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ABSTRACT 
Bubbles and ultrasound in biomedical applications often involve large to extreme 

deformations of the surrounding medium which conventional models fail to handle. The present 

work introduces a novel unified numerical model for compressible multi-material flows with 

block-structured adaptive mesh refinement. The five-equation diffuse interface model is 

expanded to include Eulerian hyperelasticity. This is done by tracking deformations of all solid 

materials with a conservation law for the elastic stretch tensor. Thus, the model is applicable to 

any arbitrary number of interacting fluid and solid materials. Subsequently, the capabilities of 

the model are showcased by investigating the potential for mechanical, and later by 

incorporating complex thermodynamics, thermal damage in ultrasound-induced collapse of air 

bubbles near soft materials. Firstly, the results reveal that soft materials primarily experience 

tensile forces during these interactions, suggesting potential tensile-driven injuries that may 

occur in relevant treatments. The bubble radius was found to play a crucial role in dictating the 

stresses experienced by the tissue, underscoring its significance in medical applications. It is 

documented that while early bubble dynamics remain relatively unaffected by changes in shear 

modulus of the soft material, at later stages the penetration processes and the deformation 

shapes, exhibit notable variations. Secondly, the lack of accuracy of commonly used equation 

of states (EoS) such as the stiffened-gas (SG) EoS is depicted through a compression case and 

spherical bubble collapse. It was found that the SG EoS can lead to up to 800% error in the 

predicted temperature at a 10GPa compression compared to the IAPWS EoS. Moreover, the 

fake temperature front observed in the spherical bubble collapse when using SG is alleviated 

by using IAPWS, the Modified Tait or the MNASG EoSs. Then, the rigid-wall heating in 

lithotripter pulse induced collapse of an air bubble is investigated. A significant temperature 

increase of 25K was observed at the lowest selected standoff distance which could lead to 

thermal damage. Thirdly, motived by the latest work on temperature predictions by real-fluid 

EoSs, the multi-material model was extended to complex thermodynamics. The temperatures 

induced in ultrasound-driven bubble collapses near soft materials was examined utilizing the 

RKPR EoS in tabulated format and the MNASG in parametric form. Three primary heating 

mechanisms were identified, with the highest temperature resulting from post-collapse shock. 

Findings reveal smaller bubbles induce stronger shocks and higher temperatures, while 
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increased standoff distances diminish maximum temperatures due to spherical shock 

propagation and rapid gas cooling on approaching soft materials. 
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PRESENT CONTRIBUTION 
The major contributions and novelty of the present thesis can be summarized in the 

following points: 

• Development of a multi-material diffusive interface model incorporating complex 

thermodynamics with block-structured adaptive mesh refinement. 

A novel model based on the five-equation DIM is outlined, augmented by the kinematic 

equations of the stretch tensor. Unlike the previously published Eulerian hyperelasticity models, 

the current model only uses a single kinematic equation to track all deformations. Moreover, 

previous publications utilized the HLLC Riemann solver where the shear waves were modeled 

as a contact discontinuity, thus making the shear waves overly diffusive. Here, the HLLD 

Riemann solver was utilized, which introduces a family of slow waves used to model the shear 

waves. A block-structured AMR with local time-stepping was utilized to accurately solve the 

different scales of the multi-material flow and preserve the sharpness of the interfaces and 

waves. Later, the model is extended to include complex thermodynamic utilizing an iterative 

method to compute the mixture pressure. The thermodynamics of each material can be 

separately modelled by using different EoSs in tabulated or parametric form. 

• A comprehensive analysis of mechanical loads experienced by the soft material 

during ultrasound-induced bubble collapse. 

The findings of the study reveal that the tissue predominantly experiences tensile forces 

compared to compressive or shear forces, indicating that injuries are predominantly tensile-

driven. The areas of maximum tensile forces where tissue injury could incur are shown. 

Furthermore, the bubble radius is identified to play a pivotal role in the stresses experienced by 

the soft material, emphasizing its importance in medical applications. Meanwhile, variations in 

shear modulus, while having a minimal impact on early bubble dynamics, noticeably influence 

the penetration process in later stages as well as the shape of the deformations. 

• Prediction of temperature using real-fluid equation of state. 

The deficiencies of common EoSs for the liquid state ought to both the unphysical specific 

heat ratio and the absence of terms considering repulsive molecular effects, is demonstrated. It 

is observed that the SG EoS leads to above 800% error in temperature rise compared to the 
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prediction obtained with the IAPWS one, at the highest compression of 10 GPa investigated. 

Moreover, the more complex and accurate modified Tait and IAPWS EoS can resolve and 

eliminate the spurious liquid temperature front that is predicted when the SG EoS is used, and 

which can be as high as 400 K. 

• Temperatures produced during ultrasound-driven collapse of air bubbles near soft 

materials. 

After showing the importance of using real-fluid EoS for predicting temperature, the 

complex thermodynamics methodology previously employed is incorporated into the multi-

material model to study the heating in ultrasound-induced bubble collapse near a soft material. 

The findings reveal that three heating mechanisms are present. Firstly, the ultrasound 

propagating inside the soft material. Secondly, the shock emitted by the bubble’s collapse which 

is the mechanism that produces the highest temperature although momentary. Thirdly, after the 

bubble collapses, it migrates toward the soft material and makes contact heating it up in the 

process. However, the bubble contact mechanism becomes less important as the standoff 

distance increases since the gas has time to cool down while moving downstream. Meanwhile, 

the heating experienced by the shock emitted at the bubble’s collapse is observable at all 

standoff distances although greatly diminished. Furthermore, the analysis showed that smaller 

bubbles produce higher temperatures, especially upon collapse, and significantly enhance 

heating when in contact with the soft material. 
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1.1 MOTIVATION 

Bubbles and ultrasound have found vast medical applications, ranging from diagnostic to 

therapeutic procedures [1], [2], [3]. Ultrasound Contrast Agents (UCAs) are encapsulated 

microbubbles, either liquid-filled or gas-filled with a lipid or protein layer, introduced into the 

bloodstream for enhanced sonographic visualization, utilizing the acoustic signals they emit 

under ultrasound fields and the resulting backscattering for targeted imaging [4]. High-intensity 

focused Ultrasound (HIFU) is a therapeutic technique utilizing ultrasound waves to thermally 

ablate targeted tissues, particularly in cancer treatments [5], by generating localized heat, 

although concerns exist regarding its safety and potential tissue damage [6]. Histotripsy, an 

alternative to HIFU, aims to mechanically create tissue lesions without thermal coagulation, 

utilizing the shear stress from the expanding and contracting cavitation cloud for tissue 

bisection [7]. Alternatively, boiling histotripsy leverages HIFU-induced boiling for precise 

tissue emulsification using longer pulses and lower peak pressures, driven by shock fronts, 

tissue heating, and localized boiling, offering more predictable outcomes than conventional 

cavitation-based histotripsy [8]. Extracorporeal Shock Wave Lithotripsy (ESWL) is a non-

invasive treatment for urinary lithiasis that utilizes focused shock waves to fragment kidney 

and ureteral stones, primarily through the generation and collapse of cavitation bubbles; 

however, this mechanism can also induce trauma to thin-walled vessels in the kidneys and 

adjacent tissues, leading to potential complications such as hemorrhage and inflammation [9]. 

1.2 PROBLEM DESCRIPTION 

Understanding the dynamics of air bubbles in a liquid medium near soft biological tissues 

is crucial for enhancing the effectiveness and safety of medical treatments such as High-

Intensity Focused Ultrasound (HIFU), Histotripsy, and Extracorporeal Shock Wave Lithotripsy 

(ESWL). These procedures rely on precise control of bubble dynamics to avoid unintended 

tissue damage and improve therapeutic outcomes. 

In this research, we investigate the behavior of an air bubble introduced in a liquid medium, 

situated close to a soft material. The system is subjected to ultrasound waves, which induce 
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oscillations and potential collapse of the bubble. This setup mimics conditions found in various 

medical treatments, where understanding bubble dynamics is essential for optimizing 

therapeutic efficacy and minimizing side effects. It is important to note that our study considers 

air bubbles and does not account for the presence of vapor bubbles. 

(a) 
(c) 

(b) 

 

(d) 

Figure 1-1. Problem Context: Bubble Dynamics in Medical Ultrasound Treatments (a) Bubble 
Dynamics Under Compression and Expansion. (b) High-Intensity Focused Ultrasound (HIFU) 

Therapy. (c) Targeted Drug Delivery Using Ultrasound Contrast Agents. (d) Extracorporeal Shock 
Wave Lithotripsy (ESWL) Process. 

Figure 1-1(a) illustrates the compression and expansion phases of an air bubble in a liquid or 

tissue medium. During these phases, the bubble undergoes significant deformations due to 
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external forces such as ultrasounds, which can impact the surrounding soft tissue and can lead 

to damage. 

The problem involves several complexities due to the interactions between different phases—

gas within the bubble, the surrounding liquid, and the soft biological tissue. Each phase has 

distinct physical properties, and their interactions can lead to complex phenomena. For 

example, the bubble can undergo significant deformations due to the ultrasound waves, 

affecting the liquid and the soft material in various ways. Traditional FSI models often struggle 

to accurately capture these large deformations and the resulting stresses and strains in the soft 

material. 

Moreover, biological tissues exhibit non-linear and anisotropic mechanical properties, meaning 

their response to mechanical loading can vary significantly based on factors such as strain rate 

and direction of loading. Accurately modeling these properties is crucial for predicting tissue 

behavior under dynamic conditions. 

Figure 1-1(b) demonstrates the HIFU therapy process. A transducer emits focused ultrasound 

waves that target a tumor, creating lesions and ablating the cancerous tissue. Accurate modeling 

of bubble dynamics and thermal effects is essential to optimize the treatment and avoid damage 

to surrounding healthy tissues. 

Figure 1-1(c) shows the use of ultrasound contrast agents for targeted drug delivery. Ultrasound 

waves cause microbubbles to permeate endothelial cells, facilitating drug delivery to tumors. 

This process relies on precise bubble dynamics to ensure effective and safe drug delivery. 

Figure 1-1(d) illustrates the ESWL process, where focused shock waves are used to fragment 

kidney stones. The shock waves cause the stones to break into smaller pieces, which are then 

passed out of the body. Understanding the bubble dynamics during shock wave exposure is 

critical to minimizing tissue damage and improving treatment efficacy. 

Thermodynamic variations add another layer of complexity. The rapid compression and 

expansion of the bubble can lead to significant changes in temperature and pressure, especially 

in the liquid medium. These thermodynamic changes can impact tissue integrity and must be 

accurately modeled to predict potential thermal damage. 

Key challenges in this problem include accurately tracking the interfaces between the bubble, 

liquid, and soft material, managing the high computational demands of simulating such 
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systems, and obtaining reliable experimental data for validation. Addressing these challenges 

is essential for developing robust computational models that can enhance the safety and efficacy 

of medical treatments involving ultrasound-induced bubble dynamics. By improving our 

understanding and control of these processes, this research aims to contribute to better patient 

outcomes and more effective therapeutic techniques. 

1.3 STATE OF THE ART 

1.3.1 MODELS FOR FSI 

The numerical resolution of those flows is challenging due to their multi-physics character. 

The most common fluid-structure interaction (FSI) approach is to partition the resolution of the 

fluid and solid domains. A coupling strategy is then adopted where both solvers are either one-

way or two-way coupled through boundary conditions [10]. The Arbitrary Lagrangian-Eulerian 

(ALE) method combines Lagrangian and Eulerian descriptions for fluid-structure interactions 

by adjusting the computational mesh in response to structural movements[11]. This flexibility 

allows it to accommodate both fluid and structural dynamics. However, a significant drawback 

is its vulnerability to large deformations. Such deformations can lead to mesh tangling and 

degradation of mesh quality, necessitating frequent remeshing, which can be computationally 

expensive and complex [12]. The Immersed Boundary (IB) method, on the other hand, employs 

a unique approach by using separate grids for fluid and solid [13]. The solid structure is 

conceptually "immersed" into the Eulerian fluid grid, and their interaction is governed by 

boundary conditions at the interface. This method offers versatility, especially for intricate 

geometries. However, it can face challenges during large deformations, particularly in 

accurately representing the fluid-structure interface. A notable issue is the potential smearing 

of the interface, leading to possible non-physical oscillations near the immersed boundary, 

which can compromise the solution's accuracy [14]. Conversely, Eulerian methods are suitable 

for simulating large deformations, decoupling material, and spatial coordinates. Recent 

advancements in Eulerian elasticity [15], [16], [17], [18], [19], [20] paired with sharp [21] or 

diffuse interface methods [15] enable FSI applications with multiple materials. Notable 
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methods with sharp interfaces include the Ghost Fluid Method (GFM) [21], [22], [23] and the 

cut-cell method [24], [25], [26]. Both methods suffer either from introducing non-conservative 

terms or complex reconstructions, mixed-cell algorithms challenging to implement, and small-

cell instability. Numerous DIMs for multi-fluid flows are reported [27], [28], [29], [30], [31], 

[32], [33], encompassing bubble dynamics [34], [35], [36], droplet fragmentation [31], complex 

thermodynamics [37], [38], [39], and cavitation sub-grid models [39], [40], [41], [42], [43], 

[44]. The multi-fluid model [29] was integrated with Eulerian hyperelasticity, although tracking 

multiple solids is computationally prohibitive. A single deformation tensor for multiple 

materials was first proposed in [45] but resulted in significant errors at large density gradients. 

Alternatively, a single conservation law for the deformation tensor was presented in [17] and 

later associated with the Allaire DIM [27]. In [34] the inability of the Allaire DIM to accurately 

capture bubble dynamics due to thermodynamic incompatibility [46] was highlighted. 

Recently, the current authors proposed a formulation [47] based on the Kapila DIM [33] and 

the conservation law for the stretch tensor from [17] which is extended here to include complex 

thermodynamics for any materials [48]. 

1.3.2 BUBBLE-SOFT MATERIALS NUMERICAL 

STUDIES 

A few numerical studies have been published on the topic of bubble collapse or 

oscillation near soft materials. In [49] investigated bubble oscillations near a fluid-fluid 

interface utilizing a Boundary Integral Method (BIM), highlighting that depending on the 

density ratio, bubbles could either gravitate towards or be repelled from the interface. The 

authors of [50] expanded the previous work by adding elasticity to the interface, unveiling the 

emergence of mushroom-shaped bubbles. This phenomenon was experimentally substantiated 

in [51]. Following in [52] investigated shock-induced bubble jetting in proximity to viscous 

fluids, concluding that increased tissue viscosity can significantly reduce jet penetration depth. 

