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Abstract We discuss how a standard scattering theory a of multi-particle theory generalises to systems based on Hamiltonians that
involve higher-order derivatives in their quantum mechanical formulation. As concrete examples, we consider Hamiltonian systems
built from higher-order charges of Calogero and Calogero-Moser systems. Exploiting the integrability of these systems, we compute
the classical phase shifts and briefly comment on the quantum versions of these types of theories.

1 Introduction

The vast majority of Hamiltonians describing physical systems contain kinetic terms that are quadratic in momenta in their classical
versions, and have second-order derivatives in their quantum mechanical and quantum field theoretical formulations. In general,
higher order derivative descriptions are discarded as classical version contain singularities that can be reached in finite time and
quantum versions of these type of theories inevitable introduce so-called ghosts states that possess negative norms, that lead to a
collapse and/or a violation of unitarity [1]. Despite these severe deficiencies higher derivative quantum field theoretical models are
known to possess the very appealing feature of being renormalizable and are therefore frequently considered as promising candidates
for theories of everything (TOE) that include gravity besides all the other known fundamental forces. They arise for instance in
the context of quantizing gravity when adding curvature squared terms to the Einstein-Hilbert action [2]. Over the years higher
order derivative theories have also been considered sporadically in other areas. They have been proposed as a resolution of the
cosmological singularity problem [3] with some of their black holes solutions constructed [4]. In some quantum field theories their
BRST symmetries have been identified [5, 6], they were explored in a massless particle description of bosons and fermions [7]
and also some supersymmetric versions have been investigated [8]. Classical and quantum stability properties of higher derivative
dynamics were investigated in [9-14]. As discussed in [15-18], the undesired features of singularities and ghost states may be
dealt with in individual cases with appropriate techniques when they are of benign type, i.e. when in their classical versions the
unavoidable singularities can not be reached in finite time.

While there are proposals to deal with some of the conceptual issues in particular cases, the selection of appropriate models
has been rather ad hoc, with the Pais-Uhlenbeck oscillator [19] being the most popular toy model. It remains unclear which type
or class of higher derivative theories might be most appropriate and which models contain benign and which contain malevolent
ghost states. Recently Smilga [16] suggested that Hamiltonians build from higher charges of integrable systems could be a suitable
class of benign systems. Indeed, starting at first with classical theories that have kinetic terms with higher order momenta build
from charges of affine Toda lattice theories the present authors [20] identified under which circumstance those theories converge or
diverge in phase space. We should stress that we have not yet included here higher order derivatives in time, which is the situation
in which instabilities are certain to occur as decribed by the Ostrogradsky theorem.

Motivated by the reasons mentioned above, and the success obtained by taking integrable systems as suitable candidates for
higher derivative theories we continue here the investigation of these models. In particular, we address the new question of how
one might consistently formulate a scattering theory. We will answer the question in the context of integrable systems, taking
Calogero—Moser—Sutherland (CMS)-models [21-25] as suitable candidates to study.

Thus, our general starting point is a system in the form of standard Hamiltonians of CMS type

L
H:%Zp?+anV(a-q). (1.1)
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The sum in the potential extends over all roots « in the root space Ag € R’ associated to the Lie algebra g, ¢, are real coupling
constants, p = (p1, ..., pe) and ¢ = (q1, ..., q¢) are the £ momenta and coordinates of the system, respectively. Requiring
integrability, the potential function V(x) may be any function that factorises and satisfies the following functional relation [26]
/ /
V) = — fQ) f(—x),  with f(x+y)= fOFO) = F&OFO) (12)
V)=V

Solutions to these equations are f(x) = 1/x, f(x) = 1/sin(x), f(x) = 1/sinh(x) and f(x) = 1/sn(x), giving rise to the
Calogero—Moser—Sutherland potentials [26] V (x) = 1/x2,vx) =1/ sin(x), V(x) = 1/ sinh?(x), V(x) = 1/sn%(x), respectively.
Here we will focus our attention on the theories that allow for scattering states, i.e. V(x) =1 /x2 and V(x) =1/ sinh2(x).

Our manuscript is organised as follows: In Sect. 2 we make some general comments on how higher order charges can be constructed
from Lax pairs corresponding to the higher order flows in the CMS models. In Sect. 3, we formulate the scattering theory for higher
charge Hamiltonian theories in the context of integrable systems. In particular, we derive explicit formulas for the two particle phase
shifts. In Sects. 4 and 5 we will discuss in detail the higher order scattering theories of Calogero and Calogero-Moser systems
associated to the A, and Ag Lie algebras, respectively. In Sect. 6 we comment on the quantum mechanical scattering theory. Our
conclusions are stated in Sect. 7.

2 Conserved charges in A,-Calogero—-Moser—Sutherland models

The cornerstone of our construction are the higher charges of integrable multi-particle systems. A standard way to construct them is
in the form of their Lax pair representation, which implies their classical Liouville integrability. For CMS-models different versions
of Lax pairs can be found in the literature for specific algebras, concrete choices of the representations of the roots and functions
f(x), but also in more generic terms see e.g. [27].

