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ABSTRACT

This paper numerically investigates the energy evolution of the focused wave and its correlation with input
parameters for the wave generation. The focused wave is numerically generated based on the fully nonlinear
potential wave theory which is solved by the Quasi Arbitrary Lagrangian Eulerian-Finite Element Method. The
investigation is performed by dividing the generated wave energy into three categories according to their fre-
quency intervals, i.e., the initially assigned frequency interval [f; fy], the frequencies lower (f < f;) and higher (f
> fy) than the initial interval. The amount of the generated energy falling into three energy categories and the
energy distribution in the initial frequency interval are analysed against amplitude parameters and frequency
bands under three amplitude spectra. Four indicators are proposed to indicate the actual energy variations
comparing to the initial design. It is found that for all the three frequency intervals the energies increase when
the amplitude parameters increases or the given frequency shifts towards the lower frequency domain. The
choice of wave amplitude spectrum plays a significant role to maintain the distribution of the energy in the
design frequency range and to minimise the energies out of the design frequency range. The results from the
second-order wave group theory are used to assist analyses of the mechanism of the energy evolution alongside
the focused wave generation. It is found that the lower-frequency energy in the vicinity of the focusing point is
dominated by the second-order difference waves, whereas the higher-frequency energy is mainly produced by
the wave flap. The waves which are higher than the second-order and the complex interactions not considered by
the second-order wave theory are found significantly disturbing the energy distribution in the originally assigned
wave-frequency interval.

1. Introduction

avoid nonlinear responses such as ringing (Davies et al., 1994) or
springing (Riesner and El Moctar, 2021) excited by extra energies pro-

Focused waves simulated by either physical or numerical wave tanks
are often selected as representative wave states and have been applied to
many studies associated with naval architecture and ocean engineering.
The earliest application is to evaluate the seaworthiness characteristics
of ships under focused waves by laboratory model tests (Takezawa and
Hirayama, 1976). Accurate focused wave packet as designed energy
spectra enable effective estimation of the response amplitude operators
(RAOs) of ships by a single test, which is more efficient than
commonly-adopted measurements from multiple regular waves. To
accurately obtain RAOs, the focused wave energy and its distribution
over the specified frequency interval should be properly designed and
they are expected to be maintained in the wave generation process, to
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duced out of the specified frequency range. As focused waves can be
generated with high crest elevations, recently they are often considered
as extreme waves for offshore structures design, such as wave energy
converters, offshore wind turbines, coastal bridges, etc (van Rij et al.,
2021, Rameeza et al., 2020, Rameeza and Ranjan, 2021, Jin et al., 2019,
Clauss, 2005, Bai et al., 2021). For such extreme waves, the extra
higher-frequency wave energy may lead to failure of the generation due
to unexpected wave breaking (Abroug et al., 2020) as the higher fre-
quency energy produced out of the design range contributes to even
steeper wave crest elevation.

Focused waves are commonly generated experimentally or numeri-
cally based on two types of mechanisms. One is the wave instability
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mechanism or so-called nonlinear self-focusing (Zhang et al., 2019),
which assumes that waves have unstable crest or trough elevations as
the waves propagate in the wave tank. When meeting certain conditions
e.g., BFI > 1 (BF], i.e., Benjamin-Feir Index, which is the ratio between
the wave steepness and the spectral bandwidth, is widely used to eval-
uate the instability of a wave group) as given in (Onorato et al., 2006),
wave energy can quickly focus on side waves, leading to the occurrence
of extraordinary high waves. The Schrodinger equation with different
nonlinear levels is commonly used to theoretically analyze this gener-
ation mechanism. So far, several breather solutions, like Kuznetsov—Ma
solution, Akhmediev breather, and the Peregrine solution, have been
derived and adopted to simulate extreme waves for investigating re-
sponses of ships (Chabchoub et al., 2014, Onorato et al., 2013, Onorato
et al., 2013). However, these breather solutions are only valid for pro-
ducing focused waves with single frequency but not for those with
multiple frequencies as they cannot consider interactions among wave
components (Abroug et al., 2020) or energy dissipation (Tian et al.,
2011). The other mechanism is to generate focused waves by the
spatial-temporal focusing of the wave energy. It can be achieved by the
dispersion method (Touboul et al., 2006) and the phase modulation
method (Baldock et al., 1996). The former generates wave components
in decreasing order of frequency, i.e., starting with the component
having the highest frequency and ending with one having the lowest
frequency. The reflecting wave problem can be easily dealt with, but the
smooth transient of each ‘chirp’ pulse at the beginning of the wave
maker movement has to be implemented empirically (Rapp and Mel-
ville, 1990). Furthermore, the strong nonlinear interaction among wave
components may occur and influence focused wave generation (Tian
et al., 2011). The latter is to modulate phases of wave components to
make the amplitude of each component arrive at the assigned location
and time to achieve focused wave crest. Due to the fact that all the wave
components are produced concurrently by the wave maker, the total
simulation or testing time will be restricted by the reflection of the low
frequency components. Different from the dispersion method, the wave
maker motion signal in the phase modulation method can be easily
determined and processed to meet the requirements of the wave gen-
eration. The phase modulation method can be divided into the single
wave train model (Baldock et al., 1996), the double wave model (Deng
et al., 2015), the triple wave model (Deng et al., 2015), and the New-
Wave model (Whittaker et al., 2018). They have different wave energy
allocations of the given wave trains by assigning tailored distributions of
amplitudes of wave components (Xu et al., 2019). Considering the wide
range of amplitude spectra types and the straightforward implementa-
tion of the signal at the wave maker, the phase modulation method is
often preferred by researchers to generate focused waves used in hy-
drodynamic studies.

Regardless of the above mentioned advantages of the phase modu-
lation method, the generated focused waves often differ from the
tailored ones due to the wave energy spatio-temporal diffusion, transfer
among wave components or spreading over frequency domain in the
wave evolution. To restrict wave energy diffusion in space and time, the
phase iteration scheme was usually employed to enforce phases of all
wave components to reach /2 at the specified location and time in the
wave basin (Chaplin, 1996, Clauss et al., 2006). On the top of the phase
iteration, an iterating modification was further applied to the assigned
wave component amplitudes for modifying wave energy transfer among
wave components (Schmittner et al., 2009) in wave generations. The
wave energy spreading over the frequency domain will produce unde-
sired wave components which cannot be predicted by the linear wave
theory (Dean and Dalrymple, 1991). For overcoming those undesired
energy alteration in wave generation and to acquire designed focused
wave, Khait and Shemer (Khait and Shemer, 2018) decomposed wave
surface into free and bound components based on the spatial Zakharov
equation, whereas Ma et al. (2022) reversed the target wave surface to
the paddle of wave maker. These attempts imply that when the initial
energy is properly designed based on focused wave energy evolution
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characteristics, the tailored focused wave can be effectively generated.
However, how the initially given energy links to the final energy dis-
tribution of the focused wave is still not fully understood.

