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A B S T R A C T

The present work comprehensively examines the influence of fibre-matrix interface perimeter on the multi-
physical properties of uni-directional composite materials. Three-dimensional microstructures (containing fibres
of triangular, elliptical, rectangular, C-shape and two-lobe cross-section shape) are analysed to evaluate
effective thermal conduction, thermo-elastic and piezo-electric properties. Each of these properties is nor-
malised with the respective property of RVE with circular fibre cross-section; These normalised properties are,
objectively, compared with the normalised fibre cross-section perimeter (shape factor). For all the considered
properties and fibre cross-sectional shapes, a novel observation is that the property experiences a drop (or rise)
in the initial range of the shape factor but rises (or drops) monotonically afterwards. This is in contrast with the
existing literature observations, where properties are understood to have only a monotonic increase/decrease
with the shape factor. Further, it is observed that the magnitude of the initial drop (or rise) is sensitive to
the fibre volume fraction and the fibre-matrix property contrast. In accordance with the literature, a strong
correlation is observed among the variation of in-plane shear moduli, transverse thermal conduction and
transverse dielectric constants.
1. Introduction

Composite materials have become the mainstay in various industries
due to their superior specific properties compared to other engineered
materials. Design and analysis of these materials are non-trivial due to
the heterogeneity stemming from their construction at various length
scales, spanning from ply (micro) to structural (macro) dimensions.
In general, composite material properties depend on the underlying
structure at lower scales, which depends on the processing parameters
such as pressure, temperature, and chemical reactions used during man-
ufacturing. For example, at the micro-scale, constituent properties and
geometric features like reinforcement content, morphology and their
distribution in host material control the properties at higher scales.
Hence, one needs to have tight control over the processing parameters
and micro-structure evolution for designing composite materials with
desirable properties.

Fibre-reinforced composites (FRC) are preferred over other mi-
crostructure architectures for high-end applications due to their supe-
rior strength and stiffness along the axial direction. However, there are
still challenges with FRC materials under transverse and shear loading,
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and active research is being conducted in this area. In this direction, the
influence of using non-circular fibre cross-sections, over conventional
circular cross-sections, on the composite material response has been
studied widely [1–7]. Herrez et al. [4] observed increased compressive
strength for the lobular-shaped fibre cross-sections. Yang et al. [5]
have selected gear-shaped fibres, based on shape factors, for studying
transverse stiffness and strength. It was found that gear shapes with
an increased number of tips have reduced transverse stiffness and
strength. XFEM-based numerical homogenisation by Higuchi et al. [6]
had shown improved transverse properties for square cross-sectional
shapes over circular, elliptical, two-lobed and triangular shapes. Eddie
and his group have developed carbon fibres of non-circular cross-
sectional shapes [8,9]. When tested alone, these fibres exhibited higher
transverse modulus and strength than circular shapes. Deng et al. [10]
have experimentally studied the influence of fibre cross-sectional as-
pect ratios using glass fibre/epoxy composites with high fibre volume
fractions. Pathan et al. [11] observed that shapes with re-entrant
features tend to increase stiffness but reduce damping capabilities.
Sometimes the poor control over processing parameters was also found
vailable online 4 July 2023
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Fig. 1. Geometry of the non-circular fibre cross-sections considered in the present study and their respective representative volume elements. The parameter 𝛿 is designed to vary
the perimeter of the respective shape. Note that the material axis is aligned with the fibre axis, so the fibre cross-section lies in 2–3 planes. The Ellipse perimeter is obtained from
the Ramanujan approximation formula [18].
to produce non-circular cross-sections like bean [12], dog-bone or two-
lobe shaped [10,13,14] non-circular fibre cross-sections. Imad Hanhan
et al. [15] have observed increased stresses at higher curvature points
of bean-shaped fibre cross-sections. Kaddouri et al. [16], and Shim
et al. [17] have studied effective thermal conductivity dependency
on the fibre cross-section wherein C and hollow shapes are found to
increase the composite thermal conductivity.

