IT City Research Online
UNIVEREIST; ]OggLfNDON

City, University of London Institutional Repository

Citation: Fring, A. & Turner, B. S. (2023). Higher derivative Hamiltonians with benign

ghosts from affine Toda lattices. Journal of Physics A: Mathematical and Theoretical, 56(29),
295203. doi: 10.1088/1751-8121/ace0e6

This is the accepted version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/30874/

Link to published version: https://doi.org/10.1088/1751-8121/ace0e6

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.




City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

Higher derivative Hamiltonians with benign ghosts from affine Toda lattices
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ABSTRACT: We provide further evidence for Smilga’s conjecture that higher charges of in-
tegrable systems are suitable candidates for higher derivative theories that possess benign
ghost sectors in their parameter space. As concrete examples we study the properties of
the classical phase spaces for a number of affine Toda lattices theories related to different
types of Kac-Moody algebras. We identify several types of scenarios for theories with
higher charge Hamiltonians: some that possess benign ghost sectors which are stable or
exteremely sensitive towards the initial conditions, some that have malevolent ghost sec-
tors that can be converted into benign sectors with an appropriate choice of variables and

some theories with benign ghost sectors that are stable towards strong deformations.

1. Introduction

Higher derivative Lagrangian theories, i.e. those that include derivative terms of the coor-
dinates of order larger than one, arise naturally in a number of different contexts. For in-
stance, in some approaches to theories of everything (TOE) that include gravity besides all
the other known fundamental forces consist of embedding the standard (3+1)-dimensional
universe into a higher dimensional space. In doing so, and demanding in addition these
theories to be renormalizable, one is automatically led to higher derivative Lagrangian the-
ories by simple scaling arguments. Unfortunately these theories are generally plagued [1]
by so-called ghosts states that possess negative norms, thus leading to collapse and/or a
violation of unitarity. This is the main reason why they are usually discarded and in com-
parison only very few explicit studies of these theories have been carried out to a full extent.
For instance, in the field gravity and cosmology they have been proposed as a resolution of
the cosmological singularity problem [2] and some of their black holes solutions have been
studied [3]. Furthermore, for some cases the BRST symmetries have been identified [4] and
also some supersymmetric versions have been studied [5].

However, in general such types of theories remain to be regarded as undesirable for the
above mentioned reason and it unclear which theories deserve further considerations. In a
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recent series of papers [6-9] Smilga and collaborators addressed this question and gathered
evidence to suggest that the dismissal of higher derivative theories might be too premature.
The central idea in these studies is to distinguish between benign and malevolent ghost
states in the sense that the latter states are genuinely unphysical while the former are
solutions that might not be bounded from below, but are oscillatory in character hence allow
for a unitary evolution. The next question is then of course how to identify theories that
have such types of features and possess sectors in their parameter space with benign ghost
solutions that in addition might be stable against small perturbations. Very recently [6]
Smilga proposed that higher charges of integrable systems might be suitable candidates
for such types of higher derivative Lagrangian theories. Here our main goal is to gather
further evidence for this conjecture by considering a particular class of integrable systems
and interpret their charges as Hamiltonians for higher derivative theories. We will analyse
their classical phase spaces in the hope that benign classical systems will also lead to benign
quantum systems as conjectured in [6].

In general, we will be considering here a prototype integrable theory that is affine Toda
lattices with Hamiltonians of the form

2 '
Hy = Z%—anieai'q, (1.1)
i=1 i=0
where ¢ = (q1,...,qe) are the coordinates, p = (p1,...,p¢) are the momenta, g is a semi-
simple Lie algebra, r the rank of this algebra, «; for ¢ = 1,...,r are the simple roots of the
root space Ag represented in an ¢-dimensional space, ag = — > .._; n;a; and n; € N are

positive integers with ng = 1. The choice of ag ensures that the minimum of the potential
of the theory is at ¢ = (q1,...,q¢) = (0,...,0), i.e. all first order terms in the ¢; vanish.
Often «g is taken to be the negative of the highest root, so that the integers n; are the
Kac labels, but this need not be the case and is a mere convention. The inclusion of the
ap-root means that the associated algebra becomes a Kac-Moody algebra rather than a
semi-simple Lie algebra. Thus we are not considering here theories of the type Hg with the
sum in the potential starting at ¢ = 1, which are conformally invariant and do not possess
minima in the potentials at finite values of the coordinates.

It is well known [10-12] that these type of theories are integrable in the Liouville
sense, that is they possess as many conserved charges as degrees of freedom. It is these
charges that we will be using as potential candidates for higher order derivative theories.
The key question we will be addressing here is whether the classical trajectories in phase
space associated to the Hamiltonian systems of these charges will be benign or malevolent
according to the characterisation put forward by Smilga in [6-8]. The initial assumption is
that the benign nature on the classical level is inherited in the quantum theory. Naturally,
this supposition needs further investigation, which we leave for future studies.

Our manuscript is organised as follows: In section 2 we recall the constructions of the
conserved classical charges for the A,-affine Toda lattice theories, with a particular focus
on Ay and Ag for different types, i.e. dimensions, of representations of the roots in (1.1).
Interpreting these charges as Hamiltonians we numerically study their classical solutions in
phase space. In section 3 and 4 we carry out similar type of studies for the Bs and Gs-affine
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Toda lattice theories, respectively. We construct relevant charges from a reduction/folding
procedure of the corresponding root systems or by direct computation. In section 5 we
investigate the stability of the benign solutions with regard to the sensitivity of the initial
conditions and to strong deformations by harmonic oscillator potentials. Our conclusions
are stated in section 6.

