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ARTICLE INFO ABSTRACT

JEL classification: A rational principal delegates learning to an overconfident agent who overestimates the precision
D83 of the information he collects. The principal chooses between two contracts: commitment, in
Dol

which the agent commits to the duration of learning in advance, and flexible, in which the agent
decides when to stop learning in real time. When the agent is sufficiently overconfident, the

I]feyw ?rds" principal optimally ties the agent’s hands by offering him the commitment contract. When the
D(:;Z:fon principal can choose both the contract and the agent’s level of overconfidence, selecting the
Overconfidence rational agent is suboptimal when the cost of learning is sufficiently high.

Misspecified model
Brownian motion

1. Introduction

It is widely documented that individuals often display overconfidence (e.g., Moore et al. (2015)), which affects the amount of
information they collect before making decisions. When these decisions are delegated, a principal may want to adjust a contract to
the presence of overconfidence or avoid hiring an overconfident agent altogether. In this paper, we focus on the hiring choices of
a rational principal and look at the contracts that regulate the timing of a decision delegated to an agent. We show that it may be
beneficial for the principal to hire an overconfident agent who overestimates the precision of the information he collects; however,
the agent’s overconfidence must be reined in by imposing commitment to the decision time ex ante — that is, before the agent starts
collecting information that is relevant to the decision.

We consider an environment in which the state of the world is binary and the decision involves guessing the state. A principal,
referred to as she, delegates the guess to an agent, referred to as he. The principal and the agent share the same prior and believe
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that both states are equally likely.! The agent has exclusive access to a source that gradually provides information about the state.
He faces an optimal stopping problem: he decides when to stop listening to the source and, upon stopping, guesses the state. The
agent obtains a payoff of one if his guess is correct and zero otherwise. Listening to the source is costly.

The agent is overconfident, thereby he believes that the information that the source provides is more precise than it actually is.
He is unaware of his own overconfidence and does not update his beliefs about the precision of the information source in the course
of learning.? The principal observes the agent’s level of overconfidence, which we define as the ratio of the perceived precision to
the actual precision of the information source.®

Given the agent’s level of overconfidence, the principal chooses between two contracts: commitment and flexible. Under both
contracts, the principal lets the agent choose the time at which he stops listening to the source and makes the guess. The contracts
differ in the timing of the agent’s choice. The flexible contract allows the agent to choose when to stop listening and to make the guess
on the basis of the revealed information; the commitment contract requires the agent to commit to the exact duration of information
collection in advance, before starting to listen to the source.

Under the commitment contract, the agent does not stop listening to the source before the time he initially chose. To implement
the commitment contract, the agent expends the resources required for learning from the start. Then, the subsequent marginal cost
of learning is zero and, thus, the agent never finds it optimal to terminate learning before the agreed time, irrespective of whether
the principal can monitor his effort. Contracts where costs of learning are paid in advance are common in practice. For example, the
agent may employ the subjects to participate in the experiment of fixed duration, or he pays a fee for a fixed-term subscription to a
data stream, such as Bloomberg terminal, or he declines to participate in other projects thus paying an opportunity cost of working
on the current project.

The principal cares about whether the guess is correct but not about the timing of the guess, and so, she chooses the contract that
maximizes the probability that the agent’s guess is correct. There are no transfers between the agent and the principal.

Under the commitment contract, overconfidence has two countervailing effects on the duration of the agent’s learning and,
hence, on the probability of making the correct guess. On the one hand, a higher level of overconfidence makes learning a little
longer appear cheaper, thus making the agent more willing to collect information at the margin. We call this a cost effect, and it
increases the probability of making the correct guess. On the other hand, a more overconfident agent overestimates the precision of
the information that he collects in any given interval of time, and, thus, is less willing to collect additional information. We call this
an oversaturation effect, and it decreases the probability of making the correct guess.

Under the flexible contract, in addition to the cost and oversaturation effects, overconfidence brings into play the third effect,
which we refer to as an oversensitivity effect. At the heart of this effect is a discrepancy between what an overconfident agent expects
to see — high-precision information flow — and what he actually observes — low-precision information flow. By assumption, the
agent does not update his belief about the precision of the information flow,* and, thus, he wrongly interprets the observed low-
precision information flow as an unlikely realization of the high-precision information flow. As a result, the agent deems the observed
information flow as highly informative, which causes him to stop ongoing information collection sooner than he expected at the
outset. In other words, the agent displays oversensitivity to noise — hence, the name of the effect: oversensitivity effect. Overall, the
oversensitivity effect decreases the probability of making the correct guess.

If the agent is rational, all three effects of overconfidence — the cost, the oversaturation and the oversensitivity effects — are
muted. In this case, it turns out that the principal unambiguously prefers the flexible contract. Intuitively, the flexible contract allows
the agent to adjust the stopping time in response to the collected information. Hence, the agent’s payoff — the probability of making
the correct guess, as perceived by the agent, net of the cost of information collection — is higher under the flexible contract. In fact,
in our model, the agent’s perceived probability of making the correct guess in isolation is also higher under the flexible contract.
When the agent is rational, his perceived probability of making the correct guess is equal to the principal’s perceived probability of
making the correct guess, and so, just like the agent, the principal prefers the flexible contract.

When the agent is overconfident, the flexible contract might no longer be optimal for the principal. The flexible contract creates
the oversensitivity effect, which decreases the principal’s perceived probability that the agent will guess correctly. As the overconfi-
dence level increases, the oversensitivity effect progressively becomes stronger at first, which makes the commitment contract more
attractive to the principal. At some overconfidence level, the oversensitivity effect becomes so strong that it overpowers the benefits
of the flexible contract. Even though at very high overconfidence levels, the oversensitivity effect eventually weakens, we show
that it remains sufficiently strong for the principal to prefer to shut it down with the commitment contract. Overall, the principal
optimally chooses the flexible contract for a less overconfident agent and the commitment contract for a more overconfident agent.”

1 An extension to non-uniform prior is studied in Appendix B.3.

2 Some of our results continue to hold even if the agent updates his beliefs about the precision of the information. See the discussion at the end of Section 4.3 on
page 11.

3 In practice, employers can determine the level of overconfidence of their employees through various personality tests, such as the Myers-Briggs Type Indicator
and the Occupational Personality Questionnaire, or through corporate assessment solutions, such as Aon and ghSMART. The assumptions that the principal knows
the level of overconfidence and that the agent is unaware of his own overconfidence are in line with the exploitative contracting literature, reviewed in Section 6 in
K&szegi (2014).

4 The assumption that the agent does not update his belief about the precision of his information reflects a quintessential feature of overconfidence — overconfident
people do not acknowledge their overconfidence. For the discussion of this assumption, see the remark at the end of Section 2.

5 Just like the agent does not update his perceived precision of the information source on the basis of the information flow that the source generates (see footnote 4),
the agent does not make any inferences about his overconfidence after observing the type of the contract that the principal offers, and so, his level of overconfidence
does not change.
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In many applications, the principal can select an agent with desirable attributes from a pool of applicants. We incorporate this
idea into the model by allowing the principal to choose both the contract type and the agent’s level of overconfidence. At first
glance, hiring the rational agent may seem appealing because the principal and the agent always agree on the decision. However,
the principal does not internalize the agent’s learning costs, and so there is a conflict of interest — the principal would always like
the agent to learn more. Since an overconfident agent overestimates the value of additional information, and, thus, is more willing
to collect it, the principal may find it optimal to hire an overconfident agent. We show that hiring an overconfident agent is optimal
only if the principal offers him the commitment contract and learning is sufficiently costly. Intuitively, the commitment contract
shuts down the undesirable oversensitivity effect, while an increase in the cost of learning strengthens the desired cost effect.

The contribution of the paper is twofold. First, we view the decomposition into the cost, oversaturation and oversensitivity effects
as a stand-alone contribution to the understanding of the effects of overconfidence on the duration of learning. The decomposition
remains valid in the learning problem faced by a single decision maker outside of any contractual environment and, therefore, does
not depend on whether the principal knows the agent’s level of overconfidence. Second, we study the interplay of the identified
effects in a specific contractual environment. By considering just two contracts — the flexible and the commitment contracts —
we bring into sharp focus the role of each of the effects. The commitment contract switches off the oversensitivity effect — the
most remarkable of the three effects. Although not explicitly referred to as such, the cost and oversaturation effects feature in the
existing literature which assumes one-shot information acquisition.® Our setting with the commitment contract also features only
these two effects because it implies one-shot information acquisition. In contrast, the oversensitivity effect is completely novel and
emerges because we consider a flexible contract in a setting with incremental information acquisition. The oversensitivity effect lies
at the heart of both our main results: first, the commitment contract is optimal for the rational principal when agent is sufficiently
overconfident, and second, the principal prefers hiring an overconfident agent only when his overconfidence can be reined in by the
commitment contract.