The common observation of all these studies is that using non-
circular shapes leads to increased contact between fibre and matrix,
thus leading to better load transfer across their interface. In this work,
we present interesting observations on the influence of increased fibre-
matrix on 18 different composite properties using three convex and two
concave non-circular shapes: ellipse, rectangle, triangle, C-shape and 2-
lobe. Also, we consider 21 different geometric configurations for each
shape by varying shape attributes, like aspect ratio, to get clear insights
into the property variation. Further, ten different realisations are used
at each geometric configuration to understand the statistical nature
of the properties due to the random distribution of fibres. The shape
factor, as defined in [5,14], will be used to compare the composite’s
response with different shapes objectively. In RVE-based numerical
homogenisation, the stochastic nature of the micro-structure makes
analysis dependent on the RVE size (defined as the ratio of the RVE
side length to the equivalent radius of a fibre cross-section), but most of
the studies have used either unit cells or smaller RVE size so properties
might be affected by the RVE size.

In this study, we have chosen the RVE size as 30 following a con-
vergence study, thus minimising the uncertainties coming from the RVE
selection. Here, RVE size is a non-dimensional parameter indicating the
2

ratio of RVE side length (in the transverse plane) to the fibre’s equiva-
lent circular cross-section radius. In total, 1050 three-dimensional RVE
models are analysed under each of three different physics: thermo-
elasticity, thermal conduction and piezoelectricity. Also, we investigate
the influence of fibre volume fraction and constituent property contrast
on the observations stemming from the analysis of RVEs containing
non-circular fibre cross-sections.

The current article is organised as follows: In Section 2, RVE genera-
tion and homogenisation methods are explained, followed by the design
of computational experiments. Later, the observations are presented in
Section 3 for each kind of physics.

2. Methodology

The geometry of the fibre cross-section is one of the important
factors that control the composite material’s effective response to ex-
ternal loads. In general, the circular cross-section is considered in the
design and analysis of FRC due to its simplicity. However, the actual
fibre shape might be different from the circle due to either processing
conditions [12] or deliberate design [4]. In this section, we provide
the geometric details of the fibre cross-sections, followed by a method
for generating RVEs containing fibres of these cross-sections and a
computationally efficient homogenisation method.

2.1. Geometry of fibre cross-sections

In the present work, continuous fibre-reinforced composites are
modelled, assuming a perfect interface between fibre-matrix and per-
fect alignment along the longitudinal direction. It is worth emphasising
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that, in the current work, the simulations are conducted on three-
dimensional RVEs where the fibre cross-section remains the same along
its length. In this article, fibre shape implies the shape of the fibre
cross-section perpendicular to its axis unless otherwise stated. From
the geometry and calculus of variations, it can be proved that a circle
takes the minimum perimeter for a given included area. In the case of
an RVE with a constant fibre volume fraction, deviation of fibre cross-
section shape from the circle leads to the increased fibre-matrix contact
area. Thus, we define a shape parameter 𝛽 for non-circular shapes with
respect to the reference circle containing the equivalent area, 𝐀. Let 𝐏
be the perimeter of the non-circular shape and 𝐏∗ be the perimeter of
he reference circle, then the shape parameter 𝛽 is defined as in Eq. (1).

= 𝐏
𝐏∗ = 𝐏

√

4𝜋𝐀
∈ [1,∞) (1)

In Fig. 1, schematics of all the five non-circular shapes (ellipse,
triangle, rectangle, C-shape and 2-lobe) are listed along with their
perimeter and area formulae. A parameter 𝛿 is defined for each shape
to obtain different configurations of the same geometry. In the case
of ellipse and rectangle, 𝛿 is their aspect ratio. For an n-sided regular
polygon, 𝛿 is defined in terms of the corner radius 𝑟𝑐 such that 𝛿 → 1 as
𝑟𝑐 approaches the polygon’s inscribed circle radius and 𝛿 → 0 as corners
tend to become sharper. 𝛿 of the C-shape is defined as the width of the
annular part of the C-shape normalised with the inner radius. In the
case of the n-lobe shape, 𝛿 ∈ [0, 1] defines the minimum and maximum
distance of each lobe centre from that of the whole shape centre. In
other words, it is not possible to get a common tangent circle to the
two successive lobes for 𝛿 < 0 or 𝛿 > 1. For each shape, 21 different 𝛿
alues are chosen between 𝛿𝑚𝑖𝑛 and 𝛿𝑚𝑎𝑥 as shown in Fig. 1. Note that,

in the case of 𝑛-sided regular polygon and 𝑛-lobular families, we chose
he least possible 𝑛 as it gives the maximum shape factor.