2. Higher derivative Hamiltonians from A, -affine Toda lattice charges

The expressions for the higher charges are central to our investigations and therefore we
will provide here their explicit construction. All higher charges that will be considered
are for theories associated with Hamiltonians of the general form in equation (1.1) with g
taken to be A,,. Using the standard Lax approach for classical integrable systems [13] we
employ the Lax pair given by the two operators in form of (n + 1) X (n + 1)-matrices

pp Wi 0 o e 0 W 0 Wp; 0 -ovone 0 —W
W1 P2 W2 0 0 —W1 0 W2 0 0
0 W2 P3 . 0 —WQ 0
I : S 7 M- . i 7
0 0
0 0 opn Wa 0 0 .0 Wy
Wo 0 v -- 0 Wy pnst Wo 0 v -- 0 —-W, 0
(2.1)
where we abbreviated W; := exp(«;-q)/2, with a; € R"*1 i = 1,... n denoting the simple
roots of A, ap = — > I | o; the negative of the highest A,-root, ¢ = (¢1,...,qn+1) the
coordinates and p = (p1,...,pn+1) the momenta. The dimension of the phase space is

therefore (n + 1) x (n+ 1) at this point.
By definition of the Lax operators, the equations of motion are then equivalent to the
Lax pair equation

L‘i‘[MaL}:Oa ~ pz+m2_vvz2_1:07 ai'q:pi_pi+la izl?"'an+17 (22)

where we formally identified W, 11 = Wj. As usual we denote here derivatives with respect
to time by overdots. Taking £/ = n+1in (1.1) these equations also correspond to Hamilton’s
equations ¢; = 0H/0p;, p; = —0H/Jq; as we will show below. By construction, it then
follows immediately that all quantities Q, := Tr(L*)/k are conserved in time, i.e. Q = 0.
Given the expressions in (2.1) we easily construct all of these charges. Interpreting the
summation indices modulo 7, e.g. W7 = Wy, ps = p1, etc, we obtain

7
Q1 = Zpi, (2.3)
=1

7 2

Q=H=) (172@ - WE) : (2.4)
i=1
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7 r.3
p,
Q3 = Z é + Wiz(pi +pi+1) , (2.5)
i=1 L
7 -p4 1
Qs = Z ZZ + §Wi4 + W2 (D] + pipis1 + i) + WiQWiQ-i—lj| (2.6)
i=1 -
_P5 4 2/.3 2 2 3
@ = Z EZ + Wi (pi + piv1) + Wi (pj + pivi1 + 0ivis1 + Piy1) (2.7)
=1 *
+Wi2Wi2-i-1(pi—1 + 2p; + 2pi+1)] )
T p 1 3., 3
Qs =) [GZ + Wi+ W <2p? + P+ 2pipi+1> + W (p! +ppis +0ip7) . (28)
i=1

+W2 (0f + Pipic1) + WEW2, (07 + 2pipi—1 + 3pFq + Pibita + 2Dit1Piva + Plys)

AW (W2 + Wi ) + WEWE W]
7 7
Q7 = Z [])72 + WP (ps + pig1) + W2 WPWE L (pic1 + 2pi + 2Dis1 + Disa)
i—1

AWAWE L (D1 + 3pi + 2piv1) + Wi W2 (2pi1 + 3pi + piv1)
+WE WE Py + 4p7 + 3pIpis1 + 20Dty + Piyy)

+WE W2 (2 (P71 (20i + pit1) + pie1 (3pF + 2pipis1 + pi1))
7
AWE (0] + pipiys + PEpE + Pipi + P P00 2 [ W
i=1

(2.9)

These charges and versions thereof will be our potential candidates for higher derivative

theories when interpreted as Hamiltonians.

2.1 Higher derivative Hamiltonians from the 3 particle As-affine Toda lattice

Next we evaluate the expressions of the charges for the As-theory more explicitly. First we

notice that the second equation in (2.2) is simply solved by taking ¢ = (q1, ¢2,¢q3), so that
we obtain ¢; = p; when the roots are represented as a3 = (1,—1,0), ag = (0,1, —1) and

ag = —a3 — ag = (—1,0,1). This is the standard three dimensional representation for the

Aj-roots, see for instance [14]. The charges (2.3)-(2.6) then acquire the form

Q1 = p1 +p2 + p3,
3

(2.10)

(2.11)

(2.13)

(2.14)

(2.15)

1 2 )
Q2= H = 5(17%—1—1?%4-29%) +Vig + Vag + Vay :; <pzz+eo“q>,
1 .
Qs = 5 (B} + 53+ 1) + 21 (Vio o+ Vin) + pa (Via + Vas) + s (Vs + Vir) +2, (2.12)
3 p3
= Z [31 + p; (eai-q + eaz‘1-Q):| 4 27
i=1
_ Qf  QiQ Q3
Q4—24 5 +Q1Q3 + 5’
1 R} QIQ2 @Q1Q3  Q1Qa
B S N b2 2 2
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where we introduced the new abbreviation Vj; := exp(¢g; — ¢;). We notice that only the
first three conserved quantities are independent, as Q4 and ()5 can be constructed from
combinations of them. In fact, this property will persist for higher charges and all ); for
i > 3 can be build from combinations of 1, @2 and Q3.

Moreover, one may easily verify that the all charges, in particular @1, Q2 and @3, are
in involution, i.e. their mutual Poisson brackets vanish

3
0Q; 0Q;  0Q; 0Q; .
i Qi) = — =0, fori,j =1,2,3. 2.16
(QuQY =2 50 G0 ™ O O 7 (316)
Defining x = x1 + z2 + x3 we observe that
d
d—’; = {x, Qni1} =nQn, n=1,2,3,... (2.17)

This means that when @11 is interpreted as Hamiltonian, y grows linearly in time with
a slope n@,. Convergence or oscillatory behaviour can be achieved when choosing initial
values for which @,, vanishes.

As indicated in (2.11), at first we identify as usual the charge Q2 with the standard
Hamiltonian so that the classical equations of motion resulting from Hamilton’s equations
to

G1=p1, G=p2, G3=p3 p1=Vs1—Via, pPa=Via— Vo3, p3=Voz— V3, (2.18)

which are identical to the equations resulting from the Lax pair equation (2.2).
In the first instance we solve these equations numerically.

A\

u\\/u;. &g" \

Figure 1: Phase space (x1,p1) for the As-affine Toda lattice Hamiltonian with three particles.
Panel (a): inward spiralling trajectories from time ¢t = 0 to ¢t = 150. Panel (b): outward spiralling
trajectories from time t = 150 to ¢ = 300. The initial conditions are taken as x1(0) = x2(0) =
23(0) =0, p1(0) = 1 and p2(0) = p3(0) = —1/2. The insets in panel (b) show z; and p; as functions
of time t.

