City Research Online
City St George’s, University of London

ST GEORGE'S

UNIVERSITY OF LONDON

Citation: Correa, F.,, Fring, A. & Quintana, O. (2024). Infinite affine, hyperbolic
and Lorentzian Weyl groups with their associated Calogero models. Journal of
Physics A: Mathematical and Theoretical, 57(5), 055203. doi: 10.1088/1751-
8121/ad1d8f

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/32078/

Link to published version: https://doi.org/10.1088/1751-8121/ad1d8f

Copyright and Reuse: Copyright and Moral Rights remain with the author(s) and/or
copyright holders. Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge, unless otherwise
indicated, provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is not changed
in any way. For full details of reuse please refer to City Research Online policy.

City Research Online: http://openaccess.city.ac.uk/ publications@citystgeorges.ac.uk



https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/

Infinite Weyl groups with their associated Calogero models

Infinite affine, hyperbolic and Lorentzian Weyl groups
with their associated Calogero models

Francisco Correa®, Andreas Fring® and Octavio Quintana*

o Departamento de Fisica, Universidad de Santiago de Chile, Av. Victor Jara 3493,
Santiago, Chile,

e Department of Mathematics, City, University of London,
Northampton Square, London EC1V 0HB, UK

* Facultad de Fisica, Pontificia Universidad Catélica de Chile, Vicuna Mackenna 4860,
Santiago, Chile
francisco.correa.s@usach.cl, a.fring@city.ac.uk, oaquintana@uc.cl

ABSTRACT: We propose generalizations of Calogero models that exhibit invariance with
respect to the infinite Weyl groups of affine, hyperbolic, and Lorentzian types. Our
approach involves deriving closed analytic formulas for the action of the associated Coxeter
elements of infinite order acting on arbitrary roots within their respective root spaces.

These formulas are then utilized in formulating the new type of Calogero models.

1. Introduction

Calogero models [1-3], along with their closely related generalisations to Calogero-Moser-
Sutherland models [4-6] and their PT-symmetric extensions [7] are known to be invariant
under the Weyl group related to finite semi-simple Lie algebras. This symmetry property,
combined with their Liouville integrability, is largely responsible for the exact solvability
of these systems in the classical as well as in their quantum theoretical versions. One may
for instance utilise directly the Weyl invariant polynomials as a starting point to set up
exactly solvable models [8-10] or in turn exploit the Weyl symmetry in the construction
of differential-difference (Dunkl) operators [11,12] that can be used in the construction of
the orthogonal eigenstates in the quantum theory.

Here, we investigate generalisations of these models to make them invariant under
the action of Weyl groups of infinite order such as the affine, hyperbolic and Lorentzian
generalisations of the finite groups. Thus, we are seeking generalisations of the standard
Calogero Hamiltonians

p2+ Z fp +ZZ v (1.1)
aEAg i=1 n=1 U ’yl

where o are the roots in the root space Ag € R’ associated to the finite Lie algebra g
of rank r, ¢, and c¢;, are some real coupling constants, o is a Coxeter element, v, is a
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representative of the ith orbit and ¢ = (q1,...,q), p = (p1,...,p¢) are the ¢ coordinates
and momenta of the system, respectively. Since the sum in the potential extends over the
entire root space, the invariance of the Hamiltonian under the Weyl group associated to g
is built-in by construction. The generalisation to hyperbolic algebras in form of the first
variant in (1.1) was recently proposed in [16]. Here we focus mainly on the second version
and propose a further generalisation to Lorentzian algebras.

Both variants of the Hamiltonian in (1.1) are equivalent. The first version is more
formal as it still involves the task of identifying the entire root system of g. This is made
explicit in the second formulation in which the entire root space of the r x h roots is
systematically generated from summing over r orbits generated by the Coxeter element o
of order h action on some well-known representatives ;. In the finite dimensional case these
representatives can be chosen to be the simple roots dressed by plus-minus signs assigned
according to a bicoloured Dynkin diagram [13-15]. Thus, the challenge to generalise the
symmetry properties of these models to infinite Weyl groups consists in the first version
to listing systematically the entire infinite root spaces of the respective groups or in the
second version to finding closed formulae for infinite consecutive actions of the Coxeter
element on arbitrary roots together with the identification of the representatives v, of the
respective orbits. As we shall discuss below, the first version involved as many infinite
sums as the rank of the algebra over integers constrained by a Diophantine equation. The
second formulation only consists of a possibly finite sum over the orbit representatives and
only one infinite sum over powers of the Coxeter element.

So far only one attempt has been made to formulate such theories, namely for the
special case of the hyperbolic AFs-algebra [16], where the left variant of the Hamiltonian
in (1.1) was explored for that particular symmetry. Here we will explore both version and
also elaborate on their correspondence. In the first instance we will extend the action of the
repeated action of Coxeter elements to infinite order and derive closed analytical formulas
for some specific algebra, which can not be found in the literature. Subsequently we attempt
to carry out the sum over the entire orbits of these Coxeter elements to find simpler versions
of the invariant potentials. For Toda field theories, that require only simple roots of the
respective root spaces in their formulation, generalisations to Lorentzian and hyperbolic
types have recently been explored in [17]. Here we will largely adopt the notation from
there and [18-20]. In that context, the study of models based on extended Kac-Moody
algebras is partly motivated by the success of the systematic description of conformal and
massive Toda field theories in terms of finite dimensional and affine Kac-Moody algebras,
respectively. The extended versions of hyperbolic and Lorentzian type algebra appear to
provide a natural framework for a large class of nonintegrable theories. The particular
extensions to E1p and F1; ((Eg)—1 and (Eg)_2 in our notation) play a prominent role in
string/M-theory, see e.g. [21-24]. The mathematics developed here may also turn out to
be useful in that context.

Our manuscript is organised as follows: In section 2 we discuss in detail the infinite
dimensional Weyl group associated to the (A,)_,-Lorentzian Kac-Moody algebra, together
with their hyperbolic, affine and finite subalgebras. In particular we systematically derive
closed analytic formulas for the action of any power of the Coxeter elements of infinite order
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on arbitrary roots. In section 3 we discuss how invariants for these type of infinite Weyl
groups can be constructed by exploiting the possibility of the bicolouration, exemplified for
the (A,)_s-Lorentzian Kac-Moody algebra. We prove that the Kostant identity also holds
for these algebras, but integer exponents do not exist, although their analogues still add
up pairwise to m. In section 4 we use the properties of the infinite Weyl groups to propose
generalised versions of Calogero models invariant under Weyl groups of infinite order of
affine, hyperbolic and Lorentzian type. Our conclusions are stated in section 5.

2. Weyl groups of the (A,) ,-Lorentzian Kac-Moody algebra

The essential tool in the study and classification of Lie algebras is the Cartan matrix K. It
encodes the structure of the algebras by capturing the information about their weight and
root systems, see e.g. [25,26]. In turn, this structures are inscribed into the corresponding
Dynkin diagrams. The Cartan matrix for the (A,)_,-Lorentzian Kac-Moody algebra and
the corresponding Dynkin diagram drawn in the usual conventions are
2 -10 0 0
(651 -1 2 -1 0 0
(A,) 5 —o—o Kj=2g7i=0-12 -1-1/[,
(%) 0O 0 -1 2 -1
0 0 —-1-1 2

where we label rows and columns in the order —2,—1,0,1,2. Being of Lorentzian type
we expect K to be nonsingular and to possess precisely one negative eigenvalue, see [18].
Indeed, the eigenvalues are

1, 3, 2+ lcos)\ +2sin\, 2-— icos)\ <0, A= larctan (\/§/3> . (2.1)

V3 V3 3 3
In order to reproduce K from the product of roots «; as specified, we need to re-define
the standard Euclidean inner product in the A A,)_,-Toot space. Here we choose a 3+4
dimensional representation for the (A,)_,-roots a;, i = —2,---,2, in which the positive
definite part is taken in the standard three dimensional representation, see e.g. [25,26], and
the extensions are constructed following the prescription in [18,19] by adding two copies
of the self-dual Lorentzian lattice II'!-lattice

a1 = (1,-1,0;0,0,0,0), az=(0,1,—1;0,0,0,0), (2.2)
ag = (_1707 17 1>O>O70)> a1 = (0707()) _17 17070)7 Q_g = (070707 1707 _17 1) .

