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STRUCTURE OF BLOCKS WITH NORMAL DEFECT AND ABELIAN p/
INERTIAL QUOTIENT

DAVID BENSON, RADHA KESSAR, AND MARKUS LINCKELMANN

ABSTRACT. Let k be an algebraically closed field of prime characteristic p. Let kGe be a
block of a group algebra of a finite group G, with normal defect group P and abelian p’
inertial quotient L. Then we show that kGe is a matrix algebra over a quantised version of
the group algebra of a semidirect product of P with a certain subgroup of L. To do this,
we first examine the associated graded algebra, using a Jennings—Quillen style theorem.

As an example, we calculate the associated graded of the basic algebra of the non-principal
block in the case of a semidirect product of an extraspecial p-group P of exponent p and
order p? with a quaternion group of order eight with the centre acting trivially. In the case
p = 3 we give explicit generators and relations for the basic algebra as a quantised version
of kP. As a second example, we give explicit generators and relations in the case of a group
of shape 2114 : 3142 in characteristic two.

1. INTRODUCTION

Throughout this paper p is a prime and k is an algebraically closed field of characteristic
p. The study of blocks with normal defect groups has a long history, starting with the
work of Brauer [6], and continuing with Reynolds [I3], Dade [7], and Kiilshammer [I1]. In
the case of abelian normal defect, abelian inertial quotient and one simple module, explicit
descriptions of the basic algebra were given by Benson and Green [3], and Holloway and
Kessar [§]. Dropping the hypothesis of one simple module led to our paper [4]. The main
structural feature of the basic algebras calculated in these papers is that they appear to
be quantised versions of the group algebras of semidirect products of a defect group and a
subgroup of the inertial quotient.

The purpose of this paper is to generalise the results from [4] to blocks of group algebras
over k of finite groups that have a normal defect group P which is no longer necessarily
abelian, but still with abelian p’ inertial quotient L. By a theorem of Kiilshammer [I], any
such block is isomorphic to a matrix algebra over a twisted group algebra k(P x L) of the
semidirect product P x L, for some o € H?(L,k*), inflated to P x L. So there is a central
p’-extension

172 —-H—=L—1
and an idempotent e in kZ, such that k(P x L) = kGe, where G = P x H.

Theorem 1.1. With the notation and hypotheses above, let A be a basic algebra of the twisted
group algebra ko (P x L). Then ko(P % L) is a matriz algebra over 2 and 2 has an explicit
presentation as a quantised version of the group algebra k(P x Z(H)/Z).
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For the precise presentation and the proof, see Section[d] There are several new ingredients
required to extend the results from [4] to nonabelian defect groups. We first consider the
associated graded gr,(kGe) = @, J"(kGe)/J"(kGe) of kGe, briefly reviewed in the
next section, and make use of the Jennings—Quillen theorem [10, 12] and Semmen [I4].
We show that gr,(kGe) is isomorphic to a matrix algebra over a quantised version of the
associated graded of the group algebra of the group P x (Z(H)/Z). Specialising to the case
a = 0, we get a presentation of gr, (k(P x L)) which we have not seen before in the literature
(see Remark [3.12)). The exact relations are stated in Theorem [3.8} see also Theorems
and and Corollary [3.15] We then show that this may be ungraded to exhibit the basic
algebra of kGe as a quantised version of the group algebra of P x (Z(H)/Z), see Section [dl

In Section [5], in order to illustrate the main results, we explicitly calculate the following
examples of blocks with a normal extraspecial defect group of order p? and exponent p having
a single isomorphism class of simple modules.

Theorem 1.2. Suppose that p is odd. Let P be an extraspecial group of order p* and exponent
p, let H be a quaternion group of order 8 acting on P with Z(H) acting trivially, and with
the two generators of H inverting the two generators of P. Set G = P x H. The basic
algebra of the associated graded gr,(kP) of kP is given by generators x, y, z, subject to the
relations

=0, =0, zy—yr=2 xz—20=0, yz—2zy=0

(these imply zP = 0) while the basic algebra of the associated graded gr,(kGe) of the non-
principal block e of kG is given by generators X, y, z, subject to the relations

xX*=0, yv=0, xy+yx=z xz+zx=0, yz+zy=0
(these imply zP = 0).

In the case p = 3, we can be more precise and explicitly describe the algebra kP and a
basic algebra of kGe by ‘ungrading’ the previous Theorem.

Theorem 1.3. With the notation of the previous theorem, assume that p = 3. The algebra
kP s given by generators I, y, Z, subject to the relations

=0, =0, TY—gr=2 ITIZ-—Zii=32y3, @i—iyj=—Z2iz
(these imply 2 = 0) while a basic algebra of kGe is given by generators X, y, z, subject to
the relations

=0, V=0, xy+yx=2 XZ+Ix=—-2yz, yZ+zy=—2x2
(these imply 23 = 0).

In Section [6] we give an example in characteristic two, with P an extraspecial group of
order 2'7* and H an extraspecial group of order 3'*2,
Finally, the appendix contains some corrections to the calculations in [4].

Notation. The bracket [—, —] is used in three different ways, depending on the context: as
commutator [g,h] = ghg 'h™! for elements g, h in a multiplicatively written group, as Lie
bracket in a Lie algebra, and as additive commutator [a,b] = ab — ba for elements a, b in an

associative algebra.
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2. THE ASSOCIATED GRADED

The associated graded of a finite-dimensional k-algebra A is the graded algebra

gr.(A) = @D J"(A) /T (A),

n=0

with the summands J"(A)/J"(A) in degree n, where we adopt the convention J°(A) = A.
The image in A/.J(A) of a block idempotent of A is a block idempotent of gr,(A), and this
induces a bijection between the blocks of A and the blocks of gr,(A). Similarly, the image in
A/J(A) of a primitive idempotent of A is a primitive idempotent in gr,(A). It follows that
A and gr,(A) have the same quiver.

Let P be a finite p-group, L an abelian p’-subgroup of Aut(P), and let o € H?*(L, k).
Since k is algebraically closed, the canonical group homomorphism Z?(G, k*) — H*(G, k*)
splits (see for example Theorem 11.15 of Isaacs [9]). Thus we may represent « by a 2-cocycle
having the same order in Z%(G, k) as its image in H*(G,k*), still denoted by a. Such a
choice of « yields a central p’-extension

1/ —-H—-L—1

and a faithful character y : Z — k* such that Z = [H, H| and such that for some choice of
inverse images = in H for all x, we have

oz, y) = x(&§zy ")
for all z, y € L. Moreover, |Z| is equal to the order of o in H*(L, k*); that is, the subgroup
of k* generated by the values of « is equal to x(Z).

Set G = P x H, where H acts on P via the canonical map H — L, so that Z =
Cu(P) < Z(H), and hence Z < Z(G). Thus the idempotent

1 -
€= m ZX(Z Yz,
2€Z

is a non-principal block of kG, and the canonical surjection G — P x L with kernel Z induces
an algebra isomorphism

kGe = ko(P x L),

where « is inflated to P x L via the canonical surjection P x L — L.
We wish to describe kGe. This being difficult, we tackle first the associated graded algebra

gr.(kGe) = @D J"(kGe)/J" (kGe).