Our model can be applied in a variety of settings. For example, in some jurisdictions, it is an established legal practice for judges
to commit to a timetable for legal proceedings on a case before the hearing begins.” When the hearing is viewed as a learning process
that aims to inform the just verdict, pre-commitment to a timetable seems to be unduly restrictive because it deprives the judges of
the flexibility to react to information in real time. In this paper, we explain that the seeming inefficiency of the established practice
can be rationalized when judges are overconfident.®

Beyond the realm of legal proceedings, the optimal contract recommendations in the presence of overconfidence are relevant for
shareholders hiring a CEO,° investors trusting their money to fund managers,'° a patient receiving her diagnosis from a physician,'!
or voters relying on a politician to make policy decisions.?

Our notion of overconfidence can be placed within the taxonomy proposed by Moore and Healy (2008). Moore and Healy (2008)
classify overconfidence into three categories: overestimation, overplacement and overprecision. Believing that information is more
precise than it actually is directly corresponds to the notion of overprecision. Notably, our notion of overconfidence could also be
viewed as overestimation: the agent overestimates his ability to understand information, and thus treats the information stream as
more precise than it actually is. Lastly, it should be noted that more accurate information leads to more extreme beliefs, and, thus,
overprecision implies overreliance on one’s belief. In settings where information collection happens outside the model, overprecision
leads to overreliance on prior belief (see, for example, de la Rosa (2011)). In contrast, we model information collection explicitly and
assume no overreliance on prior. However, because the agent overestimates the precision of the information he collects, overreliance
on posterior arises endogeneously.

Our paper belongs to the literature on misspecified models — that is, models in which the support of the prior does not contain
the actual state of the world. We model overconfidence as the misspecified degenerate prior over the precision of one’s information;
other papers that model overconfidence in a similar manner include Kyle and Wang (1997), Benos (1998), Daniel et al. (1998), Odean
(1998), and Bernardo and Welch (2001). Overconfidence has also been modeled as the overestimation of one’s ability (Heidhues et
al. (2018)), correlation neglect (Ortoleva and Snowberg (2015)), and spurious correlation (Scheinkman and Xiong (2003)). In all
these papers, due to the degenerate prior, agents do not update their beliefs about the variable underlying their overconfidence.

Our paper contributes to the behavioral contracting literature with moral hazard (see K6szegi (2014) for a review). In particular,
Santos-Pinto (2008) and de la Rosa (2011) model an overconfident agent who overestimates his ability to increase the value of a

® For example, in Gervais et al. (2011) the cost effect drives overinvestment in information (see Prediction 4 in Section III), while in Goel and Thakor (2008) the
oversaturation effect drives underinvestment in information by an overconfident decision maker (see Lemma 3 in Section IV.E).

7 For example, the United Kingdom Competition Appeal Tribunal undertakes active case management which includes “fixing a target date for the main hearing
[...] together with a timetable for the proceedings up to the main hearing, [...] planning the structure of the main hearing in advance [...] and ensuring that the main
hearing is conducted within defined time-limits” (see para 4.(5)(c),(e),(f) in The UK Competition Appeal Tribunal Rules). In Hong Kong, general civil proceedings at
the High Court and the District Court require that “a court-determined timetable will set ‘milestone dates’ for the major steps in the proceedings and these dates must
be adhered to” (see Q18 in FAQs on Civil Justice Reform).

8 Empirical evidence indicates that legal decision-making is not immune to overconfidence. Loftus et al. (1988), Goodman-Delahunty et al. (2010) and Eigen and
Listokin (2012) found that lawyers tend to be overconfident in estimating their chances of obtaining a self-set goal in cases that would be going to trial soon. Using
data on bail decisions made by judges in New York City between 2008 and 2013, Kleinberg et al. (2018) show that judges tend to treat high-risk cases as if they are
low-risk.

9 For example, Ben-David et al. (2013) provide empirical evidence of overconfidence among executives.

10 The overconfidence among fund managers is widely documented (e.g., Gort et al. (2008), Puetz and Ruenzi (2011), Chow et al. (2011)).
11 Berner and Graber (2008) review evidence of diagnostic error due to overconfidence.
12 Malmendier and Tate (2009) argue that public attention to leaders exacerbates their overconfidence.
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project. Similar to our paper, these papers find that hiring an overconfident agent might be beneficial to the rational principal. The
paper that is closest to ours in this literature is Gervais et al. (2011), in which an overconfident agent overestimates the precision of
the acquired information, but, in contrast to our model, the information collection decision is binary. In Gervais et al. (2011), the
principal unambiguously prefers hiring a more overconfident agent. Indeed, when the information collection decision is binary, the
agent’s overconfidence only displays the cost effect. In contrast, we show that when information collection is incremental, due to the
oversaturation and oversensitivity effects, overconfidence no longer unambiguously benefits the principal.

The rest of the paper is organized as follows. Section 2 describes the model. Section 3 characterizes the optimal contract for the
principal, taking the agent’s level of overconfidence as given. Section 4 jointly optimizes over the type of the contract and the agent’s
level of overconfidence. Section 5 discusses extensions and concludes.

2. The model

Time is continuous and indexed by 7 > 0. The time horizon is infinite. At time 7 =0, a principal delegates to an agent the decision
of guessing an unknown binary state z € {—1,1}. Initially, the principal and the agent share a common prior belief according to
which z=—1 and z =1 are equally likely.

PAYOFFS. The agent has exclusive access to an information source that gradually reveals the state. Listening to the source is
associated with a flow cost ¢ > 0. The agent listens to the source for some time, denoted by T, and then announces his guess
v e {—1,1}. Then, the agent’s payoff is

vz+1

cT, (@)

which is the payoff from the guess — that is, a payoff of 1 if the guess matches the state, and 0 otherwise — minus the cumulative
cost of information collection, ¢T'. The principal’s payoff is the payoff from the guess,

vz+1
—
so that she does not internalize the cost of information collection. There is no discounting.
LEARNING. The source reveals the state through a Brownian motion process X, which starts at X, =0 and has variance normal-
ized to 1 and state-dependent drift z'>:

2

dX,=zdt+d W, (3)

where W, is a standard Brownian motion.'* We reserve notation {x, | ¢ > 0} for a sample path of process X,.
The agent observes {x, | t > 0} but believes that it is generated by process X ;7 with variance 1/#:

dX" = zdt+—— d W, @
NG
We do not allow the agent to learn about his misspecification (see a remark at the end of this section). Parameter # > 0 measures the
level of overconfidence: the agent is rational if # = 1 and is overconfident if # > 1. We also allow # to be less than 1 — that is, the
agent may suffer from underconfidence — but focus on the case of overconfidence when discussing intuition throughout the paper.'®

The principal cannot listen to the source herself, but she has the correct belief about its variance; that is, she cannot observe
{x; |t > 0} but believes that this sample path is generated by process X,. The principal knows the overconfidence level 7.

STRATEGIES. At t =0, when delegating the guess to the agent, the principal chooses between two contracts: commitment and
flexible. Under both contracts, the agent selects any stopping time T > 0 at which to stop listening to the source and, at time T,
makes his guess v.'°® Under the commitment contract, the agent commits to a fixed T at ¢ = 0.!7 Under the flexible contract, the
agent decides when to stop in the course of collecting information — that is, the stopping time T is a random variable because it
depends on the sample path {x; | ¢ > 0}, with the natural restriction that, at any instant ¢, event {7 <t} must be measurable with
respect to the information available at time ¢.18-1°

13 The normalization is without loss of generality because changing the variance of X, is equivalent to changing the cost ¢ of listening to the source.

14 We discuss the robustness of our results to other information technologies in Appendices B.2.1 and B.2.2.

15 The focus on 5 > 1 is justified on empirical grounds. Moore et al. (2015) point out that it is exceedingly rare for people to display underconfidence, in the sense
of being less sure that they are right than they deserve to be.

16 Allowing the principal to choose the duration of learning makes the problem trivial: because the principal does not internalize the agent’s learning costs, she
optimally chooses the longest duration that would be acceptable to the agent.