The Lorentzian inner product for two 3+4 dimensional vectors z = (x1,...27), y =
(y1,-..y7) is then taken to be

Ty = T1Y1 + T2y2 + T3Y3 — TaYs5 — T5Y4 — T6Y7 — T7Y6- (2.3)
Demanding the length of an arbitrary root

a =pa_g+qa_1+lag+mar +nag € A, p,q,l,m,n €7, (2.4)

27
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to be 2, leads to the Diophantine equation

2

P—lm+n+q)+m?>—mn+n>+p°—pg+¢=1 &S a-a=2. (2.5)

For every simple root «; we define a Weyl reflection
oi(z) =z — (o - T)ay, (2.6)

about the hyperplane orthogonal to the root through the origin. Since Weyl reflections
are orthogonal transformations, the inner product, a- a = o;(«) - 0i(«), is preserved. The
symmetries of the Diophantine equation generated by the action of the Weyl reflections on
« in this manner are

ooa):p—=>q—p, o-1(a):q—=1l+p—q, oola):l—=g+m+n—1, (2.7)

o) :m—=1l+n—m, oa):n—>1014+m-—n.

The composition of several different Weyl reflections can be used to define different types
of Coxeter elements corresponding to the various subgroups and orderings of the Weyl
reflections.

2.1 Finite dimensional Coxeter orbits

Coxeter elements o are in general defined as products of Weyl reflections involving all
simple roots, i.e. o := [[i_; 0; with o; being simple and r denoting the rank of the group.
Since Weyl reflections do no commute in general, different orderings in the product lead to
different Coxeter elements, although they are still in the same equivalence class and have
the same order. There are a number finite dimensional subgroups of the full Lorentzian
Coxeter group that lead to versions of Coxeter elements of finite order that we will be
briefly consider first for our example.

2.1.1 A; Coxeter orbits of order 3

Commencing with the standard definition of an As-Coxeter element in the form
OA2 = 01072, (2.8)
we easily calculate with (2.7) its action on the generic (A,)_, root a as defined in (2.4)

oa2(a) = pa_s +qa_1 +lag + (20 — n)ag + (I + m — n)ae,

0%4s(a) = pa_s+qa_1 +lag+ (I —m+n)ag + (21 — m)ag,

o3n(a) = a. (2.9)
Orbits with similar structure and in particular the same order 3 arise when defining a

Coxeter element by means of the product of Weyl reflections associated to any other two
roots connected on the Dynkin diagram, e.g. G 49 := 0_90_1, G A2 := 0901 OF T 49 := 0_10(.
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2.1.2 A3 Coxeter orbits of order 4

A Coxeter element of order 4 can be constructed from three consecutive Weyl reflections as-
sociated to roots connected on the Dynkin diagram, thus corresponding to an As-diagram.
For instance, defining

OA3 = 0_2000_1, (2.10)

we compute

oaz(a) = (I—qla—z+ (I+p—qa-1+ (m+n+p—q)ag +may + nas,
UA3( )
UA3( )

)

UAs(

(=l+m+n)a_s+ (m+n—qgla_i+ (m+n—p)ag+ mag + nay,
(g—pla—a+ (=l+m+n—p+qa_i+ (—l+m+n+ qay+ mai + nas,
a. (2.11)

Thus the Coxeter element o 43 has order 4.

2.1.3 A, Coxeter orbits of order 5

Similarly, when defining a Coxeter element from four consecutive Weyl reflections associ-
ated to roots connected parts of the Dynkin diagram we obtain an A4-diagram. In this
manner we obtain one of finite order 5. For instance, defining

OA4 = O _9000_1071, (2.12)

we compute

oas(a) = (l— Qa2+ (I+p—qa_i1+({(—m+2n+p—q)ag+ (I —m+n)ag + nas,
044(0) = 2n—m)a_s+ (I —m+2n — q)a_1 + (3n — Q)ag + (2n + p — @) + nay,
od4(a) = (m+n—Das+ Bn—Da_1+ Bn—p+q—Dag+ (2n — p)as + nay,
oha(a) = (g—plas+(m+n—p+q—Da1+ (m+n+q—ao+ (2n+ g —Dai + nas,
ooula) = a. (2.13)

Hence o 44 has order 5.

2.1.4 A; ® Ay Coxeter orbits of order 6

Naturally we may also define Coxeter elements associated to roots corresponding to dis-
connected Dynkin diagrams, which lead to direct product of the subgroups. For instance,
defining

OAl2 = 010_20_1, (2.14)

leads to orbits of order 6, associated to A1 ® As. We compute

oa2() = (I = Qa2+ (I +p—qa_1+lag+ (I —m+n)as + nay,

o%12(@) = (¢ —p)a—z+ (I — p)a_1 + lag + may + nay,

o3a(a@) = pa_s 4+ qa_1 + lag + (I — m + n)ay + nas,

ohia(@) = (1= Qg + (I +p — @)1 + lag + ma + nas,

o12(a) = (g —p)az+ (Il —p)a_1 +lag + (I = m +n)ay + nay,

oh1a(@) = a. (2.15)
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The order 6 of this Coxeter element simply results from multiplying the two Coxeter num-
bers of A; and Ag, i.e. hy, X ha, =2 x 3.

2.2 Infinite dimensional (A,) -affine Kac-Moody Coxeter orbits

We now come to the cases of our main interest, which is the construction of infinite Weyl
groups that consequently possess Coxeter elements of infinite order. The simplest example
for such a group is the affine extension of the Ay Lie algebra, see e.g. [27]. We will show
in detail how the generic formula for the action of an arbitrary power of the Coxeter
element on a root can be derived. Defining a specific Coxeter element for the (A,),-affine
Kac-Moody algebra as

04 := 000102, (2.16)

we calculate its orbits. When acting consecutively with o, on the arbitrary root « in (2.4)

we compute
o) = pa_a+qa_1+ 2L+ m —2n+ q)ap + (2l — n)ag + (I + m — n)ag, (2.17)
02(a) = pa_s +qa_1 + (4l — 3n 4 3q)ap + (31 +m — 3n + 2¢)as + (31 — 2n + q)ae.
For arbitrary powers we obtain
2
ok(a) == pa_s+qa_1 + Z Z ab (k) pay, (2.18)
v=0 p=p,q,l,m,n

where the challenge is to determine the coefficients al, (k) for any power k € Z. When acting
with o on the generic expressions in (2.18) we easily identify the recurrence relations that
need to be satisfied

ap(k+1) = a (k) + 2af (k) + af (k) — 2d5(k), (2.19)
af (k +1) = 2af (k) — a5 (k), (2.20)
ab(k +1) = afj(k) + af (k) — a (k). (2.21)

Thus we may write these equations more compactly as

ab(k +1) = (Ma"(k)), = (Mk+1a“(0)> : (2.22)

v

involving the matrix and the vector

1000 O
0100 0O
M=[0121-21|, and a"(k)=[a",(k),a" (k),a}(k),a)(k),al (k)] (2.23)
0020 -1
0011-1

respectively. Taking as initial condition the root « as defined in (2.4), we have

a’ 5 (0) = a? (0) = a}(0) = aT*(0) = a3(0) =1, and a"(0) = 0 otherwise, (2.24)
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so that the general solution is
al(k) = (M"),,. (2.25)
In order to compute the powers of the matrix M we may assume that the coefficient

functions satisfy a recurrence relation of the general form

N
af(k+1)=> ciabi(k+1-1i), (2.26)
i=1

with some constants ¢; € C and N € N that need to be determined. See for instance [28]
for a treatment of such type of recurrence relations and for general techniques to solve
them. Employing the matrix representation (2.23) we find for N = 4 indeed the following
recurrence relation to hold

al(k + 1) = 2at(k) — 2at(k — 2) + b (k — 3). (2.27)

The corresponding fourth order characteristic equation for this relation resulting from
ap (k) ~ z¥ is
2t =223 420 —1=0. (2.28)

The four roots of this equation are found to be
)\1 - *1, )\2/3/4 =1. (229)

As we have a threefold degenerate solution to the chracteristic equation, the general solution
to the recurrence relation (2.27) is

al(k) = é1(—1)F + & + sk + e4k2, (2.30)

where the constant coefficients ¢;, = 1,...,4 are determined from the explicit evaluation
of the lowest powers of the matrix in (2.25). In this manner we find the generic formula

alj(a) = pa_o + qa_q (2.31)

1 1 1 20 — dm + 2n —

4|2 (6k2+ 1) g+ = (6k + 3)l — = (6k + 1)n + — + (—1)* m+2n—gq]
|8 4 4 2 8
1 2 1 1 m 2l —4m+2n —q

+ 5 (6k* — 4k 1)q+4(6k+1)l 76k = Dn+ 2 — (=1) 2 o
(1 1 1 2l — 4m + 2n —

+ g(6k2_8k+1)q+1(6k—1)l—1(6k—3)n+%+(_1)k m8+ n q} .

