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Abstract

In recent years a considerable amount of attention has been devoted to the in-
vestigation of 2D quantum field theories perturbed by certain types of irrelevant
operators. These are the composite field TT – constructed out of the components of
the stress-energy tensor – and its generalisations – built from higher-spin conserved
currents. The effect of such perturbations on the infrared and ultraviolet properties
of the theory has been extensively investigated. In the context of integrable quan-
tum field theories, a fruitful perspective is that of factorised scattering theory. In
fact, the above perturbations were shown to preserve integrability. The resulting
deformed scattering matrices – extensively analysed with the thermodynamic Bethe
ansatz – provide the first step in the development of a bootstrap program. In this
paper we present a systematic approach to computing matrix elements of operators
in generalised TT-perturbed models, based on employing the standard form factor
program. We show that for theories with diagonal scattering and certain types of
fields the deformed form factors, factorise into the product of the undeformed ones
and of a perturbation- and theory-dependent term. From these solutions, correlation
functions can be obtained and their asymptotic properties studied.
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1 Introduction

Generalised TT deformations of 2D quantum field theory (QFT) [1–4] admit a variety of in-
teresting interpretations. From coupling the original QFT to two-dimensional topological grav-
ity [5] or to random geometry [6] to a state-dependent change of coordinates [7], among others.
For these reasons, TT perturbations and their generalisations have been intensely studied in
2D quantum field theory [1, 2, 7–10], in the framework of the ODE/IM correspondence [11]
(see [12] for a review), employing thermodynamic Bethe ansatz (TBA) [3, 4, 13–18], perturbed
CFT [6, 19–25], string theory [26–29], holography [30–37], quantum gravity [5, 38–42], out-of-
equilibrium CFT [43–46], in long-range spin chains [47–50], and in the context of the generalised
hydrodynamics approach [51–53]. A generalisation of this family of deformations has also been
proposed for quantum-mechanical systems [54–56] and higher-dimensional field theories [57–59].

In this paper, we approach the study of generalised TT deformations from the viewpoint
of integrable quantum field theory (IQFT) [60, 61], integrability techniques and the bootstrap
program. Here we define the latter as consisting of the following steps: 1) computation of
the exact scattering matrix, 2) computation of matrix elements (form factors) of local fields,
3) computation of correlation functions, and 4) consistency checks of those form factors and
correlation functions, which include the TBA approach and Zamolodchikov’s c-theorem [62]. To
date point 1) and a large part of point 4) (i.e. the TBA treatment) are very well developed,
whereas points 2) and 3) and most of 4) are very much outstanding. In particular, although
much work on the TBA analysis of the theories has been done, it has not yet been possible to
compare TBA results with information obtained from correlation functions. In this paper, we
show how these outstanding steps may be carried out for a large family of IQFTs, fields, and
perturbations.

It is well known that in IQFT perturbations of TT-type lead to a modification of the exact
two-body scattering matrix by a multiplicative or CDD [63] factor. The deformed S-matrix is

Sαpθq “ ΦαpθqS0pθq , (1)

where α “ pαsqsPSĂN is a, possibly infinite, vector, S0pθq is some undeformed, consistent,
factorised S-matrix in a theory with a single particle, and

Φαpθq “ exp

«

´i
ÿ

sPS
αs sinhpsθq

ff

. (2)

A generalisation to more complicated spectra is possible along the same lines as presented here.
For simplicity, we have taken the fundamental mass scale m “ 1, but it is useful to notice
that the combination αsm

2s is dimensionless. S is a set of spin values, typically those of local
conserved charges. Since Φαpθq is a CDD factor, the theory described by this new S-matrix is
still integrable. The computation of the exact matrix elements (form factors) of local operators
corresponding to the family of S-matrices (1) has not been attempted systematically. As we shall
see, the unusual UV physics of TT-perturbed theories, will also emerge clearly when pursuing
the form factor program. In this sense, form factors provide a new useful tool to understand this
physics. For example, we will find parameter regions, where a distinct asymptotics of correlators
can be read off from a form factor expansion and consistently interpreted in the context of the
physics of TT perturbations. Pursuing this program will not only shed light on the properties
of the correlators of TT-perturbed IQFTs but also reveal the mathematical structure of a new
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family of solutions to the form factor equations. Form factors and correlation functions of a
theory with similar features were first studied in [64].