17 Allowing the agent to stop before the pre-committed time effectively removes the commitment constraint. If required to commit to the maximum duration of
learning, the agent would choose +oo as the pre-committed time, effectively making the partial commitment contract equivalent to the flexible contract. Allowing the
agent to continue learning after the pre-committed time has a similar effect: if required to commit to the minimum duration of learning, the agent would choose 0 as
the pre-committed time, thus again making this partial commitment contract equivalent to the flexible contract.

18 We assume that the agent never rejects a contract. Accepting any contract is optimal if, for example, the agent’s outside option is 0.

19 The environment is not renegotiation-proof because the agent prefers the flexible contract over the commitment contract. If the agent could freely renegotiate
the agreed duration of learning under the commitment contract, he would continuously do so, thus effectively mimicking the flexible contract.
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A remark on variance misperception

The agent in our model is sophisticated insofar as he is able to use Bayesian updating to revise his belief about the drift of the
Brownian motion. However, he does not attempt to deduce the variance of the Brownian motion, even though it can be learned with
certainty in an arbitrarily short time interval.?°

We view the lack of variance updating as a virtue of our model because it captures the idea that overconfident people are oblivious
to their overconfidence and refuse to acknowledge it even in the presence of abundant evidence that their beliefs are wrong.?! In
economics, the stubborn refusal to unfavorably update beliefs about own traits has been rationalized by self-image concerns.??

Moreover, the empirical evidence suggests that humans find it difficult to understand variability in data. Tversky and Kahneman
(1971), Kahneman and Tversky (1972) and the subsequent literature on the “law of small numbers” and “sample size neglect”
document that people tend to view a small random sample from a population as highly representative. Furthermore, experimental
evidence suggests that in inference problems, people tend to report overly narrow confidence intervals (see Lopez-Pérez et al. (2021)
and references therein).

We conjecture that the main forces that we have identified would remain present in a model, where the agent does update his
beliefs about the precision of the information source, but the variance can no longer be deduced with certainty in an arbitrary short
interval of time. A slow variance updating can be achieved, for example, through discretization of the model. Even if more realistic,
a model with some variance updating would be considerably less tractable and the results would be less clear-cut.?

3. Analysis
3.1. Optimal guess

The agent’s expected payoff from guess v is equal to his posterior belief that z = v. Lemma 1 derives the agent’s posterior belief.

Lemma 1. Suppose that a given sample path {x; |t > 0} is generated by process X :’, and z is equally likely to be —1 or 1. Then, at time t,
the posterior probability that z = 1 is equal to p(nx,), where function p(x) is defined as

1

1 +exp(=2x)° )]

p(x) =
Proof. See Appendix A.1. []

The agent optimally guesses the state that is more likely according to his posterior belief — that is, he optimally guesses v =1 if
p(nxy) > 0.5 and v = -1 if p(yxy) < 0.5. By (5), condition p(nxy) > 0.5 is equivalent to condition x; > 0. Thus, the agent’s optimal
guess is

v =sign(xy). 6)
3.2. Commitment contract

Under the commitment contract, at t = 0, the agent chooses the duration of learning 7' that maximizes the expected payoff from
the optimal guess, derived in Lemma 2, minus the cost of information collection, ¢T'.

Lemma 2. Suppose that a given sample path {x, |t > 0} is generated by process X :’, and z is equally likely to be —1 or 1. Then, at t =0,
the probability that guess (6) matches the state z is f(nT'), where function f(t) is defined as

fo=3(1+ef \/g , @)

20 Scheinkman and Xiong (2003) circumvent the problem of variance updating by making the variance of the information process independent of the agent’s level of
overconfidence. In particular, in Scheinkman and Xiong (2003), an overconfident agent overestimates the correlation between the state process and the noisy process
he observes. We cannot use the same modeling technique because our state is not stochastic.

21 In psychology, Baumeister et al. (1996) reviews evidence suggesting that people with unreasonably high self-esteem choose to respond to unfavorable feedback
with violence, instead of revising their self-views downwards. In neuroscience, there is a well-known syndrome called anosognosia, which refers to the tendency in
some sane, intelligent and articulate paralysis patients to ignore or even deny the fact that a part of their own body is paralyzed. In the book Ramachandran and
Blakeslee (1998), Dr Ramachandran claims that “[w]atching [anosognosia] patients is like observing human nature through a magnifying lens” and that these clinical
cases are “a comically exaggerated version of all those psychological defense mechanisms [...] used by you, me and everyone else when we are confronted with
disturbing facts about ourselves.”.

22 Benabou and Tirole (2002) provide micro-foundations for awareness management and self-deception to maintain positive self-image. Although we do not model it
explicitly, our agent’s refusal to update the precision of the information source downwards can be viewed as an example of such self-serving deception. Had the agent
updated the precision downwards, he would have had to admit that his information was less precise, which might indicate his low ability to understand information.

23 In Appendix B.1, we consider a model specification in which we allow an overconfident agent to learn the variance in an arbitrarily short time interval. In this
specification, we show that some of our results, in particular, Proposition 4 and Theorem 2, continue to hold.
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and erf(y) = % /Oy exp(—7?%) dy is the Gauss error function.

Proof. See Appendix A.2. []

Hence, the agent chooses T', which solves

Tg&)éo)f(nT) —cT. (8)

Since f is concave, the first-order condition characterizes the unique maximum:
C
f'oT) = e (9)

The solution to (9) exists and is unique because f”(¢) is decreasing from +oco at t =0 to 0 at = +oo.

By (2), the principal maximizes her estimate of the probability that the agent’s guess is correct — that is, it matches the state. The
principal believes that {x, | 7 > 0} is generated by process X, = X Il. Thus, by Lemma 2, she estimates the probability that the agent’s
guess is correct as f(T).

To determine the effect of overconfidence # on the principal’s payoff f(T), we note that f(T) increases in T and analyze the
effect of # on the agent’s choice of T'. First, the entry of # on the right-hand side of (9) captures the cost effect. Higher 5 effectively
lowers the flow cost of learning, thus incentivizing the agent to collect additional information — that is, the optimal T increases
through the cost effect. Second, the entry of # on the left-hand side of (9) captures the oversaturation effect. Higher # increases the
perceived precision of information already collected by T', thus disincentivizing the agent from collecting additional information —
that is, the optimal T decreases through the oversaturation effect. The oversaturation effect emerges because the agent can choose
any positive T. Had the agent been restricted to a binary choice between T = 0 and an exogeneously given T =T > 0, there would
have been only the cost effect of # on the optimal 7.%*

3.3. Flexible contract

Under the flexible contract, the agent chooses, at every ¢, whether to continue listening to the source or to stop and make a guess.
It is well known (e.g., Shiryaev (1978), Chapter 4, Theorem 5, p.185) that the solution to optimal stopping problems of this kind is
characterized by two thresholds on the agent’s current belief: the agent listens to the source when his belief that z =1 is between
thresholds p and p, where p < p; otherwise, he stops and makes the optimal guess. Due to the symmetry of the payoff function — the
agent gets the same payoff when v=z=1and v =z =—1, and when v # z= | and v # z = —1 — the belief thresholds are symmetric
around 0.5; that is, p=1— p. As noted in a remark on page 186 in Shiryaev (1978), the optimal p € (0.5, 1) is defined as the unique
root of the equation
%=L__1;_I’+21HL_. (10)
c 1-p p 1-p
By Lemma 1, at time 7, the agent’s belief that z =1 is equal to p(#x,). Then, according to formula (5) for function p(x), thresholds
1 — p and p on the belief process uniquely correspond to thresholds — y and y on the process X t” :

p(ny)=p. (11)

Hence, the agent optimally stops listening to the source when the absolute value of the process, | X ,'7 |, reaches threshold y for the
first time.

The principal maximizes her estimate of the probability that the agent’s guess is correct. Given the agent’s optimal guess (6) and
his stopping rule |x;| = y, this probability is equal to

Pr(z:l|XT=)()-Pr(XT=)()+Pr(z=—1|XT=—;()-Pr(XT=—;()A 12)

By symmetry, ex ante, the process X, is equally likely to hit either of the stopping thresholds — that is, Pr (X T= ;() =
Pr(X;=-y) =05 — and the guess is equally likely to be correct at each threshold — that is, Pr(z=1|X;=y) =
Pr (z= 1| Xr= —)(). Hence, expression (12) is equal to Pr (z= 1| Xy = )(). Since X, = th’ by Lemma 1, Pr (z= 1| Xp =;()
is equal to p(y).

