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Predictive Ability Tests with Possibly Overlapping Models*
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Abstract

This paper provides novel tests for comparing out-of-sample predictive ability of two or more
competing models that are possibly overlapping. The tests do not require pre-testing, they
allow for dynamic misspecification and are valid under different estimation schemes and loss
functions. In pairwise model comparisons, the test is constructed by adding a random pertur-
bation to both the numerator and denominator of a standard Diebold-Mariano test statistic.
This prevents degeneracy in the presence of overlapping models but becomes asymptotically
negligible otherwise. The test is shown to control the Type I error probability asymptotically
at the nominal level, uniformly over all null data generating processes. A similar idea is used
to develop a superior predictive ability test for the comparison of multiple models against a
benchmark. Monte Carlo simulations demonstrate that our tests exhibit very good size control
in finite samples reducing both over- and under-rejection relative to its competitors. Finally, an
application to forecasting U.S. excess bond returns provides evidence in favour of models using
macroeconomic factors.
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1 Introduction

This paper proposes a unified framework for pairwise and multiple out-of-sample model comparison
tests in the presence of possibly overlapping models. Under the null of equal expected predictive
ability, overlapping models occur when different sets of predictors are used but only a common subset
(or none) of them has predictive power. In this situation, which comprises strictly nested models as
a subcase, inference becomes very challenging as the asymptotic distribution of the Diebold-Mariano
test (Diebold and Mariano, 1995, DM) can depend on a variety of factors. Under quadratic loss
and with martingale difference errors, ruling out dynamic misspecification, Clark and McCracken
(2014) show scenarios in which the distribution of the DM statistic can either be standard normal
or a functional of Brownian motion dependent on unknown nuisance parameters. When we allow for
the more realistic case of dynamic misspecification, the DM statistic may even converge to zero in
probability. With the exception of Clark and McCracken (2014), who propose a pre-testing two-step
procedure or a conservative one-step procedure, the case of overlapping models has remained largely
unexplored. This is in contrast to the case of comparing strictly nested models which has received
more attention (e.g. Clark and McCracken, 2001; Corradi and Swanson, 2002; McCracken, 2007;
Pitarakis, 2023; Amburgey and McCracken, 2023). We aim to provide a test which is simple to
implement and does not rely on any pre-testing.

We make two new contributions in this paper. Firstly, for the case of pairwise comparisons, we
introduce a single step DM-type test, which is asymptotically standard normal regardless of whether
models are overlapping or not. This holds under different estimation schemes such as the fixed or the
recursive scheme, for a generic loss function, and it allows for the comparison of dynamically mis-
specified models. Most importantly, our test asymptotically attains its nominal level uniformly over
all data generating processes (DGPs) under the null hypothesis of equal predictive ability. Secondly,
we also consider a test for superior predictive ability (SPA) involving multiple models, as in White
(2000) and Hansen (2005), allowing for the possibility that all competing models are overlapping
with the benchmark. We use a weak moment inequalities set-up, relying on the generalized moment
selection (GMS) approach of Andrews and Soares (2010), and establish the asymptotic validity of
bootstrap based critical values. This holds regardless of the number of competing models which over-
lap with the benchmark. Our approach does not rely on pre-testing, and the test achieves asymptotic
non-conservative size control also in the presence of some (but not all) models that overlap.

Our tests operate by introducing an artificial random perturbation into the test statistic of the
DM or SPA type tests. Specifically, for the DM test this is done in such a way that the added
randomness does not contribute to the asymptotic distribution when the models are strictly non-
nested or “moderately” overlapping, i.e. the variance of the original DM statistic approaches zero at
a sufficiently slow rate. On the other hand, when the variance of the DM statistic collapses to zero
quickly, the added randomness dominates the limiting distribution thereby solving any degeneracy

issue. Inference in the DM test can be conducted using standard normal critical values, and we



establish an asymptotic size for our modified DM test that is well controlled at the nominal level.

For the SPA test, we add a different random perturbation to each pairwise comparison. Asymp-
totically, this does not affect the number of inferior models that give rise to a “slack” moment
inequality and that do not contribute to the limiting distribution since the perturbation has mean
zero. In this multiple comparison case, we show that the limiting distribution is a functional of a
Gaussian process, and thus there are no ready-to-use critical values. We provide bootstrap critical
values based on the block bootstrap which are simple to compute, and establish their first-order
asymptotic validity.

The implementation of our test is straightforward and requires little more input than that of
commonly-used DM type tests. The random perturbation is multiplied by a tuning parameter which
controls its influence and vanishes to zero as the sample size grows. Following a similar approach to
Schennach and Wilhelm (2017), we propose a data-driven choice based on the minimization of the
power loss due to the added perturbation when models do not overlap, and on the minimization of
size distortion when they do overlap. Constructing the data-driven tuning parameter only requires
the estimation of objects such as the (asymptotic) score and the Hessian matrix of the objective
function, which can be easily obtained from most statistical software packages. This makes our test
very accessible to applied forecasters.

We illustrate the finite sample properties of our pairwise and multiple model tests using Monte
Carlo simulations. The results confirm the theory in showing that our tests, indeed, control the Type
I error probability accurately regardless of whether we are in the overlapping or strictly non-nested
case. In the pairwise comparison context, our test achieves a rejection rate close to the nominal
level, in contrast to the non-adjusted DM test which becomes very conservative in the overlapping
case and too liberal in the non-nested case. Our test therefore addresses the well-known issue of
over-rejection by the standard DM statistic in non-nested model comparisons (see the discussion in
Coroneo and lacone, 2020). Similar results also carry over to the multiple comparison testing case
where we compare our SPA test with an unadjusted version and the SPA test of Hansen (2005).
Here we find that the power of our test is similar to the others whereas we, again, make substantial
improvements in controlling the size.

We then apply our test using an empirical example of forecasting U.S. excess bond returns at var-
ious maturities, using combinations of bond market variables and macroeconomic factors estimated
from the FRED-MD database (McCracken and Ng, 2016). We therefore contribute to a recent and
growing literature, initiated by Ludvigson and Ng (2009), which looks to assess whether factors ex-
tracted from macroeconomic series have additional explanatory power over the traditional financial
series used in explaining bond risk premia such as forward spreads (Fama and Bliss, 1987), yield
spreads (Campbell and Shiller, 1991) and forward rate factors (Cochrane and Piazzesi, 2005). We
find that macroeconomic factors are, indeed, useful at predicting excess bond returns, especially when
using a parsimonious representation involving only the first factor from the FRED-MD database. Our

SPA test uncovers statistical evidence that the use of macro data produces superior forecasts and we



find that there may be different predictive methods required across different bond maturities.

While our main theoretical, simulation and empirical results cover the case of differentiable loss
functions, in the supplement we also treat the case of the non-differentiable check loss function. This
shows that our tests may also be applied to the evaluation of quantile forecasting models which
have gained importance in the recent empirical literature (e.g. Adrian et al., 2019). In this case,
even though we cannot provide a data-driven procedure as in the differentiable loss case because we
cannot have a precise convergence rate for parameter estimation error (PEE), we can still provide
an ad-hoc procedure that works very well in finite samples.

In placing our paper within the literature, we can trace the study of model comparisons with
overlapping models back to Vuong (1989). The classical “Vuong test” has recently been extended by
proposing alternatives that attain the nominal level asymptotically across all DGPs, either through
simulation based techniques (Shi, 2015), sample splitting (Schennach and Wilhelm, 2017), or the
addition of artificial randomness (Hsu and Shi, 2017). In the pairwise comparison case, our statistic
is closest to Hsu and Shi (2017). These papers all deal with independent and identically distributed
observations which rules out dynamic misspecification which our tests are able to accommodate.
Moreover, none of the aforementioned papers focus on forecast comparison tests under recursive or
rolling parameter estimation as we do in our paper. Finally, to the best of our knowledge, no existing
Vuong-type test accommodates the comparison of multiple models.

An alternative literature proposing tests which circumvent the degeneracy of the DM statistic
with overlapping models is the conditional testing procedure of Giacomini and White (2006). This
approach uses a small, fixed-length rolling window of observations for estimation, ensuring that PEE
does not vanish asymptotically. A recent paper by Zhu and Timmermann (2020), however, shows
that the null of Giacomini and White (2006) is not valid under this rolling estimation scheme unless
the data satisfy a restrictive m-dependence assumption, with m denoting the number of observations
used in the rolling window.

The rest of the paper is organized as follows. Section 2 first outlines the pairwise comparison
with possibly overlapping models, and establishes the limiting distribution of the suggested statistic
in the case of a deterministic tuning parameter. Then, it introduces a data-driven procedure for
the choice of the tuning parameter and establishes the uniform asymptotic equivalence between the
statistics based on a deterministic versus data-driven tuning parameter. Section 3 outlines multiple
comparison in the presence of an unknown number of overlapping models. Section 4 provides some
Monte Carlo evidence, while Section 5 provides the empirical application. Section 6 concludes.
The proofs of the main theorems are provided in the Appendix, while auxiliary lemmas and other
theorems are relegated to the supplementary material together with an extension to non-differentiable

loss functions and some additional graphs.



2 Diebold-Mariano Type Test

2.1 Set-up and Limiting Distribution

In the context of DM type tests, it is a well known fact that the contribution of PEE to the variance
of the test statistic vanishes asymptotically if the same loss function is used for both estimation and
out of sample evaluation. This occurs regardless of whether, as the sample size T'— oo, P/R — 0,
or P/R — 7 with 0 < m < oo, where R denotes the number of observations in the estimation
sample, while P denotes the part of the sample used for (pseudo) out-of-sample prediction so that
T = R+ P. Examples include the use of ordinary least squares (OLS) or nonlinear least squares
(NLS) for model estimation and a quadratic loss function for forecast evaluation (see West, 1996), or
the least absolute deviation (LAD) estimator for model estimation and the absolute deviation loss
function for prediction evaluation (see McCracken, 2000).! On the other hand, even when different
loss functions are used for estimation and evaluation, the contribution of PEE to the variance becomes
asymptotically negligible whenever P/R — 0 as T'— oo. In both cases, under the null hypothesis
of equal expected predictive accuracy, the statistic of the DM test does no longer follow a standard
normal limiting distribution when models overlap because only a common subset (or none) of the
regressors holds predictive power. This in turn results in misguided inference when using standard
normal critical values. The objective of this paper is instead to propose a test statistic which is
asymptotically normal under all null DGPs.

Hereafter, let win = (Yean — Yjernie) and Ujepn = (Yern — Yjne) denote the population and
estimated prediction error of model j, for j = 1,2, where y,,, denotes the target variable of interest
and h > 1 is the forecast horizon. We denote y;44; as the infeasible prediction at time ¢ for time
t + h if we knew the parameters of model j, and ¥; ;45 the prediction at time ¢ for time ¢ 4 h, based

on the estimated parameters. Specifically, let:
Ujtth = Yt+h — My (Zj,t? 0;)

where Z;; is the set of predictors used by model j, and m; (Z;;;-) is a (non)linear function of Z;,

known up to some population parameter vector 9}. We also let:

Ujryh = Yern — My <Zj,t; 9j,1:t> : (1)
Here, é\j,l:t denotes the estimator of the parameter vector using the recursive estimation scheme, in
which we re-estimate the parameters each period using all observations available up to time ¢ with
t > R. On the other hand, when the fixed estimation scheme is used, where we estimate 9; only once

using the first R observations, we replace é\j,lzt in Equation (1) by @71: gr. Finally, when the rolling

L PEE becomes asymptotically negligible because the derivative of the expected value of the (forecast) loss, evaluated
at the population parameters, equals zero.



scheme with the most recent R observations is used, we use @7@_ R+1):¢ instead of «gj,l:t.