Our goal is to give an explicit presentation of this as a quantum deformation of the corre-
sponding associated graded for the (untwisted) group algebra k(P x Z(H)/Z).
3



First, we recall the Jennings—Quillen theorem [I0], 12] for the associated graded of kP.
Our treatment follows Section 3.14 of [2]. For r > 1, we have dimension subgroups

F.(P)={geP|g—1€J(kP)}.

Thus Fi(P) = P, F»(P) = ®(P), [F.(P),Fs(P)] C F..s(P), and if g € F.(P) then
g’ € F,.(P). Furthermore, F,.(P) is the most rapidly descending central series with these
properties. Define
Jen,(P) = Pk @, F,(P)/Fria(P).
r>1
Then Jen,(P) is a p-restricted Lie algebra with Lie bracket induced by taking commutators
in P and pth power map coming from taking pth powers in P. As a restricted Lie algebra,
Jen,(P) is generated by its degree one elements because the subgroups F,.(P) form the lowest
central series with the properties mentioned above. Let UJen,(P) be the restricted universal
enveloping algebra of Jen,(P) over k. As an associative algebra, UJen,(P) is generated by
its degree one elements. The commutator [g, h| of two elements g, h € P becomes the Lie
bracket of the images of g, h in Jen,(P), and the image of that Lie bracket in UJen,(P) is
in turn equal to the additive commutator of the images of g, h in the associative algebra
Ulen,(P).
The Jennings—Quillen theorem states that there is a k-algebra isomorphism

Ulen.(P) — gr (kP)

which for any r and any ¢g € F,.(P) sends the image of g in F,.(P)/F,1(P) to the image of
g—1in gr (kP).

The group action of H on P induces an action of H on Jen,.(P) as a restricted Lie algebra,
because the Lie bracket in Jen,(P) is induced by taking commutators in P and the p-
power map in Jen,(P) is induced by taking p-th powers in P. The Jennings—Quillen map is
equivariant with respect to H, and therefore extends to an isomorphism

Ulen,(P) x H —> gr,(kP) x H —> gr,(kG),

where the second isomorphism uses the fact that J(kG) = J(kP)kG = kG J(kP) since H is
a p/-group (cf. [14, Theorem 4]). Since we have a canonical bijection between the blocks of
kG and the blocks of gr,(kG) as described at the beginning of this section, it follows that
the blocks of both kG and gr, (kG) are the idempotents in kZ.

Remark 2.1. If e is an idempotent in kH, then the restriction of the projective module kGe
to P is a direct sum of dimy(kHe) copies of kP. Furthermore, the radical layers of kGe as
a kG-module are the same as the radical layers as a kP-module. So we have

> dimy J(kGe)/J T (kGe) = dimy,(kHe). Y _ dimy, J'(kP)/J" (kP)

120 120

1— g
= dimg(kHe). H (

dimy, Jen,.(P)
=)

It can also be seen by restriction to P that if e is a central idempotent in kH then the
associated graded gr,(kGe) of the algebra kGe is generated by its degree zero and degree

one elements.
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Remark 2.2. The algebra UJen,(P) is a finite dimensional cocommutative Hopf algebra,
which defines a connected unipotent finite group scheme P whose group algebra is kP =
UJen,(P). The finite group H acts as automorphism on P, so we may form the semidirect
product G =P x H, which is again a finite group scheme.

3. THE QUANTUM RELATIONS

In this section, we define an algebra 2, which will turn out to be a basic algebra for
gr,(kGe). The quantum commutation rules for 2 are given in Theorem [3.8 and the fact

that 2 is indeed a basic algebra is shown in Corollary [3.15]
By [4, Proposition 3.1] we have a bijection

lrr(Z(H)|x) 5 Irr(H|x), b= Ty

between one-dimensional characters of Z(H) lying over x and irreducible characters of H
lying over x, such that 74 lies over ¢. The central idempotent corresponding to 7, is

Then e = Z g, and hence
pelrm(Z(H)|x)

kHe = H kHey .
pelrr(Z(H)|x)

The factors kHe,s are matrix algebras, corresponding to 74, all of the same dimension. An
element & of Hom(H/Z, k*) induces an algebra automorphism of kHe sending he to £(h)he.
This yields an action of Hom(H/Z,k*) on kHe by algebra automorphisms which in turn
induces a permutation action of Hom(H/Z, k*) on the set of factors kHe,. The stabiliser
of any factor is the subgroup Irr(H/Z(H)) of Irr(H/Z) and elements of Irr(H/Z(H)) act as
inner automorphisms on each factor.

Choose ¢¢ € Irr(Z(H)|x), and set 7 = 74,. For each ¢ € Irr(Z(H)|x), choose a one
dimensional representation &, € Irr(H/Z) inflated to H whose restriction to Z(H) is ¢¢y ",
and so that £,, = 1. The £, form a set of coset representatives of Irr(H/Z(H)) in Irr(H/Z).
The algebra automorphism induced by &, sends ey, to es, hence restricts to an algebra
isomorphism

k}H€¢O = kH€¢

sending hey, to &4(h) tees. Taking the product over all ¢ yields a unital injective algebra
homomorphism

kHegy, — kHe

sending heg, to Z¢€|rr(Z(H)|X) £s(h)"they. By the above, this homomorphism depends on
the choice of the 4, but only up to inner automorphisms of kHe. We write 91 for the image
in kHe of the matrix algebra kHey, under this algebra homomorphism. This is a unital
matrix subalgebra in kHe.

We have a canonical homomorphism p: H — Hom(H, £*) sending g to p(g): h — x([h, g]).

The kernel of this homomorphism is Z(H) and its image is Hom(H/Z(H),k*). For each
5



Y € lrr(H/Z) and each ¢ € Irr(Z(H)|x), we write for simplicity ¢v instead of ¢ (¢|zm))-
Then §¢¢§;1¢*1 is trivial on Z(H). So there exists an element g, , € H such that

p(gp.0) = Eguls 1,

or equivalently, such that

X([7y gp.6]) = Eop(R)Es () (R) ™!

for all h € H. We choose such elements gy 4, one for each 1 and ¢. Note that these elements
are unique up to multiplication by elements in Z(H).
For any ¢, n € Irr(H/Z) and any ¢ € lrr(Z(H)|x), we have

P(Gn.o096.8) = P(Insw) P(Gv.s) = EpumEs 1 0™ = p(Go.s)-

Lemma 3.1. Let ¢;,n; € Irr(H/Z), ¢, € Irr(Z(H)|x), 1 <i<m, 1 <j<n. Suppose
that ¢; = ¢;_1v;_1 for all 2 < i < m. Then

() Gt - - G610 = Gt 0 2 JOr some z € Z(H).
(ii) Suppose further that (; = (j_1vj—1 for all2 < j < n, ¢1 = (G and Yy, ... Y1 =
Moo M1 Then Gy, éon - - Gunir = G - - - Gu.ci 2 for some 2" € Z(H).