The main results of our work are: (1) We find closed solutions for the form factors of local and
semi-local fields in generalised TT-perturbed IQFTs and, in some parameter regions, convergent
two-point function expansions. (2) When all αi ă 0 two-point functions can be expanded in
terms of form factors of the corresponding fields and the expansion is convergent both for long
and short distances. For long distances (IR) the theory flows to a trivial (massive) fixed point,
just as in the unperturbed case, whereas for short distance (UV) two-point functions still scale
as power-laws and the c-theorem gives a finite result which is a function of the couplings α.
(3) If αs ą 0, where s is the largest spin involved in the sum (1), the two-point function is
divergent in the UV limit, and also in the IR limit for momenta above a certain threshold which
is universally characterised by Lambert’s W -function.

Our paper is organised as follows: In Section 2 we review the form factor equations and
minimal form factors in TT-perturbed theories. In Section 3 we present our main result, namely
a derivation of the factorisation property of form factors, leading to close formulae for the
form factors of TT-perturbed theories with diagonal scattering. In Section 4 we discuss the
asymptotics of correlation functions in different parameter regimes. In Section 5 we discuss
how Zamolodchikov’s c-theorem can still evaluated for TT-perturbed theories, giving rise to a
function that flows with the RG parameter |α|. We conclude and discuss some open problems
and subtleties of our derivation in Section 6.

2 Form Factor Bootstrap

Let
FO
n pθ1, . . . , θn;αq “ x0|Op0q|θ1, . . . , θny , (3)

be a matrix element of a field O between the ground state |0y and an n-particle in-state
|θ1, . . . , θny characterised by rapidities tθiun. Since we are considering only theories with a
single particle we do not need to consider additional quantum numbers in this case. The form
factor equations for a diagonal theory without bound states are [65–67]

FO
n pθ1, . . . , θi, θi`1, . . . , θn;αq “ Sαpθi ´ θi`1qFO

n pθ1, . . . , θi`1, θi, . . . , θn;αq , (4)

FO
n pθ1 ` 2πi, θ2, . . . , θn;αq “ γOF

O
n pθ2, . . . , θn, θ1;αq , (5)

and

lim
θ̄Ñθ

pθ̄ ´ θqFO
n`2pθ̄ ` iπ, θ, θ1, . . . , θn;αq “ ip1 ´ γO

n
ź

j“1

Sαpθ ´ θjqqFO
n pθ1, . . . , θn;αq , (6)

with the two first equations constraining the monodromy of the form factors and the last equa-
tion, the kinematic residue equation, specifying their pole structure. In (6) we find the parameter
γO named the factor of local commutativity [68,69] which can be a non-trivial phase in theories
possessing an internal symmetry (such as the Ising model which we have studied in more detail
in [70]). The equations (4)-(6) are typically solved by the following ansatz

FO
n pθ1, . . . , θn;αq “ Hα

n QO
n pθ1, . . . , θn;αq

n
ź

iăj

Fminpθij ;αq

eθi ` eθj
. (7)
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where θij :“ θi ´ θj and Fminpθ;αq is the minimal form factor, that is, a minimal solution (i.e.
without poles in the physical strip) of the form factor equations for two particles,

Fminpθ;αq “ SαpθqFminp´θ;αq “ Fminp2πi ´ θ;αq . (8)

Note that for spinless fields, form factors are functions of rapidity differences only, hence the
minimal form factor depends on a single rapidity variable. For the same reason, one-particle form
factors when non-vanishing, must be rapidity-independent. By construction, the product over
minimal form factors in (7) provides a solution to equations (4) and (5). That means that the
functionsQO

n ptθiun;αq must be symmetric and 2πi-periodic in all rapidities. In other words, they
should be functions of the exponentials teθiun. The parameters Hα

n are normalisation constants
and the factors eθi ` eθj in the denominator ensure the correct kinematic pole structure.