To determine the effect of overconfidence # on the principal’s payoff p(y), we note that p(y) increases in y and analyze the effect
of  on the agent’s choice of y. The optimal y is defined by equations (10) and (11), which contain two entries of #. First, the entry
of # on the left-hand side of (10) captures the cost effect from increasing # because it is equivalent to the effect from decreasing c.
We have already encountered this effect in the commitment contract. Since the right-hand side of (10) is increasing p, according to
the cost effect, a higher level of overconfidence # increases the belief threshold p at which the agent stops learning, which, in turn,
by (11), increases the optimal y. Second, the entry of n on the left-hand side of (11) captures the change in y due to the distortion of

24 The cost effect of overconfidence on a binary decision whether to collect information is presented in Section III in Gervais et al. (2011).
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the belief-updating process. Formally, by (11), for a given belief threshold p, the product of # and y must be constant, and so, higher
n lowers y. Intuitively, higher # increases the informativeness of process X :’ , thus lowering threshold y needed to achieve a given
belief threshold. In the next section, we show that the entry of # in equation (11) corresponds to a combination of the oversaturation
effect, familiar from the commitment contract, and a new effect, which we refer to as the oversensitivity effect.

3.4. Oversensitivity effect

The principal chooses the contract by comparing her expected payoffs under the commitment contract and the flexible contract.
Both payoffs are affected by the cost and the oversaturation effects created by the agent’s overconfidence. However, the dynamic
nature of the agent’s optimization problem under the flexible contract introduces an additional effect, referred to as the oversensitivity
effect, which lowers the principal’s payoff. The presence of the oversensitivity effect under the flexible contract is the key driving
force that makes the commitment contract more appealing to the principal.

Under the flexible contract, both the oversaturation and oversensitivity effects operate through the distortion of the belief-
updating process, and so can be analyzed by looking at the entry of # in equation (11). Under the commitment contract, the
oversaturation effect works through the time at which the agent stops learning. Therefore, to extract the oversaturation effect from
equation (11), we map y to the stopping time. More specifically, we look at the principal’s estimate of the expected stopping time
— that is, the expected time needed for process | X,| to reach threshold y for the first time. We denote this time by 77 (x). Clearly,
Tf (y) increases with y because process X, spends a longer time within the strip [—y, y] when the strip is wider. Hence, there is a
one-to-one correspondence between y and T} (y). We analyze the effect of # on T} (y), keeping the product ny = 7 fixed because
equation (11) disciplines this product through a fixed belief threshold p — that is, we look at the effect of # on T/ (}/n) keeping ¥
fixed.

One way to compare the contracts is to look at the total distortion caused by the agent’s overconfidence relative to the rational
agent. To this end, we look at the difference between the expected stopping times T’ f( ¥ /m), calculated for some level of overconfi-
dence # > 1, and Tf( 7), calculated for the rational agent.

The oversaturation effect can be extracted from 77(7/n) — T/ (¥) by adding and subtracting the expected stopping time, as
estimated by the agent — that is, the expected time needed for process | X ;7| to reach threshold y = 7 /# for the first time. We denote
this time by 77(¥/n).

T/ = T{ D) =T /m - THD+  TEE/m =Tz /. 13)
. /
oversaturation effect oversensitivity effect

Proposition 1 implies that the oversaturation effect is negative because Tne( 7 /n) decreases in 7.
Proposition 1. For any 7 > 0, the expected stopping time T; (x/n) is decreasing in n > 0.
Proof. See Appendix A.3. []

The intuition behind the oversaturation effect under the flexible contract is the same as under the commitment contract: an overcon-
fident agent overestimates the precision of any given stock of information and, therefore, stops listening to the source sooner than
the rational agent would.

The second effect in (13) is new and captures the discrepancy between Tn"( Z/m) and T (7 /n). Relative to the rational agent, an
overconfident agent overestimates the expected stopping time because, by Proposition 2 stated below, Tne( ) is increasing in #, and
so, if # > 1, then Tne (x)> T} (y) for any fixed threshold y, including y = ¥/1.

Proposition 2. For any y > 0, the expected stopping time T;( x) is increasing in n > 0.
Proof. See Appendix A.3. []

We refer to the effect of # on T (¥ /1) — Tr,e (7/n) as the oversensitivity effect because it emerges due to the agent’s oversensitivity
to noise in the observed process. Fig. 1 illustrates the oversensitivity effect. Let’s fix state z =1 and a sample path of the standard
Brownian motion W;. Then, the right-hand panel of Fig. 1 depicts the corresponding sample path of process X, defined in (3). This
sample path crosses threshold y at time T)(y). The agent, however, expects to observe the process X ;7 defined in (4) and depicted
in the left-hand panel of Fig. 1. Had the agent been rational — that is, # = 1 — the processes X, and X ;7 would have been identical.
Fig. 1, however, is drawn for = 4, and, thus, process X ;7 is a compressed version of X, because the overconfidence level 5 suppresses
the variance. According to Fig. 1, the sample path of the expected process X ;7 crosses threshold y at time 7, (y) > T; (). Proposition 2
proves that the depicted sample paths are not exceptional, and inequality T,(y) > T;(y) holds in expectation, which captures the
oversensitivity effect.

The oversensitivity effect — that is, the difference Tl" x/n) - T’f (7/n) — is non-monotone in the level of overconfidence. Since
the difference T ]" (x/n - T; (7 /n) is negative, its decrease implies strengthening, while its increase implies weakening, of the over-
sensitivity effect. For a given threshold y, by Proposition 2, the difference Tf’( ¥)— T;( ) is decreasing in 7, which indicates that the
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Agent expects: Agent observes:

Fig. 1. Sample paths of processes X, =+ W, (right panel) and X' =1+ L,, W, for n =4 (left panel).

f
P
P —cTe
Cr
Cc
Ovt'
5 0 e

Fig. 2. The rational agent’s choice. The expected stopping time, T, is on the x-axis; the highest achievable probability of making the correct guess, P, is on the y-axis.
Curve Cp: T =T{(y), P=p(x) corresponds to the flexible contract; curve Cc : P = f(T*) corresponds to the commitment contract. The tangency points of C and
C¢ with line P — ¢T° = const correspond to the rational agent’s choice for ¢ = 1.

oversensitivity effect strengthens with 5. However, threshold y = 7 /7 itself depends on #, and functions Tne (y) and Tle (x) change in
y at different rates, which may result in weakening of the oversensitivity effect with 5. Proposition 3 shows that the oversensitivity
effect strengthens for low # and weakens for high #.

Proposition 3. For any 7 > 0, there exists n;, > 1 such that the difference Tl" (x/n) — Tne( ¥ /n) is decreasing in n € (0,1;,) and increasing in
1 € (1, +00).

Proof. See Appendix A.4. []

Proposition 3 is intuitive. It is expected that the difference T7(y /n) — Trf (7/n) is decreasing in 5 for 5 just above 1. Indeed, this
difference is 0 at # = 1 and, by Proposition 2, negative for all # > 1. Eventually, this difference must start increasing because it is
close to 0 at high #. Indeed, for high #, threshold 7 /# is low, which means that both Tf’( ¥/m and Tne( 7 /n) are close to 0, and so, the
difference Tle( x/nm— T; (¥ /n) is close to 0. In words, as # increases from 1, the oversensitivity effect emerges and starts to strengthen;
as 1 becomes very high, both the time at which the agent expects to stop and the actual time at which the agent stops become low
in expectation, and so, their difference, which characterizes the oversensitivity effect, is low.

3.5. Optimal contract

When choosing the contract, the principal faces the trade-off between the cost of the oversensitivity effect, described in the
previous section, and the benefit of flexible information acquisition. The optimal resolution of this trade-off depends on the level of
overconfidence.

If the agent is rational, the principal optimally chooses the flexible contract. For any given expected time, denoted by 7¢, Fig. 2
depicts P, which is the highest probability of making the correct guess that the rational agent can achieve under each contract. The
flexible contract curve Cr always lies above the commitment contract curve Co because under the flexible contract, the agent can
always replicate his behavior under the commitment contract and can do strictly better. Under each contract, the agent’s learning
strategy corresponds to a point on the relevant curve, C or C.. The agent’s choice trades off the probability of making the correct
guess and the expected time in the same way under both contracts: in the (T, P) space, the agent’s objective function corresponds
to a straight line P — ¢T°, with weight ¢ on T° common to both contracts. According to Fig. 2, the optimal point on C has a higher
probability of making the correct guess than the optimal point on C — that is, the probability of making the correct guess is higher
under the flexible contract. Hence, the principal chooses the flexible contract.
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If the agent is overconfident, there is a wedge between the agent’s and the principal’s estimates of the probability that the agent
guesses correctly. From the agent’s perspective, the flexible contract always leads to a higher probability of making the correct guess.
However, this might not be the case from the principal’s perspective because of the oversensitivity effect.

