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A B S T R A C T

This research proposes a computationally efficient methodology using a Constrained Variational Asymptotic
Method (C-VAM) for non-linear buckling analysis on a hat-stringer panel with delamination defects. Starting
with the geometrically non-linear kinematics, the VAM procedure reduces the three-dimensional (3-D) strain
energy functional to an analogous 2-D plate model and evaluates the closed form warping solutions. Utilising
the resulting warping solutions and recovery relations for the skin and the stringer, displacement continuity at
the three-dimensional level is enforced between the stringer and the skin based on the pristine and delaminated
interface regions. Consequently, the constrained matrices obtained from C-VAM is incorporated into an in-
house developed non-linear finite element framework. Using the developed formulation, a stiffened panel with
delamination of 40 mm between the stringer and the skin is analysed under compression. The results have been
validated locally and globally, employing experimental data and 3-D finite element analysis (FEA). Experiments
are carried out on the co-cured panel by applying quasi-static loading with displacement-controlled conditions,
and 3-D FEA is carried out in Abaqus. Load-response plots have been obtained to validate the results at the
global level, and they are in excellent agreement with experiments and 3-D FEA. Subsequently, out-of-plane
displacement contour plots are obtained; the number of half waves and wave intensity in 3-D FEA and C-VAM
are comparable, although there are minor differences compared to the experimental findings. The proposed
framework is shown to be computationally efficient by over 55% as compared to 3-D FEA for performing
non-linear buckling analysis on the stiffened composite structure considered in the current work.
1. Introduction

Composite structures have revolutionised the field of engineering,
offering exceptional mechanical properties and weight-saving advan-
tages [1]. Among various classes of composite structures, stiffened
panels have attracted considerable attention due to their superior load-
carrying capacity and structural efficiency [2,3]. The aerospace indus-
try extensively uses hat-stringer panels to design aircraft structures
such as fuselage sections, wing skins, and stabilisers. Understanding the
behaviour of hat-stringer panels, especially their buckling response, is
crucial for the design, optimisation, and structural integrity assessment
of composite structures. The buckling behaviour of stiffened panels
is more complex than a non-stiffened composite structure and influ-
enced by multiple factors such as geometric configurations, material
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properties, load conditions, and the presence of delaminations [4].
Despite their numerous advantages, hat-stringer panels are suscepti-
ble to delaminations, which are interfacial failures between the skin
and the stringer [5]. Such delaminations occur due to manufacturing
defects, impact events, fatigue, or exposure to environmental condi-
tions [6]. These defects, in turn, act as stress concentrators, reducing
the effective load-carrying capacity and stiffness of the panels and can
lead to catastrophic failure if not adequately addressed. Therefore, a
comprehensive understanding of delaminated hat-stringer panels un-
der buckling is crucial for ensuring composite structure’s structural
integrity and reliability in practical engineering applications.

To comprehend the behaviour of stiffened composite panels under
buckling, various methods have been developed, including analytical,
vailable online 4 July 2024
263-8223/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access a

https://doi.org/10.1016/j.compstruct.2024.118276
Received 30 November 2023; Received in revised form 12 May 2024; Accepted 11
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

June 2024

https://www.elsevier.com/locate/compstruct
https://www.elsevier.com/locate/compstruct
mailto:sathiskumar.ponnusami@city.ac.uk
https://doi.org/10.1016/j.compstruct.2024.118276
https://doi.org/10.1016/j.compstruct.2024.118276
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2024.118276&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Composite Structures 345 (2024) 118276A.P. Kumar et al.
numerical, and experimental approaches [7–15]. Zhou et al. [16] eval-
uated the buckling modes of stiffened panels subjected only to pure
bending by developing an analytical solution based on the equilibrium
approach. In this approach, it is assumed that both the stiffener and
the plate will follow the Kirchhoff–Love plate theory (displacement
kinematics are assumed apriori). Huang and Qiao [17] proposed a
semi-analytical method to evaluate the buckling modes of the stiffened
panel under compression loads. In this method, characteristic equations
using the governing equation of the plate with stiffeners along two
orthogonal directions are solved using the Galerkin method. Based on
the position of the stiffeners in the plate, the stiffened plate is modelled
as a plate with varying stiffness. Even in this formulation, the assump-
tions from the classical plate theory are considered. These methods
rely on simplifying assumptions and may not accurately capture the
complex behaviour of delaminated hat-stringer panels. However, they
provide valuable insights into the dominant buckling modes of stiffened
panels. In most of the existing methods, either asymptotic or variational
principle-based methods, engineering structures are analysed by for-
mulating potential energy functional (PEF) [18]. Both these methods
have their own advantages and disadvantages. Variation asymptotic
formulation exploits the advantages of the asymptotic and variational
methods. The existing methodologies proposed in the literature for
analysing these stiffened structures are either considered as a single
component instead of taking the stiffener and plate as separate compo-
nents or if the constraints are being incorporated between stiffener and
plate, those continuity conditions are being implemented at a 2-D level
only [19]. These methods cannot accurately provide the deformation
behaviour; they will either underestimate or overestimate it [20]. As
the name suggests, the current proposed C-VAM formulation combines
variational and asymptotic approaches, constraining the stiffener and
plate at the 3-D level but not at the 2-D level, exploiting the advantages
of the asymptotic and variational methods [18]. The strength of the
current C-VAM and its novelty is that it can analyse structures with
multiple components and interface delaminations.

Numerical methods, such as FEA, offer an efficient tool for de-
tailed buckling analysis of composite structures [21–25]. FEA provides
accurate results but requires significant computational resources and
time for detailed analysis. Experimental methods involve conduct-
ing physical tests on down-scale or full-scale models to evaluate the
buckling characteristics of stiffened panels [7,9,10,26–30]. These tests
provide valuable data for the validation of numerical models and offer
insights into the real-world behaviour of composite structures. Experi-
mental tests are essential for understanding the failure mechanisms and
validating numerical models [31–33].

While modelling using FEA is proven to be reliable, the computa-
tional time shoots up when it comes to three-dimensional non-linear
buckling analysis of complex composite structures such as stiffened
panels. In this context, we have employed the variational asymptotic
method (VAM) to derive reduced-order non-linear plate models for the
stringer and skin. These two components are integrated as a stiffened
structure by enforcing interface continuity (or discontinuity in the
presence of delamination) using the recovered 3-D displacement fields.

Unlike the existing dimensionally-reduced plate/shell models, VAM
starts with attaining 2-D equivalent energy functional integrating the
3-D strain energy functional across the thickness of the plate for di-
mensional reduction [34–39]. Using the small parameters existing in
the problems, such as the thickness-to-length ratio in the case of
plates/shells, the energy is expressed in terms of these small parameters
using order analysis and is asymptotically reduced, followed by minimi-
sation using variational principles. The resulting Euler–Lagrange equa-
tions from the variational statement are solved to obtain the unknown
warping fields in the thickness face in the case of plates/shells [40].
Upon substituting back into the 3-D energy functional, these warping
fields provide the 2-D equivalent plate/shell energy and the associated
2

plate/shell constitutive law or the stiffness matrix. The original idea of
the authors lies in evaluating the influence of delamination in compos-
ite structures on the nonlinear buckling behaviour, which is relevant
in analysing aerospace structures. The proposed nonlinear framework
can readily be extended to analyse complex multicomponent structures
with multiple delaminations. In conventional VAM analysis or any
existing dimensionally reduced formulations, the continuity is ensured
at the dimensionally reduced 2-D level (2-D continuity) but not at the
3-D level. This 2-D continuity cannot accurately capture the delam-
inated structure’s deformation behaviour. The detailed mathematical
description of the constraint VAM (C-VAM) formulation used to analyse
the hat-stringer panel is given in Section 2. The advantage of the
proposed VAM formulation lies in its ability to handle complex com-
posite structures, including delaminations, while significantly reducing
computational effort compared to FEA. Apart from computational effi-
ciency, the advantage is that the current C-VAM methodology provides
closed-formed warping solutions. Using the proposed framework, opti-
misation studies can be performed using C-VAM, where the objective
is to attain the geometric configuration for the structure with minimal
warpings and eventually improved buckling behaviour. One application
among many others where this particular optimisation study can be
proven advantageous is wind turbine blades. By ensuring minimal
warpings, we can ensure that the blades maintain their aerodynamic
profile, resulting in efficient energy storage. One of the main limitations
of the current methodology is that it applies to only thin structures.
Further, while the framework models the presence of static delam-
ination, the damage evolution modelling has not been incorporated
into the method currently; therefore, once the delamination starts
propagating from one side of the foot of the stringer to the other side,
the deformation behaviour of the stiffened panel cannot be accurately
evaluated.