The energy evolution of the focused wave in the wave tank is directly
associated with the initially assigned wave properties, such as wave
crest, focusing position and time, frequency range, and the choice of the
wave amplitude spectrum. When a larger crest elevation is assigned, the
produced crest elevation is obviously enlarged compared to the input
value and actual focusing position is shifted downwards (Baldock et al.,
1996, Ai et al., 2014), which means that the actual wave energy in-
creases and spatio-temporally diffuses in the generation process. The
focusing position and time were investigated by Xu et al (Xu et al,,
2019), suggesting that for a fixed focusing position, only when the
focusing time goes beyond a threshold, the focused wave can be
generated. It could be inferred that the position and time parameters
affect focused wave energy evolution in a combined way. Narrowing
frequency range generally leads to a higher crest elevation and main-
tains the focusing position (Li and Liu, 2015), whereas shifting the fre-
quency range forward with constant bandwidth can maintain the wave
crest elevation but move the focusing position backward (Liu, 2021).
Those findings indicate that the initially assigned frequency range af-
fects the spatio-temporal diffusion of focused wave energy. Moreover,
Xu et al. (2022) compared focused waves produced by wave amplitude
spectra with different distributions and found that the one with steeper
slope results in larger focusing amplitude at the farther position. The
generated focused waves under various assigned parameters suggest
that they affect wave energy evolution in the wave tank but further
quantitative analyses of the relationship between the generated energy
distribution and the initial designed wave properties need to be carried
out.

Apart from investigations of the wave energy in terms of the crest
elevation and focusing position, direct investigations of the energy
evolutions of the focused waves have also been carried out. Tian et al.
(2011) divided the energy spectrum into four parts, i.e., the lower fre-
quency region (f/fp= 0.5-0.9, where f, is the spectrum peak frequency),
the peak region (f/f,=0.9-1.2), the above-peak region (f/f,=1.2-1.5)
and the higher-frequency region (f/f,=1.5-2.5). It was observed that
increase of the higher-frequency energy was caused by the energy
transfer from the above-peak region and the process was reversible in
the defocusing process. It was also pointed out that the above-peak en-
ergy transfer was noticeable for waves with very high steepness (Abroug
et al, 2020), whereas the energies in the above-peak and
higher-frequency regions showed periodic spatial variations but that in
peak region did not show obvious fluctuation (Ning et al., 2022). Rapp
and Melville (1990) used different classification for the energy which is
allocated at three frequency intervals, i.e., the initially assigned fre-
quency range, the higher frequency range (over the upper limit of the
assigned interval) and the lower one (below the assigned lower limit).
They found that as the focused wave packet evolved to the focal posi-
tion, the assigned wave spectrum significantly lost its shape and the
energy at the assigned frequency range was leaked to either higher
frequency or lower frequency interval. Baldock et al. (1996) further
demonstrated that the amount of energy transferred from the assigned
frequency interval to the higher frequency harmonics was more obvious
for the cases with larger wave crest elevation. As the higher frequency
energy will lead to wave breaking prematurely and affects the maximum
wave height (Abroug et al., 2020, Xu et al., 2022), it is important to
minimize the higher frequency energy to avoid breaking. When exam-
ining the offshore structure responses under focused waves, the lower
frequency energy can induce low-frequency drift responses (Xu, 2016),
whereas the higher frequency energy may excite nonlinear resonance
responses as ringing (Davies et al., 1994, Riesner and El Moctar, 2021).
So, to successfully obtain the tailored extreme waves with assigned en-
ergy spectra or to accurately test RAOs of the floating structures, the
energies at lower or higher frequency have to be carefully evaluated and
the energy distribution at initially assigned frequency range has to be
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properly designed so as to keep the wave energy as designed. As far as
the authors are aware, there are few quantitative studies on the gener-
ation of the lower and higher frequency energies or the alternation of the
energy distribution at the assigned frequency range.

The energy variations in focused wave generation, especially for the
alteration of wave energy distribution from the initially assigned fre-
quency range will be investigated in this study. Firstly, focused waves
under different amplitude spectra are generated in the numerical wave
tank based on fully nonlinear potential theory (FNPT), solved by the
Quasi Arbitrary Lagrangian-Eulerian-Finite Element Method (QALE-
FEM). Then the focused wave energy is divided into three categories
including the initially assigned frequency interval and the correspond-
ing higher and lower frequency intervals. For the generated focused
waves, four indicators are proposed to quantify the energy in the three
frequency intervals and the spectrum alternation in the given wave
frequency interval. Together with the second-order wave theory, the
fully nonlinear results of the spatial variations of the energy accompa-
nying the focused wave evolution are quantitatively analyzed which
helps to acquire new insights of the focused wave generation in terms of
the temporal and spatial energy variation, so as to better generate
tailored focused waves.

This paper is organized as follows. Section 2 outlined the wave
theory and the corresponding numerical method employed in the nu-
merical wave tank. The generation principles of focused waves are
introduced in Section 3, along with the demonstration of the validation
of the numerical wave tank based on experimental data. In section 4,
four indicators for describing focused wave energy evolution are pro-
posed which are then analyzed for a series of cases with various f. and A¢
parameters to reveal the energy evolution in focused wave generation.
Section 5 summarizes the main findings of this study. Appendix A and B
provide additional figures for wave flap motions and the evolutions of
energy in different categories.

2. Numerical wave tank

To numerically generate focused waves, a rectangular wave tank is
built based on the fully nonlinear potential theory (FNPT), as shown in
Fig. 1. One flap maker is arranged at the left boundary and a damping
zone is set at right hand side to reduce reflection waves from the end
wall. A series of numerical probes are allocated along the tank, for
recording wave free surfaces at different positions.