Based on the ansatz (7) it is clear that the first step towards solving the form factor equations
is the computation of the minimal form factor. For unperturbed IQFTs with diagonal scattering,
as considered here, there is a systematic approach for solving the problem, which typically leads
to an integral representation of the minimal form factor. It is easy to show that, given a
solution for the undeformed theory, Fminpθ;0q, a consistent solution for the deformed model can
be written as

Fminpθ;αq :“ φpθ;αqCpθ;βqFminpθ;0q , (9)

with

φpθ;αq :“ exp

«

θ ´ iπ

2π

ÿ

sPS
αs sinhpsθq

ff

. (10)

The formula (10) for the minimal form factor of TT-deformed massive integrable theories with
diagonal scattering was, to our knowledge, first derived by I. M. Szécsényi in an unpublished
work, while its massless version appeared in an investigation in Nambu-Goto theory [3], which
later turned out to be the TT deformation of a free, massless, 2-dimensional scalar field theory.

The function Cpθ;βq is a minimal form factor ‘CDD’ factor, that is a function such that any
solution can be multiplied by it, while still solving all required equations. It takes the form

Cpθ;βq :“ expp
ÿ

sPS1

βs coshpsθqq , (11)

where S 1 is a subset of the integers. Note that the sum over s of αs sinhpsθq is a sum over
the one-particle eigenvalues of local conserved quantities of spin s. However, those one-particle
eigenvalues are more generically linear combinations of the form αs sinhpsθq `βs coshpsθq. Thus
the fact that we can always add a sum over s of βs coshpsθq can be seen as a reflection of this
ambiguity in our choice of conserved quantities. It has been recently shown that the structure
of the minimal form factor (9) is in fact very natural and also found in standard IQFTs such as
the sinh-Gordon model [71].

At this stage the usual procedure to obtain higher particle form factors would be to substitute
the ansatz (7) which solves (4) and (5) into equation (6) and find recursive equations for the
functions QO

n ptθiun;αq and the constants Hα
n . We have done this for the Ising field theory and

obtained closed solutions for all local fields in [70]. However, also in [70] we observed that the
solutions had a factorised structure, as the form factors of the underformed theory, times a new
function of the parameters α (in [70] we set all β “ 0). In the next section, we show that this
factorisation holds beyond the example of the Ising field theory.
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3 Form Factor Factorisation

We can report that, for any IQFT with diagonal scattering matrix and a single-particle spectrum,
all solutions have the general structure

FO
n pθ1, . . . , θn;αq “ FO

n pθ1, . . . , θn;0qΥO
n pθ1, . . . , θn;αq , (12)

with ΥO
n pθ1, . . . , θn;αq a non-trivial function of α and ΥO

n pθ1, . . . , θn;0q “ 1. Here, as we did
in [70] for the Ising field theory, we will restrict ourselves to the case β “ 0.

The function ΥO
n pθ1, . . . , θn;αq can be computed by plugging (12) into (7). This gives rise

to the following equations

Hα
n “ H0

nHα
n , Fminpθ;αq “ Fminpθ;0qφpθ;αq , (13)

QO
n pθ1, . . . , θn;αq “ QO

n pθ1, . . . , θn;0qΘO
n pθ1, . . . , θn;αq , (14)

or equivalently

ΥO
n pθ1, . . . , θn;αq “ Hα

nΘ
O
n pθ1, . . . , θn;αq

n
ź

iăj

φpθi ´ θj ;αq . (15)

The quantities H0
n , Q

O
n pθ1, . . . , θn;0q and Fminpθ;0q are supposed to satisfy the axioms for the

undeformed theory, which means

H0
n “ ΘO

n pθ1, . . . , θn;0q “ φpθ;0q “ 1 . (16)

Imposing the form factor equations for the deformed theory we recover the equations 1

φpθ;αq “ Φαpθqφp´θ;αq “ φp2πi ´ θ;αq , (17)

which have already been solved to (9), and

lim
θ̄Ñθ

ΥO
n`2pθ̄ ` πi, θ, θ1, . . . , θn;αq “

1 ´ γO
śn

j“1 Sαpθ ´ θjq

1 ´ γO
śn

j“1 S0pθ ´ θjq
ΥO

n pθ1, . . . , θn;αq . (18)

This equation in turn splits into
Hα

n`2 “ Hα
n , (19)

ΘO
n`2pθ ` iπ, θ, θ1, . . . , θn;αq “ Sn pθ ´ θ1, . . . , θ ´ θn; γOqΘO

n pθ1, . . . , θn;αq , (20)

where we introduced the quantity

Sn pθ1, . . . , θn; γOq “

śn
j“1 Sαpθjq

´1{2 ´ γO
śn

j“1 Sαpθjq
1{2

śn
j“1 S0pθjq´1{2 ´ γO

śn
j“1 S0pθjq1{2

. (21)