Given these definitions, let F denote the set of distributions defined on the support of (y;pn, Z }7t),
such that Assumptions A.1, A.2, and A.4 below hold. The corresponding probability measures and
expectation for each F' € F will be denoted by Prr and Er in what follows. For the recursive

estimation scheme define:

t—h
o1 .
0] = arg nin < E_ Ep (¢ (Yrin —m; (Zj1;0;))) witht > R
and:
R 1 t—h

614 = arg erjréiélj i ;q (Yktn —m; (Zj1;0;)) with t > R,
where ¢(-) denotes the estimation loss function. For the remainder of the paper we focus on the
recursive estimation scheme, but note that the results can be extended to the other schemes too.

As the main case of this paper, we suppose that the loss functions ¢(-) and ¢(-) satisfy the
differentiability condition in Assumption A.3 below, and that the same loss function is used both for
estimation and out of sample evaluation, ¢(-) = ¢(-). As noted earlier, an implication of the latter
condition is that the contribution of estimation error becomes asymptotically negligible (cf. West,
1996). On the other hand, when P/R — 0, our set-up is also applicable even when ¢(-) and g(+) differ
from each other. An example is when forecasting models are estimated via (ordinary or nonlinear)
least squares, but the evaluation loss is asymmetric such as the linear exponential (Linex) loss of
the form g(u) = exp(au) — au — 1 with a # 0 (Zellner, 1986). The Linex loss function has recently
been used to evaluate forecasts by Coroneo et al. (2023). Moreover, Hansen and Dumitrescu (2022)
even point to a possible robustness versus efficiency trade-off when a likelihood estimator is used
at the model estimation stage rather than simply setting ¢(-) = ¢(+). Finally, in Section S3 of the
supplementary material, we also examine the case where the check loss function is used for quantile
regression forecasts, which is a primary example of a non-differentiable loss function.

Given some loss function for evaluation g(-) and F' € F, the null hypothesis in a standard DM
test is given by:

Hy : Ep (g (u1t4n) — g (uge1n)) = 0. (2)

The alternative hypothesis on the other hand is:
Hy : Ep (9 (u14n) — g (u2e4n)) # 0.
We collect all DGPs F' that satisfy Equation (2) in the following null set:
Fo={F € F: Hj holds}, (3)

while F4 = {F € F: H, holds} is the complement of Fy, and denotes the set of DGPs under the



alternative hypothesis. As outlined in the Introduction, the main goal of this paper is to examine
the asymptotic behaviour of the DM test uniformly over the class of null DGPs F,. To outline our
asymptotic framework and the test statistic, we introduce the following notation: let { Fp}%¥_, denote

a sequence of distributions with Fp € F for all P and define:

opu(Fp) = UQDM,P = Val'pp ( Z (w1,641) (UZ,H-h)))

as well as 07,5, = limp p_yo0 0hy; p. We say that two models are overlapping if for some sequence with
Fp € Fy for all P it is the case that limpr 0o 05y p = 0py = 0. On the other hand, we say that
two models are non-overlapping or strictly non-nested when, for some sequence with Fp € Fy, for
all P it holds that limp g o o2 wmp > 0. Note that Fy contains strictly non-nested DGPs for which
o, > 0, as well as a ‘continuum’ of overlapping DGPs for which either limp g, Po%, mp = C for
some 0 < ¢ < 00, or limpr_yn PU%M p = 00. In other words, we allow the variance to approach
zero at rate P or at any possible faster or slower rate. Our objective is to construct a test that
asymptotically attains its nominal level uniformly over F.

We suggest the following augmented DM statistic:

T—h (=~ ~ P
\/Lp > g (9 (Urgen) — g (Uzpen)) + UP,R# D i1 €t

DM -
r(nr.r) ~9 2 1P 9
Opmp TPRP Zt:l €

, (4)

where e; are i.i.d. N(0,1) draws, npp is a positive, deterministic sequence with nppr — 0 as P, R —

oo, and:

| The e

DMP - Z Z (7,0p) (g (Ure4n) — g (Uapen)) (9 (U1 trrin) — g (Uztrrin)) (5)

t R+Ilp r=—Ip

is a heteroskedasticity and autocorrelation consistent (HAC) estimator of the variance, where [p de-
notes the usual lag truncation parameter satisfying {p — oo as P — oo and w(7,lp) = (1 — (|7|/lp)),
see Newey and West (1987).

The parameter 7p g here plays the role of a regularisation parameter that governs the contribution
of artificial noise to the test statistic. Specifically, from Equation (4), it is immediate to see that if
npr =0, DM p(np,r) collapses to a standard DM statistic with a HAC estimator of the variance, say
DM i. Clark and McCracken (2014) studied the behaviour of the latter in the possibly overlapping
case, when ¢(-) is a quadratic function, and [p in Equation (5) is set equal to zero and w(7,(p) = 1.
They show that if either P/R — 0 or a fixed estimation scheme is used, then the DM test with
sample variance estimator, say DM io, is asymptotically standard normal, regardless of whether the
models are overlapping or not. More generally, however, when 7 > 0 or the more common recursive

(or rolling) estimation scheme is used, this is no longer the case. In fact, in the latter case the



limiting distribution is standard normal for strictly non-nested models and is a ratio of functionals

of Brownian motion in the overlapping case.

Remark 1: As an alternative to the studentized statistic DM p (npr) in Equation (4), we could
replace P~Y/2 3" ¢, in the numerator with a single draw from the standard normal distribution, say
Z,and P! Zf;l e? in the denominator with its probability limit one. In fact, in the pairwise case,
the two statistics can be shown to be asymptotically equivalent uniformly over all null DGPs and
they behave similarly in Monte Carlo simulations. On the other hand, the block bootstrap procedure
for constructing critical values for the SPA test in Section 3 would no longer apply if we only have one
sample draw Z as the added randomness component could not be resampled. Given this limitation,
and since multiple model comparisons via SPA tests are increasingly common in empirical studies,

we do not pursue this alternative.

In the following, we first derive the asymptotic properties for the case of np r being a deterministic
sequence (see Theorem 1 below). Then we introduce a data-driven choice for np g in Subsection 2.2,
and show that the two statistics are asymptotically equivalent over Fy. Moreover, as remarked above,
to allow for possible dynamic misspecification, we have replaced the sample variance in the standard
DM test by a HAC estimator in Equation (4), where [p — 0o as P — oo. The key difference with
respect to a standard DM statistic based on the sample variance, DM io, is that the numerator is
now of a smaller probability order than the denominator. Thus, in the overlapping case, without the
random perturbation, the statistic would approach zero in probability implying a test of asymptotic
level zero when standard normal critical values are used.

We next state the assumptions required to derive the limiting distribution of the test statistic in
Equation (4), and set the forecast horizon h = 1 without loss of generality. Since we also consider
the general case with J > 2 models below, we will state all conditions for a generic (finite) number
of models, J. In addition, let V® f(.) denote the k-th order derivative of the function f(-) with
respect to its argument, and note that ||.|| represents the Euclidean norm. Whenever the function

has several arguments, we also add a subscript of the argument for clarity.

Assumption A.1: For all j = 1,...,J, (yi41,Z},) are strictly stationary, absolutely regular and
[B-mixing with size —4(4 + 1) /¥, ¥ > 0.

Assumption A.2: For all j = 1,...,J and F € F, m;(Z;,;-) is, with probability one, twice
continuously differentiable on the interior of ©;, with ©; compact, and 9} lies in that interior. The
elements of supyee, ||Vé?mj(Zj,t; 0)| and supyee, ||Vg)mj(Zj7t; 6)|| are p-dominated with p > 2(4+1)
and 1) defined in A.1.2

*We say that a random function f;(Z;+;0) is p-dominated if for each element i of that function, say f; j(Z;+;6),
there exists a measurable, real-valued dominating function D; j(Z;) such that supyee, || fi(Z)e;0)|| < Dij(Z;) as.
and Ep (|D; ;(Z;4)|") < A < o0, see e.g. White and Domowitz (1984).



Assumption A.3: The loss function f € {g, ¢}, is twice continuously differentiable on the interior
of its domain, an interval of the extended real line which includes zero. The function satisfies the
following conditions:

(i) f(u) =0 for u =0,

(ii) VW f(u) <0 for u <0 and VY f(u) > 0 for u > 0,

(iii) V@ f(u) > 0 for all u in the interior of the domain.

Assumption A.4: For all j =1,...,J and F' € F, it holds that:

(i) for f € {g,q} and all §; € ©O;, the elements of Vé?f(ytﬂ — m;(Z;4;0;)) and Vé?f(ytﬂ -
m;(Z;4;0;)) defined in Equations (29) and (30) of the Appendix, respectively, are p—dominated with
p>2(4+1)and ¥ asin A.1,

(ii) the matrices:

- L ¢ o) f
Vie = lim_supvars (% Z Vo, a1 —m;(Z;1:6}) (6)
and: -
. I o
= i g (1525800 s = mzs)) ) "

with Vg)q(ytﬂ — m;(Z;s; 9;)) and Vg)q(ytﬂ — mj(Zj,t;H;f)) defined as in part (i) with f = ¢ are

positive definite.
Assumption A.5: As T — oo, P/R — m, with 0 < 7 < 0.

Assumption A.6: It holds that, as T — oo, Ip — oo, npp — 0 and (i) [pP~Y2 — 0, (ii)
(Pl;l)l/élnR,p — o0 and (iii) [pR™Y3 ((Inln R)(InInT))"* — 0 if g(-) = ¢(-) with 0 < 7 < oo or
Ip(P/R)™3(InInT)Y? — 0 if g(-) # q(+) with 7 = 0.

Assumption A.7: It holds that e, = (ea4,...,e7.) N (O(J,l), I(J,l)X(J,l)), where 0¢;_1) denotes

the (J —1 dimensional) zero vector and I(j_1)x (1) the (J —1) x (J —1) dimensional identity matrix.

Assumptions A.1 and A.2 are standard conditions from the forecasting literature on the time
dependence and model class (for example Corradi and Swanson, 2006, 2007) that do not warrant
further discussion but for the moment conditions. In fact, Assumption A.2 imposes restrictions
on the moments of the first two derivatives of m;(Z;;;-). In particular, the requirement of the
existence of at least 8 + 2¢) moments is of technical nature since in the construction of a data-driven
regularisation parameter in Subsection 2.2 below we rely on an almost sure bound for PEE, which

in turn builds on a strong invariance principle result from Corradi (1999) requiring at least 8 + 21}



moments for the almost sure convergence of the HAC variance estimator.® Assumption A.3 on the
other hand is satisfied by twice-differentiable and convex loss functions, such as the quadratic or the
Linex loss. Note that the current set-up rules out non-differentiable loss functions like the check loss
used in linear quantile regression. We provide an extension to this loss function, which is frequently
used in Value-at-Risk or Growth-at-Risk forecasting, in Section S3 of the supplement. Assumption
A.4(i) imposes again conditions on the existence of moments that parallel Assumption A.2, but
this time the conditions involve the first and second order derivatives of the models. In particular,
whether these moment conditions are satisfied or not depends not only on the loss functions g(-)
and ¢(+), but also on the underlying DGP.* Part (ii) of A.4 on the other hand concerns the positive
definiteness of the score and Hessian of each model j. In fact, when g(-) = ¢(-) = (-)? and under strict
stationarity, these quantities are given by the well-known expressions Vi p = 4Ep (u2,,,(Z;:Z},))
and H; p = 2Ep (ijtZ;t), respectively.

Assumption A.6 places rate conditions on the truncation lag parameter [p and the regularisation
parameter nppg. In particular, A.6(i) is a standard rate condition on [p in the strictly stationary
case (e.g. Andrews, 1991), while A.6(ii) places an additional condition on the relative rate of [p and
np,r. The latter is in turn required in the proofs of Theorems 1.1 and in Theorem 2.2, respectively,
while A.6(iii) is instead used only in the context of Theorem 2.2 to establish the rate at which a
data-driven tuning parameter 1pp converges to its deterministic counterpart npg. Finally, setting
e; = ey, in the pairwise case, Assumption A.7 formalizes the random perturbation added to the
statistic in Equation (4). Also note that the independence of the draws across models j = 2,...,J

will be required for the multiple model SPA test introduced in Section 3 below.