2.1. Mathematical theory

According to the potential wave theory with rotation, viscosity and
surface tension neglected, a potential function ¢ exists and satisfies the
Laplace equation and the corresponding boundary conditions as follows

V=0 (@)

Ds_0p Dy_op D:_0p

Dt ox'Dt oy'Dt oz 2
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Egs. (2) and (3) are the kinematic and dynamic boundary conditions
respectively on the free surface in the Lagrangian form with 2 denoting
the total time derivative, and g being the gravitational acceleration; Eq.
(4) is for the rigid boundaries including wave maker flap, side and
bottom walls of the tank, where U(t) is the velocity of the corresponding
boundary, and n is the unit normal vector pointing out of the tank
boundaries. For the wave generator, as described in Eq. (4), the Neu-
mann boundary specifying the gradient of the velocity potential is
adopted as recommended in Wang et al (Wang et al., 2019). when
comparing with the relaxation method. It should be noted that different
from the wave generator condition adopted in this study, Wang et al.
(2019). used wave inlet condition instead.

For reflection wave absorption, a combination of the Sommerfeld
condition and the damping zone (Xu et al., 2022) is employed at the far
end of the numerical tank, written as

%m0 ©
D¢ _ Lo . (o
o= &t §|V¢| — v(x)|¢h|ssign <%> (6)

where c is the phase velocity of the characteristic wave, v(x) is the
damping coefficient.

2.2. Numerical method

The potential function ¢ in above Equations are solved by the QALE-
FEM which is briefly introduced in this section and more details can be
found in (Yan and Ma, 2010, Ma et al., 2001). A time step marching
procedure is utilized in solving the discretized equation. Since the values
of the potential function used on the free surface is either initially
specified or obtained by integrating Eqs. (2) and (3) according to the
results of the previous time step, the kinematic and dynamic conditions
on the free surface can be changed to a Dirichlet condition as

b =dy 7

Therefore, the potential function can be calculated by solving the
mixed boundary value problem (MBVP), defined by Egs. (1), (4) and (7),
using finite element method.

The fluid domain is discretized into tetrahedral elements, and the
potential function is expressed as

b= ¢Nix,y,2) (8)
J
where ¢; is the value of potential function at node J, and N;(x,y,z)is the

shape function. Using the Galerkin method, the Laplace equation and
the boundary conditions can be expressed as

Fig. 1. Sketch of numerical wave tank.
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in which, S, and S, respectively represent the Dirichlet and the Neu-
mann boundary with the potential function £, and its normal derivative
f, treated as known values according to the results obtained in the last
time step. The Eq. (9) is then written as

[Al{¢} = [B] 10)

where B is an array calculated from the RHS of Eq. (9) and A is a matrix
discretizing the LFS of the Eq. (9). The algebraic system of Eq. (10) is
solved by using a conjugate gradient iterative scheme with symmetric
successive over-relaxation SSOR pre-conditioner (Ma et al., 2001).

Once the potential function is solved, the fluid velocity field can be
obtained by calculating the gradient of the potential ¢ using the modi-
fied simplified finite difference interpolation method (MSFDI) (Xu et al.,
2015). Comparing to the original gradient calculation scheme adopted
in the QALE-FEM, MSFDI achieves higher efficiency by maintaining
similar accuracy and convergent rate.

So far, the QALE-FEM has been extended to various applications,
such as the 3D overturning waves with jets (Yan and Ma, 2010), multiple
3D floating bodies with 6-DoFs responses to steep waves (Ma and Yan,
2009), and is also coupled with models for solving viscous flows (Yu
et al., 2022). It is employed here for the focused wave generation with
the flow chart of the simulation as shown in Fig. 2.

3. Focused wave generation and validation

To generate desired focused waves, a numerical wave tank is set up
as shown in Fig. 1 with water depth d of 3.5 m. The length of the tank L is
200 m and 560 m, respectively for experimental cases and other cases
for further analyses, which ensure the recorded wave surfaces are not
affected by reflected waves. The vertical distance from the mean free
surface to the rotating axis of the wave flap is 1.86 m.

3.1. Focused wave generation

In this paper, focused waves are simulated by the phase modulation
method based on the spatio-temporal focusing mechanism (Baldock

Initial state

Solve MBVP of ¢ ]

( Estimate u J

t+HAt

Update
wavemaker
bounda

Update n&®;

Fig. 2. Flow chart for focused wave simulation using QALE-FEM.
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et al., 1996). The wave free surface is written as
N

E(x,y,t) = Zancos [k“ (X—Xf) —2nf, (t—tf)] an
n=1

in which N is the total number of wave components, X¢ and tgare initially
assigned focusing position and time, a,, k, and f;, are amplitude, the
wave number and wave frequency for the n® wave component respec-
tively. a, is specified by the three wave amplitude distributions
(spectra), as illustrated in Fig. 3.

One amplitude distribution is the Large Wave Amplitude at Low
frequency (LWAL) (Xu et al., 2022), and the amplitudes of its wave
components are calculated by

Ar

=% (12)
ky S 1/,
n=1

ay

The other two distributions are known as the Constant Wave
Amplitude (CWA) (Baldock et al., 1996) and the Large Wave Amplitude
at High frequency (LWAH) (Xu et al., 2022). Their a, values are
respectively calculated by

N 13)

an

ag—— B a4

- N
kN—nJrl Z l/kn
n=1

Apart from the constant amplitude distribution of the CWA, the
LWAL and the LWAH present opposite trends of the amplitudes across
the frequency range. ky, and f, are correlated in the form of (27fy)? =
gkpetanh(k,d) with f;, linearly increased over the specified frequency
range of [f; fx]. According to the linear wave superposition principle
(Xu et al., 2019), the generated focused wave crest elevation is expected
to be Af =) a,. The wave is generated by the flaps at the end of the tank
and the rotation angle of the wave flap is written as

N
0) = Y £ cos[2afut + (kuxi—2a,t)] 15)

n=1 0

where F,, is the transfer function between the generated wave surface
elevation and the rotating angle of the flap which is expressed as

4w cosh(k,d)[cosh(k,(d — ho)) — cosh(kad) + kydsin(k,d)]

Fn
g k2 (2k,d + sinh(2k,d))

(16

where hy is the distance from the rotating axis of wave flap to the bottom
of wave tank, which is 1.64m in this wave tank. The position and the
velocity of the wave flap can be calculated at each time step used as the
boundary conditions at the left end of the numerical wave tank.

