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Abstract

This paper tackles the problem of approximating the distribution of future bio-
metric indices under a cohort-based perspective. Unlike period-based evaluations,
cohort-based schemes require the computation of conditional expectations for
which explicit solutions often do not exist. To overcome this issue, we suggest
the application of a well-established methodology, i.e., the Least-Squares Monte
Carlo approach. The idea is to approximate conditional expectations by combin-
ing simulations and regression techniques, thus avoiding a straightforward but
computationally demanding nested simulations method. To show the extreme
flexibility and generality of the proposal, we provide extensive numerical results
concerning two main longevity indices, life expectancy and lifespan disparity,
obtained by adopting both single- and multi-population mortality models. Com-
parisons between period- and cohort-based results are made as well. Finally, the
paper shows that the proposed methodology can be used to approximate other
biometric indices at future dates for which cohort-based estimations are often
replaced by period ones for computational simplicity.

Keywords: Cohort Biometric Indices, Longevity Risk, LSMC, Stochastic Mortality
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1 Introduction

The persistent improvements in mortality rates in most developed countries have
become a significant concern for policymakers. The dramatic financial and societal
implications of such changes have prompted governments, pension funds and insurance
companies to take actions in order to quantify and manage the associated risks.

As Wilmoth [45] noted, the improvement in mortality, and the consequent gain
in longevity, is the result of a complex interplay of factors, including technological
and medical advancements, better economic and cultural conditions, and political
actions aimed at improving lifestyles. In addition, Wilmoth [45] argues that the ever-
decreasing trend of mortality levels would lead to an ever-increasing and unbounded
life expectancy among individuals. The study of such multifaceted problem is therefore
attracting the attention of demographers and actuaries.

To cope with this call, it is nowadays common practice to rely on extrapolative sta-
tistical models that use past experience combined with assumptions on the stochastic
dynamic evolution of mortality to obtain projections of mortality rates. Deviating from
earlier popular approaches based entirely on expert judgements, the Lee-Carter model
(see [29]) is a significant milestone that has paved the way for the modern approach to
mortality forecasting. Several variants and extensions have then been proposed (e.g.,
see [7, 37, 38]). For a review and comparison of proposed stochastic mortality models
see [8], [22] and [25].

The aforementioned literature focuses on studying mortality from a single pop-
ulation perspective, neglecting any interdependence among populations and/or sub-
populations. To fill this gap, [31] proposes a “coherent” model, also known as the
Augmented Common Factor (ACF), which is able to capture the short-term divergence
and long-term coherence among related subpopulations. In practice, the ACF model
exploits a common factor to describe the long-term mortality evolution of the popu-
lation as a whole, and then incorporates specific parameters to shape the short-term
differences among different groups. Since then, various multi-population mortality
models have been proposed, such as the well-known gravity model in [14] or the “2-
tier ACF” model in [10]. Many other proposals can be found also in [6, 11, 24, 28, 30]
and [47].

To synthesize the pattern of mortality several metrics can be used, among which
the primary example is the life expectancy. However, this indicator may provide only a
partial information on the shape of a mortality curve, especially when comparing two
or more populations. For instance, two countries with the same level of life expectancy
may be characterized by a different age-at-death distribution. To address this limi-
tation, several indices have been proposed, which aim at measuring the variation in
lifespan, such as the Gini coefficient, the life table entropy (see [27]), and the lifespan
disparity indicator considered in [19] and [41]. We refer the reader to [40] for a review
and comparative study of these and alternative indices.

Whatever the biometric indicator chosen, its future evaluation using stochastic
forecasting models typically relies, for computational simplicity, on a period-based
approach. This requires simulating a set of period specific mortality rates which are
then used to calculate the desired metric. However, these rates refer to different cohorts
and therefore implicitly ignore the mortality improvements that would apply after the
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valuation date. Mathematically, a full cohort-based approach poses a computational
challenge as it involves a conditional expectation. Except for some special cases where
mortality is modelled continuously using diffusions with constant coefficients, see for
instance [33] and [26], closed-form expressions for these conditional expectations are
not available. Using a Monte Carlo approach may be feasible but would involve a nested
simulation scheme which may be extremely expensive from a computational perspec-
tive or even impracticable if the index must be consistently calculated for different
cohorts (e.g., the case of the lifespan disparity index). Dowd et al [12, 13] have first
recognized the issue implicit in a cohort-based approach and have proposed a Taylor-
series approximation of the conditional expectations to estimate future life expectancy
levels. Similarly, Cairns [5] discusses and proposes probit-Taylor approximations to
longevity-contingent values to develop dynamic hedging strategies for pension plan
liabilities.