Notice that as a consequence of the unitarity Sαp´θq “ Sαpθq´1 and crossing symmetry Sαpiπ´

θq “ Sαpθq of the S-matrix, the function (21) satisfies the following properties

Sn pθ1 ˘ iπ, . . . , θn ˘ iπ; γOq “ Sn
`

θ1, . . . , θn; γ
´1
O

˘

, (22)

1Note that if γO “ 1 and Spθq “ 1, the equation for Υ would involve division by zero. Extra care is needed in
those cases.
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Sn`2 pβ, β ˘ iπ, θ1, . . . , θn; γOq “ Sn pθ1, . . . , θn; γOq , (23)

which will be useful momentarily.
The recursion (19) for the constant is trivially solved

Hα
n “ 1 , (24)

while the equation (20) for Θ requires some more effort, especially for a general undeformed
S-matrix. Let us give here the solution

ΘO
n pθ1, . . . , θn;αq “

g

f

f

e

n
ź

i“1

Sn
´

θi ´ θ1, . . . , θi ´ θn; γ
p´1qi

O

¯

, (25)

and check that it indeed solves equation (20). The left-hand-side is given by the product of the
following three expressions

b

Sn`2

`

0, iπ, θ ` iπ ´ θ1, . . . , θ ` iπ ´ θn; γ
´1
O

˘

“
a

Sn pθ ´ θ1, . . . , θ ´ θn; γOq , (26)

a

Sn`2 p´iπ, 0, θ ´ θ1, . . . , θ ´ θn; γOq “
a

Sn pθ ´ θ1, . . . , θ ´ θn; γOq , (27)

and
g

f

f

e

n
ź

i“1

Sn`2

´

θi ´ θ ´ iπ, θi ´ θ, θi ´ θ1, . . . , θi ´ θn; γ
p´1qi

O

¯

“ ΘO
n pθ1, . . . , θn;αq , (28)

where we used the properties (22) and (23). Taking the product of these three terms indeed
yields the right-hand-side of (20) as long as γO “ γ´1

O or γO “ ˘1. More explicitly, we can write
the final expression

ΘO
n ptθiun;αq “

n
ź

i“1

g

f

f

f

f

f

f

e

n
ś

j“1
Sαpθijq1{2 ´ γO

n
ś

j“1
Sαpθijq´1{2

n
ś

j“1
S0pθijq1{2 ´ γO

n
ś

j“1
S0pθijq´1{2

“

n
ź

i“1

g

f

f

f

f

f

f

f

e

sin

˜

1
2

n
ř

j“1
rδpθijq ´ i log Φαpθijqs ´

ωO
2

¸

sin

˜

1
2

n
ř

j“1
δpθijq ´

ωO
2

¸ , (29)

where S0pθq “ S0p´θq´1 “ eiδpθq and γO “ eiωO . We also assumed that the S-matrix is fermionic
in the sense that S0p0q “ S0piπq “ ´1, so δp0q “ δpiπq “ π. As noted above, the solution (29)
also requires γO “ ˘1. Thus, strictly speaking, it is valid for local and semi-local fields 2.

2Note that care must be taken for free theories to avoid a zero denominator. This can be done consistently.
An example was given in [70].
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3.1 Example

The factorised structure (12) emerges naturally for free theories. For instance, for the order and
disorder fields pµ, σq in the Ising field theory with γµ “ ´1 and γσ “ 1 we have that

ΘO
n pθ1, . . . , θn;αq “

g

f

f

e

n
ź

j“1

cos

˜

i

2

n
ÿ

i“1

logpΦαpθijqq

¸

, (30)

with n even for µ and odd for σ. Note that we have ΘO
0 pαq “ ΘO

1 pαq “ 1. The unperturbed

form factors in this case are well-known to be proportional to the simple product
ś

iăj tanh
θij
2

for both fields, with µ admitting only even particle numbers and σ only odd ones. Note that for
free theories, Z2-symmetry is preserved by the generalised TT perturbations. In particular, this
means that for the Ising field theory, the trace of the stress-energy tensor, usually denoted by Θ
will have non-vanishing even particle form factors, even for particle numbers higher than two.
Indeed, these form factors will be also proportional to a factor ΘΘ

2nptθiu2n;αq which is identical
to (30) with cosine replaced by sine.