In  [53] studied shock bubble interaction near soft and rigid boundaries modeled as fluids during 

lithotripsy using an improved Ghost Fluid Method (GFM). The impulse from the bubble's 

collapse was linked to tissue displacement, potentially causing tissue damage or stone 

fragmentation. In [36] studied the potential injury mechanisms in shockwave lithotripsy in 
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blood vessels utilizing a multi-fluid DIM, discovering that as bubble confinement increases, so 

do the pressures and deformations on the vessel wall. In [54] utilized a free Lagrangian method 

to investigate the impingement of high-speed liquid jets resulting from shock-induced 

collapsing bubbles. Their findings showed that these jets exerted such significant compression 

on aluminum that it led to both pitting and plastic deformation. The authors of [55] investigated 

bubble shapes and maximum jet velocity when subject to an ultrasound forcing near different 

soft materials using BEM with linear elasticity. In [56] studied the ultrasonic forcing of a UCA 

bubble above a tissue layer with rigid backing using a BIM. The re-expansion of the toroidal 

bubble could separate the tissue layer from the rigid backing, a mechanism identified as 

“peeling”. In [57] utilized a two-dimensional Finite Element Method (FEM) to analyze bubble–

blood–vessel interactions, showing that vessel constraints can shift a bubble's resonance 

frequency, causing asymmetric oscillations and inducing potentially damaging shear stress on 

the vessel wall. The study emphasized the role of the bubble's resonance frequency and 

ultrasound contrast agent shell elasticity in these dynamics. In [58] utilized a BEM to 

investigate microbubble dynamics in elastic micro-vessels under ultrasound forcing. Their 

findings highlighted that when the bubble and vessel's radii are comparable, the ultrasound 

forcing can cause the bubble to elongate within the vessel, forming counter jets that deform the 

vessel wall. In [59] investigated the impact of a shockwave on a bubble near various solid 

materials and the effect of the acoustic impedance on the shockwave emissions and liquid jet 

strength. They utilized a partitioned approach where the fluid was solved using a compressible 

multi-fluid solver and the solid using a FEM solver. Lastly, the work of [60] utilized an Eulerian 

multi-material DIM [61] with AMR to investigate the shock-induced bubble collapse near solid 

materials during lithotripsy. Their findings highlight the importance of the bubble stand-off 

distance on the shapes of the bubble and of the tissue. While these studies provide valuable 

insight into the bubble dynamics: collapse pressure, liquid jet velocities, and shape of the 

bubble; very little focus if any has been placed on the stresses developed in soft materials. 
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1.3.3 NUMERICAL STUDIES OF TEMPERATURE 

FIELDS DURING BUBBLE-SOLID 

INTERACTION 

Few numerical studies have been published investigating temperature fields during bubble 

collapse near solid walls. The work of [83] is the most relevant to the present investigation; 

numerical simulations to examine the temperature variations arising from the collapse of a gas 

bubble near a solid surface, under varying stand-off distances and driving pressures were 

presented. The study highlighted two distinct mechanisms responsible for peak temperatures 

along the wall: reflection of the shock produced by bubble collapse for larger stand-off 

distances, and direct contact of the bubble for shorter distances. A scaling for fluid temperature 

prediction and an analytical heat transfer model were proposed, suggesting potential melting 

for soft, temperature-sensitive materials due to repeated bubble collapses. In [84] utilized a 

hybrid thermal lattice Boltzmann method to delve into nonisothermal laser-produced single 

cavitation bubble dynamics. Their findings emphasized high pressures and temperatures during 

the bubble's final collapse due to rapid internal vapor compression and explored the effects of 

nondimensional distances from a solid boundary on bubble behavior. Nevertheless, no attention 

was paid to the thermal damage mechanisms and focused on demonstrating the capability of 

the method. In [85] employed a pressure-based compressible fluid model to explore the 

thermodynamic effects during bubble collapse near a rigid boundary. Their numerical results 

were validated with experimental data on bubble shapes and the Keller-Kolodner equation. A 

substantial heat generation during bubble collapse was identified. Notably, their findings 

highlight the initial standoff's influence on the peak internal temperature, which increases in the 

collapse phase and decreases during the rebound. To the best of the author’s knowledge, no 

numerical study focusing on temperature and complex thermodynamics of ultrasound-induced 

bubble collapse near a soft material has been reported yet. 
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1.4 IMPORTANCE OF 

THERMODYNAMICS 

In addition to accurately modeling the bubble-soft material interactions under an ultrasound 

pulse, accurate modeling of the thermodynamics is also crucial. The rise in temperature during 

medical applications like HIFU, Histotripsy, and ESWL is a significant concern, primarily 

because of the risk of thermal injury to surrounding tissues [62]. HIFU aims at elevating the 

temperature to induce tissue ablation and coagulation [63], although the heating of the 

intervening tissue is a concern [6]. In ESWL, shock waves disintegrate kidney stones, but the 

associated heat from the propagation of the repeated pulses and the collapse of cavitation 

bubbles can pose risks to surrounding tissues [9]. Both cavitation and the conversion of 

ultrasound absorption to heat contribute to these temperature changes, emphasizing the need to 

model cavitation-induced heating for the safety and efficacy of these treatments [64]. The vast 

majority of numerical bubble dynamics studies utilize the stiffened gas (SG) [65], [66], [67], 

[68], [69], [70] or Tait [71], [72], [73], [74], [75], [76], [77] EoSs. Although these two EoSs are 

easy to implement, they are unable to describe the liquid thermodynamic behavior appropriately 

as the first one uses an unphysical specific heat ratio while the latter does not account for density 

changes due to temperature variations. Therefore, thermal effects were not discussed in these 

studies. In a previous publication, the current authors compared the ideal gas (IG) to real gas 

EoSs: Helmholtz [78], Peng-Robinson (PR) [79], and Redlich-Kwong Peng-Robinson (RKPR) 

[80]. It was shown that the IG EoS largely overpredicts the temperature of the gas during bubble 

collapse. Similarly, the SG EoS used for liquid thermodynamics is not able to provide 

temperature predictions due to an unphysical specific heat ratio. Alternatively, the Noble-Able-

Stiffened-Gas (NASG) EoS is an improvement of the SG EoS by adding repulsive forces to 

reduce the density error [81]. Later, in [82], it was shown that the NASG EoS overpredicts the 

water density at low pressures when using the saturation value as the reference state. The 

reference states of the variables were modified resulting in new coefficients, referred to as the 

modified-NASG (MNASG). 
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1.5 PUBLICATIONS 

Peer-Reviewed Journal Publications (newest first): 

• A. Shams, S. Bidi and M. Gavaises, “Investigation of temperatures produced during 

ultrasound-driven collapse of air bubbles near soft materials”, awaiting publication. 

o Armand Shams: Conceptualization, Data curation, Formal analysis, 

Investigation, Methodology, Software, Validation, Visualization, Writing – 

original draft, Writing – review & editing. Saeed Bidi: Conceptualization, 

Methodology, Writing – review & editing. Manolis Gavaises: 

Conceptualization, Funding acquisition, Project administration, Resources, 

Supervision, Writing – review & editing. 

• S. Bidi, A. Shams, P. Koukouvinis and M. Gavaises, “Prediction of shock heating during 

ultrasound-induced bubble collapse using real-fluid equations of state”, Ultrasounds 

Sonochemistry, https://doi.org/10.1016/j.ultsonch.2023.106663. 

o CRediT authorship contribution statement: Saeed Bidi: Conceptualization, Data 

curation, Formal analysis, Investigation, Methodology, Software, Validation, 

Visualization, Writing – original draft, Writing – review & editing. Armand 

Shams: Conceptualization, Data curation, Formal analysis, Investigation, 

Methodology, Software, Validation, Visualization, Writing – original draft, 

Writing – review & editing. Manolis Gavaises: Conceptualization, Funding 

acquisition, Project administration, Resources, Supervision, Writing – review & 

editing. 

• A. Shams, S. Bidi and M. Gavaises, ”Investigation of ultrasound-induced collapse of 

bubbles near soft materials”, Ultrasounds Sonochemistry, 

https://doi.org/10.1016/j.ultsonch.2023.106723. 

o CRediT authorship contribution statement: Armand Shams: Conceptualization, 

Data curation, Formal analysis, Investigation, Methodology, Software, 

Validation, Visualization, Writing – original draft, Writing – review & editing. 

Saeed Bidi: Conceptualization, Methodology, Writing – review & editing. 

Manolis Gavaises: Conceptualization, Funding acquisition, Project 

administration, Resources, Supervision, Writing – review & editing. 

https://doi.org/10.1016/j.ultsonch.2023.106663
https://doi.org/10.1016/j.ultsonch.2023.106723
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• S. Bidi, P. Koukouvinis, A. Papoutsakis, A. Shams, M. Gavaises “Numerical study of 

real gas effects during bubble collapse using a disequilibrium multiphase model”, 

Ultrasounds Sonochemistry, vol. 90, November 2022, 106175, 

https://doi.org/10.1016/j.ultsonch.2022.106175. 

o CRediT authorship contribution statement: Saeed Bidi: Conceptualization, 

Methodology, Software, Validation, Formal analysis, Investigation, Data 

curation, Writing - original draft, Writing - review & editing, Visualization. 

Phoevos Koukouvinis: Conceptualization, Methodology, Software, Validation, 

Formal analysis, Data curation, Writing - review & editing, Supervision. 

Andreas Papoutsakis: Writing - review & editing, Supervision. Armand 

Shams: Conceptualization, Methodology. Manolis Gavaises: 

Conceptualization, Resources, Writing - review & editing, Supervision, Project 

administration, Funding acquisition. 

 

Conference Proceedings (newest first): 

• A. Shams, S. Bidi and M. Gavaises, “Development of a multi-material diffuse interface 

model with Eulerian hyperelasticity”, IICR-7 2023. 

• S. Bidi, A. Shams, P. Koukouvinis and M. Gavaises, “One step towards capturing liquid 

thermodynamics in bubble collapse using tabulated data” IICR-7 2023. 

• A. Shams, A. Papoutsakis and M. Gavaises, “Investigation of the Fluid Structure 

Interaction of collapsing bubbles in the proximity of or engulfed within biological soft 

tissue”, CAV 2021. 

1.6 OBJECTIVES 

The cavitation literature focusing on potential mechanisms for material damage due to 

bubble collapse mostly does not model solid dynamics due the complexity of fluid-structure 

interaction solvers. Additionally, the traditional FSI approaches fail under large to extreme 

deformations common to biological flows. Henceforth, the primary aim herein is to develop a 

https://doi.org/10.1016/j.ultsonch.2022.106175
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unified model of continuum mechanics for compressible multi-material flows appropriate to 

biomedical applications. 

The main objectives of the present thesis are summarized as follows: 

1. To develop and implement a compressible diffuse interface multi-material model with 

block-structured adaptive mesh refinement capable of simulating biological flows 

accurately and efficiently. 

2. To investigate the mechanical loading of soft materials in ultrasound-induced bubble 

collapse and the mechanisms contributing to mechanical tissue damage. 

3. To examine the importance of using real-fluid EoS for accurate temperature predictions and 

to expand the proposed multi-material model to complex thermodynamics. 

4. To elucidate the temperatures induced during ultrasound-driven bubble collapse near soft-

materials and identify the potential thermal damage mechanisms. 

1.7 THESIS OUTLINE 

The main body of the present thesis is organized, as described below: 

Chapter 2 introduces the developed multi-material model, its governing equations, the 

thermodynamic closure, and the numerical methods used to discretize it. Stringent validation 

cases for the model are also presented. 

Chapter 3 investigates the mechanical loading of soft materials in ultrasound-induced bubble 

collapse. A parametric study is conducted to demonstrate the effects of the bubble radius, 

standoff distance and shear moduli on the bubble-soft material dynamics and the stresses 

developed. 

Chapter 4 examines the lack of accuracy of common EoSs in bubble collapse and the necessity 

to use real-fluid EoSs when predicting temperatures. A lithotripter pulse induced bubble 

collapse near a rigid wall using real-fluid EoSs is presented along with predictions of 

temperatures. This is joint work where the first and second authors had equal contributions. 

CRediT authorship contribution statement: Saeed Bidi: Conceptualization, Data curation, 

Formal analysis, Investigation, Methodology, Software, Validation, Visualization, Writing – 



Chapter 1 Introduction 

 34 

original draft, Writing – review & editing. Armand Shams: Conceptualization, Data curation, 

Formal analysis, Investigation, Methodology, Software, Validation, Visualization, Writing – 

original draft, Writing – review & editing. Manolis Gavaises: Conceptualization, Funding 

acquisition, Project administration, Resources, Supervision, Writing – review & editing. 

Chapter 5 expands the multi-material model to real-fluid EoSs and elucidates the temperatures 

produced during ultrasound-driven bubble collapse near soft-materials. The potential for 

thermal damage was assessed by identifying three heating mechanisms. A parametric study on 

the bubble radius and standoff distance is also performed to understand their impact on heating. 

Chapter 6 highlights the major conclusions of the present work and presents recommendations 

for future studies and applications. 

Chapter 7 summarizes the peer-review journal and conference proceedings publications 

produced from the present work. 
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2 METHODOLOGY 
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2.1 GOVERNING EQUATIONS 

The non-conservative seven equation of [86] is known to be the most general and 

complete diffuse interface model able to capture complex wave patterns. Indeed, this full 

disequilibrium model considers each phase to have its own pressure, velocity and temperature. 

The time scales of these variables at equilibrium conditions are modeled by source terms. 

However, since the time scales for equilibration are small, it leads to stiff source terms, making 

its numerical resolution challenging. To overcome this, in this work, a reduced model is used 

by applying stiff mechanical relaxation leading to the well-known five-equation model of [33] 

with a single pressure, velocity, and deviatoric strain in the mixture regions. The multi-

component flow model is extended with a kinematic equation for the elastic stretch tensor 

incorporating Eulerian hyperelasticity. In the limit of 2 materials, the model results in a non-

conservative volume faction equation, two mass, one momentum, one energy conservation 

equations, and in addition, nine non-conservative elastic stretch equations. The resulting model 

can accurately simulate fluid-structure interactions for any number of material interfaces and 

can exhibit complex wave patterns where both acoustic and stress waves are captured. In this 

paper, the focus is placed on ultrasound-driven bubble collapse near soft materials at time scales 

where inertial forces dominate. Hence, the effect of surface tension, viscosity, mass transfer, 

and phase transition are neglected, see [87][88][89] for justification. For 𝑙 = 1,… ,𝑁 materials: 
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where the scalar fields 𝛼$, 𝜌$, 𝑢$, 𝐸 are the volume fraction, the density, the velocity, and the 

total energy, 𝝈 the stress tensor, 𝑽Z&the symmetric left unimodular stretch tensor. The 

compression and expansion of each phase in the mixture region are modeled by 𝐾(")
()!
(*!
 where: 

𝐾(") = 𝛼(") ]
𝜌𝑐+,

𝜌(")𝑐("),
− 1_, ( 2 ) 
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with the pressure equilibrium speed of sound [30], a generalization of Wood’s speed of sound 

expressed as: 

𝑐+ = `𝜌a
𝛼(")
𝜌(")𝑐("),

-

"./

b

0/,

. ( 3 ) 

The mixture total energy is: 

𝐸 = 𝑒 + |𝒖|/2, ( 4 ) 

where 𝑒 is the mixture specific internal energy and 𝒖 is the velocity vector. The following 

mixture rule for the internal energy applies: 

𝑒 =a𝑌(")𝑒(")(𝜌("), 𝑝, 𝑩Z)
-

"./

, ( 5 ) 

where 𝑒(") are the specific internal energies of each phase, 𝑌(") are the mass fractions of each 

phase, 𝑩Z = 𝑭Z𝑻𝑭Z is the unimodular part of the left Cauchy Green strain tensor and 𝑭Z is the 

unimodular deformation tensor. The mass fractions of each phase are given by: 

𝑌(") =
𝛼(")𝜌(")
𝜌 , ( 6 ) 

The specific internal energy 𝑒 for each material is defined by an equation of state (EoS) and a 

constitutive law where the hydrodynamic and elastic contributions are separated [19] with the 

following form: 

𝑒(")i𝜌("), 𝑝, 𝑩Zj = 𝑒(")
2 i𝜌("), 𝑝j + 𝑒(")

3 i𝜌("), 𝑩Zj, ( 7 ) 

The hydrodynamic part 𝑒(")
2  depends only on the density and pressure while the elastic part 𝑒(")

3  

depends on the density and strain tensor. A major advantage of this additive decomposition is 

the decoupling between the two contributions. The pressure is only defined by the 

hydrodynamic energy and the deviatoric stress tensor is only defined by the elastic energy. The 

stiffened gas EoS is used for the hydrodynamic energy: 

