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In this paper we present a new method for simulating integrals of stochastic processes. We focus on the
nontrivial case of time integrals, conditional on the state variable levels at the endpoints of a time interval,
through a moment-based probability distribution construction. We present different classes of models with
important uses in finance, medicine, epidemiology, climatology, bioeconomics and physics. The method is
generally applicable in well-posed moment problem settings. We study its convergence, point out its advan-

tages through a series of numerical experiments and compare its performance against existing schemes.
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1. Introduction

Time integrals of stochastic processes and their simulation feature in numerous research problems
in finance, medicine, epidemiology, technology, engineering, bioeconomics and physics; the cases
mentioned next are certainly non-exhaustive. In financial engineering, time integrals appear in
stochastic volatility models, average options, volatility options and interest rate derivatives. In
turbulent diffusion modelling and related phenomena, the position of a fluid particle at a certain
time is given by the integrated velocity (e.g., see Obukhov 1959). Sums of random variables arise in
wireless communications and related areas (see Nadarajah 2008), portfolio credit risk applications
such as portfolio loss process modelling (see Giesecke et al. 2011 and Dassios and Zhao 2017), but
also specialized areas of biomedical engineering involving signal averaging. Within the family of
sigmoidal growth models, a stochastic Verhulst population model involves a stochastic integral in

its explicit solution that requires accurate simulation for generating probabilistic forecasts in fields
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including geoscience, oncology to describe tumor growth (e.g., see Laird 1964, and later research)
or epidemic dynamics (e.g., see Shen 2020, Wu et al. 2020). A similar simulation challenge appears
in a randomized Schaefer model used to describe the growth of populations living in a randomly
varying environment and being harvested, but also in a Ginzburg-Landau model with uses in
describing phase transition for superconductivity and other broadened applications over the years.

A long-lasting concern in the cases described earlier remains the efficient simulation of stochas-
tic time integrals or the even more involved, as will become clearer later, conditional stochastic
integrals. Our analysis encompasses stochastic volatility models, such as the Heston and double
Heston, stochastic alpha-beta-rho (SABR), Ornstein—Uhlenbeck stochastic volatility (OU-SV), 3/2
and 4/2, but also linear models with multiplicative noise and nonlinear reducible models, such
as the stochastic Verhulst, Gordon—Schaefer and Ginzburg—Landau. We extend our application to
certain model variants with jumps, such as Bates, Duffie-Pan—Singleton (DPS), time-changed Lévy
and self-exciting point processes. Our goal is to unify modelling and, eventually, simulation in a
practicable manner that is fast and accurate.

For years, discretization of stochastic differential equations (SDEs) has featured in the literature
(see, for example, Chen et al. 2012 for a review) as a possible way to go round the simulation of
integrated processes, inevitably yielding a bias, which can be hard to quantify accurately, besides
rendering the procedure particularly tedious. To circumvent this, attempts have been made to
simulate ezactly or, perhaps more precisely phrased, recover the O(s~1/2) convergence rate of an
unbiased Monte Carlo estimation with a total computational budget s, such as Broadie and Kaya
(2006), Cai et al. (2017), Kang et al. (2017) and Li and Wu (2019), for different models. These
approaches have proved to be able to produce accurate results. At their core, they rely on simulating
an integrated process over a time interval conditional on its level at the interval endpoints. Although
accurate, they manifest themselves into a serious demerit, as pointed out in the seminal work of
Broadie and Kaya (2006), that is, the implicit need to recover the unknown distribution function of
the conditional integrated process using numerical inversion of the associated Laplace transform.
This can become a heavy load and almost impracticable when generating entire sample trajectories,
aside from potentially introducing error, and thereby bias, and computational burden increases
during numerical integration. Luckily, recent contributions, for example, by Cai et al. (2014a) have
endowed us with computable error bounds of the Laplace transform inversions guaranteeing their
accuracy; nevertheless, computational speed remains an issue in view also of its trade-off with
accuracy, especially when integrating into a Monte Carlo simulation application. This still hinders
the way between the method and the user, leaving space for further research.

Our contribution is summarized as follows. We present a unified methodological framework for

modelling (conditional) integrated processes. This comprises an accurate probability curve fitting
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approach based on the moments of the associated true probability distributions and a mechanism
for measuring the resulting error in end quantities of interest, such as expected value functionals,
in a multi-period context and different true underlying models. The true distributions are unique
by their moments, i.e., they are moment-determinate, resulting in bona fide approximations whose
moments are steered to the corresponding true ones. In fact, this unravels the versatility of our
method, which extends to other distributions that are unique by their moments, beyond integrated
processes. A deterministic recursive procedure allows us to calculate the exact error but also derive
from it a computable upper bound. Although we are exactly fitting a certain number of moments,
we show that the differences between the higher moments of the two distributions are insignificant,
ensuring, by moment determinacy, a very accurate outcome.

