types of variation across the frequency range (i.e., the
LWAL, the CWA, and the LWAH) are constructed. Focusing waves based
on the constructed amplitude distributions with the crest elevation
parameter range of 0.05m-0.32m and the central frequency range of
0.2461Hz-0.3242Hz are numerically generated by the FNPT model,
which is solved by the QALE-FEM. Within the given ranges of amplitude
parameter (which determines the wave energy) and the central fre-
quency for the fixed frequency bandwidth, focusing wave elevations and
focusing positions are analyzed for each amplitude distribution by
decomposing the focusing wave and comparing the contributions of
wave components at each frequency intervals to the final wave elevation
and the position. All the findings will help for amplitude spectra type
selection or construction for efficiently generating tailored focusing
waves (or extreme waves) in physical or numerical wave tank. The main
conclusions are as follows:

(1) With all the generated focusing wave crest elevation greater than
the target, the effects of wave amplitude distributions vary with
wave crest elevation parameter and frequency domain specified.

12

When the target wave is assigned by a small amplitude parameter
or a high frequency domain, wave amplitude spectra perform
similar on the generated focusing wave crest elevations. How-
ever, when the target wave is assigned by a large amplitude
parameter or at a low frequency domain, wave amplitude dis-
tributions make a considerable difference on final the wave crest
elevation. Generally, the LWAL distribution generates the largest
wave crest elevations, whereas the CWA generates the smallest
wave crests. In addition, the gap of focusing wave crest elevations
based on different spectra distributions increases with the crest
elevation parameter.

(2) The focusing positions are all below the target positions with the

@3

=

those based on LAWH being the closest to the target and followed
by those based on the CWA and LAWL. For all the amplitude
spectra, the focusing position has limited change with the
amplitude parameter but sees an increase with the central fre-
quency. This is because when large amplitudes are allocated at
high frequencies, such as LAWH, the contribution to the upstream
shift due to phase shift becomes smaller and the contribution to
the downstream shift due to the nonlinearity gets greater.

The generated focusing wave always comprises wave components
beyond the initially specified frequency band, which are in lower-
frequency and higher-frequency intervals. For all the amplitude
distributions, the effect of lower-frequency wave components
may be neglected on either focusing wave elevation or focusing
position as they make small negative contributions to focusing
wave crest elevations, and produce relatively limited negative
wave steepness. The wave components at initially specified wave-
frequency interval dominate the generated wave crest elevation
and focusing position. The LWAL distribution can result in much
higher wave elevation by producing larger amplitudes for the
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Fig. 18. Wave steepnesses of three amplitude distributions of LWAL, CWA and LWAH against f. values for (a) the whole range of frequencies, (b) the wave-frequency
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Appendix

The focusing wave cases involved in Section 5 of this study are summarized in Table. A and Table. B. The nonlinear focusing of all cases is evaluated
by Benjamin-Feir Index (BFI) as Eq (al), proposed by Serio et al. (2005).

(al)

where ¢ is the characteristic wave steepness, and o is the dominant frequency, estimated by the weighted integral of the wave spectral density
function. Using the linear dispersion relation, the dominant wave number ko could be solved. §, « and v are functions of ky-d. For brevity, their
formulations are not given here. If need, they can be found in Serio et al. (2005).
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Table A
the focusing wave cases used in Section 5.2.1 and 5.3.1

Ocean Engineering 265 (2022) 112550

Group NO. Inputting Parameters of Focusing Waves f = 0.1641-0.4063Hz; k,-d = 0.657-2.366
A¢ (m) Wave amplitude spectra BFI (wave group) BFInax (all components)
1 0.05 LWAL 0 0.01259
CWA 0 0.03435
LWAH 0.00643 0.09056
2 0.08 LWAL 0 0.02014
CWA 0 0.05496
LWAH 0.01030 0.14491
3 0.10 LWAL 0 0.02518
CWA 0 0.06870
LWAH 0.012876 0.18113
4 0.14 LWAL 0 0.03525
CWA 0 0.09618
LWAH 0.01802 0.25359
5 0.20 LWAL 0 0.05037
CWA 0 0.13740
LWAH 0.02575 0.36227
6 0.22 LWAL 0 0.05540
CWA 0 0.15115
LWAH 0.02832 0.39850
7 0.24 LWAL 0 0.06044
CWA 0 0.16489
LWAH 0.030903 0.43473
8 0.28 LWAL 0 0.070519
CWA 0 0.19237
LWAH 0.03605 0.50718
9 0.32 LWAL 0 0.080593
CWA 0 0.21985
LWAH 0.041204 0.57964

Table B
the focusing wave cases used in Section 5.2.2 and 5.3.2

Group NO. Inputting Parameters of Focusing Waves Af = 0.14m
f. (Hz) Wave amplitude spectra BFI (wave group) BFIyax (all components)
1 0.2461 LWAL 0 0.02347
knp-d = 0.4871~1.9743 CWA 0 0.06405
LWAH 0.01185 0.16887
2 0.2617 LWAL 0 0.02777
kq-d = 0.5536~2.1246 CWA 0 0.07577
LWAH 0.01412 0.19978
3 0.2852 LWAL 0 0.03525
ky-d = 0.6575~2.3666 CWA 0 0.09618
LWAH 0.01802 0.25359
4 0.3007 LWAL 0 0.04108
ky-d = 0.7300~2.5391 CWA 0.00327 0.11207
LWAH 0.02106 0.29547
5 0.3164 LWAL 0 0.04765
knp-d = 0.8056~2.7203 CWA 0.00551 0.12999
LWAH 0.02449 0.34272
6 0.3242 LWAL 0 0.05122
kn-d = 0.8446~2.8142 CWA 0.00645 0.13975
LWAH 0.02637 0.36845

Besides BFIs of focusing wave groups, ones among their wave components are also calculated. The corresponding maximums of the cases are listed
in the last column of above each table. It should be noted that BFIs are assigned to be zero if the values of ko-d are smaller than 1.36.
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