𝑝(") = i𝛾(") − 1j𝜌(")𝑒(") − 𝛾(")𝑝4,("), ( 8 ) 

where 𝛾("), and 𝑝4,(")are parameters of the EoS. The speed of sound of each material is defined 

as: 
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The elastic energy is subject to the choice of the strain energy density function. The Neo-

Hookean model was chosen here as it is a popular non-linear constitutive relationship used in 

biomedical applications to model tissue: 

𝑒(")
3 l𝜌("), (𝑩Z)m =

𝜇$
2ρ6$

(𝐼/̅ − 3), ( 10 ) 

where 𝐼/̅ is the first invariant of the unimodular left Cauchy Green strain tensor defined as: 

𝐼/̅ = 𝑡𝑟i𝑑𝑒𝑣(𝑩Z)j, ( 11 ) 

with 𝑑𝑒𝑣(𝑩Z) = 𝑩Z − 𝑡𝑟(𝑩Z)𝑰 is the matrix deviator and 𝑡𝑟(𝑩Z) is the trace. The Cauchy stress 

tensor is derived from the constitutive law: 

𝝈 =
2
𝐽 𝑩

𝜕𝑊
𝜕𝑩, 

( 12 ) 

where 𝐽 = det	(𝑭) is the Jacobian of the deformation tensor. For a Neo-Hookean constitutive 

law, the Cauchy stress tensor can be expressed as follows: 

𝝈 = −𝑝𝑰 +
𝜌𝜇
𝜌6
𝑑𝑒𝑣(𝑩Z), ( 13 ) 

where p is the mixture pressure, 𝜌 is the mixture density, 𝜌6 is the initial mixture density of the 

materials and 𝜇 is the mixture shear modulus. The above formulation of the stress tensor allows 

modeling of both solids and fluids. For the latter, the shear modulus is zero, thus resulting in a 

spherical stress tensor and no elastic energy contribution. The mixture density is defined 

according to the mixture rule: 

𝜌 =a𝛼(")𝜌(")

-

"./

. ( 14 ) 

The saturation constraint equation is required to evaluate the volume fraction of the phases: 

a𝛼(")

-

"./

= 1. ( 15 ) 
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2.2 THERMODYNAMIC CLOSURE 

The thermodynamic assumptions that affect the materials involved in bubble dynamic 

cases can play a detrimental role in the temperature distributions and even the dynamics of 

bubble collapse, although to a much lesser extent. The EoS can play a detrimental role in 

capturing the aforementioned variations of density during bubble collapse and can shed light 

on dissipation mechanisms. Further, the formulation of the EoS has a more intrinsic role, as it 

can affect the predictions of compression heating of the liquid, and thus, consequently 

influencing the temperature distribution and the heat transfer (from gas to liquid, or from the 

liquid to nearby solid/soft walls). In fact, in the former work of the authors [90], the relevant 

EoS has been demonstrated to greatly affect compression heating of the bubble contents during 

strong bubble collapses with the initial pressure ratio (defined as the ratio of external pressure 

to internal pressure 𝑡 = 0 s) of 353, leading to differences of 4,000K (or nearly 70%), between 

the commonly used IG EoS and real-fluid models. Similar effects, even though to a lesser extent 

can manifest in the liquid, as it will be further demonstrated here. Demonstrating an excellent 

accuracy and wide range of applicability in our previous work [90], the RKPR EoS is employed 

in this study for the gas phase in tabulated format with bilinear interpolation as a time-efficient 

numerical implementation compared to on-the-fly utilization of the parametric form [91]. 

2.2.1 TAIT EOS 

This is a polytropic-type EoS [92], [93] which originally relates liquid pressure to density. 

The original form of Tait EoS reads as: 

𝑝 =
𝜌6𝑐6,

𝑛 + yy
𝜌
𝜌6
z
7
− 1z + 𝑝6 ( 16 ) 

where 𝑝, 𝜌, and 𝑐 are pressure, density, and speed of sound, respectively. Subscript 0 denotes 

the reference state. Moreover, exponent 𝑛 is set to 7.15 for weakly compressible liquids such 

as water [94]. Whereas being rather simple and accurate in predicting liquid densities, it fails 

to describe density variations due to temperature and therefore, compression heating. This is 
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indeed the case for all EoS that links density to pressure only, i.e., having the form 𝑝 = 𝑓(𝜌). 

This observation stems from the fact that, in general, entropy can be written as [95]: 

 ( 17 ) 

The implication of this equation is that for any EoS written in the form of 𝑝 = 𝑓(𝜌), the partial 

derivative  is zero, hence entropy changes are a function of temperature only. It becomes 

thus apparent that in such cases, no matter how much a liquid will be compressed in a reversible 

and adiabatic manner (i.e., isentropic) it will not heat up, and thus the relevant dissipation 

effects are ignored. The Tait equation of state has been used in improved extensions of the 

Rayleigh-Plesset equation, such as Keller-Miksis [96] or Gilmore models [97], or resolved 

2D/3D bubble dynamic cases [98], [99], [100]. Alternative forms that incorporate temperature-

related effects have been proposed in the past discussed in [101], see for example Koop [102] 

or Saurel [103]; however, in both cases the authors have used a simplified representation for 

internal energy without considering density variation effects.  

Even though common liquids are characterized by weak compressibility, the immense 

conditions taking place during bubble collapse can produce significant compressions in the 

order of many GPa. Furthermore, since in reality the liquid density is affected by temperature 

also, the aforementioned compression will produce heating of the liquid. On the other hand, the 

simple liquid EoSs that consider density variations of density due to temperature can greatly 

overestimate this heating. A particular example of such a model, commonly used in bubble 

dynamics [104], [105], is the SG EoS (for which is the interested reader can refer to the work 

of Flatten et al. [106] for fundamental thermodynamic relations). To illustrate the deviations 

that such simplified models can produce, the performance of the simplified and advanced EoSs 

are compared with the most accurate database IAPWS [107] as a reference formulated in NIST 

Refprop [108] in the next section. 

2.2.2 MODIFIED TAIT EOS 

Expressing ( 16 ) for density, an alternative proposed hereafter has the following form: 
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𝜌 = ]
𝑝

𝜌6𝑐6,𝑓/(𝑇)
+ 1_

//7

𝜌6𝑓,(𝑇) ( 18 ) 

where 𝑓/(𝑇) and 𝑓,(𝑇) are functions that need to be determined. Any candidate formula, as the 

above, can be fitted to IAPWS datasets using NIST Refprop [108]. Two main parameters are 

required:  

1. The speed of sound should vary with respect to temperature and, at high pressures, 

decrease with increase of temperature. Here a function in the form of 𝑓/(𝑇) = {l9
:
m was 

chosen. 

2. The isobaric density variation with respect to temperature should have an inflexion 

point, due to the presence of the critical point. Naturally, this can be expressed by using 

a sigmoid function, such as tanh. Hence, a suitable candidate can have the form: 

𝜌(𝑝, 𝑇) = ]
𝑝

𝜌6𝑐6,|𝑎𝑇//𝑇
+ 1_

//7

𝜌6 ~1 − 𝑏. tanh y
𝑇 − 𝑇/
𝑇,

zÇ ( 19 ) 

The selected functions 𝑓/(𝑇) and 𝑓,(𝑇) are produced via data fitting taking numerical stability 

into account. The incentive behind the general monotonicity is provided in each point, i.e.: (a) 

speed of sound decreases with respect to temperature and (b) existence of inflection points in 

density near the critical point. The aforementioned density function defines also the specific 

volume, 𝜐 = /
;
.	Calibration of this formulation is done using IAPWS database, for a range of 

280 − 2000 K and 1000 − 10< Pa. After calibration, the following values for the coefficients 

are obtained: 𝑇/ = 650 Κ, 𝑇, = 550 Κ, 𝑎 = 0.277096868, 𝑏 = 0.659026, 𝜌6 = 708.9997	 
'=
>" and 𝑛 = 2. In the image below, red points correspond to IAPWS database, whereas the 

surface is the plot of the fitted 𝜌(𝑝, 𝑇) function.  
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Figure 2-1. IAPWS data on the surface plot of 𝜌(𝑝, 𝑇) where the red dots correspond to the IAPWS 
database. 

Apart from density relation to pressure and temperature, thermodynamic relations for the 

enthalpy, entropy, speed of sound need to be defined. For heat capacity at constant pressure 

there are constraints to be satisfied for the EoS to be consistent. From the definition of enthalpy 

𝑑ℎ = 𝑐+𝑑𝑇 + l𝜈 − 𝑇
?@
?:
m 𝑑𝑝, it must be an exact differential. Hence, 𝑐+ and specific volume 

are linked, as follows: 

𝑑𝑐+
𝑑𝑝 =

𝑑
𝑑𝑇 y𝜈 − 𝑇

𝑑𝜈
𝑑𝑇z ⇒ 𝑐+ = á

𝑑
𝑑𝑇 y𝜈 − 𝑇

𝑑𝜈
𝑑𝑇z𝑑𝑝 + 𝐶/

(𝑇) + 𝐶,
+

+#$%
. ( 20 ) 

The integral above comes directly from the choice of EoS; the only degree of freedom for 

adjusting 𝑐+ to a reasonable value comes from the functions 𝐶/(𝑇) and 𝐶,. 𝐶/ and 𝐶, are fitted 

using experimental data to adjust the theoretical expression for 𝑐+ so that it matches observed 

values. After fitting, 𝐶, = 10334 
A

'=.C
 and 𝐶/ = −4.889(𝑇 − 300). Also, the enthalpy function 

can then be obtained by integrating: 

𝑑ℎ = 𝑐+𝑑𝑇 + y𝜈 − 𝑇
𝑑𝜈
𝑑𝑇z𝑑𝑝. 

( 21 ) 

Similarly, entropy can be obtained by integrating: 
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𝑑𝑠 =
𝑐+
𝑇 𝑑𝑇 +

1
𝜌,
𝑑𝜌
𝑑𝑇 𝑑𝑝. 

( 22 ) 

Further, various derivatives of density and enthalpy can be defined, once the respective 

formulation is obtained, as ?2
?:
 , ?2
?+
	, ?;
?:
, and ?;

?+
, which can be further used to define speed of 

sound: 

𝑐 = â
𝜌 𝑑ℎ𝑑𝑇

𝜌 𝑑𝜌𝑑𝑝
𝑑ℎ
𝑑𝑇 +

𝑑𝜌
𝑑𝑇 l1 − 𝜌

𝑑ℎ
𝑑𝑝	m

, ( 23 ) 

and heat capacity at constant volume, 𝑐D, as: 

𝑐D = 𝑐+ −
l1𝑣
𝑑𝑣
𝑑𝑇m

,

y1𝜌
𝑑𝜌
𝑑𝑝z 𝜌

. ( 24 ) 

2.2.3 NOBLE ABEL STIFFENED GAS (NASG) 

AND MNASG EOSS 

The SG EoS involves molecular attractive and agitative forces. The aim of the Noble 

Abel Stiffened Gas (NASG) is to add repulsive forces to the SG EoS to reduce the density error 

as shown in [81]: 

𝑝 = (𝛾 − 1)
(𝑒 − 𝑞)
(𝜐 − 𝑏) − 𝛾𝑝4, 

( 25 ) 

where 𝑞, 𝑝4, and 𝑏 are the fluid heat bond, a characteristic constant, and co-volume as the 

volume of the molecules pack, respectively, all depending on the medium. More specifically, 

the molecular agitation is included in the term (𝛾 − 1)(𝑒 − 𝑞) while the repulsive forces are 

represented by (𝜐 − 𝑏). The term 𝛾𝑝4 represents the attractive effects leading to matter 

cohesion in liquid and solid states. It is noted that setting 𝑞 = 𝑏 = 0 recovers the original SG 

EoS. The temperature-based representation of the NASG EoS is derived from the Maxwell rules 

[81]: 



Chapter 2 Methodology 

 44 

𝑇 =
(𝜐 − 𝑏)(𝑝 + 𝑝4)

(𝛾 − 1)𝑐D
, ( 26 ) 

in which 𝑐D is heat capacity at constant volume. Also, the speed of sound in NASG is obtained 

from: 

𝑐, =
𝛾𝜐,(𝑝 + 𝑝4)
(𝜐 − 𝑏) . ( 27 ) 

The NASG coefficients for liquid water are presented in Table 1. These coefficients have been 

found to match well experimental data inside the temperature range [300-500 K] [81]. 

Table 1. NASG coefficients for liquid water 

𝒄𝒗 y
𝑱

𝒌𝒈𝑲z 
𝜸 𝒑4(𝑷𝒂) 𝒃]

𝒎𝟑

𝒌𝒈_ 
𝒒 y

𝑱
𝒌𝒈z 

3610	 1.19 7028 × 10G 6.61 × 100H −1177788 

In [82], it was shown that the NASG EoS overpredicts the water density at low pressures when 

using the saturation value as the reference state. Therefore, the reference states of the variables 

were modified to generate new values for 𝑝4 and 𝑏 as indicated in Table 2. The resulted 

thermodynamic closure is the MNASG EoS [82]. 

Table 2. MNASG coefficients for liquid water 

𝒄𝒗 y
𝑱

𝒌𝒈𝑲z 
𝜸 𝒑4(𝑷𝒂) 𝒃]

𝒎𝟑

𝒌𝒈_ 
𝒒y

𝑱
𝒌𝒈z 

3610	 1.19 6217.8 × 10G 6.7212 × 100H −1177788 

It is noted that a set of 𝛾 = 4, 𝑝4 = 6 × 10I, and 𝑏 = 𝑞 = 0 converts the above formula to the 

common SG EoS for water. 

2.2.4 COMPARISON OF THE LIQUID MODELS 

To demonstrate the applicability of the modified Tait EoS both in terms of temperature 

and density prediction, isentropic compression of liquid water is examined in Figure 2-2. The 
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compression starts from 1 bar and 288.15 K. After compression at a given pressure ratio, the 

water density and temperature increase. As shown below, in the range of calibration the 

accuracy is rather decent, below 10%, both in terms of temperature and density prediction. In 

Figure 2-3, a similar test is demonstrated with the SG EoS with the same initialization. As 

shown, the SG EoS tends to dramatically over-predict the resulting compression heating at high 

pressures. At a pressure ratio of 10G, i.e., when liquid is compressed to 10 GPa, the SG EoS 

predicts a temperature increase of roughly 1282 K. Contrary to this prediction, the IAPWS data 

predicts a temperature rise of roughly 169 K, almost an order of magnitude lower that the SG 

prediction. Similarly, a significant error in density prediction of ≈ 50% with the SG EoS is 

observed at this compression ratio. 

 

(a) 
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(b) 

Figure 2-2. Comparison of temperature (a) and density (b) obtained with the modified Tait EoS and 
the IAPWS data at different compression ratios. Squares represent the IAPWS reference, the blue line 
results of the Modified Tait EoS and the red line is the error in percentage corresponding to the right 

axis. 

 

(a) 
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(b) 

Figure 2-3. Comparison of temperature (a) and density (b) obtained with the SG EoS commonly used 
in bubble dynamic studies and the IAPWS data at different compression ratios. Squares represent the 
IAPWS reference, the blue line results of the SG EoS and the red line is the error in percentage 

corresponding to the right axis. 

It becomes apparent that the above can play an important role in studies involving heat transfer 

of collapsing bubbles; over/under-prediction of liquid temperature due to the adopted EoS can 

affect the heat fluxes to/from the bubble. Even more, the overestimation of compression heating 

can be observed even at passing shock waves, emitted during bubble collapses as will be shown 

in the results section. 

