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LR-invariants from 2D point transformations

Lewis-Riesenfeld invariants for PT-symmetrically
coupled oscillators from two dimensional point
transformations and Lie algebraic expansions

Andreas Fring and Rebecca Tenney

Department of Mathematics, City, University of London, Northampton Square,
London EC1V 0HB, UK
a.fring@city. ac.uk, rebecca.tenney@city.ac.uk

ABSTRACT: We construct Lewis-Riesenfeld invariants from two dimensional point trans-
formations for two oscillators that are coupled to each other in space in a PT-symmetrical
and time-dependent fashion. The non-Hermitian Hamiltonian of the model is conve-
niently expressed in terms of generators of the symplectic sp(4) Lie algebra. This allows
for an alternative systematic approach to find Lewis-Riesenfeld invariants leading to a
set of coupled differential equations that we solve by using time-ordered exponentials.
We also demonstrate that point transformations may be utilized to directly construct
time-dependent Dyson maps from their respective time-independent conterparts in the

reference system.

1. Introduction

While in general time-independent quantum non-Hermitian Hamiltonian systems are fairly
well understood [1-4], and have also found many applications, their time-dependent ver-
sions pose a more technical challenge. These type of systems are especially interesting as
their exceptional points do not signify a transition from a physical to a non-physical region
as is typical in a time-independent setting, but merely mark the boundary in parameter
space between different types of qualitative behaviour [5-8]. In turn this feature gives rise
to new types of physical effects observed for instance in their associated von-Neumann
entropies [9,10] and instantaneous energy spectra [6]. Naturally to solve the governing
time-dependent Schrédinger equation (TDSE) is more challenging and due to their non-
Hermitian nature one needs to construct in addition a time-dependent metric operator to
obtain a meaningful quantum theory [11-17]. Both tasks can be facilitated by the use of
Lewis-Riesenfeld (LR) invariants [18].

In general LR~invariants have proven to be extremely useful tools in the endeavour to
obtain exact, or very good approximate solutions [19], to the time-dependent Schrédinger
equation (TDSE), as they reduce the latter to a simpler eigenvalue equation with time-
independent eigenvalues where time simply plays the role of a standard parameter. While
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this feature holds for time-dependent Hermitian [20] as well as for time-dependent non-
Hermitian systems [21-25], in the latter context LR-invariants also facilitate the construc-
tion of the Dyson map 7(t), which in turn factorises the metric operator p(t) = 5 (t)n(t)
that is essential in setting up a well-defined quantum theory for the non-Hermitian system.
Using the LR-invariant Iz (t) allows to bypass solving the time-dependent Dyson equa-
tion, which usually boils down to a set of coupled differential equations. Instead the task
is reduced to mapping the non-Hermitian LR-invariant associated with a non-Hermitian
Hamiltonian H(¢) to a Hermitian one related to a Hermitian Hamiltonian h(t) by means of a
similarity transformation I, (t) = nlg (t)n~'. Moreover, it was recently shown [7] that when
constraining the invariant I (¢) to be an involution and in addition require it to commute
with the PT-operator, i.e. a simultaneous parity and time-reversal, it becomes identical to
the time-dependent C(t)-operator, which is directly related to the time-dependent metric
as p(t) = PC(t).

Thus, for the various reasons mentioned above it is important to have effective means
to construct LR-invariants in an efficient manner. The standard construction relies on an
inspired Ansatz for the invariant leading usually to a set of complicated coupled differential
equations. Following [7] we demonstrate here how these equations can be solved in an
efficient manner using time-ordered exponentials. In the main part of the paper we follow
an alternative route and construct invariants from point transformations. Previously this
was carried out for one-dimensional Hermitian [26] and non-Hermitian systems [27]. Here
we generalise this approach to the more complicated two-dimensional setting. Moreover we
show that one can use the point transformations to directly construct the time-dependent
Dyson map for a non-Hermitian time-dependent Hamiltonian as indicated in [28].

As a concrete model we discuss two harmonic oscillators that are coupled to each other
in space in a PT-symmetric fashion with explicitly time-dependent coefficient functions.
The Hamiltonian can be expressed conveniently in terms of generators of the symplectic
sp(4) Lie algebra.

Our manuscript is organised as follows: In Section 2 we recall some well known features
of the symplectic sp(4) Lie algebra, in particular two representations, that are essential to
set up our model. In Section 3 we construct the LR-invariants for our non-Hermitian model.
In the first part we express the invariants in terms of the sp(4) Lie algebraic generators and
solve the set of coupled differentials equations that arise from substituting this Ansatz into
the LR equation by means of time-ordered exponentials. In the second part we construct
the invariants from two dimensional point transformations using suitable reference Hamil-
tonians. Moreover, by acting with the point transformation on the more easily obtainable
Dyson map of the time-independent reference Hamiltonian, we construct their correspond-
ing time-dependent Dyson map and time-dependent Hermitian Hamiltonian counterpart.
Our conclusions are stated in Section 4.
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2. Mathematical preliminaries - the symplectic sp(4)-algebra

It is almost always convenient to express the model to be studied in terms a well-defined
Lie algebra. In our case we take this to be the symplectic Lie algebra sp(4,F) over the field
F =R or F = C. Its generators are defined as the set of (4 x 4)-matrices M satisfying

QM+ MTQ =0,  with Q= ( OH g) (2.1)

where I denotes the (2 x 2)-unit matrix, see for instance chapter 16 in [29]. One may find

the following Hermitian matrices solutions to (2.1) that commute with €2

1 0TI 7 0 o4 1 [ o2 0 1 0 o3

Jo =< Ji== Jo == J3 = = (2.2
0 2(-]10)’ ! 2<—010>’ 2 2(002)’ s 2<_030>( )
Here the o; with ¢ = 1,2, 3 are standard (2 x2)-Pauli matrices. The anti-Hermitian matrices

—o3 0 v (01 1 (o1 O
_ . = 2.3
Ql < 0 0_3> ) QQ 2 (]I 0) y Q3 9 ( 0 _O_l> ) ( )
1 [ 0 o3 1 (1 0 1 0 o1
K = - Ky =~ K3=—— 2.4
! 2<030>’ 2 2(0—H>’ s 2<alo>’ (2.4)

anti-commute with  and also solve (2.1), see e.g. [30]. We notice that these matrices are

N =

related to the standard gamma matrices occurring in the Dirac equation as J; = 1/27vq,
Jo = 1/27y9, J3 =1/273, Ko = 1/27,, Q2 = 1/2s, reflecting the fact that the Sp(4) group
is isomorphic to the O(3,2) de Sitter group [31].