In figure 1 we depict the solutions to the three particle equations of motion (2.18)
in phase space, observing confined orbits that periodically spiral inward and outward, a
behaviour that continues beyond the time shown in the figure. The insets in figure 1 panel
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(b) demonstrate how the small period 74 ~ 1.778 is modulated by a larger period 7; ~ 300.2,
with 75 governing the quasiperiodic elliptic motion and 7; the period of the inward /outward
pulsation. We stress here that after each period we observe a small offset and therefore
these solutions are not exactly periodic and only quasiperiodic, i.e. f(x + 7) = g(z, f(z))
with g being a simpler function than f or almost periodic in the sense of [15]. Almost
periodic is here to be understood in the sense that we have a small offset after one period,
ie. |f(t)— f(t+ 7)| <e. We may adapt these observations more rigorously to the strict
sense of the definition of almost periodic functions by H. Bohr [15] and adjust the values
of 7y for a pre-selected e. For the other directions in phase space (z2,p2) and (x3,ps3) we
obtain similar types of periodic behaviour.

Now we come to the key point in this approach and interpret the higher charges as
Hamiltonians following the suggestion in [7,8]. Thus we take here the charge Q3 as the
Hamiltonian. Deriving the new set of equations of motion from ¢; = 9Qs3/0p;, pi =
—0Q3/0q; we obtain

q@1 = p? + Via + Vai, P1 = (p1 +p3)Va1 — (p1 + p2) Vio, (2.19)
Go = p3+ Via + Vas, p2 = (p1 + p2)Viz — (p2 + p3)Vas, (2.20)
g3 = p3 + Vo + Va1, P3 = (p2 + p3)Vaz — (p1 + p3) Va1, (2.21)

which are identical to the equations previously considered in [7]. Once more we solve these
equations, (2.19)-(2.21), numerically and depict the solutions in figure 2.

Xi

pi(®) 25""'
1 0t=0 (@
: t=10 20)
15|
0 5_ t_s 10/
i=3 "’
I | | | | —i=2 B 2 4 G 8 e
1 5 20 25 xi(t) =1 10| ©
0.5
t=0 =10 1
—0.5 1 | | A AATEEAT LAAIL).
A e
0.5
i =5
-1.0 .y

Figure 2: Panel (a): Phase space (x;,p;), ¢ = 1,2, 3 for the Ag-affine Toda lattice with unrestricted
@s-Hamiltonian, with initial conditions x1(0) = z2(0) = z3(0) = 0, p1(0) = 1 and p2(0) = p3(0) =
—1/2. Panel (b) and (¢): x; and p; as functions of time ¢, respectively.

We observe that while the momenta are bounded as —1 < p; < 1, the coordinate
components x; grow linearly in time so that the trajectories do not close in phase space.
Thus this system appears to have malevolent ghosts. However, this is due to the fact that
we have treated the As-system as a three rather than a two particle system. In the next
section we will represent the roots in a lower dimensional space and consequently re-define
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the coordinates and momenta of the model in the dual space. The effect will be that the
trajectories become confined and quasi-oscillatory in phase space so that we can say that
the ghosts have become benign.

2.2 Higher derivative Hamiltonians from the 2 particle As-affine Toda lattice

We will now constrain the (3 x 3)-dimensional phase space to a (2 x 2)-dimensional one.
Recalling that root systems are isomorphic to each other as long as they reproduce the
same Cartan matrix K;; = 2a,0;5/ ajz we may achieve this by defining a new set of simple
roots (; in a two-dimensional representation through an orthogonal transformation that
preserve K of the As root system obtained from the roots «; in the standard representation.
This means we have to solve

2 -1
K”:O(ZO(]:AﬁlAB]:BlB]:< 1 2) , Bi:A_lai,A_IZAT,i,j:1,27
ij
(2.22)
for the orthogonal matrix A and the roots ;. We find the solutions
411
V6 V2 V3B
3 1 3 1
A= —,/2 1 = \/> — = \/7 — . 2.2
\ 3 01 \{3 ) Bl ( 27\/570) BQ ( 2,\/5,0 ( 3)
V6 V2 V3

The negative of the highest root is therefore 3y, = —3; — 85 = (0, —v/2,0).

Having reduced the dimension of the representation space for the roots from 3 to 2,
we shift this reduction now to the dual space of the roots, i.e. the coordinates and the
momenta. For this we define a new set of dynamical variables ({,n) in the dual space of
the roots by

a;q=AB;- AC =B, - (, for (=A7lq, i=1,2, (2.24)
a;-p=AB; - An=B; - n, for n=A" p,z:l,2. (2.25)

\/7 & - Q) = (q1, 92, 33), (2.26)
\/7 ﬂ - 772) = (p1,p2,3), (2.27)

With A as identified in (2.23) we have

(G
(G

<
Il

p

5l e
a\d %\

or when inverted

g1 —2¢2+q 1 —q3 q1+q2+q3
= ) ) - 5 y 2.28
p1—2p2 +p3 p1—p3 p1+Dp2+Dp3
= , s = , M9, 0 2.29
(Pt Bop MBI _ (), 0 (229

From the last component in (2.28) and (2.29) we observe that we can interpret the new
(2 x 2)-dimensional phase space (¢,7n) as the old (3 x 3)-dimensional phase space (¢, p) in
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the centre of mass frame with additional constraints. We stress that this property is not
imposed, but the conditions ¢; +¢q2 4¢3 = 0 and p; + ps + p3 = 0 are automatically satisfied
with the definitions of the new variables in (2.26), which in turn results from representing
the roots in a lower dimensional space.

The conserved quantities @1, @2, Qs in (2.10)-(2.12) can now also be transformed to
the new variables as

N =

Q2= H((n) == (nf+n3) + e V2% 4 9¢ % cosh (\/§<1> , (2.30)

o ™ <66“/§<2 -+ 3775) Va2 I \/§C - \/§C )
= —V2eVv2 | —cos = — 7] SIn = + 2.
3 376 /3 951 2 551
The equations of motion resulting from the standard Hamiltonian H (¢, n) become
él =M €12 = M2, (2.31)

¢ ¢
= —V/GeV sinh (\/3@}) , Mg = V2e Ve [1 — 6373 cosh <\/§C1>] , (2.32)

whereas the equations resulting from taking Q3(¢,n) interpreted as the Hamiltonian are

¢
: 9e~ V%2 _ 9¢V5 cosh (\/ggl) —n} 4+ n} (2.33)
1 — \/6 ) :

(= \/56% sinh <\/§Cl) + \/?717727 (2.34)

m = 6% [7]1 sinh (\/§C1> - \/§W2 cosh (\/3(1)] ) (2.35)
2~ V%o 1 & 3 3
iy = % + gecﬂ [\/3771 cosh (\/QQ) — 3, sinh (ﬁg)] . (2.36)

The phase space trajectories obtained from the standard equations of motion for the Hamil-

tonian, (2.31) and (2.32), are still confined to a finite region in phase space as seen from
the numerical solutions figure 3. We may still identify a small period 75 that governs
one turn, up to a small displacement, and a larger period controlling the inward/outward
motion.