Proof. Since Z = Ker(p), (i) follows by repeated application of the equation displayed above
the lemma. Part (ii) follows from (i) applied to both gy, ¢, - - - Gpr.e0 0 G -+ - Grpocy- O

3.2. Since k is algebraically closed, we may choose a k-basis wy, ..., w,, of Jen,(P), where
p™ = | P|, consisting of homogeneous eigenvectors of the action of H. We arrange the indices
in such a way that if ¢ < j then deg(w;) < deg(w;). Then for each w; there is a character v;
of L, inflated to H, such that

ng = wz(g)wz

for g € H. Define structure constants ¢; j;, and d; 5, for Jen,(P) via
wza w] Z Ci,j,k Wk, wz[p] = Z di,k’wk:-
k

Here, [w;, w;] denotes the Lie bracket and wip | the p-restriction map in Jen.(P). We have
Nwi, wi] = [Pwi, Yw;] = ¥i(9)¥;(9)[wi, wyl,

() = Cw)? = Wilgyw)® = dilgpu.
It follows that if ¢; ;, # 0 then 1;1; = ¥y, and if d; , # 0 then )} = .

By the Poincaré-Birkhoff-Witt (PBW) theorem for restricted Lie algebras (Jacobson [?],
page 190), the algebra UlJen,(P) = gr,(kP) has a basis B consisting of words w;, ... w;,
where i; < ... < 4,, and each index is repeated at most p — 1 times (so we are writing w¢ as
w; ... w;). We follow the convention is that the empty word denotes the identity element in
degree zero. The element w;, ... w;, is an eigenvector for the conjugation action of H, with
character ;, ... ;.

In what follows we identify Jen,(P) with its image in UJen,(P) x H. The calculations
that follow are similar to those in Section 4 of [4] (with the corrections described in Section
below). For any ¢ € Irr(Z(H)|x), w; a basis element of Jen,(P), with associated linear

characters 1);, we write g; 4 for the element gy, 4.
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Lemma 3.3. With the notation above, the following equations in (UJen.(P) x H)e hold for
all h € H, all basis elements w; of Jen.(P), the associated linear characters v; € Hom(H, k*)
and all ¢ € lrr(Z(H)|x).

(i) wieg = egy,w;.

(1) (gigwi)(Eo(h) ™ ey h) = (Soup, (h) ™ €gu, 1) (gipwi).

(ill) gipwiep = €py,Gipw; commutes with IN.
Proof. We have hw;h™' = 1;(h)w;, hence w;h = (k) 'hw;. Thus if h € Z(H), then
é(h)twih = ¢(h)~'p;(h) "' hw;. Taking the sum over all h € Z(H) and dividing by |Z(H)|
shows (i). Note that [g, hle = x([g, h])e for all g, h € H. Thus g; she = x([h, gis)) ' hgise.
It follows that

Eo(h)  gigwihey = E5(h) T i (h) T gs shwiey = E5(h) " i(h) " X ([h, Gi.6)) ~ hai s s

where we have used (i). Note that ey, is central in kH. Using the definition of p, the scalar
in the last expression is &4y, (h) ™. This shows (ii). The equality in (iii) is the special case of
(i) applied with h = 1. For the commutation with 9%, we need to check that the elements
in the statement commute with expressions of the form £y (h)"they. This follows easily
using (ii) and the fact that the e, are pairwise orthogonal. 0

Definition 3.4. We define w; 4 = ¢; sw;ey, and let A be the subalgebra of (UJen.(P) x H)e
generated by the elements e4 and w; 4.

By Lemma [3.3] the subalgebras 2 and 9 of (UJen.(P) x H)e commute.

Lemma 3.5. The algebra 2 is generated by the elements ey and w; 4 for those i such that
the element w; of Jen,(P) has degree one.

Proof. Since Jen,(P) is generated by elements in degree one, there exists a basis V of
UJen,(P) consisting of a subset of the set of monomials in the degree one w;’s. Let w
be an arbitrary element of the chosen basis of Jen,(P) and write

wy = E Q.

veY

If u,u € Ulen,(P) are eigenvectors for the H action corresponding to characters ¢ and ¢
respectively, then uu’ is an H-eigenvector with corresponding character 7). From this it
follows that if a monomial v = w;,, ...w; in degree one elements w;; is an element of V
such that a, # 0, then ¥y = ¥y ..., where for each j, 1 < j < m, ¢y, € Irr(H/Z) is
the character of H corresponding to the action on w;;. Let ¢ € Irr(Z(H)|x) and let v be as
above. By Lemma

99,6 = Gim,pm - - - Jin, 1%
where z € Z(H), ¢1 = ¢ and ¢; = ¢;_1%;,_,, 2 < j < m. On the other hand, since every wj,
is an eigenvector for the H action,
Uglm;¢m e gilyd)l = /vaimgim,¢m tt wilgi17¢l

for some 8, € k*. Since ze; is a non-zero scalar multiple of e;, the above equation and
Lemma [3.3| (iii) give that

/Ungcec = qUWim’¢'m e Wil:d’l
7



for some non-zero scalar ¢,. Since all w;; are in degree one, it follows that

Wi e = WYy cCy = Z QUG cE¢
veY

is a linear combination of monomials in the w; , for those ¢ such that w; has degree one.
O

Definition 3.6. We define elements z; j 4, 2 , and z; , in Z(H) as follows. By Lemma
B we have

9j.00:9i,6 = Gi,d; 95,0%i.5,¢
for some z; ;4 € Z(H). If ¢; j # 0 then
9j.0v:9i.6 = gk,qbsz,j,k,qs
for some 2; ,, , € Z(H). If d;y, # 0 then
gi,wipﬂ < Gipy; Gip = gk,qﬁzéfk,d,
for some 2, , € Z(H).
Remark 3.7. We have
Zijoes = O(Zij0)es,  Zijne€s = O(Zijreles  ZingCo = O(Zikg)es

Also, we have z; 4256 = 1, and if ¢; j, # 0 then 2} o= 27,1 4256
Theorem 3.8. Defining constants

Gijo = Vi(95,6%.5.6)05 (15 %15.6) (%50,

s = Vi(9i6) T 0k(2 1.0 O(Z 10 0)s
Grg = VilGgyr2)"" - VilGigud) T 0i(9i0) T (21, 0) B2k ),

we have
/
(3.9) W0, Wig — Gij.oWigs, Wi = D Cijhlh s Wi
k
(3.10) W, gt Wiy Wi = > i 01 s Weo-
k

By changing the choices of g; s by elements of Z(H), we may ensure that z;;, € Z, and
then the formula for the parameters q; ; » simplifies to