.2. RVE generation

Periodic virtual RVEs of the microstructures containing a random
istribution of fibres are generated using an optimisation-based ap-
roach developed by the authors in [19]. In this method, inclusions
re placed at random locations but within the bounds of the RVE
hile allowing overlaps. Later, these overlaps are removed by solving
simple bound-constrained optimisation problem. One of the ma-

or difficulties in generating RVEs with non-circular or non-spherical
hapes is detecting the overlap with their neighbours. To address
his issue, a universal overlap detection technique [19] is developed
herein each shape is represented as a Union of n-Spheres (UnS). This

implifies overlap detection between any two similar/different shapes.
lso, the randomness in fibre distribution and transverse isotropy of

he generated microstructure RVEs are proved using statistical and
icro-mechanical analysis [19].

In this work, fibre cross-section dimensions are evaluated using the
arameter 𝛿, see Fig. 1, such that its fibre cross-section area is equal
o that of the reference circle with the radius 𝑅𝑒 = 2.5 × 10−6 m.

The considered 𝛿 range is split into 21 intervals for each shape, and
a further ten realisations are considered at every 𝛿. In order to ensure
the RVE generation for the entire 𝛿 range, 50% fibre volume fraction
𝑉𝑓 is considered. For each fibre cross-section shape, sample RVE images
are shown for the extreme values of 𝛿 in Fig. 1. RVE size, defined as the
ratio of RVE side length to the equivalent circle radius of the fibre, is
selected as 30 following an RVE convergence study. Also, a constraint
is imposed on the minimum distance between two fibre surfaces as
0.07 times 𝑅𝑒 for meshing convenience in the finite element analysis
3

(FEA) [11].
Table 1
Constitutive relations, degrees of freedom (d.o.f) at each point and considered material
properties for each of the three physics. Here, 𝝈: stress; 𝑪 : elastic stiffness tensor; 𝝐:
strain; 𝝆: thermal stress coefficients; 𝒆: piezoelectric stress; 𝑬: electric potential gradient;
𝑫: electric displacements; 𝜿: dielectric constants; 𝒒: heat flux; 𝑲 : thermal conductivity;
∇𝑻 : temperature gradient; 𝑢1 , 𝑢2 , 𝑢3: displacements in directions 1, 2, 3; 𝜙 is electric
potential; 𝑇 is temperature;.

Analysis d.o.f Material properties

Thermo-elastic 𝑢1 , 𝑢2 , 𝑢3 𝐸11 , 𝐸22 , 𝐸33
𝝈 = 𝐂𝝐 − 𝝆𝛥𝑇 𝐺12 , 𝐺13 , 𝐺23

𝛼11 , 𝛼22 , 𝛼33
Piezo-electric 𝑢1 , 𝑢2 , 𝑢3 , 𝜙 𝑑11 , 𝑑21 , 𝑑51
𝝈 = 𝐂𝝐 − 𝒆𝑬 𝜅11 , 𝜅22 , 𝜅33
𝑫 = 𝒆𝝐 − 𝜿𝑬

Thermal-conduction 𝑇 𝐾11 , 𝐾22 , 𝐾33
𝒒 = −𝑲∇𝑻

2.3. Homogenisation

In this work, we are interested in evaluating the effective multi-
physical properties of the microstructure represented by three-dimens-
ional RVEs. The governing equations and the material properties of the
considered three physics are summarised in Table 1.

The conventional FEA-based homogenisation [20–22] can be em-
ployed to get these properties, but it is computationally expensive
wherein one needs to solve multiple load cases to get the effective
material tensor along with equally demanding post-processing steps.
As the number of multi-physical simulations (in total 3 × 1050) is rela-
tively high, we have chosen a computationally efficient homogenisation
approach based on the variational asymptotic method (VAM) [23–25],
without compromising on the high-fidelity nature of the solutions. In
this approach, the energy functional of the system is formulated in
terms of the fluctuation fields. This energy functional is minimised to
obtain the fluctuation field solution, which is further used to obtain
the effective material matrix in a single simulation without any post-
processing step. Also, VAM-based homogenisation inherently imposes
periodic boundary conditions (PBC) to simplify the solution procedure
thus ensuring a better solution (over the solutions based on kinemat-
ically uniform or statically uniform boundary conditions) for a given
RVE size [20]. Its theory and finite element implementation details
can be found in [23,26], so we proceed to give the final formulae for
the effective material tensor, 𝑫 and effective thermal stress coefficients
𝝆 = −𝑫𝜶 in Eq. (2).