We adopt a system of Pearson curves being tractable, versatile and fast in selection for vary-
ing levels of skewness and kurtosis, in parameter estimation and simulation. This choice is driven
by these merits but is not restrictive as our proposed framework is built independently. The
resulting simulation methodology is convergent and very accurate; we employ fast computation of
higher moments based on Choudhury and Lucantoni (1996) and bypass at any stage computation-
ally intensive Laplace transform inversion or differentiation for the computation of the moments.
Another notable merit of it is that the size At of the time interval does not affect accuracy, as there
is not any time-discretization involved. Therefore, it serves as an ideal substitute of approximations
that require a large number of time steps (small At) to potentially secure enough accuracy, when
actually a single time step of arbitrary size suffices and entire sample trajectories, with resulting
undesired time increases, are unnecessary; it can still be used when access to sample trajectories
is intended.

Our framework makes it possible to investigate important applications in different areas. More
specifically, due to increased problem dimensionality, Monte Carlo simulation remains the method
of choice for computing expected values of nonlinear functions of driving processes on several occa-
sions, including cases of path-dependence, advanced stochastic volatility models and self-exciting
point processes, where other solutions are inexistent or slow to compute. Therefore, we consider,
first, the evaluation of path-dependent contracts, encompassing path-independence as a special
case. Second, we explore applications in, typically, non-finance models. We cast a spotlight on
the stochastic logistic model and present an illustrative simulation case study. We also revisit
the Ginzburg-Landau model and its simulation and demonstrate our method’s capability under
stressed volatility conditions.

The remainder of the paper is structured as follows. In Section 2, we introduce moment problem
determinacy that represents the cornerstone of our probability fitting approach to different models;

we give also a complete classification of the Pearson distributions. In Section 3, we present relevant
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financial models. In Section 4, we present our main theoretical result focused on the study of error in
ultimate quantities of interest. In Section 5, we portray our random number generation mechanism
using our moment-based probability distribution build-up. Section 6 presents our numerical study
focused on financial applications, whereas in Section 7 we extend to other models and unfold the
applicability of our simulation method through practical examples in areas such as oncology and
bioeconomics. Section 8 concludes the paper. Supplementary results, materials and some additional

applications are deferred to the e-companion.

2. The moment problem and moment-based approximations: the case of
Pearson curves

Consider a set € equipped with a c-algebra F and some random variable ¥ on €2 that has an

unknown cumulative distribution function G but known moments pu,, := p,, (G). The moment prob-

lem is about deciding whether or not a given distribution is uniquely determined by the sequence

of its moments.

DEFINITION 1 (STOYANOV 2013). Let {uo =1, i1, i12, ...} be a sequence of real numbers and Z a

fixed interval, Z C R'. Suppose there is at least one distribution function G(z), x € Z, such that

un:/azndG(a:)7 n=0,1,2,....
I

If G is uniquely specified by {u,}, we say that the moment problem is determinate, i.e., the distri-

bution is uniquely determined by its moments; otherwise the moment problem is indeterminate.

There are several sufficient conditions for the moment problem to be determinate or not. We

consider the most relevant criterion to us.

CRITERION 1 (STOYANOV 2013). Let G(z), z € R, be a distribution function whose character-
istic function is 7-analytic, i.e., it can be represented by a convergent power series in the interval
(—7,7) for some 7 > 0. This happens iff Tim,_, oo (p2,)" " / (2n) < <.

Then, G is uniquely determined by its moment sequence {u,} and the moment generating

function exists for |a| < ¢, ¢>0.

In this paper, we consider probability distributions that are unique by their moments, in particular,
moment-determinate in the Stieltjes sense (Z = [0,00)), and satisfy Criterion 1. We propose a
general distribution approximation whose accuracy, given moment determinacy, increases with n,
but we postpone further related discussion until later in the paper.

Having explored several possibilities as part of our preliminary study, we singled out Pearson’s
system of distributions due to its simplicity, accuracy and fast member selection and parameter

estimation for given moments, as opposed to the Johnson family of distributions (see Devroye 1986).
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Other algorithms related to scale mixtures and series expansion techniques (e.g., see Hérmann
et al. 2004, p. 325; Abramowitz and Stegun 1968, p. 935; Lindsay et al. 2000) were found quite
inaccurate or even divergent with increasing number of moments (see Fusai and Tagliani 2002).
Hence, we adhere to Pearson distributions, which we will generally denote by G, as our choice for
implementing moment matching and eventually drawing random numbers from. This choice does
not constrain the applicability of our proposed framework, which is built independently, as will
become apparent along the way.

Let § be the density function associated with G and first four finite raw moments {11, pa, i3, pra}-

Let g(z) = g(x — 1), where g (z) satisfies the differential equation

dgdia:) _ Co+x G(x). (1)

¢y + cox + c3x?