In the above context, this paper comprehensively examines the de-
laminated hat-stringer panel’s non-linear buckling characteristics using
the C-VAM. C-VAM analysis results are verified with 3-D FEA and
validated with experimental results to affirm the usage of the suggested
methodology. The accuracy and efficiency of C-VAM in predicting the
buckling behaviour of delaminated hat-stringer panels is demonstrated,
highlighting its potential as a valuable tool for designing stiffened
panels with complex stiffener configurations.

This article has five sections, where Section 2 focuses on the C-
VAM formulation employed in analysing the buckling characteristics
of the stiffened panels with delaminations. The experimental details of
compression testing of the hat-stringer panel and detailed 3-D finite
element analysis are presented in Section 3. Validation of the presented
methodology and results of non-linear buckling analysis obtained from
all three analyses (C-VAM, 3-D FEA and experiments) are explained and
compared in Section 4. Finally, conclusions from the current study are
mentioned in Section 5.

2. Constraint VAM (C-VAM) formulation

This section describes the formulation and implementation of the
stiffened plate model using C-VAM. It starts with the plate kinematics
and the 2-D constitutive law evaluation from the 3-D strain energies
of the hat-stringer and plate of the stiffened panel, which is shown in
Fig. 1. The gold colour area in the figure represents the delamination
between the feet of the stringer and the plate in the stiffened panel. This
is followed by the constraint VAM formulation and implementation
details specific to the hat-stringer panel with existing delamination
defects.

2.1. Three-dimensional plate kinematics

The kinematics mentioned in this subsection are formulated by
Hodges et al. [41]. In this formulation, the mid-plate surface is deemed
the reference surface due to the smaller plate thickness than the other

two dimensions. Unless otherwise specified, all Greek indices (𝛼 and 𝛽)
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Fig. 1. Hat-stringer panel with static delamination, which is highlighted in gold.
Fig. 2. Schematic of the plate’s deformed and undeformed reference configurations with kinematics parameters.
𝑟

are assigned the values 1 and 2, and all Latin indices (𝑖, 𝑗 and 𝑘) are as-
signed the values 1, 2, and 3. Reference surfaces with undeformed and
deformed configurations, along with the different kinematic parameters
involved in the current formulation, are shown in Fig. 2.

The coordinates (𝑥1, 𝑥2) represent the material points on both the
configurations as shown in Fig. 2. 𝑥3 denotes points distant from the
reference surfaces. The orthonormal unit basis vectors in the unde-
formed and deformed configurations along 𝑥𝑖 are denoted as 𝑏𝑖 and 𝐵𝑖,
respectively. The orthogonal basis vectors are related to one another
using the directional cosine matrix 𝐶(𝑥1, 𝑥2) as shown in Eq. (1).

𝐵𝑖(𝑥1, 𝑥2) = 𝐶𝑖𝑗 (𝑥1, 𝑥2)𝑏𝑗 (𝑥1, 𝑥2) (1)

Position vectors in both the configurations are denoted using 𝑟(𝑥1,
𝑥2) and 𝑅(𝑥1, 𝑥2). The Eq. (2) gives any position on the undeformed
configuration. The applied load on the undeformed stiffened panel
configuration results in the deformed configuration of the panel, in-
cluding the warpings 𝑤 (𝑥 , 𝑥 , 𝑥 ) in the 𝑖th direction. Eq. (3) shows
3

𝑖 1 2 3
the position vector in the deformed configuration.

̂(𝑥1, 𝑥2, 𝑥3) = 𝑟(𝑥1, 𝑥2) + 𝑥3𝑏3(𝑥1, 𝑥2) (2)

𝑅̂(𝑥1, 𝑥2, 𝑥3) = 𝑅(𝑥1, 𝑥2) + 𝑥3𝐵3(𝑥1, 𝑥2) +𝑤𝑖(𝑥1, 𝑥2, 𝑥3)𝐵𝑖(𝑥1, 𝑥2) (3)

Non-linear strain components (𝛤𝑖𝑗) resulting from the applied compres-
sive load are obtained using Eq. (4), which depends on the deformation
gradient components.

𝛤𝑖𝑗 =
1
2
(𝐹𝑖𝑘𝐹𝑘𝑗 − 𝐼𝑖𝑗 ) (4)

Where the deformation gradient tensor denoted as 𝐹𝑖𝑗 is obtained by
using contravariant (𝑔𝑗) base vectors of undeformed and covariant (𝐺𝑖)
base vectors of deformed configurations (𝐹𝑖𝑗 = 𝐺𝑖𝑔𝑗) and 𝐼𝑖𝑗 is the
identity matrix. Covariant-based vectors are the tangential base vectors
for the configurations and can be obtained using Eq. (5) and Eq. (6).

𝑔𝑖 =
𝜕𝑟̂ (5)

𝜕𝑥𝑖
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𝐺𝑖 =
𝜕𝑅̂
𝜕𝑥𝑖

(6)

he undeformed configuration has contravariant basis vectors obtained
sing Eq. (7), perpendicular to the reference surfaces.

𝑗 = 1
2
√

𝑔
𝑒𝑗𝑘𝑖 (𝑔𝑘 × 𝑔𝑖) (7)

btaining these covariant and contravariant base vectors involves the
valuation of the derivative of the position vector (𝑅̂) and base vectors
𝐵𝑖) called 2-D generalised strain measures (𝐵𝑖,𝛼 , 𝑅,𝛼), which are anal-
gous to those proposed by Reissner [42]. The 2-D generalised strain
easures are given in Eq. (8).

,𝛼 = 𝐵𝛼 + 2𝛾𝛼3𝐵3 + 𝜖𝛼𝛽𝐵𝛽 𝐵𝑖,𝛼 = (𝐾𝛼3𝐵3 −𝐾𝛼𝛽 (𝐵𝛽 × 𝐵3)) × 𝐵𝑖 (8)

here 𝛾𝛼3 and 𝐾𝛼3 are 2-D transverse strain and curvature respec-
ively. 𝜖𝛼𝛽 and 𝐾𝛼𝛽 are 2-D in-plane strain and curvature measures
espectively.

.2. Potential energy functional

In this subsection, potential energy functional (𝛱∗) is formulated
using the potential energy (𝛱) and the warping constraints.

2.2.1. Potential energy
We can obtain the potential energy in terms of work done (𝑊 )

and strain energy (𝑈) for the three-dimensional geometrical non-linear
analysis. Total strain energy is the summation of the strain energies of
all the individual lamina in the laminate in terms of the constitutive
matrix (𝑪) of the lamina and 3-D strains (𝜞 ) as given in Eq. (9).
The angular brackets ⟨ ⟩ represent the integration across the laminate’s
thickness.

𝑈 = 1
2
⟨𝜞 T𝑪𝜞 ⟩ (9)

Work done on the laminate due to the applied compressive loading
can be obtained using Eq. (10). Where 𝑛 represents the total number
of lamina layers, 𝑇𝑖 𝑙 is the traction load applied, and 𝑤𝑙

𝑖 is the warping
in the 𝑖th direction of the 𝑙th layer.

𝑊 =
𝑙=𝑛
∑

𝑙=1
𝑇 𝑙
𝑖 𝑤

𝑙
𝑖(𝑥1, 𝑥2, 𝑥3) (10)

herefore, Eq. (11) gives the laminate’s total potential energy.

= 𝑈 −𝑊 (11)

.2.2. Warping constraints
The position vector representation includes rigid-body motions of

he normal through the material points. Kinematic constraints in the
orm of warpings are necessary to exclude these rigid body motions.
he warping constraint equations for an n-layered laminate are given

n Eq. (12).
𝑙=𝑛

𝑙=1
⟨𝑤𝑙

𝑖(𝑥1, 𝑥2, 𝑥3)⟩ = 0
𝑙=𝑛
∑

𝑙=1
⟨𝑥3𝑤

𝑙
𝛼(𝑥1, 𝑥2, 𝑥3)⟩ = 0 (12)

hus, the potential energy functional is formulated by incorporating
he warping constraints to the potential energy using the Lagrange
ultipliers (𝜆𝑖, 𝜆4, 𝜆5) as shown in Eq. (13). This study has a stiffened
anel with eight layers of composite plate and a hat-stringer with seven
ayers. There will be 24 and 21 undetermined warpings in the respec-
ive potential energy functionals, which must be solved by minimising
he derived energy functional based on the layup configuration.