We start by deriving a pointwise result for the asymptotic behaviour of our test under the null
hypothesis and under any fixed alternative. Thus, recalling the definition of F4 as the collection of
F € F such that H4 holds, note that all DGPs under the fixed alternative have to be strictly non

nested with 0%,, > 0. We have the following result.

Theorem 1.1: Let Assumptions A.1-A.7 hold. Then:
(1) Under Hj if either g(-) = ¢(-) and 0 < 7 < o0 or g(+) # ¢(+) and m = 0, for any given F' € Fy,

D/]\WP("?P,R) i> N (O, 1) s

3In fact, the result in Corradi (1999) could be relaxed to a bound in probability, in which case there is also scope
to relax the moment requirement.

4For instance, suppose a linear forecast model y;,1 = Zj}tﬁ;% + uj¢1+1, and that the DGP is in fact given by ;41 =
Z;40; + w41 with (Z; 4, uj 1) ~ N(02,I2x2), where Oy denotes the zero vector and oo the (2 x 2) dimensional
identity matrix. In addition, suppose that the researcher evaluates her forecast via Linex loss setting a = —1 so that

V3, 9(Yer1 — mj(ZM;GJT-)) = 77, exp(—(Yr1 — ijtt‘);)), while the parameter 9} is estimated via OLS. In this case,

choosing ¢ from Assumption A.1 to be ¢» = 0.5, we have that A.4(i) is indeed satisfied as E ((Zj%t exp (—uj1t+1))10) <

00. A similar argument can also be made for the first order derivative. On the other hand, in the above example,
Assumption A.4(i) will generally not be satisfied when u; .41 follows for instance a t-distribution with only a few
degrees of freedom.
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(ii) Under H,4 and for any given F' € F 4, there exists an € > 0 such that:

lim Prp (P*W
P,R—o0

EA/\WP(T]P’R)’ > E) = 1.

The statement in (i) establishes that for any given null DGP, the statistic DM p(np,r) is asymp-
totically standard normal. This result is established when g(-) = ¢(+), but also when g(-) # ¢(-) with
m = 0. The statement in (ii), on the other hand, establishes the power of the test against any given
fixed alternative.

We next study the asymptotic behaviour of the test under a specific, deterministic sequence
{Fp}%_, of local alternatives, namely:

J

Hrap:Ep, (9 (Ul,t+1) —4g (Uz,t+1)) = ﬁ

for some § # 0, where the class of DGPs that belong to Hy 4 p is given by
Frap={F €F: Hpap holds}.

Note that Fr4 p allows for sequences that converge to strictly non-nested DGPs with o%,, > 0, or

overlapping DGPs with limp U%MP =0 and limpp_ o PU%MP = 00.

Theorem 1.2: Let Assumptions A.1-A.7 hold. Then, if either g(-) = ¢(-) and 0 < 7 < oo or
g(-) # q(-) and 7 = 0, under a sequence {Fp}%_, such that Fp € Fpa p for all P:
(i) if 0%,, > 0:
DMp(npr) % N (A1)
5

VobutThr
(ii) if 0%, =0 and § > 0 (§ < 0):

where A = limp p_ o0

Prp

EJ\WP(UP,R) — +OO(—OO)

Theorem 1.2 establishes the power against local alternatives as given by Hps p. Note that
when 0%,, > 0, the power increases as npr converges to zero. In fact, power is maximized for
limpp 0o npr = 0.

At this stage, a more detailed comparison to the standard DM test under fixed asymptotics is
warranted, which in turn will highlight the need for uniform inference. Specifically, to facilitate the

discussion, we focus on the case of a quadratic loss function and linear models estimated via OLS.
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In this case, the DM statistic is:

_ T—1 [~ o~
/]\\450 - P12 =R (u%,t-q—l - U%,Hl) (8)
p =
B T—1 [~ ~ 2
\/P Pk (W — U3 44)

as considered by Clark and McCracken (2014). When Z7,u;;11, j = 1,2 is a martingale difference

sequence and uj 441 = Ug 41 a.S. so that U%MyF = 0 for some fixed DGP F, Clark and McCracken

(2014) show that 5]\\4530, which corresponds to the case with [p = 0 (and w(7,lp) = 1), weakly
converges to the ratio of integrals of weighted Brownian motion (c¢f. Theorem 1 therein), when 7 > 0
and either a recursive or rolling estimation scheme is used.® For the special case where forecast
errors are homoskedastic and models are overlapping and nested in sense that the set of predictors
from one model strictly nests all predictors from the other model, we may then deduce from Table
1 in McCracken (2007), that the 1 — («/2) level critical values (CVs) of the limiting distribution
of DM io are in fact smaller than the corresponding standard normal CVs, so that inference based
on the latter leads to an asymptotically conservative test. Similarly, when the HAC estimator of
the variance is used, we have that in the overlapping case the test statistic converges to zero in
probability as [p — oo and P — oo since the denominator collapses to zero only at rate \/W,
while the numerator converges to zero in probability at rate \/1/_P On the other hand, in the
strictly non-nested case for any fixed DGP F with 6%, » > 0, we have by standard arguments that
the DM test converges weakly to a standard normal limiting distribution. That being said, it is well
documented in the literature on out-of-sample forecast comparison tests (e.g. Clark and McCracken,
2014; Coroneo and lacone, 2020) that the latter distribution is not a good approximation in finite
samples as the test is too liberal in many situations rejecting with much higher frequency than the
nominal rate. In fact, we corroborate this finding in our Monte Carlo simulations in Section 4.
Since the actual null DGP is unknown in practice, the aforementioned discussion makes clear that
a uniform approach to inference is needed so that the asymptotic level of the test equals its nominal
one across all different (overlapping and strictly non-nested) DGPs. We reflect this view with our
local asymptotic framework in this paper. That is, the results from the existing literature provide
approximations for scenarios where either 0%, p = 0 for all Fp € Fy or where limp g0 093 p =
0%, > 0, while the goal of this paper is instead to consider also DGPs where 0%, M.p converges to zero
at any possible rate. This likely provides a better approximation for finite sample situations where
models are close to being overlapping and thus difficult to discern. In particular, it can be shown that
fixed asymptotics suffer from a discontinuity in the asymptotic distribution of DM Jio at the “tipping
case” where opy pnpr — C for some constant 0 < C' < oo, which suggests poor performance of the

standard DM test in attaining its nominal level and low power against alternatives that are close to

SFor the special case of nested models (all predictors from one model are contained in the set of predictors from the
other) and recursive estimation, Hansen and Timmermann (2015) show that the derivation of the limiting distribution
does actually largely simplify as the statistic in Equation (8) is asymptotically equivalent to a linear combination of
Wald statistics whose limiting distribution can be expressed as a combination of independent x? random variables.
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the null hypothesis. In fact, while a uniform asymptotic control of the Type I error probability at
the nominal level is not necessarily desirable per se (see Perlman and Wu, 1999), it is this aspect
that mainly motivates our proposed modified DM test.

For our test statistic, normal critical values remain uniformly valid under any DGP in F,. We

formally establish this result next.

Theorem 1.3: Let Assumptions A.1-A.7 hold. If either g(-) = ¢(-) and 0 < 7 < o0 or g(-) # q(-)
and m = 0, then:

lim sup Prg (’ﬁ/[p(npﬁ)‘ > 21—a/2) =Q,
P,R—0c0 pecF,

where 21_,/2 denotes the 1 — § critical value of the standard normal distribution.

2.2 Data-Driven Regularisation Parameter

So far we have derived the asymptotic properties of the test for the case in which 7p  is a deterministic
sequence. We now would like to provide a data-driven counterpart of nppr, say 7pr, and show
that the statistic based on npp and on 7pp are asymptotically equivalent over any DGP in F.
Following Schennach and Wilhelm (2017), we construct this adaptive tuning parameter sequence
np.r by balancing the trade-off between power loss under the alternative and size control under the
null due to the introduction of the random perturbation. Specifically, we choose 7jp r in such a way
as to maximize the local power when ¢%,, > 0, and to minimize size distortion when ¢%,,,(F) = 0

for some F' € Fy.

Theorem 2.1: Let Assumptions A.1-A.7 hold. Then:
(i) Under Hpa p for any sequence {Fp}%_, with Fp € Fpap for all P and o%,, > 0, we have for
any o € (0,1):

Prp, (‘EJ\WP(UP,R)‘ > Zl—a/2>

J J
< 0 <za/2 + E) + o (Za/z - E) — CPL'np+ O (npg) + O (P_W\/ln P)
for all § # 0, where ®(-) (¢(+)) denotes the cumulative distribution (density) function of the standard

normal distribution, and:

CPL' = —¢ (zm - 5—T) 5—T, (9)

3
OpM/) Oppm

with §f = 2B (zaﬂ — . J4+ 22/2).
(ii) Under Hy, if g(-) = q(+) and 0 < 7 < oo, for a given F € Fy with 0%,,(F) = 0 in the recursive

estimation scheme, for any «a € (0, 1),

—_— C
Prr (| DM p(nen)| > 21a2) < @+ 26 (2072) ORI PV T o P2
PR
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where:
/T
OSD =2 Emax {tr (Hi}l?‘/i,F> 7tr (HQ_,Il?‘/QaF)} (10)

with Vi, p and Hy p, k = 1,2, defined in Equations (6) and (7) of Assumption A.4(ii), respectively.
(iii) Under Hy, if g(-) # ¢(-) and @ = 0, for a given F € F, with 0%,,(F) = 0 in the recursive

estimation scheme, for any o € (0, 1),

— C P
Prp (’DMP(UP,R)‘ > 21_a/2) < a+ 20 (24)2) nSD VERY 2InInT + CP~1/?
PR

where:

USD == QmaX{HGLFH HH;;H H‘/I%F

1
NG [ b || Ve

‘} (11)

with Vi, p and Hy g, k = 1,2, are defined in Equations (6) and (7) of Assumption A.4(ii), respectively,
while Gy r is defined in Equation (31) of the Appendix.

Theorem 2.1 provides asymptotic expansions of the power function as well as of the Type I error
probability of DM p(np,r) when models are overlapping. Observe that while power (part (i)) is
a decreasing function in np g, the opposite holds for the Type I error probability when models are
overlapping (parts (ii) and (iii)). This suggests that a data-driven tuning parameter may be chosen to
balance the trade-off. Here we will focus on the case of g(-) = ¢(+) for simplicity since the construction
for g(-) # q(-) and m = 0 is very similar. Hereafter, let CSD' = 2¢ (2,/2) Csp, which in turn consists
of the variance of the asymptotic score, V; p, and Hessian H; p, k = 1,2, defined in Equations (6)
and (7), respectively. Straightforward algebra using the first order terms from Theorem 2.1(i) and
(ii) shows that:

s _ CSD!
nP,R - CPLT

with CPLT defined as in Equation (9), and so:

R2\2InIn PV2InIn T

; 1/3
NpR = (gJSfZT R™Y2V/2 lnlnP\/ZlnlnT) . (12)

Therefore, to obtain the sample analogue of C'SD' and of C PL!, it suffices for j = 1, 2 to replace

H; }1;, Vir and opy with their sample analogues H; }13, Vj}} and opyrp.b Unfortunately, however,

note that CPLT in Equation (9) has been obtained under the assumption that ¢%,, > 0 and cannot

be consistently estimated when 0% M.p = Oprp(1). Hence, we redefine CPLT as:

CPL" = CPL'1{0},,(F) > s} + CPLio} (F)1 {0} (F) < s},

6Specifically, in the case of square error loss with g(-) = ¢q(-) = (-)?, the terms are given by ‘7]‘7]3 =

4 \~R-1-lp ~lp ~ ~ / Na I _ 2 k-1 /
P Zt:1+lp ZT:_lP w(r, ZP)'UJ,t+1ul,t+1+7—Zj7th’t+T, while Hjp = 5> °,7 ZiiZ} .
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where the lower bound s > ¢ > 0 for some ¢ > 0 can be set to regulate CPL' in cases where 0,
is very close to zero, e.g. s = 0.1 in our simulations. Consequently, we construct the empirical

counterpart as:
1t 1, o
CPL =CPL1{0}yp>s}+CPLGHypl{0hmp <s}. (13)

. . . B it
The reason for doing so is that whenever 5%, mp < 8, we have that CPL < CPL and CPL can

be seen as a consistent estimator of the lower bound:

CPL = —¢ (Za/2 — % <za/2 — ,/4+ZZ/2)> <Za/2 — \/4—1-23/2)

when 0%,,(F) < s.