In figure 4 we depict the numerical solutions to the equations (2.33) - (2.36) obtained
as equations of motions from the third order derivative (3-Hamiltonian. We determine an
almost period 7 for the small intersecting almost closed loops. The larger period now
governs the rotation of these loops that due to the repeated offset fill in the phase space
regions that appear to be identical to the regions identified for the Hamiltonian H.
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Figure 3: Phase spaces ((;,7;), ¢ = 1,2 for the standard Hamiltonian of the reduced two particle
Aj-affine Toda lattice with initial conditions ¢, (0) = ¢5(0) = 0,7, (0) = v/3/2v/2 and 1,(0) = 3/2v/2
(= p1(0) =1, p2(0) = p3(0) = —1/2) for times ¢ = 0 to t = 300 with “almost period” 7y ~ 3.543.
The insets in panels (a) and (b) show (;,n; and (5,7, as functions of time, respectively.

O<t<tg (b) O<t<tg
Tp<t<T2

(@

T<t<T2

T2<t<144

$10

RN\
T Y v SN
e e
=1 AU EORINY St

Figure 4: Phase space ((;,7;), ¢ = 1, 2 for the Q3-Hamiltonian of the reduced two particle As-Toda
lattice with initial conditions ¢, (0) = (4(0) = 0, 1,(0) = v/3/2v/2 and 71,(0) = 3/2v/2 for times
t =0 tot = 216 with 79 =~ 3.347. The insets in panels (a) and (b) show (;,n; and (y,7, as
functions of time, respectively.

Thus while the trajectories resulting from the three and two particle As-Hamiltonians
are all confined in phase space, this behaviour is different for those derived from the higher
(Q3-charge where only the trajectories for the reduced model are confined. The divergent
behaviour was already reported in [7], where it was also conjectured that in the centre
of mass system convergence might be achieved. Here we have shown explicitly that this
conjecture is partially correct, in the sense that the system can be interpreted as being in
the centre of mass, but the more accurate statement is to view the system as the reduction
from three to two particles along the change of the dimensions of the representation space of
the roots. One should say that the two particle picture of the As-theory is the more natural
one as for instance also in the closely related affine Toda quantum field theory the number
of particles always equals the rank of the semi-simple Lie algebra [16,17]. The mismatch
between rank and particles simply results form the higher dimensional representation space
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of the simple roots. In [18] a similar reduction procedure was carried out by imposing
additional constraints in order to “exorcise” Ostrogradski’s ghosts. One may view the
centre-of-mass condition as such a constraint, although here we have not employed Lagrange
multipliers is to implement them.

2.3 Higher derivative Hamiltonians from the Ag-affine Toda lattice

Next we consider a system that possesses more than one higher charge. Specifying the
general Lax operator in (2.1) to n = 6 and computing the traces over the products of this
operator we calculate the seven independent charges (2.3)-(2.9). For the seven particle
system with the roots taken in the fundamental representation we obtain the explicit ex-
pressions for the charges by replacing I/VZ-2 — Vii+1. For instance, when taking all the roots
in the standard representation the Hamiltonian acquires the form

7 6
1 . _
H = 3 E lpg + E 1 el diH1 4 07T (2.37)
1= 1=

with a7 taken as the negative of the highest root. We also convince ourselves that all
mutual Poisson brackets vanish.

We proceed now as for the As-system by interpreting all of the charges as Hamiltonians
and solve their respective Hamilton’s equations. For the seven particle system we find
periodic solutions for the momenta and coordinates in the phase space of the standard
Hamiltonian, as seen in figure 5. However, for all higher charges only the momenta remain
periodic whereas the coordinates diverge. In figure 5 we present as sample solution for the
phase space of the higher charges the one for the Qg-charge. In panel (d) we observe the
divergence of all coordinates. This characteristic behaviour is shared by the solutions for
all the other higher charge Hamiltonians which we do not represent here.

Similarly as for the As-case, we attempt to eliminate the divergence by reducing the
number of particles to the rank, that is from seven to six. For this purpose we solve the
analogue to the equation (2.22) with the Ag-Cartan matrix instead. Taking the a-roots in
the standard representation we find an orthogonal matrix as

401 1 11 1 1
V6 V2 2v3 2V V42 VB0 VT
2 1 1 1 1 1
V3 U 35 o vE Vm VA
4 -1 1 1 111
V6 V2 23 25 V42 V30 VT
A — o o0 ¥ _ 1 1 1 1 938
= 2 5 vz v V7| (2.38)
0 0 0 2 1 1 1
V5 V42 VB0 VT
1 5 1
0 0 0 0 - V8 —
6 1
0 0 0 0 7 0 -

~10 -
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together with the new six dimensional roots 8; = A~ 1q;

B1= (/3 £5,0.0,0,0,0), By = (/% %.0,0,0,0,0),
By = (L. ff,oooo) B8, = 00—£,—£000) (2.39)

By = (000,2,0,—\/5,0), g5 = (0,0,0,0, \f\f)

The corresponding coordinate transformations resulting from this are

q = (q1,92, 93, 94, 45, 96, q7) (2.40)

N S T € B U o \fc G G G G
V6 V2 2v3 26 VA2 f W RN SV RV &
GG, G G G g~ GGG

V6 vz a3 s va \F‘i G VaZ V30

2 G G \[C S \[C
\/5 \/@ \/%7 66 \/@7 75 ;

<: (ClaCQaC37<4’C57C670) (241)
_ <CJ1—QQQ+CI3 O—@B a+tete—3u atet+ata—4ae
Ve T V2 2v/3 ’ 2v/5 ’
it @etetateata—6r atetatata—5Sg _22-71%‘)

V42 ’ V30 LV

Since the last entry for ¢ in (2.41) is zero, we note that once again the new coordinates
transform the old ones to the centre-of-mass frame. The momenta are transformed in the
same way, with p; — n,;. The Hamiltonian now acquires the form

—V3¢ V3¢1+¢ <1 S2 ,2¢3 V5
Zm+e VI e Vo e BT e VAG T (2.42)

s

e
+e\[<‘> Vi | U5 | (<5vBG 15V, —5V/EC VB, 45V VADG)

In this reduced space all trajectories become benign as we observe in figure 6. We recognise
once more that each of the solutions is made up of superposition of various quasi/almost
periodic functions.