The ten generator Jy, J;, Q;, K;, for i = 1,2,3 obey the commutation relations

[Ji, J5] = 1€ijiJk, i, K] = 1841 K, [Ji, Q5] = 1641 Qr, (2.5)
[Ji, Jo] = 0, [Ki, Jo] = 1Qi, [Qi, Jo] = —1K;
(K, K] = —eijiJi, [Qi, Qs] = —1€ijnJks (K, Q4] = 10i5Jo, (2.7)

which is easily verified for the matrix representation (2.2)-(2.4), with &;j;, denoting the
standard Levi-Civita tensor and ¢;; the Kronecker delta symbol. We observe that this
algebra remains invariant under the following antilinear symmetries

PT : Jo— Jo, J1 — —J1, Jo — Jo, J3 = J3, Q1 — —Q1, Q2 — Q2, Q3 — Q3, (2.8)
K — Ky, Ko — —Ky, K3— —Ks, 1— —1,

PT : Jy— —Jo, J1 = J1, Jo = Jo, J3 = —J3, Q1 = —Q1, Q2 = —Q2, Q3 — Q3, (2.9)
K| — —-K;, Ko > —Ks, K3y — K3, 1 = —1,
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Alternatively we may express the generators in terms of the coordinates x,y with corre-

sponding momenta p,, p, and non-vanishing commutators [z, p,| = [y, p,] =1 as

1

Jo = 2+ )+ "+ %) (2.10)
1 1 1

Nu =5 @y +papy),  J2 =5 (apy —yps), J3= Z(Pi—PzJ“”Q_f)’ (2.11)
1 1 1

Qu=5py—apa)s Qx=7Etry—a"—y"), Qu=gpy+yp), (212)
1 1 1

K, = Z(pg—pz—xQ—yQ), K2:§(xpac +pyy>7 K3:§<‘Ty—pa’py)' (2'13)

One verifies that the generators expressed in this manner also satisfy the relations (2.5)-
(2.7). This Hermitian representation was already known to Dirac, see [31]. In this case the
PT-symmetry (2.8) corresponds to the mappings

PT+:ix—+x, y—=TFY Pz— FDx» Dy — EDy, ¢ — —1. (2.14)

Identifying the parity operator as P = e"™/3 and the time-reversal operator 7 as complex
conjugation, the adjoint action of P77 on all the generators leads precisely to the mapping
in (2.8).

3. Time-dependent PT-symmetrically coupled oscillators from sp(4)

Let us now introduce the non-Hermitain model we will be investigating, the time-dependent
version of two oscillators coupled to each other in a complex PT-symmetrical fashion in
space

H= a(2t) (b2 +p2) + % [wa (£)2® + wy ()y?] + iX(D)zy. (3.1)

Here a(t) is the inverse of a time-dependent mass, w,(t) and w,(t) are time-dependent force
constants and A(¢) is the time-dependent coupling strength between the two coordinates.
For the time-independent scenario, i.e. @ = w; = w, = A = 0, this system was previously
studied in [23,32,33]. Given the representation of the sp(4) Lie algebra (B.1)-(B.4), we
can express this Hamiltonian entirely in terms its generators

= a(zt) (Jo+ Q2) + Q+2(t) (Jo — Q2) + Q_g(t) (J3 — K1) +iXt) (J1+ K3),  (3.2)

with Q4(t) := wy(t) £ wy(t). For the (4 x 4)-matrix version of the Hamiltonian H(t) the
four instantaneous eigenvalues are easily computed to

1 1/2
< = +5 [a(t)Qi(t) +a(t)/Q(t) — 4/\2(t)] : (3.3)

It should be stressed at this point that these are not the energy eigenvalues of the time-
dependent system, since H is non-Hermitian, see e.g. [16]. For the time-independent case
this agrees with the values found for the ground state in [23,32,33], so that in analogy to
that scenario we will speak of a P7T-symmetric and spontaneously broken regime.

We identify P = 2J3 as the parity operator from the relation PHP = HT and the
time-reversal operator T as standard complex conjugation.
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3.1 LR-invariants from a Lie algebraic expansion

The defining relation for the Lewis-Riesenfeld invariants Iy (¢) is that it satisfies the Lewis-
Riesenfeld equation introduced in [18]

ZhatIH(t) - [H, IH<t)] =0. (3.4)

Most attempts to explicitly construct I (¢) by solving (3.4) start by making a suitable
general Ansatz for the invariant. Considering a system with an underlying Lie algebra g
it is suggestive to simply expand the invariant in terms of the Lie algebraic generators X;

fori=1,...,rank g, as Iy = 2221 ¢i(t)X;. Here it will be slightly more convenient to

In = ci1(t) (Q1 — K2) + c2(t) (Q1 + K2) + ¢3(t) (J2 + Q3) + ca(t) (J2 — Q3) (3.5)
+es(t) (J1 + K3) +cg(t) (J1 — K3) + er(t) (Jo — J3 + K1 + Qo)
+es(t) (Jo + J3 — K1 — Q2) + co(t) (Jo + J3 + K1 + Q2) + c10(t) (Jo — J3 — K1+ Q2) .

The Ansatz (3.5) is a priori not obvious but chosen in hindsight to generate simpler con-
straints thereafter when substituting it into the Lewis-Riesenfeld equation (3.4). In doing
so we obtain the ten constraints for the time-dependent coefficient functions

. . . 1
¢1 = acg — 2wyCo — 1ACg, €2 = 2wyC1p — aCT + 1A, €3 = Wyl — 5a05 + 21\,

. 1 ) ) 1

€4 = Facs — wyce — 2Acy, b5 =wycz —wzcs + 1A (2 —c1), G = 24 (cq4 —c3), (3.6)
. ) . 1 )

C7 = WyCo —1ACy, €3 = —WyCl +1AC3, C9 = §ac1, ¢l = —iCLCQ.