We start with the A>-CMS theory with a representation independent formulation for generic functions f(x) subject to the Eq.
(1.2). A possible Lax pair is given as

P1 ieflar-q) i/gf(az-q)
L=|—-i/gf(1-9q) D2 iJegflaz-q) |, 2.1
—iJef(es-q) —iJ/gf(az-q) D3
f(as-q)f’(otzfq(zf;;xrq)f/(as-q) (a1 - q) (a3 -q)
M =i/g fllar-q) 0 /f/(az'Q) / ) 2.2)
(a3 -q) f(az - q) Sfls-q) f (m}-g(;f;;n-q)f (23-9)

so that the Lax equation L = [L, M], [28], becomes equivalent to the equations of motion resulting from the Hamilton H in Eq.

(1.1)

3
X = pi, I'Ji:—ZgZa;f(aj~q)f’(aj'q), i=1,2,3. (2.3)
=1

The conserved charges are then calculated in the standard fashion from the trace of products of the L-operator

Q1 =tr(L) = p1+ p2+p3, 24

0, %u@z) = %(p% +p3+p3) +g[ P+ [P )+ e )], 25)

03 :%tr(ﬁ) = %(pf +p3+p3) +g[piafiar- @)+ pufie-q) + pi3fias- )], (2.6)
04 zitr(L“) = %j - Q%ZQZ + 0103+ %% 27

0s :%tr(LS) = % - Qiéb - Q14Q% + Q12Q4 +(0203. (2.8)

We used the abbreviation p;; := p; + p;. As indicated for the first examples, the charges Q; with i > 3 can be build from
combinations of the first three independent ones. Identifying Q> with the Hamiltonian in the standard way, the Q»-flow generated
by Hamilton’s equations ¢; = d Q2/dpi, pi = —dQ»/dq; yields the same equations of motion as the Lax pair, i.e. (2.3). The mutual
Poisson brackets of the charges vanish

30; 00, 9Q0;90;
{010} =" Q’&—&&zo, fori,j =1,2,3, 2.9)
= 9qk Opx  Opk Oqk
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i.e. they are in involution. Furthermore, we find formally the same Poisson bracket relations between the centre-of-mass coordinate
X = q1 + g2 + g3 and the conserved charges as in the case of the affine Toda lattice theories [20], that is

{X.Ons1} =00y, n=12,.... (2.10)

Interpreting now instead of Q5 the charge Q3 as the Hamiltonian, i.e. considering the Q3-flow rather than the Q>-flow, Hamilton’s
equations of motion ¢; = dQ3/9dp;, pi = —3(Q3/dg; become

gi =Pi2 +g[f2(06i—1 q)+ f2(0li .q)], i=1,2,3, mod3 (2.11)
3 .
pi==2g ) o(pj+pjn) f(e;a)f (@) -q). 2.12)
=1

Also these equation of motion may be associated to a Lax pair. We present this here for our two main theories of interest. As we do
not expect to find new charges for this system we keep the L-operator as in (2.1), and solely modify the M-operator to

mi fllar-@)(pr+p2)—2Zs  flaz-q)(p1+p3)+ 2>
M=iJg| fla1-q)(p1+p)+2Z3 ma - q)p2+p3)— 21 |, (2.13)
s -g@)(pr+p3)—2Zo flaa-q)(p2+p3)+Zy m3

where for the Calogero model when f(x) = 1/x we have

mi=—iyg Y. higi—q))pi+pj). and Z;=Z=gf(q1—q)f(q1 —43)f(q2— q3). (2.14)
=123
j#Fi
and for the Calogero-Moser model when f(x) = 1/ sinh(x) we need
. h(q1 — q3) h(q2 — q3) 2 2 }
_ _ ) — _ , 2.15
my =my +l\/§{ " P —an T [f*(q1 —43) — f*(@2 = g3)]p3 (2.15)

. h(q1 — q3) h(q1 — q2) ’ ) }
_ _ gy — _ , 2.16
m3 =my +l\/§{ 2 = q3)P3 g1 = qz)Pz +[ a1 —a2) — (@1 — g3)] ;1 (2.16)
Zi=Z [] cosh(gi —q)). 2.17)
=123
i

Using the different M-operators in the Lax pair is then equivalent to the equations of motion or the Q>-flow (2.3) and the Q3-flow
(2.11), (2.12), respectively.

The generalization of the Lax pairs to the A,-higher-charge theories is straightforward. We will not report this here, but appeal
below to the fact that this is possible.

3 Integrable scattering in higher charge Hamiltonian theories

When the function f(x) is chosen in such a way that we obtain a scattering theory, that is for the Calogero and Calogero-Moser
system, we will encounter classical phase shifts in the scattering process by comparing the asymptotes of the in-state with those of
the out-state. In general, the classical phase shifts §;, are defined as the asymptotic difference in the coordinates when comparing
the free particle motion with an interacting particle of the same momentum. For integrable systems there exists a second possibility
leading to the same overall shift by adding the consecutive two-particle phase shifts with the appropriate signs.