𝑫 = 1
𝛺

[

𝑫𝑝𝑝 −𝑫𝑇
𝑛𝑎𝑝

𝑫−1
𝑛𝑎𝑛𝑎

𝑫𝑛𝑎𝑝

]

𝝆 = −𝑫𝜶 = 1
𝛺

[

𝑫𝑝1 −𝑫𝑇
𝑛𝑎𝑝

𝑫−1
𝑛𝑎𝑛𝑎

𝑫𝑛𝑎1

]
(2)

where,

𝑫𝑛𝑎𝑛𝑎 = ∫𝛺
𝑩𝑇𝑫𝑩𝑑𝛺 ∈ R𝑛𝑎×𝑛𝑎

𝑫𝑛𝑎𝑝 = ∫𝛺
𝑩𝑇𝑫𝑑𝛺 ∈ R𝑛𝑎×𝑝

𝑫𝑝𝑝 = ∫𝛺
𝑫𝑑𝛺 ∈ R𝑝×𝑝

𝑫𝑛𝑎1 = ∫𝛺
𝑩𝑇 𝝆𝑑𝛺 ∈ R𝑛𝑎×1

𝑫𝑝1 = ∫𝛺
𝝆𝑑𝛺 ∈ R𝑝×1

(3)

𝛺 is the volume of the RVE domain, 𝑩 relates field variables and their
gradients, analogous to the strain–displacement matrix in mechanical
loads. 𝑝 is the number of rows or columns of material tensor, and 𝑛𝑎
is the active degrees of freedom in the system. Here, active degrees
of freedom (d.o.f) is obtained by excluding the d.o.f of child nodes,
which follows their parent node on the opposite face/edge/vertex
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Table 2
Validation of the computational tool developed in this work with the literature
[24,26,28]. Here, thermo-elastic (𝐸22, 𝐺12, 𝐺23, 𝛼22), thermal conduction (𝐾22) and
iezo-electric (𝑑21, 𝑑51 and 𝜅22) properties are used for the comparison.

𝐸22 (GPa) 𝐺12 (GPa) 𝐺23 (GPa) 𝛼22(×10−6)

Present work 143.95 54.374 45.824 0.1946
Literature [24,26,28] 144.1 54.39 45.92 0.195

𝐾22 (W/mK) 𝑑21 (C/m2) 𝑑51(C/m2) 𝜅22 (nC2/Nm2)

Present work 107.24 −0.1189 0.02073 0.1127
Literature [24,26,28] 107.45 −0.1162 0.02048 0.1106

Table 3
Material properties of the matrix and fibre, used for thermo-elastic, thermal conduction
and piezoelectric analysis.

Matrix Fibre

Thermo-Elastic analysis Epoxy [30] Boron [28]
E (GPa) 3.35 379.30
𝜈 0.35 0.1
𝛼 (×10−6∕◦C) 58.0 8.1
C𝑣 (kJ/m3K) 1265.0 3224.0

Thermal Conductivity Polypropylene [28] Carbon [28]
K (W/mK) 0.2 129.0

Piezo-Electric analysis Epoxy [31] PZT-7A [32]
𝐶11 (GPa) 3.86 131.39
𝐶12 (GPa) 2.57 82.712
𝐶23 (GPa) 2.57 83.237
𝐶22 (GPa) 3.86 154.837
𝐶44 (GPa) 0.64 35.8
𝐶55 (GPa) 0.64 25.696
𝑑11 (C/m2) 0.0 9.52183
𝑑21 (C/m2) 0.0 −2.12058
𝑑51 (C/m2) 0.0 9.349593
𝜅11 (nC2/Nm2) 0.0797 2.079
𝜅22 (nC2/Nm2) 0.0797 4.065

due to periodic boundary conditions. An in-house computational tool
is developed, in julia language [27], for evaluating the Eq. (2). In

able 2, one can find a close match between various physical properties
valuated by this tool and the literature [24,26,28]. For this validation,
e have used unit cell models as in [24,26,28] with respective fibre
olume fractions and constituent properties.