0.09 T T T r
S R RTRREE Ll /<

R CWA PR

: —-— - LWAH ;

B
o 005} o 1

N -
0.03} — 1
i
0a 07 (R 1.1 13 15
f

Fig. 3. Three wave component amplitude distributions over component
frequencies.
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It should be noted that, the effect of the nonlinear self-focusing of all
the designed cases are evaluated by the Benjamin-Feir Index (BFI) pro-
posed by Serio et al (Serio et al., 2005). It is found that all BFI values of
cases are far smaller than one (Xu et al.,, 2022), indicating that the
focused waves investigated in this research are dominated by the
spatio-temporal focusing of wave energy as expressed by Eq. (11).

3.2. Validation

According to the convergence tests of this numerical wave tank
carried out in (Xu et al., 2022), the results are convergent when time step
reaches 1/100 of the smallest period among the wave components (Ty,)
and mesh size reaches 1/20 of the corresponding wave length (Am). For
brevity, the detailed results of these tests are not provided here. In this
work Ty,/200 and Ap,/35 are chosen for all the tests if not stated
otherwise.

A series of tests were conducted for focused wave simulation vali-
dation against experimental data (Xu, 2016). 24 wave probes were ar-
ranged along the length of the physical wave tank with the far left one
arranged at 21.905 m, 31.495 m and 38.905 m from the wave maker
when x¢is specified as 30 m, 40 m and 50 m respectively. Such shifting of
the wave probes is to precisely capture the wave crests for waves focus at
different locations. The distance between two neighboring probes is 0.40
m. The comparisons of spatial and temporal variations of the wave
surface between numerical results and measured data for A¢ = 0.1 m, £,
=0.1694-0.4546 Hz, xf =30 m, t=36 s and N =32, are demonstrated in
Fig. 4.

The development and decay of the focused wave surface over 10 s at
x =23.505 m obtained from the numerical wave tank agree well with
those measured in the physical wave tank as illustrated in Fig. 4(a). The
relative error of the maximum wave crest elevation is about 1 %. For all
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other validation cases with Afvarying from 0.10 m to 0.20 m and a series
of frequency ranges between 0.5882 Hz and 0.1250 Hz, the maximum
error of focused wave crest elevations is approximately 5 %. Due to
limited number of wave gauges distributed along the physical wave
tank, only a small section of space wave surface is captured by the ex-
periments at focusing time as plotted in Fig. 4(b). The numerical results
spanning over 10 m along the tank at t =34.66 s also agrees well with the
measurements with the deviation of the focused position smaller than 1
% for this case. For all other spatial comparisons, the error of focusing
positions predicted is smaller than 6 %. More detailed validation results
can be found in Xu (2016).

4. Results and Discussion

For all the following test cases, the assigned focusing time tg, focusing
position x¢ and number of wave components N are set as 36 s, 50 m and
32, respectively, unless otherwise stated. 601 wave probes with the in-
terval of 0.1 m are arranged in the vicinity of x¢ from 20.0 m to 80.0 m
for investigating wave energy variations across the frequency band of
the focused wave generated. The total energy is divided into three parts,
namely lower-frequency energy, wave-frequency energy and higher-
frequency energy, corresponding to three frequency intervals of f, <
fi, [f1 fx] and f;, > fy. The wave-frequency energy is that of the com-
ponents fall in the originally specified frequency range, and the other
two are those of the components out of the specified frequency range,
either higher than fy or lower than f;, produced in the process of focused
wave generation. Neither the lower-frequency nor the higher-frequency
energy are desired because they can distort tailored focused wave results
(Xu et al., 2022) or induce extra erroneous responses of the tested
floating structures, such as exaggerated slow drift or higher frequency
resonance (Xu, 2016).

o2 ' toA -
4 \ Measured [36]
0.08f fr — — —MNumerically simulated -
/A
_ooaf { 1 o T
[= . / 4 T
oomlN ; | ==Y
0.00 - \\.4..:{'/ \\\% \:"@“ s _
004} \ / Y / -
\_/ \
oo @ , = o , .
an 32 34 36 38 40
tis)
012 N T T T ".“ T T T T i
oy s Measured [35]
009 * o . . -
» » Murnerically simulated
005} / . -
£ poaf j 1, _
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Fig. 4. Comparisons of focused wave surfaces between numerical and experimental results: (a) time history of the focused wave surface at the actual generation
position (x = 23.505 m); (b) focused wave surface profiles at the actual generation time (t = 34.66 s).
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To quantitatively assess amount and distribution of energies in three
groups, four indicators are defined and formulated as follows

fi

/Sma

Cop = ar
/&@a
f,
fn
S(f)df
Cy = ——— as)
So(f)df

fy

N N

/MHMf/%QM

f f,

19)

fx fx

Cpy = —— (20)

/%@ﬁ

f1

where Cgr, Cgw and Cgy are energies in lower, initial and higher fre-
quency bands respectively which are all normalized by the energy
initially specified at wave-frequency interval. Cgc is the centroid of en-
ergy spectrum falling in the initial frequency band, which is used to
describe the alternation of the energy distribution from the initial
design. Cgc may be larger or smaller than one, respectively representing
that the energy of the generated wave is more distributed to higher- or
lower-frequency part comparing to the initial frequency interval. In Eqgs.
(17)-(20), S(f) is the energy spectrum for the generated wave at any
position of the wave tank and can be acquired by the time history of
wave free surface recorded using Fast Fourier Transform, while So(f) is
the initially assigned energy spectrum.

4.1. Ay effects on spatial wave energy evolution

In this section, the wave energy distribution will be investigated with
design wave crest A¢ of 0.14 m, 0.20 m, 0.24 m and 0.28 m. The three
wave amplitude spectra will be adopted as defined in Eqs. (12)-(14), i.e.,
LWAL, CWA and LWAH. The initial frequency band for all the spectra is
specified from 0.1641 Hz to 0.4063 Hz. It should be noted that the
focused wave cases employed in this research are mainly based on the
waves generated in physical wave tanks and they are determined by the
capacities of the wave generators and the tank sizes. When the waves are
scaled up to the real sea state, the highest wave crest A¢of 0.28 m chosen
in this study corresponds to the real wave elevation from 14 m to 22.4 m
with the common scale of 50 to 80 which can cover the extreme ocean
wave condition. However, most of the ocean wave energy is distributed
in the frequency interval of 0.033 Hz to 0.200 Hz. To match the fre-
quency range in the Section 4.1, i.e. 0.1641 Hz to 0.4063 Hz, to the real
sea state, the scale needs to be reduced to 30 which leads to the
maximum real wave elevation to 8.4m which represents the low or
moderate sea states (Beaufort number 6 according to Beaufort Scale sea
weather estimation (https://www.weather.gov/pqr/beaufort, 2024).