Next, we discuss how the standard scattering theory generalises to a scattering theory based on higher charge Hamiltonians.
The potentials we consider here are impenetrable and repulsive, preventing any particle from catching up with another during the
scattering process. Consequently, the spatial ordering of the particles on the line remains unchanged at all moments in time. In
a H = Q,-theories for m > 2 we no longer have pure potentials, that is terms depending only on the coordinates. Instead, the
potentials are multiplied by momenta, which are, however, finite. Thus, it remains still impossible to cross the singularities in the
potentials to re-arrange for a new ordering. This means the spacial ordering remains fixed for all of these theories too. For definiteness,
we select her for this argument the ordering

qi(t) > qiy1(t), Vt,i=12,...,n+1, 3.1

with n being the rank of the A, Lie algebra in the concrete example to be considered below.

@ Springer
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Next, we consider the behaviour of the momenta in the asymptotic in and out-states, p;,” and p, respectively. We exploit the fact
that the theories are classically integrable and posses a Lax pair formulation. As we have seen above for higher charge Hamiltonian
systems this can also be achieved by keeping the L-operator unchanged and modifying the M-operator appropriately. We recall
now the well-known fact that the eigenvalues of the L-operator are preserved, due to the form of the solution to the Lax equation
L(t) = exp(—M1)L(0)exp(M?). In our concrete case we have lim;_, 4o Ljj = pii&j for all H = Q,,-theories. Thus the two sets
of asymptotic momenta {p,", p, , ..., p,,;} and { pf, p; e, p:{ +1)» which are the eigenvalues of L, must be identical. The only
possible change can be a re-ordering when associating them to the coordinates, which as we argued remain unchanged throughout
the entire scattering process. We stress, that since this reasoning does not depend on the form of the M -operator, but solely on the fact
that the equations of motion can be written equivalently as a Lax pair, it also holds when H = Q,, with m > 2. The spacial ordering
is governed by the velocities with g, < ¢;,, in the in-state and ¢} > 4, in the out-state. Given our choice (3.1), any other ordering
would not be asymptotic. Given the general form of the charges Q,,, the asymptotic velocities behave as lim;_, 10 §; ~ ( pii)m_] .
Thus, fora H = Q,,-theory we have the orderings

()" < (i)™ and ()" > ()" =12 e 62

Evidently this distinguishes a standard Hamiltonian theory, H = Q, from the higher charge Hamiltonian theories, where in the
former of the momenta govern the ordering, whereas in the latter we have to take higher powers into account.

Next we discuss the classical phase shifts for the two-particle scattering between particle i and j. For the standard Hamiltonian
theory they have been computed for the A, -Calogero and the Calogero-Moser models, see [29, 30]. Translating the results into our
notations and conventions they read

AS =0, and A,.C/.M:;m[1+_4g_2}, ij=12....n+1, (3.3)
’ (p; —p b )

where p;”, pj_ are the asymptotic momenta of the respective particles mentioned above for 1 — —oo. We will now show that one
obtains the same two-particle phase shifts when taking higher charges as Hamiltonians, but the overall shift differs in a multi-particle
scattering event. In general, for a H = Q,,-theory with repulsive potentials the overall phase shift of particle i is

8" = Zsign[(p,-_)'"fl - (p‘,-_)mfl]Aij» (34)
J

where the sum over j extends over all particles i scatters with and sign(x) denotes the standard signum function, i.e. sign(x) = 1 for
x > 0 and sign(x) = —1 for x < 0. We may think of sign[(pl._)’”’1 — (pj_)’"’l] as sign(q; — q_,-) so that this formula would be
universal with no explicit reference made to the charge that corresponds to the Hamiltonian. However, the ordering in the coordinates
for an H = Q,,-theory is governed by the asymptotic velocities as lim; +o0 ¢i ~ ( pii)’"_1 rather than just by the momenta.

We now show how (3.4) is obtained in general, by first deriving the two-particle phase shift (3.3) from the two-particle theory
for higher charge Hamiltonians along the lines of [29, 30]. The conserved charges in involution are in this case

01 =p1+ p2, (3.5)
1
Q2 =5(pi+p3) +8V (@), (3.6)
Lo3 3 13
03 =§(P1 +p3)+8(p1+p)Vig) = 0102 — ng, 3.7

%OH,,)’ {N =im—D,qy=21+1 fornodd (3.8)

N
2 : a
= C, )
Qn = lQl Q2 N = Zn’al =2 forn even

where for definiteness we chose ¢ = g2 — g1 > 0 and ¢; € R are arbitrary constants at this point. Since these charges are conserved
they imply the equalities

pL+p2=p; +p;, (3.9)
1 1
5 (Pt +p3) +eV@) =5 [(rD)? + ()], (3.10)
1 —\n —\n
On =;[(p1) +(py)"]: (3.11)
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where on the right hand side of (3.10), (3.11) we have taken into account that lim,_, o, V(g) = 0, i.e. all particles move infinitely
far away from each other in the in and out-states and fixed the constants ¢; to obtain the right hand side of (3.11). Solving (3.9),
(3.10) or in general (3.9), (3.11) we obtain in each case

me) =3[ +p7 £V —43V(@)
p(t) = %[1)1— +py FVKE - 4gV(q)]

We abbreviated here k := p|” — p, > 0 with the positivity being implied by our ordering in the coordinates. The time at the turning
point when k% = 4gV(qo) is denoted as £y, so that the upper sign refers to the time before the scattering process and the lower sign
to the situation afterwards.