Thus, as expected, o, defined in equation (2.16) is a Coxeter element of infinite order.

2.3 Infinite dimensional (A,)_,-hyperbolic Kac-Moody Coxeter orbits

Besides affine extensions of finite dimensional algebras [27] also the hyperbolic algebras have
been fully classified [27,29-33]. These algebras can be defined based on their connected
Dynkin diagrams, which exhibit the property that the removal of any node results in a
set of connected Dynkin diagrams, possibly disconnected, all of which are of finite type
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except for at most one which may be of affine type. This is easily checked to be true for
the Dynkin diagram at the beginning of section 2 with «_s removed.

The simplest example for such an algebra is the extended affine As-algebra, i.e. the
(A,)_;-hyperbolic Kac-Moody algebra for which we define a specific Coxeter element as

O} = 0_10001032, (2.32)

and calculate its infinite dimensional orbits. Acting on the arbitrary (A,)_, root o in (2.4)
we compute the first consecutive actions as

op(a) =pa_s+ 2l+m—2n+pla_i+ 2L +m —2n+ q)ap + (2l — n)ay (2.33)
+({+m —n)ag,
o7 (a) = pa_s + (4l — 3n+p + 2q)a_1 + (61 +m — 5n + p + 2¢)ag (2.34)

+(3l4+m — 3n + 2q)a1 + (3l — 2n + q)as,

etc. For arbitrary powers we assume a similar expansion as in (2.18) of the previous section

2
of(a) ==paot+ Y > bk, (2.35)

v=-1 ,U‘:pvqyl’m’n

where b}, (k),k € Z. Acting with o}, on the generic expansion in (2.35) we identify the
recurrence relations to be satisfied by the coefficients bl (k)

VL (k+1) = by (k) + 2b (k) + bl (k) — 2b (k), (2.36)
bh(k+1) = b, (k) + 2bf (k) + bk (k) — 205 (k), (2.37)
W (k+1) = 2bf (k) — b (k), (2.38)
b (k +1) = by (k) + b (k) — bh (k). (2.39)

Again we may cast the recurrence relations into matrix form as

bk + 1) = (Mb“(k:)) - (Mk+1bﬂ(0)) (2.40)
involving the matrix and the vector
1000 0
1021 -2
M= {0121 -2 |, and br(k)= [0 H(k), b (k). BE(R) BCR), BECR)), (2.41)
0020 -1
0011-1

respectively. Taking a to be of the form (2.4) the initial conditions are
W, (0) = be? (0) = b(0) = b7 (0) = b5(0) =1, and b(0) = 0 otherwise. (2.42)

As in the previous section we may consecutively calculate all the coefficients b} (k) with
some given initial condition. We also assume here that these coefficients satisfy a linear

recurrence relation of the form

N
Wik +1) =) ebli(k+1—1), (2.43)
=1
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with constants ¢; € C and N € N that need to be determined. For N = 5 we find that
indeed the following recurrence relation holds for all coefficients

B(k + 1) = 264(k) + 2 (k — 1) — 268 (k — 2) — 261 (k — 3) + b (k — 4). (2.44)

Following the same procedure as in the previous section we determine the fifth order char-
acteristic polynomial for (2.44), by assuming b} (k) ~ z*. The characteristic equation then
reads

2 =22t — 203 4+ 222 + 22— 1 =0. (2.45)

We find three real and two complex roots to equation (2.45)

1
A =1, )\2/3_ {1+\Fi\/2\/ﬁ+6, A4/5=4[1—\/ﬁim/2\/ﬁ—6.

(2.46)
Thus according to the general theory of recurrence relations, see e.g. [28], the solution to
equation (2.44) can be cast into the form

DE (k) = by AT + DligAs + DUs S + BN + s AE, (2.47)

where the constant coefficients bw’ =1,...,5 are determined from the initial conditions

b, (0) and the first four iterations that give b}, (1) ...,bl(4) for different v and p. To stress
the reality of these solutions we can equivalently express the coefficients as

b (k) = by + Do NS + brg Al + b7 Ak + BUs AR (2.48)
where 07, o = by + b, 02, o = (b5 F blr,) /2 and
1 1 1
A= ——(OEFAE), A= —— i\ A= —— (N 0B, 2.49
2/3 \/ﬁ( 5 F Az) 4 le( 5 — A1) 5 2\/5( 5+ A1) (2.49)
Using the initial values as stated above we find the solutions
W, = Ay —2A% (2.50)
q 1 k k k k
b2y = 5lu_(p_Az +203) + py (A + 20, AF)] (2.51)
1
v, = §[¢+A’§ +3A5 — 20 A¥ — 6AL] (2.52)
1
o= E[ﬁuiA’g + 3A5 +2v3u3 A} — 6A%] (2.53)
by = —p NS — A5 —2u A% 2Af (2.54)
p 1 k P
bO = -1 — 'LL+A2 + ,U/_'_A ,M_A4 — g,u_AE) (255)
bl = py A5+ 2u_Af (2.56)
1
by = g[ui(\@%/\é +3A5) — 212 (V3 Af — 3A%))] (2.57)
mo— AF —2Ak (2.58)
. 1 1
by = —ilu,iAk - 5A’g‘f + ud AR 4+ AE (2.59)
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W= -1+ [ V21, A+ AE + 27210 Af — 2u2 AR (2.60)
bi = %‘PJFA,; - %As — o A+ A} (2.61)
= MA’f + AE 4 2u AF —2AF (2.62)
m = -3 \f(,i A5 —2u AR + 2\}(9%’; + 202 A%) (2.63)
b= —éuﬁ;A’g + %A’;j ;% _ A (2.64)
= 1+ oy A — VETAR) — 22 (p_ A} +VTAL)] (2.65)
b3 = p Af — A5+ 2AF + TALL (2.66)
bh = lms TV P Y (2.67)
b = \f Af + Ak \%FAZ — oAk (2.68)
by = —56[92( pS NS — 3AK) 4 202 (13 A% — 3A%)] (2.69)

We abbreviated here some of the lengthy square root constants to achieve a more compact
presentation

oy = % (Jﬁi 3), = \/2V21 +3, (2.70)
(21 +V/21), 25 + 4v/21. (2.71)

Evidently the Coxeter element o}, as defined in (2.32) is of infinite order.

2.4 Infinite dimensional (A,)_,-Lorentzian Kac-Moody Coxeter orbits

Adding a further node to the (Ay)_j-diagram at the a_j-node leads to a diagram that
no longer satisfies the classification criteria for a hyperbolic Kac-Moody algebra. This is
because when removing the a_s-node one is not left with a set of disconnected diagrams
of finite type except for at most one affine type. The diagram obtained by removing this
node is still of hyperbolic type. Thus the new diagram as depicted at the beginning of
section 2 is of a new type, referred to as Lorentzian. To characterise these diagrams it was
proposed in [18] to relax the defining criterion for the hyperbolic Kac-Moody algebra in
the sense that the required decomposition must not be obtained for all nodes but only for
at least one. Our (Ag)_s-example clearly satisfies this requirement as it even holds for all
nodes except for the a_s-node.

