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Abstract

In this short review we present the key definitions, ideas and techniques involved
in the study of symmetry resolved entanglement measures, with a focus on the sym-
metry resolved entanglement entropy. In order to be able to define such entanglement
measures, it is essential that the theory under study possess an internal symme-
try. Then, symmetry resolved entanglement measures quantify the contribution to
a particular entanglement measure that can be associated to a chosen symmetry
sector. Our review focuses on conformal (gapless/massless/critical) and integrable
(gapped/massive) quantum field theories, where the leading computational technique
employs symmetry fields known as (composite) branch point twist fields.
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1 Introduction

The study of entanglement measures in the context of low-dimensional quantum field theory
(QFT) has been a very active field of research within theoretical physics for the past 30 years.
Among this class of models, 1+1D conformal field theories (CFTs), which capture the universal
properties of quantum systems at criticality, have received the most attention. We find some of
the most influential early works [1-3] to be devoted precisely to the study of these models. The
results of these early papers, in conjunction with numerical and analytical work in integrable
spin chain models [4-7], that is, lattice versions of CFT and QFT in 141 dimensions, revealed
how entanglement measures, such as the ubiquitous entanglement entropy [8], display universal
scaling at conformal critical points. They also demonstrated numerically evaluating the entan-
glement entropy of an interval in a spin chain to be the most effective method for identifying
and classifying critical points.

In parallel with the developments above, which fall mainly within the areas of mathematical
and theoretical physics, in the field of information theory the question has been asked of what
constitutes a good measure of entanglement. A good review of possible answers to this question
can be found in [9] and there are indeed many such answers: entanglement entropy, Rényi
entropy, concurrence, fidelity, purity, negativity, to name just a few. It is natural to wonder
why we may want to have so many distinct functions supposed to measure the same quantity.
A partial answer is that different entanglement measures are suitable to different situations. In
particular the nature of the quantum state (i.e. mixed or pure), the value of certain parameters
(i.e. finite or zero temperature) and the nature of the partition (i.e. are we measuring the
entanglement between complementary or non-complementary regions?), all play a role in the
choice of entanglement measure. There are some very few properties that seem natural though:
we would like good measures to increase in value when entanglement increases, to be invariant
under certain transformations of the state and (in many cases) to be vanishing for unentangled
regions or states and non-vanishing for entangled ones'.

In recent years, particular attention has been paid to yet another feature of quantum systems,
namely, whether or not an internal symmetry is present. Mathematically speaking, all measures
of entanglement rely on the diagonalisation of a reduced density matrix. In the presence of a
symmetry, the structure of this density matrix is altered, it becomes block-diagonal, with each
block associated with a distinct symmetry sector. It is then natural to ask whether one could
define measures of entanglement which capture not the full entanglement of the state but the
contribution to it which can be associated to a chosen symmetry sector. This question has
been recently answered in the affirmative and the aim of this review is to provide a summary
of the main ideas, definitions, properties and techniques that play a role in the computation of
symmetry resolved entanglement measures in the context of 1+1D QFT.

In the context of CFT, the definition of the symmetry resolved entanglement entropy (SREE)
was put forward in [11], where it was related to correlation functions of generalised (or composite)
branch point twist fields. At around the same time, the role of symmetries and the contribution
of symmetry sectors to the total entanglement was also studied in [12] for a quantum spin chain.
In the context of entanglement measures, the connection with correlation functions of fields
associated with conical singularities was introduced in [3]. A few years later, a different pic-
ture relating entanglement to correlators of symmetry fields associated with cyclic permutation

1This is not the case for instance for the negativity where the difference between so-called destillable and non-
destillable entanglement plays a role and so there can be entangled states which have vanishing negativity [10].



symmetry in replica theories was introduced [13,14] which is the picture generalised in [11] to
composite fields. The basic idea is that in theories that possess an underlying symmetry (com-
mon symmetries in QFT are U(1) and Zj for some integer k) entanglement can be expressed as
a sum over contributions from different symmetry sectors. Remarkably such contributions are
experimentally measurable [15-20], which provides further motivation to study this quantity.

This review article is organised as follows: in Section 2 we present the definitions of symmetry
resolved entanglement entropies and partition functions, as well as introducing the charged
moments. In Section 3 we review the properties of (composite) twist fields and their applications
in the context of entanglement. We present two examples: the sine-Gordon model and the Ising
field theory. Section 4 contains a literature review. In Section 5 we derive the main properties of
the symmetry resolved entanglement entropy, including equipartition, and show that they follow
from simple CFT and QFT arguments. In Section 6 we introduce the form factor program for
composite twist fields. In Section 7 we show how finite region size corrections can be derived
using form factors. In Section 8 we discuss the universal properties of the symmetry resolved
entanglement entropy of a certain class of excited states. We conclude in Section 9.

2 Symmetry Resolved Entanglement Entropy: Definitions

Let us now introduce some basic definitions and notation. This being a short review, we will
consider the simplest setup. This means that we will discuss only the case of spacial bipartitions
of pure states and study a single symmetry resolved measure, namely the entropy. Let |¥) be
a pure state of a 1+1D QFT and let us define a bipartition of space into two complementary
regions A and A so that the Hilbert space of the theory H also decomposes into a direct product
Ha ® Hjz. Then the reduced density matrix associated to subsystem A is obtained by tracing
out the degrees of freedom of subsystem A as

pa = Tra([W)¥]), (1)

and the von Neumann (or entanglement) and nth Rényi entropy of a subsystem A are defined
as

log(Trp"
S =—Tra(palogpsa) and S, = ggrApA), (2)
-n
where Tryp” := Z,/Z] can be interpreted as the normalised partition function of a theory

constructed from n non-interacting copies or replicas of the original model. We will call this the
“replica theory”?. It is easy to show that S = lim,_ Sp.

In the presence of an internal symmetry, we can also define a symmetry operator ) and
its projection onto subsystem A, Q4. In the original work [11], Q4 was specifically related
to the number of charged particles in one region when inserting a space-time Aharonov-Bohm
flux into the n-sheeted space, which couples to the particles’ charge. They assume that the pure
wavefunction |¥) of the total system is an eigenfunction of the total conserved quantity, which is
a sum of contributions of the two subsystems. This hypothesis can be justified because the total

2For readers more familiar with discrete systems, such as quantum spin chains, it would be more natural to
think of the state |¥) as a state of the full chain and the region A as a subset of the spins in the chain, with A
its complement. The QFT description is an appropriate continuous version of the spin chain, where the number
of spins becomes very large and their mutual spacing very small, in a controlled way so that the fundamental
degrees of freedom become local quantum fields rather than local spins.



particle number in a system is usually fixed, so the conserved quantity associated to the particle
number and the Hamiltonian commute, and share a basis of common eigenstates. This property
extends to other types of symmetry too, ensuring that [Qa,pa] = 0. If ¢ is the eigenvalue of
operator @ 4 in a particular symmetry sector, then Z,(¢q) = Tra(p"j[P(q)) with P(q) the projector
onto the symmetry sector of charge ¢, can be identified as the symmetry resolved partition
function. In terms of this object, the symmetry resolved entanglement entropies (SREEs) can
be written as
L))

T 1-n ®Zi(g)

Sn(q) and  S(g) = lim S,.(q) . (3)

An interesting feature of these formulae is that if we compute the total entropy S in terms of
the symmetry resolved contributions S(¢q) we find the following structure

S = [p(a)S(q) — p(a) log p(a)] , (4)

where p(q) := Z1(q) represents the probability that a measurement of the symmetry charge
delivers the value g. In the context of symmetry resolved measures, the first contribution is
known as configuration entropy which, as we can see, is the sum of the SREEs weighted by the
probability of the corresponding charge sector. The second contribution is the number entropy or
fluctuation entropy, which is associated to fluctuations in the value of the charge of subsystem A.
If particle number is the conserved quantity in the system, then the number entropy relates the
number of the particles in one subsystem to that of the other, for a given total particle number,
that is, it characterises particle-number fluctuations between subsystems and is experimentally
measurable [20,21]. Thus, the total entropy is not just the sum over symmetry sectors of the
symmetry resolved entropy. Instead we have a contribution of this type, but with each SREE
contribution S(g) weighted by p(g), plus the number entropy®.