Thus, given the functions a(t),w,(t),wy(t), A(t), we have to solve the system (3.6) for the
unknown time-dependent coefficient functions ¢;(¢), with i = 1,.. ., 10.
3.1.1 Solutions from time-ordered exponentials

Next we solve the system of coupled first order differential equations (3.6) by means of
time-ordered exponentials following [7]. For this purpose we first re-write (3.6) as a matrix

equation
0O 0 0 0 0 —AO0a —2w; O
0 0 0 0 0 X a0 0 2w,
0 0 0 0 =% we 00 0 26\
0 0 0 0 § —wy 00 =2\ 0
9,6 = MG with M — —iA N wy —w, 0 0 00 O 0 ’ (3.7)
0O 0 -5 5 0 0 00 O 0
0O wy 0 =X 0 0 00 O 0
—w, 0 X 0 0 0 00 0 0
5 0 0 0 0O 0 00 O 0
O -0 0 0 0 00 O 0



LR-invariants from 2D point transformations

so that the general solution can be expressed in terms of time-ordered exponential as

&(t) = Texp [ /0 t M(s)ds] &0) (3.8)

tn—1

:nZOTUO M (t1)dt, i M (to)dts . .. M(tn_l)dtn] 0), (3.9)

0

with ¢ > t; > ...t, > 0 and T denoting the time-ordering operator. When the matrix
M (t) commutes for different times, i.e. [M(t), M(t')] = 0 for t # t/, this expression can
be evaluated directly, as the time-ordering can be dropped so that (3.8) just becomes a
matrix exponential

&) = exp [ /0 t M(s)ds] &(0) = g;] % [ /0 t M(s)ds] " a0, (3.10)

The commutativity requirement on M (t) imposes the functions a(t),ws(t),wy(t), A(t) to
be proportional to each other. Indeed, when making this assumption we find some general
solutions to the Lewis-Riesenfeld equation (3.4) in this manner. However, the solutions are
rather involved including also the 10 constants from the initial condition ¢(0) and we will
therefore not present here the generic expression.

Instead we make a few concrete and well-motivated choices that lead to simpler expres-
sions. First of all we take the proportionality to be a(t) = A(t), w.(t) = aA(t),w,(t) = A(t),
leaving us with an arbitrary constant . Moreover, keeping in mind that we would like
to employ the invariants in the construction of metric operators, we make use of the ob-
servation made in [7], that restricted Lewis-Riesenfeld invariants become time-dependent
C(t)-operators, which when multiplied with the parity P operator becomes the metric op-
erator p(t) = PC(t). The key restriction to be imposed is the involution property 1% = L.
Let us now see how this is implemented for the invariant (3.5), which when expressing the
sp(4)-generators in the matrix representation (2.2)-(2.4) acquires the form

—Cl(t) —C4(t) QCg(t) C6(t)

—y Cg(t) Cz(t) Cﬁ(t) 2010(75)
THO =1l gt) —es(t) erlt) —eslt) (8-11)

—C5(t) —267(t) C4(t> —Cg(t)

This expression squares to I when implementing the following constraints

2 _
o = Jiese T =1 T, oy — (cqcees — c3c5¢9) n X—_cl, (3.12)

X+ X+
2 2 2 2
C1C4Cx C8Cy + cgC C1C3Cq C9C3 + C8C,
= 2 = — 3.13
cr = — ) €10 = — - ) (3.13)
X+ X+ X+ X+

where we abbreviated x4 = cgcq £ c5c6. With these constraints we also obtain det [z = 1.
Next we chose an initial condition that respects these constraints also at the time t = 0 as
é0) =(0,0,1,1,0,0,0,0,0,0). Evaluating the matrix exponential (3.10) by acting on this
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vector as the chosen initial condition yields the solution

art) = ea(t) = — e
W
_\/1+a+040 Vito—«

(Cc--0Cy), (3.14)
_\/1+a+lc vi+a-1

. ) Cp, ea(ty = Y20 g VvIte— 1o 345
o) = S gra CFt ovtre O W= Sae s On (B 1)
1—a -« a—1 l -«

£ = S 5177 t) = S Si’ 3.16

() = =S+ =5 al) = o= S Ty aas (3.16)
1S+ aS- uS— WSy

P S P _ , 3.17
cs(t) cr(t) - + a,’ co(t) c1o(t) W1taa. 2V1+aay (3.17)
where

t ¢
Cy = cos [a;/ )\(s)ds] , Si =sin [a;/ )\(s)ds] , Gy = \/5\/1+ai2\/a+1.
(3.18)
We convinced ourselves that these solutions for the time-dependent coefficient function do
indeed satisfy the constraints (3.12) and (3.13).

3.2 LR-invariants from two dimensional point transformations
3.2.1 The general scheme

We will now utilise two dimensional point transformations to construct LR-invariants and
time-dependent Dyson maps for the above system. In general, point transformation are
canonical transformations in time and configuration coordinate space extended to a phase-
space transformation. Here we define the point transformations I" as the map that maps the
TDSE for a two-dimensional time-independent reference Hamiltonian Hy(x,v), depending
on the coordinates y, v, to the TDSE for a two-dimensional time-dependent non-Hermitian
target Hamiltonian H(x,y,t)

L Ho(x,v)¥(x,v,7) = 2hd-V(x,v,7) — H(z,y,t)®(x,t) = 1hd®(x,y,t), (3.19)
o, 7, U (x,v,7)] = [z,y,t®(z,y,t)]. (3.20)

The wave functions ¥ and ® are implicit functions of the coordinates and time y,v,7
and x,y,t, respectively, defined by the associated TDSEs. The variables x,v, 7, ¥ are
understood in general as functions P, @), R, S of the new set of independent variables z,
y, t, @

x = P(z,y,t,®), v=Q(z,y,t,P), T = R(x,y,t,P), U =S(z,y,t,P). (3.21)

For concrete systems one may be forced naturally to drop some of the dependences or
simply relax them for convenience.