∗ = 𝛱 −
𝑙=𝑛
∑

𝑙=1
(𝜆𝑖⟨𝑤𝑙

𝑖(𝑥1, 𝑥2, 𝑥3)⟩ + 𝜆4⟨𝑥3𝑤
𝑙
1(𝑥1, 𝑥2, 𝑥3)⟩ + 𝜆5⟨𝑥3𝑤

𝑙
2(𝑥1, 𝑥2, 𝑥3)⟩)
4

(13)
2.3. Dimensional reduction and two-dimensional constitutive law

Dimensional reduction is nothing but deriving an equivalent 2-D
body over a 3-D body in the case of dimensionally reducible structures.
This reduction is implemented by considering the geometrical and
physical small parameters involved in the problem, such as thickness-
to-length ratio (ℎ∕𝑙) and strains in the current problem. Where ℎ and
𝑙 are the thickness and length of the structure, respectively. In order
to obtain the asymptotically exact 2-D energy for the 3-D composite
stiffened panel, identifying and ordering all the terms influencing the
energy functional is a crucial step in the formulation. The energy
functional written in Eq. (13) depends on material constants, thickness
coordinate, 2-D strains, 3-D warpings, and their derivatives, i.e. 𝛱∗ =
𝛱∗(material constants, 𝑥3, 𝜖𝛼𝛽 , 𝜅𝛼𝛽 , 𝛾𝛼3, 𝑤𝑖, 𝑤𝑖,3, 𝑤𝑖,𝛼). Therefore, the di-

ensionally reduced model is obtained by ordering these terms in terms
f the small parameter (𝛿) without any ad-hoc assumptions, unlike
ther existing traditional dimensional reduction methods.

Taking into account the leading order terms with a maximum
ontribution to the energy gives us the asymptotically exact energy
unctional. In this study, the energy functional order of magnitude up
o O(𝛿4) ensures up to zeroth order; the energy functional is accurate.
rders of the influencing parameters that give us energy functional of
rder O(𝛿4) are as follows:

• ℎ∕𝑙 ∼ O(𝛿ℎ)
• 𝑤𝑖 ∼ O(h𝛿2), 𝑤𝑖,𝛼 ∼ O(𝛿2𝛿ℎ), 𝑤𝑖,3 ∼ O(𝛿2)
• 𝜖𝛼𝛽 ∼ O(𝛿2), 𝛾𝛼3 ∼ O(𝛿2), 𝜅𝛼𝛽 ∼ O(𝛿2)/ℎ

here, 𝛿ℎ is 𝛿4. The resulting functional obtained from this zeroth
rder approximation is denoted by 𝛱0. Using the variational calculus
rocedure, the unknown 3-D warpings are now obtained by minimis-
ng the energy functional 𝛱0. This minimisation 𝛿𝛱0 = 0 results in
uler–Lagrange equations.

In the considered stiffened panel, the composite panel have eight
lies, and the warpings of the individual plies resulting from solving the
uler–Lagrange equations will have 48 integration constants, which are
nknowns, along with the five Euler–Lagrange constants. We need to
nsure the inter-laminar continuity between the upper ply of the com-
osite panel and the lower ply of the stiffener, resulting in additional
quations along with the five warping constraints given in Eq. (12)
o solve for the unknowns in the 3-D warping solutions. The warping
ontinuity equations for the composite panel are as follows:

𝑤1
𝑖 = 𝑤2

𝑖 ]𝑥3=3𝑡 [𝑤2
𝑖 = 𝑤3

𝑖 ]𝑥3=2𝑡 [𝑤3
𝑖 = 𝑤4

𝑖 ]𝑥3=𝑡
[𝑤4

𝑖 = 𝑤5
𝑖 ]𝑥3=0

𝑤5
𝑖 = 𝑤6

𝑖 ]𝑥3=−𝑡 [𝑤6
𝑖 = 𝑤7

𝑖 ]𝑥3=−2𝑡 [𝑤7
𝑖 = 𝑤8

𝑖 ]𝑥3=−3𝑡

(14)

imilarly, the out-of-plane stress continuity equations between the plies
f the panel are as follows:

𝜎1𝑖3 = 𝜎2𝑖3]𝑥3=3𝑡 [𝜎2𝑖3 = 𝜎3𝑖3]𝑥3=2𝑡 [𝜎3𝑖3 = 𝜎4𝑖3]𝑥3=𝑡
[𝜎4𝑖3 = 𝜎5𝑖3]𝑥3=0

[𝜎5𝑖3 = 𝜎6𝑖3]𝑥3=−𝑡 [𝜎6𝑖3 = 𝜎7𝑖3]𝑥3=−2𝑡 [𝜎7𝑖3 = 𝜎8𝑖3]𝑥3=−3𝑡

(15)

The superscript in Eq. (14) and Eq. (15) represent the ply number, and 𝑡
represents the thickness of individual ply. Similar continuity equations
are written for the seven-layered hat-stringer to obtain the stringer’s
warpings. The resulting closed-form warping solutions obtained are a
function of 2-D strains and are given in Appendix. Strain energy per unit
area that is asymptotically correct for the stiffened panel in terms of 2-D
strain measures is obtained by substituting these closed-form warpings
solutions in the 𝛱0 and integrating over the thickness.

The 2-D constitutive law, presented in Eq. (16), is obtained by
taking partial derivatives of the above-obtained 𝛱0 with respect to

these 2-D strain measures. In the equation, 𝝐, 𝜿, and 𝜸 are the strain
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Fig. 3. Flowchart for non-linear buckling analysis of a composite plate using VAM formulation.
Fig. 4. Hat-stringer with five individual elements labelled on it.

measures, and the 2-D stiffness sub-matrices are A, B, D, and G.
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Where the force (N), moment (M) and shear stress (Q) resultants are
obtained using Eq. (17).

𝐍 =
𝜕𝛱0
𝜕𝝐

, 𝐌 =
𝜕𝛱0
𝜕𝜿

, 𝐐 =
𝜕𝛱0
𝜕𝜸

(17)

The above-mentioned methodology of dimensional reduction is imple-
mented in Mathematica using the in-house code to obtain the equiv-
alent zeroth order 2-D constitutive law for both the composite panel
and the hat-stringer. The VAM formulation to perform the non-linear
analysis is depicted in the flow chart given in Fig. 3. In this formulation,
3-D non-linear analysis will be performed by dividing the analysis into
1-D through the thickness analysis and 2-D non-linear analysis. The
unknown warping solutions and the constitutive law can be obtained
using the 1-D through the thickness analysis (refer Section 2.3). Using
this equivalent constitutive law for the 3-D structure, the 2-D non-linear
analysis is performed to obtain the 2-D displacement field. Later, the
recovery relations can be used to obtain the displacement field of the
structure by incorporating the warping solutions.

2.4. Constraint method and 2-D non-linear analysis

In this formulation, the novelty lies in ensuring the 3-D continu-
ity of the laminated regions, excluding the delaminated regions of
5

the 2-D components of the hat-stringer panel, using the constraint
method. The constraint method is employed in two phases. The first
phase occurs at the stringer level to ensure connectivity between the
five components shown in Fig. 4. The second phase incorporates the
connection between the laminated regions of the stringer feet and
the panel, which differentiates the delaminated regions (DR) from
the laminated regions (LR). The detailed mathematical procedure is
explained in the flow chart given in Fig. 5. The 2-D non-linear analysis
is performed by meshing both the stringer and the panel and using
the equivalent 2-D constitutive laws of the stringer and plate obtained
from the through-the-thickness analysis given in Section 2.3. Based on
the elemental connectivity, the nodal connectivity in the laminated
and delaminated regions is stored to attain the constraint matrix. The
stiffened panel’s initial displacement field (𝐔) is given based on the
imperfections obtained from the experiments. Then, the overall load
is divided into 𝑛′ number of load steps (𝛥𝐅 = 𝐅∕𝑛′); for each load
step (𝛥𝐅), the global stiffness matrix is evaluated using the stringer
and plate constraint matrices formulated based on the LR and DR
of the stiffened panel. The 2-D displacement field is obtained using
𝛥𝐔 = 𝐊−1

g 𝛥𝐅. Using the obtained displacement field, the corresponding
internal force vector is obtained 𝐅internal. These iterations of calculating
displacement field and internal force vector are carried out till the
convergence criteria (𝛥𝐔 < 10−10) is reached. During these iteration
processes, the 2-D displacement field obtained from each step is stored
as 𝐔 = 𝐔 + 𝛥𝐔. Further load steps are continued till the desired
load (𝐅) is reached. Then, the 3-D displacements are obtained using
the recovery relations shown in Eq. (18), which are in terms of the
2-D displacements, rotations and warpings. In the entire formulation,
ensuring the interactions between elements in the stringer and between
the stringer and the panel is an integral part. The constraint matrices
are formed by ensuring 3-D displacement continuity between the interface
nodes in the laminated region.