. Results and discussion

Three-dimensional models of RVEs are created with an extruded
hickness of 3 × 𝑅𝑒 , following the observations of [21]. Then pe-
iodic mesh is generated on these models, using an open source tool
msh [29], with predominantly 8-node hexahedral elements and few
less than 2%) 6-node prism elements. Mesh convergence studies of
arious properties have shown microstructure effective property con-
ergence between 200,000 and 250,000 elements. On the conservative
ide, we chose element sizes such that each RVE contains at least
50,000 elements. These generated finite element models are analysed
nder three different physics with material properties as summarised
n Table 3. In all the analyses, fibre direction is chosen as 1, and 2–3
lane as the transverse cross-section.

In thermo-elastic analysis, six effective elastic moduli (𝐸11, 𝐸22, 𝐸33,
𝐺23, 𝐺31 and 𝐺12) and three effective thermal expansion coefficients
(𝛼11, 𝛼22 and 𝛼33) are evaluated using fibres with higher stiffness and
lower thermal expansion coefficient over those of the matrix material.
In order to evaluate three effective thermal conductivities (𝐾11, 𝐾22 and
𝐾33), conductive fibres are considered in a relatively poor conductive
matrix. In piezoelectric analysis, with fibre as a piezoelectric material,
we have evaluated three effective piezoelectric constants (𝑑11, 𝑑21 and
𝑑51) and effective dielectric constants (𝜅11, 𝜅22 and 𝜅33). By definition,
the 𝑑𝑖𝑗 relates the influence of the applied electric field on the me-
chanical stresses. Under no mechanical strain, 𝑑 and 𝑑 are fibre
4

11 21
directional stress (𝜎11) and normal transverse stress (𝜎22 or 𝜎33) when
an electric field is applied along the fibre direction (𝐸1). Similarly, 𝑑51
relates to in-plane shear stresses (𝜎12 and 𝜎13) when an electric field is
applied in the transverse direction (𝐸2 and 𝐸3).

Now, we proceed to study the variation of normalised composite
properties with normalised fibre-matrix interface perimeter. As we
have discussed earlier, the shape factor (𝛽) represents the non-circular
interface perimeter normalised with that of the circular interface en-
closing the equal area. Composite properties with non-circular fibre
cross-sections (𝜂𝑛𝑐𝑠) are normalised with those due to circular fibre
cross-sections (𝜂𝑐𝑠) of equal area, as shown in Eq. (4).

𝜂 =
𝜂𝑛𝑐𝑠
𝜂𝑐𝑠

(4)

where 𝜂 is any property of interest. For example, if a normalised
property (𝜂) falls below 1 at a shape factor (𝛽), it implies that the gain
n perimeter due to non-circularity of the fibre cross-section has led
o a drop in the respective composite property. As mentioned earlier,
or each shape and at each shape factor, we have homogenised ten
VEs (obtained by different random spatial arrangements of fibres) to
ccount for the statistical nature of fibre distribution. So, the mean
alue of the effective properties over ten different realisations is used in
lotting Figs. 2 to 8. Also, one can find these mean and standard devia-
ion values at all shape factors and for all shapes in the supplementary
aterial.

Fibre cross-section shape influence on the longitudinal property is
xpected to be negligible. This is because the cumulative fibre cross-
ectional area at every cross-section of the RVE along the fibre axis
s constant. This results in constant average stress in the fibre, thus
eading to constant modulus. The minor fluctuations in Fig. 2 are
robably due to a mismatch in the Poisson’s ratio of the fibre and
he matrix. Accordingly, in Fig. 2(a), the variation in fibre directional
roperties (𝐸11, 𝛼11, 𝐾11, 𝜅11 and 𝑑11) is found to be negligible (between

±1%) for all the cross-sectional shapes and their shape factors. This
observation can also be explained by the established understanding
that the longitudinal directional properties can be very closely approx-
imated with the simple rule of mixtures which depends only on the
fibre volume fraction and constituent properties. On the other hand, the
transverse properties depend on a few more factors, like the distribution
and morphology of the fibres. So, as the microstructure is modelled
with a random distribution of fibres in the present work, one can expect
the transverse isotropy on the plane normal to the fibre axis. This can be
observed in the very close trends for (𝛼22 and 𝛼33) in Fig. 2, (𝐸22 and
𝐸33) in Fig. 3 and (𝐺12 and 𝐺13, 𝐾22 and 𝐾33, 𝜅22 and 𝜅33) in Fig. 5.
Now, we proceed to discuss the variation of these properties in detail.