Overall, the commitment plays a double role. On the one hand, it prevents an overconfident agent from reacting to noise and
stopping too soon — that is, it turns off the oversensitivity effect. On the other hand, the agent’s commitment also prevents him
from adjusting the stopping time in response to useful information, which is sub-optimal from the principal’s perspective. At low
levels of overconfidence #, by Proposition 3, the oversensitivity effect becomes stronger with #, and, thus, intuitively, the relative
benefit of the commitment contract increases with #. Theorem 1 states that there exists a threshold for the level of overconfidence
such that the commitment contract is optimal above this threshold and the flexible contract is optimal below this threshold. The
uniqueness of the threshold is somewhat surprising because, according to Proposition 3, the oversensitivity effect is non-monotone.
Since the oversensitivity effect weakens with # at high #, one might expect two thresholds to delineate the region of # where
the commitment contract is optimal. However, Theorem 1 proves that the oversensitivity effect remains sufficiently strong for the
commitment contract to be optimal for large 7.

Theorem 1. For any marginal cost ¢ > 0, there exists a threshold n*(c) > 1 such that the principal optimally chooses the commitment contract
if n > n*(c) and the flexible contract if 0 < n < n*(c). Threshold n*(c) is increasing in c.

Proof. See Appendix A.5. []

The threshold for the overconfidence level, at which the flexible contract ceases to be optimal for the principal, increases with
the cost of information collection. Intuitively, as the cost increases, the advantage of the flexible contract becomes stronger because
flexibility allows the agent to expend costly resources more efficiently. At the same time, the oversensitivity effect, which underlies
the advantage of the commitment contract, does not depend on the cost because it arises through the distortion of the belief updating
captured in equation (11). Thus, the region of overconfidence levels, in which the flexible contract is optimal for the principal,
expands with the cost.

4. Selecting an agent

In the model description in Section 2 and the analysis in Section 3.5, we take the agent’s overconfidence level as exogenously
given. In reality, employers routinely screen job applicants through various personality tests that reveal each applicant’s overconfi-
dence level. In this section, we incorporate into the model the reduced form of the overconfidence screening by allowing the principal
to choose the overconfidence level 5. Sections 4.1 and 4.2 investigate the behavior of the principal’s payoff as a function of the agent’s
level of overconfidence under the commitment and the flexible contract, respectively. Section 4.3 maximizes the principal’s payoff
over both the contract’s type and the level of overconfidence.

4.1. Commitment contract

According to Section 3.2, the level of overconfidence # affects the principal’s payoff through the cost and oversaturation effects,
which work in opposite directions. For low 7, as 7 increases, the cost effect takes an upper hand over the oversaturation effect,
increasing the agent’s learning time and, thus, the principal’s payoff. For high #, the oversaturation effect is stronger and the
principal’s payoff decreases in #. Hence, the principal’s payoff as a function of # has a hump-shaped form, as stated in Proposition 4
and illustrated in Fig. 3.

Intuitively, there is an asymmetry between the effects. The combination of the cost and the oversaturation effects determines
the learning time, but the learning time affects only the oversaturation effect and not the cost effect. If the cost effect prevails, the
learning time increases. An increase in the learning time strengthens the oversaturation effect because it increases the amount of
collected information through which the oversaturation effect operates. This channel is stronger for higher # because the perceived
precision of information collected during the additional learning time increases in #. Hence, whenever the cost effect takes an upper
hand, the oversaturation effect immediately strengthens in proportion to #; thus, for high #, the oversaturation effect prevails.

Proposition 4. Under the commitment contract, the principal’s payoff increases in n € (0,%7.) and decreases in n € (1., +00), where
r]é =2cV 2en. 14
Proof. See Appendix A.6. []

It is intuitive that the optimal level of overconfidence #7, in (14) is increasing in cost c. A higher cost decreases the amount
of collected information and, therefore, weakens the oversaturation effect. Hence, the range of # where the cost effect overpowers
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Fig. 3. The principal’s payoff under the commitment contract as a function of the level of overconfidence 5. The marginal cost of learning is ¢ = 1. Point 5. indicates
the level of overconfidence that maximizes the principal’s payoff.
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Fig. 4. The principal’s payoff under the commitment contract (blue curve) and under the flexible contract (red curve) as a function of the level of overconfidence n
for different learning costs.

the oversaturation effect expands, moving to the right the level of overconfidence 77, that balances the cost and the oversaturation
effects.?®

4.2. Flexible contract

According to Sections 3.3 and 3.4, the level of overconfidence # affects the principal’s payoff through three effects: the cost
effect increases the principal’s payoff as # increases, while the oversaturation and oversensitivity effects work in the opposite direc-
tion. At first glance, the overall effect of 7 seems to be ambiguous. However, Proposition 5 shows that there is no ambiguity, and
overconfidence always has a detrimental effect on the principal’s payoff under the flexible contract.

Proposition 5. Under the flexible contract, the principal’s payoff is decreasing in n > 0.
Proof. See Appendix A.7. []

Intuitively, the oversaturation effect is strong when the agent has already collected a lot of information. In contrast, the over-
sensitivity effect is strong when the agent has little information and, therefore, his beliefs are especially sensitive to noise in the
observed process. Overall, irrespective of the amount of information already collected, working together, the oversaturation and
oversensitivity effects overpower the cost effect.?®

4.3. Agent selection and optimal contract

Fig. 4 illustrates the principal’s payoff under the commitment contract and the flexible contract. In accordance with Proposition 4,
the principal’s payoff from the commitment contract is hump-shaped with the peak .. In accordance with Proposition 5, the payoff
from the flexible contract is decreasing throughout the whole range # > 0.

Theorem 2 maximizes the principal’s payoff over both the contract’s type and the level of overconfidence. In Fig. 4, the maximum
corresponds to the highest point on the upper envelope of the two payoff functions.

25 Noteworthy, in Proposition 4, the peak of the principal’s payoff under the commitment contract may occur at ne <1
26 In Appendix B.3, we show that if the agent has a non-uniform prior, then the effect of overconfidence on the principal’s payoff is no longer unambiguous.
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Theorem 2. Suppose that the principal can select any n > n for some fixed n € (0, 1]. Then, there exists c¢*(n) > 0 such that if ¢ < c¢*(n), the
principal selects the agent with n = n and offers him the flexible contract; and if ¢ > c*(n), she selects the overconfident agent with n = }’TZ >1
defined in (14) and offers him the commitment contract.

Proof. See Appendix A.8. []

Theorem 2 assumes that the principal can choose any overconfidence level # greater than or equal to 1 € (0, 1].?” Remarkably,
she always hires an overconfident agent with # =7 > 1, whenever she finds it optimal to offer the commitment contract.

Although the theorem is formulated for any 5 € (0, 1], case n =1 is especially interesting because it corresponds to the rational
agent. In this case, the theorem implies that whenever the principal finds it optimal to offer the flexible contract, she hires the
rational agent. For the remainder of the section, we assume that # = 1.

As illustrated in Fig. 4, the principal’s payoffs under the commitment and the flexible contracts intersect at a unique point 5* > 1
introduced in Theorem 1. Hence, if point #7,, at which the payoff under the commitment contract achieves its maximum, is lower
than the intersection point #*, then the principal optimally hires the rational agent and offers him the flexible contract. This case
is illustrated in the left panel of Fig. 4. If #. is greater than #*, then the principal’s choice is narrowed down to two options: the
commitment contract with n = né and the flexible contract with # = 1. The principal chooses the option that offers her the highest
payoff. The right panel of Fig. 4 illustrates the case when the payoff under the commitment contract at # = n, is higher than the
payoff under the flexible contract at # = 1; thus, the principal optimally hires the overconfident agent with # =77, and offers him the
commitment contract.