Finally, we can use this to obtain an estimate of np z from Equation (12):

— 1/3
Dt

pm = (SS\HR—lﬂx/zlnlnP\/man) ,
CPL

where C'SD' is obtained as described below Equation (12). From the proof of Theorem 2.1, it
becomes apparent that C'SDT is obtained as an upper bound to the contribution of the estimation
error component.

With the data-driven regularisation parameter 7pp in mind, we can now define:

S (g () — g (@ A T
= +=r \g Ul,t+1) 9(“2,t+1)) +NpPR Zt:R &
DM p(ijpr) = 2~ 2k . (14)

~2 ~ 1 T-1 2
\/UDM,P + PR Dot—r €

The following result establishes the asymptotic equivalence of the feasible DM statistic DM r(MpR)
and its counterpart DM r(NPR)-

Theorem 2.2: Let Assumptions A.1-A.7 hold. Then, if either g(-) = ¢(-) and 0 < 7 < oo or

9() #q() and = = 0,

sup 5]\\/[13(?7\1373) — 5]\\413(7713,12) = op,(1).
FeF

Remark 2: For overlapping null DGPs the limiting distribution is driven by the added artificial
randomness. When undertaking a test at 5%, for the same original sample, 95% of researchers do
not reject the null of equal expected predictive ability, while 5% do.” This is the price we pay to have
a test which asymptotically controls the probability of a Type I error at the nominal level across

all null DGPs. If we are willing to give up on this uniform control of the Type I error probability

TOf course, in practice for a given data set, this is only likely to be an issue in “knife-edge” cases where the decision
lies in between reject and not reject (e.g., because the p-value is 0.048).
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and have a conservative test in the overlapping null case, there is an alternative. One could draw

K sets of P random draws from the standard normal distribution and compute P~1/2 Ele egk) for
— (k
each set of draws £k = 1,..., K. Denote DMED)

draws egk) and let PV} be the corresponding two sided p-value. We can then devise the rule to

(Mp.r) the corresponding statistic based on random

reject Hy if maxg—;,  x PVy < o and to not reject Hy otherwise. Under strictly non-nested DGPs
or when the variance converges to zero sufficiently slowly, artificial randomness does not matter
asymptotically, so the probability that PV} = PV, = ... = PVk converges to one with P, and the
test has correct asymptotic size equal to . On the other hand, in the overlapping null case when the

variance collapses sufficiently fast, because of the independence of the random draws it holds that

K
PV <a) = [] Prr (PVik < a) = af. Thus, for K > 3, Pr(max;—1__x PVi < )
k=1
is very close to zero so that the test becomes very conservative quickly. The main drawback of this

Prp (maxg—;, ..
approach is therefore a loss in the control of the Type I error probability at level a over all null

DGPs, and lower power against local (to overlapping) alternatives.

3 Superior Predictive Ability Test

3.1 Set-up and Limiting Distribution

In this section we outline an SPA test (White, 2000; Hansen, 2005) which can be used in the presence
of possibly overlapping models. Specifically, we allow for all competing models to overlap with the
benchmark. We take model 1 to be the benchmark, and models 2, ..., .J to be the competitors. For
simplicity, we will assume that g(-) = ¢(-) and 0 < 7 < oo in what follows, which arguably represents
the more relevant case in practice.

For some F' € F, the null hypothesis is given by:
HEC  py —p, <0 for k=2,...,J (15)

HEC : iy — py > 0 for at least one k

where p; = Ep (g(uj41)) for j=1,...,J.

It is immediate to see that HJ is a composite hypothesis, formed by the intersection of J — 1
null hypotheses each given by Hyy : p1 — pu, < 0, while H gzc is the union of the J — 1 complements
of Hop, k = 2,...,J. To test HI'Y vs. HEC, we use a statistic proposed in Andrews and Soares
(2010). This statistic satisfies Assumption 2 in Hansen (2005) and builds on the insight from the
latter paper that statistics for multiple inequality comparisons that are studentized and that do not

recenter all inequalities unless evidence suggests they are binding, exhibit superior power properties

16



in general. Thus, letting the sample analogue of 11 — . in Equation (15) be given by:

S

—1
R 1 _ -
Mg,p = 2 (9(tre41) — 9(Upes1))

il
£

where Uy 441 and ug 41 denote forecast errors based on the estimated models 1 and k, respectively,

we use the following test statistic:

p(1p,R) i <maX{075]\\4k,P(ﬁP,R)}>2- (16)

k=2

where for each k € {2,...,J}:

VPp + kRS D ote1 Chit

~9 ~2 1 P9
\/Uk,P + M pRT Dte1 Cis

DMy p(iipr) = (17)

Here, ey, N (0,1) with E (exter+) = 0 for k # k', as implied by Assumption A.7, and 5,%713 is
again a HAC estimator of limp g, varg, <\/ka7p> with my p = 1% ZtT:; (g(ur41) — 9(ukp41)),
while Fp denotes an element of the sequence {Fp}%_; as defined below.

For each k € {2,...,J}, the data-driven regularisation constant for the model comparison pair
1 and k, denoted 7 pr, is chosen under the least favourable case of the null hypothesis where
the moment is binding. In particular, following derivations analogous to the previous section, but
examining a sequence of one sided alternatives of the form dy/ V/P for some 8, > 0 instead of the
previously used two-sided version, we obtain:

1/3

D}
kPR = cs) ———E R\ 2InIn PV2InInT |

CPLl!

where:
CPL, =CPL1{5,p > s} +CPLG; pL {0} p <s},

with the optimal 5,: in C/’P\LL given by g,i = % (—za +4/4+ %) for some a € (0,1/2), see Remark

2.1 in the supplementary material for the derivation. Similarly:

CSD] = ¢ (z,) G =D R=1/2\/2Inln PvV2InIn T
n

where, for each k = 2,...,J, @SD is constructed as in Subsection 2.2. Hereafter, define again
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FEC ={F € F: H} holds} and let for any sequence {Fp}%_, with Fp € FEC for all P:

T-1
1
2
Ok,p = Val'rp | ——= Z (9(uri41) — g(uk,tﬂ)))
(ﬁ ur

as in the pairwise case. Note that, in a similar way to before, for every k, FI*“ contains both DGPs
with limp r o0 03 p = 0} > 0, as well as limpr_,oo Poj p = ¢, 0 < ¢ < 00, and limp g0 Poj p = 00.
More specifically, if limp g_y00 Er, (Mg p) = mi < 0, observe that since \/Lﬁ Zf: | €kt COnVerges

weakly to a standard normal random variable, we have for P sufficiently large:
Prp <max {0, 5]\\4]6713(7/’/\]373)} > 0> — 0,

so that model k& does not contribute to the test statistic asymptotically. By contrast, for a given

DGP under the alternative with m, > 0, as P gets large,

~ ~ 1 P Y
VPyp + kPR 7p 2o it /Py p
~ ~9 1 P 2 =2
\/Uk,P T NP RP 2o1=1 Chct \/ %k.P

By contrast, as in the pairwise case, if m; = 0, the term in Equation (17) converges weakly to a

(1+0pep (1) = O (VP).

max {07 ﬁwk,P(ﬁP,R)} =

standard normal random variable. In fact, in the non-overlapping case with o7 > 0, this limiting
distribution is driven by \/ﬁfﬁk p/k p, while in the overlapping case with 7 = 0 it is driven by
either the first or second term in Equation (17) depending on whether 0,%’ p approaches zero at a faster
or slower rate than 7, p g (as the statistics with 7, pr and ng p g are asymptotically equivalent).

In the multiple comparison case, we need to take into account also the correlation among different
moment conditions. For example, if both model k& and k&’ do not overlap with model 1, then in general
the associated empirical moment conditions are correlated. On the other hand, if model k£ and/or £’
overlap with the benchmark, the corresponding moment conditions are asymptotically independent
since the added random noise is independent across moment comparison pairs.

Finally, when m; = 0, both \/ﬁfﬁk,p and v/ Pe, are close to zero with high probability, where
e = %Zil et If this occurs, we may have that \/ﬁﬁlk’p > 0 and \/ﬁﬁ%p +v/Pe, < 0, or the
other way round, with positive probability. However, this is not a problem asymptotically, provided
that the bootstrap statistic properly mimics such switching behaviour.

Hereafter, for some sequence {Fp}%_, with Fp € FIC for all P, let:

lim V' PEg, (my.p)

ok — / 7.2 2 ’
P,R—0
k,P T/k,P

so that if limP’R*)OO 0',%713 > O, then ¢, = 0 if limP’R*)OO \/?EFP (mhp) =0and ¢ = —© if hmp,R%OO
\/ﬁEFp (mk7p) = —0OQ.

(18)
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Now, suppose the case of Ep, (myp) = —cP~1/2+9) for some ¢ > 0 and 0 < & < 1/2, which
is consistent with both overlapping and non-overlapping DGPs. If limpp o (07 p/1fp) = 0 and

P~/np — oo (ie. mp goes to zero faster than P~° and slower than oy p), then we have

. o . \/pEFP(mk,P> .
that limp ree \/ﬁEFP (mrp) = 0 but limpp o Tt 00. Thus, for the same value

of Ep, (mgp), ¢ can be either zero or minus infinity, depending on the degree to which model &
overlaps with the benchmark. Finally, define Q as (J —1) x (J — 1) matrix with ii—th element
wy; = 1, and for ¢ # j, ij—th element given by:

wij = aCov (5]\\/[1'713(7/7\13,]{), Wj’p(ﬁp73)> s (19)

so that w;; = 0 if model ¢ and/or model j overlap with the benchmark, and (generally) different from
zero if both model ¢ and j do not overlap with the benchmark.

Letting F5° = {F € F: HEC holds} in analogy to F¢, we have the following pointwise result
regarding the hmltlng distribution.

Theorem 3.1: Let Assumptions A.1-A.7 hold. Then,
(i) Under HEC for any given F € FI

J
SP (Mp.Rr) Z maX{O Ql/2Z) —i—%})

k=2

where (QY 2Z), is the k—th element of 027 with Z being a J — 1 dimensional standard normal,
where 2 is defined in Equation (19) and ¢ is defined in Equation (18).
(ii) Under HC for any given F' € FC, there exists an € > 0 such that:

P%glooPrF <P SP(”PR) > 5) =1

The critical values of the limiting distribution in (i) above can be obtained by the bootstrap, which
in turn ensures that the contribution of the added randomness to the selected moment conditions is
the same for the statistic and its bootstrap counterpart. Note that the statement in Theorem 3.1
holds pointwise for any DGP F' in the null set, while we want to have critical values which are valid
uniformly over F¢. In the next subsection we therefore device a bootstrap procedure which we

show to deliver critical values that control the rejection rate at level o uniformly over F.

3.2 Bootstrap for SPA

To generate critical values, we will rely on the moving block bootstrap procedure of Kiinsch (1989).