⎡

⎢

⎢

⎣

𝑈1
𝑈2
𝑈3

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑢1
𝑢2
𝑢3

⎤

⎥

⎥

⎦

+ 𝑥3
⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

+ 𝐶𝑖𝑗𝑤𝑗 (18)

Where 𝑈𝑖, 𝑢𝑖 are 3-D, 2-D displacements, respectively. 𝜃𝑖 are the 2-D ro-
tations, 𝐶𝑖𝑗 is the rotation matrix and 𝑤𝑗 are the warpings. Ensuring the
3-D displacement continuity between the five elements of the stringer

shown in Fig. 4 results in four different constraint matrices (𝑿12, 𝑿23,
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Fig. 5. 2-D non-linear analysis using the constraint method to analyse stiffened composite plate with delaminations.
34, 𝑿45) relating the 2-D displacement fields. Eq. (19) provides the
onstraint matrices that ensure the connectivity of the five elements in
he hat-stringer. Where 𝒖 i represents the 2-D displacement field of the
ndividual stringer element i⃝(refer Fig. 4). 𝑿S represents the stringer
onstraint matrix, relating the 2-D displacement field of individual
lements with the overall 2-D displacement field of the stringer (𝑢S).
𝑿12,𝑿23,𝑿34,𝑿45 represent the individual constraint matrices relating
he connection between individual elements (1–2; 2–3; 3–4 and 4–5) in
he stringer as shown in Fig. 4.

𝒖 1
𝒖 2
𝒖 3
𝒖 4
𝒖 5

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= [𝑿S]
(

𝒖S
)

[𝑿S] =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑰
𝑿12
𝑿23
𝑿34
𝑿45

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(19)
6

The procedure employed to attain stringer stiffness (𝑲S) and force
matrix (𝑭 S) using the constraint matrix is shown in Eq. (20). The
stiffness matrix of the individual stringer element i⃝is represented
using 𝑲 i and 𝑭 i represents the force vector of the individual stringer
element i⃝.

[𝑲S] =
[

𝑿S

]𝑇

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑲 1 𝟎 𝟎 𝟎 𝟎

𝟎 𝑲 2 𝟎 𝟎 𝟎

𝟎 𝟎 𝑲 3 𝟎 𝟎

𝟎 𝟎 𝟎 𝑲 4 𝟎

𝟎 𝟎 𝟎 𝟎 𝑲 5

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

[

𝑿S

]

[𝑭 S] =
[

𝑿S

]𝑇

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑭 1
𝑭 2
𝑭 3
𝑭 4
𝑭 5

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(20)

Now, the continuity between plate and stringer in the laminated
region (LR) is ensured at the 3-D level using the recovery relations
given in Eq. (18), and the 2-D displacement fields of the plate (𝒖P) and
stringer (𝒖 ) are related with the 2-D displacement field of the stiffened
S
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Fig. 6. Nominal dimensions of the hat-stringer panel.
panel (𝒖SP) using the constraint matrix 𝑿PSLR as shown in Eq. (21).
Subscripts S represents the stringer, and PSLR represents the plate-
stringer-laminated region.
(

𝒖S
𝒖P

)

= [𝑿PSLR]
(

𝒖SP
)

(21)

Now the global stiffness and force matrices are obtained using the
constraint matrix as shown in Eq. (22). Here, 𝑲g represents the global
stiffness matrix of the stiffened panel. Where 𝑲g is obtained using the
constraint matrix and the individual stiffness matrix of the plate (𝑲P)
and stringer (𝑲S). Similarly, Eq. (23) obtains the global force vector
(𝑭 g). Where 𝑭 g is obtained using the constraint matrix and the indi-
vidual force matrix of the plate (𝑭 P) and stringer (𝑭 S). Global stiffness
matrix and global force vector are obtained using Newton–Raphson
iterative procedure briefly depicted in Fig. 5.

[𝑲g] =
[

𝑿PSLR
]𝑇

[

𝑲S 𝟎
𝟎 𝑲P

]

[

𝑿PSLR
]

(22)

[𝑭 g] =
[

𝑿PSLR
]𝑇

[

𝑭 S
𝑭 P

]

(23)

The above-developed C-VAM-based computational framework for
the non-linear buckling analysis of dimensionally reduced stiffened
panels is implemented using an in-house non-linear finite element
solver in Mathematica.

3. Experiments and FEA modelling

The geometrical configurations of the stiffened panel considered for
the current study are taken from the experimental work performed
by Paz et al. [43], where a stiffened panel is tested experimentally
with an initial delamination of 40 mm between the stringer and the
skin. The results of the experiments and the 3-D FEA of the panel are
used to validate the formulation described in Section 2. This section
presents a comprehensive overview of the experiments conducted and
the subsequent finite element analysis performed.

3.1. Stiffened panel description and test setup

The single-stringer panel from this work consists of a hat-stringer
co-cured with the flat panel. The panel length and width are 320 mm
and 220 mm, respectively. The stringer has the following dimensions:
32 mm in height, length and width, 320 mm and 109 mm, respectively.
A Teflon insert of 40 mm is strategically positioned between the panel
and the stringer feet to induce an initial delamination. Both ends of
the panel are embedded in casting resin tabs with 30 mm in height
7

Fig. 7. Experimental test setup at Delft University of Technology showing the panel
in a hydraulic universal testing machine together with the data acquisition used, such
as the DIC and Laser displacement sensors (LDS).

Table 1
Material properties of IM7/8552 UD composite tape.
𝜌 [kg/m3] E1 [GPa] E2 [GPa] G12 [GPa] G23 [GPa] 𝜈12 𝜈23
1570.00 146.00 8.20 5.20 3.90 0.32 0.45

for the application of axial loads, reducing the unsupported length of
the stiffened panel to 260 mm. A front view of the panel is shown in
Fig. 6(a), where the overall dimensions of the panel are indicated, the
Teflon insert is coloured in red, and the resin tabs are depicted with
solid black blocks. The panel’s cross-section view, including the hat
stiffener’s dimensions, is shown in Fig. 6(b).

The panel and the hat-stringer are made of IM7/8552 carbon-epoxy
tape, where the individual thickness of each ply in the stiffened panel
is 0.125 mm, and the material properties used for performing 3-D
FEA are specified in Table 1. The in-plane properties are obtained
from the experimental campaign reported in [44]. For the out-of-plane
behaviour, it is assumed that E2 = E3, G12 = G13, and 𝜈12 = 𝜈13. The
values for G13 and 𝜈23 are taken from Krueger [45].

The panel is built as a quasi-isotropic layup with [45/90/−45/0]S
orientation, while the hat-stringer is made up of a symmetric layup
sequence of [−45/0/45/0/45/0/−45] orientation. Further details of
the manufacturing and preparation of the panel prior to testing can be
found in Paz et al. [43].
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Fig. 8. Mesh of the finite element model of the hat-stringer panel containing 36000 hexahedral continuum shell elements.
The experimental test of the panel is conducted using a servo-
hydraulic universal testing machine. The stiffened panel is tested under
quasi-static compressive loads with displacement-controlled conditions
at a 0.1 mm/min loading rate. The load–displacement response of the
panel is retrieved from the machine’s 500 kN load cell and displacement
sensors. Two laser displacement sensors (LDS) are also placed on the
opposite sides of the stiffened panel to verify that there is no load mis-
alignment during testing. Moreover, two 3-D digital image correlation
(DIC) is used to capture the displacements of the panel both from the
panel and stringer sides. The DIC system is also used to capture the
geometrical imperfections of the panel skin prior to testing that are
later included in the C-VAM and FEA methods. Fig. 7 presents an image
of the test setup.

3.2. Finite element modelling

Abaqus 2022 is used for creating and analysing the numerical model
of the stiffened panel. The meshing of the model is done with 36000
linear hexahedral continuum shell elements with an edge size ranging
from 1 mm for the free length to 4.3 mm for the area where the resin
tabs are located. A detailed view of the meshed numerical model is
presented in Fig. 8.