Solving equation (1) yields well-defined density functions of general form

_ co+2c3x

) el (cg — 2¢ye3) arctan <m>

§(x) =C(c1 + x4 c32®) 3 exp ,
cs\/4cies — 3

where C is the normalizing constant and {cg,c1,c2,c3} are the parameters that control the shape

of the distribution. These are calculated during the distribution fitting and are given by

VB (e+3) (4e —37) B 26 —37—6
CQg=C=—"——"—"" (=" (3 =——
10e — 12y — 18 10e — 12y - 18 10e — 12y — 18
where
a—3 2 32 —4 6 2 -3 4
Bim iy — 2, e (ks — 3puapia + 2447 e P A+ Bipn = 3 )

(2 — pi2)°” (2 — p3)°
are, respectively, the variance, squared skewness and kurtosis of the Pearson random variable. It
may be worth noting that, although numerical methods exist making possible the Pearson system
to fit more than four moments, they inevitably impact the computational effort (see Rose and
Smith 2002, Chapter 5) therefore we do not consider them here. Later in Section 6, we study the
closeness of the higher-order moments of a four-moment Pearson curve fit to the true ones and
favourably show that, in practice, the differences remain very small also under challenging model
parameterizations.

Given knowledge of the first four integer moments, we select a Pearson distribution family type
based on the n-criterion by Elderton and Johnson (1969):

o v (e +3)?
1T 4(4e—39) (2 —3v—6)
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In particular, we get from it the main types I (n <0), IV (0 <n < 1) and VI (n > 1); and the
transition types, i.e., normal (n=0,e =3), Il (=0, <3), III (n =+00), V (p=1) and VII
(n=0,e>3).

As said in the introduction, in this paper we focus primarily on the random variable ¥ repre-
senting (conditional) stochastic time integrals. This does not impose a limitation as, based on what
said earlier, we can generally apply to moment-determinate problems; in fact, in Section EC.8.1 of
the e-companion we present an additional application to the Carr-Geman-Madan—Yor (CGMY)
model. In the next section, we focus the spotlight on our major application on stochastic volatility

models, whereas in later sections we turn our attention to other prevalent classes of models.

3. Stochastic volatility models

Let (2, F,Q,{F:}) be a filtered probability space where the filtration satisfies the usual conditions
with Fy trivial. This filtered probability space supports all the processes we encounter in the sequel
and @Q denotes the risk neutral probability measure.

We consider a stochastic model (S (t),V (t)),5, where S and V' denote, respectively, the asset
price and variance (or volatility) processes. The model is generally given by

{ dS(t)=rSt)dt+ B (V () S(t) (pdWs(t) + /1= p2dW, (1)) 3)
dV (t) =a (V(t))dt+~ (V(t)) dWa(t) ’

where W, and W, are independent standard Brownian motions, r is the continuously compounded
risk-free interest rate and p € [—1,1] the instantaneous correlation between the two processes.
The functions S (-) and «y(-) are continuously differentiable and the quotient 5 (-) /v (-) is locally
integrable in the state space of V' and @ (fi B2(V(s))ds < oo) =1, 0<u<t<oo (see Mijatovi¢
and Urusov 2012, Cui et al. 2017). Following Cui et al. (2021), we consider the auxiliary functions

B(Z) h(l') ;:a(;ﬂ)w/ (l‘)‘l‘%’}ﬂ (SC)’LUN ($)7

where the first resembles the Lamperti transform and the second follows from applying the infinites-

imal generator of V(t) to w. The following useful representation then holds:

/ B(V(5)) dWa(s) = w (V/(£) —w (V (1)) - / h(V(s))ds,

based on which the solution of (3) can be written as

S(t)zexp( (u,t) Jmﬁ/ﬂ dWl()>,

where

m (u,t) :==1InS(u) +7r (t —u /52 d8+p[ (V(t))w(V(u))/uth(V(s))ds]. (4)



Kyriakou, Brignone, and Fusai: Unified moment-based modelling of integrated stochastic processes

Thus, the following conditional normal distribution N'(m, s?), for mean m and variance s?, applies:

(lnS(t) lnS(u),V(u),V(t),/ B2 (V(s))ds) NN(m(u,t) , 82 (u,t)) , (5)

where
5% (u,t) := (1 - p?) / B%(V(s))ds. (6)

We summarize typical examples of the form (3) in Table 1, where VU (u,t) corresponds to the
integrated process(es) of interest following from fi B%(V(s))ds for each model and represents a
key quantity in our study later and ®(¢) to the relevant conditioning arguments based on V.
Extended model constructions with independent jumps in the asset price process (Bates 1996),
contemporaneous asset price and variance jumps of correlated magnitudes (Duffie et al. 2000) and
time-changed Lévy models (Carr et al. 2003) are well known, hence, in the interest of space, we
omit their details here and defer to Section 5.3 some more notes on their simulation.