We define a Coxeter element for this algebra in the usual manner by the product of
Weyl reflections associated to each simple root in a particular order

Ol = 0_90_1000103. (2.72)

~10 -
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We calculate its orbits by acting with o, consecutively on the root « in (2.4), computing

op(a) = 2l4+m—2n)a_s+ 2l +m —2n+pla_1 + (2l +m — 2n + q)ag (2.73)
+(2l —n)ar + ([ +m —n)as

o2 (a) = (4l — 3n +2¢)a_o + (61 + m — 5n 4 2q)a_1 + (61 + m — 5n + p + 2q)ap,(2.74)
+(Bl+m —3n+2q)ar + (3l — 2n + q)as.

For arbitrary powers we make a similar assumption as in the previous sections
2
k —
h@)=3 S ke, (2.75)
v=—2 M:p7Q7laman

with unknown constants ¢, (k), k € Z. Acting with o, on the generic expressions in (2.75)
we easily identify the recurrence relations to be satisfied by the coefficients cf (k)

o (k+1) = 2¢5 (k) + (k) — 2c5 (k), (2.76)
ik +1) = Hy(k)+ 25 (k) + ¢ (k) — 25 (k), (2.77)
ch(k+1) = (k) +2c (k) + (k) — 25 (k), (2.78)
dk+1) = 2c(k) — k), (2.79)
h(k+1) = cy(k) + (k) — (k) (2.80)

Also in this case a more compact form of the recurrence relations can be achieved in a
matrix formulation

Mk +1) = (Mc”(k:)) - (M’fﬂcﬂ(c))) (2.81)
involving the matrix and the vector
0021 -2
1021 -2
M=]0121-2|, and c“k)=I["y(k), " (k),ch(k),c(k),ch (k)] (2.82)
0020 -1
0011 -1

respectively. With « in (2.4) the initial conditions are
& 5(0) = ¢, (0) = 4 (0) = " (0) = 5(0) =1, and ¢(0) = 0 otherwise. (2.83)
We assume once more that these coefficients satisfy a linear recurrence relation of the form

N
hk+1) =) Eci(k+1—1), (2.84)
=1

with some constants ¢; € R and N € N that need to be determined. For N = 5 we find
that the following recurrence relation holds for all coefficients

(k4 1) = e (k) + 3c(k — 1) + 3c(k — 2) + c(k — 3) — c(k — 4). (2.85)
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The fifth order characteristic equation for this relation resulting from cb (k) ~ z* is
2 -zt =323 - 322 —z4+1=0. (2.86)

Similarly as for the hyperbolic case we find three real and two complex roots to this equation

1
M=l A= (3i \/5) — ¢*2, Ay = wtl, (2.87)

where w is a third root of unity w := exp(27i/3) and ¢ is the golden ratio ¢ := (1 +/5)/2
with negative inverse golden ratio ¢ := (1 — +/5)/2. Thus the general solution to the

recurrence relation (2.85) is

C’l,/t(/{) = Cl)\]f + 02)\]5 + Cg)\lg + 64)\12 + 65)\15, (2.88)
where the constant coefficients ¢;, i = 1,...,5 are determined from the initial conditions
i (0) and the first four explicit iterations ¢, (1). .., c,(4) for different v and pu. Performing

this calculation we find the solutions

2k
& (k) = Log.s + 10sin (g + g) —8(—1)k (2.89)
- . (2nk 7 i
¢" (k) = Lo — Log45 + 10sin 3 "% +4(-1)"%, (2.90)
N 2rk 0w k
& 5 (k) = Lapi1 + 10v/3cos = ) tA-D (2.91)
2k
& (k) = 2Loj, + Logs1 — 10sin <§ - g) : (2.92)
27k
& (k) = —Log — 8Lop1 + 10 cos <73T> , (2.93)
N . ([ 27k
& (k) = —Log + 2Log 41 + 10V/3sin =) (2.94)
& (k) = 4 (Lo — 2) = F2, (2.95)
Eg(k‘) =4 (sz — 3L2k+1 =+ 1) = Fkafl, (296)
(k) = 4(Log—1 + 1) = Fi(Fy — 3Fj41), (2.97)
. 10 ok«
@] (k‘) = 4L2k — L2k+1 + % COS <3 + 6> + 8(—1)k, (2.98)
10 2k N
(k) = TLop — 10Lojsq — —=sin | —— ) — 4(=1)*, 2.99
{0 = Tha — 10Laus — ~gsin (%) — (-1 (2.99)
- 27k i
& (k) = 4Laj+1 — 5Lay + 10 cos ) 4(—1)"%, (2.100)
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o 10 . [2nk

¢y (k) = 5Lox, — 2Lop11 + % Sin (3) — 8(—1)k, (2.101)
10 T 27k

(k) = —11Loj_1 + — R T L 2.102

0 s+ cos (5 228 ) o, (210

ork
&(k) = 5Lyp11 — TLaj, + 10sin (g + g) +4(—1)F, (2.103)
&k) =(k-1) =2 (k-2), (2.104)

where (k) = 1/20¢,(k), F), label the Fibonacci numbers with n € N and L,, are Lukas
numbers L, := ¢" +@". The Coxeter element o, as defined in (2.72) is therefore of infinite
order.

Our next aim here is to utilise the mathematical structures discussed in this section in
the context of some physical models. In particular we will formulate Calogero type systems
that respect these infinite symmetries. An important question to address is whether the
models based on infinite dimensional root spaces are integrable? As in the finite case,
the existence and knowledge of the polynomial invariants largely facilitates to answer that
question. One may attempt to construct them from scratch, but there is an elegant way to
obtain them for Weyl groups associated to Dynkin diagrams that can be bicoloured [13-15],
that is to associate one of two colours to each node in the Dynkin diagram with no two
adjacent nodes of the same colour. Unfortunately a bicolouration is not possible for our
simple example of the (Ay)_o-diagram. Therefore let us briefly discuss the structure of the
invariants for the (As)_s-Lorentzian Kac-Moody algebra.

3. (A;)_,-Lorentzian Kac-Moody algebra

The Cartan matrix K for the (As)_o-Lorentzian Kac-Moody algebra and the corresponding

Dynkin diagram are 2 -10 0 0 O

-12 -10 0 O

ai
o 0O -1 2 -1 0 -1
(Ag) gt a Ky =255 =
oy 1 (9 77 0O 0 —-12 —-10
o3 00 0 -12 —1

0 0 -1 0 -1 2
Clearly this diagram is of Lorentzian type as for instance the removal of the aj-node leaves
us with the finite As-diagram or the removal of the ag-node yields a finite Ds-diagram.
However, the decomposition rule for the hyperbolic algebras is not satisfied, as the removal
of the a_o-node produces a diagram of hyperbolic type.

As indicated in the Dynkin diagram, by the use of o and e for the vertices, the major
difference compared to the (A,)_,-case is that this version allows for a bicolouration. This
fact can be exploited in a technical manner as will be seen below. In close analogy to the
discussion in the previous section we choose a 4+4 dimensional standard representation for
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the (A;)_,-roots a, i = =2, -+, 3,

ar = (1,-1,0,0;0,0,0,0), a2 =(0,1,-1,0;0,0,0,0),  as=(0,0,1,—1,0;0,0,0,0),
ap = (~1,0,0,1;1,0,0,0), a_; = (0,0,0,0;—1,1,0,0), a_s=(0,0,0,0;1,0,—1,1),

with Lorentzian inner product

Ty = x1Y1 + Tay2 + T3Y3 + TaYs — T5Ye — TeYs — TTYs — TYYT, (3.1)

for arbitrary 4+4 dimensional vectors x = (x1,...2x8), ¥y = (y1,...ys). Demanding the
length of a generic root

a =pa_s+ qa_1 + lag + may + nas + ras, p,q,l,m,n,r € Z, (3.2)

to be 2, leads now to the slightly modified Diophantine equation when compared to the
previous sections