A constraint is applied to both ends of the numerical model to
replicate the effect of the resin tabs, fixing all degrees of freedom of
one end and only allowing for axial displacements of the other. The
interface between the stringer and the panel is modelled with a tie
constraint, releasing the nodes where the Teflon insert is placed. Until
a load of 25.2 kN is reached, the upper end of the panel is displaced
axially at a constant rate. This is done using a dynamic implicit step
with a quasi-static application. Loads and displacements are obtained
from the panel using a reference point at each end.

4. Results and discussion

This section presents the results of the non-linear buckling analysis
of the delaminated stiffened panel conducted using the developed
C-VAM formulation. In this section, C-VAM analysis results are veri-
fied with 3-D FEA to affirm the usage of the suggested methodology
and compared with the experimental results. In addition to examin-
ing the global load–displacement response, this study compares the
out-of-plane displacement contour plots and the variations in local out-
of-plane displacements along both the pristine and delaminated sides of
the stiffened panel.

4.1. Non-linear buckling analysis: Load–displacement response

The non-linear buckling analysis of the stiffened panel is conducted
using the implemented in-house finite element program, which is based
8

Fig. 9. Imperfection contour (in mm) along the length (−130 mm ≤ Y ≤ 130 mm)
and width (−110 mm ≤ X ≤ 110 mm) of the hat-stringer panel with a delamination
of 40 mm, retrieved from pre-test DIC measurements.

on the presented methodology. It is to be mentioned that the purpose of
the analysis is not to investigate any damage evolution but to capture
the buckling (primarily local) behaviour in such delaminated stiffened
panels. This work does not consider any damage evolution apart from
modelling the pre-existing delamination defects. Nonetheless, with a
suitable damage modelling approach, such as incorporating a cohesive
zone-based damage evolution, the C-VAM framework can be further
expanded; nonetheless, such a significant task is set as the scope of
further research.

The initial imperfections of the panel are represented as the initial
out-of-plane displacement field in the non-linear buckling analysis.
Fig. 9 shows the imperfection field across the stiffened plate retrieved
from the DIC measurements from the experiments. Later, a compressive
load ranging from 0 kN to 25.2 kN is applied in multiple load steps to
evaluate the panel displacements as well as obtain the complete 3-D
deformation field using the recovery relations.

A mesh convergence study is carried out by varying the quad
element size from 4 mm × 4 mm to 0.5 mm × 0.5 mm before performing
the nonlinear buckling analysis using C-VAM. The convergence of the
edge displacement under compressive loading of 25.2 kN at different
mesh sizes is taken into account to finalise the mesh size. The plot
depicting the mesh convergence is depicted in Fig. 10. For further
analysis, the quad mesh size is fixed as 1 mm × 1 mm.
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Fig. 10. Mesh convergence analysis: edge displacement variation with the increase in number of elements. The number of elements considered in the study is 83,120, circled in
red in the convergence plot.
Fig. 11. Load vs displacement response of the hat-stringer panel with 40 mm delamination.
The load response plots obtained from C-VAM, experimental data
and 3-D FEA are compared and shown in Fig. 11 to validate the
formulation. The experimental and 3-D FEA results accord well with the
VAM results. This validates the developed VAM formulation, which is
a reliable approach for establishing the load–displacement behaviour
of complex stiffened composite panels. One reason for the dispari-
ties between the VAM outcome and the FEA or experimental results
under higher loads is that the VAM formulation currently employs
a zeroth-order approximation; incorporating higher-order components
could enhance precision at higher load levels. Nonetheless, a very good
agreement can be observed with significantly reduced computational
costs compared to the 3-D FEA, which presents the developed approach
as a preferable choice for such analysis. Table 2 gives the displacement
9

values at different loads to understand the variation in the results across
the current approach (C-VAM), 3-D FEA and experimental results.

4.2. Buckled displacement and strain contours:

Comparison with experiments and 3-D FEA To observe the varia-
tion of the buckling shape of the stiffened panel with an increase in
the compressive load, three different load levels, 15 kN, 20 kN and
25.2 kN, are considered. The out-of-plane displacement contours at
different load levels are presented in Fig. 12. For comparing across
the methods, the same scaling (in mm) has been used for all the load
cases, i.e. [−4, 4]. It is identified that because of the delamination,
the buckling shape is not symmetric about the centre of the stiffened
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Fig. 12. Out-of-plane displacement data of the hat-stringer panel for the test specimen, VAM model, and FEA at three different load levels.
panel. On the delaminated side, the effective stiffness of the panel
will be less compared to the opposite side, which results in higher
deformation on the delamination side than the pristine side of the
panel. In addition to the global response, the local displacement fields
in the panel corresponding to local buckling are also captured well
using the proposed approach are presented in the form of contour
plots.

Figs. 12(a)–12(c) represents the contours at a load of 15 kN. In
this case, it is observed that maximum out-of-plane displacements of
2.558 mm, around 2.595 mm and 2.624 mm are obtained from C-
VAM, 3-D FEA and experiments, respectively. Maximum out-of-plane
displacements of 3.280 mm, 3.230 mm and 3.124 mm are obtained
from C-VAM, 3-D FEA and experiments, respectively, at a load of 20 kN
10
(refer Figs. 12(d)–12(f)). Similarly, from Figs. 12(g)–12(i), we can
identify that the maximum out-of-plane displacements are 3.940 mm,
3.877 mm and 3.479 mm using C-VAM, 3-D FEA and experiments,
respectively, under the compressive load of 25.2 kN. The analysis is
carried out only till 25.2 kN because, above this load, the delamination
has started propagating towards the other foot of the stringer. Damage
evolution has not been modelled in the currently proposed C-VAM
formulation, which is beyond the scope of the current work and set
as the scope of future work, so the results obtained from the current
analysis above the damage propagation load will not be reliable. Along
with the displacement contours, the strain contours have also been
evaluated for comparison. For the sake of brevity, the strain con-
tours are evaluated along longitudinal and transverse directions of the



Composite Structures 345 (2024) 118276A.P. Kumar et al.
Fig. 13. Comparison of strain variation of the hat-stringer panel along the longitudinal direction from test specimen, FEA and VAM at 25.2 kN. Strain values are reported in
microstrains.
Fig. 14. Comparison of strain variation of the hat-stringer panel along the transverse direction from test specimen, FEA and VAM at 25.2 kN. Strain values are reported in
microstrains.
.

Table 2
Displacements obtained from C-VAM, 3-D FEA, and experiments at different load levels

Load (kN) Displacement (mm)

C-VAM 3-D FEA Experiment

06.3 0.0904 0.0886 0.0920
12.6 0.1898 0.1950 0.1835
18.9 0.3033 0.3146 0.2986
25.2 0.4080 0.4525 0.4304

stiffened panel along the panel side only at 25.2 kN loading. Figs. 13
and 14 represent the strain contours along longitudinal and transverse
directions, respectively.

To have a better understanding and comparison of the out-of-
displacements obtained from experiments, C-VAM and 3-D FEA, the
displacement variation along the delaminated and pristine sides are
extracted from the contours and presented in Fig. 15. There is a
very good agreement observed in the displacement variation along the
length at different load levels between C-VAM and 3-D FEA. However,
when the results obtained from the experiments are compared with
the analysis results, some disparities can be seen in the position of the
maximum displacement location and the magnitude. These differences
can be attributed to the following reasons: (1) Small geometrical and
material imperfections that exist in the experiments. (2) The difference
in the properties assigned for the laminates in the computational work
11
might also be one of the reasons for this disparity at the local level. (3)
Thermal loading has not been considered in both 3-D FEA and C-VAM
analysis, but the specimen used in the experiments has undergone a
curing cycle in the autoclave, which might develop interlaminar stress
or residual stress between the plies or near the delamination zone. (4)
Teflon insert, used in the specimen for creating the delamination, has
not been modelled while conducting the computational analysis using
3-D FEA and C-VAM.

We can quantitatively compare the displacement variation by com-
paring the location and magnitude of maximum displacement along the
pristine and delamination sides of the stiffened panel. From Fig. 15,
it can be identified from VAM and 3-D FEA results show that the
maximum out-of-plane displacement in the negative and positive Z
directions is approximately 80 mm and 195 mm, respectively. When we
look at the variation of the displacement obtained from experiments,
even though there are variations in the magnitude of the displacements,
the location of the maximum displacements is close to the results
obtained from VAM and 3-D FEA along the pristine side of the stiffened
panel.