We consider three typical cases of stochastic variance processes. The first is described by a
Cox et al. (1985) (CIR) square-root diffusion with constant parameters 6, k,v corresponding to
AV (t) = k(0 — V(t))dt +v\/V (t)dW,(t) in (3), implying a (z) = k(0 — x) and 7 (z) = vi/z. If the
Feller condition, 2k > v?, is satisfied, the zero boundary is unattainable. Otherwise, it is attracting
and attainable; at the zero boundary though, the process is immediately reflected into the positive
domain. The variance transition is given by

(law) V3 (1 — e Fmw) <4ke_’“(t_“)V(u))

V(t) Ak Xd U2(1 _ 67k(t7u))

where /7 ()\) is a noncentral chi-squared random variable with d := 40k/v? degrees of freedom
and noncentrality parameter A. This process is used in models such as Heston (Heston 1993)
(and its multifactor extension), 3/2 (Heston 1997, Platen 1997) and 4/2 (Grasselli 2017). In the
second case, the volatility, instead, evolves according to a driftless geometric Brownian motion,

ie., dV(t) =vV(t)dWs(t), hence a () =0 and vy (z) =vz. In this case, we have that
1
InV(t)~N <ln V(u)— 502(t —u),v3(t— u)) . (7)

This volatility specification appears in the SABR model. In the last case we consider, the volatility
is represented by a Gaussian OU model (Scott 1987, Stein and Stein 1991, Schobel and Zhu 1999),
dV(t) = k(0 — V(t))dt + vdWy(t), based on which a(z)= k(0 —z) and -y (x) = v. Here, we have
(e.g., see Li and Wu 2019) that

<V(t),/ut V(S)d3> ~ N (p(u,t), 5 (u,t))
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Table 1 Key quantities in simulation of different models

Heston model

B(z) =z, w(z)=7, h(z)= -l

(t)=V(t), ¥(u,t) fu V(s)ds

m (u,t) =InS(u) + 7t —u) — L&D 4 2(P (t) — D (u) — kO(t —u) + kT (u,1))
s (u,t) = (1= p*) ¥ (u, 1)

Double Heston model
B(z)=va, w(w) =2, h(z) =" - o
(1) = (Vi (1)), W(u.t) = (J w<s)ds)
m (u,t) =In () +r(t —u) + 37 1(v,( 5 (1) = @ () = Ry (¢ — ) + by ¥ (u,1)) — 2250
52 (u,t)zZ?zl(l—p?)\Il (u,t)

4/2 model
B@)=ava+ gow(@) = ot fIna, he) =020 Brat (57 - 5) 2
(1) =V (1), Wu,t) = ([ V(s)ds, [} 55
m(u,t) =InS(u)+ (r—ab— %ke—l-%) (t—u)—i—%(@(t)—fb(u))—i-%"ln :I,I)(t)
(- ) W)+ [2 (5 - k0) - 5] W2 (u,1)
5% (u,t) = (1= p°) (a®V1 (u, t) + b° V5 (u,t) + 2ab(t — u))
SABR model

Bx) =z, w(z)=7, hiz)=
(L) =V (t), ¥(u,t) = m
m(u,t)=In S(u) Qq,(uyt) +2(®(t) — P(u))

52 (u,t) = \I,(u t)

OU-SV model
Bz)=z, w(z)=5, h(m)zf—i-ﬁ:r b y?
D(t) = (V(t) [1v(s) ds) W(u,t)=[" V2(s)ds
() = I S() (1~ 2) (= ) (92 (6) — B3 () — 2225 (u,) + (2 — 1) W ()
82 (u,t) = (1 = p*) W (u, 1)

Linear & Reducible SDEs

O (t) =Y (t;a,b,7)
_ 1
\Ij(u’t) - jqi Y (s;a,b,v)ds
Notes. For more details regarding the functions 3 (z), w(x), h(z) for the Heston, Double Heston, 4/2, SABR

and OU-SV models, refer to Section 3. For more information regarding the linear and reducible models,
refer to Section 7. W(u,t) is the key random variable in each model whose conditional distribution given

O(t) we are approximating Where applicable, m(u,t) and s?(u,t) correspond to the mean and variance of

(ms ‘ms 0, 1B ( )

where N is a bivariate normal distribution with mean vector and covariance matrix

’02 u —C(u ’U2 2 "
n oo (V@) =) (A =C(u)) +60) (D 2=C(w) P ) 2
H(ua ) — H(t — u) + w a1 (ua ) = v2C2(u,t) —U2C2(u,t)+2ku2 (t—u—%)
' 2 2%3

respectively, for ((u,t) :=1—exp(—k(u—t)). This requires augmenting the conditioning argu-
ments in (5) to encompass fut V(s)ds.
An extension of the model specification (3) to two stochastic variance factors is due to Christof-

fersen et al. (2009) (a multifactor generalization is also possible), with (4) and (6) becoming