P—lm—lg—Ir4+m?>—mn+n’>—nr+p’—pe+¢+m=1 & a-a=2 (3.3

The Weyl reflections are defined in the same manner as in equation (2.6) with the additional
map o3 associated to the root ag. The symmetries of the Diophantine equation (3.3) are
now generated by the Weyl reflections as

o_o(a):p—q—p, o_i(a):q—=1l+p—q, oola):l—=>qg+m+r—1 (3.4)
oi(@):m—=l4+n—m, oz(a):n—>m+r—mn, oz(a):r—=I+n—r.
Using the notations from [15] we can now use the bicolouration to define to specific ele-
ments consisting of commuting Weyl reflections whose mutual product makes up a Coxeter

element

0y :=0_10103, O_:=0_90003, O :i=0_04. (3.5)

We verify now that the Kostant identity [34] established originally for semi-simple algebras
also holds for the (Aj)_,-root space

3
(J_ + 0'+) o = Z (2513 - K(3+i)(3+j)) Qy, 1= —2, ce ,3. (36)

j=—2

Using this relation, together with O'Z/l = o0_ one readily derives a relation between the
eigensystems of the Cartan matrix and the Coxeter element. Defining the vectors

Qi+ = (a1 + Cgas + (o1,  and ;= (s + (300 + (-2, (3.7)

where ( = (v1,- -+ ,vg) is the matrix with columns corresponding to the eigenvectors of the
Cartan matrix

KU]' = )\jvj, (38)
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we can explicitly define the eigenvectors of the Coxeter element as
¢ = ewj/ij_ + eiiej/Zq;f. (3.9)
The eigenvalue equation then reads
oq; =g, (3.10)

where the eigenvalues of the Cartan matrix in (3.8) and those of the Coxeter element in
(3.10) are related as
Aj =2 —2cosb;. (3.11)

We notice that there is no equivalent quantity corresponding to the integer exponents
labelling angles 6; in the finite dimensional case, however, they still add up pairwise to =

0j+0; j=m,  j=1,---,6. (3.12)

Concretely we have

—2 2 m
01 =arcsec | ——= | =7 — g, Oy =arcsec| — 2+ — |7 —05, 0O3=— =04
( 3+\/§> ( \ \/§> 2

(3.13)
It is clear from these values that the order of the Coxeter element can not be finite, as we
expect. Finite order o =1 with h € N would correspond h#; = nx, with n € Z, for which
there is no solution.

3.1 Invariants and integrability

Let us now address the question of whether one can build solvable physical models that
respect an (A;)_,-symmetry. In many model, such as those with Calogero type potentials,
this requirement relates to the existence of invariants of the Weyl group. One may either
use the invariants directly to construct a solvable model [8-10] or identify them within a
given model to establish its integrability [11,12].

Thus to each vector z = Z?:l ri0;_3 € R® we associate a polynomials P(z1,-- ,zg)
that remains invariant under the action of the Weyl group W

P(w™(z)) = P(2) = P(x) (3.14)

for all w € W with w™!(z) — 2/. The transformation of the components x; are simply
obtained from (3.4) with the replacements p — z1,q — x2,l = x3,m — x4,n — T5,7 —
xe. It is then easy to verify that there is no (Aj;)_, polynomial invariant of order 1. At
order 2 we find the standard invariant

6 6
Ig(xl,”- ,.’L’G) = Z$12+ Z Kijxixj. (3.15)
i—1 ij=1

To proceed to higher order one can make an Ansatz of a polynomial of a particular or-
der with arbitrary coefficients and then fix them by systematically using (3.14) for every
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generator of the Weyl group. While this is possible, especially with the help of symbolic
algebra systems software, we will provide a different more direct option. For this purpose
we carry out a change of variables from = to w defined in an implicit way by the relation

6 6
r = ZCU@'CIF?, = Z w;q;. (3.16)
=1 =1

From relation (3.10) it is clear that the coordinates w; transform under the action of the

Coxeter element as o : w; — ezieﬂ'wj. This implies that in these new coordinates any

invariant of order n must be of the form

n

6 6
a ae
I (wy,...,we) = E clay,...,a5)wi" ... wgt, g a; =n, E a;0; = mm, m € Z.
i=1 i=1

at,...,ag=0

(3.17)
Since by construction each term in the sum is invariant under the action of the Coxeter
element the constant coefficients c¢(aq, ..., ag) must be constrained further by utilising the
Weyl reflections associated to the simple roots. Checking this for every generator of the
Weyl group we find

L(wi,...,we) =i [w§ —4 <3 + 2\/3) waws — 4 (3 - 2\/5) wlwﬁ} . (3.18)

Alternatively we also obtain (3.18) with the variable transformation x; — w; of the invari-
ant (3.15), as specified in (3.16). It is now easy to verify that for n odd we can never solve
the last two equation in (3.17). Moreover, for n = 4 we verified for the general Ansatz
(3.17) that the only invariant at that level is Iy = I3. This means we can not build an
exactly solvable (A;)_, invariant model of Calogero type. In turn this suggest that the
(A3)_, symmetric models proposed in the next section are likely to be not integrable.

4. Calogero type models associated to Lorentzian Kac-Moody algebras

We return now to our (A,)_, example and start the discussion with the kinetic energy
term for which we also need to use the inner product as defined in equation (2.3), so that

it reads
1

Hyin = 5P p = % (P} + P3 + P3 — 2paps — 2p6p7) - (4.1)

Since Weyl reflections are orthogonal transformation, i.e. p-p = o;(p) - 0;(p), the kinetic

term is by construction invariant under the actions of the (Az)_2-Weyl group. We will

specify below how the Weyl reflections act on the momenta so that one may also verify
this symmetry explicitly.

Next we consider potentials of Calogero type by extending the notions from the well-

studied cases related to finite dimensional semi-simple Lie algebras g. All potentials con-

sidered here are of the general standard Calogero form

VO= Y ot T o) T @ T RTLOLE (D

aclAg acAg
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Inteerpreting now g a Lorentzian algebra, the potentials in (4.2) are by construction in-
variant under the action of the Lorentzian Weyl group as the sum extends over the entire
group. In this case it extents to infinity. As indicated in (4.2), we may also realise the
transformations on the roots in the dual coordinate space since the Weyl reflections are
2

orthogonal transformation, (o;(c) - q) = (0%

(a) - 0i(q)) = (a-04(q)). For instance, for
our (Ag)_2-Weyl group in the seven dimensional representation the actions (2.7) may be
realised in the coordinate space as

o-2(q) :qa—~>qa+q5+q—aqr, g6 —q5— g6, qr— g5 — qr, (4.3)
o-1(q) s g4 — g5, G5 — (4.4)
o0(q) *q1 > @3 —q5, B> +G¢, q—q —q+qtgs, (4.5)
o1(q) 1 — @2, @ — q, (4.6)
o2(q) 1 2 — a3, 93— G2 (4.7)

The affine (2.16), the hyperbolic (2.32) and the Lorentzian Coxeter elements (2.72) there-
fore act on the coordinates as

0@ 1~ @ @+, B30, G~ @ —q+qi+gs, (4.8)
on(@) i1 =g, @—qtaq, 390, =@ —q+q—4g, g5 q4, (49)
or(q) @1 > @, @@ t+qtg+ge—q, 93— 93— q1— g5 — g6+ qr, (4.10)
U= —q+q—2¢:+q —q7, ¢G5 > q+q+d6—9q7, G6 = —q5 — e
q7r — 45 — q7,

respectively. The action on the momenta is taken to be the same. Thus using (4.3)-(4.7)
with ¢ — p, we may now verify explicitly the invariance of the kinetic energy term (4.1)
under the action of the (Az)_o-Weyl group.