The key feature is now that the point transformation I" defined via (3.19) can be applied
to various other quantities that otherwise need to be constructed in a more complicated
and involved manner. In particular, when acting solely on the Hamiltonian Hj, the map
leads to the LR-invariant Iy (x,y,t) for the target system we are interested in. Moreover,
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when acting on the time-independent Dyson map for the reference Hamiltonian we obtain
directly the time-dependent Dyson map for the time-dependent target Hamiltonian.

We summarise the relations between various types of Schrodinger equations and Lewis-
Riesenfeld eigenvalue equations as follows:

[Ho(x, 0)¥(x,v,7) = thd-¥(x,v,7)| = [H(w,y,0)®(w,t) = 1hdd(w,y,1)]
7
U(x,v,7) = e_”E/h\iJ(X,v) O(x,y,t) = w‘(t)/h’i)(x,y,t)
I 7
HO(X:’U)@(X/U) = Eq}()@”) L IH(x7y7t)(§(x7t> = A‘i’(.%',y,t)
) )
ho(x, v) = nHo(x, v)n~" In(z,y,t) = n(t)Im(z, t)n~" (t)
\I/(X,U) :mﬁ(Xﬂ)) (I)(.Cli,y,t Zﬁ(t ¢ x,y,t)
I 7
ho(x: )% (x) = B (x, v) | (e )@, y, ) = Ad(a,y. 1)
P(x,v,7) = e TEM)(y, v) d(,y,t) = e*D/g(z,y)

I 7
) =

[ho(x, V), v,7) =hd (v, )] == b,y )o@,y t) = thd(a,y.t) |

Let us briefly explain the diagram by descending down the first column starting in the
top left corner with TDSE for the time-independent non-Hermitian reference Hamiltonian
Hy(x,v) that is mapped by factorization of the wave function into the time-independent
Schrodinger equations (TISE). In the next step we carry out a similarity transformation us-
ing the time-independent Dyson map to obtain the time-independent Schrédinger equation
for the Hermitian Hamiltonian ho(x,v), which again by factorization of the wave function
is subsequently mapped to the TDSE for the time-independent Hermitian Hamiltonian
ho (X? U) :

In the second column we map the TDSE for the time-dependent non-Hermitian tar-
get Hamiltonian H(x,y,t) to the eigenvalue equation for the non-Hermitian LR-invariant
Ig(x,y,t) with time-independent eigenvalue A by factorising off the LR-phase from the
wave function. The eigenvalue equation for the Hermitian LR-invariant Ij(z,y,t) is then
obtained by means of a similarity transformation using a time-dependent Dyson map, which
when extracting again the LR-phase is converted into the TDSE for the time-dependent
Hermitian Hamiltonian h(x,y,t).

All steps in each of the two columns have been successfully carried out for a number
of explicit systems. However, in comparison the calculations in the second column are
considerably more complicated than those in the first. Thus, the idea is to bypass these
steps by means of a point transformation I' relating in the diagram the various equations
horizontally. We are especially interested in the construction of the non-Hermitian LR-
invariant Iy (x,y,t) from the time-independent Hamiltonian Hy(y,v), the time-dependent
Dyson map 7)(t) from the time-independent Dyson map 7 and the Hermitian Hamiltonian
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h(z,y,t) from the action of I" on the TDSE satisfied by ho(x, v)
I': Hy(x) = Ig(z,t), (3.22)
P o) 329
L' holx,v)Y(x, v, 7) =1ho:p(x,v,7) —  h(z,y,t)p(x,y,t) = hdp(x,y,t), (3.24)
The second mapping follows by decomposing T' : WU(x,v) — ®(x,y,t) into I' : 9(x,v) —

¢(x,y,t) and the remainder I' : 7 — n(¢). Let us now turn to our concrete model.

3.2.2 Point transformation I' for a general target Hamiltonian

We consider here a slightly modified version of the Hamiltonian in (3.1) given by

t b(t
H(z,y,t) = a;) (P2 +2%) + (2) (Py +v%) + A ()2, (3.25)
which in terms of the generators of the sp(4)-algebra is expressed as
H =a(t) (Js+ Jo) + b(t) (Jo — J3) +2A(t) (J1 + K3). (3.26)

We will now employ two dimensional point transformations in the study of this system
to obtain a non-Hermitian invariant Iy (z,y,t) as well as the time-dependent Dyson map
n(t). Taking (3.25) as the target Hamiltonian satisfying the TDSE

H(z,y,t)®(z,y,t) = 1hoy®(z,y,t), (3.27)
we choose for our reference Hamiltonian a time-independent version of (3.25) given by
Hy(x,v) = % (pf< + XZ) + g ( 24 v2) +1Axv, «,B,AER, (3.28)
satisfying the TDSE
HO(XvU)\II(vaﬂ—) = ZhaT\Ij(vaaT)' (329)

We simplify the general functional dependences (3.21) to
X = X(y)t)a v = U(l‘, t)7 T = T(t)> U= A($,y,t)q)(l',y,t). (330)

and convert all the partial derivatives in the TDSE from the (x, v, 7) to the (z, y, t)-variables
obtaining the point transformed differential equation

h? BT h? ot
1h®, + ?%Q)m + ?X—;Cl)yy + By x(z,y,t) Py + Boy(z,y, 1)@y — Vo(z,y,t)® =0, (3.31)
z Y
with
vy B2 Ty (284 PBuge QUL Uyy
B AR} 7t = - ) - - ) .32
A Vg * 2 02 A Vg X2 (3.32)
whx, B2 1 (204, BXyXax Xy
Boy(z,y,t) = ——+ 5 — - - : (3.33)
Xy, 2x3\ A v3 Xy
Tt 2 . 2 Ay Azvy Ath
)= — 2iA —th| — - — — ==L .34
Vol ) = 5 (0% + 20t + ) o (5 - 522 e (3:31)

_ I [0‘ (Ayy _ Aavyy Ayny) i B <Am= _ Asvar Ame>] '

24 | x3 Vg Xy Vg Xy
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The motivation behind the first two assumptions in (3.30) is dictated by the form of the
target differential equation and the fact that there are no ®,, terms present. There are in
fact other choices to ensure this term to vanish, but for now this simplification is adequate
for the construction of the point transformation. Similarly, the last factorization property
in (3.30) ensures that there are no nonlinear ®2 and (I)?QJ terms. Having 7 only being a
function of t is to reduce the complexity of the calculation.