Since PEE is asymptotically negligible in our set-up, we do not need to re-estimate the parameters

19



using resampled observations, and so can directly resample the forecast error series. This is true
regardless of the estimation scheme we use. We draw bp blocks of length [p such that [pbp =
P from U1 = (Ui41, ..., Uggsr) for ¢ = R,..., R+ P — 1 to obtain bootstrap resamples u;, ; =
(ﬂ*{’t f1s e Wy +1). In what follows, with a slight abuse of notation, we set the length of block equal
to the lag truncation parameter used for the HAC covariance matrix estimation, [p. We then also
take P independent draws from e, = (egy,...,eq) for t = 1,..., P to generate ef = (e3,,...,e5,).
Note that we require a resample of the latter since we will adopt the Generalized Moment Selection
(GMS) procedure of Andrews and Soares (2010), which involves trimming slack empirical moment
inequalities. Specifically, letting e, = ]%Zle ki, € = % Ef: 1 €40 and 1{-} denote the indicator

function, we use the following bootstrap statistic:

(max {0, (DI, p (G o)) ><1{5A\4k,P<ﬁk,P,R)z—zmk,P}})z, (20)

M“

S 7]P R
k=2

where, for k = 2, ..., J, in analogy to before:
VP (M p + Tk.p.re) — VP (kp + T, p.rEx)

DMk,P(ﬁk,P,R) = s _*2
\/Uk Pt 77k P,RE

with mj p = % a (9 (@ 141) — g (@} 441)) and 7}% is the variance estimator for the moving block

bootstrap from Goncalves and White (2004) using the resampled observations (g(uf, 1) — 9(@ ,.1)).-
Note that the term \/ﬁ(mk,p + Mk.p,rex) in Equation (20) is the standard recentering term in the
bootstrap statistic, while the indicator function trims empirical moment inequalities that are found

\/21nlnP —>CfOI'

to be “too slack”, in other words where DM k.p(Mk.pr) is smaller than —2k; p with
some 0 < ¢ < oo and = f — 0. The critical values are therefore only based on moment mequahtles
which are found to be empirically binding to avoid overly conservative inference. Hansen (2005)
introduced the idea of a trimming rule using the law of the iterated logarithm, while Andrews and
Soares (2010) later proposed other (rate) choices. In addition, note that 7y p g is used throughout the
bootstrap statistic. This is because we resample directly from the forecast errors, while resampling
also My p.r would require to resample the original data.®

The logic underlying the statistic in Equation (20) is simple. If my; < 0, with probability
approaching one, we have that my;p < 0 and 1 {5]\\4k7p(ﬁk,p73) > —QKk,p} = 0 for sufficiently
large P, which means that model k contributes to neither the statistic nor to its bootstrap ana-
logue. On the other hand, if m; > 0, which can occur only in the non-overlapping case, then the

event 1 {EJ\Wk’P(ﬁk7P7R) > —2/43].3’]3} = 1 occurs with probability approaching one, and 5]\\/[2713(%73}%)

8In fact, since under the conditions in Theorem 3.2 we would have that Prj. (|CSD —-CSD | > (5> = op, (1) for

any § > 0, where Pr}. (-) denotes the bootstrap probability measure, we expect little difference in terms of the finite
sample results.
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weakly converges to a standard normal random variable conditional on the sample, with probability
converging to one, while \/ﬁﬁlk p diverges in probability to infinity. Finally, when m; = 0, regardless
of whether model 1 and k overlap or not, the event 1 {Whp(ﬁkypﬁ) > —2/4/]67]3} = 1 occurs with
probability approaching one, and so DM k(M. p,r) as well as DM Z p(Mk,p,r) have the same limiting
distribution conditional on the sample, with probability converging to one.

In what follows, let ¢, pp;_,, denote the 1 —a percentile of the empirical distribution of 5'\;(?)\1:7 R),

based on B bootstrap replications. We now have the following result:

Theorem 3.2: Let Assumptions A.1-A.7 hold.? Also, as P — oo and for every k € {2,...,J},

—\/Zﬁlnﬁ — ¢ for some 0 < ¢ < 0o and “2£ — 0 then for any 0 < o < 1/2:
kP VP

(i) under HJ,

. -~ ~ *
lim sup sup Prp (SP(HPJ{) > cB’p,RJfa) <«
B,R,P—00 peFIC

and if for some k = 2, ..., J, my = 0, then:

. = ~ *
lim sup sup Prp <Sp(77p,R) > chpvRyl_a) =
B,R,P—c0 FE}'ORC

(ii) under HEC, for any F € FEC

lim Prp (Sp(ﬁp,R) > ¢, PRH) ~1.
P,R—o0 e

This Theorem demonstrates that the bootstrap critical values are asymptotically valid, uniformly
over all DGPs under the null. Furthermore, if at least one competitor is as good as the benchmark,
i.e. if my = 0 for some k, then we have a test with asymptotic rejection rate equal to a. Finally,

under any alternative DGP, the null is rejected with probability approaching one.

Remark 3: In contrast to the SPA statistic used in this paper, the SPA statistic originally proposed
VP, p

Ok, P

~

by Hansen (2005) is Hp = max {man:27...7(]

,O}, and once we add the artificial randomness

————
\/Ok,P+nk,P,Rek

the limiting distribution of Hp (Mp.r) using similar arguments to ours, following Andrews and Soares

component it becomes Hp (7 = max { max_ VP p VPl 1 0 ». One could then derive
p(MpPR k=2,....J =,

(2010)."° Another difference is that we draw blocks from (g(U1441), ..., 9(Uss41)) whereas Hansen

(2005) draws blocks from (g(al‘t“a);i(a““) - g(ul’tﬂgi(u"’m) for the bootstrap. As a consequence,

9Note that A.6(i) ensures that [p/v/P — 0 and so bp grows at a rate faster than +/P.

19Note that a difference between Andrews and Soares (2010) and Hansen (2005) is that the latter derives the limiting
distribution under a fixed null DGP, while the former derive the limiting behaviour under drifting null sequences, thus
providing uniform inference results.
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our bootstrap statistic in Equation (20) is scaled by the variance estimators based on resampled

observations, while Hansen (2005) scales by the variance estimator based on the original observations.

4 Monte Carlo Simulations

4.1 Set-up

In this section we explore the finite sample properties of our modified Diebold-Mariano test for
pairwise model comparisons as well as the SPA test for multiple model comparisons. We assume a
simple linear autoregressive DGP and make use of different misspecified linear forecasting models
which will allow us to verify the performance of the tests in the overlapping and non-nested cases
under the null, as well as under the alternative. The design we use is in the spirit of the simulation
study of Clark and McCracken (2014) who also investigate overlapping models.

The target variable y;,1 is a linear function of an autoregressive term as well as a lag of five

predictor variables x; = (z1+, oy, T34, Tat, Tst)':
Y1 = 0.5y + 0%y + ugpq (21)

where 0 = (01, 65,05,04,05)" is a parameter vector whose values are specified below. The variables

xj for j =1,...,5 each follow simple autoregressive processes:
Tjt+1 = 0.5l'j’t + €jt+1 (22)

such that we have a six-variable VAR(1) system with zero restrictions. The innovation terms are

drawn from independent Gaussian distributions meaning that there is no correlation among x;41:

Ut 41 8 0 0

e 0 01 0
ML ad N ]

: 0 0 0

€5,4+1 0 00 1

however we will check the robustness of the results when the x4, variables are correlated.
In the pairwise comparison case we consider the following two forecasting models where the first

model makes use only of the variable z;; and the second model makes use only of xs,:
Yey1 = Qo + 1Z14 + a1 -1 + Creq1 (23)

Yer1 = by + 01724 + bawo 1 + (o1 (24)

where both models crucially omit the autoregressive term present in the true DGP, allowing us to

22



assess performance in a situation of dynamic misspecification where the forecast errors are serially
dependent.
With this set-up we can generate all cases of interest by varying the parameter vector 6 in

Equation (21) in the following three ways:

DGP1: 6=(0,0,0,0,0) (Size Overlapping)
DGP2: 6=(0.5,0.5,0.5,0.5,0.5)" (Size Non-Nested)
DGP3: 6=1(0,2,0,0,0) (Power)

The first parameter value choice (DGP1) ensures we are in the overlapping case under the null
hypothesis where neither forecasting model has any predictive ability. The second choice (DGP2)
gives the non-nested case under the null where both of the models have equal predictive ability since
variables z1; and xs; have equal non-zero weight in the DGP. The third choice (DGP3) allows us
to observe the power properties of the test as only xo, contributes to the DGP in Equation (21)
and so model 2 is superior to model 1 even though both are dynamically mis-specified. Under these
three versions of the DGP parameters, the R? in the true DGP in Equation (21) will be different.
As an example, under DGP1 in the overlapping case, the R? is is 25% whereas the R? in the actual
forecasting models is zero as they both omit the autoregressive term and use only irrelevant predictors.
In a similar way for DGP2 and DGP3, the forecast model R? is much lower than in the true DGP
due to the omission of regressors from the DGP.

For the multiple model comparison we will add some additional models similar to those described
in Equations (23) and (24). Specifically, we will now make use of the five variables ;41 fori =1, ..., 5.
We will consider the one-lag (z;), two-lag (z;, z;+—1) and three-lag (x;, x;j¢—1,%;+—2) versions of
these models for each individual predictor which gives a total of J = 15 models. This number of
models aligns with our empirical application below. With the three DGP parameter values described
above, this set-up will respectively assess the SPA test performance in the overlapping case, the
empirical size in the least favourable case with non-nested models, as well as the power of the test.

The remaining details of the simulation study are as follows. The sample sizes we use are all
combinations of R = 100,200,300 and P = 100, 200, 300 for the in-sample and out-of-sample win-
dows, which gives rise to sample split ratio P/R between 1/3 and 3. In the supplementary material
we also provide some further sample sizes up to R = P = 1000 and for a wider sample split ratio of
1/5 and 5. The models are estimated using OLS and model-implied conditional mean forecasts are
obtained using the recursive estimation scheme which is commonly applied in practice. The models
will be evaluated using the squared error loss function for g(.). The significance level a = 0.05 will be
used for the tests. We perform M = 2500 simulation replications and for simulating the bootstrap
SPA test we will make use of the Warp Speed bootstrap of Giacomini et al. (2013) making a single
bootstrap draw per Monte Carlo replication with a block length [p = 4 and a moment selection
rule of kyp = Inln P. As recommended in the related paper of Hsu and Shi (2017), the data are

standardised to have mean zero and unit variance after they have been drawn from the distributions
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described above, while s from CPL'T is set to 0.1.

4.2 Results

We first present the results of the pairwise comparison using the two models described in Equations
(23) and (24) above. Alongside the results of our test DM p(1p.r), we will also compute the rejection
rates for the unadjusted DM test. For this standard DM test we will display two variants: the version
with the sample variance estimator and the version with the HAC estimator, denoted DM ;930 and
DM JS; respectively. Table 1 reports the empirical size results in the overlapping and non-nested cases,
followed by the power.

Starting with the overlapping case, the standard DM test DM ISDO tends to over-reject as it does not
account for serial dependence in the forecast errors, whereas the DM i test severely under-rejects
in the degenerate case when P is large relative to R, as expected from the theory. For instance,
empirical rejection rates are as poor as 1.4% in the case where R = 100 and P = 300. Our proposed
test, on the other hand, is seen to have much more robust size properties in the overlapping case
with the rejection rate much closer to the nominal level for all sample sizes. These rejection rates
are roughly around 4-6% in all cases. In the non-nested case, as expected we see that the standard
DM test with sample variance estimate is wildly over-rejecting with rejection rates of 17-18% in
some cases. The DM test with HAC variance estimate also over-rejects with rejection rates typically
around 7-9%. This is in contrast with our test, which provides up to a 2% improvement in the
rejection rate across all sample sizes and gives rejection rates around 6% as the sample size grows.
In Tables S2 and S3 of the supplementary material, we also show results for higher and lower degrees
of dynamic mis-specification (with autoregressive parameter 0.9 and 0.1 respectively). These results
show that our test performs even better with lower persistence, and it greatly moderates the extreme
over-rejection of the unadjusted DM test in situations with high persistence. We also find that our
test performs well with correlated z;,11 variables, as seen in Table 5S4 in the supplementary material.