Fig. 4 contrasts the principal’s optimal choice at different costs of learning: the left panel is drawn for ¢ = 0.2 and the right panel
is drawn for ¢ = 1. In accordance with Theorem 2, the flexible contract with # =1 is optimal for low cost in the left panel, and
the commitment contract with # =57, is optimal for high cost in the right panel. Intuitively, the principal does not internalize the
agent’s costs, and so, always prefers more prolonged learning by the agent. She may be able to exploit the agent’s overconfidence
to increase his learning time. The advantage of overconfidence is in the cost effect, which strengthens with the cost of learning.
However, hiring an overconfident agent may backfire and decrease the learning time through the oversaturation and oversensitivity
effects, which are independent of the learning cost. If the principal had only the flexible contract at her disposal, the disadvantage
of the combination of the oversaturation and oversensitivity effects would outweigh the benefit of overconfidence brought about
by the cost effect. However, in combination with the commitment contract, for a high learning cost, the cost effect overpowers the
downside of overconfidence because the commitment contract shuts down the oversensitivity effect. Hence, the principal optimally
chooses the rational agent for low ¢ and an overconfident agent for high c.

Theorem 2 for # =1 continues to hold even if, in the course of learning, the agent updates his beliefs about the precision of
the information. Indeed, as mentioned in the remark on variance misperception on page 5, if the agent is allowed to revise his
belief about the variance of the Brownian motion, he learns it in an arbitrarily short interval of time and, thus, under the flexible
contract, behaves as the rational agent. Then, in effect, the principal’s choice set is smaller than in the original model without
variance updating — the principal cannot choose any 7 > 1 together with the flexible contract. According to Theorem 2, however,
the principal will never choose the flexible contract with some # > 1 even if she can. Hence, Theorem 2 may continue to hold even
if the agent updates his belief about the variance of the Brownian motion.?®

5. Discussion and conclusion

We show that the principal may find it optimal to hire an overconfident agent to make decisions that require costly learning. This
seems reassuring in light of empirical evidence suggesting that people in positions of power, such as CEOs or high-ranking politicians,
display higher levels of overconfidence than the average person. However, we also conclude that the discretion of overconfident CEOs
and politicians must be restrained through commitment to a particular timing of the decision.

Throughout the paper, we focus on the case of overconfidence, that is, 7 > 1. However, all formal results also apply to the case of
underconfidence, that is, # < 1. Underconfidence gives rise to the same three effects — the cost, oversasuration, and oversensitivity
effects. However, in comparison to the case of overconfidence, underconfidence makes each effect work in the opposite direction:
relative to the rational agent with # = 1, an underconfidence level # < 1 causes the cost effect to decrease and the other two effects

27 The lower bound 7 is greater than zero to ensure that the agent’s perceived information process always has finite variance.

28 In general, it is not immediately clear how to extend Theorem 2 to any prior belief about the variance, because it is not obvious how to define the level of
overconfidence for the agent with a non-degenerate belief about the variance of the information process. However, we identified two cases in which Theorem 2 is
easy to extend.

First, if the agent places a positive but arbitrary small prior probability on all variances other than 1/#, we conjecture that the duration of the agent’s learning
under the commitment contract does not materially depart from his duration of learning in the benchmark model with the degenerate misspecified prior. Thus,
Theorem 2 remains unchanged.

Second, in Appendix B.1, we formulate an alternative model in which the agent with the level of overconfidence # places a positive prior probability a on the
correct variance 1 and the complementary probability 1 — @ on variance 1/5. In this model, we show that under the commitment contract, the principal’s payoff as
a function of # still has a hump-shaped form with the peak at some 7 (a,c), that is, Proposition 4 continues to hold. Moreover, the commitment contract offered to
the agent with the level of overconfidence # = n5.(a, ¢) is better for the principal than the flexible contract offered to the rational agent if and only if ¢ is above some
threshold c*(a), that is, Theorem 2 continues to hold. We thank an anonymous referee for suggesting this extension.
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to increase the amount of collected information. By Theorem 1, the principal always offers the flexible contract to an underconfident
agent. By Theorem 2, whenever the principal offers the flexible contract, she hires the most underconfident agent she has access to.

Throughout the paper, we work with the uniform prior to shut down any effects due to the ex post disagreement between the
principal and the agent. With the uniform prior, after any amount of learning, the principal and the agent agree on the optimal
guess. When the prior is non-uniform, a little bit of learning may be enough to sway an overconfident agent, but not enough to
sway the principal in favor of the a priori less likely state. When the learning cost is sufficiently high, the agent stops learning
quickly. As a result, anticipating the ex post disagreement about the best guess, the principal does not want to hire the agent at
all. Another consequence of a non-uniform prior is that under the flexible contract, the principal’s payoff has a hump shape as
a function of the overconfidence level. A non-uniform prior weakens the oversensitivity effect for low levels of overconfidence,
where the oversaturation effect is also weak. Hence, for low levels of overconfidence, the cost effect overpowers the combination
of the oversaturation and oversensitivity effects, and the principal’s payoff increases in the overconfidence level. Our main result
from Theorem 1 carries over to the setting with a non-uniform prior: whenever hiring an agent is worthwhile, the principal prefers
the flexible contract for low levels of overconfidence and the commitment contract for high levels of overconfidence. Theorem 2,
however, holds only partially. As with the uniform prior, the principal may find it optimal to hire an overconfident agent. Yet, since
the principal’s payoff under the flexible contract takes the hump-shaped form, the principal may find it optimal to offer the hired
overconfident agent the flexible contract. See Appendix B.3 for details.

In our analysis, we rely on a specific information technology — namely, a Brownian motion, which in the case of the commitment
contract, results in a learning cost that is linear in time ¢ and in the probability of the correct guess given by f(x¢) in (7). Under
the commitment contract, the agent chooses time ¢, and with that, the learning cost { := ct, which gives him the probability
of the correct guess equal to f(#¢) := f(n¢/c). Appendix B.2.1 shows that the explicit form of function f(¢) does not matter
for Proposition 4, and, under quite general assumptions on f(¢), the principal’s payoff has a hump-shaped form with the unique
maximum. Consequently, our insight about two opposing forces — the cost and oversaturation effects — that are at work under
the commitment contract generalizes to alternative information technologies.? Under the flexible contract, generalizing information
technology is mathematically more challenging. In Appendix B.2.2, we discuss the robustness of the oversensitivity effect to other
information technologies. We conclude that to avoid introducing additional effects and changing the definition of overconfidence,
the information process should be based on a normal distribution. Furthermore, overconfidence should only distort the variance of
the information process, without affecting its expected increment in any given time interval.
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Appendix A. Proofs
A.1. Proof of Lemma 1

The motion rule (4) implies that at time ¢, X ;7 is distributed according to a normal distribution with mean z¢ and variance #/7.
Then, by Bayes’ rule,

Pr(z=1]X]=x,)
Pr(z=DPr(X] =x,| X] ~ N (t,1/n))
- Pr(z=1)Pr (X;’ =x| X:I ~N(t,t/;1)) +Pr(z=-1)Pr (Xt" =X, | Xr'7 ~ N (=t,1/n))
Pr(z=1)
- Pr(z=1)+Pr(z=-1)exp (—an,).

(A1)

By assumption, the prior is uniform; that is, Pr(z = 1) = Pr(z = —1). Then, (A.1) is equal to p(nx,), where function p(x) is defined in

(5).
A.2. Proof of Lemma 2

Given X; ~ N (zT',T /n) and the uniform prior for z € {—1,1},

29 An information technology that generates a given function f(¢) is a binary signal that matches the state with probability f(¢).
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which is equal to f(yT), where function f(¢) is defined in (7).

0

A.3. Proof of Propositions 1 and 2

Denote
TG0 =E[inf {t>0] X = r}]

the expected time needed for process | X} | to reach threshold y for the first time. Lemma 3 gives the expression for this time for any
threshold y > 0 and overconfidence level 5 > 0.