Gijo = Vi(95.6)05 (95X (2i5.6)-
Proof. We have
Wi Wis = (95,00, Wj€ou,) (gipWicy)
= Gj o WjGioWiCo
= 1(9i.6) " Gj.50:ipWjWiCs
= 03(9i.6) " Gov: 1.0 (wiw; + [wi, wy])eg
= 1(9i.6) ™ 96w, 95.6%j,0Wi0j€4
(

+ Ui (9i0) " Gjow, Gio Wi, wjleg
8



= 1;(9i.6) " Vi (21,5.0) 05 (21.5,0) G100, 95,6 Will0j %1 5 Co

Y it (9i0) o otnes
k

= j(gi0) " Vi(2i.6) 0 (25,0001 (9.6) D(2i.5,6) 91,0, Wi 0 Wi
) Cijuthi(916) T k(2L o) Tro Wi 4 o0
k

= 0i(95.6%1,5.0) Vi (95,4 %i.5.6) D (Zi.6) (Gi. o, Wi, ) (g5, 0Wi€4)
+ Z Ci,j,kqvbj(gi,qﬁ)_lwk(Z;,j,k,qﬁ)¢(Zz{,j,k,¢)gk,¢wk€¢
k

= i,joWi,pp;Wip + Z Ci»jvkqgaj,k‘ﬁwkv‘f"
k
Similarly,
W, gt - - - Wi gy, Wi g
= (gi@pf—lwie(pwg’—l) - (Gigp Wiesy,) (gipwiey)
= G g Wi - - Gi g0, Wii 6 Wi
= wi<gi’¢¢f72>_1 . .dji(gi,@pi)_p+2wi<gi,¢)_p+1(g@(z,wzlkl e i, 90,0 WL €4

= Z di,kwi(gi,¢¢f*2)_1 i Gigw) TTi(Gi0) P o2k s Wk
k

=) digthil Gy gyr2) il Gign) T i(9i0) T (k) Gk 00
k

=> digi(G; gyr-2) " WilGi0w) (i) T (210, 0) O (21 k) IR0 WRE
k

= Z dzyqu,’fk,qswk@-
k

For the final remark, just as in Lemma 4.12 (3) of [4], we may change the choices of g; 4 by
elements of Z(H) to ensure that z; ;, € Z, with the same argument. Then the characters 1;
take value one on these elements, leading to the given simplifications of the constants. [

Recall that by Lemma , 2( is generated by the e, and the w; 4, for those 7 such that the
element w; of Jen,(P) has degree one.

Theorem 3.11. The algebra A is given as a quiver with relations kQ/I, where Q is the
quiver with |Z(H) : Z| vertices labelled [¢] corresponding to the idempotents e, € kZ(H)
lying over x and directed edges

6] —— [¢2i]
corresponding to the element
Wip = Gi,gWiCs = C¢y,; Ji,p Wi = €y, Ji,pWiCe
for those i such that the element w; of Jen,(P) has degree one. The relations are those that

follow from the structure constant relations of Theorem |3.8, where for each k such that wy,

is in degree greater than or equal to 2, any wy ¢ appearing in Theorem 15 replaced by
9



an element in kQ corresponding via Lemma to an expression for wy ¢ in terms of the
W; s such that w; has degree one. There is a PBW style basis B' for 2 (described below in
the proof), consisting of composable monomials in the w; 4, giving dim(kQ/I) = dim(A) =
1Z(H) - Z|-|P].

Proof. By Lemma , 2 is generated by the idempotents e, and the elements w; 4. By
Lemma and Theorem they satisfy the given relations. Thus we have a surjective

homomorphism from kQ/I to 2 taking [¢] to es and [¢] —— [p1)i] to w; 4.

The relations holding in kQ)/I allow us to write every element of 2 as a linear combination
of elements of the set B’ consisting of the e, and composable monomials in the w; , where the
indices ¢ are in order, and each index 7 is repeated at most p — 1 times. The number of such
monomials (including the ey) is |Z(H) : Z|-|P|. Replacing [¢] by ey, ;4 by [¢] —— [¢1i]
for those 7 such that w; has degree one and w; 4 by their chosen lifts in £¢) for those i such
that w; has degree greater than or equal to two, we see by the same reasoning that dimy @/
is at most |Z(H) : Z| - |P|.

If there were a linear relation in 2A between the monomials in B, then there would be a
linear relation between the ones of maximal length, namely length m(p — 1). There is one
of these for each ¢, and they are linearly independent elements of the socle of kG because

they are non-zero elements of different projective summands kGe,. Thus dim (1) is equal to
|Z(H) : Z| - |P| and kQ/I — 2 is an isomorphism. O

Remark 3.12. The group algebra of the semidirect product P x Z(H)/Z, with the action
given by restricting the action of H/Z on P, has only one block. We can perform the
computations above for this group, and the results look similar, except that the factors of
O(Zij0)s (b(z ), and ¢(2]; ;) in the definitions of Gi g6 G jrg and g , are missing in
Theorem So removing these factors, the relations in Theorem [3.§] are the relations in
gr.(k(P % Z( )/Z)) = UJen(P) x Z(H )/Z Thus we can see 2 as a quantum deformation
of the algebra UlJen,(P) x Z(H)/Z. Also, we note that in the case that « = 0, we have
Z =1, H = L and Theorem [3.11] provides an explicit presentation of gr,(k(P x L)).

Asin [4], we now make use of the following lemma (see Chapter 3, Corollary 4.3 in Bass [I]).

Lemma 3.13. Let A < B be k-algebras with A an Azumaya algebra (that is, a finite-

dimensional central separable k-algebra). Then the map A®,Cp(A) — B is an isomorphism.
O

Theorem 3.14. The multiplication in (UJen.(P) x H)e induces an isomorphism
A @ M — (Ulen,(P) x H)e.

Proof. The proof is similar to that of Theorem 4.15 of [4]. Applying Lemma with
A = 9 and B the subalgebra generated by 2 and 9, we see that the given map is injec-
tive. The dimensions are given by dim() = |Z(H) : Z| - |P|, dim(M) = |H : Z(H)| and
dim((UJen.(P) x H)e) = dim(kGe) = |G : Z|, so dim((UJen.(P) x H)e) = dim () - dim(9N)
and the map is an isomorphism. 0
Corollary 3.15. We have

gr.(kGe) = (UJen,(P) x H)e = Mat,,(2),

where m = «/|H : Z(H)|. In particular, A is a basic algebra of gr,(kGe). O
10



Corollary 3.16. The algebra 2 is generated by its degree zero and degree one elements.

Proof. This follows from Corollary and Remark [2.1] O

4. UNGRADING THE RELATIONS

We saw in the last section that the relations for the basic algebra of gr,(kGe) are a
quantised version of the relations for gr, (kP x (Z(H)/Z)). In this section, we show that the
same holds without taking the associated graded.