As discussed in [11] the symmetry resolved partition function can be obtained from its Fourier
modes, the so-called charged moments Z,(a) = Tra(p%e?™@@4). The expression for these
depends on the type of symmetry under consideration, in particular whether it is continuous or
discrete. Two common examples are

1
2 .
§ 227, (a)e2miaa for a U(1) continuous symmetry,
Za(q) =4 2 (5)
N-1 o
% >, Zn (%) eﬂLqu, for a Zy discrete symmetry .
k=0

The key contribution of [11] was the realisation that these charged moments can be expressed
in terms of correlation functions of symmetry fields, and therefore are more easily accessible
analytically than the partition functions themselves. These correlation functions are directly
proportional to the partition function of the m-sheeted Riemann surface with a generalised
Aharonov-Bohm flux. We now proceed to introduce branch point twist fields and their composite
versions.

3The names “number entropy” and “configuration entropy” may seem counterintutitive since in the context of
statistical mechanics, the quantity —kp Y., pn 10g pn, where kp is the Boltzmann constant and p,, is the probability
of state n, is called the configuration or configurational entropy.



3 Branch Point Twist Fields in Quantum Field Theory

Consider again the formulae (2). It is clear that if we know how to compute Trpph we will
then have access to all entropies. Indeed, research into entanglement measures in QFT often
centers around the numerical and/or analytical evaluation of this quantity. Many investiga-
tions of entanglement in QFT are based on numerical simulations of quantum spin chains in
the scaling limit. This includes some pioneering works such as [4-7]. In this setting, the re-
duced density matrix p4 is large but finite so that a suitable diagonalisation method can be
found. Once all eigenvalues are know, the evaluation of the trace is straightforward. There are
relatively few models for which analytic computations of such a complex quantity are possible.
Exceptions to this are free models such as the XY
chain where the reduced density matrix can be ex-
plicitly constructed and diagonalised both at and
away from equilibrium [6,22], and CFTs, where
many leading features of entanglement are well-
understood also both at equilibrium [2, 3, 23] and
away [24-29]. An scarcity of analytical results is
typical when going beyond criticality. However,
over the past few years, analytical results for inter-
acting QFTs, especially integrable ones have be-
come accessible through the use of branch point
twist fields (BPTFs). It can be shown that the
3(\11 I g‘(a) g'(b) | lIl>3 t?ace Trap} is proporti'onal to a cor?elajcion fun?—
J, tion of BPTFs and a suitable generalisation of this
y\ map has also been found for symmetry resolved

Rz measures.
T (a) The trace Trppj associated with a connected
. subsystem A of length |a — b| is identified with a
R (normalised) partition function Z,/Z] on an n-
g (b) sheeted Riemann manifold M,,. This manifold is
exactly the Riemann surface of the complex func-

Trpp; —

-

tion {/Z=f with a,b the branch points. This con-

nectivity of the manifold originates from the struc-
ture of the nth power (leading to n connected
sheets) and the trace (leading to cyclically con-
nected sheets). Then, the problem of computing
this partition function can be mapped to the prob-
lem of computing a correlation function in the com-
plex plane with two BPTF insertions at the branch
points, see Fig.1.

The geometric complexity of the Riemann surface is then encoded into the exchange relations
of the BPTF with other local fields of the theory. These branch point twist fields are twist
fields in the standard sense in QFT, that is, they are symmetry fields associated to an internal
symmetry of the theory, much like the order and disorder fields in the Ising field theory [30-33]
which are associated to Zy symmetry. The fields 7,7 are associated also to a discrete symmetry,
namely the two opposite cyclic permutation symmetries ¢ : i — i+ 1 and o' : 4 +1 +— 3

Figure 1: Relationship between the replica
partition function and the correlation func-
tion of branch point twist fields for n = 3
and a compact region of length |a—b|. |¥),
is a pure state in the replica theory.



(i=1,...,n, n+i=1i) present in the replica theory

T="T7,, o:i—1i+1modn,
T=Tp1, o' :i+1l—imodn. (6)
Thus, given a QFT containing a local field ¢(x) with coordinates x := (x%,x1), its replica

version contains n fields ¢;(x) and their equal-time exchange relations with the BPTF and its
hermitian conjugate are as follows:

@i(x)T(y) = T(¥)pir1(x), y' >t
pi()T(y) = T(y)ei(x), at >yl 7)
ei(x)T(y) = T(¥)pi-1(x), y' >l
pi(x)T(y) = T(y)pi(x), al >yl

At this stage, it is worth presenting a brief history of the fields 7,7. In the context of en-
tanglement, their description as symmetry fields in replica theories, appeared first in [13]. A
connection between entanglement measures and correlation functions of conical fields in CFT
was first proposed in [3]. However, BPTFs were described much earlier in a different context.
They emerged in the study of orbifold CFT, and their conformal dimensions were first obtained

in [34,35]. They are given by
c 1
A, =— - —
Y <n n> ’ (8)
and are functions of the central charge ¢ and the replica number n.

3.1 Composite Fields

Returning now to the SREE, we recall that the basic building blocks are the moments Z,(«)
(let us assume U(1) symmetry for now). In [11] it was shown that these moments can also be
expressed in terms of correlators of symmetry fields. These symmetry fields should implement
cyclic permutation symmetry and the internal symmetry of the theory simultaneously so they
are still BPTFs but not the fields T, T described in the previous subsection.

The problem of how such fields may be defined is easy to solve in CFT. They must be
fields that are formed by composition of two twist fields, one associated to cyclic permutation
symmetry, that is 7, and one associated to the internal symmetry of the theory, which would
vary from theory to theory. Note that composition with local (non twist) fields can also be
considered, as done in [36,37] and this is of interest in the context of the entanglement entropy
of non-unitary QFTs [38,39]. We will call these fields, composite twist fields (CTFs).