Along the pristine side, the half-wave variation obtained from 3-D
FEA and experiments is close to the variation obtained from C-VAM
for all three load cases. However, along the delaminated side, the
variations obtained from C-VAM are close to the other two methods
on the upper half of the stiffened panel. A comparison of the results
between C-VAM and 3-D FEA shows very good agreement. Major
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Fig. 15. Out-of-plane displacement variation along the free edges of the hat-stringer panel at different load levels.
variation can be observed only along the lower half of the panel when
compared with experimental results.

Computational time:
The proposed methodology is advantageous over 3-D FEA in terms

of the computational cost while providing a similar level of accu-
racy. This is especially true when using non-linear methods to analyse
complex structures like hat-stringer panels with delamination defects.
Below, we compare the computational time associated with the non-
linear analyses conducted in this work using 3-D FEA and C-VAM
formulation. The analyses were run on a computer with an Intel i7
processor of speed 200 GHz and a RAM of 32 GB.

The computational time for 3-D FEA and C-VAM are approximately
67 min and 30 min, respectively. The computational efficiency is as
12
high as nearly 55% at a maximum load of 25.20 kN. As the structural
system gets more complex with multiple delaminated regions and
multiple stringers, this computational cost reduction will be even more
significant than the existing methodologies.

5. Conclusions

In this study, a comprehensive analysis of a delaminated hat-stringer
composite panel is carried out to evaluate the buckling behaviour
under compressive loads, utilising a combination of constraint varia-
tional asymptotic method (C-VAM), 3-D finite element analysis (FEA),
and experimental testing. The investigation aimed to validate the de-
veloped C-VAM formulation as a reliable method for predicting the
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load–displacement and buckling behaviour of the stiffened compos-
ite panels containing pre-existing delamination defects. The following
conclusions are arrived at:

• The load response plot obtained from the C-VAM formulation was
found to be in good agreement with the 3-D FEA and experimental
results, validating that this can be used as a reliable method
for predicting the load–displacement behaviour of delaminated
stiffened panels.

• The out-of-plane displacement variation obtained from C-VAM
matches very well with that of the 3-D FEA. The results are
also close to the variation obtained from experiments along the
pristine side of the stiffened panel, especially at higher loads.

• Along the delaminated side, the out-of-plane displacement vari-
ation obtained from C-VAM was close to that of the other two
methods on the upper half of the stiffened panel. However, major
variation can be observed along the lower half of the panel.

• The proposed methodology is shown to be computationally effi-
cient by over 55% when compared with 3-D FEA while providing
similar accuracy for the non-linear buckling analysis.

Overall, a very good agreement was observed, both at the level
f global response and the local buckling deformation contours across
-VAM, 3-D FEA, and experimental results. Some disparities were
bserved in the experimental results. The proposed formulation will
e expanded to account for damage evolution, forming the scope for
urther research.

RediT authorship contribution statement

A. Phanendra Kumar: Writing – original draft, Validation,
oftware, Methodology, Investigation, Formal analysis. Javier Paz
éndez: Writing – original draft, Validation, Software, Methodol-

gy. Ramesh Gupta Burela: Writing – review & editing, Resources,
ethodology. Chiara Bisagni: Writing – review & editing,

upervision, Resources, Project administration, Funding acquisition,
onceptualization. Dineshkumar Harursampath: Writing – review
13

editing, Supervision, Resources, Project administration, Funding
cquisition, Conceptualization. Sathiskumar Anusuya Ponnusami:
riting – review & editing, Supervision, Project administration,
ethodology, Funding acquisition, Conceptualization.

eclaration of competing interest

The authors declare that they have no known competing financial
nterests or personal relationships that could have appeared to
nfluence the work reported in this paper.

ata availability

Data will be made available on request.

cknowledgements

The authors would like to acknowledge the financial support pro-
ided by the IISc-TU Delft Collaborative Research Grant program. The
irst author would like to extend the acknowledgement to the Prime
inister’s Research Fellowship Scheme, India, for the support during

he research.

ppendix A. Analytical solutions for the warping functions in the
late and the stringer

Using the C-VAM formulation, closed-form solutions are obtained
or the warpings and stiffness matrix coefficients for all the hat-stringer
nd plate composite layers. Closed-form warping equations obtained
n terms of individual layer material constants and the thickness of
he plies take up more space. Therefore, simplified expressions are
resented in the appendix. In the below equations, subscripts represent
he warping direction, and the superscripts represent the layer number.
at-stringer and plate consist of seven and eight layers, respectively

see Boxes II–IV, I and V).
𝑤𝐿1
1 = 𝛾13

(

−4.745𝑥33 − 1.429 × 10−16𝑥23 + 15.428𝑥3 − 4.743
)

+ 𝛾23
(

−0.833𝑥33 − 2.422 × 10−17𝑥23 + 0.478𝑥3 − 0.128
)

𝑤𝐿1
2 = 𝛾13

(

75.549𝑥33 − 6.514 × 10−17𝑥23 − 50.932𝑥3 − 4.044
)

+ 𝛾23
(

−0.036𝑥33 − 1.358 × 10−15𝑥23 + 0.359𝑥3 + 0.041
)

𝑤𝐿1
3 = − 0.002𝛾12 + 1.084 × 10−19𝛾21 + 0.015𝜅11 − 0.0002

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22+

+ 𝑥23
(

2.430 × 10−19𝛾12 − 0.231𝜅11 + 0.002
(

𝜅12 + 𝜅21
)

− 0.231𝜅22
)

+ 𝑥3
(

0.002𝛾12 + 0.002𝛾21 − 1.361 × 10−17𝜅22 − 0.462𝜖11 − 0.462𝜖22
)

− 0.0008𝜖11 + 0.0008𝜖22
𝑤𝐿2

1 = 𝛾13
(

−4.036𝑥33 + 1.104 × 10−16𝑥23 + 0.318𝑥3 + 0.904
)

+ 𝛾23
(

−0.215𝑥33 − 9.005 × 10−18𝑥23 + 0.123𝑥3 − 0.036
)

𝑤𝐿2
2 = 𝛾13

(

87.111𝑥33 − 9.547 × 10−17𝑥23 − 58.650𝑥3 − 2.472
)

+ 𝛾23
(

−1.550 × 10−15𝑥23 + 0.673𝑥3 − 0.041
)

𝑤𝐿2
3 = − 0.00004

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22 + 𝛾12
(

2.430 × 10−19𝑥23 − 0.002𝑥3 − 0.0005
)

+ 𝛾21
(

0.002𝑥3 + 1.151 × 10−19
)

− 0.233𝜅11𝑥23 − 0.229𝜅22𝑥23
− 0.467𝑥3𝜖11 − 0.458𝑥3𝜖22 + 0.0005𝜖11 − 0.0005𝜖22 + 0.015𝜅11
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𝑤𝐿3
1 = 𝛾13

(

−15.598𝑥33 + 1.407 × 10−16𝑥23 + 8.035𝑥3 − 0.243
)

+ 𝛾23
(

−0.251𝑥33 + 1.833 × 10−16𝑥23 − 0.190𝑥3 + 0.019
)

𝑤𝐿3
2 = 𝛾13

(

76.895𝑥33 − 1.019 × 10−16𝑥23 − 51.7048𝑥3 − 3.48341
)

+ 𝛾23
(

0.0358309𝑥33 − 1.355 × 10−15𝑥23 + 0.318219𝑥3 + 0.0220172
)

𝑤𝐿3
3 = 0.0002𝛾12 + 2.878 × 10−20𝛾21 + 0.015𝜅11 + 0.00002

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22 + 𝑥23
(

2.430 × 10−19𝛾12 − 0.231𝜅11 − 0.002
(

𝜅12 + 𝜅21
)

− 0.231𝜅22
)

+ 𝑥3
(

−0.006𝛾12 + 0.002𝛾21 − 4.083 × 10−17𝜅11 − 0.462𝜖11
)

− 0.0002𝜖11 + 0.0002𝜖22 − 0.462𝜖22𝑦3
𝑤𝐿4

1 = 𝛾13
(

−4.036𝑥33 + 1.104 × 10−16𝑥23 + 0.317𝑥3 + 0.206
)

+ 𝛾23
(

−0.215𝑥33 − 9.005 × 10−18𝑥23 + 0.123𝑥3 − 3.927 × 10−18
)