Up to this point, there are no discernible differences among the various scenarios when interpreting different charges as Hamilto-
nians. However, now we will use the general equation of motions ¢; = 9 Q,,/9p; rather than (2.3) for the evolution of the coordinate
difference

for t < 19. (3.12)

N
S 1 3(n—(a+1)
§=d—q=F5) am—a)p—pn0{'e;" ", fortsn. (3.13)
1=0
Notice that the explicit p and ¢ is reduced to the factor (po — p1). Within the charges this dependence can be replaced by their
asymptotic values. Replacing now the momenta using (3.12) we obtain

4gV
G=FK1—- gkz("), for 1 < 1o, (3.14)

$(n—(a+1))

with constant K := % ZIAL oci(n — a;)Q‘f’ 0, . The equations are easily integrated out by separation of variables. For the
Calogero model and Calogero-Moser model we obtain
1 4g 1
‘ =F g% — ,72“13 for V(g) = pex (3.15)
t L h +1,/k2'h2 4g|+ag,,. forV(g) ! (3.16)
=F — Infcos - sin — ag,,, for = —, .
* K 1 k 1 & oM i sinh? ¢

respectively. Where a? and ag ) are integration constants. A relation between the constants for t < 7y and ¢ > fg is obtained by
demanding that both solutions coincide at the turning point (#p,go). This requirement yields

_ _ 2In(cosh gg) 1 4g
ac =ag, and aCM:T"’aEM:Em 1+k—2 +agy. 3.17)
Further constraints on the constants arise from matching with the asymptotic behaviour arising directly from the equations of motion
q(t) =Kt +q5 —qf, fort<r. (3.18)
This leads to the identifications
% 4y a — 49 ~ 4 —4; a — 4
ac :TZCZEZ % N aCMszaEMzT, (319)
which when combined with (3.17) and the fact that §; + 6, = 0 leads to
8 =qf —ay =q5 —qy =05, = 8 =55 =0, (3.20)
4g 1 4g
cM cM cM cM
85 :ln(1+k—2>+81 = 8 =67 = Eln<1+k—2>. (3.21)

Notice that the sum in (3.4) only includes particle 2. Next, we illustrate the above general statements with concrete examples.

4 A higher charge A,-Calogero model

For the A,-Calogero model with f(x) = 1/x,i.e. V(x) = 1/x2, the coupling constants set equal ¢, = g and the simple roots taken
in the standard three dimensional representation oy = (1, —1, 0), p = (0, 1, —1), @3 = a1 + a2 = (1, 0, —1), see e.g. [31], an
explicit analytical solution to the equations of motion (2.3) with Q5 taken as Hamiltonian
1
Gi=pi, Ppi=2 ), —7 (4.1)
a4~ aK)
i#k

@ Springer



1136  Page 6 of 13 Eur. Phys. J. Plus (2023) 138:1136

was already obtained in [32] by separating variables

q1(t) =Ro + Rt + %r(r) cos[o(t)] + %r(t) sin[¢(1)], 4.2)
q2(t) =Ro + Rit + \%r(t) cos[¢(1)] — \%r(t) sin[@(1)], 4.3)
q3(t) =Ro + Rt — %r(t) cos[p(1)]. 4.4)
The functions and the constant
o(1) ::% arccos{ic sin mcsin(@) -3 arctan(%)} ] 4.5)

| B2 9
(1) =\ 5+ 2B( — )% K::,/1—2—I§2, (4.6)

depend on the parameters E, B, Ry, R1, g, ¢o, to € R, with E being the energy and B an angular constant of motion. The dependent
parameters may be expressed entirely in terms of the initial conditions g;(f) =: qu as

0,0 0
+q, =2 2
¢o = arccos(W), and  B=1, §E’ 4.7)

=) + (@) + ()" — bl — gl — ot @)

which is useful for the numerical considerations. The asymptotic behaviour for these solutions is found to be

with

s ~ a a : ~ a a s ~ a a
Aim gi() ~ gy +pit, lim ga(t) ~ gy +pyt, lim g3(1) ~ g3 + p3t, (4.9)
li ~ g%+ ps li ~ g5+ p§ li ~ gt + pit. 4.1
im qi() ~ g3 +p3t, im ga() ~ gy + pot, lim gs3(r) ~ gy + pit (4.10)

We compute the values for the asymptotic momenta p;{' and the crossing values of the asymptotes with the y-axis g from

pf=p = lim g0, and gf = lim [g:(1) - pfr], @.11)
pi =ps_;= lim Gai(t), and gi'= lim [q4 (1) = p§ ;t]. (4.12)
Setting Rp = R; = 0 in the explicit solutions, we obtain
1 2
¢ =vE| —= cos(p) £ sin( )}, ¢ = —VE—cos(p), (4.13)
P12 |:\/§ @ ¢ p3 /3 '
B cos(3¢n) (3costy) — V3sinty) |
cos(3¢o) (3 cos(p) «/§s1n(g0) . 2B sin(p) cos(3¢o)

i) = (4.14)

> 43 = s
3VE,/1+ 3% +cos(6¢0) ’ 3VE,| % +cos(6¢p) + 1
1) ::% arccos(\//c — cos2(3¢o)>. (4.15)