3.2.3 Point transformation I" for the target Hamiltonian H(z,y,t)
The target Hamiltonian is chosen to be the one in (3.25) with associated TDSE

1h®, + ii;a(t)@m - h;b(t)fbyy — <;a(t)x2 + %b(zﬁ)y2 + M(t):ny) d = 0. (3.35)
Comparing this equation directly with the differential equation (3.31) leads to the five
constraints

alt) = % b(t) = 2L Boa(w,y,t) =0, Boy(x,y,t) =0, (3.36)
x y
Vo(w,y, 1) = % (a(t)2® + 20 (1) + b(1)y?) (3.37)

To guarantee that a(t) is different from b(¢) we introduce the three real valued functions
w(t), o(t) and r(t), and solve the first two constraints with

t
v(z,t) = p)z +71(8), x(1) =)y +7(t), 7(t)= / r(s)ds, (3.38)

where 7, (t) and v,(¢) and real valued constants of integration. Using these expressions in
the third and fourth constraints of (3.36) yields the two equations

arAy B Ot (72)t pray _ H Vi
hA02 —2(01'4— ) and hAMQ =1 My—l—u . (3.39)
These two equations are solved by
1
Alwnt) = exp {5 (B (20,4 ) + 000 (2l + 0] 400} (30)

where §(t) is a real valued function resulting from integration. We proceed next with these
expressions in the fifth and final constraint in (3.37), yielding

1 1 2 2
3 [zh (25t + % + ?) =71 (av] + 20\y175 + B73) + - <(7;)t + (Wé)t ﬂ (3.41)
- # [57"3 (2Avyy + Byg) — 1e(v2)e + T('Yz)tt] r+1(\— Arop) zy
1 — 4_ 1
2 far? (s +03) — i+ ey § [ 20w T )] o

Ll
2

o (repty — 7 hey) o« (M4 _ 1) r

2 _
ar? e y =0
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LR-invariants from 2D point transformations

We notice immediately that the xy-dependent term vanishes for
A= Arop. (3.42)

We set v; = 75 = 0 ensuring that the x and y dependent terms vanish. The x and y
independent terms vanish for

1
(t)=1c1 — 3 In(po), (3.43)
where ¢ is a real time-independent integration constant. Finally we notice that the coeffi-

cient functions for the 2 and y? terms amount to two independent dissipative Ermakaov-
Pinney equations [34, 35]

9 ﬁZ,rQ Oé21"2

Tt Tt
O — ?O't + ,327‘20' o3 and My — ?,U*t + O[2T2M2 = HS . (344)

The solutions to these two equations are

olt) = \/ 1+ + ez cos [25 / tr(s)ds}, (3.45)
u(t) = \/ 1+ +escos [m / t T(s)ds} , (3.46)

respectively, where co and c3 are constants.

With this we have completed the construction of the point transformation I' and we
can use it next to obtain a non-Hermitian invariant for the target Hamiltonian (3.25) as
well as the time-dependent Dyson map. These calculations will be carried in terms of the
generators of the generators of the sp(4) Lie algebra and so it is instructive here to present
how the point transformation acts on the individual generators.

3.2.4 LR-invariants from I'

We now use the point transformation I' defined by the equations (B.5)-(B.14) and (B.15)
to obtain the non-Hermitian invariant for the target Hamiltonian (3.25). Acting directly
on the reference Hamiltonian (3.28) and not the TDSE, we obtain

B a

Ot
IH(t) = ﬁ(Jg +J1+Jo+ Q2) + ﬁ<JO + Q9 — J3 — Kl) + E(Kg — Q1) (3.47)

+M(K2+Q1)+1<
ri

2
ot
5

1 2
t3 <:;2 + Of,u2> (K1 — J5+ Jo — Q2) +iAou(Ji + K3).

5 +502> (J3 — K14+ Jo — Q2)

We have verified that this expression for the invariant I (¢) does indeed satisfy the Lewis-
Riesenfeld equation (3.4).

- 11 -
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3.2.5 Time-dependent Dyson map from I'

Next we use the point transformation I' to obtain the time-dependent Dyson map for
the target Hamiltonian (3.25). To do so we must first determine the time-independent
Dyson map for the reference Hamiltonian (3.28). We make the following Ansatz for the
time-independent Dyson map

n = eXp[/ﬂ(Qg — JQ) + HQ(Qg + JQ)], K1, k2 € R, (3.48)

and act adjointly with it on the reference Hamiltonian (3.28). The requirement for the
non-Hermitian terms to vanish to ensure that we are left with a Hermitian Hamiltonian

results in the two constraining equations

(a+ B) (k1 + K2)sin[2,/k1K2]

2A cos[2\/k1ka] = — (3.49)
and 2.
2A cos[2y/k1ka] = (o = B){K1 — Kz) sinf2y/mif) . (3.50)

\/K1K2

These equations are easily solved for k1 and ko

K1 = ;\/garctanh [i@] and Ko = —;\/Earctanh [i@] . (3.51)

The resulting Hermitian Hamiltonian is then given by

ho = nHon™" (3.52)
(e +B)A—(a—p)? (B—a)A+(a+p5)?
N 4af Jat 4ap Jo
2 02
+(a4iﬁA) [(a+ B)K1 — (o — B)Q2],
where we introduced the abbreviation
A=/ (a2 - B2)? — apA? (3.53)

Now that we have determined the time-independent Dyson map, we can act on it with
the point transformation I' to obtain
Briop + akafiot
afr

Acting adjointly with this map on the time-dependent non-Hermitian invariant (3.47) does

L(n) = n(t) = exp[mg(Qg — Ja) + m%(Qg + J2) + (K3 +J1)]. (3.54)

indeed produce a Hermitian invariant given by

1

In(t) =n() T ()" = 5

{ia(Jg—J3—K1+Q2) 26(J0+J3+K1+Q2) (3.55)

4 1
+$<K2+Q1>+a[<a + 57+ A ’é] (o= Js + K1 = Q)

40’1L 2

- Qi+ ;[WW— >a+] o+ Js — Ky — Q2>}.