As the lower-frequency energy calculated by the fully nonlinear
potential theory (FNPT) has shown in Fig. 5, the three spectra with
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various amplitude parameters share a similar overall trend of the lower-
frequency energy evolution. It keeps increasing even when the crest
appears in the range of x/x¢ =0.8 - 0.9 and it peaks behind the designed
focusing positions. The low-frequency energy finally decreases when x/
x¢ > 1.2. Such spatial evolutions imply that the lower-frequency energy
is mainly produced by the interaction among wave components in wave
generation, rather than subharmonic waves produced by the wave flap
(Sriram et al., 2015). Similar energy evolution is also found by Baldock
et al. (1996) by comparing wave energy spectra of the focused wave at
different positions, which were interpreted as the results of wave energy
transfer between wave-frequency and lower-frequency components.
Additionally, the second-order wave theory presented by Dalzell (1999)
is also applied for assisting the analysis of the energy generation
mechanism. Different from the significant increase of the
lower-frequency energy before the wave focuses as demonstrated by the
FNPT method, the second-order wave theory presents a minor increase
from a relatively larger value at the location away from the focusing
point to reach a similar peak as it is from the FNPT. The large gap in the
lower-frequency energy generated by the two methods before the wave
focus may be owing to that the second-order theory cannot fully capture
the increasing wave component interactions along the process of
focusing wave generation. This phenomenon is amplified by increasing
the amplitude parameter and is more notable when LWAL spectrum is
used. However, the similar peak from both methods infers that the
lower-frequency energy of the focused waves is mainly caused by the
second-order difference waves and higher orders have negligible effect,
as estimated by the second-order wave theory.

For a given wave crest parameter A¢ as shown in Fig. 5, the lower-
frequency energy evolution relies on the wave amplitude spectrum.
The LWAH spectrum always produces the smallest Cgr, which indicates
that the focused waves generated using the LWAH spectrum have the
weakest interaction among wave components. For the other two spectra,
their lower-frequency energy peaks remarkably higher than that pro-
duced by the LWAH spectrum, especially for the LWAL whose maximum
Cgy is about four times and twice larger compared to those respectively
produced by the LWAH and the CWA. The energies evaluated by the
FNPT and the second-order wave theory both demonstrate that the
LWAH can be selected for the applications if low lower-frequency energy
is required. According to the energy calculation through the FNPT, if the
LWAL spectrum has to be used to test the structure response under
focused waves, locations afterl.2x¢ should be avoided where lower-
frequency energy is significant.

As can be seen from Fig. 5, for all the spectra, larger wave crest
parameter leads to more lower-frequency energy, e.g., Cgy is about five
times higher when Ag¢ is increased from 0.14 m to 0.28 m. To have an
overall illustration of the lower-frequency energy variations over the Ag¢
range, an indicator Cgy, defined as, Cgr, = 3 Cgr, /N, where Ny is the total
number of positions recorded, is used for indicating mean lower-
frequency energy in the vicinity of focusing point with x/x¢ ranging
from 0.4 to 1.6.

The Cg;, curves shown in Fig. 6 suggest that for all the tested spectra,
the lower-frequency wave energy positively associates with the focused
wave crest parameter. It also confirms the LWAH produces the smallest
lower-frequency energy and shows an almost linear increase with the A¢
values. Whereas the LWAL and the CWA produce relatively more lower-
frequency energy and both present remarkable increase especially for
the LWAL spectrum, seeing the most significant rise with Ag¢.

The higher-frequency energy (falling in the frequency band of f > fy)
distribution along the wave tank is plotted in Fig. 7. According to Cgy
curves predicted by the FNPT, for all the amplitude parameter As, LWAL
produces the largest energy in the higher-frequency interval compared
to the other two spectra and presents notable periodic fluctuation. Such
periodic fluctuation of the higher-frequency energy is also found by Ning
et al. (2022) in the focused wave generation with the CWS spectrum
(their spectrum is similar to the LWAL proposed in this paper).
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According to their investigations, the higher-frequency energy fluctua-
tion may be caused by the energy transfer between the higher-frequency
region and the initially assigned frequency region. On the contrast, the

5 10°
E F
—— WAL
51 —B—cwa FNPT T
—di— | yAH e

EI L I L 1 1 L 1 1
014 016 018 020 022 024 026 028

Ay (m)

Fig. 6. Spatially averaged lower-frequency wave energy under different A¢
values for LWAL, CWA and LWAH spectra.

higher-frequency energy produced by the LWAH keeps the smallest and
it shows slight variation when x is smaller than 1.2x¢, whereas it goes up
when x/x¢ > 1.2. Thus, the higher-frequency energy is strongly associ-
ated with the assigned wave amplitude spectra.

In the second-order wave theory, the sum-frequency waves and the
second-order Stokes components are believed to dominate the higher-
frequency energy (Dalzell, 1999). However, as illustrated by the dot
curves in Fig. 7, the higher-frequency energies estimated by the
second-order wave theory are much smaller than those estimated by the
FNPT. Furthermore, by separating the energy from FNPT into the mean
value and the fluctuation, the former dominates the higher-frequency
energy. It can be inferred that when using the wave maker to generate
focused waves, the higher-frequency wave energy is mainly produced by
the wave maker which exists across the wave tank. The larger
higher-frequency energy compared to the second-order solution may be
attributed to the transfer function in the adopted wave maker theory
which is valid for small amplitude motions (Sriram et al., 2015; Schaffer,
1996) but may generate extra energy for larger-amplitude motions as in
this study. The wave maker induced higher-frequency energy is further
analyzed through wave flap movements as demonstrated in Appendix A.
It shows that the larger displacement leads to more higher-frequency
energy which is consistent with the trend by increasing the amplitude
parameter as shown from Fig. 7 (a) to (d). Furthermore, for the same
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Fig. 7. Spatial variation of higher-frequency energy for three amplitude distributions with various amplitude parameters: (a) A¢ = 0.14 m; (b) A¢ = 0.20 m; (c) A¢ =
0.24 m; (d) Af = 0.28 m. Triangles indicate the actual focusing position of the generated wave; the solid line and the dot line in same color are respectively for the
fully nonlinear wave theory (FNPT) and the second-order wave theory (2"%-order WT).

amplitude parameter, the LWAL spectrum produced the largest
higher-frequency energy as the displacement of the flap is larger than
those of other spectra. As for the higher fluctuations over the mean value
produced by the FNPT, it illustrates that the sum-frequency waves from
the linear and the second-order effects play limited role on the
higher-frequency energy while the nonlinear interaction among wave
components which are higher than second-order such as phase coupling
(Abroug et al., 2020; Deng et al., 2016) is dominant.