The transverse thermal expansion coefficients, 𝛼22 and 𝛼33 as shown
in Fig. 2(b) and (c), are found to have increased slightly (about 5%)
in the initial range of shape factor, followed by a monotonic decrease.
Here, the decreasing trend is expected due to the increased contribution
of fibre whose 𝛼 value is less than that of the matrix. Though the reason
for the initial rise is not yet understood clearly, we show in Section 3.1
that the magnitude of the initial rise (or drop if the fibre property is
higher) follows the observations made by Adam and Doner [33]. Also,
as we see later, this initial drop (or rise) is observed in all the multi-
physical properties but with a varied magnitude. This suggests that with
the increasing fibre-matrix interface perimeter, except at its certain
initial range, the contribution of the fibre to the overall properties is
increasing monotonically, as in the reported literature [3,6,16].

Transverse elastic and shear moduli variation is plotted in Fig. 3
where the trend is opposite to that of the thermal expansion coefficients
(𝛼22 and 𝛼33). Here, these properties increase up to 35% but with an
initial drop which could be due to a higher fibre modulus than that of
the matrix. Among the five shapes, the drop magnitude and delayed
rise of property are more pronounced in the case of elliptical cross-
section fibres. For the remaining shapes (Triangle, 2-lobe, rectangle
and C-shape), including convex and concave shapes, the increasing
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Fig. 2. The variation of normalised longitudinal effective properties (𝐸11, 𝛼11, 𝐾11, 𝜅11 and 𝑑11) and the normalised effective transverse coefficient of thermal expansions (𝛼22 and
𝛼33) with the shape factor, for various fibre cross-section shapes. Marker shapes indicate the respective fibre cross-section shapes.
Fig. 3. The variation of normalised effective transverse elastic (𝐸22, 𝐸33) and shear (𝐺23) moduli of the composite with shape factor, for various fibre cross-section shapes. Marker
shapes indicate the respective fibre cross-section shapes.
Fig. 4. Validation of elastic properties, due to elliptical fibre cross-section, obtained from VAM-based homogenisation with that obtained from conventional finite element analysis
approach. Standard deviation in the respective properties over ten different realisations is indicated by the size of the markers scaled by 10−6.
trend of transverse elastic property is remarkably similar across the
𝛽 range. This indicates a strong correlation between the shape factor
and the property variation with the fibre-matrix interface perimeter.
In order to ensure that these observations are not an artefact coming
from the VAM-based homogenisation tool, the same RVEs with ellip-
tical cross-section are homogenised using a commercial finite element
solver, [34], using periodic boundary conditions [20–22]. As the 3D
FEA simulation in the Abaqus involves high computational costs, the
validation is performed only at five aspect ratios of the elliptical cross-
section but with ten different realisations at each of these aspect
ratios. The mean and standard deviation of effective transverse elastic
properties evaluated over ten realisations using the VAM-based and
conventional FEA-based approaches are plotted in Fig. 4. The very close
agreement observed in Fig. 4 gives another validation of the VAM-based
homogenisation tool.

The plots of in-plane shear moduli, transverse thermal conductivity
and transverse dielectric constants are plotted in Fig. 5 at one place
due to their strikingly similar variation. Especially the resemblance
of in-plane shear moduli 𝐺12 with 𝐾22 and 𝐺13 with 𝐾33 is note-
worthy. Springer and Tsai [35] have reported this (not so intuitive)
analogy wherein it was shown that the transverse thermal conductivity
of uni-directional composites could be obtained using in-plane shear
properties formulae given by Adams and Doner [36]. Also, one can
notice a similar pattern of variation in transverse dielectric constants
5

as in-plane shear moduli and transverse thermal conductivity. Re-
cently, Saeed et al. [37] have reported a similar correlation between
thermal conductivity and dielectric properties for wood and wood-
based materials using experiments. The study [37] is intended to find
thermal transmission through wood-based materials using the dielectric
properties of the medium.