Regarding the power of the test, we see the rejection rate rise swiftly to unity for the standard DM
tests. Our test has slightly lower power which is to be expected, both as it is not over-rejecting in the
non-nested case and also as we expect some power loss given the perturbation we use. Nevertheless,
the power loss is minimal as we only see power as low as 77% in the case where P = 100 and the
rejection rate rises to unity as the sample size grows to a level which is consistent with the sample
sizes used in most empirical applications. We also explore the local power of the test which shows
that, especially in cases such as P = 100, R = 300, our test shows slightly better local power
properties than the standard DM test when being close to the overlapping case (see Figure S1 in the
supplementary material).

We next present the results of the multiple model comparison test. As a reference for our SPA test,
we will also compute the equivalent of the SPA test S, p(7p,r) in Equation (16) when the perturbation
is not used, in other words the SPA test based on the standard DM test with HAC standard errors.

24



Table 1: Rejection Rate - Pairwise Comparison

— S0 — 8§ —
R P DMp DMp DMp(ijpr)
Size Overlapping 100 100 0.055 0.034 0.044
100 200 0.036 0.016 0.040
100 300 0.033 0.014 0.039
200 100 0.083  0.050 0.048
200 200 0.051 0.029 0.045
200 300 0.050 0.024 0.044
300 100 0.096 0.054 0.055
300 200 0.082 0.042 0.052
300 300 0.068 0.030 0.051

Size Non-Nested 100 100 0.161  0.082 0.070
100 200 0.160 0.067 0.058
100 300 0.154 0.064 0.059
200 100 0.172 0.078 0.073
200 200 0.180 0.079 0.067
200 300 0.176  0.082 0.062
300 100 0.172  0.089 0.068
300 200 0.171  0.072 0.070
300 300 0.180 0.079 0.060

Power 100 100 0.982  0.948 0.775
100 200 1.000  1.000 0.950
100 300 1.000  1.000 0.988
200 100 0.980  0.938 0.798
200 200 1.000  1.000 0.972
200 300 1.000  1.000 0.994
300 100 0.972  0.926 0.801
300 200 1.000  0.999 0.975
300 300 1.000  1.000 0.998

Notes: The nominal level is 5%. With forecasting models given
by Equations (23) and (24), the overlapping case is DGP1 where
6 = (0,0,0,0,0)" in Equation (21), the non-nested case is DGP2
where § = (0.5,0.5,0.5,0.5,0.5)" and the power case is DGP3 where
6 =(0,2,0,0,0)".

We denote this §]L_3M . For further comparison, we will also compute the SPA test of Hansen (2005)
which we denote I p.

The results are displayed in Table 2. Here we see very promising results from our tests, in a similar
way to the pairwise model comparison case. When we have overlapping models, the rejection rate of
our test becomes close to the nominal level as the sample size grows, improving around 2-3% on the
non-adjusted §]’2 M test which has a rejection rate below 3% in all cases. The non-nested results in
the least favourable case again show that our test has very good size properties, better even than the

pairwise comparison test above. On the other hand, the unadjusted H p test is seen to over-reject in
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almost all cases by up to 3-4 percentage points, whereas the S DM has a low rejection rate. In terms

of the power, our test has comparable properties to the other two tests, with power only below 90%

when the sample size P = 100 is used. The local power results are also an improvement relative to

non-adjusted S DM test when we are close to the overlapping case (see Figure S2 in the supplementary

material).

Table 2: Rejection Rate - Multiple Model Comparison

R P SIQM Hp Sp (7/7\1373)
Size Overlapping 100 100 0.015 0.056  0.032
100 200 0.012 0.039  0.032
100 300 0.014 0.035  0.026
200 100 0.028 0.070  0.046
200 200 0.023 0.047  0.035
200 300 0.025 0.039  0.046
300 100 0.019 0.060  0.048
300 200 0.029 0.050  0.036
300 300 0.025 0.043  0.046
Size Non-Nested 100 100 0.026 0.091 0.047
100 200 0.036 0.064  0.050
100 300 0.041 0.048  0.044
200 100 0.026 0.092  0.041
200 200 0.043 0.069  0.040
200 300 0.049 0.075  0.056
300 100 0.028 0.077  0.043
300 200 0.047 0.078  0.057
300 300 0.053 0.072  0.059
Power 100 100 0.482 0.884  0.660
100 200 0.966 0.994  0.928
100 300 0.998 1.000  0.994
200 100 0.523 0.854  0.670
200 200 0.968 0.994  0.967
200 300 0.999 1.000  0.996
300 100 0.464 0.840  0.700
300 200 0.966 0.994 0.974
300 300 0.999 1.000  0.999

Notes: The nominal level is 5%.

There are J = 15 different
models, with Equation (23) being the benchmark. The remaining
models are all one-, two- and three-lag models based on one of five
predictor variables as described above. As in Table 1, the over-
lapping case is DGP1 where 8 = (0,0,0,0,0)" in Equation (21),
the non-nested case is DGP2 where 6 = (0.5,0.5,0.5,0.5,0.5)" and
the power case is DGP3 where 6 = (0,2,0,0,0)’.

Overall, our simulation results show that our proposed tests work very well relative to the un-
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adjusted versions of the same tests. In particular, we are able to significantly improve the severe
under-rejection which occurs in the overlapping case, while also mitigating the over-rejection which
occurs in the non-nested case. This demonstrates that our tests control size across a range of dif-
ferent sample sizes. Moreover, we do not find any substantial issue with power loss, with our tests
providing power approaching unity for reasonable sample sizes, both in the pairwise and multiple
comparison tests. In the supplementary material we also provide additional simulation results for
the cases where the evaluation loss function is changed to Linex, and where both estimation and
evaluation loss functions are the check loss function. These results echo those presented here and

demonstrate that our test can be applied in a wide range of empirical settings.

5 Empirical Application

In this section we apply our test to analyse the predictive ability of various different models for
predicting excess bond returns using both financial and macroeconomic variables. The analysis
of bond risk premia continues to receive significant attention in the recent literature on financial
economics. It is now well established that bond returns of various maturities are predictable in excess
of the short rate. There have been a variety of different financial predictors used in previous studies,
with the most widely-used being: forward spreads (Fama and Bliss, 1987), yield spreads (Campbell
and Shiller, 1991) and a linear combination of forward rates (Cochrane and Piazzesi, 2005). In more
recent years, it has also been suggested that macroeconomic factors contain predictive content for
bond risk premia, over and above the information contained in financial predictors. The idea of
using macro factors dates back to Ludvigson and Ng (2009) and has been expanded in many ways
by recent studies including: Coroneo et al. (2016), Ghysels et al. (2018), Gargano et al. (2019),
Andreasen et al. (2019), Massacci (2019), Bianchi et al. (2021) and Andreasen et al. (2021).

Since there is a lack of consensus about which specific financial and/or macroeconomic factors to
use in forecasting excess bond returns, it is important to explore the out-of-sample predictive ability
of different models which use different combinations of predictors. Our study aims to re-examine and
build on existing research by combining the variables used across studies to assess which combination
of the prevailing financial and macro predictors perform best in forecasting exercises. As we outline
in the coming section, this gives a very natural setting to apply our tests as the candidate models

can be non-nested, overlapping or nested.

5.1 Data and Set-up

We have monthly U.S. data from 1959:M1 through to 2021:M12. We use data on zero-coupon bond

prices taken from the Fama-Bliss database at the Center for Research in Security Prices.!* This gives

HSee: https://wrds-www.wharton.upenn.edu/pages/get-data/center-research-security-prices-crsp/ [Last accessed:
03/11/22]
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price data for n-year bonds with maturity n ranging from one to five years. The macroeconomic
data we use are taken from the FRED-MD database of McCracken and Ng (2016).12 This dataset
contains a harmonised series of 127 U.S. variables, mostly macroeconomic series with some financial
series, which is regularly updated and is now widely used in empirical “big data” forecasting. These
variables cover groups including output and income; labour market; money and credit; housing and
so on. The full list of variables and their groupings, as well as the data transformations for each
series, can be found on the Federal Reserve Bank of St. Louis website.

The dependent Variable for the study is the one-year-ahead log excess return of the n-year bond,
denoted rz; +)12 Letting pt ) be the log price of the n-year bond and yt = %p,ﬁ") be the log yield,
the excess return is then calculated as the spread between the one-year log holding return (from
buying an n-year bond in time ¢ and selling it on as an (n — 1)-year bond in period t + 12) and the
one-year yield, in other words rz("}, = pii1y) — pi™ — y{). We will analyse all available maturities
n=2..05.

We will generate out-of-sample forecasts from various models in a recursive fashion, with the
first year-ahead forecast being made for 1990:M1 (using data up to 1989:M1) and the last forecast
made at the end of the sample in 2021:M12. This splits the total sample of T' = 744 months, after
lagging the explanatory variables, into in-sample and out-of-sample evaluation windows of R = 360
and P = 384 respectively.

We consider three different types of model for rxt ) based on different combinations of predictors,
which are summarised in Table 3. The first type of model is the traditional approach which expresses

rz{™ as a linear function of some other bond market variable, Z™

, which may or may not depend
on the maturity n:

7“$§+)12 = (n) + 5 51)12 (25)

The benchmark model we use in our study will be Equation (25) where, following Ludvigson and
Ng (2009), for Zt(") we will use the single forward factor of Cochrane and Piazzesi (2005), denoted
CP;, which is a linear combination of the one-year yield y! and the four forward rates, ft(n) for
maturities n = 2, ...,5.2314 In other words, in the benchmark case we set Z\™ = CP,, noting that
the main finding of Cochrane and Piazzesi (2005) was that the Z ) factor did not in fact depend
on the maturity. We will also use another two candidate predlctors for Zt( which do depend on the
maturity, namely the n-year forward rate spread, fsg = f ) ylt , as in Fama and Bliss (1987),
and the yield spread s§”) = yt(n) — gy} as in Campbell and Shiller (1991). These three variables are
given code names CP, FB and CS, as detailed in Table 3, to allow them to be easily identified within

competing models.

12Gee: https://research.stlouisfed.org/econ/mecracken/fred-databases/ [Last accessed: 09/11/22]

13In the standard way, the one year forward rate for loans from period t +n — 1 to t + n uses the zero-coupon yield
curve for maturities n — 1 and n, specifically: f' = p(" b pgn).

141n computing the C P, variable, which takes a weighted average of forward rates based on the regression coefficients
of the average excess return on all four forward rates and the one-year yield yt(l), we obtain the weights only once in

the first out-of-sample estimation window to avoid look-ahead bias.
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The second type of model is based only on macroeconomic predictors:
miﬂg = 04(()") + a™'E, + 5%1)12 (26)

where F} is an r x 1 vector of latent factors which are assumed to underpin the large set of N

macroeconomic variables X; with the following factor model representation:
Xy = AF, + v,

where A is an N X r matrix of factor loadings and v; is an N x 1 vector of idiosyncratic disturbances.
As in Gongalves et al. (2017), Ludvigson and Ng (2009), Massacci (2019) and Bianchi et al. (2021), we
estimate the factors by principal components analysis (PCA). Since we do this in a recursive fashion
as in Gongalves et al. (2017), this results in factor estimates ]?j’t for all observations j = 1,...;¢ in
recursive windows t = R, ..., T" — 12. The last factor estimate in each window is used to obtain the

forecasts in the feasible equivalent to Equation (26):

FE, = v + alV' E, (27)

We will use three different versions of the factors in our results. The first set is the same subset
used by Ludvigson and Ng (2009), specifically ﬁtLN = [ﬁlt,ﬁ3t7ﬁ4t,ﬁgt], , except here we exclude
the cubic term they use in their specifications, ﬁf’t This is because the higher-order polynomial
produces erratic out-of-sample predictions when the dataset is extended beyond the end of their
original sample. The second set of factors we consider uses all of the first » = 8 factors from the
FRED-MD database. The use of eight factors is for comparability with Ludvigson and Ng (2009) and
Bianchi et al. (2021).'5 Finally, we also use a specification with only the first factor from the FRED-
MD database, ﬁlt. Since the first factor is the strongest and often referred to as the “real factor,” this
seems like a natural specification to explore, as well as resulting in a more parsimonious forecasting
model than the other sets of factors. It also matches more closely with studies like Coroneo et al.
(2016) who use a much smaller set of factors estimated from a smaller database. These three sets of
factors are given code names LN, FREDS and FRED1 respectively, as in Table 3.