The spatially averaged higher-frequency wave energy, Cgy, varying
under different wave crest parameters is also calculated in the same way
as that for the lower-frequency energy and is shown in Fig. 8. Similar
trends can be found as those for the lower-frequency energy that the
energy is positively correlated to the amplitude parameter Ag¢, but the
energy in the higher-frequency interval is one order of magnitude higher
than that in the lower-frequency interval as predicted by the FNPT.
Taking the example of the case with Af of 0.28 m under the LWAL
spectrum, its Cgy solved by the FNPT is about 5 x 102, while its Cgy is
only around 7 x 10~3. Moreover, the higher-frequency energy is also the
lowest from the LWAH spectrum and the highest from the LWAL.

In this section, the wave-frequency energy indicated by Cgw is shown
in Fig. 9. It can be seen that results from FNPT deviate from 1.0 showing
that the energy in the initially assigned frequency interval is not main-
tained. It either increases when Cgw > 1 or decreases when Cgw < 1.
According to the Cgw obtained by the second-order theory which is well
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Fig. 8. Spatially averaged higher-frequency wave energy under different A¢
parameters for LWAL, CWA and LWAH spectra.
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remained at 1 regardless the change of amplitude parameter and the
spectrum, it indicates the effects from second-order wave, i.e. the sum-
frequency waves and the second-order Stokes components within the
wave-frequency interval, on the wave-frequency energy discrepancies
are negligible. Furthermore, the wave-frequency energy from the LWAL
is slightly larger than the assigned one and the spatial variation of the
energy in the wave flume is moderate. For CWA and LWAH, the energies
are almost maintained as initially assigned with slight variation espe-
cially before the positions where the focused wave occur, i.e. X / Xf <
1.0. For focused waves with larger crest elevation, the wave-frequency
energy is also amplified due to the use of wave maker theory for large
motion of the wave flap as discussed for Fig. 7.

Apart from the amount of energy generated within the initially
assigned frequency range indicated by Cgw, the distribution of the en-
ergy in this interval quantified by Cgc in Eq. (19) is also analyzed to
reveal the spatial deviation of the energy distribution from the initial
design. As shown in Fig. 10 the distribution of the wave-frequency en-
ergy close to the focusing points is clearly altered at most positions
although the total energy only has a small fluctuation as shown in Fig. 9.
Throughout the wave tank, the Cg¢ curves periodically fluctuate around
1.0 which stands for exact the same energy distribution as initially
assigned. This implies that even for the energy falling within the initial
frequency interval, it is always redistributed and tends to allocate more
energy to higher (Cgc > 1) or lower (Cgc < 1) frequency part of the
assigned interval. Similar changes of the wave-frequency energy are also
noted by Liu and Mori (2000) on focused waves. Only at limited

positions, the assigned energy distribution is little changed, e.g., when x
is equal to x¢ for the cases using the CWA spectrum as demonstrated by
FNPT method. For the studies requiring accurate wave energy distri-
bution over the assigned interval, such as RAOs experiment of floating
body (Takezawa and Hirayama, 1976), the testing locations at wave
tank need to be more carefully selected to ensure accurate responses. In
addition, the more energy allocated to the high frequency within the
interval may lead to nonlinear response of the floating body (Takezawa
and Hirayama, 1976; Xu, 2016) and wave breaking is likely to occur
prematurely during the generation process of the focused wave (Abroug
et al., 2020).

As demonstrated in Fig. 10, Cg¢ curves evaluated by the two theories
also show that the three wave amplitude spectra have different effects on
the spatial wave-frequency energy distributions. The Cgc based on the
LWAL has the largest fluctuation, whereas for the uniformly distributed
amplitude, i.e., the CWA spectrum, its Cgc fluctuations become moder-
ate and has similar peak and trough values. LWAH spectrum, in which
large amplitudes are initially assigned to high frequency components,
produces the smallest fluctuation and maintains the distribution best
comparing to the other two spectra. Thus, the selected wave amplitude
spectra will significantly influence the wave-frequency energy distri-
bution in focused wave generation.

Moreover, when comparing with the Cg¢ curves calculated by the
second-order wave theory, those predicted by the FNPT show much
larger amplitudes for the cases using the LWAL and the CWA and posi-
tively deviate from the horizontal line of Cgc = 1. To further analyze the
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Fig. 10. Spatial variation of energy distributions being at initially assigned interval for cases with various amplitude parameters: (a) A¢ = 0.14 m; (b) A¢ = 0.20 m; (c)
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the fully nonlinear wave theory (FNPT) and the second-order wave theory (2nd-order WT).

difference of the Cg¢ values acquired by the two theories, the amplitude
spectra at positions where their Cgc maxima reach are illustrated in
Fig. 11 (a) and (b), respectively for the LWAL and the CWA. The dif-
ference of Cgc values evaluated by the two methods is mainly caused by
the wave components at high frequency part of [f; fx], i.e. 0.3 Hz to fy
where the amplitudes calculated by the FNPT is notably higher than
those from the second-order wave theory, while the components falling
in the range from f; to 0.3 Hz largely remain similar to the design spectra
for the both methods. It implies that LWAL and CWA have strong
nonlinear interaction among wave components, such as phase coupling
(Deng et al., 2016), generating extra components at the higher end of the
wave frequency range. For the waves based on the LWAH, the Cg¢ curves
calculated by the two theories have similar fluctuation amplitude, which
is also further verified by their amplitude spectra having good agree-
ment as shown in Fig. 11(c).

Besides, as illustrated in Fig. 10, the focusing position is also effected
by wave amplitude spectra adopted in wave generation. In general, the
LWAH produces the farthest position and the LWAL occurs at nearest
location. The difference of their focusing positions is mainly caused by
their wave steepness which has been pointed out by both Xu et al. (2022)
and Wang et al. (2019). According to analysis of wave energy evolution,
the focusing position (marked as triangle in Fig. 10) is further associated
with the distribution of wave-frequency energy. As the Cgc curves
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demonstrate, all focused waves are almost generated at the positions
where the corresponding Cgc reaches the maximum. Therefore, the Cg¢
values may be used as an indicator for qualitatively confirming the
occurrence of the focused wave in numerical or physical wave tank.