It is instructive to present the following definition of a CTF : T ¢:, following [36]. Let ¢ be
a local field in a CFT, then the CTF in the replica theory can be defined as

T i () =2 lim Jo — P20 3T (w)e (@), ©)
j=1
where ¢;(x) is the copy of field ¢(x) living in replica j, : : represents normal ordering and the

power law, involving the conformal dimension of the field ¢, denoted by A, is obtained using
conformal symmetry. The CTF is then the leading field in the operator product expansion of
T (y) with Zj ¢j(x). The prefactor n?2~1 ensures conformal normalisation of the two-point



function of CTFs. This definition is then extended to more general QFTs (i.e. non conformal)
in the usual way, by seeing the CTF as the off-critical versions of its conformal counterpart (9).
Employing once more conformal arguments, it is possible to show that the conformal dimension
of the CTF is given by [11,36]

A;*::An+é. (10)
n

In the context of symmetry resolution a special choice of the field ¢ is made. Namely, we now
need this field to also be a symmetry field. The nature of the field will depend on the theory.
Here we provide two examples: the case of a continuous U(1) symmetry, as found in the sine-
Gordon model [40], and the case of a discrete Za symmetry, as found in the Ising field theory [30].
The first is an interacting integrable massive QFT while the second is a free massive QFT. Here
‘massive’ is understood as non-critical, that is, in both cases there is a mass gap. The use of
CTFs ties up with the Riemann surface picture of Fig. 1 through an argument that was first
presented in [11]. The insertion of the additional twist field ¢ can be seen as introducing an
Aharonov-Bohm flux on one of the Riemann sheets *. In terms of these fields we have that the
charged moments Z, («) for a connected region of length ¢ can be written as two-point functions
of the CTF and its conjugate. We will see some examples later.

3.1.1 The sine-Gordon Model

The sine-Gordon action is given in terms of a fundamental bosonic field ¢ and coupling constants
v,g as:

A= [ ot | o100 = (@107) = 2y ot | (1)

where 7 is related to the total kink energy, sometimes called the classical kink mass. The model
has U(1) symmetry, seen by the invariance of A under the shift ¢ — ¢ + (27/g). Famously,
the model has topological sectors associated with different U(1) charges. Field configurations
in different topological sectors cannot evolve into each other without violating the finite energy
condition. Hence, the conserved topological indices in the theory come from the finite energy
condition and not from a continuous symmetry. At classical level, the solutions to the field
equation interpolate between different vacua associated with those sectors, thus (in some cases)
carrying a topological charge. There are three types of fundamental solutions, known as soliton,
antisoliton and breathers. The latter can be seen as bound states of the former which “breath”
in the sense that they are time-dependent solutions. As we see in Section 6 these classical
solutions are promoted to stable quantum excitations in the quantum model [40, 43].
The twist field associated with U(1) symmetry is the simple vertex operator

Vo = exp (zaggp) , (12)

2

with conformal dimension A = (g2a?)/(3273). The short-distance limit of the model is a massless
free boson with central charge ¢ = 1. The exchange relations of this U(1) twist field with

4From the viewpoint of computing entanglement measures employing form factors of CTFs this flux can be
spread over all the the Riemann sheets, as long as it combines to its total value. This idea was employed in [41]
and is represented by Fig. 1 in [42].



other local fields in the theory are characterised by the semi-locality (or mutual locality) index
et [30,33] via the equal-time exchange relations

ma 1 1'1
Val)onty) = { LGN U2 (13

with k = +,0. The fields ¢ o are associated with the creation of a soliton (+), an antisoliton
(—) or a neutral particle (0) (usually called a breather). The mutual locality factor e**® and
its physical meaning are in agreement with the intuitive picture presented in [11], where it
is associated with the insertion of the Aharonov-Bohm flux on one of the Riemann sheets.
Consequently, the U(1) CTF denoted as 7,%(x) can be understood formally as : TV, : (x) in
the sense of (9), and in a replica theory, is characterised by equal-time exchange relations

ipa

7;?<x>op7i<y>:{en i (1)

(YT (%), at >yt

with respect to quantum fields O, ; living on the ith replica and possessing U(1) charge p € Z.
Similarly,

ipa ~
; T O ()T (x), Yt >t
T (x)0pily) =< © pim L) T 1) ’ (15)
! . Op,i(¥) T (%), at >yt
The choice of the phases t+a/n is motivated by requiring that the total phase picked up by a
+ia

charged particle (associated with a unity of charge) is e™® when turning around each of the
branch points.

3.1.2 The Ising Field Theory

The Ising field theory describes a free Majorana fermion ¢ (z) of mass m with action

A:%Jma@%w&%+m@ﬂ, (16)

It is well-known that the Ising field theory has an internal Zo symmetry. This can be seen from
the invariance of the action under ¢ — —1. Associated to this symmetry there are two twist
fields: o, the spin field (order operator), and u (disorder operator)®. The theory also contains
a free Majorana fermion field v so that, in the disordered phase of the theory, the three fields
can be characterised by their mutual equal-time exchange relations [30-33]:

_ % Lo g1
Cand weuty) = { A v e an

In the conformal limit, the fields p, 0 both have dimension A = 1/16 and the theory can be seen
as the massive perturbation of a massless free fermion with central charge ¢ = 1/2. In a replica
theory, the Majorana fermion is labelled by a copy index ;(x) and satisfies the usual exchange

5Tn this paper we use the conventions of [33], which corresponds to choosing the disordered phase of the model,
where the fields o(u) are odd (even) with respect to the Majorana fermion ).



relations (7) with the BPTF. The leading fields in the operator product expansions of 7 with
Zj oj and Zj 5, here denoted by T+ respectively, are CTFs satisfying the exchange relations

+ ) x Ly gl
BT = { Tl (19

. - HTEW(x), >l
BT = { TEON0 vy (19)

4 A Brief Literature Review

Starting from these basic ideas, symmetry resolved measures have been investigated for many
models. In fact, the idea that we might “resolve” entanglement measures according to some
property already appeared in early works such as [44], where spin resolution is considered. Many
studies of symmetry resolved entanglement measures, starting with the original works [11,12],
have considered either 1+1D CFTs or critical spin chains because of the specific analytic and
numerical methods that are available in those cases. While [45,46] studied the SREE of massless
free fermions and of excited states of CFT, respectively, [47] considered the effect of boundaries,
and [48,49] studied finite size corrections, also in CFT. Specific CFTs characterised by intricate
mathematical structures and physical applications, such as the Wess-Zumino-Novikov-Witten
model [50], and theories possessing categorical non-invertible symmetries [51] continue to be
intensively studied at present.

The SREE is just one among a large family of entanglement measures, all of which can be
subjected to symmetry resolution. Studies of other measures also abound. For example, [52,53]
studied the symmetry resolved negativity of massless free fermions, while in [54,55] the relative
entropies of CFT were given the symmetry resolved treatment. Likewise for the symmetry
resolved fidelities of gaussian states in [56], the Page curve [57] and the CCNR negativity [58-
60]°. In particular, in cases when the entangling region consists of disconnected parts, it is
useful to compute the so-called multi-charged moments, with potentially distinct charges for
each interval. These have been studied for instance in [61-63] for the massless Dirac field theory
and the compactified free boson, respectively.

Free theories, whether critical or not, provide fertile ground for the study of entanglement
measures. This is because there is a wider range of analytical methods at our disposal, compared
to interacting models. For example, for free fermionic spin chains, one may compute entangle-
ment measures, including symmetry resolved ones, by employing the properties of Toeplitz
determinants, as exploited in [47,62,64]. Toeplitz determinants emerge naturally when com-
puting the reduced density matrix of free fermionic systems’. The Dirac free fermion, which is
a free massive QFT with U(1) symmetry, has also been studied in [65-67] employing the form
factor program (see Section 6).