4 Correlation Functions and Asymptotics

One of the most interesting applications of our solutions is to the computation of ground-state
two-point functions in the deformed theory. These can be spanned in terms of form factors
For the purposes of this paper, we will just consider the leading contributions to the long
and short-distance expansions of the logarithm of a typical (normalised) two-point function
xOp0qO:prqy{xOy2 and will restrict ourselves to fields that only have even-particle form factors.
Also for simplicity, we will consider only the case when α1 :“ α ‰ 0 and αi “ 0 for i ą 1. In
this case, the two-particle contribution to the logarithm of the two-point function is

qO2 pr;αq “

8
ż

´8

dx

p2πq2

ˇ

ˇΘO
2 px;αq

ˇ

ˇ

2
|F̂O

2 px; 0q|2e
αx
π

sinhxK0p2r cosh
x

2
q , (31)

where 3

ΘO
2 pθ;αq “

$

’

’

’

’

&

’

’

’

’

%

ˇ

ˇ

ˇ

ˇ

cos 1
2

pδpθq´α sinh θq

cos δpθq

2

ˇ

ˇ

ˇ

ˇ

for γO “ 1

ˇ

ˇ

ˇ

ˇ

sin 1
2

pδpθq´α sinh θq

sin δpθq

2

ˇ

ˇ

ˇ

ˇ

for γO “ ´1

, (32)

and F̂O
2 px; 0q is the two-particle form factor normalised by the vacuum expectation value xOy.

Although this is only the two-particle contribution, it allows us to make some general observa-
tions that can then be extended to the full form factor expansion. This is discussed in more
detail in [70].

First, for α ą 0 we see that the exponential term is strongly divergent. This divergence can
not be compensated for by the underformed form factor which will generally decay exponentially.

3Note that for the Ising model cos δpθq

2
“ 0 in (32) but this can be compensated for by appropriate normalisation

of the form factors.
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For short distances we can interpret this behaviour as indicative of an unusual UV theory.
Indeed, it is known [52] that for α ą 0 particles acquire a typical (positive) length which makes
the UV theory ill-defined. For long distances however, there is an interplay between the length
scale, the momentum and the parameter α. The integral is divergent above a certain critical
value of the rapidity x, a cut-off resulting from comparing the dominant exponential decay of the

Bessel function and the exponential coming from the minimal form factor e´2r cosh Λ
2 “ e

αΛ
π

sinhΛ .
For large Λ, this equation is solved by the principal branch of Lambert’s W -function

Λ “ 2W0p
πr

α
q . (33)

Thus, for large distances and sufficiently small momentum, the series is still convergent, indi-
cating that the finite length of particles is not visible when probed from a large distance at low
momenta/energy. However, if the momentum is high, even with r large the size of particles is
again probed and convergence is again spoiled.

For α ă 0 on the other hand there is rapid convergence both for short and long distances.
One possible interpretation of this behaviour is that for α ă 0, particles acquire a (negative)
length. This may be understood as follows: the description in terms of positive/negative lengths
comes from the relationship with the hard rod model [72]. The hard rod model is a classical
model describing the interaction amongst hard rods of length ℓ. The sign of ℓ determines the
scattering shift associated with the collision of two rods, as well as the thermodynamic properties
of the system. In [72] it was shown that the non-relativistic limit of the TBA/GHD equations
is described by the hard rod model. This viewpoint leads to another interpretation of the TT-
deformation, namely that its non-relativistic version corresponds to a change in particle (rod)
length. Since particle (rod) length is only a model parameter related to the scattering phase,
it can be chosen to be either positive or negative, hence our interpretation of α ą 0 as positive
length and α ă 0 as negative length.

In the IR due to the presence of a mass scale, the theory flows to a trivial IR point, just
as in the unperturbed case. In the UV, the form factor expansion needs to be resummed in
order to obtain the exact leading behaviour. However, since K0p2r cosh θ

2q « ´ log r for r ! 1
and a similar behaviour is found for every contribution in the form factor series, the n-particle
contribution will scale as ´zOn pαq log r with coefficient zOn pαq given in terms of a (multiple)
integral in the rapidities. For instance, for two particles, the contribution scales as

qO2 pr ! 1;α ă 0q “ ´zO2 pαq log r , (34)

with

zO2 pαq “

8
ż

´8

dθ

p2πq2

ˇ

ˇΘO
2 pθ;αq

ˇ

ˇ

2
|F̂O

2 pθ; 0q|2e
αθ
π

sinh θ . (35)

The rapidly decaying α-dependent exponential has the effect of producing coefficients zOn pαq

such that zOn pαq ď zOn p0q for α ă 0, whenever zOn p0q is well-defined 4. In other words, the UV
behaviour is characterised by a power law just as happens in CFT, but this power is α-dependent
and tends to zero as α Ñ ´8.