The two variants of the standard Calogero potential in (1.1) are now generalised in
a straightforward fashion. Taking =, to be the, say ¢, representatives of each orbit the
potential in (4.2) can be expressed in the equivalent form

L 00 )
Ve(q) :Z Z Wa (4.11)

i=1 n=—00
where the g;, are some new real coupling constants related to the c,. It will remain an
open question whether ¢ can be taken to be finite in general. The generalisation of the first
variant in (1.1) may be written more explicitly as

oo

Ipglmn
v _ 4.12
D(q) » l;nzo [(pa—z + ga—1 +lag + mag + nas) - q]2 (4.12)

Diophantine equn

When restricting to particular levels of the Lie algebraic representation as suggested in [16]
for a hyperbolic case, one may achieve to carry out some, or possibly all of the infinite
sums, at that level. However, the potentials obtained in this manner are not invariant
under the infinite Weyl group. In contrast, aiming to achieve the latter we explore here
also the version in equation (4.11).
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4.1 (A2)_»-Calogero type potentials

We will now investigate the potentials in more detail and discuss under which circumstances
the infinite sums may be carried out explicitly.

4.1.1 Invariant potentials of the affine Weyl group

Thus let us now construct some invariant potentials from the version (4.11), which has the
advantage that it only involves one infinite sum, as in this case £ will be shown to be finite.
Choosing as an example v; = a2 as a representative of an orbit and taking all coupling
constants to be the same, i.e. g;;, = g, we may compute the particular term

o0

vilg= Y —4—. (4.13)

oo 174 (2) - 4]

Using our general formula (2.31) for the action of any power of the Coxeter element action
on any (Ag)_s-root we obtain

B 16¢g
M@= D G e 2 r e s Con s = e rdar Y

n=—oo

when acting with o, on «s in the denominator. Splitting the sum into its even and odd
part,ie. > =D>, +> o 1, they are easily evaluated separately when using the general
formula >°° (A + Bn)~2 = 72 /[sin?(Ar/B)B?]. In this way we obtain

n=—oo

2
u J + g . (4.15)

Vilg) = -
9g5 sin? [i(t& — q:),)} sin? [ﬁ(@h —q3—qs5)

By construction this term is invariant under the action of the affine Coxeter element when
realised in the coordinate space by (4.8). This term is, however, not yet invariant under
the entire Weyl group as for this we require more representatives of the orbits. We may
either try with different roots for the v, representatives, which equivalently corresponds to
actions of the Weyl group on the coordinates as specified in (4.3)-(4.7). Let us therefore
consider the potential

Vig) = S g g g 4.16
D= D ) o) 0@ T o) n@F (416)

N g N 9 N g

[0 (as) - a100(q)]>  [0™(a2) - 0oo1(q)]*  [0™(a2) - ooo100(q)]
g g g

[07(a2) - 0200(q))*  [0™(a2) - 0201 (q)]? [0 (a2) - 020003(q)]*

At this point the potential appears in an ad hoc manner, but we shall explain below how
is systematically obtained. Crucially, we can evaluate each infinite sum as outlined above
for the first term. In this manner we obtain the potential

_ 2m2g

Vig) = 02 (Viz 4+ Viz + Vaz + Vibs + Vigs + Vibs + Vigs + Vahs + Vizs) » (4.17)
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where we abbreviated
1 n 1

v Vi = 5

Vij ==
sin? [ﬁ(qi - Qj):| sin® | 30-(qi — qj + Qk)]

i i k=1,234,5 (4.18)

We verify explicitly that this potential is indeed invariant under the affine Weyl group.
Indicating how each term transforms under the action of the three generators we have

o0: Viz ¢ Vs Vig < Vigs Vaz > Vibs Vigs < Vass Vit O,
or: ViseVas Vg o Vigs Vigs o Vg Vigg o Vayys Vi O (4.19)
o2: Vig & Vig Vibs & Viks  Vils < Vs Vias < Viss Vas O .

The action of the Coxeter element is therefore
oa: Ve Vigs Vi Vs Vas o Vigs Vg o Vs Vi O (4.20)

Thus the potential (4.17) is invariant under the entire (Az)o-affine Weyl group. It is now
also more obvious how the potential (4.16) was obtained in the first place. Starting off
with the terms in Vj, we may utilise the Weyl symmetries (4.19) to generate additional
terms until the symmetries only generate terms already included. As it turned out nine
terms are sufficient to achieve that.

Furthermore we notice that we recover the standard As-Calogero model in the infinite
limits

1 1 1
q5£r:r|:loo V( ) - 29 |:((L'1 — 1‘2)2 + (xl — .%3)2 + ((L‘Q — 333)2] ' (4'21)

Let us now compare this potential with the one obtained when evaluating the three
infinite sums in (4.12) constrained by the Diophantine equation (2.5) with p = ¢ = 0. For
this purpose we re-write (4.12) and (4.11) as

00 00 9
D Q) = gzvlmru and VC(Q) =g Z Zvi(n)> (422)

l7m7n:0 n=—oo 1=1
Diophantine equn

respectively, where the v;(n) are identified in the same order as the terms appears in (4.11).
We have set all coupling constants to be equal. Defining the quantities
1 " 1
Vi = ————— and (n) =
Y (4 a)? Cigk (@i — 4j £ nar)*’
we list all nonzero terms in (4.22) with the upper limit in Vp(q) taken to be 5. We find

(4.23)

voo1 = v1(0) = w3, vo10 =

vg(0) = v12,
V100 = 1)7(0) = UE5(1), V101 = ’UQ(O) = Uil— (1), V110 = ’Ug(l) = U;E%(l),
vi12 = v3(—1) = vy35(1), w121 = v4(0) = v1p5(1), V122 = v9(0) = v35(1),
var1 = v5(0) = vf35(2),  warz = vs(—1) = v55(2), w2z = v6(0) = vz5(2),
V223 = v9(—1) = v35(2), wvazz = ve(—1) = v155(2), wazz = v7(2) = vy35(2), (4.24)
vao2 = v3(2) = vf35(3), sz = ws(2) = vh5(3),  wazx = v1(2) = vyz5(3), '
U334 = V1(—2) = v935(3), 343 = vs(—2) = v155(3), vaas = v3(—2) = vy35(3),
vazz = v9(2) = vif35(4),  wvaza = v2(—2) = vy5(4), vaaz = vo(3) = vzs(4),
V4g5 = V3(—3) = Vg35(4), vass = v5(3) = via5(4),  vass = v1(—3) = vi35(4),
vs44 = v1(3) = vf%5(5), U545 = U5(—3) = vf (5), vssa =v3(3) = v;r35(5).
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One may have suspected that Viz(q) is only a subset of the general expression Vp(q).
However, we observe that the potential in the form of summing over Coxeter orbits, Vo (q)
captures all the terms from the version expressed in terms of three infinite sums subject
to the Diophantine equation Vp(q). We have verified this beyond the order reported here.
This constitutes of course no rigorous proof of the equality of the two versions, but very
strong evidence.

4.1.2 Invariant potentials of the hyperbolic Weyl group

Next we analyse the two versions of the general potential by just keeping p = 0 in (4.12)
and by taking in (4.11) o = o}, to be the Coxeter element related to the hyperbolic Weyl
group. Consequently, the resulting potentials will be invariant under the action of the
entire hyperbolic Weyl group. For this purpose we re-write (4.12) and (4.11) as

Vo@=g > Vgmn, and  Volg)=g > A, (4.25)
q,l,m,n=0 k=—00

Diophantine equn

respectively. Once again we set all the coupling constants to be equal. We use the abbre-

viations

1 1

k

Vi =, and Wy iy = .
’ [U]fb(%‘) -q)? reby (rq1 + sq2 + tqs + uqs + vgs)?