𝑤𝐿4
2 = 𝛾13

(

87.111𝑥33 − 9.547 × 10−17𝑥23 − 58.649𝑥3 − 3.082
)

+ 𝛾23
(

−1.550 × 10−15𝑥23 + 0.672908𝑥3 + 9.090 × 10−17
)

𝑤𝐿4
3 = 0.015𝜅11 + 0.00001

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22 − 0.458388𝜖22𝑥3
+ 𝑥3

(

0.002𝛾21 − 1.361 × 10−17𝜅11 + 1.361 × 10−17𝜅22 − 0.466684𝜖11
)

+ 𝛾12
(

2.430 × 10−19𝑥23 − 0.00207412𝑥3 − 1.171
)

+
(

−0.233𝜅11 − 0.229𝜅22
)

𝑥23
𝑤𝐿5

1 = 𝛾13
(

−15.598𝑥33 + 1.407 × 10−16𝑥23 + 8.035𝑥3 + 0.721
)

+ 𝛾23
(

−0.251𝑥33 + 1.833 × 10−16𝑥23 − 0.190𝑥3 − 0.019
)

𝑤𝐿5
2 = 𝛾13

(

76.895𝑥33 − 1.019 × 10−16𝑥23 − 51.705𝑥3 − 2.615
)

+ 𝛾23
(

0.036𝑥33 − 1.355 × 10−15𝑥23 + 0.318𝑥3 − 0.022
)

𝑤𝐿5
3 = − 0.0002𝛾12 − 3.598 × 10−16𝛾21 + 0.015𝜅11 + 0.00002

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22
+ 𝑥23

(

−0.231𝜅11 − 0.002
(

𝜅12 + 𝜅21
)

− 0.231𝜅22
)

− 0.0002𝜖22 + 0.0002𝜖11
+ 𝑥3

(

−0.006𝛾12 + 0.002𝛾21 − 4.083 × 10−17𝜅11 − 0.462𝜖11 − 0.462𝜖22
)

𝑤𝐿6
1 = 𝛾13

(

−4.036𝑥33 + 1.104 × 10−16𝑥23 + 0.318𝑥3 − 1.017
)

+ 𝛾23
(

−0.215𝑥33 − 9.005 × 10−18𝑥23 + 0.123𝑥3 + 0.036
)

𝑤𝐿6
2 = 𝛾13

(

87.111𝑥33 − 9.547 × 10−17𝑥23 − 58.650𝑥3 − 4.217
)

+ 𝛾23
(

−1.550 × 10−15𝑥23 + 0.673𝑥3 + 0.040
)

𝑤𝐿6
3 = 0.015𝜅11 − 0.00004

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22 + 𝛾12
(

2.430 × 10−19𝑥23 − 0.002𝑥3
)

+ 𝛾21
(

0.00207412𝑥3 − 3.598 × 10−20
)

− 0.233𝜅11𝑥23 − 0.229𝜅22𝑥23 + 0.0005𝛾21
− 0.466𝑥3𝜖11 − 0.458𝑥3𝜖22 − 0.0005𝜖11 + 0.0005𝜖22 − 3.402 × 10−17𝜅11𝑥3

𝑤𝐿7
1 = 𝛾13

(

6.179𝑥33 + 1.168 × 10−16𝑥23 + 8.07649𝑥3 + 0.565
)

+ 𝛾23
(

−0.251𝑥33 − 2.043 × 10−16𝑥23 + 0.478𝑥3 + 0.128
)

𝑤𝐿7
2 = 𝛾13

(

75.549𝑥33 − 6.514 × 10−17𝑥23 + 51.992𝑥3 + 31.159
)

+ 𝛾23
(

−0.0358𝑥33 − 1.358 × 10−15𝑥23 + 0.359𝑥3 − 0.041
)

𝑤𝐿7
3 = 0.002𝛾12 + 0.015𝜅11 − 0.0002

(

𝜅12 + 𝜅21
)

+ 0.015𝜅22 + 0.0008𝜖11 − 0.0008𝜖22
+ 𝑥23

(

2.430 × 10−19𝛾12 − 0.231𝜅11 + 0.002
(

𝜅12 + 𝜅21
)

− 0.231𝜅22
)

+ 𝑥3
(

0.002𝛾12 + 0.002𝛾21 + 1.361 × 10−17𝜅22 − 0.462𝜖11 − 0.462𝜖22
)
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𝑤𝐿1
1 = 𝛾13

(

5.717𝑥33 + 0.00007𝑥23 + 0.624𝑥3 − 0.024
)

+ 𝛾23
(

0.173𝑥33 − 0.014𝑥23 − 0.459𝑥3 + 0.144
)

𝑤𝐿1
2 = 𝛾13

(

−63.889𝑥33 + 0.016𝑥23 − 0.483𝑥3 + 0.152
)

+ 𝛾23
(

−0.025𝑥33 − 0.0004𝑥23 + 0.427𝑥3 + 0.009
)

𝑤𝐿1
3 = 0.019𝜅11 + 0.0003𝜅12 + 0.0003𝜅21 + 0.019𝜅22 − 4.899 × 10−17𝜅22𝑥3

+ 𝛾12
(

−0.002𝑥3 + 0.001
)

+ 𝛾21
(

−0.002𝑥3 + 0.001
)

− 0.231𝜅11𝑥23 − 0.002𝜅12𝑥23 − 0.002𝜅21𝑥23 − 0.231𝜅22𝑥23
− 5.551 × 10−17𝜅11𝑥3 + 4.337 × 10−19𝜅12𝑥3 + 4.337 × 10−19𝜅21𝑥3
− 0.462𝑥3𝜖11 − 0.462𝑥3𝜖22 + 1.605 × 10−17𝜖11 + 1.171 × 10−17𝜖22

𝑤𝐿2
1 = 𝛾13

(

−0.3978𝑥33 + 0.003𝑥23 + 0.980𝑥3 − 0.133
)

+ 𝛾23
(

1.980 × 10−1𝑥33 − 1.686 × 10−2𝑥23 − 1.316𝑥3 + 4.386 × 10−2
)

𝑤𝐿2
2 = 𝛾13

(

−5.519 × 10−2𝑥33 + 1.369 × 10−2𝑥23 − 9.492 × 10−2𝑥3 + 3.347 × 10−2
)

+ 𝛾23
(

−2.172 × 10−3𝑥23 + 6.603 × 10−2𝑥3 + 1.194 × 10−1
)

𝑤𝐿2
2 = 0.01908𝜅11 + 6.482 × 10−5𝜅12 + 6.482 × 10−5𝜅21 + 0.01947𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 + 2.593 × 10−4
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 + 2.593 × 10−4
)

− 0.2292𝜅11𝑥23 − 5.104 × 10−19𝜅12𝑥23 − 5.104 × 10−19𝜅21𝑥23 − 0.2333𝜅22𝑥23
+ 5.104 × 10−19𝜅12𝑥3 + 5.104 × 10−19𝜅21𝑥3 − 1.633 × 10−17𝜅22𝑥3
− 0.4584𝑥3𝜖11 − 0.4667𝑥3𝜖22 − 1.556 × 10−3𝜖11 + 1.556 × 10−3𝜖22

𝑤𝐿3
1 = 𝛾13

(

−1.268 × 101𝑥33 + 4.638 × 10−3𝑥23 + 5.924 × 10−1𝑥3 − 4.400 × 10−2
)

+ 𝛾23
(

1.732 × 10−1𝑥33 − 1.512 × 10−2𝑥23 + 2.292 × 10−1𝑥3 − 3.889 × 10−2
)

𝑤𝐿3
2 = 𝛾13

(

−6.4884 × 101𝑥33 + 1.6305 × 10−2𝑥23 + 2.6183 × 10−1𝑥3 − 4.8397 × 10−2
)

+ 𝛾23
(

2.4745 × 10−2𝑥33 − 4.6414 × 10−3𝑥23 + 3.9392 × 10−1𝑥3 + 4.4364 × 10−2
)

𝑤𝐿3
3 = 0.01921𝜅11 − 6.482 × 10−5𝜅12 − 6.482 × 10−5𝜅21 + 0.01934𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 2.074 × 10−3𝑥3 − 2.593 × 10−4
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 2.074 × 10−3𝑥3 − 2.593 × 10−4
)