{m(u, )=lnS(u)+r(t—u >+2J L8 Vi) ds +p; [w (Vi) = w0 (Vi) = [ b (Vi(s)) ds
s (ut) =300, (1= p3) [ 82 (Vi(s)) ds
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Another generalization of (3) is the SABR model (Hagan et al. 2002) with the forward asset price
dynamics governed by a constant elasticity of variance (CEV) diffusion process with elasticity

parameter b € [0, 1] and volatility evolving according to (7):

{ dS(t) =V (t)S*(t) (pdWa(t) + /1= p2dWi(t)) (8)
AV (t) = vV (t)dWs(t) ‘

The boundary case of b =1 is straightforward and conforms to formulation (3). This opposes,
though, to the more challenging case of b € [0,1) as an exact closed-form solution to (8) is not
generally available. More specifically, for p =0 and (S(t),t > 0) with an absorbing boundary at 0
(Islah 2009, Cai et al. 2017), the exact distribution

Qs =o[sw.v.ve, [ # VN ) =1-6e (i L), )

Qs <u[sw.vave, [ #vens) =1-6 (e aw) o

for any y > 0 holds, where
(S(u)lfb)z (ylfb)z
-5 1—b
", Co(y):

LB (V(s)ds’ B2 (V(s))ds
and Q,2(-;d) and Q,2(-;d,\) denote, respectively, the chi-squared and noncentral chi-squared

Aol

cumulative distribution functions. When p # 0 and (S(¢),t > 0) has an absorbing boundary at 0,

we typically resort to the approximate distribution

Q <S(t) —0 S(u),V(u),V(t),/ut g2 (V(s))ds> ~1-Q (A;1+ (11)

b
(1-b)( —02)> ’

Q (S(t) <yt V). Vo, [ 5 (s) ds) ~1-Qu (A; 1y c@)) (12)

for y > 0, where
(s sewvo wve) ()
T - [ (V(s)ds YT [P V(s)ds

The previous exact and semi-exact results can be extended to the SABR model with a reflecting

boundary; for brevity, we omit those here and refer to Islah (2009) (also Cai et al. 2017).

(1=0)(1—p?)’

)

We conclude this section with an important remark, linked to the moment problem defined in
the previous section. More specifically, for the models presented here the moment problem is indeed
determinate, i.e., the distribution of (V(u,t)|®(t)) (see Table 1) is uniquely determined by the
sequence of its moments, consistently with Criterion 1. Based on the results given in Section EC.2
of the e-companion for the different models, the corresponding moment generating functions exist
for all a € (—¢,c¢), where ¢ > 0. For example, from (EC.3) for Heston, we have that a > —k?/2v?;
from (EC.4) for SABR, a > —(V(t) — V(u))?/2v?%; from (EC.5) for OU-SV, a > —k*/2v?; and for
4/2 from (EC.6), a > —k?/2v? and b > —(20k — v?)?/8v?. Thus, for all these cases it is implied that

all the moments are finite and the moment problem is determinate.
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4. General framework for gauging error

The use of an approximation to the true probability distribution is likely to induce some error.
In this section, we focus on how any error from the distributional approximation translates to the
ultimate quantities of interest, such as expected value functionals. To this end, we, first, derive
in Section 4.1 a deterministic procedure for calculating the exact error and, by exploiting this,
we further derive in Section 4.2 a deterministic upper bound to it that is easily accessible and
computable, assisted by useful results of proximity of two distributions presented in Section 4.3. We
focus the spotlight on a general multi-period problem, which can be simplified to a single period

upon path-independence, or be amended according to different path-dependent functions.

4.1. Value function backward recursion

In what follows, we consider a time horizon 7' > 0 and partition the whole time interval into N
equal points: 0 =1y <t; <--- <ty =T. Where necessary, we use relevant subscripts with reference
to time on the various quantities that we define on the time grid. Different functions can be defined

on this grid. For example,
My =(K—Sy)",

where y* :=max(y,0), corresponds to the payoff of a plain vanilla put option with maturity time
T and fixed strike price K;
N
Iy = (K — Sy)* 1,
v =K =5[] Lisiee,
where 1;, denotes the indicator of the event {-}, corresponds to a type of barrier option (for

example, here, an up-and-out put) with fixed barrier level w > Sy;
-\t
H]N: (K_Mij) )

where Mj’ N :=min;<;<n S;, corresponds to the payoff of a lookback put option; and,
+
Iy = <K - N_EH ZN:J Sz-> (13)
equals the payoff of an Asian put option. Other functions can be accommodated based on the previ-
ous ones via standard parity relationships (we can make these available upon request; alternatively,
readers may refer, for example, to Rubinstein 1991).