The form factor program is the most successful analytic method for dealing with integrable
141D QFT, and can be employed both for interacting and free theories. It is a systematic
approach to computing matrix elements of local and twist fields which can then be used as

SCCNR stands for computable cross-norm or realignment.
"Essentially, the non-vanishing entries of the reduced density matrix are two-point correlators which can be
expressed in terms of Toeplitz determinants [6].



building blocks for correlation functions. Given the relationship between correlation functions of
BPTFs and CTFs and entanglement measures it is no surprise that the form factor program has
been employed to study entanglement measures in QFT. In the context of symmetry resolution,
one needs to first extend the program to deal with CTFs, a task that was completed in [65].
The form factor equations proposed in that work have subsequently been employed to study the
SREE in the ground state for the sine-Gordon [68] and Potts models [69], as well as for excited
states in free massive fermions and bosons [70, 71|, with a subsequent extension to studying
the negativity in free fermion theories [41]. An interesting recent work has used the form
factor technique to investigate massless flows between two CFTs in the context of symmetry
resolution [72]. Form factors are however not the only way to tackle interacting theories. There
are of course numerical methods, which are also employed in many of the papers cited above.
For integrable lattice systems we may also employ the corner transfer matrix approach, which
is particularly well suited to evaluating entanglement measures in the half-infinite line. This
approach has also been employed for symmetry resolved measures in [73].

A further viewpoint on entanglement in QFT is provided by the holographic picture stem-
ming from string theory. It has been known since the pioneering work [74,75] that there is a
quantitative relationship between the entanglement entropy of a CFT and the geometry of an
associated AdS spacetime. More precisely the entanglement entropy of a region A where a CFT
is defined, is proportional to the area of a “minimal surface” whose boundary is A. Symmetry
resolved measures have also been studied within this holographic setting [76-81].

As mentioned at the beginning of this section, a lot of results for entanglement measures in
general, and symmetry resolved ones in particular, consider lattice models. We have already
mentioned some of these works [12,44,45,47,73,82] when discussing free theories earlier. Addi-
tional examples are found in [83,84], and in [85-87]. In the latter, there is also an interesting
focus on the role played by different contributions to the total entanglement as seen by equation
(4). It is found that, depending on the symmetry of the system or selection rules (e.g. fixing the
particle number), only a certain contribution to the entanglement entropy will be “operationally
accessible”, that is the number entropy introduced after equation (4).

Having considered different partitions, theories, states and measures, it is also natural to
venture beyond equilibrium states and on to investigating out-of-equilibrium protocols [24-27].
These have been extensively studied for the past 10 years, and there is a vast amount of literature
on the subject (see e.g. the reviews [88-90] and the book [91]). Suffice to say that any ideas
and techniques employed for standard entanglement measures, say, the quasi-particle picture
[28,29], can be applied to studying symmetry resolved measures too. Some examples are found
in [18,56,61,82,87,92-98|.

Finally, let us mention studies concerned with other types of theories, that is models that
are neither critical in the standard sense nor integrable. For example, the symmetry resolved
entanglement of quantum spin chains with random couplings has distinct properties, which
are different from but resemble those of CFT, and was studied in [99]. The symmetry resolved
entanglement in many-body localised systems has been studied in [100,101]. It is also possible to
examine topological phases [102-105], topological defects [106] and more general statistics, like
that of anyons [107] through the lens of symmetry resolution. Recently, the SREE of non-local
QFTs has been studied in [108].



5 Scaling and Equipartition

What are the most salient properties of the SREE? The answer to this question appeared already
in the early works [11,12] and has been further investigated in many of the publications listed
above. Three main properties were found:

1. In a critical system, the SREE scales logarithmically with the size of the subsystem, just
as the total entropy does.

2. In a critical system, the SREE exhibits the property of equipartition, namely in some limit
at least, its value is independent of the chosen symmetry sector.

3. In a critical system, the SREE exhibits a double-logarithmic correction which contains
information about the scaling dimension of the symmetry field.

All of these properties can be easily shown using standard CFT arguments. In particular, we
may employ the CTFs introduced earlier, together with the information about their scaling
dimension, and the fact that they are primary fields whose correlators are normalised in the
usual way. In order to perform an explicitly computation, we will consider the case of the U(1)
symmetry in sine-Gordon with the definitions given in subsection 3.1.1. We have said earlier
that the charged moments are defined in terms of correlators of these fields. If we are computing
the symmetry resolved entropies for a continuous interval of length ¢ in the ground state, we
can write that

Zn(@) = "5 O T (0) T (0)|0)n (20)
where A2 is the dimension of the CTF and ¢ is a non-universal short-distance cut-off®, in this
case ) o

1 1 g o
Ap=—(n—— —. 21
n =9 (" n> T i (21)

Note that, with this notation, A = A,, is the dimension of the BPTF and A¢ is the dimension of
the U(1) field (which we called A in the general formula (10)). In a CFT, with the normalisation
(9), we have that the two-point function scales with the distance between fields in the usual way

£\ 4A%

Zae) = (3) (22)

thus, all the a-dependence comes from the scaling dimension of the composite twist field. In
order to obtain the symmetry resolved partition function, we need to Fourier-transform this

expression with respect to the variable a using the formula (5):

1 1 2 2
2 da re\4Ay ENAAL (2 da feN\rsn _omi

Z0(q) —f o (5) e () f e ) (23)
2 2

The integral can be computed exactly. We note as well that (5/5)4A9L is nothing but the partition
function Z,, (non-symmetry resolved) so that, from this term, we will subsequently recover a

8In spin chains € is proportional to the lattice spacing. The introduction of the cut-off € allows for the
comparison between QFT and lattice results. See [13] for an explicit computation in the Ising model where the
exact relationship between the cut-off € and the lattice spacing was found.

10



leading contribution to the SREE that is identical to the full entropy. For £/¢ < 1 we have that
log(¢/¢) > 0. In that case we can rewrite the integral and compute it exactly to obtain

e 4A9L % da 2A L .
20 = (5)7 [ Greennte i
/ -1 27
_ 7r2q2
1 479 Aogt Blogt — 2ir Aog £ + 2ir
— éf(%) V€ n g (228 I gy [0 282 AT ) oy

A 4 /A 4 /A ¢
- log = 24/ 5 log 2 24/ 5 log <
where A := ¢2/(2r)3 and Erf(z) is the error function. This formula is however a bit hard to
read. It is more common to consider the log(¢/e) » 1 expansion instead (or, alternatively, to
carry out a saddle point approximation on the integral itself). This approximation was presented
in [11] for the compactified free boson, where a U(1) symmetry is also present with an associated

symmetry field of dimension (a?K)/(872). Their result, amounts to approximating the sum of
error functions by the value 2 at leading order, giving

_ 7r2q2
1 /e\4A0 ¢ IR los§l
L@~ 5= (7))  —. 25
057G TE (25)
|n og 7

Computing now the symmetry resolved Rényi entropy as defined by (3), we have that the
leading contribution comes from the term (5/6)4A2, which gives the total Rényi entropy of a
CFT, i.e. (n+ 1)log(¢/e)/(6n), and the leading correction comes from the square root term in
the denominator of (25), giving

n+1 ¢ 1 < L 1
S, (q) ~ log = — = log [ 4rAlog - 1 . 26
(q) G o8 - 20g(7r ogE)—i-l_nog\/ﬁ (26)

We can also compute the limit n — 1 to obtain the symmetry resolved von Neumann entropy

S(q) ~ élogg — %log (47rﬁlog ﬁ) — % . (27)
This formula exhibits all three properties listed at the beginning of this section. We see that the
entropy scales logarithmically. Not only that but at leading order, it scales exactly like the total
entropy of a CFT, as we know from [1-3]. There is however a (negative) double-logarithmic
correction, which incorporates some information about the dimension of the symmetry field
through the parameter A. It has been noted in several places, including in [68] that this double-
log term is cancelled out by the number entropy contribution when computing the total entropy
through (4). Finally, we observe that there is no dependence on the symmetry charge ¢ so that
we have equipartition of entanglement among symmetry sectors. From the derivation, it is clear
that this equipartition is not an exact result, but only true in the particular limit of a large region
as considered here. Dependence on ¢ is quickly found when considering higher corrections, as
we see from the exact formula (24)°. The dependence on the dimension of the symmetry field

9The breakdown of equipartition at higher orders has been recently discussed for CFTs with underlying non-
invertible symmetries in [51].
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has to also be treated with care, since its meaningfulness relies on the assumption that there are
no additional non-universal constant corrections to the formula (27), or that one knows exactly
how to subtract those.