Thus all five higher charges of the Ag-affine Toda lattice theory when interpreted as
Hamiltonians for a six particle system possess benign solutions of oscillatory type in their
classical phase spaces.

3. Higher derivative Hamiltonians from the B; affine Toda lattice

Many physical systems based on non-simply laced algebras display quite different behaviour
from those based on simply laced ones. To find out whether this also holds for higher order
derivative theories we will also investigate some sample representative theories based on
non-simply laced algebras. We first recall how to obtain the latter.

- 11 -
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Figure 5: Ag-affine Toda lattice phase spaces as functions of time ¢ of the Hamiltonian, panels (a),
(b), and the Qg-charge Hamiltonian,panels (c), (d), with seven particles. The initial conditions are
taken in both cases as ¢; =0,i=1,...,7 and p1 = —p2 = p3 = —ps = p5s = —2ps = 2p7 = —1/2.

3.1 Reduction of the root spaces and charges

It is well known that non-simply laced Lie algebras can be obtained from a folding proce-
dure of the associated Dynkin diagrams for a simply laced Lie algebra along a non-trivial
automorphism [19-22]. Here we use a reduction from the Ag root space A4, to the B3 root
space A B; With a subsequent reduction to the G2 root space AG2 previously constructed

in [22]. Denoting the corresponding simple roots as a; € Ay, i = 1,...,6, &; € ABB,
i=1,2,3and &; € AGQ, 1 = 1,2 we define the following reduction maps and their inverses
A Qy fori=1,2,3
: Ay, — Apg,, A N=1< " L 3.1
w Ay, Bs a; — wlag) { Gri fori—4.5.6 (3.1)
-1 ABg — AAG, Gy > w_l(di) =o;+a7_; fori=1,2,3, (32)
N < . . ap fori=1,3
: Ap, — Aq,, ;> i) = , 3.3
w Bs Gz Gi > (&) { Gy fori=2 (3.3)
~A—1 X A ~ -1/~ d1+2d3 fori=1
: Ag, = Ag,, a; = (@) = . 3.4
G2 Bs ! (&) { 34 fori=2 (3.4)
One may verify that the roots involved reproduce the respective Cartan matrices. The

associated charges are then reduced by the appropriate actions of the coordinates and
momenta according to

Q% (q,p) = QF(4.9) = Qn*lw (@), w ' (®)] = Q52(4.5) = QP (@)@ ' (§)]. (3.5)

— 12 —



Higher derivative Hamiltonians with benign ghosts from affine Toda lattices

— 7 l ) 4l « ’ | \ — i

I G | 1Lk 1 | ‘f o

JWH J\HWH /1 il Al Ui 'f) I ‘H o filbﬁ,wl:'.y»!J/wkj«ufLM!\‘F' ,Mn('zi;}*w o
v 'l “'f I J| U~ Wl Mu'{ i W’f“\', il [

— 41®
— &0
— 40
)t T S0

450
— 4%®

TR0 T

i 740
75()

ﬂu | '.Wi miEwmey

-2

Figure 6: Ag-affine Toda lattice phase spaces as functions of time ¢ of the Hamiltonian, panels
(a), (b), and the Qg-charge Hamiltonian, panels (c), (d), with six particles. The initial conditions
are taken in both cases as ¢; = 0,3 =1,...,6 and 1, = 1y =15 = —3/V6, 1y, = 1, = 15 = 3/2V/2.

We will employ the root systems from above, but will construct the Ga-charges in a different
manner. Let us now see in detail how the consecutive steps are carried out.

3.2 Higher derivative Hamiltonians from Bj affine Toda lattice theory

In order to define the reduced charges according to equation (3.5) we expand the coordinates
of the Bs-system as § = G1a1 + (41 + G2)da + (41 + G2 + G3)é&s and compute w~1(g) using
the defining relation for this map in (3.2). We expand the momenta in a similar fashion.
Representing the Ag-roots in the standard seven dimensional Euclidean space as specified
in section 2.2, we obtain in this manner the reduction of the coordinates and momenta

g — w () = (41,82, 43,0, —d3, —Go, —G1), (3.6)
p— w_l(ﬁ) = (ﬁ17ﬁ27ﬁ3707 _ﬁ37 _ﬁ27 _ﬁ1)7
respectively. We notice that when employing the new phase space variables we obtain
another solutions of the second equation in Lax pair equations (2.2) with p; = (Z;); for

i=1,2,3. It is easily seen from (2.3)-(2.9) that with the replacements (3.6) and (3.7) the
charges of odd order vanish

Ql — Ql = 05 Q3 - Q3 = 07 Q5 — Q5 = 07 (38)
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and the remaining Bjs-charges acquire the forms

3
Q2 = Q= H = Zﬁ? + 2601782 4 99278 4 9B 4 720 (3.9)
=1
3 3
= Zﬁ? + Z 2e%i'd + 6—(74‘011)"1 (310)
=1 =1
P A . . -
Qs — Q4= 51 + ?2 + 53 +]5%€_2q1 —{—2]5%6‘11_112 + 2popretr 42 —0—2]336(11_(12 (3‘11)
+2p3e® 79 4 2p3e® + 2pypge® e + 16_4@1 4 217202 4 9e—d1—G2 4 9pl2

2
+62@2*243 + Qﬁ%e@ﬂb + 9ed1—33 + 9¢2d3

A ﬁ? ﬁg ﬁg 1 64 q 3¢1—q 2 3(1—4q 2 3(G2—4q
Qs — Q¢ = 5 + 5 + 5 + ge— @i 4 9e01 4 9p—301—d2 | 3¢ (@1—d2) 4 3¢ (@2-d3)  (3.12)

—Hﬁzlle_Qél —I—ﬁ% (e—4é1 + qe— N —a2 + 362@1—@2)) + pofn (26—121—42 + 462(61—@))
+2ﬁ3ed3 + p3 <267‘51*42 + 32(@1=G2) | 9pd2 4 362(42743)> + Paps (4642 + 462((127@3))
+2 (p1 + p2p} + B35 + 3p1 + B3) €D 4 2 (ph + papl + P3p3 + Pipn + pY) e
+2 (p7 + (2B2 + P3) P1 + 33 + P3 + 2paps) e 79 + p3 (6642 4 32(—ds) | 46243)

+3e—2¢fz +2€Q1+é2—2@3 +26—61—l§3 +262¢i1—1§2—é3 +262<§2—fi3 + §e3é3 _|_4€t§2+li3

Here 4 is the highest root 4 = &1 + 2a9 + 2a3 in ABS. We notice that unlike for the A,,-
case the number of particles already matches the rank of Bs in the standard representation
a1 = (1,-1,0), a3 = (0,1, —1) and a3 = (0,0, 1).