Lemma 3.
1 —exp(=2ny)

T¢(y) = .
1O e ©

Proof. By Darling and Siegert (1953) (see the formula in the middle of p.633 and formula (5.7)), the expected time of the first exit
from the strip [—y, ] for a Brownian motion with drift x4 and variance 1/# is

1 —exp(—2ny)

e p—
T ()=
The drift of process X t” is either 1 or —1 with equal probability. Then, the statement of the lemma follows by substituting (A.3) into

e —_ 1 e 1 e
T{0 = 5T A0+ 5T (L. O (A4)

Lemma 3 implies that

Tﬂ(Z):MZ, (A.5)
T\n l+exp(=27) n

which is clearly decreasing in 5. Hence, Proposition 1 follows.
Lemma 3 gives the expression for Tn" (x)- Proposition 2 follows from

2
i’]"e(l)—w>0' (A.6)

I " (1 +expnp)?
A.4. Proof of Proposition 3

The first derivative of the difference Tle( x/m - Tne( #/m) can cross zero only from below because, whenever the first derivative is
zero, the second derivative is positive:

6_2<T€<£_>_T€<Z>>= 8)?2/’74 < /17/’7 + 1 >
o2\ \n "\ n 1+exp(=27/m) \1+expi/n) 1+exp(27)

9z - -
s () (2) o
n \1+exp(=2j/n) on n T\ n
As n approaches 1, the first derivative is negative:

_ - =2 -
1imi<T=’<1>—T6<1>)=—w <0. (A.8)
n—10n 1 n T\ n (1 +CXP(2}?))2

As n approaches infinity, the first derivative converges to 0. To determine whether it converges to 0 from below or from above, we
scale the derivative by 52:

lim 22 <Tf<z>—Te<Z)>=M>O, (A.9)
n—+o0 " 0n n T\ n 1 +exp(2y)

so that the first derivative is positive for sufficiently large .
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A.5. Proof of Theorem 1

Denote the principal’s payoff under the commitment contract by II€ (s, ¢) and under the flexible contract by I1¥ (4, c).
The proof proceeds in two steps. First, we study the payoff difference IT€ (1, ¢) — IT¥ (1, ¢) as a function of #, keeping ratio

g:=1 (A.10)
c
fixed. We show that there exists a unique #(g) at which the payoff difference crosses 0. Second, we show that function #(q) is
decreasing and argue that it implies the theorem statement.

STEP 1. Under the commitment contract, the principal’s payoff I1€ (s, ¢) is equal to f(T) from (7), with T' defined as the unique
solution to (9). Equation (9) can be rewritten as

26Xp<%) VoTqr="1, (A11)
C

which, after a change of variables, implies that

Ty
= — A.12

p ) (A.12)
is a function of ¢ defined in (A.10):

dexp(p)\/7p=gq. (A.13)
Using the new notation (A.12), we rewrite the principal’s payoff as

M€ (n,¢) = + + L erf 1,;(?) , (A.14)

2 2 n \c
where p(q) > 0 is the unique solution to (A.13).
Under the flexible contract, the principal’s payoff I (n,¢) is equal to p(y) from (5), where y solves (10)-(11):
2 1-
2n_ ) 1=pGip) pinx) (A.15)
¢ 1-pny p(ny) L= p(nx)

The expression for p(ny) is given in (5), and so (A.15) can be rewritten as>?

exp (2 —exp(—2

XpQny) = exXp(=212) o, M (A.16)
2 c

which, after a change of variables, implies that

x:=2ny (A.17)
is a function of ¢ defined in (A.10):

w +x=q. (A.18)
Using the new notation (A.17), we rewrite the principal’s payoff as

F (.¢) = 1 (A.19)

where x (g) > 0 is the unique solution to (A.18).
By (A.14) and (A.19), the difference TI€ (, ¢) — ITF (4, ¢) is a function of #, p(n/c) and x(n/c):

%Jr%erf(\/E)_;, (A.20)
n 1+exp<—%)

Function (A.20) is decreasing in x and equal to 0 at some (1, p). Hence, the difference II€ (5, c) — ITF (, ¢) has the same sign as
function Y (n,7/c) defined as Y (, q) := X(1, p(q)) — x(g). Solving for %(y, p), we derive

1+erf( @)
Y, =nln| ———— |- x(9), (A.21)

l—erf( M)
n

30 Equation (A.16) is the first-order condition for the agent’s optimization problem max piny)— CT;( x), where the expression for the expected stopping time T,f( x)
x>

is derived in Lemma 3 in Appendix A.3.
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where p(g) and x(q) were defined in (A.13) and (A.18), respectively.
The partial derivative of Y (7, q) with respect to # turns out to be a function of one variable:

Y (n,q9) _ 2(q)
— =g
on n

>

1+ erf(y)) B 2yexp(—y?)
1 —erf(y) \/; (1-erf(y)?)

Function g(y) is positive for all y > 0, as illustrated below and formally proven in Lemma 13 in Appendix C.2.

g(y)=In <

g()

Hence, Y (1, q) increases in 1 > 0.
The graphs below illustrate that Y (1,q) is negative and Y (7:2 /4,q) is positive for all g > 0; the formal proof is in Lemmas 16
and 17 in Appendix C.2. Hence, function Y (1, q) crosses 0 at the unique # = #(g), which lies between 1 and z2 /4.

Y, @)
0.5 nerlid —
_/ . . . . q
v 10 20 30 40 50 60
-05FY\ n=1
N
~
~1.0 it T
Since function Y (1,7/¢) crosses 0 from below, it has the same sign as function
~ (N
é(n,c):=n—n(z). (A.22)

STEP 2. The graph below illustrates that function #(q) is decreasing; the formal proof is in Lemma 20 in Appendix C.2. Hence,
function & (7, ¢) is increasing in # > 0O:

10 20 30 40 50 60 1
2 2 2
Since 1 <#j(gq) < ”T’ function & (5, ¢) is negative at # = 1 and positive at 5 = ”T' Thus, there exists a threshold 1 < 7" (¢) < ”T such

that & (n, ¢) is negative for all # < ™ (¢) and positive for all n > n* (c).
Threshold #* (¢) is increasing in ¢ because, by Lemma 20, function #j(q) is decreasing:

9E(,) eyt (15
dr*(0) _ o e ( c )>0
de 9&(1.0) CQ_CA/<VI*(C)> '
M p=y(e) T\
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A.6. Proof of Proposition 4

The principal’s payoff is equal to f(T'), where function f(¢) is defined in (7) and T > 0 uniquely solves (9). Since function f(¢) is
increasing, the principal’s payoff increases if and only if T increases.
Treating T, the solution to (9), as a function of the level of overconfidence 5, we apply the implicit function theorem to (9):

'(nT) + 0T f" (T
T,(n):_f (n )2+n STty (A.23)
n*f""nT)
Given the definition (7) of f(¢), the denominator of (A.23) is negative because f is concave, and the numerator of (A.23) becomes
1—4yT T
F'0T) + 0T £ (T) = ——— exp (—”—) . (A.24)
4\2znT 2

Thus, T’ (1) has the same sign as g(n) :=1—4T(n).
Function g(#) = 0 whenever nT () = 1. Substituting #T () = 1 into the argument of function f’ in equation (9) yields that

g (112) =0 at point ;12 = ﬁ Point ;12 = ﬁ becomes (14) after we substitute f’(1) obtained from the definition (7) of f ().
Because T’ (1) = 0 whenever g() =0 and

g,('l)lg(yl)=0 =-Tm - nT,("l)lT!(,])=0 <0, (A.25)

function g(n) crosses 0 only once, and from above.
A.7. Proof of Proposition 5

The principal’s payoff is derived in (A.19), where x (q) > 0 is the unique solution to (A.18). Taking the first derivative with respect
to 5, we get

on’ (n,c) _ e (37 ()) (2 (1) =x(1)). (A.26)
Cc c

" (e ()

and so, its sign coincides with the sign of h(y/c), where

h(g) := qx' (@) = x(q). (A.27)
Applying the implicit function theorem to (A.18), we get
2
¥ () = exp(x(q)) (A.28)

(I +exp(x(@)®
Substituting x’(g) from (A.28) and ¢ from (A.18) into (A.27), we get
g (x(q))

h(g)=-—L"00 (A.29)
(1 +exp (x(9)))
where function g(x) is defined as
gx) i=1+x+expx)(x —1). (A.30)

Function g(x) is convex, as g’ (x) = 4x exp(2x) > 0. Hence, the derivative of g is increasing. Since g’(0) =0, g’(x) is positive for x > 0.
Consequently, g is increasing from g(0) = 0. Hence, g(x) > 0 for all x > 0. It follows that A(5/c) < 0 for all # > 0 and all ¢ > 0, and so,
the principal’s payoff IT¥ (1, ¢) is decreasing in # > 0.

A.8. Proof of Theorem 2

By Proposition 5, under the flexible contract, the principal’s payoff is decreasing in # > #, and, thus, it achieves its maximum at
n = 1. By Proposition 4, under the commitment contract, the principal’s payoff increases for all # <, and decreases for all # > n,,
and so, on # > 7, it achieves its maximum at # = max {7, r]é}.