4It is worth noting that this formula only makes sense for α “ 0 if the unperturbed form factor decays
exponentially for large θ. This is not the case for the fields µ,Θ in the Ising field theory, for instance.

7



5 c-Theorem and Numerics

Another avenue that can be explored is Zamolodchikov’s c-theorem, which generally relates the
connected part of the two-point function of the trace of the stress-energy tensor 5 with the change
in the central charge between the IR and UV fixed points

cpαq :“ cUV ´ cIR “
3

2

8
ż

0

dr r3xΘp0qΘprqyc . (36)

For α “ 0, this equation gives the value of cUV , since cIR “ 0, in agreement with the fact that
a massive theory flows in the IR to a trivial gapped fixed point. A TT perturbation alters the
UV behaviour of the the theory. For α ă 0 we still expect to have cIR “ 0 and so equation
(36) will give some finite value which can be interpreted as the deformation of cUV under the
TT perturbation. This quantity will now depend on α and behave as shown in Fig. 1. The
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Figure 1: The functions c2pαq for the Ising model.

trace of the stress-energy tensor is a local field hence its two-particle form factor does not have
a kinematic pole. As we have shown in [70], for the Ising model and a TT perturbation, it takes
the form

FΘ
2 pθ;αq :“ 2π

ˇ

ˇ

ˇ

ˇ

ˇ

sin
`

α
2 sinh θ

˘

α
2 sinh θ

ˇ

ˇ

ˇ

ˇ

ˇ

Fminpθ;αq

Fminpiπ;αq
. (37)

where the oscillatory factor is of the same type found earlier. In the two-particle approximation,
after integration in r and in one rapidity variable, the integral (36) gives

c2pαq “
3

8

`8
ż

´8

dx

«

sin
`

α
2 sinhx

˘

α cosh3 x
2

ff2

e
α
π
x sinhx. (38)

The resulting function is evaluated numerically in Fig. 1 where we see that it flows from the
unperturbed value 1{2 to zero for ´α large. The oscillatory dependence is entirely washed out
by the rapidly decaying exponential.

5Note that the field Θ – the trace of the stress-energy tensor – should not be confused with the function
ΘO

n pθ;αq introduced earlier.
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6 Conclusions, Discussion and Outlook

In this paper we have proposed a form factor program for IQFTs perturbed by TT and descen-
dants thereof. We have shown that the form factor equations can be solved exactly for a large
class of theories and fields, and that these solutions span correlation functions in the usual way.
We find that, compared to the unperturbed theory, all form factor solutions are “dressed” by
oscillatory functions of the rapidities and perturbation parameters.

Our derivation is subject a number of constraints and choices that we would like to now
discuss in some detail. As we have seen, we requires the factors γO “ ˘1 and have chosen
β “ 0. In addition, in order for (21) to hold, we have assumed all spins s to be odd. This
assumption is rather natural since the local conserved charges of most IQFTs are indeed odd.
In that case, the following condition holds,

φpθ;αqφpθ ` iπ;αq “ Φ
1{2
α pθq .

This constraint can however be easily lifted by modifying the definition of the function (21).
An additional implicit assumption, built into the ansatz (7) is that all form factors have

kinematic poles. However, local fields, such as the trace of the stress-energy tensor, do not have
a kinematic pole for their two-particle form factor but have kinematic poles for higher particle
numbers. We may then ask what changes in this derivation for local fields. In fact, for interacting
theories, the derivation presented here goes through with γO “ 1 and for particle numbers n ą 2,
since the two-particle and higher particle solutions have slightly different structures. In fact,
in order to make the solution ΘO

n pθ1, . . . , θn;αq found here consistent with a two-particle form
factor without kinematic pole and with the kinematic residue equations we will typically need
to multiply our solution (29) by an additional function gnpθ1, . . . , θn;αq with the property that
it solves all form factor equations trivially, that is

gn`2pθ ` iπ, θ, θ1, . . . , θn;αq “ gnpθ1, . . . , θn;αq , (39)

while being symmetric and 2πi-periodic in all variables. This function will be specific to each
theory. For the Ising field theory we have discussed the construction of this function in [70].