Again we interpret all charges as Hamiltonians and compute their corresponding phase
spaces. As depicted in figure 7, all trajectories are benign and are confined in phase space.

As in this case the dimension of the standard representation already equals the rank
of the algebra there was no need for a reduction or the imposition of any constraints in
order to obtain benign trajectories for the higher charge Hamiltonians. Nonetheless, for
the sake of interest we consider now the reverse scenario and construct a theory in which
the roots are represented in a larger dimensional space. When drawing on the As-example
one might expect malign ghost trajectories in this case, but as we will demonstrate this is
not the case.

Thus we solve once more equation (2.22) for the orthogonal matrix A and the four-
dimensional roots BZ reproducing the Bs-Cartan matrix

2 -1 0
K=|-12 —2/|. (3.13)
0 -1 2

We find the four dimensional representation for the roots

1 V3 1\/§> ; (0, 2+\/50 2_\/5>, (3.14)

237 23

/61:(1707170) B2:<_2727_272 B3:

— 14 —
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Figure 7: Affine B3-Toda lattice phase space (41, p1), as function of ¢ for the standard Hamiltonian
in panel (a), for Q4 taken as higher derivative Hamiltonian in panel (b) and for Qg taken as higher
derivative Hamiltonian in panel (c¢). The corresponding functions x;(t) and p;(t) are displayed in
the respective panels a;,b;,¢; for i = 1,...,6. For the initial condition we always chose ¢;(0) =
G2(0) = ¢3(0) = 0 and p1(0) = —0.1, p2(0) = —0.2, p3(0) = 0.3, in panels (a), p1(0) = 0.5,
p2(0) = p3(0) = —0.25, in panels (b) and p1(0) = 1, p2(0) = p3(0) = —0.5 in panels (c). The
quasi-periods are: panel (a): Ty ~ 7.9824, panel (b): 7o, ~ 2.7181, panel (c): 7o, ~ 0.4719.

together with the orthogonal matrix

1 12 1 1+/2
2 243 2 243
_1 1-v2 1 142
A — 2 2v/3 2 23
A=| a8 0 (315
1 2v3 1 Ve
-7 0 7 0
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This in turn leads to the coordinate transformation

ci d2,3,0) A(pl,p2,,03,p4) (3.16)
(1. 1— L L +1+\f 1A+1—\/§ 1A+1+\/§A
= P 2\[P2 2P3 2fﬂ4a21 2\fP2 9Ps 2\/§P4,

V241 V241 1
- (P3— 1) | -

K
|

+ ,—=
\/6 p2 \/6 /04 \/i P3

Thus instead of the centre-of-mass constraint Z?:l p; = 0 we have now the constraint
p1 = p3 as we can read off from the last component in the four dimensional system.
Indeed, when computing the new coordinates we find precisely this dependence in the first
and third coordinate

>
|

= (p1: P2 P3: 1) = A7 (1, 42, G3,0) (3.17)

1{. 1-v2 1 . . V241 3 .
=3 <Q1 —Q2,T((I1 + G2+ §3) + %%,(h —Q2,7(Q1 + G2+ §3) — \/§Q3> .

When setting any other component in § to zero we will obtain more complicated depen-
dencies.

Transforming now also the B3 charges into the new coordinates we proceed as previ-
ously and compute the classical trajectories numerically. Our results are shown in figure 8.
The main observation is that all solutions found are benign. Thus unlike for the A,, cases
we do not encounter divergencies in the case where the dimension of the root representation
space does not match the rank of the algebra.

4. Higher derivative Hamiltonians from the Gs-affine Toda lattice

In order to compare and identify universal features we investigate now also the Gs-affine
Toda lattice theory that is similar to the As-theory, in the sense that it has a natural three
and two particle representation, with the former being the standard one. Its Hamiltonian
in the standard form reads

-1 _ _ _
H= 5]52 + 3e17 4 2721 4 204 (4.1)
where oy and a9 are the two simple roots of Go and ag = —3a; — 29 is the negative of

the highest Ga-root. In order to construct the higher charges we may use the reduction
from Bs or directly construct a higher order expression from a suitable Ansatz whose
Poisson bracket vanishes with H. Here we do not use the folding procedure, as for it to
apply in this case the Lax pair has to be slightly modified, but instead we use the latter
approach. Taking initially the standard representation for the simple roots a; = (1, —1,0)

~16 —
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Figure 8: Affine Bs-Toda lattice phase space (£, Zp)l) as fuunctions of ¢ for the standard Hamil-

tonian panel (a), for @4 taken as higher derivative Hamiltonian panel (b) and for Qg taken as
higher derivative Hamiltonian panel (c). The initial conditions are teken in all cases as p(0) =

(0,0,0, 0),%(0) = 1—10(1, 2,1, —4). The quasi-periods are: 7y ~ 28.80,7¢, ~ 14.99, 7¢, ~ 4.103.

and as = (—2,1,1), [23], we find the non-trivial independent charges

Q1 = p1+ P2+ D3 (4.2)
3 .
~ 1~6 3 ~4 ~9 9 ~4 10 ~3~3 6~ B 5 ]3 36 G
@ = Z;_:l 6l T ﬂ(pipiﬂ + DiPip1) + o1 PiPir1 T ZDiPitaDite + ¢ o€ a0 (4.3)
+%e(aj+am).a (cgl)njeaj.q n c§2)nj+1e&j+1~f? N Cg’)ﬁiﬁjﬂ N Cgf)ﬁ?)
ni s/ (5) . 6) o -7 o o
el (Cz(j)ip? + el PEpt + 65]7 Boier + 3 Bibiyy + i) Pepis1pi +2)
" sayd ((10) (11)
+7'7€20¢j.q (Cz] ]512 + Cij ﬁiﬁi-{-l) s
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with abbreviations ¢ = (2,6,6), ¢ = (6,18, —18), ¢ = (18,18, 42),

22 —2 —20 26 26 32 777 02 20
®=146-240 |, W=]|84a432], OD=|777|, OD=[620 2],

10 34 40 14 26 2 377 600

4 2 —4 4 8 —4 0 2 -16
dD=10-481], ®=]10-4 2 D=1 0 -16 -16 |,

10 0 0 00 0 —30 —16 2

12 13 4 18 8 26
10 =112 4 4 A =102 8

21 4 13 0 8 8

These charge are all in involution with the Hamiltonian H and with each other. We note
that there is no non-trivial independent charge Q4, as the only quantity that one can
construct at that order is proportional to H?.