REGION n7, < 1.1f n. < 1, then, under each contract, the principal’s payoff is decreasing for all # > 1. Thus, the principal optimally
selects an agent with some 7 < 1. By Theorem 1, when # < 1, then the principal’s payoff is higher under the flexible contract, which
means that this contract is optimal for the principal. Hence, if #5 < 1, then the principal selects the agent with # =7 and offers him
the flexible contract. -

By (14), condition né <1 is equivalent to ¢ < ¢, where

Fi=— L (A31)

24/ 2ex
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REGION ni. > 1.1f n7, > 1, then the principal’s payoff is maximized either at # = n with the flexible contract, in which case she gets

117 (, ¢), or at n =}, with the commitment contract, in which case she gets I1° (1., c). Payoffs I1 (,¢) and I1€ (, ¢) are calculated
in (A.19) and in (A.14), respectively.

Condition ;12 > 1 is equivalent to ¢ > ¢, and so, to prove the theorem, it is sufficient to show that there exists ¢* > ¢ such that
HF(E,C) > TI1¢ (n*c',c) for all ¢ <c¢ < c¢* and HF(Q,C) <€ (né,c) for all ¢ > c*.

By (A.14),

. 1.1 1 (1
HC (nc,c):§+§erf r,_*p<TC> 5 (A32)
C

where p(g) > 0 is the unique solution to (A.13). The solution to equation (A.13) is explicit at g = nz /¢ because g =2v/2ex by (14);
thus, p (n%./c) = 1/2. Substituting p (1% /c) = 1/2 and 5%, from (14) into (A.32), we get

11 1
€ (g, c) ==+ —erf| [ —— ). (A.33)
( ¢ ) 22 < 4c\/2eﬂ>
By (A.19),
iy (ﬁ’c> = 1 ; (A.34)

where x (g) > 0 is the unique solution to (A.18); that is, x (;1 / c) > 0 solves

exp() —exp(—x)

i A.35
2 - (439

Expressing x | n/c ) from (A. and then substituting x in (A.35) witl is expression, we get ¢ as a function o n,c | and 7:
pressing from (A.34) and th bstituting x in (A.35) with this expressi g function of 1" d
(A.36)

where

n —y\2
S(y,ﬁ)2=L<(L>_—<u> >+ln Y (A.37)
22 -y y -y

Substituting ¢ in (A.33) with (A.36), we express the payoff difference as a function of ITF (ﬁ, c) and n:

nc (r]z,,c) -t (Q,c) =g (HF (z,c) ,Q) , (A.38)

where

(A.39)

In light of (A.38), we conclude that to show that there exists ¢* > ¢ such that II¥ (n,¢) > ¢ (n;‘:,c) for all ¢ < ¢ < c* and

¥ (n,¢) <TI€ (., ¢) for all ¢ > c*, it is sufficient to show that there exists ¢* > ¢ such that g (HF (n,c) ,n) <0Oforallé<c<c*
and g (HF (r],c) ,r]) >0 for all ¢ > c*.

Argument y = ITF (n,c) of function g(y,n) belongs to the region (0.5,1) because expression (A.34) is increasing in x(1/c) > 0
from 0.5 to 1. Define

¥ =1" (g,c‘), (A.40)

or equivalently, by (A.36), y(n) solves
_ 1
s (%'7) == (A.41)
- ¢
Since s(y, ) is increasing in y € (0.5, 1) from 0 to +o0, equation (A.41) uniquely defines y € (0.5, 1). Moreover, by direct computations,
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A 2V2ex nsl
s <;n> 37 1 (L ~0.05- 21n0.05) erhgn 151 (A.42)
1400571~ 29 1 0.05 n o«
which implies that
i 1
yn) < ————— (A.43)

= 140051
for all ne (0, 1]. Expression (A.34) for ITF (ﬁ, c) is decreasing in ¢ because x (ﬁ / c), defined as a solution to (A.35), is decreasing in
c. Hence, condition ¢ > ¢ is equivalent to TT¥ (ﬁ, c) < 7, and so, the region to which the argument y =TI (ﬁ,c) of function g(y, ﬁ)
belongs can be narrowed down to (0.5, %). Moreover, since ITF (ﬂ,c) is decreasing in ¢, condition ¢ < ¢* translates to y > y* for

y* =1F (11, ) Thus, to show that there exists ¢* >csuchthatg(1'[ n.c).n <Oforallé¢<c<c*and g (IIF (n,c ),n > 0 for

all ¢ > ¢*, it is sufficient to show that there exists y* € (0.5, y) such that g(y,#) > 0 for all y € (0.5, y*) and g(y,) <0 for all y € (%, ).
The sign of the second derivative of g(y, Q) with respect to y coincides with the sign of function A(y, ﬂ) defined as

164/exl (1 +DQRy—D+n(1=1) o\
h(y,n) := ( 3 — )—\/5 s(y,n) —4+/ewr, where lz<u> , (A.44)
- A +1y = y
because
3 sw y 1-y 2
dzg(y,r]) CXp( 4 4 2e7[>(<1 Y> +1) ( y ) h(y,ﬁ)
= . (A.45)
0y? 229/4”5/4(1_y) yzs(y’,]p/z
Consider the expression
Fho _ 20y -1 FhO-D ! 16\/521;1(1) r hy ()
o =y o A=pB | a0 T e
y— (2(1 — ¥+ D7 (1= P)2y = 1)+ (1 + Pyr(L —;1)) } (A.46)
\/Ez
where
hy()=3(1—1*)+ (1-41+1*)Inl, (A.47)
hy()=(1+12) (1+1° = 16V2exl® (5 (1 —1%) (1= 100+ 1?) + (1 =261 + 66/ = 261° +[*) In!) (A.48)

and notation / is reserved for the ratio

_\
15<u> . (A.49)
y

We argue that expression (A.46) is negative for all 0.5 < y < ;,/,7, 0 <n < 1. First, given the restrictions 0.5 <y < W and

n> 0, the ratio / belongs to the interval (0.05, 1). Second, function hy (1) is positive for all / € (0.05, 1) because it’s concave:

+H({1+3D)

"oy
Hh ===

+2In/<0 (A.50)
for all / € (0, 1), takes a positive value at / =0.05, #,(0.05) > 0, and equal to 0 at / =1, A,(1) = 0. Finally, function h,(/) is positive
for all / € (0.05, 1), which is illustrated on the graph below and formally proved in Appendix C.3.

hy ()

600 |
500
400 -
300+
200 ¢
100 £

0
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9 h(y.n) Oh(y.n)
For 0.5<y< —IM, since expression (A.46) is negative, we conclude that 5,7 may cross 0 only from above; thus, =

is increasing and then decreasing; thus, h(y,n) is decreasing, increasing and then decreasing. More precisely, there exist 0.5 < ; <
»n< ;1/ such that A(y,#) is decreasing on y € (0.5, y;), increasing on y € (J;, §,), and then decreasing on y € ( s ;1/ ) By
140.05'/1 - 140,05 /2

direct computations, (0.5, z) =—44/er <0 and

1 G 1 1
h ,n> =C +— - +C;|>0, (A.51)
<1+0.051/ﬂ - ! n|14+00577 14005 3

>

>0

where C;, C, and C; are some positive constants (C; =~ 13, C, = 55, C3 = 0.12). Hence, there exists 0.5 < j; < such that

1
140.05'/1

h(y.1) <0 for all y € (0.5, §5) and h(y,) > 0 for all y € (y3, W)
- = +0.05/1

. . . ag(y:m)
Given the connection (A.45) between functions A(y,#) and g(y,7), we conclude that ke

dy

is decreasing for all y € (0.5,93) and

1
1400511
). By direct computations,

. . N . . ) . I
increasing for all y € ( 3 ) By direct computations, = goes to +oo0 as y — 0.5. Thus, there exist 0.5 < y, < 5 <

1
140,051
such that g(y, 11) is increasing on (0.5, )74), decreasing on (J,,J5), and then increasing on ()75, W

+0.05'/1
£(0.5, r,) 0. By (A.43), y is less than —,M At y =y, the value of g(y, ) is negative because by (A.38) and (A.40), g(¥, ) is equal

to the difference Hc(n ,o) =1 (n,0), and given our analysis in region ;1C <1, ¥,c)> HC(nC, ¢) for ¢ = é. Thus, we conclude that
there exists y* € (0.5, y) such that g(y, n) > 0 for all y € (0.5, y*) and g(y, ;1) <0 for all y € (y*, ).

Appendices B and C. Supplementary material
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.geb.2024.01.001.
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