Note that, in Fig. 5, the initial range of 𝛽 where properties are found
to decrease, is relatively smaller compared to that of the transverse
elastic and shear moduli (see Fig. 3). At the same time, the properties in
Fig. 5 enhanced by about 50%–60% with about 𝛽 = 1.5 while in Fig. 3
properties are increased by about 20%–30%. The slight fluctuations in
the trends of all these plots might be due to the statistical nature of the
fibre distribution. In the case of piezoelectric analysis, the piezoelectric
constants 𝑑21 and 𝑑51 are also found to increase with a brief drop at the
initial range of 𝛽 as shown in Fig. 6. It suggests that the property 𝑑51 can
be increased by 300% with about a 50% increase in the perimeter over
that of the circle of equal area. Among all the considered properties,
𝑑51 has shown a significant increment suggesting that this property is
very sensitive to the cross-sectional shape of the fibre.

3.1. Influence of fibre volume fraction and property contrast

We have noticed opposite variation trends for thermal expansion
coefficients and the remaining properties, possibly due to opposite
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Fig. 5. The variation of normalised effective in-plane shear moduli (𝐺31, 𝐺12), transverse thermal conductivity (𝐾22, 𝐾33) and transverse dielectric constants (𝜅22, 𝜅33) with shape
factor, for various fibre cross-section shapes. Marker shapes indicate the respective fibre cross-section shapes.
Fig. 6. The variation of normalised effective piezoelectric constants (𝑑21) and (𝑑51) with shape factor, for various fibre cross-section shapes. Marker shapes indicate the respective
fibre cross-section shapes.
property contrasts in the fibre and matrix. To understand this phe-
nomenon, we proceed to investigate the property variation with the
constituent’s property contrast and fibre volume fraction for different
shape factors. For this purpose, we chose to study the elastic properties
of the micro-structure with elliptical fibre cross-sections at volume frac-
tions 𝑉𝑓 ∈ {10%, 30%} and fibre-matrix elastic moduli contrast 𝐸𝑐𝑟 =
𝐸𝑓∕𝐸𝑚 ∈ {5, 500}. The transverse elastic, shear and in-plane shear
moduli obtained by these combinations of 𝑉𝑓 and 𝐸𝑐𝑟 are compared
with that of 𝑉𝑓 = 50% and 𝐸𝑐𝑟 = 379.3/3.35 = 113.2 (see Table 3) in
Figs. 7 and 8, respectively.

In Fig. 7, the magnitude of change in the properties (𝐸22, 𝐺23 and
𝐺12) is increasing with contrast ratio. The properties change is drastic
from 𝐸𝑐𝑟 = 5 to 𝐸𝑐𝑟 = 113.2 but there is a negligible change from
𝐸𝑐𝑟 = 113.2 to 𝐸𝑐𝑟=500. This is in line with the observations of Adams
and Doner [33], wherein the elastic moduli increase rapidly at lower
contrast ratios and stays constant from about 𝐸𝑐𝑟 = 80 for 50% fibre
volume fraction. This hazy critical contrast ratio limit depends directly
on the fibre volume fraction, with critical 𝐸𝑐𝑟 being shifted to lower
values for lower values of 𝑉𝑓 [33]. In Fig. 8, the magnitude of drop
(or rise) in normalised property has increased with the fibre volume
fraction. It is worth noting that the amount of drop in transverse prop-
erties is more from fibre volume fractions 30% to 50% when compared
to that from 10% to 30%. This is in accordance with transverse moduli
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variation with 𝑉𝑓 wherein the transverse moduli increase exponentially
at higher 𝑉𝑓 [33,36]. Hence, the influence of fibre cross-sectional shape
is sensitive to the fibre volume fraction and the fibre-matrix property
contrast.