In the next theorem, we derive a backward iterative scheme for expected path-dependent func-
tion values. It is general in terms of driving model assumptions, therefore it can be used to compute
expected values under a true or approximating distribution law; their difference gives the approx-
imation error. We aim to be as general as possible in our main exposition, concentrating on the
barrier case, which encompasses the plain vanilla and other exotic variants, and explaining subse-

quently how to adapt to those.
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THEOREM 1. Let s:=1InS and g, s be the conditional density function of s, given s,_1 and ®, =
(1| dr—1). In addition, gs(¢r;dr_1) denotes the transition density of the process ® supported on

some interval Lo := (Ly,14), —00 <Ly <14 < 00. Define the functions
pN(SNa¢N = KfegN) 1{5N<lnw}7 for all pn € Ly,
Pt (s i) = [ / (5.0) 9o (8] 61501001 )gn (65 61 1)dsds, 0 <K< N. (14)
Iy

Then, at time 0,
E, [HO,N} =Po (807 ¢0) .

Proof. 'We prove by induction on k that, conditional on the information at time t;,
By Uy n] = P (5x, x)

for k=0,...,N. The result holds trivially for k= N corresponding to Il n. Suppose that

Eyi1 M1, n) = Prt1 (i1, Ort1)

also holds for arbitrary k < N — 1. Then, by iterated expectations,

Ey [y n] = By [Exr [Higa n]] = Bk [Py (Skr1, Grrr)]

Inw
= /I /_ Pr+1 (3,¢) gs\@(3|¢;3k,¢k)g@(¢;¢k)d8d¢:pk (Sk7¢k)

based on (14). Therefore the statement is true and, by induction,

Ly [HO,N} =Do (307 ¢0) .

REMARK 1. First, in the case of the lookback option, we focus directly on the distribution of the
extremum Mk, ~, hence we replace Il y by jk7 N = Hik 1(s,5w} in Theorem 1 and we have now
PN (8n,) =15y >mw}- The ultimate outcome at time 0 is Ej [jO,N] =1- GMO,N (w), where GMO,N
is the distribution function of My y, based on which Ey [y y] = —K G, , (0) + fOK G, (@) dow.
Second, the plain vanilla option being path-independent with py (sn,:) = (K —€°N) 1 <imk}
results in a reduced one-period problem. Third, for the Asian option, it is necessary to employ a

state-space reduction based on the new process

k
S, = 1 (K(NH)_E‘—OSZ'), 0<k<N,

N+1 S,

from which

_ 1 (K(N+1)-SF's\ o . 1 & su_is 1
5 — i=0 Sk—17Sk _ G e%k-1"5 _ 15
F ( Sp ;1 € Nt1 k1€ N+1 (15)
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and, for the payoff (13),

I Ko A R
O,N-( N1 o 7,> =ONOy-

Following a standard equivalent probability measure change, Ey [IIy ] can then be computed via
backward recursion.

It is worth noting that the previous computations are simplified when g, |.(sk|";s6-1,") =
Gsp—sp_1|-( Sk —Sk—1]+;-). Under a more general process s specification, where g, |. does not depend
on s and sj_; only via their difference (e.g., SABR model), we must keep track of both s and the
path-based variable (such as the running average, see expression 15) and (14) in Theorem 1 has
to be slightly adjusted to reflect that; we omit the relevant details here, but readers may refer to

Sesana et al. (2014).

The approach presented in Theorem 1 can be implemented very accurately via numerical inte-
gration/transform techniques (e.g., an adapted two-dimensional version of Lord et al. 2008). It
represents a universal computational engine in terms of underlying model assumptions. For exam-
ple, it can be used in conjunction with the true g,¢, but also an approximating density gss (see

also Section 4.3). The difference of the outcome from both implementations,
Do — ﬁOa (16)

amounts to the compounded error from the approximation.

4.2. Value function error bound

The dimensionality of the computations involved in Theorem 1 can be considerably reduced by
means of an error bound that is faster to evaluate. We develop here our main theoretical result that
is of practical relevance, having the advantage of facilitating the error computation and reflecting
the error propagation in time related to the backward recursion of the previous section. Following
Theorem 1, we build our result based on the barrier option case, which however can be adjusted

to other cases according to Remark 1.

THEOREM 2. Let Gy and ég|<1> be the conditional distribution functions of s, and §, given Sj_1
and $i_1, respectively, and Py = (¢r|Pr_1). In addition, Ey [] denotes the conditional expectation

given Q. := (s, Sk, ¢ ). Consider
Inw
Rl (QN—I) = |K — ’W| Tl (IHW;QN_l) +/ Tl (S;QN—I) GSdS,

R (fbk,qu) = /
0

Gop (ul di;sio1, drr) — Gy (] dr; B, B | du, (17)
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where

T, (510 1) = / T (536, Q1) go (s 1),

T (5;0,0n_1) = ‘Gs\cb (s|pssn—1,0n-1) — é§|<1> (s|¢58n-1,0Nn-1) (18)

for all s and ¢. Suppose that Ry := sup En_ [Rl <QN_1>] < 00, where Q= (Sk, Sk, d1), and

Ry :=sup Ey_1 [Ra (¢r, Q—1)] < oo. Then,
Pe—1 (Sk—15Pr—1) — Pr—1 (Br—1,Px-1)| SR1 + K (N —k)Ry, 0<k<N. (19)

REMARK 2. In the one-period problem, we have that k= N =1, w is replaced by K and the
simplifications R, = R, () and Ry = Ey [Rs (¢1,Q0)] hold naturally from the proof that follows.