These results employ explicitly properties of 1+1D CFT, notably the simple scaling of two-
point functions of primary fields which is imposed by conformal invariance. Similarly strong
constrains exist for three and higher-point functions, though these are much less trivial [109].
We may ask how these properties change for a massive QFT, which can be seen as a (massive)
perturbation of CFT [110]. The answer is that, in general, away from criticality, it is much
harder to find exact formulae for correlation functions, unless we are dealing with free theories.
There is however a class of models, namely integrable QFTs (IQFTs), for which there are special
methods that we can use to investigate correlation functions of any fields, including CTFs. The
leading method is the form factor program [13,65,111,112] which we discuss below.

However, we also know since the work [3], with a later proof in [113], that the entanglement
entropy of an interval in a gapped system saturates to a constant value. This value depends
on the mass scale/correlation length and this dependence is identical to that found in CFT,
with the simple replacement of the interval size ¢ by the correlation length &. This property
extends to the symmetry resolved entropies, again in the limit of a very large region, where the
dependence on region size drops out.

There is a very simple way to recover this result, which does not require the use of any
specialised techniques, so we will present this derivation before introducing the form factor
program. The derivation is based on the property of clustering of correlators. Clustering means
the factorisation of multi-point functions into products of vacuum expectation values of fields
in local QFT, whenever the distance between fields is very large. In our example it means that
the charged moments (20) in a gapped QFT satisfy

Jim &350 T (0) T (0)]0)n = %[ (0| T2 (0)]0)n (28)
In 1+1D QFT vacuum expectation values scale as powers of a fundamental mass scale

20| T2(0)[0),, = U m?2n | (29)

th

where U is a constant™”, so the charged moments scale as

Zn(a) = [UZJ? (me)*25 . (30)

Comparing this last expression with (22) we see that the two expressions are identical up to the
replacement £ — m~! oc ¢ and the normalisation constant, so that the computation we carried
out above can be performed in exactly the same fashion for massive theories and gives the same
formulae above with log(¢/¢) replaced by log(me) and an additional dependence on a universal
constant Uy.

The conclusion is then that also in massive 1+1D QFT the SREE saturates to a constant
value which depends on the correlation length and, for large regions and large correlation length,
is independent of the charge, that is, there is again equipartition. The form factor technique

0The value of the VEV is operator and model-dependent but it is also universal in the sense that, once the
field and the model are fixed, then its value does not depend on any regulators. If the operator is primary in the
UV limit and its CFT correlators are normalised according to conformal normalisation, that is, their two-point
function is £7*A% as in (22), then US is entirely fixed. See the computation in [13] of the value of UY for the Ising
field theory.
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mentioned above, allows us to obtain corrections to saturation, which incorporate a dependence
on the size of the subsystem, usually leading to exponentially decaying corrections. This kind
of analysis has been performed in various papers [65,68,69]. Form factor techniques have also
been employed in the study of the SREE and negativity of excited states of QFT in [41,70,71].
We review the main features of this technique in the next section.

6 Form Factors and Their Applications

Integrable 141D QFTs have many special features, which stem from the interplay between low
dimensionality and the presence of infinitely many conservation laws. As a result IQFTs, even
interacting ones, are severely constrained. In particular, their scattering amplitudes and the
matrix elements of local fields, called form factors, can be obtained exactly. Fzactly means
non-perturbatively, as solutions to a set of equations. The program dedicated to systematically
solving these equations and testing solutions for consistency is called bootstrap program and has
led to a huge amount of analytical results over many decades, making integrable models some
of the most studied theories in mathematical and theoretical physics. For the purposes of this
review, we are interested in the form factor equations satisfied by BPTFs and CTFs. The former
were first written in [13] and the latter in [65], and both are generalisations of the standard form
factor equations for local fields, which are known since the 70s [111,112]. We summarise the
main aspects of the program below, largely following the discussion presented in [68].

The form factors (FF) are matrix elements of (semi-) local operators O(x) between the
vacuum state |0) and asymptotic states, here represented by the set of rapidities §; and quantum
numbers 7;,

Fg._%(el, 0, 01) :=0]O(0)|01, . . . Ok )y (31)

In massive field theories like the sine-Gordon model and the Ising field theory introduced earlier,
the asymptotic states are spanned by multi-particle excitations with energy and momentum
given by E,(0) = m~ cosh@, P,(0) = m-sinh§, where ~ indicates the particle species and 6 its
rapidity. In such models, any multi-particle state can be constructed from the vacuum state |0)
as

101,02, .., Oy, = AL (01) AL (82) ... AT (61,)]0), (32)

where Afs are particle creation operators. In an IQFT with factorised scattering, that is, where
all scattering processes can be factorised into two-particle scattering events, the creation and
annihilation operators A&. (0) and A, (0) satisfy the Zamolodchikov-Faddeev (ZF) algebra [114,
115]. In addition, if the theory is non-diagonal, like sine-Gordon, meaning that the incoming
and outgoing particles in a two-body scattering process may be distinct, even if they belong to
the same mass multiplet, then the algebra is

A (0:) A (05) = ST(0: — 0;) Ay, (05) Ay, (6:)
A’Yi(gi)A:ryj (ej) = S’TYYZ% (ej - ei)ATyj (9]‘)14%.(92-) + 5%‘,% 2#5(91‘ - Hj)v (33)

where nggj (0; — 6;) denotes the two-body S-matrix of the theory and summation is understood
on repeated indices. The above discussion is general and valid for any IQFT. In sine-Gordon, the

particle index ; can take the particular values s, 5§ which correspond to the soliton, antisoliton
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and b; with 7 = 1,2... corresponding to their bound states (breathers), on which there will be
a finite number determined by the value of the coupling ¢ introduced in (11). In the Ising field
theory on the other hand, there is a single particle type, so the particle index is redundant.

In the n-copy (replica) IQFT indices are doubled, in the sense that particles are characterized
both by their species (7;, n; in the formulae below) and their copy number (yu;, v; in the formulae
below). The two-body scattering matrix is then generalised to

s g 5 5 VS0 m=py (34)
(rotes) (1) U Oyimi Oy M My

which defines the replica theory as a set of non-interacting copies of the original model.
To make our notations easier we introduce the multi-indices

a; = (v, i) with a; = (%, ) and  a; = (vi, s + 1), (35)

where 7; denotes the antiparticle of ~;.