In Fig. 1 panel (a) we depict these solutions for the ordering chosen in (3.1), i.e. g1 > g2 > g3, together with their asymptotes.
Next we compare these results with the numerical solutions for the system (2.11), (2.12) when Q3 is taken to be the Hamiltonian
with the same function f(x) and the same representation for the simple roots. In this case the equations of motion are

. 1 . Pi + Pk
Gi=pi+e ) o P G
k=123 qdi — qk k=123 qi — 49k

i#k i#k

(4.16)

From Figs. 1 and 2 panel (a) we observe that while the asymptotic behaviour for the coordinates is different in both cases, the
asymptotic values for the momenta are identical up to permutations of the particle type. The inequalities for the ordering of the
powers of the momenta in (3.1) and (3.2) are confirmed.

@ Springer
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p (1)
Fid P

(a) (b)

— izl e S
L L A N e | i i=2 1 1 L !
-10 -5 5 10 _ ;-3 -10 % 5 10
-5t L
=10 L

Fig. 1 Coordinates as functions of time for the A-Calogero model with Q; = H (panel a) and Q3 = H (panel b) (solid lines) together with their asymptotes
(dashed lines). The initial conditions respect Q1 = x = 0 and are taken to g1 (0) = 2.63998, ¢2(0) = —0.994087, ¢3(0) = —1.64589, p1(0) = 0.152777,
p2(0) = —1.00456, p3(0) = 0.851788 correspondingto £ = 1.5, B =4, g = 0.25, ¢9g = —3,1) = 0, Rgp = 0, Ry = 0. For these choices we have
q{ = —1.50968, ¢§ = 2.5458 and q§ = —1.03612 for the values of the asymptotes at # = 0. The coupling constant is taken to g = 1/4

JAG)

Fig. 2 Momenta as functions of time for the A,-Calogero model for Q> = H (solid lines) and Q3 = H (dashed lines) in panel (a) and squared momenta
as functions of time in panel (b). The initial conditions and coupling constant are the same as in Fig. 1. When H = Q5 the values for the asymptotic
momenta are p; = py = —1.24871, p; = p} = 0.15298, p; = pj = 1.09573, which when H = Q3 are re-ordered to p3 = p} = —1.24871,
Py = pg' =0.15298, p, = p} =1.09573

However, as we will see next while the scattering is governed by the ordering of the momenta when H = (5, it is governed by
the ordering of momenta squared when H = Q3.

Indeed, when H = (> we observe that the ordering of the momenta in the in-state p; > p, > 0 > p; att — —oo changes
forr — oointo pf < 0 < pJ < pj in the out-state, i.e. particle 1 undergoes a head on collision with particle 2 and 3, whereas
particle 3 scatters with particle 1 by overtaking it due to its larger momentum in the same direction. After the scattering event all
particles move away from each other.

In contrast, when H = Q3 this interpretation does not hold. As we observe in Fig. 2 panel (a), in this case we have the ordering
p3; <0 < p; < p, in the in-state, which if the scattering were governed by the momenta would suggest for the given spacial
ordering that particle 3 would simple move away to the left without scattering with any other particles and the only scattering process
would be between particle 1 and 2 with the latter overtaking the former. Clearly this is not what we observe in Fig. 2 panel (a).
Instead, we see from the H = Q3-equations of motion (4.16) that lim;_, 4 g (¢) ~ piz, since lim; , +o0g; (t) — q ()|~ 00, so that
the squared momenta govern the asymptotic behaviour. This feature is precisely confirmed by Fig. 2 panel (b), where we observe
that the ordering (p3_)2 > (p2_)2 >0> (pl_)2 changes into (pir)2 > (p;)2 >0> (pgr)Z, i.e. particle 3 is overtaking particle 1 and
2 whereas particle 2 is overtaking particle 1.

Next we compute the classical phase shifts §;, defined as the asymptotic shift in the coordinates when comparing the free particle
with a Calogero particle of the same momentum for the two different Hamiltonians.

When H = Q5 they are computed from the analytical expressions derived above to

51 = Jim [q1(0) = g3(=1) = 2p1] = qf — g =0, @17)
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82 = lim [g5(t) — qa(—1) — 2p5t] = q5 — q5 =0, (4.18)
13 _ _ _ a — 9 _ 9 _
83 = lim [g3(1) — q1(~=1) — 2p§t] = ¢§ — ¢§ = 0. (4.19)

This zero phase shift is indeed what we expect, as the classical phase shift in any two-particle scattering process in the Calogero
model is zero, as we have seen.
When H = Q3 we compute the asymptotic behaviour numerically, obtaining

. 2 . 2 . 2
dim g1(1) ~ g5+ (p5)°t, lim_qo(t) ~ qf + (p1)t, lim q3(t) ~ g5 + (p3) "1, (4.20)
. " oa "2 . o d a2 . o a "2
Jim qi() ~ g3 +(p3)°t lim qa(t) ~ g + (pf)t, Jim q3() ~ g5 + (p5) 1. (4.21)

The numerical values for the asymptotics expressions of g; and p; are reported in the captions of Figs. 1 and 2 and coincide precisely
with those obtained from the analytical expressions (4.13) and (4.14) for the given initial conditions.
The classical phase shifts are then

1 o P a\2 _.a __ .a _
51 = lim [q1(0) = gs(=0) = 2(p$)’r| = a5 —a§ =0, (422)
82 = Jim [@20) = a2(-0) = 2(p)t] = af — af =0, (423)
T _ A a2, _ a _a _
83 = lim [a3() — g1 (=0 = 2(p§)’r] = g — 45 =0. (4.24)

Thus, while the asymptotic behaviour for the coordinates is different when taking either Q, or Q3 as the Hamiltonian, the overall
classical phase shifts are identical to zero in both cases.