Since |H| is coprime to p, the characteristic of k, we can choose invariant complements
to J""(kP) in J*(kP) for each n > 0. Let wy,...,w, be the basis of Jen,(P) chosen
in Section 3.2 and let B be the resulting PBW basis of UJen,(P) = gr,(kP) described
there. Regarding Jen,(P) as an k-linear subspace of gr,(kP), this enables us to choose
representatives w; in kP of the w; in such a way that

guig~" = Yi(g)w;.
Let B be the corresponding basis of kP consisting of monomials in the w;. That is, if
wj, ... w;, is an element of B then the corresponding element of B is w;, ... w;.. An element
Wj, ... w;, of B is an eigenvector for the action of H for the character ¢, ..., .

When we ungrade a relation of the form |w;,w;] = >, ¢; jxwy, we obtain a relation of the
form

(41) [’(IJZ, 71)]] = Z cm,kwk + Yij

k
in kP, where y; ; is a linear combination of elements of B in a higher power of the radical
than deg(w;) + deg(w;). Moreover, each basis monomial w;, ...w0;, that occurs in y;; is an
eigenvector for the character 1;1;, and consequently

Similarly, when we ungrade a relation of the form w? = Zk d; ywy, we obtain a relation of
the form

(4.3) W =Y digby + y
k

in kP, where y. is a linear combination of monomial basis elements in a higher power of the
radical than p. deg(w;). Each basis monomial w;, ...w;, that occurs in 3/ is an eigenvector
for the character ¢ and consequently

(4.4) Bi, iy =YY

Definition 4.5. As in Definition 8.4 we define W; 4 = g;Wies. Then W;, commutes
with 9. We define 2 to be the subalgebra of kGe generated by the elements e; and
W;,. For an element @ = w;, ...w; of B and a character ¢ € Irr(Z(H)|x), set wy =

Wit i br - - - Wi b, Wi, 6. Denote by B’ the subset of 2 consisting of the elements 24 for w
in B and ¢ € Irr(Z(H)|x). We shall see below in Theorem 4.7 that B’ is a basis for 2.

Proposition 4.6. The elements w; , satisfy the following relations.
~ ~ _— ~ -1
W) Wi — Wi Wi, = Y okl o pWhio + 5 (9i0) ™ .o 91,050
k

11



~ ~ ~ "o~ -1
Wi gyppt -+ - Wi,gp Wi = Z i Qi o, o Wh,o + wi(gi,qsng’—?)
k

Moreover, suppose that y” = ZweB CijaW and Yy = ZweB d; yw. For each w € 1’5’, there
exist elements q; ; 5 5 and q; 5 , of K such that

i GidVii€6 = Y b 5.6Ci.jiWo-
weB
(9; gpr1 - - - Giow 90 Vi €6 = > i,
weB
Proof. Following through the proof of relation (3.9)), we can replace each w with w until the
sixth line, where we have to use (4.1)) for the commutator. At this point, the extra term is

Vi (Gis) " Gj.ow, G0V €s

Similarly, following through the proof of relation (3.10), we can replace each w with w
until the fourth line, where we have to use (4.3). At this point, the extra term is

¢i(9¢,¢¢f*2)_1 .. .1/12‘(91'@%>_p+2¢z‘(gi,¢)_p+1(gi,¢¢f*1 . -gi,¢¢igi,¢>y§/6¢.
By Lemma |3.1| and Equation for each w = w;, ...w;, € B such that ¢ ;44 # 0,

95,00: 95,0 = Gir,pth1..0r - - - Gin, b1 Jir %

for some z € Z(H). The second assertion follows from this by the fact that for any g € H,
any z € Z(H), any w;, and any ¢ € lrr(Z(H)|x), gw; = ¥;(g)w;g is a scalar multiple of w;g,
ze¢ = ((2)ec is a scalar multiple of e; and gw;e; = ecy, gi;es. The last assertion follows in a
similar fashion from Lemma [3.1] and Equation [4.4] O

Theorem 4.7. The algebra A is given as a quiver with relations k@/f, where @) is as in
Theorem [3.11], but with edges corresponding to the lifts W; 4 of the w; 4 given there. The rela-
tions are those that follow from the structure constant relations of Proposition[{.6, together
with relations saying that every composite of at least s arrows is zero, where s is the radical

length of kP. . .
The set B' is a PBW style basis of A, giving diim®?A = |Z(H) : H|. There is a natural
isomorphism gr, (A) = 2, sending each W; 4 to w; 4.

Proof. 1t follows from the relations in Proposition that the linear span of B’ is closed
under multiplication modulo a large enough power of the arrow ideal. The zero relations
for composites of s arrows then show that this ideal is zero, and therefore that B’ linearly
spans 2. The image of an element W, 4 in gr, (kGe) is equal to w; 4, which lies in 2. Since
the elements w; , of B’ are linearly independent, it follows that the elements w; 4 of B are
linearly independent, and therefore form a basis for 2. This therefore induces a natural
isomorphism gr, (Ql) 2. Since 2 is generated by its degree one elements, 2 has the same
quiver, with the lifts of the relations. O

Theorem 4.8. The multiplication in kGe induces an isomorphism 2 @5, M — kGe.
12



Proof. By Theorem we have dim(2) = |Z(H) : Z| - |P|. So this is now proved in the

same way as Theorem [3.14] O
Corollary 4.9. We have kGe = Mat,, (), where m = /|H : Z(H)|, so that 2 is the basic
algebra of kGe. U

Remark 4.10. As in Remark [3.12] if we perform the computations of this section with the
group algebra of the semidirect product P x Z ({-I )/Z instead of kGe, the results look similar

except with different scalars. So we can see 2 as a quantum deformation of the algebra
k(P x Z(H)/Z). This observation, together with Theorems [4.7 and [{.8] complete the proof
of Theorem [l

We shall see some explicit examples of the ungrading of the relations in Section [5]

5. EXAMPLE: P EXTRASPECIAL OF ORDER p® AND EXPONENT p

Let k have characteristic p, an odd prime, and P be an extraspecial p-group of order p?
and exponent p, with presentation

P = <g,h,c | g =h=c=1, [gvh] =G [976] = [hvc] = 1>'
We denote by H the quaternion group of order 8, given by a presentation
H={(st|s*=1, s =1* ts =s5'1) = Qs.

Set Z = (s?); this is the centre of H. We consider the following action of H on P, and set
G=PxH.
=9 d=9  h=h  h=n"

It follows that ¢® = ¢! = ¢!, and Z acts trivially on P. This action lifts the action of Cy x Cs
on C, x C, = P/(c), where here the nontrivial element of each copy of C5 acts as inversion
on the corresponding copy C,. The group algebra kG has two blocks, namely the principal
block ey = 3(1 + s?) and the nonprincipal block e = 1(1 — s?) corresponding to the faithful
central character y: Z — k* given by x(s*) = —1. We shall be interested in kGe.

Remark 5.1. Let x =g —1,y=h—1, z=c—1in kP. Then
(5.2) 2= (ay —ya)(1+2) " (1+y)™

and a presentation for kP is given by generators x and y, and relations saying that x? = 0,
y? = 0, and the element z defined by is central with pth power equal to zero. Note that
the element (1 + x)7'(1 + y)~' is congruent to 1 modulo J(kP), and so in the associated
graded gr, (kP) this term in may be ignored. This is used in the proof of Theorem
that follows.