3.2. Influence of inclusion distribution

In this section, we perform experiments to understand the influence
of inclusion distribution on the observed jump/drop of the properties
in the initial range of shape factor. For this purpose, RVEs of elliptical
cross-section fibres are generated as shown in Fig. 9 wherein the aspect
ratio is increased from 1 to 3 in steps of 11 while keeping the fibre
cross-section centre and orientation fixed. Under these fixed centre and
orientation constraints, we could generate RVEs of the fibre volume
fraction 𝑉𝑓 of about 45% with an aspect ratio of 3. So, we proceed to
evaluate transverse elastic, thermal expansion and thermal conduction
properties for RVEs containing elliptical inclusions with 𝑉𝑓 = 45%
and material properties as shown in Table 3. Further, at each aspect
ratio, 20 realisations are considered to account for the stochastic nature
of the RVE. As shown in Fig. 9(d)–(f), the effective transverse elastic
properties, effective thermal expansion coefficients and the effective
thermal conductivities exhibit similar drop/jump as we have observed
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Fig. 7. Variation of elastic and shear properties with fibre-matrix elastic modulus contrast, at fibre volume fraction 𝑉𝑓 = 50%.
Fig. 8. Variation of elastic and shear properties with fibre volume fraction, at fibre-matrix elastic modulus contrast 𝐸𝑐𝑟 = 113.2.
Fig. 9. (a)–(c) shows three sample RVEs with 𝑉𝑓 = 45% showing the increased aspect ratio while keeping the centre and orientation of the ellipse fixed. (d)–(f) shows the variation
of normalised transverse properties (as per Eq. (4)) with respect to the shape factor.
in Section 3. In another experiment, a unit cell with a single elliptical
cross-section fibre placed at the centre is considered. The aspect ratio of
this elliptical cross-section is increased continuously, and its orientation
is increased from 0◦ to 180◦. At each of these orientations and aspect
ratios, effective elastic properties are evaluated and plotted in Fig. 10.
These property variations show that in a range of orientation angles,
the properties fall below that of the circular cross-section fibres. These
two experiments suggest that the drop/jump in properties is not due to
the fibre distribution in the RVE.
7

4. Conclusions

This study investigates the effect of the fibre cross-sectional profile,
particularly the interface perimeter, for a given fibre volume fraction on
the overall multi-physical properties of the uni-directional composite
material. For this purpose, different microstructures containing fibres of
different non-circular cross-sections (ellipse, triangle, rectangle, 2-lobe
and C-shape) are considered under three different physics: thermo-
elasticity, thermal conduction and piezoelectricity. Further, for each
shape, 21 different perimeters and ten different realisations at each



Composite Structures 321 (2023) 117321R. Nakka et al.

t
m
t
a
F
p
v
i
f
p

C

d
P

Fig. 10. Variation of the normalised effective elastic properties of a unit cell with single elliptical cross-section fibre containing 50% volume fraction. Here, the angle is the
orientation of the ellipse major axis with the 𝑥-axis.
perimeter are considered to understand the statistical nature of the
effective properties. Homogenisation is performed using a computation-
ally efficient VAM-based approach to obtain effective multi-physical
properties. Each of these properties is normalised with that of the
micro-structure containing circular cross-section fibres. The observa-
tions while comparing the normalised properties with the normalised
fibre-matrix interface perimeter (shape factor 𝛽) are listed below:

• Longitudinal properties of the composite are in-sensitive to the
cross-sectional shape. This is because the longitudinal stress on
the fibres remains constant irrespective of the fibre’s cross-secti-
onal shape.

• Effective transverse properties have increased (or decreased) with
shape factor 𝛽, but with an initial drop (or rise) when the fibre
property is higher (or lower) compared to that of the matrix. For
example, effective thermal conductivity (𝐾) of the composite with
𝐾𝑚𝑎𝑡𝑟𝑖𝑥 < 𝐾𝑓𝑖𝑏𝑟𝑒, has decreased initially for a small range of 𝛽 then
increased monotonically. It suggests the increasing influence of
fibre on the composite properties at higher shape factors.

• The degree of property rise (or drop) in the initial range of 𝛽
is found to depend on the fibre volume fraction and the fibre-
matrix property contrast. This phenomenon is more pronounced
at higher fibre volume fractions and at lower property contrast
values.

• Except for the transverse elastic properties of the ellipse, the trend
of all properties for all shapes shows a strong correlation between
the shape factor and normalised properties.

• A strong equivalence is observed among the trends of in-plane
shear moduli, transverse thermal conductivity, and transverse
dielectric constants, which is in line with the analytical and
experimental observations by Springer and Tsai [35] and Saeed
et al. [37].

In these observations, the reason for the initial drop (or rise) needs
o be understood from the physics perspective and requires experi-
ental validation. Nevertheless, this phenomenon is validated with

he FEA-based homogenisation with periodic boundary conditions. In
ddition, the correlation among various properties as per [35,37] in
ig. 5 and fibre volume fraction and property contrast influence on
roperties as per [33] in Figs. 7 and 8, brings in another level of
alidation. Also, in future work, one needs to investigate if such an
nitial drop (or rise) occurs in the case of the transverse strength of
ibre-reinforced composites and the multi-physical properties of the
articulate composites.
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