In this paper, we claim that a well-established methodology, i.e. the Least-Squares
Monte Carlo (LSMC) approach, can be efficiently used to calculate a range of cohort-
based biometric indicators. The idea behind the method is to approximate conditional
expectations by linear combinations of some basis functions depending on the relevant
factors affecting the mortality evolution. The LSMC was first introduced by [9], [39]
and [32] in the financial field, and nowadays extensively adopted in the actuarial
discipline and practice due to its extreme flexibility and simplicity. For instance, it has
been proposed for pricing longevity derivatives (see [4]), and to estimate risk metrics
in accordance with the Solvency II regulation as discussed in [21] and [16].

Although the LSMC method has been widely used for approximating conditional
expectations involved in various problems, its application to biometric indices has not
yet been investigated. The contribution of this paper is twofold. On one hand, we show
how the LSMC allows us to simulate future cohort-based biometric indicators under
essentially any single or multi-population mortality forecasting model. Using the ACF
model for both genders, we highlight, through several examples, the relevance of such
an approach and how biased results would be if single population models for each
gender are used or if a period-based approach is followed. We focus mainly on two
biometric indices: life expectancy that, as discussed in [2], requires a straightforward
implementation of the LSMC method since it can be expressed as a simple function
of future mortality rates associated to a given cohort, and the widely used lifespan
disparity, thus enriching the relevant literature (see, for instance, [15, 34, 42, 46]).
On the other hand, we show that some metrics, in particular the lifespan disparity,
for which we also extend its definition to the cohort case, can be calculated using
either a straightforward application of the LSMC method or through an iterative
LSMC based procedure. The latter idea has already been validated and suggested in
different contexts, including the valuation of longevity swaps (see [3]) and the time-
and market-consistent pricing of participating pension contracts (see [17]). We show
that the lifespan disparity can be calculated with a two-stage process in which repeated
LSMC estimates of the life expectancy along a given cohort are then combined to
seamlessly obtain the wanted metric. We further extend this principle and prove its
applicability to any cohort-based biometric index evaluated at the time of death of an
individual.
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The remainder of the paper is structured as follows: Section 2 introduces the main
longevity measures for which we provide some results. Section 3 defines the computa-
tional framework and explains briefly the proposed methodology. Section 4 illustrates
some numerical results. Finally, in Section 5 we draw some conclusions.

2 Longevity measures

In this Section we introduce two longevity measures, life expectancy and lifespan dis-
parity, both evaluated at a future date under a cohort perspective. The definition
depends on the realization of mortality rates after the evaluation date and, as a conse-
quence, requires averaging across these realizations for each possible scenario prevailing
at the future date. The benefit resulting from such a more realistic assessment involves
however a more elaborate calculation, as opposed to a straightforward period-based
metric. Inspired by lifespan disparity, we also consider a general biometric index and
explain how it can be evaluated.

Let µx;t be the instantaneous death rate at time t for individuals then aged x. As
in [8], we assume that the force of mortality is constant over each year of age and
calendar, that is, for integers x and t, the following holds:

µx;t = µx+s;t+r for all 0 ≤ s < 1, 0 ≤ r < 1. (1)

Moreover, let mx;t be the central death rate at age x in year t, and px,t the correspond-
ing one-year survival probability. Therefore, under the assumption (1), the following
holds:

mx;t = µx;t, px,t = e−
∫ 1
0
µx+s;t+sds = e−mx;t .

As future central death rates are not known at time 0 (today), any other index
depending on them is an uncertain quantity.

A period-based index for an individual aged x at time T > 0 will indeed depend
on the sequence of rates

mx;T , mx+1;T , . . . ,mx+k;T , . . . . (2)

Any simulation of these future death rates will provide a realization of the period-based
metric. Therefore, simulating from a stochastic mortality model up to and including
the date T will generate the statistical distribution of the longevity metric. However,
this approach uses a snapshot of the current level of mortality rates across different
generations and implicitly assumes a stationary regime.

On the other hand, a definition of a longevity index based on a cohort approach
will start by considering the sequence of rates

mx;T , mx+1;T+1, . . . ,mx+k;T+k, . . . . (3)

As the metric must reflect the information available at time T > 0, it should be
represented as an expectation conditional on that information. We will denote by
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PT (·) and ET [·] the probability and the corresponding expectation, conditional on
information available up to and including time T . This information contains the rates
mx;t for all x and t ≤ T .