Proof of Theorem[1.2. Denote by z, y, z the images of g, h, ¢ in Jen,(P), respectively. (These
elements are mapped to the images of g— 1, h—1, c—1 in gr,(kP) under the canonical map
Jen.(P) — gr.(kP)). The three dimensional p-restricted Lie algebra Jen,(P) is spanned by
the elements z, y in degree one together with z = [z, y] (by the previous Remark) in degree
two, satisfying [z,y] = [y, 2] = 0. The p-restriction map given by 2! = ¢lP) = 2Pl = 0. Its
p* dimensional universal enveloping algebra U Jen, (P) is isomorphic to gr,(kP). This shows

the first part of Theorem
13



The action of H on Jen,(P) is given by

s __ t __ s __ t s __ t __
T = -, r =1, y =Y, y =Y, 2= Tz, Z ==z

The elements z, y and z are eigenvectors for H on Jen,(P). So we set w; = z, wy = vy,
w3 = 2. The characters 1); of H satisfying gw;g~! = ;(g)w; for g € H are given as follows.

Pi(s) =—1, i) =1,  a(s) =1, u(t)=-1,  3(s) =1, ¥(t) =—

Note that the relation [z, y] = z in Jen,(P) implies 1119 = 3.

Denoting as above by e = %(1 — s%) the nonprincipal block of kG, the block algebra kGe
has a unique isomorphism class of simple modules. Indeed, e corresponds to the unique
2-dimensional simple kH-module, and hence the semisimple quotient of £Ge is the matrix
algebra M = kHe = Maty (k).

Since Z = Z(H), there is only one central character of Z(H) lying above y, namely ¢ = Yy,
and & = 1. The map p: H/Z(H) — Hom(H/Z(H), k*) takes s to ¢q, t to ¢; and st to ¢s.
Thus g1 = t, g2 = s and g3 4 = st; these are only well defined up to multiplication by
Z(H).

The block algebra gr, (kGe) of gr,(kG) also has one isomorphism class of simple modules,
namely the same 2-dimensional simple kH-module as above, and by Theorem and
Corollary we have

gr.(kGe) = A ®;, M = Maty (),

where MM = kHe = Maty(k) and 2 = (gr.(kGe))”. The algebra 2 contains elements
gigpwie = twe, g pwoe = sye and gs swse = stze. The constants are given by gi24 = —1
and ¢} 534 = —1, so these satisfy the following relation:

(tze)(sye) + (sye)(twe) = —tsxye — styre = st(xy — yx)e = stze
Similar computations give
(twe)(stze) + (stze)(txe) =0, (sye)(stze) + (stze)(sye) = 0.
Writing x = tzre, y = sye and z = stze, we therefore have
Xy+yx=z xz+zx=0, yz+zy=0, x*=0, y*=0, 2zZ/=0.

This is a presentation for the basic algebra 2 of gr, (kGe), with generators x and y, and with
z defined as xy + yx. This proves Theorem [I.2] O

Remark 5.3. The first part of the above proof shows that Jen,(P) is isomorphic to the
p-restricted Lie algebra of 3 x 3 matrices of the form <§ § %)

In order to prove Theorem [1.3] ungrading the algebra is our next task. The problem is
that the generators g —1 and h —1 of kP are not well suited to dealing with automorphisms.
We have an action of F)* x ) on P where (i, ) sends g to g* and h to h/. The commutator
¢ = [g,h] is sent to ¢¥. Set

p—1 —
F==Y4g'/i, §=- Z /5.
i=1 =1

Lemma 5.4. We have =g — 1 (mod J*(kP)) and j = h — 1 (mod J*(kP)).
14



Proof. Since p is odd, >0~ 1/@ SP=li=0in k whence & = — 37"/ (g" — 1)/i. Now the
assertion for follows smce (¢ =1)/i=g—1 (mod J?(kP)) for any i, 1 <i < p— 1. The
proof for g is similar. O

Note that & an eigenvector in the (1,0) eigenspace and § an eigenvector in the (0,1)
eigenspace of F x Fx. Then we set Z = [7,9] = Ty — §&, an eigenvector in the (1,1)
eigenspace. By Lemma and the proof of Theorem [I.2] kP has a PBW basis consisting
of monomials in the Z, § and Z. Moreover, a PBW basis element Zij’/z* of kP with 0 <
i,7,k < p, is an eigenvector in the (i + k, j + k) eigenspace, where ¢ + k and j + k are read
modulo p — 1.

Lemma 5.5. We have zP = 0.

Proof. The element Z? is an eigenvector in the (1,1) eigenspace. Further, ZP has image
2» = 0 € gry,(kP), hence 2 is in J#*!(kP). The PBW basis elements in this eigenspace
have ¢ + k and j + k congruent to one modulo p — 1 and at most 2p — 2, and hence at most
p, but then i + j + 2k < 2p, so the basis element is not in J?**1(kP). It follows that the
(1,1) eigenspace in J?(kP + 1) is zero and so z¥ = 0. O

Lemma 5.6. The element [T, Z| is a linear combination of the elements ZyP~2z € JP2(kP)
and Ty 1Tt € JPPUEP) with 1 < i < (p — 1)/2. Similarly, [9,Z2] is a linear
combination of the elements ziP~2z € JPY2(kP) and g'z* 'y'zpt1=% e J¥Y(EP) with
1<i<(p—1)/2.

Proof. We prove the first statement. The proof of the second is identical, with the roles of
Z and y reversed.

The element [Z, Z] has image [z,z] = 0 in gry(kP), and hence lies in J*(kP). It is in
the (2,1) eigenspace, so we start by identifying the PBW basis elements of J*(kP) in this
eigenspace. These are g?~2z? and zgP~'z € JPT2(kP) and z'g'zP~" € J?***1(kP) with
1<1<p—2

However, we also need to make use of symmetry. Let o be the composition of the auto-
morphism of kP which inverts g and h (and hence fixes ¢) with the anti-automorphism of
kP which inverts all elements of P. Then o fixes T and g, reverses multiplication in kP, and
negates Z. The point is that [Z, Z] = 2%y — 2297 + y22 is fixed by o, whereas o does not fix
all elements of the (2,1) eigenspace. With this in mind, we modify the PBW basis of this
eigenspace so that the action of ¢ is more transparent.

The element g?~22%, for example, is not fixed by o, even though it’s fixed modulo J?3(kP).
So instead, we use the element ZgP~2Z, which is equivalent to it modulo JP™3(kP), and
therefore just as good as part of a PBW basis of kP, but is fixed by . Since o(zgP~12) =
—2gP71z — gP722% (mod JPT3(kP)), the element Z3P~'Z is not involved in the expression for
[Z, Z]. So [, Z] is congruent to a multiple of Z§P~2Z modulo J***!(kP).