− 0.23127𝜅11𝑥23 + 2.074 × 10−3𝜅12𝑥23 + 2.074 × 10−3𝜅21𝑥23 − 0.23127𝜅22𝑥23
− 3.266 × 10−17𝜅11𝑥3 − 5.104 × 10−19𝜅12𝑥3 − 5.104 × 10−19𝜅21𝑥3
− 0.46254𝑥3𝜖11 − 0.46254𝑥3𝜖22 − 5.185 × 10−4𝜖11 + 5.185 × 10−4𝜖22

𝑤𝐿4
1 = 𝛾13

(

−2.983 × 100𝑥33 + 2.021 × 10−3𝑥23 + 2.356 × 10−1𝑥3 − 2.835 × 10−4
)

+ 𝛾23
(

1.4847 × 10−1𝑥33 − 1.265 × 10−2𝑥23 − 9.8706 × 10−2𝑥3 + 1.206 × 10−3
)

𝑤𝐿4
2 = 𝛾13

(

−7.3585 × 101𝑥33 + 1.825 × 10−2𝑥23 − 1.266 × 10−1𝑥3 − 8.9303 × 10−4
)

+ 𝛾23
(

−2.8957 × 10−3𝑥23 + 7.5471 × 10−1𝑥3 + 1.8235 × 10−4
)
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𝑤𝐿4
3 = 0.01924𝜅11 − 3.2408 × 10−5𝜅12 − 3.2408 × 10−5𝜅21 + 0.01930𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.711 × 10−20
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.711 × 10−20
)

− 0.23334𝜅11𝑥23 − 5.104 × 10−19𝜅12𝑥23 − 5.104 × 10−19𝜅21𝑥23
− 0.22919𝜅22𝑥23 + 1.633 × 10−17𝜅11𝑥3 + 1.633 × 10−17𝜅22𝑥3
− 0.46668𝑥3𝜖11 − 0.45839𝑥3𝜖22 + 3.226 × 10−18𝜖11 + 3.198 × 10−18𝜖22

𝑤𝐿5
1 = 𝛾13

(

−2.983 × 100𝑥33 + 2.021 × 10−3𝑥23 + 2.356 × 10−1𝑥3 − 2.835 × 10−4
)

+ 𝛾23
(

1.4847 × 10−1𝑥33 − 1.265 × 10−2𝑥23 − 9.8706 × 10−2𝑥3 + 1.206 × 10−3
)

𝑤𝐿5
2 = 𝛾13

(

−7.3585 × 101𝑥33 + 1.825 × 10−2𝑥23 − 1.266 × 10−1𝑥3 − 8.9303 × 10−4
)

+ 𝛾23
(

−2.8957 × 10−3𝑥23 + 7.5471 × 10−1𝑥3 + 1.8235 × 10−4
)

𝑤𝐿5
3 = 0.01924𝜅11 − 3.2408 × 10−5𝜅12 − 3.2408 × 10−5𝜅21 + 0.01930𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.711 × 10−20
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.711 × 10−20
)

− 0.23334𝜅11𝑥23 − 5.104 × 10−19𝜅12𝑥23 − 5.104 × 10−19𝜅21𝑥23
− 0.22919𝜅22𝑥23 + 1.633 × 10−17𝜅11𝑥3 + 1.633 × 10−17𝜅22𝑥3
− 0.46668𝑥3𝜖11 − 0.45839𝑥3𝜖22 + 3.225 × 10−18𝜖11 + 3.198 × 10−18𝜖22

𝑤𝐿6
1 = 𝛾13

(

−1.268 × 101𝑥33 + 4.638 × 10−3𝑥23 + 5.924 × 10−1𝑥3 + 4.335 × 10−2
)

+ 𝛾23
(

1.7322 × 10−1𝑥33 − 1.5116 × 10−2𝑥23 + 2.2918 × 10−1𝑥3 + 4.1382 × 10−2
)

𝑤𝐿6
2 = 𝛾13

(

−6.4884 × 101𝑥33 + 1.6305 × 10−2𝑥23 + 2.6183 × 10−1𝑥3 + 4.6709 × 10−2
)

+ 𝛾23
(

2.4745 × 10−2𝑥33 − 4.6414 × 10−3𝑥23 + 3.9392 × 10−1𝑥3 − 4.3946 × 10−2
)

𝑤𝐿6
3 = 0.01921𝜅11 − 6.4816 × 10−5𝜅12 − 6.4816 × 10−5𝜅21 + 0.01934𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 2.0741 × 10−3𝑥3 + 2.5926 × 10−4
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 2.0741 × 10−3𝑥3 + 2.5926 × 10−4
)

− 0.23127𝜅11𝑥23 + 2.0741 × 10−3𝜅12𝑥23 + 2.0741 × 10−3𝜅21𝑥23
− 0.23127𝜅22𝑥23 + 4.8997 × 10−17𝜅11𝑥3 + 5.1038 × 10−19𝜅12𝑥3
− 4.6254 × 10−1𝑥3𝜖11 − 4.6254 × 10−1𝑥3𝜖22 + 5.1853 × 10−4𝜖11 − 5.1853 × 10−4𝜖22

𝑤𝐿7
1 = 𝛾13

(

−3.978 × 100𝑥33 + 2.694 × 10−3𝑥23 + 9.808 × 10−1𝑥3 + 1.325 × 10−1
)

+ 𝛾23
(

1.980 × 10−1𝑥33 − 1.686 × 10−2𝑥23 − 1.316 × 10−1𝑥3 − 4.115 × 10−2
)

𝑤𝐿7
2 = 𝛾13

(

−5.519 × 101𝑥33 + 1.369 × 10−2𝑥23 − 9.492 × 10−2𝑥3 − 3.486 × 10−2
)

+ 𝛾23
(

−2.172 × 10−3𝑥23 + 6.603 × 10−2𝑥3 − 1.193 × 10−1
)

𝑤𝐿7
3 = 0.01908𝜅11 + 6.482 × 10−5𝜅12 + 6.482 × 10−5𝜅21 + 0.01947𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.593 × 10−4
)

+ 𝛾21
(

1.276 × 10−19𝑥23 + 1.276 × 10−19𝑥3 − 2.593 × 10−4
)

− 0.22919𝜅11𝑥23 − 5.104 × 10−19𝜅12𝑥23 − 5.104 × 10−19𝜅21𝑥23 − 0.23334𝜅22𝑥23
− 1.633 × 10−17𝜅11𝑥3 − 5.104 × 10−19𝜅12𝑥3 − 5.104 × 10−19𝜅21𝑥3
− 4.584 × 10−1𝑥3𝜖11 − 4.667 × 10−1𝑥3𝜖22 + 1.556 × 10−3𝜖11 − 1.556 × 10−3𝜖22
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Plate’s warping functions

Box IV.
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R

𝑤𝐿8
1 = 𝛾13

(

3.920 × 100𝑥33 + 5.1107 × 10−4𝑥23 + 6.0314 × 10−1𝑥3 + 1.7971 × 10−2
)

+ 𝛾23
(

1.7197 × 10−1𝑥33 − 1.4358 × 10−2𝑥23 − 4.1917 × 10−1𝑥3 − 1.3131 × 10−1
)

𝑤𝐿8
2 = 𝛾13

(

−6.3525 × 101𝑥33 + 1.5584 × 10−2𝑥23 − 3.7756 × 10−1𝑥3 − 1.1917 × 10−1
)

+ 𝛾23
(

−1.9843 × 10−2𝑥33 − 8.2541 × 10−4𝑥23 + 4.0458 × 10−1𝑥3 − 1.6541 × 10−2
)

𝑤𝐿8
3 = 0.01937𝜅11 + 3.5649 × 10−4𝜅12 + 3.5649 × 10−4𝜅21 + 0.01918𝜅22

+ 𝛾12
(

1.276 × 10−19𝑥23 − 2.0741 × 10−3𝑥3 − 1.0371 × 10−3
)

+ 𝛾21
(

1.276 × 10−19𝑥23 − 2.0741 × 10−3𝑥3 − 1.0371 × 10−3
)

− 0.23127𝜅11𝑥23 − 2.0741 × 10−3𝜅12𝑥23 − 2.0741 × 10−3𝜅21𝑥23 − 0.23127𝜅22𝑥23
+ 5.551 × 10−17𝜅11𝑥3 − 4.337 × 10−19𝜅12𝑥3 − 4.337 × 10−19𝜅21𝑥3 + 4.900 × 10−17𝜅22𝑥3
− 4.6254 × 10−1𝑥3𝜖11 − 4.6254 × 10−1𝑥3𝜖22 − 4.3802 × 10−17𝜖11 − 3.9465 × 10−17𝜖22
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