An unusual feature of our form factor solutions is that the function (29) which acts as a
kind of “dressing” of the unperturbed form factors, involves a square root. We think that
this may be related to the fact that a TT perturbation can be interpreted in the TBA sense
as a state-dependent change of the inverse temperature (or generalised temperatures for more
general perturbations). It seems therefore natural that a relationship between finite temperature
form factors and TT-deformed form factors should exist. Interestingly, form factors at finite
temperature also involve square roots, as can be seen for instance for the Ising model in [73,74].
Closely related are finite volume form factors, which are also typically dressed by square root
factors [75, 76]. Both for finite temperature and for finite volume form factors, the square
root factors are functions of TBA quantities. It would be very interesting to investigate this
connection further. This viewpoint also gives a new interpretation to the c-function presented
in Fig.1, which has a very similar form as the TBA scaling function, if we replace inverse
temperature by ´α.

An alternative setting in which the non-analyticity of form factors may be observed is in the
choice of the minimal form factor, a subtlety that is not discussed in this paper, where we chose
to set β “ 0 in (11). For now, it remains an open question whether there is a “natural” choice
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for the parameters β in the context of TT-perturbed theories. However, what we have learned
from [71] is that a minimal form factor structure characterised by (10) and (11) is an integral
part of the “standard” minimal form factor construction that has been employed for IQFTs such
as the sinh-Gordon model, since the work of Karowski and Weiss [65]. The caveat however is
that for a conventional IQFT the parameters β are entirely fixed, largely by the requirement of
analyticity. In other words, most choices of (11) will also lead to non-analyticity of the minimal
form factor. Thus, analyticity issues seem ubiquitous in the context of constructing form factors
for TT-perturbed theories and the question remains as to whether these issues admit a physical
interpretation and/or should be fixed by a careful choice of the minimal form factor.

The asymptotics of correlation functions is consistent with the picture that point-like degrees
of freedom (particles) in unperturbed theories become objects of finite (positive, for α ą 0,
negative for α ă 0) length after the perturbation. In this light, it is clear the UV theory is
not a standard QFT whereas in the presence of a mass scale, the IR theory is as usual trivial.
Correlation functions obtained from form factors reflect these features by diverging at short
distances with α ą 0 and converging very rapidly for α ă 0, while displaying power-law scaling
with α-dependent exponents.

Together with [70, 71, 77], this work provides a new viewpoint on generalised TT-perturbed
theories as well as new computational tools. Many different problems can now be addressed,
from the study of correlation functions in interacting theories, to that of entanglement measures.
There remain also many interesting open questions, e.g. what is the interpretation of the function
cpαq and of the powers zOpαq characterising the short-distance scaling of correlators? We hope
to return to these problems in the near future.
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[43] D. X. Horváth, Hydrodynamics of massless integrable RG flows and a non-equilibrium
c-theorem, JHEP 10 (2019) 020 [1905.08590].

[44] M. Medenjak, G. Policastro and T. Yoshimura, T T̄ -Deformed Conformal Field Theories
out of Equilibrium, Phys. Rev. Lett. 126 (2021), no. 12 121601 [2011.05827].

[45] M. Medenjak, G. Policastro and T. Yoshimura, Thermal transport in T T̄ -deformed
conformal field theories: From integrability to holography, Phys. Rev. D 103 (2021), no. 6
066012 [2010.15813].

[46] R. Travaglino, M. Mazzoni and O. A. Castro-Alvaredor, Generalised Hydrodynamics of
TT̄-Deformed Integrable Quantum Field Theories, 2405.06564.

[47] T. Bargheer, N. Beisert and F. Loebbert, Boosting Nearest-Neighbour to Long-Range
Integrable Spin Chains, J. Stat. Mech. 0811 (2008) L11001 [0807.5081].

[48] T. Bargheer, N. Beisert and F. Loebbert, Long-Range Deformations for Integrable Spin
Chains, J. Phys. A 42 (2009) 285205 [0902.0956].
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