The third and final type of model combines Equations (25) and (27) to use both financial and

macroeconomic predictors in making the forecasts:
FE, = agy + & E + B2, (28)

which will allow us to assess whether the macroeconomic factors have additional out-of-sample pre-

15We note that the FRED-MD database we use does not match exactly with the original database of Ludvigson and
Ng (2009), which used the 132 variables from Stock and Watson (2002), as some variables have since been discontinued.
The FRED-MD database was created by McCracken and Ng (2016) to match the Stock and Watson database as closely
as possible, so this should be the most comparable dataset we can use in our study.
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dictive ability relative to the models which only include bond market data. Therefore, as detailed in
Table 3, we have a total of 15 models including the benchmark: three models with only bond market
variables, three models with only macroeconomic factors, and all nine combinations of both.!6 The
benchmark is non-nested and potentially overlapping with respect to many of these models (2-6 and
10-16), and is nested within others (7-9). This gives us a natural setting to use our test.

While the theoretical results developed in Sections 2 and 3 are not explicitly written for the case
where estimated factors are used in generating forecasts, we can easily accommodate this set-up in
our tests. To do this, we can rely on the results of Gongalves et al. (2017) who show the conditions
required for the forecasts made using recursively estimated factors ﬁt,t to behave asymptotically like
the predictions made using the true factors F;. This, in turn, provides a justification for treating
the DM-type statistics in our paper as if they were based on the true factors, even though these
have been recursively estimated by PCA. The assumptions laid out in A1-A6 of Gongalves et al.
(2017) are rather standard assumptions from the factor model literature, modified slightly for the
recursive estimation scheme. We do not repeat the assumptions here. The main thing to note is on
the asymptotic rates for 7" and N, the time series dimension and cross-sectional dimension of the
data matrix, say X. Gongalves et al. (2017) show that factor estimation error does not contribute to
predictive ability tests when /T /N — 0. Their results mirror the earlier work on factor-augmented
models of Bai and Ng (2006) who note that requiring v/7/N — 0 is a relatively weak assumption
which provides a good approximation for the majority of datasets such as ours. In fact, under
squared error loss and by an application of Theorem 4.1 as well as Lemma 4.1 in Gongalves et al.
(2017), it is possible to show that a similar conclusion holds true also for our set-up provided that
v/P/min{N, R} — 0.

The models described above are estimated using least squares and evaluated using the squared
error loss function. All data are standardised to have zero mean and unit variance. For the bootstrap
implementation we use B = 2500 draws and a block length of [p = 4, and will compute the critical
values at a significance level of 5%. For the replicability of the random perturbation, the random
number seed is set to 1000 before commencing the study (R version 4.3.1), though we discuss below

how the results are unaffected by the random number seed chosen.

5.2 Results

The results of the out-of-sample experiment are displayed in Table 4 which displays the MSFE for
each of the models for excess returns at maturities two through five. The model numbers and their
specifications can be found in Table 3 above. The lowest MSFE is highlighted in bold in each column,
along with the test statistic and 5% critical value for our test S p(p,r) along with the unadjusted
version, SEM, and the Hansen (2005) SPA test, Hp .

16T fact, for maturity n = 2 there are some redundant models as the 2-year forward rate spread is a scale multiple
of the 2-year yield spread when yields are computed using continuous discounting. This is not the case for maturities
larger than n = 2.
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Table 4: MSFE and SPA Test Results

MSFE
Model Code rxgz) TIES) 7“93754) r$§5)
1 CP 0.831 0.927 1.001 1.028
2 FB 0.642 0.675 0.682 0.677
3 CS 0.642 0.678 0.680 0.677
4 LN 0.663 0.686 0.701  0.705
5 FREDS 0.743  0.747  0.754  0.740
6 FREDI1 0.586 0.635 0.673 0.698
7 CP.LN 0.627  0.697 0.754  0.776
8 CPFREDS 0.610 0.675 0.718 0.727

9 CPFRED1 0.699 0.803 0.891 0.931
10 FB.LN 0.678 0.719 0.738 0.706
11 FB.FRED8 0.732 0.794 0.803 0.755
12 FB.FRED1 0.600 0.649 0.666 0.663
13 CS.LN 0.678 0.705 0.711  0.708
14 CS.FRED8 0.732 0.779 0.78  0.770
15 CS.FRED1 0.600 0.642 0.656 0.660

Test Statistics

§£M 64.340 79.019 86.427 91.895
CV 5% 33.560 34.076 36.688 35.948
Hp 3.312  3.329 3.422 3.295
CV 5% 2127 2132 2149  2.158
gp(ﬁRR) 33.420 41.926 46.811 48.780
CV 5% 22.182 23.804 24.608 24.581

Notes: The model numbers and codes are detailed in Table 3. Fig-
ures in bold denote the lowest MSFE per column.

There are several interesting results to take away from the MSFE numbers, before turning to the
test results. The first finding is that using macroeconomic data seems to deliver the lowest MSFE
across all maturities. Secondly, we see that the best results seem to come from only using the first
factor from the FRED-MD database, with either model 6 (FRED1) or 15 (CS.FRED1) coming top
across all maturities. This result suggests that, while using macroeconomic data can reduce the
MSFE, it may not be the case that all information is useful and there could be some worsening of
forecast model performance from using too many factors. Finally, while macroeconomic data seem to
generally be useful in all cases, we do observe some variation in the best model across maturities. For
the two- and three-year maturities, model FRED1 with only the single factor has the lowest MSFE.
On the other hand, for the four- and five-year maturities, model CS.FRED1 with yield spreads and
the single macro factor has lowest RMSFE. This indicates that some maturity-specific modelling may

be appropriate, which mirrors the broader conclusions of Bianchi et al. (2021).
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We now turn to the results of the SPA test for the null hypothesis described in Equation (15)
above. Relative to the benchmark of the Cochrane and Piazzesi (2005) model, across all four matu-
rities we are able to strongly reject the null hypothesis at the 5% significance level using all tests.!”
This indicates statistical evidence to confirm that macroeconomic factors are important predictors
of excess bond returns relative to this benchmark model. In the case of n = 2 and n = 3 the superior
model uses only the single FRED-MD factor, as written above, whereas for n = 4 and n = 5 this fac-
tor is in the best model alongside the yield spread variable. In each of the maturities, the best model
improves by 30% or more against the benchmark in terms of MSFE. We also checked the sensitivity
of our test with respect to the random number seed used in obtaining the random perturbation and
found that the test conclusions were unaffected by this change.'® Finally the simulation evidence
from Section 4 suggests that we may be rather confident that the test has been carried out at the

nominal level.

6 Conclusion

This paper proposes new tests for equal predictive ability between two or more competing models.
Asymptotically, the tests control the Type I error probability at nominal level uniformly over strictly
non-nested and overlapping DGPs thus avoiding the need for pre-testing to determine whether the
variance of the test is significantly different from zero or not. Our methods are simple to implement
and involve the addition of a random perturbation to standard DM and SPA type tests that vanishes
asymptotically if the models are strictly non-nested or if the variance collapses to zero sufficiently
slowly. Our tests are valid in a wide set of scenarios, accommodating dynamic misspecification,
general loss functions and different out-of-sample estimation schemes. The main conclusion from our
theoretical and simulation results is that our tests exhibit well controlled asymptotic size, and may
be able to discern models that are close to overlapping in finite samples. This improves over existing
DM-type tests which have poor size properties, becoming degenerate in the overlapping case and
tending to over-reject in the non-nested case.

We apply our test to predicting U.S. excess bond returns using combinations of financial and
macroeconomic factors employed in the existing literature. Our analysis concludes that there is
statistical evidence in favour of using macroeconomic information over and above bond market data
in predicting year-ahead excess bond returns across various maturities. We also conclude that the

predictive ability of the models we consider can differ across different bond maturities.

1"We are also able to reject at the 1% level though here we only present the 5% critical values as we calculate our
test statistic using the data-driven constant obtained to balance the size-power trade-off at the nominal level of 5%.
18For instance, for variable rmiz) the test statistic and 5% critical value using random number seed 1000 are 64.34

and 33.56, whereas with a random number seed of 9999 these become 64.34 and 30.87.
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7 Appendix

This Appendix presents some auxiliary Lemmas as well as the proofs of Theorems 1.1-1.3, 3.1-
3.2. The proofs of the former as well as the proofs of Theorem 2.1 and 2.2 can be found in the
supplementary material. Moreover, for the subsequent auxiliary Lemmas, we require the following
definitions for f € {g, ¢}:

Vg)f(ytﬂ, i3 0; ) = A )f(yt+1 —m( Zj1;0; ))V m ( Jt76) (29)
and:
Vg)f(ytﬂ,zj,t;ej) =V f (g1 —m (Z4:6; ))V m (Zj;6;) (30)

+ V(2)f(yt+1 m (Zj; 0, ))V m (Zjy; 0; )

Lemma A1l. Let Assumptions A.1-A.6 hold with g(-) = ¢(-) and 0 < 7 < co. Moreover, for j = 1,2,
recall the definitions of H ;- + as the inverse of H; defined in Equation (7) and of Vr defined in
Equation (6) of Assumption A.4(ii). Then, for any given F' € F:

‘1“ R 1

~

-1

Ul t+1 -3 (U2,t+1)) - = ( (Ul,t—H) - 4g (UQ,tH))

Pt:R Pt

Il
=

/T
2 i) max {tr (Hl_}p\/lp) ,tr (HQ_},VQF)} R7V2V/2InIn PV2InIn T
almost surely.

Lemma A2. A.1-A.6 hold with g(-) # ¢(-) and m = 0. Moreover, for j = 1, 2, recall the definitions of
H; 7 as the inverse of H; p defined in Equation (7) and of Vj r defined in Equation (6) of Assumption
A.4(ii), while:

Gir= hm EF( ng 9(Yes1, j,t§9;)> (31)

with Vg)g (yt+1, Zjt ]

N——

as defined in Equation (29). Then, for any given F' € Fy:

N

T
~ 1
i (@ _o(a B . o
| /—:ZR 1t41) — 9 (U241)) _Pt (9 (u1441) — g (u2,41))
~1
: 27 2lnlnT><maX{lGll*ﬂHvalﬂ }G H2,FV2,F|}

Il
=y

almost surely (F).
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Proof of Theorem 1.1:

(i) Without loss of generality, we consider the recursive estimation scheme and consider sequence
{Fp}%_, such that Fp € Fy for every P. Now, when ¢g(-) = ¢(+), from Lemma Al we have that for
any given Fp € Fy:

N

-1

N

(9 (Ur,41) — g (Uzt11)) :% : y (9 (u1,41) — g (uze11))

3l
Ll‘J:J

Il
2y

+ OPrFP (3_1/2\/111 In7vInln P)

and so:

EA\/IP(UP,R)
75 > (9 (uiar) = g (U2041)) + Oy, (R_l/z\/ln InTvInln P) +nprs et s

\/UDMP+77PRPZS | €3

On the other hand, in the case of g(-) # ¢(-) with @ = 0, the Op,,, <R*1/2\/1n InT+vInIn P) term
in the above expressions can be replaced by Opy,, ((P/ R)~Y/2y/InIn T) = 0Opy, (1), which follows

from Lemma A2 and the fact that # = 0. When Fp approaches the strictly non-nested case, i.e.