6.1 Form Factor Equations for U(1) CTFs

The main input needed to write the form factor equations for CTF's are the exchange properties
of the U(1) CTFs (14), similar to how these were used in [13] to obtain FF equations for the
BPTFs. The result was presented in [65,66]. Consider the case when the underlying symmetry

is U(1). Then the new FF equations incorporate a U(1) phase e in the monodromy properties
corresponding the Aharonov-Bohm flux. Denoting the FFs of 7,*(0) by Fg , (61,...,0k;n),
the FF equations can be formulated as

1!
aia.

FQCY(Q, ’I’L) = aiaZIll (91‘i+1)E(.l.ai,1a’i+1a;ai+2m(- .. 9i+1, 91', .. ;n)’ (36)

F;(el +27r17927-.-70k7n) :6% (%agakdl(927"'70k’91;n)7 (37)
y iRQQ /

_z%gﬁisz%dog(g[l)a to, 0; n) = —€e n szog(eo, 0, ]{;)F&(Q; n)7

—1 Res F(O"l/,uo)(&l%)ﬂ(e()’ 007 Q; n) = #07#6F§5F(a57uo)g(607 Q; n)a (39)

96=90+iﬂfy§
where several short-hand notations have been used: as usual 8;; = 6; —0;, 0 := 01,02, ..., 0} and
a:= (y1,11)(v2, p2) - - - (Y&, p). The factor in the fourth equation is an abbreviation for

SL (00,0, k) = Sebt (B01)S2e2 (Ba) . . S22, (Bon) - (40)

aoa
Equation (36) is the exchange relation while (37) is the crossing relation. Together they form
what is known as Watson’s equations, which constraint the monodromy of the FFs. Equation
(38) and the equation below it are kinematic residue equations while (39) is the bound state
residue equation. Together, they determine the pole structure of the FFs as well as leading to
recursive discrete equations on the particle number. Equation (39) involves the parameters Uz s
and Ffﬂs. For the purposes of this review, it is not essential to define those in detail. Suffice it to
say that they are parameters relating to the position of the bound state poles of the S-matrix

14



and to value of the associated residue. See [68] for further details and also equation (48) and
the paragraph thereafter.

The CTF is generally spinless and therefore, by Lorenz invariance, the form factors are
functions of rapidity differences only. It means that the variable dependence of the FFs can
be reduced by one. The index r in the phase factors corresponds the U(1) charge of the
corresponding particle. In the sine-Gordon model, the k index takes three possible values

1, Yi =S,
ki =1 —1, Yi =S, (41)
0, Yi = bj,

which means that the non-trivial monodromy does not affect the breather sector of the theory.
Note also that for o = 0 we recover the equations for the standard BPTF, whose form factors in
the sine-Gordon case were studied in [116,117], and for n = 1 we have instead the FF equations
of the sine-Gordon U (1) field, whose solutions have also been studied [118-120].

From this point, the solution procedure is standard in the context of the FF program.
We start by obtaining lower-particle FFs, and focusing on a single copy and then use the FF
equations recursively to access higher particle numbers and other replica numbers. The one-
particle FFs when non-vanishing, are rapidity independent and the two-particle ones depend
only on the rapidity difference. Akin to the BPTF, the novel composite field is neutral in
relation to the sine-Gordon U/(1)-symmetry, which implies the vanishing of any FFs involving a
different number of solitons and antisolitons. In particular one finds that

F2(6;m) = F&(6;n) = F§, (6in) = 5, (05n) = FL(n) = F&(n) =0, ¥ keZb. (42)

There are however non-vanishing one-particle and two-particle FF's for all breather combinations.
Under these considerations, Watson’s equations (36), (37) for non-vanishing two-particle
form factors and particles in the same copy can be summarised as

F(0;n) = SE(0)Fa(—0;n) + SZ(O)FL(—0;n) = ' Fg(2min — 6;n), (43)
Fg(05n) = SE(O)FE(=0:n) + S5(0)Fe(~0;n) = e “F(2min — 6;n), (44)
Fyy (B5n) = Sy, (H)Fbibj(—ﬁ; n) = Iy, (2min —0;n) for i—je2Z. (45)

The last equality in the top two equations requires the use of the crossing property (the second

of Watson’s equations) n times, leading to the phases e*®. These two sets of equations can be

solved by diagonalisation of the soliton-antisoliton sector, as done already for the BPTF in [116].
The kinematic residue equations (38) are

—i(iesF%(@; n) = —i(&engbi(G;n) = 0|70, V ieN. (46)

Finally, the bound state residue equations (39) are

—i Res F&(0;n) =T Ff(n), (47)

sstc
O=imuly

where c is any particle that is formed as a bound state of s + 5 for rapidity difference 6 = imug;.
For the breather sector it is again convenient to write the more general equation

—iel{(eesF&bjﬂ(@ + iu, 0y —it, 0;n) = Fb’“ W(0,0;n), (48)
=0 =

z+]
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where g is any particle combination for which the FF is non-vanishing. We recall that u+t = uz;”
and 0 = iﬂuﬁﬁ is the pole of the scattering matrix Sp,;,(¢) corresponding to the formation of
breather b;;, and u and @ are related to the poles of Sy, .(0) and Sy, .(0), respectively. It is
important to emphasise that the bootstrap equations (36)-(39) or (45)-(47) for the U(1) neutral
breathers are identical to those of the conventional BPTFSs, nevertheless the FFs are different
from those of T.

Finally, two-particle FFs with arbitrary replica indices can be easily obtained from the
above through relations which are themselves a consequence of Watson’s equations. They can

be written as

—lekn/npa (ri(k — §) — 6; if k> 7
FC hmw (03m) = {eim In am( m( J) ' n) .]7 (49)
e mMES (2mi(j — k) + 6;n)  otherwise,
where k. is zero for neutral breathers. The two-particle FFs of the other field 7% denoted by
Fg ., (0;n) can be simply written as

nle! . _ o .

FGaemmO:m) = Foljymn—i @57) (50)
Solutions for these form factors were reported in [68]. Even for one and two particles they are
rather involved, given as they are in terms of integral representations, so we will not reproduce
them here, as they are beyond the scope of this review.

6.2 Form Factor Equations for Z, CTFs

Although the equations (36)-(39) are rather general, they are also specific for U(1) symmetry,
which is a continuous symmetry. There are however many integrable models possessing discrete
symmetries such as Z; for some integer k. For example, the family of Potts models includes
models with different values of k. The simplest non-trivial case is k = 3, which was studied
n [69]. Another well-known case is the Ising field theory, introduced in subsection 3.1.2. The
Ising model has Zy symmetry and the FF equations for the CTFs 7,* introduced earlier are
much simpler than (36)-(39). Not only is the “symmetry phase” just +1 but the S-matrix itself
is also +1 depending on whether particles are in the same or distinct copies. For the field 7~
the equations where written in [65] but they can be written for both fields as

EEO;n) = Sasais Oiic)FE (051,05, 50), (51)
a @10 A5AG 12
Fj(@l + 2mi, 02, - ,Qk; TL) = iFai;agl..ak[zl (92, ey Gk, 91; n), (52)
—i Res F%aoa(eé)? 6o, 0; n) = F1ai (Q, TL), (53)
0, =00 +im = =
—i Res Fr, (0),00,0;n)=FF5(0;n). (54)
96:90+iﬂ‘ 0c0% -

Here, the particle indices are just copy numbers since there is a single particle type, so the
S-matrix is simply

Sabl6) = (~1)P. (55)

For the + sign these are the same equations as for the BPTF T of the Ising model, whose FFs
were studied in various papers [13,121]. However, since the field 7" still has different conformal
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dimension from 7, its FFs are distinct from those of 7. They were briefly discussed in [67].
The FFs of 7, were obtained in [65], and they have interesting summation properties which
were discussed in [67]. Since they are relatively simple functions, we give here the formula for
the two-particle form factor of two fermions living in the same copy

0|77 (0)|0),sin T sinh ¢

R = S Qs s (56)
2n sinh (T) sinh (W) sinh 2~

We note how the denominator produces the two expected kinematic poles at the values of

rapidities § = i and 6 = im(2n — 1), while the function sinh(f/n) ensures that the FF is an odd

function of # (as required by the exchange property) and picks up a minus sign under crossing.