Given that this invariant is Hermitian we conclude that equation (3.54) is a Dyson map

for the target Hamiltonian (3.25)

- 12 —
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3.2.6 Time-dependent Hermitian Hamiltonian from I

We now wish to determine the time-dependent Hermitian Hamiltonian which is related to
the target Hamiltonian (3.25) via the time-dependent Dyson equation

h(t) = n(t)H(t)n~ " (t) + ihd(t)n(t) . (3.56)

In general this equation is difficult to solve due the presence of the time-derivative terms
on the Dyson map. Here we show that alternatively we can instead use the point transfor-
mation to find n(t) and A(t) directly.

We start by acting with the point transformation I' on the time-independent Hermitian
Hamiltonian constructed in (3.52) which leads to a time-dependent Hermitian invariant
for this Hamiltonian, I'(hg) — I(t). We verify that the result is indeed the Hermitian
invariant given in equation (3.55). Subsequently, corresponding to the last step in our
scheme outlined in section 3.2.1, we act with I" on the entire TDSE satisfied by hg and
identify from the resulting equation the time-dependent Hermitian Hamiltonian

rp?

h(t) = 5 (o = Js) + %fuo + ) = (@ = B = A)(Jo— S+ K1 - Q2) - (357)

7“0'2

48

This Hamiltonian is indeed the one on the right hand side in (3.56) and is indeed the
Hermitian Hamiltonian for the invariant constructed in (3.55).

(B —a® + A)(Jo+ J3 — K1 — Q2).

4. Conclusions

As our two main results we showed first of all that the previously observed feature that
LR~invariants can be obtained directly from the action of point transformation on a time
dependent Hamiltonian generalised from one to two dimensions. Furthermore we showed
that time-dependent Dyson maps and time-dependent Hermitian counterparts can also
be obtained by means of the action of the point transformation on the corresponding
time-independent Dyson maps and TDSE, respectively. Hence this approach completely
bypasses to solve the time-dependent Dyson equation (3.56) directly.

Here we are content with a proof of concept, but naturally it would be interesting to
explore this scheme further, as for instance constructing the metric operator from the Dyson
map and investigate its properties, start with different types of reference Hamiltonians,
construct all related eigenfunctions and explore the energy spectra in all P7T -regimes.

Regarding the model itself our analysis has clearly demonstrated that it is extremely
advantageous to express the model entirely in terms of the generators of the sp(4)-Lie
algebra, which not only greatly simplifies the computations when compared to this in
coordinate or momentum space, but also provides a more systematic framework.

Thus we may compare the two approaches. When the Hamiltonian can be expressed
in terms of the generators of a closed algebra, we can also expand the invariant in terms
of the same generators. The Lewis-Riesenfeld equation then leads to a well-defined system

~13 -



LR-invariants from 2D point transformations

of coupled differential equations. Here we employed time-ordered exponentials to find
some simple algebraic solutions with the imposition of some constraints. As previously
demonstrated these type of equations may also be solved by other means. In contrast,
the point transformation approach is more direct and once set up, it leads inevitably to a
solution. However, it does require an element of guess work setting up a suitable reference
Hamiltonian for a given target Hamiltonian.

Acknowledgments: RT is supported by EPSRC grant EP/W522351/1.

Appendix A Two dimensional point transformations

In this appendix we provide the details on how to derive central equations (3.31) and (3.32)
to (3.34) given in the main body of the paper.

We wish to determine the point transformation which maps the TDSE (3.29) for the
reference Hamiltonian to that of the target Hamiltonian (3.27). The wavefunctions ¥ and
® are implicit functions of the variables (x,v,7) and (z,y,t) respectively with assumed
functional dependence

x = x(z,y,t), v=v(z,y,t), 7=r7(x,yt), ¥=R(xy,t ®(xvy,t)). (A.1)
We first compute the total derivatives of ¥ with respect to the variables x, y and ¢

Y

e U Xy + Vovp + VT = Ro®, + R, (A.2)
dv
@ = ‘IIXXy + ‘IIU’Uy + \IJTTy = R(I)(I)y + Ry (Ag)
Y
E = ‘llXXt + \IIU'Ut + \I]TTt = Rc[)@t + Rt. <A4)

We solve this system of equations for the unknown functions ¥, ¥,, and ¥, obtaining

¥y = 5 (Ro o, (@72 = 710) 0, (e, = @ir,) 01 (87, = 72, (A5)
Ry (T1va — 0iTa) + Ri (Tavy — VaTy) + Ry (UiTy — Tyvy)},
¥, = % {Rs [x, (T:®r — ®172) + X; (Ta®y — PuTy) + X, (Pe7y — T1Dy)] (A.6)
+Ry (T = TiXe) + Ra (Tixy = XeTy) + Be (XaTy = TaXy) }
v, = % {Ra [x, (Prvz — 0:®s) 4+ Xp (V:By — Prvy) + X; (Prvy — Ve Dy)] (A7)
+Ry (ViXe = Xeva) + Re (VeXy = Xovy) + Ra (xvy = vixy) b
where