Advanced models such as IAPWS come with a larger complexity, which makes them rather 

cumbersome to implement. Whereas tabulation methods can be applied (see [90], [109]) to 

speed up calculations, their inherent ability to capture phase transitions can cause problems with 

the numerical solution of the flow equations. Hence, it is of interest to devise robust and 

versatile thermodynamic closures for liquids, that can be used for bubble collapse 

investigations. 
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2.3 NUMERICAL METHODS 

The system of basic equations described above is hyperbolic and can be cast into semi-

conservative form to be solved by a Godunov-type scheme [110]: 

𝜕𝒒
𝜕𝑡 +

𝜕𝑭'

𝜕𝑥'
= 𝒔7J70KJ73 + 𝒔=, ( 28 ) 

where 𝒒 is the vector of state variables, 𝑭' are the vectors of fluxes in the respective directions 

x, y, z, 𝒔7J70KJ73 is the vector of non-conservative source terms, and 𝒔= is the vector of 

geometrical source terms. The vector of state variables, vectors of fluxes, and non-conservative 

source terms are expressed as: 

𝒒 =

⎝

⎜
⎛

𝛼(")
𝛼(")𝜌(")
𝜌𝑢$
𝜌𝐸
𝑉P$%& ⎠

⎟
⎞
,𝑭' =

⎝

⎜
⎛

𝛼(")𝑢'
𝛼(")𝜌(")𝑢'
𝜌𝑢$𝑢' − 𝜎$'
𝜌𝐸𝑢' − 𝑢$𝜎$'
𝑉P$%&𝑢' − 𝑢$𝑉P'%& ⎠

⎟
⎞
, 𝒔7J70KJ73 =

⎝

⎜
⎜
⎜
⎛
(𝛼(") + 𝐾("))

𝜕𝑢'
𝜕𝑥'

0
0
0

2
3
𝑉P$%&
𝜕𝑢'
𝜕𝑥'

− 𝑢$
𝜕𝑉P'%&

𝜕𝑥'⎠

⎟
⎟
⎟
⎞

. ( 29 ) 

The geometrical source term is defined as: 

𝒔= = −
β
𝑟

⎝

⎜
⎜
⎜
⎜
⎛

0
𝛼(")𝜌(")𝑢L

𝜌𝑢L, − 𝜎LL + 𝜎MM
𝜌𝑢L𝑢N − 𝜎LN

𝜌𝐸𝑢 − (𝑢L𝜎LL + 𝑢N𝜎LN)
1
3𝑉
P$%&𝑢L − 𝛿$M𝑉P$%&𝑢L ⎠

⎟
⎟
⎟
⎟
⎞

, ( 30 ) 

where β = 1 when the coordinate system is cylindrical and β = 2 when the coordinate system 

is spherical. After spatially integrating the conservation law ( 28 ) by taking the volume integral 

and applying the divergence theorem we obtain the finite volume discretization: 

𝑑𝒒$,%,'
𝑑𝑡 =

1
Δ𝑥$

û𝑭$0/ ,⁄
* − 𝑭$P/ ,⁄

* ü +
1
Δ𝑦%

°𝑭%0/ ,⁄
Q − 𝑭%P/ ,⁄

Q ¢

+
1
Δ𝑧'

û𝑭'0/ ,⁄
N − 𝑭'P/ ,⁄

N ü + 𝒔$,%,' . 
( 31 ) 
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The cell-averaged vector of state variables and the face-averaged vectors of fluxes are defined 

as: 

𝒒$,%,' =
1

𝑉$,%,'
§ 𝒒(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑧

	

S&,(,!
, ( 32 ) 

 

𝑭$P//,,%,' =
1

Δ𝑦%Δ𝑧'
• 𝑭(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑦𝑑𝑧

	

T&)*/,,(,!
. ( 33 ) 

The fluxes at the cell faces are computed using an approximate Riemann solver. The Harten, 

Lax, and van Leer (HLL) Riemann solver and its derivatives, are solutions for wave propagation 

problems. The HLL method uses a wave configuration that separates three constant states and 

assumes that wave speeds can be estimated from these initial states. The HLL-contact (HLLC) 

scheme expands on this by handling four states separated by a contact discontinuity. However, 

this does not accurately represent the conditions in solids where additional families of 

characteristics related to shear wave speeds exist. The HLLD approach used here [111][18] 

accounts for this by introducing the concept of multiple slower waves between the fastest waves 

and the contact discontinuity. The piece-wise linear MUSCL reconstruction was used on the 

primitive variables to reconstruct the states at the faces to avoid spurious oscillations at the 

material interfaces [112][35]. 

2.3.1 TEMPORAL INTEGRATION 

After the spatial derivatives are approximated, a semi-discrete system composed of 

ordinary differential equations in time is obtained where a two-step time integration was applied 

[113] resulting in a second-order temporal integration: 

𝒒$,%,'
7P/, = 𝒒$,%,'7 +

1
2Δ𝑡𝓛i𝒒$,%,'

7 j, ( 34 ) 

𝒒$,%,'7P/ = 𝒒$,%,'7 + Δ𝑡𝓛]𝒒$,%,'
7P/,_, ( 35 ) 
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where 𝓛 is the right-hand side of ( 31 ), and n is the timestep index. The timestep size ∆t is 

determined using the acoustic-based Courant–Friedrichs–Lewy (CFL) number. 

2.3.2 ADAPTIVE MESH REFINEMENT 

The numerical methods used in this work have been developed and implemented within 

the AMReX framework [114][115]. This is a C++-based framework that allows for solving 

partial differential equations using block-structured adaptive mesh refinement algorithms. In 

[116] structured adaptive mesh refinement (AMR) method was used to solve the hyperbolic 

system detailed below utilizing adaptive refinement in space and time. The computational mesh 

is broken down into logically rectangular sub-grids where cells have the same resolution. The 

sub-grids, also called patches, are organized into a hierarchy of embedded levels. The lowest 

resolution grids at level 0 spans across the entire computational domain. A refinement criterion 

is utilized for generating finer levels from the coarser ones at a user-defined interval of 

timesteps. Cells at level 𝑙 are 𝑟"-times finer than at level 𝑙 − 1 with Δ𝒙" = Δ𝒙"0//𝑟" and Δ𝑡" =

Δ𝑡"0//𝑟" where 𝑟" ∈ ℕ, 𝑟" ≥ 2 for 𝑙 > 0 and 𝑟6 = 1. A subcycling-in-time approach was utilized 

where the coarse grid solution is advanced in time ignoring the finer levels. Then the finer levels 

are advanced recursively while using the coarser levels as boundary conditions. At the coarse-

fine interfaces, the ghost cells are determined using conservative linear interpolation in space 

and time. The solution on the coarse grids needs to be corrected by the finer levels to ensure 

global conservation. Therefore, once a fine level has reached the same physical time as the 

coarser level a synchronization step is applied. The volume averages of the coarse cells are 

corrected to be equal to the volume averages of the finer cells. Additionally, the area and time-

weighted fluxes at the coarse-fine interfaces are also corrected by the sum of the fine fluxes. 

2.4 VALIDATION AND VERIFICATION 

In this section, verification studies against well-known benchmark cases are presented. To 

showcase the numerical model's ability to capture bubble dynamics, we simulate the collapse 

of a spherical gas bubble in an infinite water medium at different pressure ratios. Additionally, 
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to evaluate the accuracy of the model to predict fluid-solid interactions and wave transmission 

across material interfaces, a semi-analytical wave propagation case is conducted. 

2.4.1 SPHERICAL BUBBLE COLLAPSE 

A common benchmark case for multi-phase flow solvers is the comparison against the 

Keller-Miksis equation [34] [117][118]. The effects of surface tension and viscosity are 

ignored. Two cases are presented, corresponding to a low 𝑝U 𝑝V⁄ = 20 and a high initial 

pressure ratio 𝑝U 𝑝V⁄ = 353; for the former a grid convergence study was also performed. In 

both cases the initial bubble radius 𝑅6 = 1	mm where the domain size 𝐿 = 50𝑅6. Spherical 

coordinates with β = 2 and a base mesh of 512 cells in the radial direction have been employed. 

A grid convergence study was conducted, and it was found that 2 levels of refinement is 

sufficient to match the Keller-Miksis solution. At the center of the bubble, a symmetry boundary 

condition was used. At the far-field, an outflow boundary condition was imposed. The pressure 

is initialized uniformly inside the bubble and gradually increases in the water medium according 

to [34]: 

𝑝(𝑅) = 𝑝U +
𝑅6
𝑟 i𝑝V − 𝑝Uj, 

( 36 ) 

where 𝑝Uis the far-field pressure, 𝑟 is the radial coordinate and 𝑝V is the bubble pressure. The 

initial water density is 𝜌W9X&L = 998.2	kg · m0Y and the stiffened gas parameters are 𝛾W9X&L =

4.4 and 𝑝4,W9X&L = 6 · 10I	Pa. The initial air density is 𝜌9$L = 1.225	kg.m0Y and the stiffened 

gas parameters are 𝛾W9X&L = 1.4 and 𝑝4,9$L = 0	Pa which results in considering an ideal gas. 

For the first case, an initial low-pressure ratio of 𝑝U 𝑝V⁄ = 20 is considered. The bubble radius 

is normalized by its initial radius 𝑅6 and time is normalized by the Rayleigh collapse time [118] 

expressed as: 

𝑡K = 0.915𝑅6≤
𝜌W9X&L
𝑝U

. ( 37 ) 

The Keller Miksis solution was solved using Julia [119] and the DifferentialEquations.jl 

[120] package with Rosenbrock temporal integration. In Figure 2-4, the bubble radius 

evaluation is depicted for both cases; excellent agreement was found. The low-pressure case 
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was run with the base grid, one level, and two levels of refinement. The latter was found to fit 

the solution and hence chosen for the high-pressure case. The rebound and minimum radius 

observed in the high-pressure ratio case are smaller due to the compressibility effects. In fact, 

the present results show the capability of the method to capture compression and expansion 

rates accurately. 

 

(a) (b) 

Figure 2-4. Temporal evolution of the normalized bubble radius over normalized time for both 
spherical bubble collapse cases. (a) Low pressure ratio 𝑝! 𝑝"⁄ = 20 with 3 different AMR grids. (b) 

High-pressure ratio case 𝑝! 𝑝"⁄ = 353 with 2 levels of refinement. 

2.4.2 SEMI-ANALYTICAL WAVE 

TRANSMISSION ACROSS A FLUID/SOLID 

INTERFACE 

A semi-analytical wave propagation case is presented as shown in Figure 2-5a. A 3D 

domain is utilized where the upper half is the fluid material, and the lower half is solid. In the 

fluid medium, a spherical pressure wave is generated from a monopole source, similar to a 

spherical shock emitted by a collapsing bubble. The monopole source is standing at a distance 

𝐻 from the planar fluid/solid interface. To validate the results between the semi-analytical 

solution and the numerical results, two sensors 𝑅/, and 𝑅, were placed in the fluid and solid 

medium, respectively. The sensors were placed symmetrically at a distance 𝐿/ = 2.5	mm from 

the axis of symmetry and at a distance 𝐿, = 1.45	mm above and below the planar interface. 
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The dynamic pressure was recorded at the sensor inside the fluid medium. Additionally, the 

horizontal and vertical velocities were recorded inside the solid medium. 

 

 

(a) 

 

(b) 

 

(c) 

Figure 2-5. (a) Wave transmission across fluid/solid interface schematic. (b) Pressure profile of the 
Ricker wavelet generated from the monopole source. (c) Velocity magnitude at t=3us. The incident 
and reflected waves in the fluid, the transmitted stress and pressure waves as well as head waves in 

both materials are clearly captured. 

The Ricker wavelet was chosen for the spherical pressure wave because its well-defined 

analytical solution makes it ideal for assessing the solver's accuracy and ability to capture wave 
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dynamics. The wavelet was prescribed as an initial condition in the fluid medium where the 

pressure at a distance 𝑟 from the source is expressed as: 

𝑝(𝑟) = 𝑝6 +
𝑄(−𝑟/𝑐6)

𝑟 , ( 38 ) 

𝑄(𝑠) = (1 − 2𝜋,𝑓6,(𝑠 + 𝑠/),)e0Z
,U-,(3P3*), , ( 39 ) 

with 𝑝6 the hydrostatic pressure, 𝑐6 the speed of sound of the fluid medium, 𝑓6 is the frequency 

of the wavelet and 𝑠/ is a constant that controls the initial position of the wavelet. The 

parameters used are given in Table 2-3. 

 

Table 2-3. Thermodynamic and wavelet parameters of the semi-analytical wave transmission problem. 

Ricker wavelet Fluid Solid 

𝒇𝟎(MHz) 1.43 𝜌U(kg/mY) 1000 𝜌3(kg/mY) 1995 

𝒔𝟏(𝛍𝐬) 0.85 𝛾U  6.59 𝛾3  3.4 

𝑯(mm) 2.9 𝑝4,U(MPa) 410 𝑝4,3(Pa) 4591545000 

𝒑𝟎(MPa) 0.101 𝜇U(Pa) 0 𝜇3(Pa) 10728633195 

 

In the presented problem, the maximum dynamic pressure within the fluid is two orders 

of magnitude less than the hydrostatic pressure. Thus, we can interpret the impacting wave as 
a small disturbance, and therefore this can be modeled as an acoustic wave propagating through 

a homogenous fluid medium. Under the assumption of linear elasticity and isotropy of the solid 

material, the overall problem can be solved analytically by coupling the linear acoustic wave 

equation with the equation of motion for a linear elastic solid. Such an analytical solution can 

be obtained with the Cagniard-de Hoop method [121]. A semi-analytical solution was computed 

using the open-source software, Gar6more3D [122]. 

The simulation was carried out in axisymmetric coordinates with β = 1 to save 

computational time. The computational domains span 8 mm in the axial direction and 16 mm 

in the vertical direction. A symmetry boundary condition was imposed at the center axis and 

outflow boundary conditions at all the other boundaries. The base mesh consists of 256 cells in 
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the axial direction and 512 cells in the vertical direction. The adaptive mesh refinement was 

allowed to refine up to 2 levels according to the magnitude of the density gradient. A CFL 

number of 0.4 was used to compute the timestep. The thermodynamic parameters for the 

simulation can be found in Table 2-3. The velocity magnitude is shown in Figure 2-5a where 

the incident and reflected waves in the fluid, the transmitted stress and pressure waves as well 

as head waves in both materials are clearly captured. The numerical results are compared to the 

semi-analytical solution of Gar6more3D [122] in Figure 2-6 where an excellent agreement is 

found. 

(a) (b) 

 

(c) 
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Figure 2-6. Comparison between the present numerical results and the semi-analytical results of 
Gar6more3D [122] for (a) the dynamic pressure, (b) horizontal velocity, and (c) vertical velocity. 

2.4.3 ULTRASOUND BUBBLE RIGID WALL 

INTERACTION 

The ultrasound-bubble rigid wall interaction is validated against published results [123]. 

The case features a 35MPa lithotripter pulse impacting an air bubble of initial radius 𝑅6 above 

a rigid wall at a distance D. The schematic of the case is shown in Figure 2-7a. The 

computational domain spans 𝐿* = 5𝑅6 and 𝐿Q = 10𝑅6 where 𝑅6 = 50	µm. To save 

computational time, the simulations were conducted using an axisymmetric formulation with	

β = 1.	The base mesh of 𝑁* = 256 and 𝑁Q = 512 cells is used, resulting in 131,072 initial 

cells prior to refinement; the corresponding mesh spacing is Δ𝑥 = 9.76 · 100H	mm. Two levels 

of refinement have been used. The top boundary is used to propagate the lithotripter pulse while 

an outflow boundary condition is imposed on the right and lower boundaries; the left boundary 

is the axis of symmetry. A CFL number of 0.1 was imposed to preserve the explicit scheme's 

numerical stability. The density of the water is initially 𝜌W9X&L = 998.2	kg · m0Y while the 

thermodynamic parameters for the water are 𝛾W9X&L = 6.59, 𝑝4,]^_`a = 4049	atm, and 

𝑏W9X&L = 𝑞W9X&L = 0 as reported in [123]. The parameters for the air are 𝛾9$L = 1.4, 𝑝4,^ba =

0 = 𝑞9$L = 0 which results in considering an ideal gas with an initial density 𝜌9$L =

1.225	kg.m0Y. 
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(a) (b) 

 

(c) 

 

(d) 

Figure 2-7. The ultrasound-induced collapse of an air bubble near a rigid wall at a standoff distance 
𝐷/𝑅# = 2. Comparison of the present results with the reference [123] (a) Temporal evolution of the 
pressure at probe location 𝑥/𝑅# = 0 (b) Temporal evolution of the pressure at probe location 𝑥/𝑅# =

1. 