We solve the corresponding equations of motion for H

@l =p1, G2=pa, G3=p3, P1=4de NTRTB _3en—0 _ oNtd22s (4.4)

Do = 30— _ oN11+@2—243 _ 9p—2q1+42+43 53 — 2e11T@2—243 _ 9p—2q1+G2+43

and Qg, which we will note report here, numerically and depict our results in figure 9.

p,® py0)
H g

Figure 9: Affine G5-Toda lattice H and Qg phase spaces for the variables (Gi, i), 1, 2,3 as functions
of ¢t panels (a), (b), (¢) and panels (d), (e), (f), respectively. The initial condition are taken in all
cases to ¢1(0) = ¢2(0) = g3(0) = 0, p1(0) = —1, p2(0) = —2 and p3(0) = 3.

Once again we identify almost periodic motions from the trajectories in both cases with
periods numerically computed as 7 ~ 7.04819143 and 7 ~ 0.10294605 for the phase
spaces of H and Qg, respectively. In our concrete solutions for the equations of motion for
H we find |¢;(0) — ¢ (th)] = 2.3 x 1072, |¢5(0) — Co(7h)| = |¢3(0) — C3(Tr)| ~ 0.0229121,
111(0)—n, (TH)| = 0.0122752, [15(0)—n9(TH)| &= 0.009117525 and |n3(0) —n3(7H)| ~ 0.0031.
As previously, in our depiction we distinguish between the first almost period and some
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further periods that illustrate how the phase space is gradually filled inward and outwardly.
Comparing the H and Qg phase spaces we notice that for large time the same confined
region in phase space will be filled out.

Furthermore we notice that, unlike as in the As-case, even for the case when the
particle number does not match the rank of the algebra the motion is of a benign nature.

Thus in principal there is no need for a dimensional reduction to the centre-of-mass
frame from the point of view to obtain finite trajectories, but for completeness we also
analyse that case. For this purpose we need to solve once more equation (2.22) for the
orthogonal matrix A and the two-dimensional roots /3;, but now involving the G»-Cartan

matrix
2 —1
K= . 4.5
_3 3 (4.5)
In this case we find the solutions
1 1 1
Vi B 3 /3
A= V2 V6 V3| 51_<\/§7070)7 /82_ _\/57\/;70 ) (46)
0 \/i 1
3 V3

for the orthogonal matrix and the three dimensional roots.

7;®
J O<t<ty (b) O<t<ty
Ty <t<157y Ty <t<157y
5 t<2 151y <t<257y

(a)

rT0) _

(©)

Vsit<To, 0<t<rg,
_To, <t<S7g 79, <t<57g,
t<10 7 579, <t<107g

Figure 10: Affine Go-Toda lattice H and Qg phase spaces for the variables (él, 7;), 1,2 as functions
of ¢ panels (a), (b) and panels (c), (d), respectively. The initial condition are taken in both cases

as ¢;(0) = (5(0) = 0, 7, (0) = 3/2v/2 and 7),(0) = —v/3/2v/2.
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Then, according to (2.24) and (2.25) the coordinates and momenta transform as

(S G GG 2\
q= (\@ B 3Cg> = (q1, G2, 43), (4.7)
B

n 2 -
T = T T =y T T = 72 772) = (p17p27p3)7 (48)

=
|
VY

aE
S
>
3

w

and in reverse as

b G1—q@ @ +G2—2q3 611+§2+(I3> s 5
= , — s = ,(9,0), 4.9
¢ (L -2t e GEA) (19
- D1 — P2  P1+D2—2D3 pi +I32+I33> o
= y T 3 - 5 ,0. 410
( - ~ o (1772, 0) (4.10)

Transforming the charges according to (4.9) and (4.10) the equations of motion for the
Hamiltonian H(C, ) become

(=1, Co=1n, (4.11)
b= 3vEV e SG 3 BB b eV ooV Bl

and similarly for the Q6—charge Hamiltonian that we do not report. We solve these equa-
tions numerically with the results depicted in figure 10. Once more we find almost periodic
solutions with the same period as in the three dimensional case for all charges.
Remarkably, for some special initial conditions we can also identify full periodic so-
lutions. The numerical solutions for the three dimensional case with the special initial
conditions pa(0) = p3(0) are depicted in figure 11 panel (a). We observe that the periodic
solutions for i = 2 and i = 3 becoming identical. Moreover, the trajectories for the H
and QG phase spaces coincide. However, as seen in the inlets the periods differ by orders
of magnitude with 75 ~ 1.4210841 and 7¢, ~ 0.0068228. Similar features are observed

i)

- 47,1'1,

Figure 11: Affine Go-Toda lattice H and Qg phase spaces for the variables (¢iypi), 1,2,3 and
(& is7:), 1,2 as functions of ¢ panel (a) and panel (b), respectively. The initial condition are taken
in both cases as ¢1(0) = ¢2(0) = ¢5(0) = 0, p1(0) = 2, p2(0) = p3(0) = —1 and ¢;(0) = {,(0) =0,
71(0) = 3/v2 and 7,(0) = —v/3/V2.

for the dimensionally reduced case depicted in panel (b). The condition p(0) — p3(0)
translates into 75(0) — —1/v/34(0).