For the linear span of the elements 21527~ since there are no (2, 1) eigenvectors lower
in the radical series, reordering the terms in a monomlal has the same effect as in UJen,(kP).
So we can choose a basis consisting of the elements z'g% 172712 (1 <i < (p—1)/2) and
the elements g'z%15°2P=2 (1 < i < (p — 3)/2). The former are +1 eigenvectors of o, while
the latter are —1 eigenvectors. So the expression for [, Z] only involves the former. O

By Lemma [5.6, we can write

(5.7) 7, 2] = apZ0" %2 + aZGEP T + @B PPE T 4 apo1yed 2 G
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(5.8)  [§,2] = —apZF" %% — a1 gagP ! —-a2g2i3g22p—3-—----cqp,lvzfg%lgp—zfﬂ%lz?

Here, we have used the symmetry of kP which swaps  and g, and negates Z, to compare
the coefficients in (5.7)) and those in (5.8).

Remark 5.9. With the aid of the computer algebra system MAGMA [5] we have determined
the relation ([5.7)) for small p as follows:

p=3: [, 2] = 292,
p=>5: [Z,2] = 25°% + 2393 2?,
p="7: [Z,2] = 20°% + 4ag22° 4 223023

One might surmise that ap = 1 and a(,-1)/2 = 0, but we have not proved that. Nor have we
spotted the general pattern of the coefficients.

Theorem 5.10. A presentation for kP is given by generators T, 1, Z with the relations
and together with

P =yP =2 =0, [jvg]:27
and relations saying that all words of length at least 4p — 3 in & and y are equal to zero.

Proof. These relations hold in £P by Lemmas and , and the fact that J%=3(kP) = 0.
Let A be the algebra defined by these generators and relations. Then we have a surjective
map A — kP taking z, y and Z to the elements with the same names. This induces a map
gr.,A — gr,kP. The relations and imply that the images x, y and 2 in gr,A of
Z, g and Z in A satisfy [z, z] = 0 and [y, z] = 0. Thus all the relations in ¢ Jen,(P) hold in
gr.A, and gr, A — gr kP is an isomorphism. Since the radical of A is nilpotent, this implies
that A — kP is an isomorphism. [l

Recall from the proof of Theorem [1.2] that setting x = txe, y = sye and z = stze in
gr.(kGe), we have that the algebra 2( is generated by x, y and z centralises 9 in U Jen,(P) x
kH. Further, these elements satisfy the relations

xX¥=0, yv=0, xy+yx=2z, xz+zx=0, yz+zy=0

(and these imply that z# = 0).
In kGe, we set x = tZe, y = sye and z = stZe. The algebra 2 generated by X, y and z
centralises 9 in kGe. These elements satisfy the relations

=P =P =0, XJtyx=12
together with the following quantised versions of (5.7)) and ([5.8))

~n o~ p_1 ~~p—2= ~~np— ~2~3~2~p— ~p=1l o p_l_
XZ + 72X = (—1) 2 (aozyp 27 _ CL1XyXZp 1_ a2x2y3x22p S _ ... _ A(p—1)/2X 2 yp 2553 22)’

J2 42y = (—1)"7 (ap2 %2 — aryxy 2’ " — a0V — - — a0y T RN 2,
together with relations saying that all words of length at least 4p — 3 in x and y are equal to

Zero.

Using MAGMA [5], in the case p = 3 we have succeeded in finding a short presentation for
kP in terms of the generators Z and 4. In this case, we have 7 = ¢7! — g and § = h™! — h.
Defining Z = [Z, g|, the following relations hold in kP.

(5.11) > =0, 7> =0, [Z,7] = 2, [, 2] = 2jZ, [, 2] = —Z@Z.
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It follows from these relations that z* = 0, so it is not necessary to include this in the
relations, and hence that the algebra defined by these relations has dimension 27, and is
isomorphic to kP. This is the content of the next theorem. Note, however, that the proof
is difficult, so for some purposes it is better to adjoin z* = 0 to the above presentation. We
restate and prove the first part of Theorem [I.3]

Theorem 5.12. Suppose that p = 3. The generators T, y and Z and the relations (5.11))
giwe a presentation for kP.

Proof. Since the given elements of kP satisfy these relations, it suffices to prove that the
algebra defined by the relations has dimension at most 27. The crucial point is to prove that
53
z2=0.

It is more convenient to extend the field so that it has a square root of —1, which we
denote i. Then we set a =2 + iy, b= — iy, c =iz, and the presentation becomes

a® = [b,c] = cbe, b> = —[a, c] = cac, la,b] = ¢,

and we must show that ¢2 = 0.
We have

(1+c)a(l —¢) =,
(1—0c)b(1+c) =0,
and so
(14 c)ab= (14 c)a(l —c)b(1 +c¢) = ab(1 + ).

Therefore ¢ commutes with ab and with ba.
Next,

cab = acb + cachb = abc — acbc + cacb,

and since cab = abe it follows that ¢ commutes with acb. Thus we have
(5.13) cbca = a* = acbe = cach = b* = beac.
Since we are in characteristic three, we also have
la, [a,c]] = —[a, cac] = —]a, cJac — ¢[a, a]c — cala, ¢| = cacac + cacac = —cacac
and so
[a*, ] = [a, [a, [a, c]]] = —[a, cacac] = —[a, cJacac — cala, c|ac — cacala, c] = —3cacacac = 0.

Thus ¢ also commutes with a?:

(5.14) a*c = ca’.
Next, using we have
(5.15) ¢® = cabc — cbac = ache + cacbe — chea + cbeac = a* + b'c — b* + a'c
= —a'c = —b*c = —cacbc = —cbcac = —ca* = —cb*.

Using (5.14) and (5.15)), we have

4 4 3

ac=ca =a ca:a4c+a30ac:a4c+ca4c:a4c—c4

and so ¢* = 0.
17



The fact that ¢* = 0 enables us to write
(5.16) ca = ac+ cac = ac + ac® + cac® = ac + ac®> + ac® + cac® = a(c+ * + )
(5.17) cb = be — cbe = be — be® + cbe? = be — be® 4 be® — cbe® = b(c — ¢ + ).

We can use these to move copies of ¢ to the end of expressions, at the expense of accumulating
higher powers of c. Applying this to a® = cbc?be, we get b?(c* + higher powers of c), so we
get a® = 0. Similarly, we get b° = 0. Then when we do the same with (ab)?, moving b past
a using ba = ab — ¢, we get
a’b? + a®b3cfi(c) +a'b'? fa(c) + a0 f3(e) + a’bct fu(c) +
for suitable polynomials f;(c). Since a® = 0% = ¢* = 0, every term here is zero, and so
(ab)? = 0.
Now using ([5.15)) and the same method, we have

& = —cacbc = —cab(c — ¢® + ¢*)c = —abc(c — & + e = —abc?,

and so (1+ab)c® = 0. Since ab is nilpotent, (1+ ab) is invertible so this implies that ¢* = 0.