J =Xt (Tavy — vaTy) + X (ViTy — Tevy) + Xy (Te1Vz — ViT2) (A.8)
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is the Jacobian. We also compute the second derivatives of W with respect to x and y

obtaining

d*v N )

el = 275 (V2Wyr + Xx\I]X,T) + 7oV VT + Vg + 02 Vo0 (A.9)
—+ 2U$Xac\IIX7’U + X?JII})GX + \IIXX$,Z‘7

d*v 5

7d1’2 = (I)chp,@ + 2(be(b’x + Rq,q)x,x + Rx’z, (A‘l())

dQ\IJ 2 2

dy? =27y (Uyqlw + Xy\I/XJ) + 7y Vs + Wty y + Uyvyy + 0y Wo (A.11)
+ 20Xy VUyo + Xz‘I/x,x + WXy

d>v 5

TyQ — q)yR(I),‘ID + 2@yR‘I>,y + R‘bq)y,y + Ry,y- (A12)

To remove the nonlinear terms present in (A.10) and (A.12) we factorise the wavefunction
as

qj = A(x’ y7 t)®7 (A.]‘S)

such that Re ¢ = 0. To greatly reduce the difficulty of the calculation we also choose to
simplify the functional dependence of 7 to

T =7(t). (A.14)

We make one final simplification on the functional dependence of x and v to ensure there
are no ®xy terms present in the resulting point transformed differential equation, that
being

X = x(y,t) and v =uv(x,t). (A.15)

We stress here though that this a choice, and there are other simplifications which would
lead to the same outcome.

With all of the simplifications we may now use equations (A.5)-(A.7) and (A.9)-(A.12)
to obtain

1
U, = — (94, + Ad,), (A.16)
Xy
1
U, = — (PA, + AD,), (A.17)
1
Uy = & [4y (2Xy<1>y — <I>xy,y) + xy (PAyy + ADy,) — Acpyx%y] , (A.18)
Y
1
Vpp = — [Ay QU Py — PUpg) + 0y (PAL 2 + AP, ;) — ADv, 4], (A.19)
vw
1
U, = . [xy (Vg (PAL + ADy) — DA v — Avy®y) — Ay XU — Ax0a®Py] . (A.20)
t Yy xT

Substituting these expressions into the TDSE for the reference Hamiltonian (3.29) yields
the point transformed differential equation given in (3.31).
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Appendix B The point transformation I' acting on the sp(4) generators

In the appendix we present the details on how the point transformation acts on the gen-
erators of the sp(4)- Lie algebra. Denoting the generators for the reference Hamiltonian
with primes as

= 3R+ + ), (B-1)
Ji = % (xv +Dpypo), S5 = % (xpo —vpy), J3= i (P —pi+x* =), (B2
Q) = % (vpo —xpy), Q2= % (X +00 =X =), Q5= % (xpo +vpy), - (B:3)
K| = i (2 —p2 -2 -0, Kj= % (Xxpx +pov), Kj= % (xv —pypu), (B4)
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the action of the point transformation I on them are then computed to

Jo—J3 — K J, J3 + K 2(Ky —
0—J3 1+Q2+ 0+ 3+2 1+Q2+ (K2 — Q1) 0y (B.5)

1
4 u? o Bro
+(J0+J3*K1*Q2) (52T202+U%)+2(K2+Q1)Mt
2,2 our '
por 1%
(Jo = J3 + K1 — Qo) (@®p°r® + i)
o212
, o i—Kz 1 Ot (@3 — ) py | (J2+Q3)0:
— K
= 2uo * 2 (/1 + Ks) <HU + afr? 2aro 2Bur
(J1 + K3) (apoy — Bopy) | p(Qs—J2) o (J2+Qs)
+ —_
20837 20 20 ’
g I L[Jo—J3—Ki+Q2  2(Ka+Q1)py Jo+J3+ K1+ Qo
3 9 2 + o 2
" aur o
(Jo — J3 + K1 — Q2) (a?p®r? + pf) n 2(Q1 — K») oy
a?r? Bro
(Jo+ J3 — K1 — Q2) (B*r?0? + 0?)
B°r?
Ky — _ K —
ooy (Jo+Js — K1 —Q2)  ppy (Jo—Js+ K1 —Q2) 01, (B.9)
206r 2ar

1{Jo—J3— K+ Jo+ Js+ Ky + 2(Ko +
AN O 321 Q2+0 321 Q2+(2 Q1) (B.10)
4 I o apr
2(Ka—Qu)or  (Jo—Jz+ K1 — Qo) (@®p®r? — pif)
Bro a?r?
(Jo + J3— Ky — QQ) (ﬁ27°20'2 — O'%)
B*r? ’
, T (N1 + Ks) (apor + Bopy) | p(@s—J2) o (J2+Qs)
3 — + +
2a8r 20 21
1 —J3— K K 2 (K.
[ Jo—J3—Ki1+Q2 Jo+J3+ 1+Q2+ (K2 + Q1) 1y (B.12)
4 w? o? apr
2(Q1— Ky)oy  (Jo—J3+ K1 —Q2) (a2u2fr2 — ,u%)
+ —
Bro a?r?
(J0+J3—K1—Q2) (ﬂ27“20'2—0'%) Q(Ql—KQ)O't
+ . +
Ber? Bro
piy (Jo — Js+ K1 = Q2) | ooy (Jo+ J3 — K1 — @2)
+
2ar 20r

Ji—K3 1 Ot (Qz—Jo)py  (J2+Q3)0y
K5 - S+ K - - - . (B.14
377 2uo * 2 (/1 + Ks) <,ua afir? 2aro 28ur ( )

_l’_

7 (B.6)

e

%

+

9

; T
1 —

+

: (B.11)

)

r
K} —

+ Ko, (B.13)

The time-derivative ¥, when expressed in terms of the Lie algebraic generators then trans-
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LR-invariants from 2D point transformations

forms as

iU, L ihw, 4 (Jo—Js+ K1 —Q2) <

a(w=1) >+<K2+Q1>ut (B.15)

22 2ar? 1

4 2 o
+ %7“ (Jo+ Js — K1 — Q2) (6 (00,21) + ;L) + —(K2 GQI)Ot.

References

1]

2]

F. G. Scholtz, H. B. Geyer, and F. Hahne, Quasi-Hermitian Operators in Quantum
Mechanics and the Variational Principle, Ann. Phys. 213, 74-101 (1992).