~90 —



Higher derivative Hamiltonians with benign ghosts from affine Toda lattices

5. Non-integrable perturbations

5.1 Sensitivity of the initial conditions

There are various possibilities to investigate the stability of the above benign ghost solu-
tions. The most delicate way to perturb them is to just vary the initial conditions. So far
we have always chosen them to be compatible with the centre-of-mass frame conditions
>;pi =0and ) ¢ = 0 or other constraints that result from reducing the dimensionality
of the representation space for the roots. It turns out that in the representations for which
the dimensions do not match up with the rank of the algebra the trajectories are rather
sensitive towards these impositions. In figure 12 panels (a) to (c¢) we see that even a very
small violation of the condition Z§:1 p; = 0 leads to the divergence of the trajectories
in the z;-directions in the phase spaces even for the Hamiltonians H and H for Ay and
Go-theories as well as for the Qg-charge of Go. In panels (d) to (f) we observe that the
trajectories for all independent Bs-charges remain benign when ), p; # 0. The violation
of >, ¢; = 0 does not produce this effect.

150

04

0.2

I' ”‘; | ] “\ ‘l‘;“‘ \‘. W | \(1“‘11“7“” ‘:TU !:;‘MH\ ” U 1‘;11’1!‘ \N |
M' i I y}\‘\\“\m il “ | “ l‘ i

—0.2ff

—0.4,

—0.6

Figure 12: Three dimensional phase space solutions for the coordinates as functions of ¢ with
initial conditions Zf’:l p; # 0. Panels (a), (b), (c): Manevolent As-solutions for the Hamiltonian
H, Gy-solutions for the Hamiltonian H and the charge Qg, respectively, all with initial conditions
G1(0) = ¢2(0) = ¢3(0) = 0, p1(0) = -1, p2(0) = -2 ﬁé(O) = 3+0.05. Panels (d), (e), (f): Benign
Bs-solutions for the Hamiltonian H and the charge Q4, Qg respectively, all initial conditions are
taken to ¢1(0) = Ga(0) = G(0) = 0, p1(0) = 0.2, Ha(0) = —1/2 ps(0) = 1/2.

In contrast the trajectories in the two dimensional phase spaces are rather robust
against very large perturbations of 1(0) # 0 as seen in figure 13 panels (a) and (b), where
we present the Go-case. In this case the divergence would occur in the third component
that has already been set to zero in the construction. The trajectories may be compared
to the unperturbed case presented in figure 10.

5.2 Breaking of the integrability

There are of course many more options to perturb the higher derivative charge Hamiltonians
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70

—i=1

54".(1) — i=2 i

Figure 13: Two-dimensional affine Go-Toda lattice H and Qg phase spaces (&,f]i), 1,2, panels
(a) and (b) respectively, for perturbed initial conditions as functions of ¢. The initial conditions are
taken in both cases as (;(0) = (5(0) = 0, 7;(0) = 1/v/2 and 7,(0) = 3v/3/v/2 + 1.

by adding small terms to them or even by deforming with additional terms of the same or
larger magnitude. Here we only present one example to illustrate the general feature and
to establish the robustness of some of the higher charge Hamiltonian trajectories. We leave
a more systematic presentation to future investigations [24]. We consider a Hamiltonian
in form of a soft deformation of the (Q3-charge in the As-theory in the two-dimensional
representation (2.30) by adding a two-dimensional harmonic oscillator potential

Q8 (C1r Carmno o) = @ (Cr, o) + 65 (GG 4 3) (1)

The solutions of the corresponding equations of motion ¢;(t), n;(t) with ¢ = 1,2 as functions
of time are depicted in figure 14 for several typical values of e. We still find the previously
observed superposition of frequencies which vary with e. A transition between rather
different types of qualitative behaviours is seen at e, ~ 0.8944. When approaching this
value from below the maximal values for ¢;(¢) and 7,(t) increase smoothly and the functions
become more localised, but once €. is passed these values drop significantly and oscillations
re-occur. At this point we do not have proper explanation of this behaviour.

Naturally there are many more options to break the integrability of these systems [24].

6. Conclusions

We investigated many more examples that support the conjecture, originally put forward by
Smilga [9], that charges of integrable systems provide very promising candidates for higher
derivative theories that possess benign ghost sectors in part or all of their parameter space.
For our examples of affine Toda lattice theories associated to different algebras we found
a multitude of possible scenarios. We demonstrated that proper choice of the dimension
of the representation space is crucial. Especially for the theories that used roots in their
formulation represented in the same dimension as the rank of the underlying algebras we
found benign solutions for higher charge Hamiltonians. Moreover, these solutions were quite
robust with regard to perturbations of the choice of the initial conditions. When deviating
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Figure 14: Two-dimensional phase space components (; and 7, with ¢ = 1,2 for the deformed
affine A-Toda lattice charge Hamiltonian @3 in (5.1) as functions of time ¢ for different values of
e. The initial conditions are taken in all cases as (; = (, = 0, 7, = —3//6 and 7, = 3/2V/2.

from this setup and using higher dimensional representations for the roots we found the
coordinate solutions diverge as functions of time ¢ for all the A, examples investigated.
However, for the non-simply laced algebras G2 and Bs the trajectories for the higher charge
Hamiltonians stayed benign even in the higher dimensional cases, with the difference that
the former where very sensitive to changes of the initial conditions whereas the latter turned
out to be stable. So far these features remain at the level of observations and we can not
provide a deeper reason for these types of behaviour. Based on the data generated here so
far it is too early to extract more generic features that might be shared by some class of
systems, e.g. simply laced versus non-simply laced etc. We leave these aspects for future

investigations.

We have also investigated some more extreme deformations of the integrable systems
by a soft harmonic oscillator potential in section 5.2. As noted previously for different
types of perturbations [9] many of the benign trajectories found maintain this feature, but
we also observed a critical point in the strength € of these additional terms with an extreme
sensitivity regarding the characteristic behaviour of the phase space trajectories. It seems
worth to carry out some systematic investigations that clarify which type of perturbations,
and even deformations, might be permitted in order to maintain the benign nature of the
solutions [24].

Our results are summarised in table 1.
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Q (Dofrep) \ g || A2 | Go | By | As | Az,p1 | Go,p1 | Bs,p1 | Ag,p1 | Az,p2 |
H(r+1) b |b |b |b |m m b m

H(r b |b b |b |Db b b b

Q3 (r+1) m | X | X |m |m X X m

Qs (1) b [x |x |[b |b X X b b
Q4(r+1) X |b |m X b m

Q4 (1) X |b |b X b b

Q6 (r+1) b |b |m m b m

Qs (1) b | b |b b b b

Table 1: Summary of results. (b = benign, m = manevolent, x charge does not exist, r
= rank of g, p; = perturbation with Q1(0) # 0, pa = perturbation with harmonic oscillator
potential)
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