The original relations together with ( -, and ¢ = 0 allow us to rewrite every
element as a linear combination of the elements a b’c with 0 < 4,7,k < 3, so the algebra
has dimension at most 27, and we are done. 0

Proof of Theorem- The relations for kP are proved in Theorem [5.12] As above, using
=g '—g, g=h"'=h,and zZ = [T, 7], to obtain generators for the basic algebra for kGe,
we set X = tTe and y = sye, z = stZe. These satisfy

%3 =0, v =0, Xy + yX = 7, X7+ 7% = —2y7, VZ 4 2y = —7x2.
Furthermore, the algebra defined by these relations again has dimension 27, and is hence
isomorphic to the basic algebra of kGe. U

Remark 5.18. The above relations for kGe are a quantised version of the relations for £P.
These relations imply that z3 = 0, and adjoining this relation makes the presentation easier
to work with if desired.

These presentations can be lifted to give integral presentations. The algebra OP has a
presentation with corresponding generators &, ¢ and 2 subject to

AAA

P 4+3t=0, §°+35=0, [2,9] =2, 2[2,2] = —292,  2[g,3] = 243,
while OGe is generated by X, y and z subject to
%3 = 3%, v3 = 3y, XY+ yx = 2, 2%2 + 22% = 2y2, 297 + 229 = 7x2.
The expressions for 23 in OP and for 2* in OGe, lifting the fact that they cube to zero
modulo three, are ugly even though they follow from the presentations above.

6. EXAMPLE: 2'7%: 3172 IN CHARACTERISTIC TWO

The examples in the last section were at odd primes for extraspecial groups of order p?.
In this section we give an example in characteristic two with an extraspecial group of order
2°.

Let P be an extraspecial group 2'** which is a central product of two copies of the
quaternion group of order eight, and let H be an extraspecial group 3'*2 of exponent three.

We let the centre Z = 7Z/3 of H act trivially on P, and the elementary abelian quotient act
18



as the automorphisms of order three on the two quaternion central factors of P, and we set
G = P x H. Thus the quotient G/Z = SL(2,3) 0 SL(2,3) is a central product of two copies
of the group SL(2,3) of order 24.

More precisely, we let

P = (g1, 92,0, ha,c| gf = hi = [, ln] = g5 = 1 = [ga, o] = ¢
(91, c] = [g2,¢] = [h1, c] = [ha, ] = [g1, g2] = [91, h2] = [h1, g2] = [h1, ho] = = 1),
H = (s1,80,t] 8 =55=1, [s1,8] =t, [s1,t] = [s0,8] =t> =1).
Let H act on P with Z = (t) acting trivially, and
s19151 = ha, 510251 = G2, sicsyt = ¢,
520155 = g1, $29255 " = ha, 82085 = C.
Let k be a field of characteristic two containing F, = {0, 1,w,w}. A basis of eigenvectors in
gr,(kP) is given by
ri=w(gi — 1) +w(h; — 1), yi=w(gi—1)+w(h; — 1) (1=1,2).
These give the following presentation for gr,(kP).

wi =0, yi=0, [o1,2] = [y1,00] = [x1, 0] = [w2, 0] = 0, [z1,31] = [22, 3]
A lift of z; and y; to eigenvectors complementing J2(kP) in J(kP) is given by the elements
T; = wg; + wh; + gily, Yi = Wgi + whi + gihi (i =1,2).
The relations lift to
B = 0dds 0= E0d, & =0 (i=1,2),
[Z1, Zo] = (U1, Ua] = [T1, 5] = [2,51] = 0, (1, 51] + @} = [Z2, 5] + 35

(both sides in the last relation are equal to (1+c¢)). Using the radical filtration, it is not hard
to check that these relations define a k-algebra of dimension at most 32, which is therefore
isomorphic to kP.

The action of H on kP with respect to these generators is given by

9,97 =vi(9) '@, glig T =vil9)li (g€ H)

where ¢1(81> = 1/)2(82) = W, ¢1(82) = ¢2<81> =1.
Set
eo=1+t+t3 e=l+at+wt®’  e=1+uwt+ot
Then kG has three blocks, the principal block kGeq, and two non-principal blocks kGe and
kGe. We examine the non-principal block kGe, the other is similar.
We have s;sse = wsysie. We set

X1 = sal1e,  Xp =87 Ize, Y1 =85 1€, Y2 = Sifjze.
These commute with 9 = kHe, and generate the subalgebra 2, so that kGe = Mats(2).
They satisfy the relations:
X =y, Vi=%y%, % =0 (i=12),
X1X2 = WXaX1, X1¥2 = wyaX1,
YiX2 = WXy, y1y2 = @ya2y1,
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[)zla yl] + )2:;’ = [;(27 92] + )N(g
(both sides in the last relation are equal to (1 + c)e). These are identical to the relations for

kP apart from the commutation relations, which have been quantised by the introduction
of factors w and @.

7. APPENDIX: ERRATA

The present paper supersedes most of our previous paper [4]. In that paper there are a
number of minor errors, mostly in the calculations in Section 4, which have been corrected
in the present work. We give a list of those errors in [4].

In the statements of Theorem 1.2 and Corollary 1.3, it should read ‘...quantised version of
k(P x Z(H)/Z) (and not ‘...of k(P x L).”)

In the 3rd line of the proof of Proposition 3.1 insert the word ‘abelian’ between ‘maximal’
and ‘subgroup’ (as is done correctly in line 2 and line 4 of that proof).

On page 1441, third line from the bottom, insert faithful:

“...and a faithful linear character y: Z — k*...”
On page 1443, in the first line, p(g): h — x([h, g]). The display on the third line should
read
p: H/Z(H) — Hom(H/Z(H), k™)
On page 1444, line four should begin “where p(g; »)(h) = x([h, gi,4]).” The third line of the
proof of Lemma 4.8 should begin with eg; o = ex([h, gi.g]) "*hgis. The displayed equation
on the fourth line of the proof of Lemma 4.8 should read

Eo(h) ™ (gipwi)(eg - 1) = Eo(R) ™ i(R) X ([P, gi) ™ (eouh) (igwi)-

In Definition 4.9 and the four lines following, kHe should be kGe four times. The dimension
of A should be given as |P|-|Z(H) : Z| and not |P|- |H : Z(H)|.

On page 1445, in Lemma 4.12(2), in the displayed equation the last w; should be w;.
The scalar ¢; ;.4 should equal ©;(g;.¢%i.6)0; (9; 4 %ij.0)9(%j.6) rather than ¢(z;4). Similarly,
in Lemma 4.12 (3) the scalar ¢; 4 should equal 1;(g;6)1;(g;,)x(2i,6) Tather than x(z;).
In the second line of the proof of Lemma 4.12 (1), g; 44, should be g; 4y, The computation
that was suppressed in the proof of Lemma 4.12 (2) uses (1) and equation (4.7). It is similar
to the computation in Theorem above, which we have spelled out in detail. There is a
missing Z in the third to last line of the proof of Lemma 4.12(3), and g;i should be g¢; in
the second to last line.

On page 1447, in Theorem 4.15 and Corollary 4.16, kGe should be kGe five times.
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