7 Finite Interval Corrections

The computation of corrections to the “saturation” formulae that are obtained by replacing
¢+ m~!in (26)-(27) is a mathematically very technical exercise, which employs the full power
of the FF program and the solutions to the equations presented in the previous section. However,
the main ideas are relatively simple and can be summarised here. We refer the reader to the
books [112,122] for a more detailed review of the FF program and its applications to computing
correlators. In the ground state of a massive IQFT with a single-particle spectrum, two-point
functions may be spanned in terms of the absolute values of the FFs above. For a local, spinless
field O(x) the first few terms of such an expansion look like

© dp
©|0(0)0"(x)|0y = [0]O(0)[0)]? + f Oy etk
—00
L (% db.db, 2 —mf cosh 61 —mf cosh 0
— F9_9 mk Ccos 1—Mmk cos 2
+2foo (2m)2 |[F2 (01 — 02)[%€ + (57)

where m is the mass of the particle, x := (0, —if) is the space-time position, F} is the (rapidity-
independent) one-particle FF, F5(#) is the two-particle FF etc. Higher corrections, will include
higher-particle form factors. The expansion is simply obtained by “inserting” a sum over a
complete set of states between the two fields in the correlator. This expansion is usually described
as an “infrared” expansion, meaning that it is rapidly convergent for large ¢m.

Depending on the symmetries present in the theory, it is possible that some of the FF's are
vanishing. For example, in the Ising field theory, the fermion field has a single non-vanishing
FF for one particle, whereas the “energy” field (the mass term in the action (16)), which is
bilinear in the fermions has only a two-particle FF. On the other hand, the twist fields o and
introduced earlier have non-vanishing odd- or even-particle FF's, as a result of Zo symmetry.

When the one-particle FF is non-vanishing, we see directly that the first /-dependent con-
tribution is a Bessel function K((m/), which is obtained by performing the single integral above

© de | Fy|?
R 2 —rmcosh@ _ K /¢ 58
| gmpe L Ko (mo), (59)

leading to exponentially decaying corrections for large mf. Should F; = 0 then the first cor-
rection will come from the two-particle FF. Since the FF only depends on rapidity differences,

17



it is possible to change variables to = 61 — f2 and 6 = 6, + 6, and integrate out 6 leaving a
contribution

f; (d9)2|F2( 2Ky <2m€cosh Z) : (59)

For large ¢m this contribution is also exponentially decaying, as are higher particle ones.

Although the case of BPTFs and CTFs is considerably more complicated than this, the
generalisation is straightforward. Let us rewrite the formula above for the field 7, we discussed
in the previous section for the Ising field theory

O @ (10 = KO @I + 33 33 [ Tl aempKo (2mecos ) 4 60

The main change is that we now have sums over copy numbers (in the sine-Gordon model
we would also have sums over particle types). For this field, we also have a vanishing one-
particle FF so the first non-trivial correction will come from the two-particle FF. A number
of simplifications are possible: first, all copies are identical so at least one of the sums can be
eliminated and replaced by an overall factor n. Then, the form factor F 374(95 n) can be related

to the FF Fy(0;n) by employing identities akin to (49). Calling

o OIT )T (910) — O[Ty (00
CTbn) = KEROIDE |

the normalised connected correlator, we find that, at two-particle order, it can be written as

(61)

C~(€;n) == n|<0| T, (0)|0Y]|~ Zf deldez\ﬂl( 0 + 2mij;n) | Ko <2m€coshg>. (62)

This expression can be easily evaluated numerically, with the FF (56). This evaluation, combined
with the evaluation of the same correlator for the BPTF, allows us to compute the SREEs of
the two symmetry sectors. The calculation is presented in detail in Chapter 6 of [65].

An interesting feature of this type of calculation in the context of entanglement measures
is that in order to computer the (symmetry resolved) entanglement entropies we need to take
the limit n — 1 of all the formulae above. This is non-trivial, given that the whole twist
field construction is based around the notion of an integer number of replicas n. In order to
perform the limit n — 1, expressions such as (62) need to be analytically continued first to n
positive and real. A suitable way to do this was presented in [13] for the BPTF and applies to
CTFs in a similar manner. The idea is to replace the sum in (62) by a contour integral whose
value reproduces the sum, as a sum over residues, plus an additional contribution resulting from
the kinematic poles of the FF. A beautiful feature of this approach is that once the analytic
continuation has been performed, the limit n — 1, gives rise to formulae that contain a §(6)
term. Thanks to this term the integral (62) (or part of it) can be computed exactly and the
exponential corrections obtained in a very simple and universal form. If we call CY(¢;n) the
connected correlator of the BPTF, the procedure sketched above led to the result

J 0 1 —3m/l
—%1_)11(11 %C (l;n) = §K0(2m€) + O(e ) (63)
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whereas, for the normalised connected correlator C~(r;n) a similar computation was carried
out in [65] giving instead

—2md

1 1
Cim Lo () = ~Ko(2mt) + -

—2_—2ml . 4

As we can see, there is one common term proportional to Ky(2mf) in both cases. This term
is highly universal as it results from the pole structure of the FF and not specific details of
the model. For the BPTF the same formula is found for any 1+1D QFT (even non-integrable
ones) if m is the mass of the lightest excitation(s) in the theory [123]'!
then be employed to obtain ¢-dependent corrections to the saturation formulae. These kinds of
computations have been carried out in [65] for the Ising and sinh-Gordon models, both exhibiting
Zs symmetry, for the Potts model in [69] where Z3 symmetry was considered, for the sine-Gordon
model [68] and for free theories with U(1) symmetry in [66].

. These formulae can

8 Beyond the Ground State

So far, we have focused on ground states. In this section, we want to generalise this study to
excited states. Treating these in complete generality would be very difficult since we expect the
SREE to depend on many features of the excitations, including their energy, momentum and
quantum numbers. However, in special cases, there are interesting universal features associated
with the presence of a finite number of excitations within a infinite quantum system.

Let us start by reviewing some of the existing literature. There are by now many works
concerning excited states in low-energy CFT [124,125], critical systems [126], gapped quantum
spin chains [127], and free IQFTs [128-137]. All of these works deal with standard (ie. non
symmetry resolved) measures, nonetheless some useful conclusions can be drawn. On the one
hand, the entanglement entropy of excited states with an infinite number of particles in QFT
or quantum lattices (i.e. for finite-density excited states) is dominated by the thermodynamic
entropy of the corresponding Gibbs state, and satisfies a volume law [138]. On the other hand,
this no longer applies to excited states described by a finite number of excitations. In that
case, what we have instead is a finite “excess entropy”, that is, the entropy is increased by a
finite amount w.r.t. the ground state. This finite amount takes a universal and very simple
form, provided that the ratio of total system size to subsystem size is kept finite, while the
individual sizes are very large. In this limit, the excess entropy depends only on the relative
size of the regions and the particle statistics. In [128,129] this was proven for free QFTs but
there is evidence, including in those references, that it is much more general, extending also to
interacting and higher dimensional models. As argued in [137], this is related to the fact that the
excess entropy contributions are in essence of a semi-classical nature, therefore highly universal.