It is convenient to think of a family τx(T ) of stopping times, for nonnegative
integers x and T , representing the (curtate) residual lifetime of an individual aged x
at time T . It is usually implicitly assumed that, conditional on the information M
resulting from the observation of the mortality rates mx;t for all x and t, the following
holds:

PT (τx(T ) > h | M) = e−
∑h−1

k=0 mx+k;T+k , h = 0, 1, 2, . . .

where, as usual,
∑b

a · · · = 0 when a > b. It follows that the h-years survival probability
for an individual aged x at time T is

hpx(T ) = PT (τx(T ) > h) = ET

[
e−

∑h−1
k=0 mx+k;T+k

]
,

see also Eq. (3) in [5].

2.1 Life expectancy

Life expectancy is the average number of years an individual will live starting from a
given age and is the most commonly used biometric indicator.

The period life expectancy of an individual aged x at the future time T > 0 is
defined as follows:

epx,T =
1

2
+

+∞∑
h=1

hpx,T , (4)

where

hpx,T = e−
∑h−1

k=0 mx+k;T = px,T · px+1,T · . . . · px+h−1,T

represents the h-years survival probability for an individual aged x at time T ,
computed by considering the age-specific mortality rates at that date.

We define the cohort life expectancy of an individual aged x at the future time
T > 0 as

ecx(T ) =
1

2
+

+∞∑
h=1

hpx(T ). (5)

Equations (4) and (5) are the discretized versions of the period and cohort life
expectancy measures given, for instance, in [20]. Note that

ecx(T ) =
1

2
+ ET

[
+∞∑
h=1

e−
∑h−1

k=0 mx+k;T+k

]
. (6)
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2.2 Lifespan disparity

The lifespan disparity, also known as the number of years of life lost, represents the
life expectancy lost due to death by an individual and is related to the dispersion of
the lifetime distribution.

Starting with the definition given in [36], we define the period lifespan disparity
for an individual aged x at the future time T > 0 as follows:

e†, px,T =

+∞∑
h=0

epx+h,T · e−
∑h−1

k=0 mx+k;T · (1− e−mx+h;T ), (7)

where epx+h,T is defined in Eq. (4).
To obtain the corresponding cohort-based version of this index, consider an indi-

vidual aged x at time T . The time of death for this individual is T+τx(T ), and the age
at death is x+ τx(T ). The resulting expected number of years of life lost, or lifespan
disparity, for an individual aged x at the future time T > 0, can then be defined as

e†, cx (T ) = ET

[
τx+τx(T )(T + τx(T ))

]
. (8)

A calculation developed in Appendix A shows that the cohort lifespan disparity can
be represented as

e†, cx (T ) = ET

[
+∞∑
h=0

(1− e−mx+h;T+h)

+∞∑
k=1

e−
∑h+k−1

j=0 mx+j;T+j

]
(9)

= ET

[
+∞∑
h=0

ecx+h(T + h) · e−
∑h−1

k=0 mx+k;T+k ·
(
1− e−mx+h;T+h

)]
, (10)

where ecx+h(T + h) is defined in Eq. (5). The second expression mimics Eq. (7) and
suggests that an iterative LSMC scheme could be employed for its calculation, where
first the cohort life expectancies ecx+h(T + h), h ≥ 0, are simulated consistently using
an LSMC scheme along a given cohort, and then these simulations are used to evaluate
Eq. (10), again with an (ordinary) LSMC.

2.3 General biometric index

A general cohort-based mortality index can be defined as

Zc
x(T ) = ET [Φ(mx+j;T+j , j ≥ 0)] (11)

for some functional Φ of the sequence of cohort-based rates (3) starting from age x
at time T . It is clear that both the cohort life expectancy ecx(T ), see Eq. (6), and the
cohort-based lifespan disparity e†, cx (T ), see Eq. (9), are special cases of (11), and so
is any transform of the residual lifetime ET [f(τx(T ))], for some function f : R → R.
Similarly to what done with the lifespan disparity, one can consider the value of such
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an index at the future time of death of an individual aged x at T , that is

Zc
x(T ) = ET [Z

c
x+τx(T )(T + τx(T ))].

This index would then give the value of the index Zc
· (·) lost due to death of an

individual aged x at T . A calculation similar to that in the previous section allows to
use the following representation, which lends itself to an iterative LSMC scheme:

Zc
x(T ) = ET

[ ∞∑
h=0

Zc
x+h(T + h)e−

∑h−1
j=0 mx+j;T+j (1− e−mx+h;T+h)

]
.