We conclude this section with a brief remark on the sensitivity with regard to the chosen initial conditions. For the coordinates
the choice was made to implement the centre-of-mass condition. For the momenta we took the p;(0) such that Q; = 0. From the
Poisson bracket relations (2.10) follows that different choices with Q1 # 0 will simply add this value to all momenta for the standard
H = (Q»>-theory and for a general H = Q,,-theory it will add to each velocity an overall constant m Q,,, as this is non-vanishing.
One might eliminate this shift by different choices of the initial momenta. However, for the sake of comparison, we opted to use the
same initial conditions in all cases. Thus, unlike as in bounded motions [20], where one finds a strong sensitivity in regard to the
initial conditions with non-vanishing right hand sides in (2.10) leading to divergencies, for the scattering theory the overall shifts
do not produce any qualitative change in behaviour. We will use these type of initial conditions throughout the manuscript.

Next we consider a model that contains particles that scatter with non-zero phase shifts.

5 Higher charge A,-Calogero-Moser models

We compare the results of the previous subsection now with a similar calculation carried out for the A;-Calogero-Moser model
with f(x) = 1/sinh(x), i.e. V(x) = 1/sinh?(x) and the representation of the simple roots taken to be the same as in the previous
section. In this case the equations of motion (2.3) with O, taken as Hamiltonian become

. coth(gi — qx)
gi = pi, 28 > 5.1
(=13 SN (@i —qr)
i#k

Taking instead Q3 to be the Hamiltonian equations of motion become

coth(gi — k)
Gi=p;+g , 2g (pi + pr).- (5.2)
! k; 3 s1nh2(q, ) . ; ; sinh2(g; — qx)
i#k i#k

Some numerical solutions for g;(¢) are depicted in Fig. 3. We do not present the solutions for the momenta as they are very similar
to those of the Calogero model seen in Fig. 2.

5.1 Az- higher charge Calogero-Moser model

For the Calogero-Moser systems the two-particle phase shift A;; and the overall classical phase shifts §; can be computed from
(3.3) and (3.4), respectively. Starting with the H = Q»-theory, for our ordering g3 > g2 > q1, implying p; > p, > p{, the sign
in overall phase shift for particle i are determined from sign(p;” — p ;). We confirm the general formulas with the numerical values
obtained from solution depicted in Fig. 3

$1=—An— A3 =(¢" — (@) =-0.28929, (5.3)
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q:(®)

(a) ‘ - i1

i=2

Fig. 3 Coordinates as functions of time for the A;-Calogero-Moser model with Q; = H (panel a) and Q3 = H (panel b) (solid lines) together with their
in-state (dotted lines) and out-state asymptotes (dashed lines). The initial conditions are the same as in Fig. 1. For the asymptotes at t+ = 0 we obtain for

H = Q> the values (¢{)" = —1.14586, (¢5)" = 2.26276, (¢§)* = —1.11690, (¢{)~ = —0.82760, (¢5)~ = 2.43396, (¢§)~ = —1.60636 and for
H = Q3 we have (¢%)* = —0.82760, (¢9)* = —1.22944, (¢%)* = 2.05704, (")~ = 2.63968, (¢%)~ = —1.52278, (¢%)~ = —1.1169

82 =A21 — A2z = (¢5)" — (¢5)” = —0.17121, (54

83 =A31+ Az = (qi’)+ —(¢5)” = 0.46050. (5.5)

The two-particle phase shifts are computed to A1 = 0.20572, A1z = 0.08358 and A3 = 0.37692 computed from formula (3.3)
with the values of the asymptotic moment p;” as stated in Fig. 2 for g = 1/4. The numerical values for the intersection of the
asymptotes with the y-axis (g )* are reported in Fig. 3.

When H = Q3 the ordering of the scattering is no longer controlled by the asymptotic momenta, but instead by the momenta
squared. Once more, we confirm the general formulas with the numerical values obtained from our example depicted in Fig. 3

S1=—An—Ai=(g5)" —(g)” = —0.58264, (5.6)
8y =AMy — Axz = (g8)" — (gf)” = 0.28929, (5.7)
83 =A31 + Az = (¢%) — (¢%) = 0.29334, (5.8)

where A1y = 0.37692, A13 = 0.20572 and A3 = 0.08358 computed from formula (3.3) with the values of the asymptotic moment
p; as stated in Fig. 2 for g = 1/4.