To further investigate the wave-frequency energy distribution with
different A¢ values, the mean value of each curve and the fluctuation
amplitude in Fig. 10 are respectively calculated as Cgc = Y Cgc/N, and
Hpc = (Cic —Cgc)/2 where Cjj. and Cg, are the maximum and the
minimum values on each curve.

Based on the two indicators calculated by the FNPT shown in Fig. 12,
they suggest that the alteration of wave-frequency energy distribution is
affected by both the amplitude spectra and As. The highest Cgc and Hgc
curves are both from the waves generated by the LWAL which modifies
the energy distribution most with the largest portion of the energy
reallocated to the high frequency part of the assigned frequency interval.
In addition, the increase of energy relocation is sensitive to the Ag¢ in-
crease. On the contrary, both indicators of the LWAH are the smallest
and almost maintain constant with the Ar increase. Thus, it once again
suggests that the originally assigned energy distribution can be better
kept for the waves generated by the LWAH spectrum even though the
generated focused waves crest is higher than expected as pointed out in
(Xu et al., 2022).

In addition, it should be noted that the nonlinear self-focusing of the
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Fig. 11. Amplitude spectra generated by the FNPT in red solid line and the
2nd-order wave theory in red dash line. The blue line is the initial input spectra
according to linear wave theory (LWT).

wave energy is likely to be induced for the waves with higher crests.
However, the generation of focused waves here is found to be dominated
by the spatio-temporal focusing of wave energy due to that the energy
within the initial frequency interval is well maintained as illustrated in
Fig. 9.
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4.2. f, effects on spatial wave energy evolution

This Section is to investigate the effects of different wave-frequency
intervals on spatial energy evolution alongside the focused wave gen-
eration. By keeping the band width of the frequencies constant, i.e., Af =
0.2422 Hz, the frequency intervals vary by shifting their central fre-
quency f. from 0.2461 Hz to 0.3242 Hz. For all the tested cases, the wave
crest parameter Ag is fixed to be 0.14 m.

The spatial variation of Cgy, calculated by the FNPT and the second-
order wave theory for different frequency ranges are tested. As discussed
in 4.1 for the amplitude effects, similar trends are obtained among wave
spectra for the frequency effects. The reasons for the differences between
FNPT and 2"order wave theory have also been discussed in 4.1. For
brevity, the figures showing spatial Cg variation for four frequency
intervals are provided in Fig. B1 of Appendix B. Based on the definition
for the spatially averaged energy Cg;. proposed in the Section 4.1, Fig. 13
demonstrates that the averaged lower-frequency energy gradually de-
creases by shifting the frequency band to the higher end. Moreover, the
LWAL spectrum always produces the largest lower-frequency energy
and it is followed by the CWA and LWAH spectra. Thus, to generate the
focused waves with less lower-frequency energy, the LWAH spectrum is
more preferable as it can help minimize the energy transfer to the lower-
frequency interval, especially for cases with frequency ranges being in
the lower frequency domain.

The comparison of higher-frequency energies over different f. for the
three spectra is summarized by the spatially averaged energy indicator
Cgn as shown in Fig. 14. Based on the results from the FNPT, it can be
seen that the focused waves produced by the LWAL spectrum has the
largest higher-frequency energy and it is almost maintained steady when
the frequency range is moved towards the higher end. However, the
higher-frequency energies of the other two spectra present significant
decrease when f, increases. The detailed spatial variations of higher-
frequency energy as represented by Cgy for different frequency ranges,
are provided in Fig. B2 of Appendix B as the curves for three spectra are
generally similar as those for different wave crest parameters as shown
in Fig. 7. With frequency band varied, the findings of the mechanism
producing the higher-frequency energy for amplitude parameter varia-
tions are still valid. The higher mean energy is likely caused at the wave
paddle due to the large displacement for focused wave generation while
the larger variation over the mean value may be induced by the higher-
order wave interaction which is not included in the 2™-order wave
theory.

For the wave-frequency energy of above cases, their spatial fluctu-
ation is plotted in Fig. B3 of Appendix B which are also similar to those
for different amplitude parameters as demonstrated in Fig. 9. The energy
distributions indicated by Cg¢ are plotted in Fig. 15. From Cgc curves
obtained by FNPT, it can be seen that the energy distributions for
different wave-frequency ranges keep fluctuating along the wave tank.
In general when the central frequency becomes larger, the energy dis-
tribution is better maintained. For the cases with f.= 0.2461 Hz, all Cgc
curves have visibly larger troughs, compared with their crests, which
implies that more energy trends to be distributed to low frequency
components. When f, is shifted to 0.3242 Hz, the Cgc¢ curves of the three
spectra all slightly deviate from 1.0. Nevertheless, comparing among the
three spectra, LWAL produces the largest fluctuation of Cg¢ indicating
the maximum energy redistribution at [f; fy]. Overall, the difference
among Cgc¢ values is limited and is within 2 % when the frequency in-
terval moves.

In addition, Fig. 15 also demonstrates the generation positions of the
focused waves all appear around the peak of each curve. This phe-
nomenon is consistent with that found in the tests of the wave crest
parameters at Section 4.1, in which the maximum Cgc can be used to
infer the focusing position.

With the frequency range shifting to the high frequency end, all the
Cgc curves plotted in Fig. 16(a) slightly vary about 1, indicating that the
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overall energy redistribution due to assigned frequency range shift and
the wave amplitude spectra choices is limited and is less than 1 %.
Moreover, the deviation of the wave energy distribution from that of the

12

initial design gradually weakens with the increase of the frequency for
all the three spectra as illustrated in Fig. 16(b). The deviation level, as
indicated by Hgc, is the lowest across the tested frequency ranges if
LWAH spectrum is used. Therefore, the LWAH spectrum is able to better
maintain the initially assigned energy distribution for various frequency
ranges.