Proof. From (14) for k= N, we have that

Inw
PN-1 (5N71>¢N71) = / (K - 65)91,5 (5;5N717¢N71) ds

Inw

= (K-w)Gys(Inw;sy_1,0n-1) +/ "G5 (85881, Pn—1)ds,

— 00
where

Gy (53551, 1) = / Gijo (5165 5x-1, Sn-1) g (s o_1)db

Ip

and g; s denotes the associated density. Similar result holds based, instead, on §. Therefore,

|PN—1 (SN—h ¢N—1) —DPN-1 (§N—17 ¢N—1)|

< |K — o] )GLS (Inw;sy_1,¢n-1) — él,§(lnw;§N71a¢N71)

Inw
+/ ‘Gl,s(3§3N—1a¢N—1)_G1,§(5§§N—17¢N—1) e’ds

Inw

= |K - w| T, (lnw; 3N717<§N717¢N71> +/ T, (55 3N717§N717¢N71) e’ds =Ry (QN71) .

— 00

Proceeding to the next iteration, we get based on (14) that

|pN72(3N727 ¢N72) _ﬁN72(§N72a ¢N72)|
< / / ‘prl (87¢) gs|® (8\ ®; SN2, ¢>N72) —DPN-1 (8’ ¢) §§|<1> (8’ O;5N_2, ¢N72)‘ d39¢(¢§ ¢N72)d¢
Ty JR

= FEn_» HPN—1 (SN—1,¢N—1) —DN-1 (§N—17 ¢N—1)H .

This is further bounded by

Ex_s HpN—l (<§N—17 ¢N—1) —PN-1 (<§N—17 ¢N—1)|] +FEn_ [|PN—1 (SN—17 ¢N—1) —PN-1 (<§N—1’ ¢N—1)H .
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With regard to the first term, we have that

En_o[lpn-1 (8n-1,0n-1) —Pn-1(Sn—1,0n-1)|]] < En_2 |:R1 <QN—1>] .

In relation to the second term, Taylor’s theorem implies

‘pN—l (SN—1, ¢N—1) —PnN-1 (§N—17 ¢N—1)| =~ |SN—1 - §N—1| ’a1pzv—1 (37 ¢)’ )

where 01p refers to the first-order derivative of p with respect to its first argument. We also have

that

Inw
O1Dk—1 (Sk—la ¢k—1) Z/ / O\Px (87 ¢>) gs\<1>(3’ ?; ¢k—1)g<1>(¢; ¢k—1)d8d¢a

I<I> — 00
so that sup|0ipr_i| < sup|dipk|. Now pn(s) = (K—es)+ l{s<imwy implying that Oipy(s) =
—e*1{s<inws<imk} and |[01pn (5)] = € 1s<inm,s<ink} < K, hence K is a universal bound for the

derivative. Therefore,

En_» HPN—l (stlv ¢N71) —DPN-1 (§N717 ¢N71)H <KFEn_s [|5N71 - §N—1|] s

where, by the inverse transform method, sy_; = G;‘; (Un_1|dn_1;88_2,0n-2) and Sy_; =
égﬁp (Un_1|dNn_1;8N8_2,0n_2) for Uy_; ~Unif(0,1), so that sy_; and §y_; are made as similar as

possible. Then, from (17)
En_z(lsn-1—8n-1]] = En—2[Ra2 (dn-1,0n-2)].
Finally, we get that
[Px-2(s-2, Ox-2) = r—2(Sn-2:6x-2)| < En-2 |Ru (Ot ) |+ K Byoa [Ra (én-1, Q2]

Therefore, the statement (19) is true for k = N — 1. Now assume that it holds for arbitrary
k <N —1. Then,

|pk71(5k717 ¢k71) —ﬁk71(5k71,¢k71)‘
< Ei [|pk (51@, ¢k) — Dk (§k, ¢k)|] + By [|Pk (Sk, ¢k) — Pk (51@, ¢1<:)H

<RI+K(N—k—1)Ry+KE_1 [Ro (¢, %_1)] <R1+ K (N — k)R,

which concludes the proof.
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4.3. Proximity of distributions with shared moments

The distance (18) is key for the practical implementation of Theorem 2. A possible way of computing
this is (see Feller 1971)

Guia (5] 6:7) — Gapo (5] 1) = 2/0

where R(-) denotes the real part function. (An adjusted version can be used for the quantile

> sin (us)

[R(pa,, (ul6:) ~Riea,, (ule)] . (20)

functions in integral 17.) ¢q, , (ul¢;-) = El[e™*|¢;-] and Pése (u| ¢;-) = E[e™*|¢;-] are the relevant
characteristic functions, see equation (23).