5.2 Ag- higher charge Calogero-Moser model

Next, we demonstrate that the behaviour observed in the previous section is similar for higher rank A,-Calogero theories, exemplified
by the Ag-theory and also reveal more features that are not observable in the A-theory with less particle in play.

In the g(#)-plots in Fig. 4 the most obvious feature that is confirmed is the fact that the spacial ordering does not change during
the entire scattering process. Recalling that lim;_, 10 ¢; ~ ( pii)”_1 we also observe that H = Q,, theories with m odd can only
have positive asymptotic gradients, whereas those with m even have negative gradients for pl.i < 0. As we argued in general at the
beginning of Sect. 3, the ordering of the particles is governed by the powers of the momenta as specified in (3.2). This is confirmed by
our observation in Fig. 5. We see that in the H = Q», Q4, Qg-theories, panels (a)—(c), the asymptotic sets of momenta re-organise
as

Pl <Py <P3s <Py <P5s <Pg <P7 —> DP7<DPi<DPs<pPi<DPi<p;<Dpi, (5.9)

so that the ordering on the line (3.1) is enforced by p;” < p;,,. In contrast, for the H = Q3, Qs, Q7-theories, panels (d)-(f), the
ordering is dictated by ( pl._)2 < ( p[_H)2 with the momenta permuted as

P7 <Py <Py <Py <Py <P5s <Ps —> D] <pPi<pi<p;<Dps<p;<Dp; (5.10)

Using the six occurring asymptotic values of the momenta p; = —1.621, p» = —0.722, p3 = —0.505, ps = 0.305, ps = 0.643,
pe = 0.900, p7 = 1.000, we calculate the two-particle phase shifts (3.3) by suitably permuting them according to (5.9) and (5.10).
We only report here three digits as this is sufficient for our arguments even though higher accuracy can of course be achieved. The
values for A;; are conveniently reported in a table:
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Fig. 4 Coordinates g;(¢) as functions of time 7 for the Ag-Calogero model with H = Q7 panel (a), H = Q4 panel (b), H = Qg panel (¢), H = Q3 panel
(d), H = Qs panel (e) and H = Q7 panel (f). The initial conditions are taken as ¢1(0) = 10, g2(0) = 3, ¢3(0) = 2, g4(0) = 1, g5(0) = -2, g6(0) = —4,
q7(0) = —10, p1(0) = 1, p2(0) = —0.7, p3(0) = 0.6, p4(0) = —1.6, p5(0) = 0.3, pg(0) = —0.5, p7(0) = 0.9 and the coupling constant as g = 0.05

[ (b)

—i=1 —i=2 —i=3 —i=4

i=5 —i=6 —i=7

pilt)
[

©

pi(®)
[

Y

 —

-;ﬂﬂ -;50 -;00 ;ﬂ g —2‘00 —;50 »;”0 —;0 50 q —;ﬂll -;Sﬂ -;ﬂﬂ —;0
A 1. =1
= i -1 -1.5]
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| v
. [ J _Jq Jq
ﬁ [— 5| ﬁ
‘ | : . ‘ Al | | ‘
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Fig. 5 Momenta p;(¢) as functions of time ¢ for the Ag-Calogero model with H = Q9 panel (a), H = Q4 panel (b), H = Qg panel (¢), H = Q3 panel
(d), H = Q5 panel (e) and H = Q7 panel (f). The initial conditions and the coupling constant are the same as in Fig. 4

i/j 1 2 3 4 5 6 7

1 * 0.111 0.074 0.026 0.019 0.016 0.014
2 0.111 * 0.836 0.087 0.051 0.037 0.033
3 0.074 0.836 * 0.133 0.070 0.048 0.042
4 0.026 0.087 0.133 * 0.505 0.224 0.173
5 0.019 0.051 0.070 0.505 * 0.698 0.472
6 0.016 0.037 0.048 0.224 0.698 * 1.522
7 0.014 0.033 0.042 0.173 0.472 1.522 *
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Using the table we compare next the two alternative ways to calculate the overall shift, i.e. directly from the asymptotic values
and alternatively via (3.3). The phase shifts for particle i in the H = Q3, Q4, Qg-theories are all identical resulting to

Sil=—An—Api—Au—Ais—As— A7 =(g5)" — (¢f)” = —0.260, (5.11)
82 = Ao — Ap3 — Apg — Aps — Agg — Ao7 = (g¢)" — (¢5)” = —0.923, (5.12)
83 = A3+ Az — Azg — Azs — Azg — Az7 = (¢§)" — (¢5)~ = 0.606, (5.13)
84 =Aa1 + Aga + Auz — Aas — Mg — Aag = ()t — (¢f)~ = —0.656, (5.14)
85 =Asi + Asy + As3 + Asy — Asg — As7 = (g5)" — (€)™ = —0.525, (5.15)
86 = Ag1 + Ag2 + A3 + Aps + Ags — A7 = (¢5)" — (g¢)~ = —0.500, (5.16)
87 =A71+ A+ A7+ A7a + Ars + Age = (¢f) — (¢9)~ = 2.257. (5.17)

Also the phase shifts for particle i inthe H = Q3, Qs, Q7-theories are identical. Taking the permutation of the asymptotic momenta
and the different orderings into account, we obtain