The comparison between the present results and the reference is presented in Figure 2-7b-

d. The temporal evolution of the dimensionless air volume and the wall pressure at two probe 

locations are shown. The collapse of the bubble is initiated by the ultrasound impact leading to 

an adverse pressure gradient forming. The pressure elevation due to the incoming ultrasound is 

seen in Figure 2-7c-d as the first spike in pressure. The following decrease in pressure is the 

rarefaction wave coming from the bubble interface. The ultrasound is reflected off the rigid 

wall and impacts the bubble a second time precipitating the collapse. The emitted spherical 

shock by the bubble collapse is captured by both probes. The results are found to be in excellent 

agreement as seen in Figure 2-7a-d. 
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3.1 RESULTS AND DISCUSSION 

The objective of this section is to provide a deeper understanding of the complex dynamics 

of the ultrasound-induced collapse of bubbles near soft materials. More specifically, the case 

of an ultrasound-induced bubble collapse near tissue-mimicking materials has been simulated; 

an in-depth explanation of the first case simulated is initially presented, followed by cases 

revealing the effects of shear modulus, bubble radius, and the standoff distance on the 

deformation and stresses developed in the deforming soft material. The gas bubble is at 

mechanical equilibrium with the surrounding medium initially. The schematic of the case is 

presented in Figure 3-1a: 

 

(a) 

 

(b) 

Figure 3-1. (a) Schematic of the ultrasound-bubble-tissue problem (b) Temporal evolution of the 
lithotripter pulse. 

The ultrasound shockwave is chosen to be similar to that produced by a Dornier HM3 

lithotripter where 𝑝3 = 30	MPa is the pulse amplitude, 𝛼 = 9.1 · 10G and 𝜔 = 2𝜋𝑓 with 𝑓 =

83.3 · 10Y	Hz. The analytical function of the waveform [124] is defined as: 

𝑝(𝑡) = 𝑝6 + 2𝑝3𝑒0cX cos l𝜔𝑡 +
𝜋
3m, ( 40 ) 

where 𝑝6is the atmospheric pressure. The temporal evolution of the lithotripter pulse is shown 

in Figure 3-1b. The bubble radii under consideration were chosen to reflect typical bubble sizes 

in diagnostic and therapeutic applications of bubbles in medicine [2], [125] where 𝑅6 = 10	µm, 

𝑅6 = 5	µm, 𝑅6 = 2.5	µm. Three soft materials have been considered; their shear modulus 
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spans over 3 orders of magnitude, which correspond to three well-characterized tissues [126]: 

liver, gallbladder, and bile duct tissue [127]. The corresponding parameters of the EoS utilized 

to characterize them are summarized in Table 3-1. 

 

Table 3-1. Thermodynamics parameters of the three soft materials 

Tissue 𝝆 (𝒌𝒈.𝒎0𝟑) 𝝁 (𝑷𝒂) 𝜸 𝒑4(𝑷𝒂) 

Liver 1060 1,8 · 10Y 4.4 599023259 

Gallbladder 1060 8,5 · 10H 4.4 616576970 

Bile duct 1060 1,66 · 10G 4.4 604328642 

 

To save computational time, the simulations were conducted using an axisymmetric 

formulation with	β = 1. The computational domain spans at 𝐿* = 0.25 mm and 𝐿Q = 0.5	mm. 

The base mesh of 𝑁* = 256 and 𝑁Q = 512 cells is used, resulting in 131,072 initial cells prior 

to refinement; the corresponding mesh spacing is Δ𝑥 = 9.76 · 100H	mm. Three levels of 

refinement have been considered, based on the refinement criterion. The top boundary is used 

to propagate the lithotripter pulse ( 40 ) while an outflow boundary condition is imposed on the 

right and lower boundaries; the left boundary is the axis of symmetry. To preserve the numerical 

stability of the explicit scheme, a CFL number of 0.1 was imposed in all subsequent simulations. 

With regard to the interaction between the collapsing bubbles and the nearby solid 

material, many studies have been reported [128], [129], [130], [131], [132]. Cavitation damage 

in solid materials primarily stems from shock waves and liquid jets produced during the bubble's 

collapse. The shock waves exert pressure spikes that can lead to fatigue and micro-cracking, 

while the liquid jet's impact can cause pitting and erosion; repeated occurrences can lead to 

severe degradation of the surface. For soft materials, it is generally known that the liquid jet is 

the prevailing mechanism for their damage [133], [134]. Biological tissue can be damaged 

through various mechanical loads, including compressive, tensile, and shear forces [135]. These 

forces can lead to different types of damage or injury depending on the nature and duration of 

the applied force, and the type of tissue [136]. The type of tissue (e.g., bone, muscle, ligament) 

and the specific mechanical properties of that tissue will determine its susceptibility to different 
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types of mechanical forces. For example, bones [137] are more resilient to compressive forces 

but can be more vulnerable to tensile and torsional forces. Soft tissues which are considered in 

this paper, like muscles and ligaments might be more prone to damage through excessive 

stretching or tensile forces [138]. The specific damage mechanism of bubble collapse for hard 

materials such as metals is widely debated [118]. To further elaborate on the details of this 

mechanism, the maximum, minimum principal stress and maximum shear stress are computed: 

𝜎>9*,de =
𝜎** + 𝜎QQ

2 + ≤l
𝜎** − 𝜎QQ

2 m
,
+ 𝜎*Q, ( 41 ) 

𝜎>$7,de =
𝜎** + 𝜎QQ

2 − ≤l
𝜎** − 𝜎QQ

2 m
,
+ 𝜎*Q, ( 42 ) 

𝜎fee = ≤l
𝜎** − 𝜎QQ

2 m
,
+ 𝜎*Q, ( 43 ) 

By visualizing these stresses, the directional nature of the stress state in the material and areas 

of potential material failure can be understood and identified. Particularly, areas, where the 

maximum principal stress (tensile) exceeds the tensile strength of the material, are likely failure 

points.  

3.1.1 DYNAMICS OF THE ULTRASOUND-

BUBBLE TISSUE INTERACTION 

In this section we present an in-depth analysis of the ultrasound-induced collapse of an 

air bubble with a radius 𝑅6 = 10	µm placed above a soft material at a standoff distance 𝑆? =

1.1𝑅6 whose properties are representative of the gallbladder. The corresponding parameters of 

the EoS utilized to characterize it are summarized in Table 3-1. In Figure 3-2, the block-

structured adaptive mesh refinement is depicted. 



Chapter 3 Investigation of ultrasound-induced collapse of bubbles near soft materials 

 62 

 

Figure 3-2. Block-structured adaptive mesh refinement visualization of the ultrasound-induced 
collapse of an air bubble of 𝑅# = 10	𝜇𝑚	with an initial stand-off 𝑑 𝑅#⁄ = 1.1 near gallbladder. The 

white outline delimits the blocks. 

The temporal evolution of the air volume normalized by its initial value is presented in Figure 

3-3a. The bubble remains at its initial radius until the shockwave impacts it leading to the 

generation of a pressure gradient. The temporal evolution of the penetration depth into the tissue 

at the center axis can also be seen in Figure 3-3b. From Figure 3-3b we can identify 3 different 

stages: the collapse stage up to ~0.2	µs, followed by the penetration stage until ~0.6	µs, and 

finally the tissue rebound stage where the penetration of the liquid jet slows down due to elastic 

forces. The collapse process of the bubble starts ~0.15	µs, and it reaches its minimum radius 

of around ~0.2	µs. The tissue is pulled upwards during the first collapse as evidenced by the 

negative penetration depth in Figure 3-3b. This is also shown in Figure 3-4b. The temporal 

evolution of the surface integrals of the maximum, minimum principal stress, and maximum 

shear stress over a small area of the tissue were computed and shown in Figure 3-3c. We observe 

a slight increase in principal and shear stress at collapse suggesting the emitted shockwave 

produced a small deformation. Given the small acoustic impedance mismatch between the 

water and the tissue, here modeled as gallbladder the stresses produced are rather insignificant. 

After the first collapse, the liquid jet starts penetrating the tissue where multiple bubble 

collapses and rebounds are observed Figure 3-3a. It is during the penetration stage that the tissue 
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experiences the highest stresses as depicted in Figure 3-3c. The maximum principal stress is 

observed to be approximately double the minimum principal stress around ~0.42	µs showing 

that the tensile forces are much greater than the compressive forces. This is an important finding 

as soft materials like biological tissue are more susceptible to tensile damage as explained in 

section 5. In the last stage of this process, the bubble experiences smaller collapses and 

rebounds and on average increases in volume Figure 3-3a. However, the penetration of the 

liquid jet has been slowed as can be seen by the decrease in slope in Figure 3-3b after ~0.6	µs. 

 

(a) 

 

(b) 

 

(c) 

Figure 3-3. Ultrasound-induced collapse of an air bubble of 𝑅# = 10	𝜇𝑚	with an initial stand-off 
𝑑 𝑅#⁄ = 1.1 near gallbladder (a) Temporal evolution of the normalized air volume (b) Temporal 
evolution of the penetration depth of the liquid jet (c) Temporal evolution of the integral of the 

maximum, minimum principal stress, and maximum shear stress. 

In Figure 3-4, the ultrasound-induced collapse near gallbladder is depicted for nine different 

timesteps with a black isosurface separating the three materials. The maximum principal stress 

inside the tissue, the velocity magnitude and pressure in the water and air are depicted. In the 

first instance Figure 3-4a, the lithotripter pulse already impacted the bubble and propagated 
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inside the tissue. Given the very similar acoustic impedance between water and gallbladder, the 

pulse is entirely transmitted inside the tissue as observed in Figure 3-6. At the distal side of the 

bubble a rarefaction wave propagating outward was generated given the impedance mismatch 

between the water and air phase. 

The dynamic of bubbles during extracorporeal shockwave lithotripsy near gelatin was 

studied in [139] using a 10.2 MPa pulse and millimeter sized bubbles. Both the transmission of 

the lithotripter pulse into the gelatin and the rarefaction wave have been experimentally 

observed. 

In Figure 3-4a, the adverse pressure gradient is seen where the distal side of the bubble 

contracted starting the collapse process. The low-pressure region at the proximal side of the 

bubble creates a sink flow where the tissue is pulled toward the bubble. 

Although the elongation of the tissue towards the bubble during the first collapse has 

not been observed in [139], it has been documented in laser-induced bubbles close to tissue 

mimicking materials [51], [140], [141]. The limitations in movie resolutions of the experimental 

setup could be responsible. Moreover, the weaker lithotripter pulse and a bigger bubble size in 

their experiment contributes to a weaker collapse, and thus resulting in a weaker sink flow. 

 

(a)  

 

(d) 

 

(g) 

𝑡 = 0.186	𝜇𝑠 𝑡 = 0.216	𝜇𝑠 𝑡 = 0.301	𝜇𝑠 
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(b) 

 

(e) 

 

(h) 

 

(c) 

 

(f)  

 

(i)  

Figure 3-4. Ultrasound-induced collapse of an air bubble of 𝑅# = 10	𝜇𝑚	with an initial stand-off 
𝑑 𝑅#⁄ = 1.1 near gallbladder at different timesteps. The black isosurface separates the three materials 
and is defined by 𝛼$ = 0.5. Upper left hand: contour of velocity magnitude. Upper right hand: contour 

of pressure. Bottom half: contour of the maximum principal stress. 

The deformation induces stresses in a spherical like shape where the stresses are highest right 

under the bubble and gradually decreases to zero further away. Moments before the collapse, 

the liquid jet peaks at velocities ~1200	𝑚/𝑠 and the tissue is seen to have been further pulled 

inwards towards the bubble where the maximum principal stress has increased by an order of 

magnitude. The high velocity liquid jet has been reported in experiments to be able to perforate 

membranes like aluminum foil [142]. 

𝑡 = 0.196	𝜇𝑠 

𝑡 = 0.205	𝜇𝑠 

𝑡 = 0.252	𝜇𝑠 

𝑡 = 0.267	𝜇𝑠 

𝑡 = 0.326	𝜇𝑠 

𝑡 = 0.374	𝜇𝑠 
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To better visualize the shock waves numerical schlieren were plotted in Figure 3-6 based 

on the following formula [143]: 

𝜙 = exp]−
𝑘|Δ𝜌|

𝑚𝑎𝑥|Δ𝜌|_. ( 44 ) 

In Figure 3-6a, the water-hammer shock, and the precursor shock right after the collapse are 

seen. Once the liquid jet penetrates the proximal side of the bubble a toroidal bubble is observed 

in Figure 3-4c. The subsequent collapse of the bubble generates a spherical shock wave 

traveling outward both in the water and the tissue where small stresses are observed. This 

primary shock is also shown in Figure 3-6b. The liquid jet already pushed the tissue inward, 

compressing it in Figure 3-4c and started to penetrate. The shape of the maximum principal 

stress has changed compared to the pre-collapse phase. The highest maximum principal stress 

at this timestep is observed in the periphery of the impact location while compressive forces are 

seen at the centroid. The liquid jet continues its inward motion inside the tissue as depicted in 

Figure 3-4d while the bubble rebounds and increases in size. Both the bubble and the liquid jet 

are then fully surrounded by the tissue in Figure 3-4e where the bubble is seen with an elongated 

shape. A second smaller toroidal bubble is also observed. The upper part of the tissue forming 

a tip and the impact location is seen to experience significant tensile forces while the sides are 

seen to be compressed. 

 

(a) 

 

(b) 

 

(c) 

Figure 3-5. Contours of vorticity and maximum principal stress at different timesteps. 

At this point, the toroidal bubble collapses for the second time as seen in Figure 3-4f, and an 

upward moving shock is emitted. 

𝑡 = 0.278	𝜇𝑠 𝑡 = 0.301	𝜇𝑠 𝑡 = 0.326	𝜇𝑠 
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In [139] the shockwave-induced collapse of a bubble near gelatin is described. The 

shock due to bubble collapse is first seen, followed by the liquid jet impacting the gelatin and 

compressing it similarly as in Figure 3-4c. The maximum principal stress in Figure 3-4c shows 

an inflection point where the tissue is not only compressed at the impact point but also 

experiences tensile forces when moving away from the center. The bubble is then observed in 

[100] to both penetrate the gelatin and rebound while the centroid of the bubble is moving 

downstream which is consistent with Figure 3-4d. Notably, the primary shock depicted in 

Figure 3-6b and a secondary shock is observed in [100] although in their experiments it is not 

clear if the bubble splits into two toroidal bubbles since it is not possible to observe inside the 

gelatin. 