Computing (20) can be facilitated by suitable conditioning arguments for the various models
presented in Section 3 (see also Table 1). Consider, for example, the Heston model. Conditional on

(U, ®), its distribution law is given by
Sk =0 (Sk—1, k1) + BLr + Y Vs_1+ /014 Ye, Yi~N(0,1), (21)

where Y is independent of ® and U, a(sx_1,¢r_1) = Sp_1 + (r — BkO)(tx — tr_1) — Bbr_1, ¥ =
Bk—1/2, B=p/v, § =1— p?. Based on this,

9|<I>( Wysk 1 Pr— 1) /0 Gs|\1/,<1>(3‘$a¢§8k—17¢k—1)gm<b($‘¢;¢k_1)d$a (22)

where
(s=a(spo1.0k1)—Bo—7m)?

G T, G5 8k-1,0 20w ds.
o (|2, ¢ 861, Pr1) m
The associated characteristic function is given by
- iulafs z T‘SI“
@Gs‘é(u|¢;5k717¢k71) :/ € ( (k71’¢k71)+ﬁ¢+7 ) 9\11\@(17|¢ Gr—1)dx (23)
0

_ eiu(a(sk,1,¢k71)+3¢)¢GW‘¢ < <7+ %;U) ‘ ¢ ¢k 1> s (24)

where g - is given by (EC.3) in the e-companion Section EC.2. Introducing the approximating

law for (¥|®), we define by analogy

Sp=0a(8y_1,0r-1) + PP+ ’7@1@71,1@ +4/ 5\i]k71,kYk7

where Y is also independent of ¥, and replace by Jije n (22)-(23) and 2 in (24) which we
derive for the Pearson distribution in Proposition EC.1 in Section EC.1 of the e-companion. Finally,
relevant representations hold for other models, see e-companion Section EC.3.

If the conditional moments of W given ® are equal to those of ¥ given @, then the same holds
between s given ® and s given ®. This becomes obvious from the linking relationship of their

moments. A straightforward application of the binomial theorem to (21) yields for general moments

n J .
By [sp|@x] =) <Zl> s I[N <‘;> (@ (sk-1,¢r1) + B®) B [‘I’;(cnﬁ]i/z k’ ‘54 ,
=0

k=0
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where E'[Y}"] is equal to the double factorial (n —1)!! if n is even, otherwise it is equal to 0. We note
that the required integer moments of (¥|®) from 1 to n can be computed, for example, the way
we explain in Section 5.2, whereas the non-integer moments are, in practice, not needed because
they are multiplied by the odd moments of Y that are equal to zero. The previous moments can
also be obtained from ¢¢_, and Pigy

An alternative to (20) way of computing (18) is through a bound. In the space of distribu-
tion functions of random variables, the topology given by the uniform metric (Kolmogorov 1933,
Zolotarev 1983) between any pair of elements G and G is defined, adapted to our random variable

notation, as

P (Gs\%éél@) = sup Gye (z) — G0 (7)), (25)

which represents a natural bound to (18). In addition, the Lévy distance (Lévy 1925) is defined as

L (Gs@, é§|¢) =inf {e D Gyo(x—€)—e< ég|q> () < Gyjo (z+€) +€ for all x} .
The two metrics are linked as follows.

LEMMA 1 (Linnik and Ostrovskii 1977). For all distribution functions G and G,
L(G,é) gp(G,é) §(1+9)L<G,G>, (26)
where o =sup, G (z) if G is absolutely continuous.

Klebanov and Mkrtchyan (1986) have studied closeness in the L-metric in terms of the truncated
Carleman’s series whose divergence suffices for the moment problem to be determinate (Akhiezer
1965). Rachev et al. (2013, Theorem 10.3.4) allow us to restate one of the original Klebanov and
Mkrtchyan’s (1986) results when the higher moments of the two distributions are not coinciding

but are only fairly close. Therefore, for G and G with finite moments up to order 2m and

Mn(Gs\fb) - /f‘n(G§|<b)

S(SG@, nzl,...,2m,

)

where 0 <4, 5 <1, we have that

1
~ 2 2/”’27’71 2m—+1
L (G, Gys ) < +< ) . (27)

This is an important result as it is not only based on moments, which is structural element of

our approach, but it also implies that the error remains bounded even when the moments do
not match perfectly. Whilst we are exactly fitting a certain number of moments in a well-posed
moment problem setti