Oharp — Opy > 0 as P — oo, note that A.1, A.4 and A.6(i) ensure that Assumptions B and C in
Andrews (1991) are satisfied, and so by his Theorem 1 we have that 67, p — 05y = Opyy, (\ / %)

On the other hand, since, \/LTDZSP:l es = Opry, (1), %25:1 €2 = 14 045(1), and npr — 0 as

P, R — 0o, we have that for a given Fp:

\/Lp Soin (9 (i) — g (U2e41)) + OPrp,, (1)
Vohar - 0per, (1)

DMp(npg) = 4 N(0,1)

Next, recall that in the overlapping case we have that:

T-1
1
O-QDMJD = varpp <\/— Z (Ur41) — g (Ul,t+1))> — 0.
=R

ﬁ

as P, R — oo. Hereafter, we let 03, p = c-dp (1 4 o(1)) for some generic, constant ¢ with 0 < ¢ < oo,
and some deterministic sequence dp — 0 as P — oo such that either Pdp — C' < 0o or Pdp — o0,

where C' is again a generic constant satisfying 0 < C' < oco. In either case, note that

~

_ 1
dpl/Z_P ( (Ul,t+1) - 9g (U2,t+1))

t

I
=y
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converges weakly to a standard normal random variable, under Fp. Also, note that:
~2 _ 2 O d lp 0) Lp 32
Opm,p = Opm,p + Uprp, | ap iz + Uprpe, D) (32)

where OerP (%) denotes the rate at which the estimation error component of the variance estimator

approaches zero. Given Lemma Al, we have that:!°

5]\\/[13(7713,1—?,)
\/Lp >in (9 (ureen) = g (uae41)) + Oprp, (Rfl/Q\/ln InTvInn P) + UP,R\/LTD e €

\/J%MJD + Oprp, (max {%,dp@ / %’}) + 7]123’R (14 04.4.(1))

Now, if d}J/Q/nRR — 0, since by Assumption A.6(ii) it holds that (Pl;1)1/4 Np.r — 00,

77P,R\/L13 Zf:l €s (1 + OPrpy, (1>>

DM p(npg) = 4 N(0,1).
\/Cdp + OPTFP (max {%, dp\/ %}) + 77?3,1?, (1 + Oa.s.(l))
. 1/2
If instead dp”/npr — o0,
_— L3k (g (1) — g (u2411)) + 0pry, (1)
DM p(npp) = —L=2E o o r 4 N(0,1).
\/cdp + Oprp, (max {%, dpy/ %}) (14 0(1))
Finally, if d}a/Q /npr — C, 0 < C < oo, then both components matter and:
5]\\413(7713,12)
1 T-1 1 P
P >oi—r (9 (Ure1) — g (uzer1)) + "IP.R /5 D51 s
= + OPer(l)
\/cdp + Opyy, (maX {%’, dp %}) +npr (1 +04.5.(1))
d
— N(0,1).

Hence, regardless of the speed at which d}D/Q and np r approach zero, we have weak convergence to a

standard normal.

19The same follows from Lemma A2 with the Oprp,, (R—1/2\/1n1nT\/1n1nP) term again replaced by
Opsp,, <(R/P)_1/2\/lnlnT).
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(ii) Under H,, for any {Fp}%_, with Fp € Fy4 for all P, we have that:

VPEp, (g (u141) — g (ugsy1))

mP(ﬂP,R) =
\obar - 0per, (1)

+ Opry,, (1).

Given A.4 and the fact that Ep, (g (u141) — g (u2441)) # 0, the result of the statement follows. W
Proof of Theorem 1.2: Both parts are immediate from the proof of Theorem 1.1. |

Proof of Theorem 1.3: Note that the result of Theorem 1.1(i) holds for any sequence {Fp}%_;
with Fp € Fy for every P. The result then follows from the same argument as in the proof of
Theorem 11.4.5 in Lehmann and Romano (2005). [

Proof of Theorem 3.1: Recall that:
¢ = lim \/?EFP (my.p)

b
P,R—o0 2 2
\/ %k,P + Mk p

and recall that my p be defined as my p, but with uy 11, Uk 1 replaced by w1, Ugsr1. Given

Theorem 2.2, by a similar argument as that used in the proof of Theorem 1.1,

~ ~ 1 P
VPMyp + Me,p.R 75 D1 Cht

~ =9 1 P 9
\/Uk,P T NP RP 2ot=1 Chit

\/I_DT/ﬁkP —1-77/@131%L ZP_ €kt
= o (1 ope (1))
\/Ui,p + nl%,P,RI_D D1 ei,t
vV Pmy,p + Nk.P.R—= ZP_ €k t
= e (1L ope (1)
\/@%,P + e PR Dt i

where limp g o0 07 p = 0 if models 1 and k overlap, while limp g o0 07 p > 0 if models 1 and & do

not overlap. Hereafter, let:

—~ ~ 1 P
5 VP p +1kpR7E 2= Chi

Sk.p(Me.p.R) = ~ —
\/Uk;,P + 0 PRT Dte1 Cit
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Then, for a given F' € Fy:

SQ,P(ﬁP,R) — G2

g SN
~ J/2,P(NPR) — <2 %4 N(0,9), (33)

SJ/2+1,P(ﬁP,R) — SJ/2+1

SJ,P (ﬁP,R) —SJ

where for ¢, j = 2, ..., J, the matrix {2 with elements w;; is defined as in the statement of the theorem.
The result follows by a similar argument as in Andrews and Soares (2010). The limiting distribution

in Equation (33) holds for any given F € FI¢ and for all k, where ¢; = 0 or ¢, = —o0, depending
ﬁEF(mk,P)

on whether limp p_,+ m =0 or —o0. |
Proof of Theorem 3.2:

(i) Hereafter, let Pry = Pr] p X Prj , where Pr] . is the probability measure governing the resampling
of the data with distribution F', and Prj - is the probability measure governing the resample of the
added randomness ey, (and so in fact Pry n = Prj under any F). Also, in what follows we write E.
and var}, to denote the Prj expectation and variance operator conditional on the original sample
draws with distribution F'. Then, recalling that Pr] . and Pr} ;. are independent of each other, note
that B (my, +€;) = Bj ¢ (M;,) + B3 (€}) and var}, (M, +¢;) = var}  (m},) + var} (€). Given

k,p

Lemma A1, for all k =2, ..., J:

Ak l % I _ 1
ETF (mhp) =Mmgp+ Opy . (%) and E3 (ek) =€, = Opy, <ﬁ)

and by the same argument as in the proof of Theorem 3 in Corradi and Swanson (2006),

., ~ l
vary py, (\/Z_Dmk,p> =Gpp + Opry <\/_Pﬁ) (34)

and:

. A~ —~ l
COV’LF (\/ﬁm;p\/ﬁmk,,» = cov <\/ﬁmk7p\/fmklyp> + Opy,. (\/_Pﬁ) ’

while:

P
1
var; (\/EEZ) =% Zeik.
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Using the comparison of the benchmark and model 2 as example, note that by Theorem 2.3:

VP (m;,P + 772,P,R€§) — /P (Ma.p + Ta.pre2)
\/ ‘/7\5,2}7 + ﬁ%,P,RE§2
VP (T/ﬁ;,p + 772,P,R5§) - VP (Ma,p + N2,p.RE2)

= 5 5 5 + Oprp (1>
P~ =%
\/UQ,P + 73,p,rC2

DMZ,P(ﬁZP,R) =

Then, conditional on the sample and for all the samples but a set of probability measure approaching

Z€T0,

\/ﬁ(ﬁlﬁ,p+n2,P,R€§)*\/ﬁ(ﬁ”bz,PJrnQ,P,Réz)

~%2 2 —*2
\/‘72,P+772,P,R62

\/F(m.*f,PJF’iJ,P,RE})*\/ﬁ(ﬁlJ,P%?J,P,REJ)
\/ G3p N3 P RES

4 N(0,9), (35)

with probability converging to one, where d* denotes convergence in distribution according to Pr}
conditional on the sample. Note that the limiting distribution on the RHS of Equation (35) is the

M2, p+1n2,P,R€2 mj,p+nJ,P,RES
same as that of —— — 2, ..., —=——=—=— — Gy | Where ¢; = 0, and so corresponds
\/02,P+772,P,R62 \/UJ,P+77J,P,R6J

to the limiting distribution for the least favourable case under the null with all moment inequalities
binding.

Now, let ¢ p g, denote the 1 — « critical value of §}5(7/7\p, r), based on B bootstrap replications.
Also let ¢;_o .+ be the (1 — ) critical value of 377_, (max {0, (Ql/ZZ)k + 71';;})2, where 7 = 0 if
7 = 0 and 7} = —oo if 1, < 0 with 7 = (ma, ..., 7)) € R(_{;}), withR. = {z € R,z <0} and R_ , =
R_U{—oc}. Similarly, let h = (hg,...,h;) € R(,J’;ol). Finally, let {yp}%_; be a sequence with each vp €
I such that v/Pyp — h, and for kp — o0, kp/vV/P — 0, lil_gl\/ﬁ’)/p — m, = (m,...,my) as P — 00.?
Then, given A.1-A.7, as P, B — oo, it follows that limsuppp .., Pr,, (§p (Mp.r) > C*B7P’R71_a> <a
from Lemma 2(a) and (b) in the supplement of Andrews and Soares (2010). In fact, there are only two
differences with respect to the latter: the first one consists of the fact that we use bootstrap critical
values rather than plug-in based ones, say Cp1_o. However, since Cp1-o — Chpri_o0 = Oprwp(1>
as B, P — o0, this does not alter the argument of the proofs. The second difference lies in the
definition of 2 and ¢p, which depend also on the regularisation parameter npr. Again, however,
note that neither of these terms plays a role in the proof of their Lemma 2. Finally, if for some
k=2, .., J,it holds that m; = 0, then Assumption 7 in Andrews and Soares (2010) is satisfied, and
so it also follows that limsupp r ., Pryp <§p (Mp.r) > C*B,P,R,lfa> = « (cf. Lemma 3 in Andrews and

Soares, 2010). The statement then follows from the subsequence arguments of the proof of Theorem

20As in Andrews and Soares (2010), we use I' and ffc and the corresponding operators interchangeably in what
follows.
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1 in Andrews and Soares (2010, supplement).

(ii) Without loss of generality, suppose that the null is violated for the first K" models with K+ K’ =
J, and K > 0. Specifically, for £ € {1,..., K} we have that limpp mk,p/\/ﬁ > 0 and so
My.p = Oer(\/ﬁ). Thus, for sufficiently large P we have that:

2
\/_mkP‘F??kPR\ﬁZt 1€k t

K
Sp(Mpr) = Z
k=2 \/Uk,p + Uk,p,Rﬁ Zt:l €k

2

+ OPrF(l)

J \/ﬁmkp‘i‘ﬁkPRsz_ €Lt
+ Z max ¢ 0 7 e/ i

~9 ~9 1 P 2
k=K+1 \/Uk,P T e, pRP 2ut=1Cyt
2

Ok,P 0'2
k=2 \/UkP+77kPRPZt 16kt k.P
v Pmy p vV Py p + 1y, P.R/p Zt:l €kt v Pmyp
—2 Ry - + 0prg (1)
k,P =2 kP
k=2 \/Uk,P+77kPRP Zt 16kt

which diverges to plus infinity with probability approaching one. On the other hand, §;;(ﬁp7 R)
converges in distribution conditional on the sample (under any given F € F{¥¢), and for all samples

but for a set of probability measure approaching zero. The statement then follows. [ |
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