The tip of the tissue is also observed to be retracting downwards while the shape of the 

stresses remains similar to Figure 3-4e. In Figure 3-5, the vorticity magnitude in the two fluid 

phases and the maximum principal stress in the tissue are shown. High vorticity regions are 

observed along the outward tissue walls moments after the secondary collapse as seen in Figure 

3-5a. This vorticity is responsible for deforming the tissue interface that was previously planar 

into a curved shape Figure 3-5b. The subsequent secondary collapse created 2 toroidal bubbles 

that rebounded as seen in Figure 3-4g where the tissue is pinched between the two bubbles. The 

upper part is getting stretched downward and hence experiences tensile forces close to the 

water-tissue interface. The secondary collapse shocks are both shown in Figure 3-6c. As the 

liquid jet continues its downward motion, the two toroidal bubbles experience a third collapse; 

significant vorticity is present, as shown in Figure 3-5c. Finally, the two bubbles merged into 

one once again, as shown in Figure 3-4h. The part of the tissue above the upstream torus is 

pulled downward forming a spike, where most of the tensile forces are present. As the 

penetration process inside the tissue continues, the spike is further pulled downstream, as 

evidenced in Figure 3-4i. The maximum principal stress is notably highest very close to the 

interface where the tissue was penetrated and particularly in the spikes. 
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(a)  

 

(b)  

 

(c)  

Figure 3-6. Numerical schlieren at different timesteps where the red isosurface represents the interface 
between the three materials. 

In various experimental studies, the aftermath of bubble collapse is characterized by the 

formation of a pit within the soft material, serving as evidence of material damage [51], [139], 

[140], [144], [145]. The primary mechanism responsible for such damage is seemingly 

attributed to the liquid jet. The present results corroborate these findings and elucidate the 

dynamic processes that lead to tissue damage. Moreover, the probable sites of such damage are 

identified, enhancing our understanding of the damage locations within the tissue. 

3.1.2 EFFECT OF THE SHEAR MODULUS 

In this section, the effect of the shear modulus on both the bubble and solid dynamics was 

studied by selecting two additional tissues: liver and bile duct. The corresponding parameters 

of the EoS utilized to characterize them are summarized in Table 3-1. In Figure 3-7, the 

temporal evolution of the normalized air volume, penetration depth and surface integrals of the 

stresses are presented. The change in shear modulus is seen in Figure 3-7a to have a small 

impact on the bubble dynamics. The early stage of the bubble dynamics is observed to be 

identical up to the third collapse where the normalized air volume starts to vary for the different 

tissues. This finding is consistent with the hypothesis that the early stage of the simulation is 

ultrasound-driven due to the small acoustic impedance mismatch. In Figure 3-7b, the 

penetration depth into the tissues is observed to be similar up to the end of the penetration stage. 

Later the speed of the penetration slows down and the tissue with the lowest shear modulus, the 

liver is clearly seen to be penetrated more than the strongest soft tissue selected: the bile duct. 

𝑡 = 0.198	𝜇𝑠 𝑡 = 0.205	𝜇𝑠 

𝑡 = 0.274	𝜇𝑠 
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The surface integrals of the maximum, minimum principal stress and maximum shear stress are 

plotted in Figure 3-7c-e. The increase in shear modulus is observed to induce higher stresses 

across the 3 metrics measured. It is consistent with the fact that the strongest soft tissue deforms 

less than the softest and can also be seen in Figure 3-7b with the penetration depth. The effect 

of the shear modulus on the penetration depth and deformation has also been assessed in 

experiments [144]. It was observed that both the penetration depth and the deformation of the 

tissue-mimicking material decreased with increasing shear modulus. The same observations are 

made in this work whereby the increase of the shear modulus is demonstrated to decrease the 

penetration depth in late stages as depicted in Figure 3-7b, and the deformation seen by the 

reduction in elongation in Figure 3-8. Across the 3 metrics of stress measured and for the 

selected tissues, the maximum principal stress is seen to be the highest. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 
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(e) 

Figure 3-7. Effect of the shear modulus (a) Temporal evolution of the normalized air volume (b) 
Temporal evolution of the penetration depth of the liquid jet for 3 different tissues (c) Integral of the 
maximum principal stress for 3 different tissues (d) Integral of the minimum principal stress for 3 

different tissues (e) Integral of the maximum shear stress for 3 different tissues. 

In Figure 3-8, the tri-contours for the liver, gallbladder, and bile duct respectively at 𝑡 =

0.373µs are presented. While the shape of the deformation overall is similar, there are two 

noticeable differences. At this stage of the process, the upstream entry point for the three 

different tissues is seen to have different shapes. Indeed, the bile duct which is the strongest 

soft tissue is observed to have retracted faster than the gallbladder and the liver respectively. 

Additionally, the entrainment of the tissue due to the vorticity is less prominent with the 

increase in shear modulus. It can be seen in the three figures where the elongated tissue for the 

liver reaches downstream close to the liquid jet pit. Whereas in the case of the gallbladder the 

elongated tissue is above the toroidal bubble at the same timestep. Similarly, in the case of the 

bile duct the elongation of the tissue is greatly reduced compared to the two other tissues at that 

time. Lastly, the bubble shape, velocity and pressure are observed to be the same in the three 

cases presented demonstrating again that the increase in shear modulus does not impact the 

bubble dynamics at this stage of the process. 
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(a) 

 

(b) 

 

(c) 

Figure 3-8. Effect of the shear modulus on the shape of the deformation at 𝑡 = 0.373	µs (a) Tri-
contours of the liver (b) Tri-contours of the gallbladder (c) Tri-contours of the bile duct. 

3.1.3 EFFECT OF THE BUBBLE RADIUS 

In this section, the effect of the bubble radius is investigated by selecting bubble radii 

found in therapeutic applications [125]. The initial bubble radii 𝑅6 are chosen to be 10	µm, 

5	µm, and 2.5	µm and gallbladder is selected for the three cases presented while the standoff 

distance is kept at 𝑆? = 1.1𝑅6. In Figure 3-9, the temporal evolution of the normalized air 

volume, penetration depth and surface integrals of the stresses are presented for the different 

bubble radii. First, the bubble dynamics are naturally seen to be significantly different in Figure 

3-9a where the collapse times, minimum radii, and rebound radii change. Second, the bubble 

radius is seen to have a major effect on the penetration depth in Figure 3-9b. Indeed, all three 

identified stages are affected. In the collapse stage, the pulling effect of the tissue is less 

prominent for the smaller bubbles. This result is consistent with our hypothesis that the main 

mechanism behind the pulling effect is the sink flow below the bubble. The penetration stage 

is observed to be shortened for the smaller bubbles. It can be attributed to the fact that the 

collapse is milder as the bubble is smaller and the subsequent liquid jet reaches smaller 

velocities. The rebound stage although happening earlier exhibits the same behavior for all radii 

where the penetration of the velocity liquid jet is greatly reduced. Lastly, another major finding 

is the importance of the bubble size on the stresses experienced by the tissue. In Figure 3-9c-e, 
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the maximum, minimum principal stresses, and maximum shear stress are plotted. The trend of 

the bigger bubble to produce higher stresses is clearly observed. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

Figure 3-9. Effect of the initial bubble radius (a) Temporal evolution of the normalized air volume (b) 
Temporal evolution of the penetration depth of the liquid jet for 3 different bubble radii (c) Integral of 
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the maximum principal stress for 3 different bubble radii (d) Integral of the minimum principal stress 
for 3 different bubble radii (e) Integral of the maximum shear stress for 3 different bubble radii. 

The effect of the initial bubble radius on the deformation and the penetration depth was 

examined in [139], [144]. It was found that larger bubble resulted in an increased penetration 

depth as well as an increase in the damage pit radius. In Figure 3-9b, the same correlation of 

the penetration depth on the initial bubble radius is found. This finding has significant 

importance for mitigating cavitation-related injuries where bubble sizes can be carefully chosen 

for specific treatments. 

3.1.4 EFFECT OF THE STANDOFF DISTANCE 

In this section, the effect of the standoff distance on the bubble dynamics and the 

deformation is presented herein. Three standoff distances are examined: 𝑆? = 1.1𝑅6, 𝑆? =

2.0𝑅6, 𝑆? = 3.0𝑅6 where 𝑅6 = 10	𝜇𝑚. The temporal evolution of the air volume normalized 

by its initial value is depicted in Figure 3-10a for the three standoff distances. The bubble’s 

collapse time is observed to be the same for all three cases. Differences in bubble dynamics 

become more pronounced after the third collapse, with the greatest standoff distance showing 

the most significant variations. For two smallest standoff distances the second and third collapse 

occur while the bubble is engulfed by the tissue which is not the case for 𝑆? = 3.0𝑅6. We 

observed that this difference could be due to the elastic forces the bubble must overcome to 

grow while engulfed in the tissue. The temporal evolution of the penetration depth into the 

tissue at the center axis can also be seen in Figure 3-10b for the three standoff distances. The 

suction effect during which the tissue is pulled upstream towards the bubble for 𝑆? = 1.1𝑅6 is 

not observed for 𝑆? = 2.0𝑅6 and 𝑆? = 3.0𝑅6. The velocity of the penetration depth as depicted 

by the slope in Figure 3-10b is seen to be similar during the penetration process for all standoff 

distances. The later dynamics exhibit a notable difference where the two smallest standoff 

distances reach the tissue rebound stage sooner than the largest standoff distance. The temporal 

evolution of the surface integrals of the maximum, minimum principal stress and maximum 

shear stress are presented in Figure 3-10c-e. A clear correlation between the standoff distance 

and the stresses is observed. The smallest standoff distances are depicted to induce higher 

stresses. These insights are pivotal for the development of strategies aimed at mitigating 

cavitation-induced tissue damage in therapeutic applications. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 3-10. Effect of the standoff distance (a) Temporal evolution of the normalized air volume (b) 
Temporal evolution of the penetration depth of the liquid jet for 3 different standoff distances (c) 

Integral of the maximum principal stress for 3 different standoff distances (d) Integral of the minimum 
principal stress for 3 different standoff distances (e) Integral of the maximum shear stress for 3 

different standoff distances. 

In Figure 3-11, the effect of the standoff distance on the ultrasound-induced collapse of 

an air bubble of 𝑅6 = 10	𝜇𝑚	near bileduct for 𝑆? = 1.1𝑅6, 𝑆? = 2.0𝑅6 and	 𝑆? = 3.0𝑅6	 is 
depicted for three timestep at 𝑡 = 0.19	𝜇𝑠, 𝑡 = 0.31	𝜇𝑠, and 𝑡 = 0.44	𝜇𝑠. The first presented 

timestep at 𝑡 = 0.19	𝜇𝑠 in Figure 3-11a demonstrates the effect of the standoff distance on the 

suction effect. As the standoff distance increases the protrusion of the tissue upstream toward 
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the bubble decreases. This trend corroborates the proposed hypothesis, implicating the sink 

flow beneath the bubble as the primary mechanism driving this protrusion. The second 

presented timestep at 𝑡 = 0.31	𝜇𝑠 in Figure 3-11b corresponds to the third collapse as seen in 

Figure 3-10a. The early bubble dynamics are shown not to be affected by the standoff distance 

as the shape of the bubble remains the same across the three standoff distances. Nevertheless, 

the bubble exhibits distinct phases within the penetration process, as evidenced by the observed 

variations in penetration depth in Figure 3-11b. In fact, the lowest standoff distance 𝑆? = 1.1𝑅6 

is seen to experience the highest stresses at this timestep as evidenced in Figure 3-10c-e. The 

observations at the final presented timestep at 𝑡 = 0.44	𝜇𝑠 in Figure 3-11c are consistent with 

earlier findings, showing that the bubble maintains its shape across the various standoff, yet is 

situated at different penetration depths and experiences higher stresses as the standoff distance 

decreases. 

𝑆? = 1.1𝑅6 𝑆? = 2.0𝑅6 𝑆? = 3.0𝑅6 

 
(a) 

 
(a) 

 
(a) 

 
(b) 

 
(b) 

 
(b) 
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(c) 

 
(c) 

 
(c) 

Figure 3-11. Effect of the standoff distance. Ultrasound-induced collapse of an air bubble of 𝑅# =
10	𝜇𝑚	near bileduct at 𝑡 = 0.19	𝜇𝑠, 𝑡 = 0.31	𝜇𝑠, and 𝑡 = 0.44	𝜇𝑠 for standoff distances 𝑆𝑑 = 1.1𝑅0, 
𝑆𝑑 = 2.0𝑅0 and	𝑆𝑑 = 3.0𝑅0. The black isosurface separates the three materials and is defined by 
𝛼$ = 0.5. Upper left hand: contour of velocity magnitude. Upper right hand: contour of pressure. 

Bottom half: contour of the maximum principal stress. 

3.2 SUMMARY 

A numerical investigation of ultrasound-induced collapse of air bubbles near soft materials 

was presented using a novel multi-material DIM model with AMR. To have a better 

understanding of the complex interactions of the ultrasound-bubble-tissue flow, the effect of 

the shear modulus and of the bubble radius was investigated. The shear moduli were chosen for 

well-characterized tissues spanning over three orders of magnitude. The bubble radii considered 

are found in biological flows. Insights into the nature of the mechanical loads experienced by 

the soft material through the visualization of the maximum and minimum principal stress and 

maximum shear stress were presented. 

Our findings reveal that the tissue predominantly experiences tensile forces compared to 

compressive or shear forces, suggesting that injuries are mainly tensile-driven. Concurrently, 

areas of maximum tensile forces align closely with regions where the tissue undergoes 

elongation. Furthermore, we identify that the bubble radius plays a pivotal role in the stresses 

experienced by the soft material, emphasizing its importance in medical applications. 

Meanwhile, variations in shear modulus, while having a minimal impact on early bubble 

dynamics, noticeably influence the penetration process in later stages as well as the shape of 
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the deformations. Finally, it is found that smaller standoff distances lead to greater bubble-

tissue interaction resulting in higher stresses in the tissue while the bubble dynamics are not 

notably affected. 

This work contributes valuable insights into the complex interplay between bubble 

collapse, acoustic fields, and tissues, paving the way for improvements in related medical 

applications. 
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4.1 RESULTS AND DISCUSSION 

In this section, we initially investigate the role of the EoS for a pure water shock tube test 

case. Following that, a spherical bubble collapse is simulated, and the results are compared with 

our previous work [90] employing the relaxation model. Both bubble hydrodynamics and 

thermodynamics are found in excellent agreement, demonstrating the validity of the 

implementation of the developed tabulated EoS. Subsequently, the effect of the liquid EoS on 

the spherical bubble collapse is demonstrated for different pressure ratios. Lastly, a 2D non-

spherical collapse is simulated for which the liquid temperature along the wall varying with the 

initial stand-off distance is reported. 

In all simulations, three levels of grid refinement are considered, which lead to the grid-

independent results. Moreover, there is a minimum volume fraction 𝛼>$7	of each phase in the 

entire domain in the initial setups to ensure the hyperbolicity of the system. Moreover, the 

monotonized central slop limiter is used for the MUSCL reconstruction scheme, as explained 

in [146]. The time step is varying based on the CFL number which is set to 0.5. Moreover, it is 

assumed that the bubble contains only air; the initial interior pressure 𝑝9$L is uniform, whereas 

in the pressure of the water surrounding the bubble follows the distribution described in [147]: 

𝑝W9X&L(𝑟) = 𝑝U +
𝑅6
𝑟 i𝑝9$L − 𝑝Uj, 

( 45 ) 

where 𝑝U denotes the far-field pressure. 