5. Conclusions

This research investigates spatial energy evolution of focused waves,
based on the numerical results obtained from solving the fully nonlinear
potential wave theory utilizing the Quasi Arbitrary Lagrangian-Eulerian-
Finite Element Method (QALE-FEM). For clearly and quantitatively
describing the spatial wave energy variation, four indicators, i.e., Cgp,
Cgn, Cew and Cgc, are proposed corresponding respectively to relative
energies being at the frequency intervals of f < f; (lower-frequency), f >
fy (higher-frequency), and [f; fy] (wave-frequency), and energy distri-
bution alteration over assigned wave-frequency interval [f; fy]. The
higher-, lower- and wave-frequency energies as well as the energy
redistribution obtained by the fully nonlinear theory are also compared
with those from the second-order wave theory for analyzing the mech-
anism of the energy evolution alongside the focusing wave generation.
The main conclusions are given below:

The lower-frequency wave energy gradually increases at positions
before 1.2x¢ and then begins to drop steadily while the higher-
frequency energy shows slight fluctuations over large mean value
along the tank near the focusing position. It suggests that during the
early stage of the wave evolution, the lower-frequency energy is mainly
generated by the interaction among wave components and the higher-
frequency energy is likely produced by the wave maker. Those find-
ings are consistent with the comparison between the FNPT and the
second order-wave theory. The lower-frequency energy from the
nonlinear method is lower than that from the second-order theory before
the focusing point due to weaker wave-wave interactions before all the
wave components focus. The similar peak value when the wave focuses
for both theories suggests that the lower-frequency energy is dominated
by the second-order sum-frequency waves which are accurately pre-
dicted by the second-order wave theory. The higher-frequency energy is
mainly caused by the wave paddle resulting in a constant mean value
along the flume which does not exist in the results from the second-order
theory.

Both higher-frequency and lower-frequency energy increase with the
increase the focused wave crest elevation, while they decrease with the
frequency range shifting towards to the higher frequency domain.
Furthermore, the amounts of two energy categories are strongly



G. Xuetal

1.03
1.02
1.01

100}

|:E(Z

ooal.

0.85

0&7t— .
04 086

1.03 —
(c)
1.02t 1
1.01

1.00 bl

CEC

099r ]

098¢ ]

na
W

097

04 0B

Fig. 15. Spatial variation of wave-frequency energy distribution for cases with various f. parameters: (a) f. = 0.2461Hz; (b) f. = 0.2617 Hz; (c) f. = 0.3007 Hz; (d); f.

=0.3242 Hz. Triangles are the focusing positions.

1.008}

1,004} P

a1t

S

0.99 |

0992}

024 02 028 03 032033

f_ (Hz)

Fig. 16. variation of initially assigned wave energy distribution under different f. values: (a) the mean value of Cgc; (b) the fluctuation amplitude of Cgc.

13

Hzo

Applied Ocean Research 148 (2024) 104015

04 0B 08 10 12 14 16
xfxf

1.03

(d) LAl

Ciid FRPT

1.02¢ LiAH I
1.01
1.00
099G 1
098t 1
097 L— . . . . . 4

0.4

0.025

0.6

0g 1.0

. 1.2
xfxf

1.4

1.6

002

0.015¢

001

0.005

—— WAL
—B— CWWA
—&— [ YWAH

FNPT

)

0
0.24

0.26

028 030
. (Hz)

0.320.33



G. Xuetal

correlated with the initially assigned wave amplitude spectra. Specif-
ically, more lower-frequency and higher-frequency energy will be
generated if larger wave amplitudes are assigned to the low frequency
components, such as the LWAL spectrum. For cases investigated in this
paper, the magnitude of the lower-frequency energy is less than 1 % of
that is initially assigned, whereas that in higher-frequency is one order
magnitude larger than the lower-frequency one, reaching around 10 %.
Although energies transferred to both frequency intervals are limited,
they can disturb generation of the focused waves and may induce un-
desired premature breaking.

The wave-frequency energy and its distribution also rely on the
assigned wave crest parameter, the frequency range and the type of
initially assigned amplitude distribution spectra. The spectrum allo-
cating larger amplitude in the lower frequency part, such as LWAL,
produces more wave-frequency energy which may be even larger than
the amount initially assigned. In general, the generated energy is steady
along the wave tank with minor fluctuations, while its distribution
presents an obvious deviation from what is designed. For the waves with
higher crests and being at lower frequency domain, the deviation is more
significant than those with lower crests and being at higher frequency
domain due to the higher-order interactions of the wave components
resulting in extra energy at the high end of the frequency interval.
Comparing the three wave spectra, the waves based on the LWAH best
maintain the spatial energy distribution. Although the wave-frequency
energy keeps fluctuating up and down about the initial design along
the wave tank, the optimum position where the wave energy distribu-
tion is best kept still exists in wave tank to be applied for RAOs tests and
wave structure interaction studies.

Additionally, it is found in this study that the focused wave genera-
tion positions are associated with the distribution of the energy within
the initially assigned frequency and they occur at the position where the
deviation of the energy distribution reaches maximum, i.e. Cgc becomes
maximum. Thus, the Cgc proposed by this research can be considered as
an indicator to predict or verify focused wave generation position in
numerical or physical wave tank.

Appendix. A

Figs. A1,B1,B2,B3
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Considering the limitation of the theoretical model and numerical
method used, only the non-breaking waves are considered in this paper.
In the future, the breaking focusing wave can be investigated by
coupling QALE-FEM and OpenFOAM the latter of which is capable to
deal with the local wave breaking. Alternatively, Higher-Order-Spectra
(HOS) coupled with the OpenFOAM (Aliyar et al., 2022) can also be
adopted in which the nonbreaking potential function is expressed by the
Taylor expansion.
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Appendix. B
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Fig. B1. Spatial variation of lower-frequency energy for focused waves: (a) f. =0.2461 Hz; (b) f. = 0.2617 Hz; (c¢) f. = 0.3007 Hz; (d) f. = 0.3242 Hz. Triangles
indicate the actual focusing position of the generated wave; the solid line and the dot line in same color are respectively for the fully nonlinear wave theory (FNPT)
and the second-order wave theory (2"9-order WT).
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Fig. B2. Spatial variation of Cgy for focused waves under different frequency ranges: (a) f. = 0.2461 Hz; (b) f. = 0.2617 Hz; (c) f. = 0.3007 Hz; (d) f. = 3242 Hz.
Triangles indicate the actual focusing position of the generated wave; the solid line and the dot line in same color are respectively for the fully nonlinear wave theory
(FNPT) and the second-order wave theory (2™-order WT).
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