In version (4.11) we need to generate sufficiently many representatives v, of the respective

(4.26)

orbits. We list now all the terms appearing in the potential Vp(q) up to the order 5 and
identify an equivalent way to express them as terms appearing in the version Vo (gq). When
g = 0 all the terms in (4.24) also appear, but as we now employ a different type of Coxeter
element they are differently realised in formula Vi (g). We find

Vo001 = V23 = V1, V0010 = V12 = V2, Vo011 = V13 = 73,
o100 = vi35(1) = 74, vot01 = vips(1) =3, vo110 = v335(1) =73,
Vo112 = Vgz5(1) = 75, Vo121 = V195(1) = v, vo122 = vi35(1) = 77,
Vo211 = Uf%5(2) =7 V0212 = 055(2) = 78 V0221 = U;?s5(2) =79
Vo223 = Vg35(2) = 73 ', V0232 = V195(2) = Y10, Vo233 = Va35(2) = 71",
V0322 = Ufrss(?’) = 711> V0323 = U1+25(3) =712, V0332 = 2}335(3) =713,
V0334 = Va35(3) = 717, V0343 = V195(3) = Y145 Vo344 = Vi35(3) = 777,
Vo433 = V{35(4) = 715, V0434 = V195 (4) = V16, V0443 = Vazs(4) = Y17,
V0445 = Vg35(4) = 718, Vo454 = V195(4) = Y19, Voas5 = V135(4) = Ya0s
V0544 = V135(5) = Va1, V0545 = V155 (5) = Yaa, V0554 = Vazs (5) = Yas.
(4.27)
Extending the sum in p beyond 0, we find in addition
V1000 = W0,0,0,1,—1 = ’YZI, V1100 = W1,0,—1,1,0 = ’7%7 V1101 = W1,-1,0,1,0 = ’Y%v
v1110 = W0,1,—1,1,0 = ’Y;lz,, V1112 = Wo,1,—-1,—1,0 = ’YIQ, V1121 = W1,-1,0,—-1,0 = ’Y%w
V1122 = W1,0,—-1,—1,0 = 72_2, V1312 = W2, —1,—-1,12 = ’Y%g, V1321 = W1,1,-2,1,2 = v%,
V1324 = W1,-2,1,1,2 = 76_17 V1342 = W1,-21,—1,-2 = Vo4, V1345 = W1 1,-2-1-2 = Vgl,
V1354 = W2,—1,—1,—1,—2 = 725, V1422 = W2,0,-2,1,3 = ’Y%o ) V1424 = W2,-2,0,1,3 = Y26
(4.28)
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V1442 = W0,2,—2,1,3 = Y27, V2211 = W1,0,-1,2,0 = ’y%, V2212 = W1,-1,0,2,0 = 7(15 ,
V2221 = W0,1,-1,2,0 = Vi V2203 = W0 1,-1,-20 = V7', V2232 = W1-10-20 = Vo
V2233 = W10,-1,-2,0 = Vis» V2312 = W2,—1-12,1 = V3, Vg321 = W1,1,-22,1 = V3,
V2324 = W1,-2,1,21 = 79_17 V9342 = W1,-21,-2,-1 = Vg, V2345 = W1,1,-2,-2,1 = ’78_1,
V2354 = W2 —1,-1,—-2,—1 = Y28, V2523 = W3,-1,-223 = Y29, V2524 = W3 2123 = V30
V2532 = W2,1,-3,2,3 = ’7%0 ) V2542 = W1,2,-3,2,3 = 755, V3322 = W1,0,-1,3,0 = ryg,
V3323 = W1,-1,0,3,0 = 7%0, V3332 = Wo,1,—1,3,0 = 7%, V3334 = Wo,1,-1,-3,0 = yéo,
V3343 = W1,-1,0,—-3,0 = ’7%6, V3344 = W1,0,—1,—3,0 = 7591, V3422 = W2,0,-2,3,1 = r@’
V3424 = W2,-20,3,1 = ’7%57 V3442 = W0,2,—-2,3,1 = ’y:fg, V3523 = W3,—1,-232 = ﬁ%
V3524 = W3, -2 -13,2 = 7587 V3532 =— W2,1,-3,32 = 7%, V3542 = W1,2,-3,3,2 = fyg’
V4433 = W1,0,-1,4,0 = ’Ygl;, V4434 = W1,-1,0,4,0 = 7%4, V4443 = W0,1,-1,4,0 = 7%1:
V4445 = W0,1,—1,—4,0 = V31 > V4454 = W1,-1,0,—4,0 = 752, V4455 = W1,0,—1,—4,0 = V32
Ussa4 = W1,0,-1,5,0 = Vi35 Ussas = W1,-1,0,5,0 = Vigs V5554 = W0.1,-15.0 = Vi5-
(4.29)

We notice here that each term in the multiple infinite sums of the “raw version” Vp(q) has
a counterpart in the version Vi (g) that is based on orbits of the Coxeter element. We also
observe that we require many more orbits, e.g. 35 up to level 5, as in the affine case to
cover the entire root space. In this case it remains unresolved whether a systematic way
exist to generate these orbits and whether a finite number of orbits will be sufficient to
generate all terms of the potential. Note here that generating all terms in the potential
is not equivalent to generating the entire Weyl group, as in the former we may exploit
additional symmetries coming from the nature of the potential.

4.1.3 Invariant potentials of the Lorentzian Weyl group

Finally we compute a potential that is invariant under the full Lorentzian Weyl group. For
this we generalise (4.25) in an obvious manner summing now also over p. We require now
the abbreviations
R and !
fy':: ? n w77t7777:: N
C k() g PEREUEY T (rqy + sqa + g3 + uqs + vgs + 26 + yqr)?
(4.30)

We list all the terms in Vp(q) up to the order 3 and identify a corresponding term in the

potential Vi (q)

Vpo001 = Wo,1,—-1,0,0,0,0 = V1> V00010 = W1,-1,0,0,0,0,0 = V25 Vpoo11 = W1,0,—1,0,0,0,0 = V3>
Vp0100 = W1,0,—1,0,1,0,0 = V4> Voo101 = W1,-1,0,0,1,0,0 = 72_1a Vpo110 = Wo,1,-1,0,1,0,0 = V5>
Voo112 = Wo,1,-1,0,—1,0,0 = V6> Yoo121 = W1,-1,0,0,—1,0,0 = V7, Voo122 = W1,0,-1,0,—1,0,0 = 7;1»
V00211 = W1,0,—1,0,2,0,0 = V8> V00212 = W1,-1,0,0,2,0,0 = Y9, V00221 = Wo,1,—-1,0,2,0,0 = V10>

V00223 = W0,1,-1,0,—2,0,0 = W§17 V00232 = W1,-1,0,0,—2,0,0 = V11> V00233 = W1,0,—1,0,—2,0,0 = 724,
V00322 = W1,0,—1,0,3,0,0 = Y12, V00323 = W1,-1,0,0,3,0,0 = Y13, V00332 = W0,1,—1,0,3,0,0 = V14>
V01000 = W0,0,0,1,—1,0,0 = %fl, Yo1100 = W1,0,-1,1,0,0,0 = Y15,  Yo1101 = W1,-1,0,1,0,0,0 = ’7517
V01110 = Wo,1,—1,1,0,0,0 = ’737 Vo1112 = W0,1,—1,-1,0,0,0 = 7f52, V01121 = W1,-1,0,—1,0,0,0 = V16>
V01122 = W1,0,—1,—1,0,0,0 = 7527 V01312 = W2,-1,-1,1,2,0,0 = V17, V01321 = W1,1,-2,1,2,0,0 = V18>
V02211 = W1,0,—1,2,0,0,0 = Y19, V02212 = W1,-1,0,2,0,0,0 = V20, V02221 = W0,1,—1,2,0,0,0 = V21>
V02223 = Wo,1,—1,-2,0,0,0 = 78_17 V02232 w1,-1,0,—2,0,0,0 = Y22, V02233 = W1,0,—1,—-2,0,0,0 = V23,

(4.31)
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Vp2312 = W2,-1,-1,2,1,0,0 = V24, V02321 = W1,1,-2,2,1,0,0 = V25, V03322 = W1,0,—1,3,0,0,0 = V26>
V03323 = W1,-1,0,3,0,0,0 = V27, V03332 = W0,1,-1,3,0,0,0 = V28> V10000 = w0,0,0,0,1,1,—1 = 722,
V10111 = W0,0,0,0,2,1,—1 = Y29, V10222 = W0,0,0,0,3,1,—1 = V30> V10333 = 10,0,0,0,4,1,—1 = V31>
V11000 = w0,0,0,1,0,1,—1 = ng,l, U11100 = W1,0,—-1,1,1,1,—1 = 7(137 v11101 = W1,-1,0,1,1,1,—1 = V%,