4.1.1 1D SHOCK TUBE 

Shock tube problems serve as benchmark tests for the predictive capability of EoSs. Herein, 

a 3m pure water shock tube case has been considered as described in [82] . The diaphragm is 

placed at 𝑥 = 2 m. Initially, the temperature is 300 K everywhere while 𝑝 = 10< Pa in 𝑥 < 2 

m and 𝑝 = 10G Pa in 𝑥 ≥ 2 m. The initial velocity is zero everywhere in the domain. The 

numerical discretization considers 1,000 cells, which has been found in prior studies to be 
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sufficient [146]. As it can be observed in Figure 4-1, the SG EoS results in a numerical 

temperature jump near the density discontinuity. It is also observed that the results obtained 

when using the MNASG EoS agree with those reported in [82]. The SG and the modified Tait 

EoSs result in the highest 16% and lowest 1% temperature overpredictions, respectively, 

compared to the most accurate IAPWS EoS. This is consistent with the findings as outlined in 

Chapter 2.2. It is further noticed that the developed modified Tait EoS has a limited valid range 

compared to the MNASG for the bubble collapse cases (initial pressure ratio of 180). This 

might be enhanced in the future by making more astute choices of functions in ( 18 ). 
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Figure 4-1. Water shock tube profile after 200	𝜇𝑠 with various liquid EoSs for water compared with 
reference [82]. 

4.1.2  1D SPHERICAL BUBBLE COLLAPSE 

The purpose of this test case is two-fold; firstly, to validate the solver against widely used 

bubble collapse cases and secondly, to compare the results against those reported in [90]. More 

specifically, an 1D spherical bubble with 𝑅6 = 1	mm is forced to collapse under the influence 

of a pressure gradient. The case set up is as follows: 𝑝9$L = 1.01325 × 10G Pa, 𝜌9$L =

1.225	 C=
>", 𝑝U = 3.57589 × 10gPa, 𝜌W9X&L = 998.2	 C=

>" is set up. The domain length is 𝐿6 =

20	mm and it has been discretised using 2,000 uniformly distributed cells. The plotted radius 

and time are presented dimensionlessly with 𝑅6 and the Rayleigh collapse time, respectively: 

𝑅∗ =
𝑟
𝑅6
, ( 46 ) 

 

𝑡∗ =
𝑡

0.915𝑅6{
𝜌W9X&L
𝑝U

. 
( 47 ) 

For comparison purposes, the RKPR and SG EoSs have been selected for the gas and 

liquid phases, respectively, similarly to our former study [90]. Figure 4-2a shows that excellent 

agreement between the present simulation against the corresponding results obtained with the 

Keller-Miksis model; in the latter, the IG EoS is used for the gas phase. This agreement is 

expected since it is known that the gas EoS has a minimal influence on the change of bubble 

radius during the collapse [90]. Moreover, the collapse dynamics and the space-averaged bubble 

temperature are identical to those reported in [90]; it is noted that this in study, a different 

diffused interface model known as the ‘six-equation model’ is used with the same equations of 

state, i.e., the pair of the RKPR and SG EoSs. 
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(a) 

 

(b) 

Figure 4-2. Comparison of the bubble dynamics (a) and temperature (b) obtained with Kapila model in 
the present study to the ones with the six-equation model in [90]. 

Following presentation of the above benchmark cases, demonstration of the relative errors that 

can result from the SG EoS will be reported. In this regard, the initialization of the previous 

case is slightly modified by replacing the liquid density with its temperature and lowering the 

initial pressure ratio as shown in Table 4-1. This simulation is performed with RKPR EoS for 

the gas and with the SG, IAPWS, and MNASG EoSs for the liquid phase. Predictions for the 

temperature in the vicinity of the bubble interface are illustrated in Figure 4-3b. It is observed 

that the SG EoS results in up to 30% temperature overprediction compared to the IAPWS EoS, 

while the maximum overprediction from the MNASG EoS is below 6%. It is noteworthy to 

mention that the original version of the NASG EoS could not accurately depict the dynamics 

of the collapse. 

Table 4-1. Initial conditions for the collapse case with real thermodynamics 

𝑝9$L (Pa) 𝑝U (Pa) 𝜌9$L y
𝑘𝑔
𝑚Yz 𝑇W9X&L (K) 

10G 8.7 × 10i 1.225 288 
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Figure 4-3. (a) Bubble dynamics and (b) water temperature predicted by the IAPWS and MNASG 
EoSs. 

 

(a) 

 

(b) 

Figure 4-4. Spatio-temporal change of the mixture temperature with RKPR EoS for air; and a) 
MNASG and b) SG EoS for water. 

Since the IAPWS and the modified Tait fail at higher compressions, a stronger collapse 

with the initial 𝑝U = 3.57589 × 10gPa is simulated here using the MNASG and SG EoSs. The 

rest of initialization parameters are the same as in Table 4-1. It is noted again that the gas EoS 

is RKPR. The spatiotemporal change of the gas-liquid mixture temperature approximated by 

𝑇 = 𝑌=𝑇= + 𝑌"𝑇" EoSs is plotted when using MNASG EoS in Figure 4-4a and SG EoS in Figure 

4-4b. The occurrence of a fake temperature front is much more evident when the SG EoS with 

the maximum of ≈ 700 K while this is much less ≈ 450 K when using MNASG EoS. This 

indicates that the SG EoS overpredicts a travelling heat wave. It can be also observed that this 

temperature decreases over time after the collapse point and moves toward the far-field. 
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4.1.3  2D AXISYMMETRIC COLLAPSE 

One of the diverse applications of ultrasound cavitation in biomedicine is shock wave 

lithotripsy (SWL). The mechanism of lithotripsy involves producing short, focused 

microsecond pulses that cause shockwave penetrating the body at a target site. During a 

treatment session, numerous pulses are administered, typically at frequencies ranging between 

1 and 2 Hz. Cavitation is known to affect both the intended fragmentation of stones and the 

unintended harm to surrounding tissues [148]. While increasing the pulse rates could expedite 

the treatment process, it could also lead to tissue damage [148], [149].  

A simplified representation for SWL can be examined as follows. A compressive shock 

front from the upper boundary demonstrated in Figure 4-5a represents the lithotripter pulse 

without the tensile part propagating in time; this is based on an analytical function described in 

[150] resembling that of an electrohydraulic lithotripter system Dornier HM3, which is a 

commonly used lithotripter. This test case was first introduced in the work of [150], where they 

studied the wall pressure subjected to the bubble collapse. In this setup, infinite impedance for 

the kidney stone is assumed to avoid any wave absorption in the boundary. 

Initially, the pressure is atmospheric in the whole computational domain; the water and air 

densities are 𝜌W9X&L = 998.2	𝑘𝑔/𝑚Y and 𝜌9$L = 1.125	𝑘𝑔/𝑚Y, respectively. To reduce the 

computational cost, the case is simulated in 2D axisymmetric coordinates instead of the full 3D 

configuration. The schematic of the geometry is presented in Figure 4-5b where the domain is 

divided into separate blocks while the grid is refined in the proximity of the liquid-air interface. 

Reflective boundary condition is used on the axis of symmetry whereas for the right side and 

the bottom wall, the non-reflective and no-slip boundary conditions have been used, 

respectively. The bubble has an initial radius of 𝑅6 = 0.05	mm while the initial stand-off 

distance, defined as the minimum distance between the bubble center and the wall, is 𝐻6 = 2𝑅6. 
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(a) 

 

(b) 

Figure 4-5. (a) Pressure pulse of the lithotripter and (b) Schematic of the initial setup for the non-
spherical collapse case with block structured grid in AMReX. 

The temporal variation of the bubble volume is initially presented in Figure 4-6. To be 

consistent with the results reported in [150], the bubble volume is normalized with its initial 

value 𝑉∗ = 𝑉/𝑉6 and the time is non-dimensional using 𝑡∗ = 𝑡𝑐j/𝑅6. In this case, 𝑐j =

1,647	𝑚/𝑠 is the reference speed of sound. The results obtained with the ideal and real gas 

EoSs are compared with the study of [150]; overall, good agreement is achieved, as expected.  
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Figure 4-6. Bubble dynamics of shock-induced collapsing bubble using RKPR and MNASG EoSs 
compared with [90], [150]. 

Further details of the collapse process are illustrated in the following plots. More specifically, 

the relevant pressure and numerical Schlieren contours are demonstrated in Figure 4-7 at 

different times during the collapse. For these simulations, the MNASG has been utilized as it 

was found in the previous section to predict the liquid temperature more accurately. In this 

context, the liquid temperature distribution along the wall is illustrated in Figure 4-8a. It can be 

seen that temperature remains relatively stable and does not experience substantial change 

before the final stage of the collapse. At this point, an increase of 25	K of the liquid is predicted 

at the time when the shock wave hits the wall. A similar pattern can be observed for pressure 

in Figure 4-8b where the wall pressure exceeds 0.4 GPa. 
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(a) (b) 

 

(c) 

 

(d) 

Figure 4-7. Pressure field (left half), numerical Schlieren (right half) at different collapse stages: a) 
𝑡∗ = 11.50, b)	𝑡∗ = 12.65, c) 𝑡∗ = 13.07, and d) 𝑡∗ = 14.41. 

 

 

(a) 

 

(b) 

Figure 4-8. Liquid temperature (a) and pressure (b) along the wall at different times after the shock 
hits the wall. 

In order to gain a deeper insight into the dynamic evolution of liquid temperature, 

temperature contours are presented in Figure 4-9; the plotted temperature values are masked to 

values up to the maximum value in the liquid phase (thus, the much higher temperatures inside 
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the bubble appear as empty). On the right-hand side of the same plots, the contours depicting 

the magnitude of the velocity field are plotted. 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 4-9. Liquid temperature (left side) and velocity magnitude (right side) at different collapse 
stages. 

According to Figure 4-9b it becomes apparent that the liquid temperature can rise significantly 

to 340	K in the region above the bubble before the collapse. During the rebound, this region 

cools down while the liquid temperature in the proximity of the bubble is still high, as shown 

in Figure 4-9c. Subsequently, the shock propagates towards the wall where the liquid 
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temperature along the wall increases to 340	K, as demonstrated in Figure 4-9d. Evidently, the 

shock wave causes this heating rather than the propagation of the pressure pulse of the 

lithotripter. To further elaborate on this observation, the impact of the initial bubble stand-off 

distance from the wall on the subsequent rise of liquid temperature have been studied, using 

various initial stand-off distances. Figure 4-10 demonstrates the temporal evolution of the 

space-averaged liquid temperature and pressure within the region 𝑟 < 𝑅6. As depicted in this 

figure, a decrease in the initial stand-off distance results in an increase in both the liquid 

temperature along the wall and the pressure, consistent with the observations reported in [83]. 

 

(a) 

 

(b) 

Figure 4-10. Spaced-averaged (in 𝑟 < 𝑅#) liquid temperature (a) and pressure (b) along the wall over 
time. 

Lastly, the heatmap of the temporal change of the liquid temperature along the rigid wall 

is depicted in Figure 4-11 where the horizontal axis shows the time while the vertical axis 

represents the rigid wall axis. Accordingly, it is observed that the temperature increase due to 

the pressure pulse is not significant. However, as the bubble collapses, the maximum 

temperature raise to 𝑇 = 325 K below the bubble in 𝑟 ≈ (0,0.02) mm while tissue damage 

occurs usually above 325	K [151]. Over the course of time, the region exhibiting the highest 

temperature gradually migrates towards the right boundary, with a reduction in its magnitude. 
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Figure 4-11. Spatio-temporal change of the liquid temperature along the wall axis. 

4.2 SUMMARY 

In the current study, we expand the Kapila model to incorporate complex EoSs for both the 

liquid and gas phases. Since real gas effects during bubble collapses were extensively discussed 

in our former work, the present work has focused on the thermal effects induced in the liquid 

phase. Particularly, the deficiencies of EoS for the liquid state ought to both the unphysical 

specific heat ratio and the absence of terms considering repulsive molecular effects was 

showcased. It was observed that the SG EoS leads to above 800% error in temperature rise 

compared to the prediction obtained with the IAPWS one, at the highest compression of 10 

GPa investigated. Moreover, the more complex and accurate modified Tait and IAPWS EoS 

were able to resolve and eliminate the spurious liquid temperature front that is predicted when 

the SG EoS was used, and which can be as high as 400 K. Having demonstrated the ability of 

the proposed liquid EoS to predict the temperature variation for the benchmark bubble collapse 

cases, the liquid temperature developing along a solid wall exposed to the violent bubble 

collapse induced by an ultrasonic pressure pulse simulating that of a commercial lithotripter 
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was studied. Model predictions indicated that the temperature increase during a single collapse 

event is a function of the bubble initial stand-off distance; shorter initial stand-off distance led 

to higher liquid temperatures along the wall. 
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5.1 RESULTS AND DISCUSSION 

In this section, the temperatures produced during the ultrasound-driven collapse of an air 

bubble are presented. Moreover, the effect of the initial bubble radius and standoff distance on 

soft-material heating is also presented. 

 

Figure 5-1. Problem set-up of an ultrasound-induced collapse of an air bubble near a soft material. 

The schematic of the case is presented in Figure 5-1 where a lithotripter pulse impacts an 

air bubble of initial radius 𝑅6 standing at a distance 𝐷 from a soft material. The computational 

domain spans 𝐿* = 10𝑅6 and 𝐿Q = 20𝑅6 where 𝑅6 = 50	µm. To save computational time, the 

simulations were conducted using an axisymmetric formulation with	β = 1.	The base mesh of 

𝑁* = 256 and 𝑁Q = 512 cells is used, resulting in 131,072 initial cells prior to refinement; the 

corresponding mesh spacing is Δ𝑥 = 1.953125 ∙ 100Y	mm. Two levels of maximum 

refinement have been used. The top boundary is used to propagate the lithotripter pulse while 

an outflow boundary condition is imposed on the right and lower boundaries; the left boundary 

is the axis of symmetry. A CFL number of 0.1 was imposed to preserve the explicit scheme's 

numerical stability. Initially, the bubble is at mechanical equilibrium with its surrounding at 

atmospheric pressure and at a temperature of 𝑇6 = 300𝐾. The air phase is modeled by using 

the RKPRe table with an initial density 𝜌9$L = 1.177	𝑘𝑔 ∙ 𝑚0Y. A description of the RKPRe 
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EoS can be found in [152]. The water phase is modeled by using the MNASG EoS with the 

coefficients listed in Table 5-1 and an initial density 𝜌W9X&L = 998.2	𝑘𝑔 ∙ 𝑚0Y. Similarly, a 

description of the MNASG EoS can be found in [82].The soft material is representative of 

agarose tissue phantoms [153] with an initial density of 𝜌3> = 1010	𝑘𝑔 ∙ 𝑚0Y and a shear 

modulus 𝜇 = 7.23 ∙ 10Y	Pa. The 1% agarose tissue phantom chosen has 98.1% water content 

[153]. Since the water content is so high it is assumed that the tissue phantom thermodynamic 

coefficients are that of water. 

Table 5-1. MNASG [82] coefficients for liquid water 

𝒄𝒗(𝑱. (𝒌𝒈.𝑲)0𝟏) 𝜸 𝒑4(𝑷𝒂) 𝒃(𝒎𝟑. 𝒌𝒈0𝟏) 𝒒(𝑱. 𝒌𝒈0𝟏) 

3610	 1.19 6217.8 ∙ 10G 6.7212 ∙ 100H −1177788 

In Figure 5-2, the ultrasound-induced collapse of an air bubble of 𝑅6 = 50	𝜇𝑚	with an 

initial stand-off 𝐷 𝑅6⁄ = 1.1 near a soft material at different timesteps is presented. The 

contours of temperature, pressure, and maximum principal stress are shown. In the first frame 

Figure 5-2a, the ultrasound pulse is traveling downstream towards the bubble. After the 

ultrasound pulse has impacted the bubble, a rarefaction wave is emitted from the bubble 

interface. In Figure 5-2b, the bubble has started to collapse; the adverse pressure gradient is 

clearly visible. The sink flow under the bubble has stretched the tissue, applying tensile stresses 

in the process. The temperature is seen to increase in a small region at the distal side of the 

bubble. The collapse process continues as seen in Figure 5-2c-d where the distal side of the 

bubble has left an elevated temperature in its wake. The tissue continues to be pulled towards 

the bubble. Later, in Figure 5-2e the liquid jet penetrated the bubble leading to toroidal bubble 

formation, and the water hammer shock emitted. To better visualize the shock waves numerical 

schlieren were plotted in Figure 5-3 based on the following formula [143]: 

𝜙 = exp]−
𝑘|Δ𝜌|

𝑚𝑎𝑥|Δ𝜌|_, ( 48 ) 

where k is a scaling parameter to improve the visibility of the waves, here equal to 200. The 

precursor and water hammer shocks can be seen in Figure 5-3d. The temperature is noticeably 

higher downstream of the toroidal bubble. The gas content of the bubble is heated by 

compression during collapse. The temperature inside the bubble is shown in Figure 5-4c. The 
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high-temperature filament seen in Figure 5-2e is an air-water mixture region with heated air. 