Let us consider how these properties generalise to the symmetry-resolved context. Consider
again a bipartite system of total length L and a connected region of length ¢. Consider also the
scaling limit in which both lengths tend to infinity while keeping the ratio r = ¢/L constant.
The system is in a pure state formed of a finite number of excitations, i.e. a zero-density state.
The ratio of the charged moments of an excited state |¥) and those of the ground state |0) of

HFor generic theories, there is a sum of Bessel functions for the different masses, but for large m¢ the lightest
particle still provides the leading contribution
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the theory can be written as

i YT O D (65)
L=o 0| T;2(0)T,2(rL)|0)y

and, as the equation suggests, in the infinite volume limit, it is a function of r, &, n and the state.
However, the only state features that play a role in this limit is the number of excitations and
their statistics, as we will see below.

Here we will consider massive IQFTs although similar results have been obtained in CFT [46].
In the former case, whether or not symmetries are present, there arise some technical difficulties
when computing the type of correlators involved in (65). This is so because whenever one
introduces a set of intermediate states to express the correlator as a product of form factors,
d-function singularities appear if the momenta of the intermediate particles coincide with those
of the particles in the excited state. To avoid this problem, finite volume form factors must
be calculated first, and then the volume must be used as a regulator. But, although a finite
volume form factor program for generic local fields exists [139,140], its extension to twist fields
is still an open problem. Alternatively, a solution was found in [130] for complex free theories.
It is based on the fact that in that case one can diagonalise the permutation symmetry in the
n-copy theory and express the BPTF as a product of simpler U(1) twist fields, whose form
factors are well-known in the literature [112,141,142]. In finite volume the particle momenta are
quantised according to the Bethe-Yang equations, and this plays a crucial role in computations.
Using all of these ideas, the ratio of charged moments (65) has been computed in [70]. For U(1)
symmetry, the formula depends as well as on the parameter «, as implicit in (65). The results
can be summarised as follows:

1. For states of k identical (bosonic) excitations of charge e:
k ..
My (r;a) = Y [ff(r)]rePmiee, (66)
j=0

where f]’?(r) := xC; 17 (1—7)k=7 and 1 .C; = k!/[j!(k—j)!] is the binomial coefficient. Notice
that € = £ represent the U(1) charge of the bosons. For generic states comprising s groups
of k;* identical particles of charge ¢; we will have

€1 €s s €4
Mk (r;a) = HM,’:Z (r;a). (67)
i=1

2. For states containing k distinct excitations either bosonic or fermionic we have instead:

k
Mrlqulek (r;a) = H [62m'5jozrn +(1- T,)n] _ (68)
=1

These results can be derived rather easily if one considers the qubit “picture” for multiparticle
excited states, first employed in [128]. In this picture, the contributions from the excited state
are encoded into a “multi-qubit state” which is built as a combination of states labelled by
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integers j where we identify the qubit state j with the presence of j identical particles in the
entanglement region A i.e.:

[Wap) = > [T Il (69)

qenj>1{0717“'7]} J v

The coefficients in the above expansion represent the probability of finding a specific particle
configuration q = {g; : i = 1,..., N} in the corresponding entanglement region, and are given
by binomial coefficients (see (66)), which underlie the (un)distinguishability of excitations'?.

Notice that |q) is the state where the qubits are inverted. For example, the qubit state
1) := /r[10) + v/1 — r|01) (70)

can be seen as representing a single excitation which is localised in region A with probability
r and in region A with probability 1 — r. Moreover, if the charge operator associated with the
internal symmetry is Q = Qa® 15 + 14 ® @ 4, then

Ty = Y pgla) ®a) = P T gy @ @), (T1)
q q

where the summation is over the same set q as above and n;—r is the number of positively/
negatively charged particles in subsystem A for a particular configuration q with probability
Pq=11; f;’; (r). Consequently, the entropy of this qubit state is the Fourier transform of

Tr(pge” @) = 3 310 ) G (72)
q qa

which for the state (70) gives (66) with & = 1. In this way, in the scaling limit the charged
moments ratios (66) and (67) equate the charged moments of simple qubit states (72).

Once the ratio (65) is known, the SREE of the excited state is obtained from the Fourier
transform of

2y (r;0) = Zp(a) My (r; ), (73)

with Z0(a) := e42a(T,*)? for 141D IQFTs, as introduced earlier. Notice that the ground state
correlator will vary depending on the theory considered. But since for free theories MY (r; )
depends on « in a simple manner, it is possible to express the SREE of the excited state fully
in terms of the ground state (see [70] for further details). Notice that, in the qubit picture
(as opposed to QFT) the ground state is trivial and the results (72) are directly the charged
moments of the excited state.

To conclude, we would like to note that in [71] numerical evidence for the validity of the
formulae in this section has been provided for a 1D Fermi gas and a complex harmonic chain.
Interestingly, the former example is a critical theory, suggesting that these results also hold
for massless/gapless models, as shown in [46] for the total entropy. The results have been
extended to interacting models (magnon states) and higher-dimensional theories [71,131] and
other measures, such as the logarithmic negativity [41]. In general, the same formulae are
found whenever excitations are localised, in the sense that their characteristic length, be it the
correlation length or the De Broglie wavelength, are small compared to subsystem size.

12Considering the bipartite Hilbert space H = H.a ® H 5, where each factor can be related to the Hilbert space
for Nj sets of j indistinguishable qubits (with N = >}, N;).
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9 Conclusion

In this review article we have presented a summary of some of the main results concerning the
symmetry resolved entanglement entropy of 1+1D QFTs. This is an entanglement measure, that
quantifies the contribution to the total entanglement entropy that is due to separate symmetry
sectors, provided the theory has an internal symmetry. We have revisited the key definitions
and techniques, and presented a literature review.

As we have seen, the relationship between entanglement measures and correlation functions
of symmetry fields plays a major role. Through this relationship it is possible to easily derive
the main properties of the SREE, such as its equipartition in CFT and its saturation in massive
QFT. More detailed information about specific models, system-size dependence etc. can be
gathered by employing the form factor program for twist fields.

The study of symmetry resolved entanglement measures has put the focus on symmetries and
their role in the context of entanglement. This has given rise not only to an enormous amount of
publications, containing results of analytical, numerical and even experimental nature, but also
to a renewed interest in the role of symmetries, their breaking and how entanglement measures
can help us capture information about both. In connection to symmetry breaking, the concept
of entanglement asymmetry has lately emerged [143]. Here the interest lies in quantifying the
extend to which a symmetry is broken and the speed with which it is restored by studying the
evolution of entanglement, particularly in the wake of a symmetry-breaking quantum quench.
Several interesting studies of this quantity have been carried out in the past two years [144-148].

Length constrains have kept us from discussing many interesting results and approaches, one
clear omission being the other symmetry resolved entanglement measures. We hope nonetheless
that our review will be useful to those wanting to learn some introductory facts about this
popular area of research.
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