_ Al _ _ -3 _ A1
v11110 = Wo,1,-1,1,1,1,—1 = V3, V11112 = Wo,—-1,1,1,1,1,—-1 = V4 , V11121 = W-1,1,0,1,1,1,—1 = Yo,
— A2 _ | |
V11122 = W-1,0,1,1,1,1,—1 = 75 » V11312 = W2 ,—-1,-1,1,3,1,—1 = 723, V11321 = W1,1,-2,1,3,1,—1 = V20
_ _ A1 _ A2 _
V12111 = W0,0,0,2,0,1,—1 = VY29, V12311 = W2,0,—-2,2,2,1,—1 = Y39, V12313 = W2,-2,0,2,2,1,—1 = V32,

V12331 = W0,2,—2,22,1,—-1 = ’Yéza V13222 = w0,0,0,3,0,1,—1 = V33> V13312 = W2,-1,-1,3,1,1,—1 = V34>
V13321 = W1,1,-2,3,1,1,—-1 = 737 V21222 = 10,0,0,1,3,2,—2 = V35, V21322 = W1,0,—1,1,4,2,—2 = V36>
V21323 = W1,-1,0,1,4,2,—2 = V37, V21332 = W0,1,-1,1,4,2,—2 = V38, V22211 = W1,0,—-1,2,2,2,—2 — 7%,
V22212 = W1,-1,0,2,2,2,—2 = ’Y%, V22221 = W0,1,—-1,2,2,2,—2 = ’Yi, V22223 = W0,-1,1,2,2,2,—2 = ’71_91,
V22232 = W-1,1,0,2,2,2,—-2 — 7%37 V22233 = W-1,0,1,2,2,2,—2 — 7§41, V22312 = W2,-1,-1,2,3,2,—-2 — ’Y%g,
V22321 = W1,1,-2,2,3,2,-2 = ’7%57 V23222 = w0,0,0,3,1,2,—-2 = 7:13.0, V23312 = W2,-1,-1,3,2,2,—2 — ’73,
V23321 = W1,1,-2,3,2,2,—-2 = 7%; V32333 = 10,0,0,2,4,3,—3 = V39, V33322 = W1,0,—1,3,3,3,—3 = Vé,

_ A1 _ 1
V33323 =— W1,-1,0,3,3,3,-3 = V11> ¥33332 = Wo,1,-1,3,3,3,—3 = 7V8>-

(4.32)
Once more we see that each term possess at least one counter term in each version of the
potential. We leave it as open issue to construct all orbits, to find a closed formula or even
computing the sums.

4.1.4 Partial sums

Alternatively, to converting the five infinity sums into one infinite sum over orbits of the
Coxeter element, we may also consider partial sums for specific choices of some of the sum-
mation indices compatible with the Diophantine equation with one infinite sum remaining.
We already encountered partial sums in obtaining potentials of the form (4.15). While this
term was not invariant under the entire Weyl group, it was by construction invariant under
the action of the Coxeter element. We list here some further possibilities:

For instance, the choice p — [,q — 1 +1,m — [,n — [ satisfies the Diophantine
equation (2.5) and leaves one infinite sum in the general potential (4.12) . Taking also all
coupling constants to be the same g and using the 3+4 dimensional representation for the
roots «; we are left with

- g 4A <2A>
V = _— = \p P 4'33
@ ; A+Bl+ 52 B> \ B (4.33)

where ¥(z) := (InT'[z])" is a polygamma function and A = a3 —2g5q4 + 2, B = 243 +
20694 — 29794 — 2q% — 2q5q6 + 2g5q7. The sum in (4.33) has been carried out explicitly.

Concretely we obtain the potential

g q4 — Qs
Vi(g) = 5 U ( > : (4.34)
(qa+ a5+ a6 — aq7) Q4+ g5+ g6 — a7

For the choice p - 1,qg — I,m — 1+ 1,n — 1 4+ [ we obtain in the same manner

g q2 — q1
Vig) = S ( > : (4.35)
(g4 + a5+ a6 — aqr) a4+ a5+ a6 — a7
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For the choice p — k,q — 2k,l — 2k + 1, m — k,n — k then subsequent infinite sum
over k yields

(1 — g3 + g5)°
Vi(q) = 3 (4.36)
(g1 —a3+a5) (@1 — g3+ 2qa + g5+ g6) + (—q1 + g3 — Tg5) q7]
(1 — g3+ g5) 2

(1—aq3+a5) (1 —q3+2q0 + g5+ q6) + (—q1 + 93— Tg5) g7 |

x U

Another interesting choiceisp - -1 —k,q > -2—-2k,m —> —-1—-k,n—> —-1—k, I —
—2k — 1, which would mean we extend the sums in (4.12) to the negative range. In the
case we obtain the potential

(g1 — a3+ q5)°

Va(q) = 3 (4.37)
(g1 —a3+a5) (@1 — g3+ 2q2 + g5+ g6) + (—q1 + g3 — 7g5) q7]
x\IJ[l— (1 —3+g5)° ]
(@1 — a3+ a5) (@1 — g3 +2q1 + g5 + q6) + (—q1 + g3 — Tg5) g7

Using that fact that W(z) + (1 — 2) = 72/ sin(7z)? the sum of the two potentials yields

2
Vi(q) + Va(q) = ™ (a1 = a3 5 45) S (4.38)

(1 —a3+a5) (@1 — a3+ 2qa + g5+ gs) + (—q1 + a3 — Tg5) q7]

—2
(1 —q3 +q5)2 ]
(@1 —a3+a5) (1 — g3 +2q4+ g5 +q6) + (—q1 + 93 — 7g5) g7

X sin |:’/T

Evidently, these potentials are not invariant under the action of the full Lorentzian Weyl
group, but they involve no infinite sum and admit a partial symmetry.

5. Conclusions

We discussed general properties of infinite Weyl groups of affine, hyperbolic and Lorentzian
type. As concrete examples we presented the (Az)g, (A2)—1 and (Az)_2 cases, for which
we paid particular attention to the properties of the respective Coxeter elements. In each
case we derived closed formulae for the infinite orbits of these elements.

For the (A3)_2 case we exploited the fact that the associated Dynkin diagram can be
bicoloured. We proved that the Kostant identity (3.6) also holds for Lorentzian algebras.
We also showed that while there are no integer exponents for these algebras, the analogue
quantities of them still add up pairwise to m. These features allowed for a systematic
analysis of the respective invariants. We showed that independent invariants at higher
degree do not exist, which in turn indicates that the standard approach to utilize these
invariants in the construction of integrable systems can not be pursued.

Finally, we used the structures found to formulate models of Calogero type with an
in-built infinite symmetry. In their raw form the potential of these models contain as
many infinite sums as simple roots of their associated algebras simply constrained by a
Diophantine equation. However, using the formulae for the Coxeter orbits we argued that
these sums may be reduced. In the case of the invariant affine potential we showed that
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the remaining single infinite sum may even be computed explicitly. For the models based
on the hyperbolic or Lorentzian algebras it remains an open issue how to systematically
generate these representatives, whether there are finitely many representatives and whether
the sum over the Coxeter orbits can be computed explicitly. We demonstrate, however, that
one may perform subsets of the infinite sums obtaining in this manner potentials that are
invariant under the action of the Coxeter element. We also stress once more that generating
all orbits needed in the potential is different, and more restricted, than generating the entire
root space from all orbits. As we have seen for the case of the affine Weyl group when the
orbits are generated within the potentials we may use their particular symmetries, such as
parity invariance and the fact that we may shift the summation indices. These properties
made it possible to construct invariant potentials from a finite number of terms. Thus, the
feasibility of a closed-form computation for hyperbolic or Lorentzian Calogero potentials
based on the summability of affine subpotentials is a subject for future investigation.

Besides the numerous fundamental mathematical issues left open, there are many fur-
ther interesting questions left for future investigations. The generalisation beyond rational
potentials to models of Calogero-Moser-Sutherland type appears to be straightforward. It
would also be interesting to consider extended algebraic systems beyond the two examples
of Ay and As presented here. Of course, ultimately one would also like to understand the
quantum versions of the models proposed here.
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