C. M. Bender and S. Boettcher, Real Spectra in Non-Hermitian Hamiltonians Having PT
Symmetry, Phys. Rev. Lett. 80, 5243-5246 (1998).

A. Mostafazadeh, Pseudo-Hermitian Representation of Quantum Mechanics, Int. J. Geom.
Meth. Mod. Phys. 7, 1191-1306 (2010).

C. M. Bender, P. E. Dorey, C. Dunning, A. Fring, D. W. Hook, H. F. Jones, S. Kuzhel,
G. Levai, and R. Tateo, PT Symmetry: In Quantum and Classical Physics, (World Scientific,
Singapore) (2019).

A. Fring and T. Frith, Mending the broken PT-regime via an explicit time-dependent Dyson
map, Phys. Lett. A 381, 2318 (2017).

A. Fring and R. Tenney, Perturbative approach for strong and weakly coupled
time-dependent for non-Hermitian quantum systems, Physica Scripta 96, 045211 (2021).

A. Fring, T. Taira, and R. Tenney, Time-dependent C-operators as Lewis-Riesenfeld
invariants in non-Hermitian theories, Phys. Lett. A 452, 128458 (2022).

M. Huang, R.-K. Lee, Q.-H. Wang, G.-Q. Zhang, and J. Wu, Solvable dilation model of
time-dependent PT-symmetric systems, Phys. Rev. A 105, 062205 (2022).

A. Fring and T. Frith, Eternal life of entropy in non-Hermitian quantum systems, Phys. Rev.
A 100, 010102 (2019).

T. Frith, Exotic entanglement for non-Hermitian Jaynes—Cummings Hamiltonians, J. of
Phys. A: Math. and Theor. 53, 485303 (2020).

C. Figueira de Morisson Faria and A. Fring, Time evolution of non-Hermitian Hamiltonian
systems, J. Phys. A 39, 9269-9289 (2006).

A. Mostafazadeh, Time-dependent pseudo-Hermitian Hamiltonians defining a unitary
quantum system and uniqueness of the metric operator, Physics Letters B 650, 208-212
(2007).

M. Znojil, Time-dependent version of crypto-Hermitian quantum theory, Phys. Rev. D 78,
085003 (2008).

H. Bila, Adiabatic time-dependent metrics in PT-symmetric quantum theories, arXiv
preprint arXiv:0902.0474 (2009).

J. Gong and Q.-H. Wang, Time-dependent PT-symmetric quantum mechanics, J. Phys. A:
Math. and Theor. 46, 485302 (2013).

~ 18 —



LR-invariants from 2D point transformations

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]
[35]

A. Fring and M. H. Y. Moussa, Unitary quantum evolution for time-dependent
quasi-Hermitian systems with nonobservable Hamiltonians, Phys. Rev. A 93, 042114 (2016).

A. Fring, An introduction to PT-symmetric quantum mechanics—time-dependent systems,
preprint arXiv:2201.05140, to appear Journal of Physics: Conference Series (2022).

H. Lewis and W. Riesenfeld, An Exact quantum theory of the time dependent harmonic
oscillator and of a charged particle time dependent electromagnetic field, J. Math. Phys. 10,
1458-1473 (1969).

A. Fring and R. Tenney, Time-independent approximations for time-dependent optical
potentials, The Europ. Phys. J. Plus 135, 163 (2020).

I. A. Pedrosa, Exact wave functions of a harmonic oscillator with time-dependent mass and
frequency, Phys. Rev. A 55(4), 3219 (1997).

M. Maamache, O. K. Djeghiour, N. Mana, and W. Koussa, Pseudo-invariants theory and real
phases for systems with non-Hermitian time-dependent Hamiltonians, The Europ. Phys. J.
Plus 132, 383 (2017).

B. Khantoul, A. Bounames, and M. Maamache, On the invariant method for the
time-dependent non-Hermitian Hamiltonians, The Europ. Phys. J. Plus 132, 258 (2017).

A. Fring and T. Frith, Solvable two-dimensional time-dependent non-Hermitian quantum
systems with infinite dimensional Hilbert space in the broken PT-regime, J. of Phys. A:
Math. and Theor. 51, 265301 (2018).

J. Cen, A. Fring, and T. Frith, Time-dependent Darboux (supersymmetric) transformations
for non-Hermitian quantum systems, J. of Phys. A: Math. and Theor. 52, 115302 (2019).

A. Fring and R. Tenney, Exactly solvable time-dependent non-Hermitian quantum systems
from point transformations, Phys. Lett. B 410, 127548 (2021).

K. Zelaya and O. Rosas-Ortiz, Quantum nonstationary oscillators: Invariants, dynamical
algebras and coherent states via point transformations, Physica Scripta 95, 064004 (2020).

A. Fring and R. Tenney, Exactly solvable time-dependent non-Hermitian quantum systems
from point transformations, Phys. Lett. A 410, 127548 (2021).

R. Tenney, New exact and approximation methods for time-dependentnon-Hermitian
quantum systems, PhD Thesis, City, University of London (2022).

W. Fulton and J. Harris, Representation theory: a first course, volume 129, Springer Science
& Business Media, 2013.

D. Han, Y. S. Kim, M. E. Noz, and L. Yeh, Symmetries of two-mode squeezed states, J. of
Math. Phys. 34, 5493-5508 (1993).

P. A. M. Dirac, A remarkable representation of the 3+ 2 de Sitter group, J. of Math. Phys.
4, 901-909 (1963).

B. Mandal, B. Mourya, and R. Yadav, PT phase transition in higher-dimensional quantum
systems, Phys. Lett. A377, 1043-1046 (2013).

A. Beygi, S. P. Klevansky, and C. M. Bender, Coupled oscillator systems having partial PT
symmetry, Phys. Rev. A 91, 062101 (2015).

V. Ermakov, Transformation of differential equations,, Univ. Izv. Kiev. 20, 1-19 (1880).

E. Pinney, The nonlinear differential equation y” + p(z)y + ¢/y* = 0, Proc. Amer. Math.
Soc. 1, 681(1) (1950).

~19 —