81 = — A4z — Ays — App — Ass — Ay7 — Ag1 = (¢5)" — ()~ = —1.148, (5.18)
82 =Ass — Ass — Azp — Asg — Azg — Az = (¢ — (¢5)” = —0.929, (5.19)
83 =Ass + As3 — Asy — Ase — As7 — Asp = (g€)" — (¢5)” = —0.665, (5.20)

84 =Apa+ Axz+ Aos — Apg — Agg — Aoy = (gt — (gf)” = 0.784, (5.21)
85 = Ags + Ag3 + Ags + Mg — Ag7 — Mgt = (¢5)" — (¢5)” = —0.531, (5.22)
86 =A74+ A13+ A7s + Aa + Mg — A7 = (g5) — (g€)™ = 2.228, (5.23)
07 =Al+Ai+Ais5+Ap+Alg+ A7 = (qf)J' —(¢9)” =0.260. (5.24)

We also verify that in all cases the total overall shift is zero, ZZZI 8; = 0. While the H = Q,,-theories share a lot of features for
even and odd m, there are also a number of differences. We notice, especially from Fig. 5, that for large m the actual scattering event
becomes more and more squeezed around ¢ = (. The reason for this is that the singularities in potentials acquire higher order and,
as a result, become more short-ranged. Another noteworthy feature is the change in the ordering in which the particles scatter with
respect to the value of m. At present, we lack an explanation that could predict these different scattering sequences.

6 A comment on the quantum mechanical scattering

We finish with a brief comment on the quantum theory. In general, we will have to rely on numerical solutions for the higher particle
theories. However, for the A;-Calogero model we can extend the known analytic solution of the time-independent Schrédinger
equation [22, 32] to the H = Q3-theory. For this purpose we first transform our system to the centre-of-mass coordinates using
Jacobi coordinates'

1

1 1
R = g(QI +q2+q3), ¢ \f6(m +q2—2q3), n= E(CH —q2). (6.1)

Setting R to zero the remaining two dimensional system is further transformed to the polar coordinates r and ¢ with

¢ = rcos(p), n = rsin(g). (6.2)
In these variable the second and third charge, (2.5) and (2.6) take on the form
1 1 1 9g
=—(—-0— -0 — =50pp + ——— |, 6.3
Q=5 ( T T sin2(3¢)> ©3)
i sin(3¢) 2
03 :W{@g cse”(3p) + 16)0g — 20ppp — 12 cot(3¢)dgg + r[6rdyrg — 180,
r

—3cot(3¢)(9g esc?(3) +2) 8, + 6 cot(3¢)d,pp — 2r cOt(3G)(rdrrr — 38,,) ]} (6.4)

! When changing the factor 1/3 in the definition of R to 1/+/3 the new coordinates simply result from taking a two dimensional representation for the A5
simple roots, see for instance [20].
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We convince ourselves that these charges commute, i.e. [Q2, O3] = 0. The most general eigenfunction ¥ to Q> = E1 was found
in [22] as

0] o0 1

+3 . ard

V0.8 E) = Y e 9.8 E) = D Nedyyuge (VE) €L 2 oos3e)] sin™ 3 (39), 6.5)
£=0 £=0

where J,,(z) denotes the Bessel function of the first kind, C a Gegenbauer polynomial, N, is a normalisation constant and

a:= %«/Zg + 1. This is indeed a scattering state for the continuous eigenvalue E. Since 0, and Q3 commute also Q31 must be an

eigenstate of 0». Indeed, we find

iE3? | & a iE3? | &
Q31ﬁ=ﬁ Z{:azlﬂ5+1+;bzw71 = 373 §(0171+IM+1)W , (6.6)
with
20+1—./2 1
ar =+ )TN =2, 6.7)
20+1)—g

The expressions can be used to extract quantum scattering matrices from the asymptotic behaviour. We leave these investigation for
a separate analysis [33].

7 Conclusion

We generalised the standard integrable scattering theories based on conventional Hamiltonians quadratic in the momenta to theories
involving higher powers in momenta and additional non-potential terms. As candidates for these theories we used higher order
charges of integrable systems. We discussed as particular examples the scattering behaviour of Calogero and Calogero-Moser
systems related to the A and Ag Lie algebras. We derived the overall and two-particle classical scattering phase shifts. Based on
the fact that all higher charge theories allow for a Lax pair formulation with an L-operator in common with the Hamiltonian system,
we argued that they possess the same set of asymptotic momenta. Moreover, these systems also possess the trademark property of
integrable systems of their overall shift being the sum of all two particle scattering events. However, due to the different asymptotic
dependencies of the velocities on the momenta, the summation differs for different m in the H = Q,,-theories.

Naturally there are a number of interesting open questions left to be answered in future work. At present we can precisely
which two-particle scattering processes take place in dependence on m, but not the precise order in which they take place. It would
be interesting to find out how these results generalise to Calogero and Calogero-Moser models based on other type of algebras,
representations of the root systems, to integrable systems of different type and to non-integrable systems in general. More detailed
analysis on the non-integrable systems in form of perturbed integrable systems would reveal more information about the robustness
of the features obtained here. Of further interest is also a more detailed analysis of the quantum version of higher derivative theories
[33].
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