The bubble starts the rebound process in Figure 5-2f and the liquid jet penetrates the tissue. The 

temperature increases along the spherically propagating shock. The bubble continues its 

downward moving motion in Figure 5-2g. The liquid jet is now compressing the tissue at the 

impact point. The temperature also increases on the distal side of the toroidal bubble where an 

air-water mixture is present. The same observations were made in [154]. In Figure 5-2h, the 

heated filament impacts the surface of the soft material although its maximum temperature has 

significantly cooled down between Figure 5-2e-h. 

 
(a) 

 
(e) 

 
(b) 

 
(f) 
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(c)  

 
(g)  

 
(d) 

 
(h) 

Figure 5-2. The ultrasound-induced collapse of an air bubble of 𝑅# = 50	𝜇𝑚	with an initial stand-off 
𝐷 𝑅#⁄ = 1.1 near a soft material at different timesteps. The grey isosurface separates the different 
materials and is defined by 𝛼$ = 0.5. The bubble interior has also been greyed out. Upper left hand: 
contour of temperature. Upper right hand: contour of pressure. Bottom half: contour of the maximum 

principal stress. 

The temporal evolution of the normalized air volume, space-averaged surface and 

bubble temperature are shown in Figure 5-4. The space-averaged surface temperature is 

computed by the arithmetic average of the cells whose coordinates are 𝑥 < 	𝑅6 on the volume 

fraction isosurface. This surface temperature is seen to increase three times as illustrated in 

Figure 5-4b. First, the lithotripter pulse is responsible for sightly heating the soft material to 

about ~300.7𝐾; also visible in Figure 5-5a where the pulse has already propagated, and in 

Figure 5-4b (b1). Second, the largest heating is caused by the bubble's collapse as depicted in 

Figure 5-5a-b and in Figure 5-4b (b2). The heating of about ~15𝐾 experienced by the soft 

material is due to the shock emitted by the collapsing bubble as shown in Figure 5-5b. Third, 

the heated filament deposits heat onto the soft material albeit less than a kelvin as illustrated in 

1.835 𝑡𝑐j 𝑅6⁄  

1.871 𝑡𝑐j 𝑅6⁄  

2.051 𝑡𝑐j 𝑅6⁄  

2.267 𝑡𝑐j 𝑅6⁄  
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Figure 5-5d and Figure 5-4b (b3). The space-averaged surface temperature then cools down 

slowly. 

 
(a) 

 
(d) 

 
(b) 

 
(e) 

 
(c) 

 
(f) 
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Figure 5-3. The ultrasound-induced collapse of an air bubble of 𝑅# = 50	𝜇𝑚	with an initial stand-off 
𝐷 𝑅#⁄ = 1.1 near a soft material at different timesteps. The grey isosurface separates the different 
materials and is defined by 𝛼$ = 0.5. Left: numerical schlieren. Right: contour of pressure. 

For a clearer view of the evolution of the temperature along the soft material isosurface, 

its spatiotemporal map is plotted in Figure 5-6. The highest temperature is reached under the 

bubble for 𝑥 < 2𝑅6	right after collapse where 𝑇 > 340𝐾. The shock wave emitted by the 

bubble’s collapse is then seen to rapidly propagate outward while cooling down. The soft 

material’s surface cools down far from the bubble while it heats up again close to the bubble 

due to the heat deposition of the air-water mixture. As seen in Figure 5-4b after (b3) the 

temperature slowly cools down but stays above 300𝐾. 

 
(a) 

 
(b) 

 
(c) 

Figure 5-4. The ultrasound-induced collapse of an air bubble of 𝑅# = 50	𝜇𝑚	with an initial stand-off 
𝐷 𝑅#⁄ = 1.1 near a soft material. The dash-dotted line represents the collapse time. (a) Temporal 
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evolution of the normalized air volume. (b) Temporal evolution of the space-averaged surface 
temperature. (c) Temporal evolution of the space-averaged bubble temperature. 

To sum up, three heating mechanisms are identified. The propagation of the ultrasound 

pulse is responsible for the first heating observed. The shock emitted by the bubble’s collapse 

induces the highest temperature in the soft material albeit it cools down rapidly. Lastly, the 

contact with the air-water mixture filament referred to here as bubble-material contact is 

responsible for a slight increase in temperature over a prolonged duration. 

 

 
(a) 

 
(c) 
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(b) 

 
(d) 

Figure 5-5. The ultrasound-induced collapse of an air bubble of 𝑅# = 50	𝜇𝑚	with an initial stand-off 
𝐷 𝑅#⁄ = 1.1 near a soft material at different timesteps. The grey isosurface separates the different 
materials and is defined by 𝛼$ = 0.5. The bubble interior has also been greyed out. Left: contour of 

temperature. Right: contour of pressure. 
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Figure 5-6. Spatiotemporal map of the temperature on the isosurface of the volume fraction defined by 
𝛼$ = 0.5. 

5.1.1 EFFECT OF THE BUBBLE RADIUS 

In this section, the effect of the initial bubble radius on the soft material’s heating is 

investigated. In Figure 5-7, the effect of the initial bubble radius for a standoff distance 𝑆? =

1.1 and three bubble radii 𝑅6 = 25, 50, 100μm is presented. 

Figure 5-7a shows the spatiotemporal map of the temperature on the isosurface of the 

volume fraction defined by 𝛼' = 0.5 for the three bubble radii. Clearly, the maximum 

temperature near the center reached post-collapse is higher for the smaller bubbles, i.e.: 

𝑇k-.,G
>9* > 𝑇k-.G6

>9* > 𝑇k-./66
>9* . Similarly, since the shock is stronger for the smaller bubbles the 

temperature cools down less as it propagates outward. Moreover, the heating induced by the 

bubble's contact with the soft material is distinctly more significant as the bubble radius 

decreases. The weaker compression experienced by the bigger bubbles translates to a lower gas 

temperature during the collapse, and thus clearly lower temperatures during bubble-material 

contact. 

Figure 5-7b shows the temporal evolution of the space-averaged surface temperature for 

the three bubble radii. The previously discussed heating mechanisms are again visible, namely: 

the ultrasound, the shock emitted by the bubble collapse, and the bubble contact. The higher 

temperature produced by the smaller bubbles is also distinctly observed. 
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(a) 

 
(b) 

Figure 5-7. Effect of the initial bubble radius for a standoff distance 𝑆( = 1.1 and three bubble radii 
𝑅# = 25, 50, 100μm. (a) Spatiotemporal map of the temperature on the isosurface of the volume 

fraction defined by 𝛼$ = 0.5 for the three bubble radii (b) Temporal evolution of the space-averaged 
surface temperature for the three bubble radii. 

5.1.2 EFFECT OF THE STAND-OFF DISTANCE 

In this section, the effect of the standoff distance on the soft material’s heating is 

investigated. In Figure 5-8, the effect of the standoff distance for an initial bubble radius 𝑅6 =

25μm and three standoff distances 𝑆? = 1.1, 2.0, 3.0 is presented. 
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Figure 5-8a shows the spatiotemporal map of the temperature on the isosurface of the 

volume fraction defined by 𝛼' = 0.5 for the three standoff distances. First, as the standoff 

distance increases the maximum temperature along the soft material surface decreases 

significantly. Second, since the bubble is further away for higher standoff distances the heating 

due to the bubble’s contact is not observed. Indeed, by the time the bubble’s centroid moves 

downstream toward the soft material, the bubble has already cooled down. 

Figure 5-8b shows the temporal evolution of the space-averaged surface temperature for 

the three standoff distances. The first notable observation is the difference in temperature due 

to the ultrasound heating. For lower standoff distances the bubble is closer to the soft material 

and provides a shielding effect. Moreover, the peak temperatures observed are to decrease as 

the standoff distance increases. Indeed, since the bubble is further away; the shock emitted by 

the bubble’s collapse loses amplitude inversely proportional to the distance traveled. Lastly, the 

same observation as in Figure 5-8a is made where no heating due to bubble contact is observed 

for higher standoff distances. 

 
(a) 
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(b) 

Figure 5-8. Effect of the standoff distance for an initial bubble radius 𝑅# = 25μm and three standoff 
distances 𝑆( = 1.1, 2.0, 3.0. (a) Spatiotemporal map of the temperature on the isosurface of the 
volume fraction defined by 𝛼$ = 0.5 for the three standoff distances (b) Temporal evolution of the 

space-averaged surface temperature for the three standoff distances. 

5.2 SUMMARY 

A numerical investigation of the temperature effects in ultrasound-induced collapse of air 

bubbles near soft materials was presented using a multi-material DIM model with AMR 

extended to include complex thermodynamics. The RKPR EoS is used in tabulated format for 

the gas while the MNASG EoS is used in parametric form for liquid water. To have a better 

understanding of the soft material’s heating, the effect of the initial bubble radius and the 

standoff distance were investigated. Insights into the thermal damage mechanisms were 

presented through the visualization of the temperature contours and the spatiotemporal 

temperature maps on the soft material’s surface. 

Our findings reveal that three heating mechanisms are present. Firstly, the ultrasound 

propagating inside the soft material. Secondly, the shock emitted by the bubble’s collapse which 

is the mechanism that produces the highest temperature although momentary. Thirdly, after the 

bubble collapses, it migrates toward the soft material and makes contact heating it up in the 

process. However, the bubble contact mechanism becomes less important as the standoff 

distance increases since the gas has time to cool down while moving downstream. Meanwhile, 

the heating experienced by the shock emitted at the bubble’s collapse is observable at all 
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standoff distances although greatly diminished. Furthermore, our analysis showed that smaller 

bubbles produce higher temperatures, especially upon collapse, and significantly enhance 

heating when in contact with the soft material. 

This investigation underscores the intricate dynamics involved in the ultrasound-induced 

collapse of air bubbles and their implications for soft material heating, paving the way for 

improvements in related medical applications. 
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6 CONCLUSIONS AND 

RECOMMENDATIONS FOR 

FUTURE WORK 

In this thesis, a novel compressible multi-material DIM with block-structured AMR is 

presented. The novel multi-material DIM can be used to model any arbitrary number of 

materials: fluids and solids. A local time-stepping is used along with the block-structured AMR 

to advance the hierarchical levels, making its implementation extremely efficient 

computationally despite the number of equations to solve. The waves and interfaces remain 

sharp thanks to the use of the tagging criterion based on the density gradient. Later, it is 

expanded to real-fluid EoSs where each material can be modelled with its own tabulated or 

parametric EoS using a newton-based algorithm to compute the mixture pressure. A series of 

stringent benchmark cases are used to validate the proposed model and are found to be in 

excellent agreement. 

Firstly, the presented multi-material DIM was utilized to investigate the ultrasound-

induced collapse of air bubbles near soft materials. The analysis shows that tissues are 

predominately experiences tensile forces as opposed to compressive or shear forces, suggesting 

a mechanism of tension-induced injuries. Additionally, the bubble radius is a key factor of the 

stresses developed in the soft material, highlighting its significance in medical procedures. 

Although changes in shear modulus have a minimal affect the bubble's early dynamics, it 

significantly changes the penetration dynamics and deformations in the later stages. The areas 

where the maximum principal stress is highest are identified suggesting potential locations of 

tension-driven mechanical damage. 
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Secondly, the importance of real-fluid EoSs in predicting accurate temperatures is 

demonstrated. Indeed, the lack of accuracy of common EoSs like the SG EoS in predicting 

temperature is clearly shown when compared to the IAPWS, the Modified Tait or the MNASG 

EoSs. The proposed methodology to include real-fluid EoS into the Kapila DIM is then used to 

examine a lithotripter pulse induced collapse of an air bubble near a rigid wall. The results show 

significant temperature elevation on the rigid wall after bubble collapse. More specifically, an 

increase of 25K was recorded along the wall. The standoff distance also played a significant 

role in the maximum temperature observed on the rigid wall. In fact, smaller standoff distances 

between the bubble and the rigid wall produced higher temperatures. 

Thirdly, real-fluid EoSs are incorporated into the multi-material DIM by using a newton-

based method to compute the mixture pressure. Each material is described by its own real-fluids 

EoS in tabulated or parametric form. The RKPR and the MNASG EoSs are used to investigate 

the temperatures observed in ultrasound-driven bubble collapse near a soft material. The results 

reveal three heating mechanism: the ultrasound propagating, the emitted shock from the 

bubble’s collapse and bubble contact on the soft material. The significance of bubble contact 

diminishes with greater standoff distances due to gas cooling, while the initial shock-induced 

heating is less affected by distance because of the spherical nature of the shock emitted. 

Additionally, smaller bubbles with the same ultrasound amplitude are found to cause higher 

temperatures on collapse and greater heating upon contact with the material due to a more 

violent collapse. 

These investigations underscore the intricate dynamics involved in the ultrasound-induced 

collapse of air bubbles near soft materials and their implications for soft material damage and 

heating, paving the way for improvements both in numerical modelling and in related medical 

applications. 
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6.1 RECOMMENDATIONS FOR FUTURE 

WORK 

The multi-material DIM introduced in this work opens the door to a rich landscape of 

research opportunities, offering a versatile simulation framework suitable for a diverse array of 

biomedical applications. The study of ultrasound-driven bubbles in blood vessels or bubble 

collapse is of importance to sonoporation where the mechanical stresses are assumed to 

contribute to membrane permeation. The case could be improved by considering an UCA. 

Bubbles can also be used to break down blood clots in thrombolysis. The bubble collapse in a 

blood vessel near a thrombus can be investigated to elucidate the damage mechanisms and the 

safety of such procedures. The collapse of a cloud of air cavities in tissues are used to 

mechanical ablate tissue in Histotripsy. The mechanical loading of the tissue during cloud 

expansion and collapse remains to be elucidated. Similarly, with the real-fluid EoS presented 

in this work, boiling histotripsy procedures could also be simulated to explain the thermal 

ablation process. Bubble clouds are also used in ESWL to fragment kidney stones. A bubble 

cloud simulation could explain the mechanical damage mechanism behind this procedure. 

Lastly, simulating needleless injection systems that are a new drug delivery system could 

improve their efficacy and their safety while minimizing discomfort. The penetration of a liquid 

jet into multiple layers of skin can be simulated with the presented methodology. 

Several of numerical improvements can be made to include more physics, expand the scope 

of studies possible or port the model to other numerical methods. The current model could be 

improved by adding viscosity, surface tension, heat conduction, phase transition and plasticity. 

The presented methodology is density-based method suitable for high-Mach number flows 

typical to bubble collapses. The use of an AUSM+-up approximate Riemann solver could 

expand the scope of studies possible to low-Mach number flows if coupled with a high-order 

reconstruction method like WENO and a high-order temporal integration. Alternatively, the 

model equations could also be solved by a pressure-based approach to study incompressible 

flows with FSI or even the newer all-Mach approaches. 
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