3 Model framework

As seen in Section 2, forecasting longevity metrics, both period- and cohort-based,
requires projections of mortality into the future. Since the comparison between life-
time characteristics of different groups or populations is extremely relevant in many
contexts, we use multi-population stochastic mortality models to achieve consistent
future mortality projections. We also consider single-population stochastic mortality
models, which entail independent projections, in order to illustrate the possible bias
resulting from neglecting the dependence between biologically related groups.

3.1 Stochastic mortality models

To capture a variety of forecasting models, we adopt the following framework. Let
Xt, t = 0, 1, . . ., be a vector of stochastic processes of relevant risk factors affecting the
mortality dynamics of the set of populations. The vector Xt may include unidentified
factors, as in many extrapolative mortality models, or other variables, such as GDP, as
in [35]. Without loss of generality, (Xt) is assumed to be a (possibly non-homogeneous)
Markov process living on some probability space (Ω,F , P ).

Let i = 1, . . . , I be the index denoting the specific population considered and mx;t;i

the central death rate at age x in calendar year t of an individual in this population.
We assume that

mx;t;i = f(t, x,Xt, i) (12)

for some function f . The vector Xt may include variables that are specific to the i-th
group or are common to the set of I populations. The association between different
groups may be explicit, due to the presence of common factors, or implicit, through
the dependence within the vector Xt.

When each population has a dedicated subvector Xt;i of variables, so that

mx;t;i = f(t, x,Xt;i, i),

and the vectors (Xt;1, . . . , Xt;I) are independent, then we are back to the case of single
population modelling where each group is specified separately from the others.

This formulation encompasses most extrapolative stochastic mortality models pro-
posed in the literature. Among the single population models, it includes the Lee-Carter
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and its extensions, the CBD family of models (specified through central death rates),
the Plat model and, more generally, the GAPC class of mortality projection models
(see [23, 44]), provided the time indices are Markov processes (which is usually the
case with ARIMA-type processes when the state space is expanded). It also includes
most multi-population models such as the Common Factor and Augmented Common
Factor, and relative approaches such as the gravity model, see [43] for a review.

In particular, in the numerical examples we will use the (single population) Lee-
Carter model and the Augmented Common Factor model. We denote the number of
deaths at age x in year t of the i-th population with Dx;t;i, and assume it is Poisson
distributed with parameter Ex;t;imx;t;i, where Ex;t;i represents the central exposure.
The single population Lee-Carter (LC) stochastic mortality model for the i-th group
is specified as follows:

logmx;t;i = αx,i + βx,iκt,i,

where αx,i is an age-specific parameter, κt,i is a period index dictating the mortality
decrease over time, and βx,i modulates the effect of the period index across ages. In
order to project mortality over time, the period index κt,i is usually assumed to be a
random walk with drift,

κt,i = δi + κt−1,i + ϵt,i,

where δi is the drift parameter, and ϵt,i is a Gaussian error term with mean 0 and
variance σ2

ϵ,i. The error terms of different populations are independent. The vector of
state variables is then Xt = (κt,1, . . . , κt,I).

A multi-population extension of the LC model is the Augmented Common Factor
(ACF) model, proposed by [31]. Under this setting, the central death rate is specified
as follows:

logmx;t;i = αx,i +BxKt + βx,iκt,i,

where BxKt is the common factor among the populations, and βx,iκt,i is the
subpopulation-specific factor. The common time index, Kt, depicts the overall mortal-
ity time trend, and Bx modulates its effects across ages. The factor βx,iκt,i, instead,
allows for a short or medium-term difference between the rate of change in the i-th
sub-population death rates and that implied by the common factor.

According to Li and Lee [31], the period index Kt can be assumed to follow a
random walk with drift independent from the subpopulation-specific time parameters
κt,i; instead, the latters are usually modelled as autoregressive processes with order 1,
which avoids a long-term divergence in mean mortality forecasts. Formally,

Kt = d+Kt−1 + ϵt,

κt,i = γ0,i + γ1,iκt−1,i + ϵt,i,
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where d, γ0,i and γ1,i are constants with |γ1,i| < 1, and ϵt is a white noise process
independent of the white noise processes ϵt,i, for all i. The vector of state variables is
in this case Xt = (Kt, κt,1, . . . , κt,I).

3.2 Valuation procedure

As shown in Section 2, cohort-based valuations of both future life expectancy and lifes-
pan disparity require computing conditional expectations. This is not a trivial task,
since explicit expressions often do not exist. In particular, this is the case for many
mortality models referenced in Sec. 3.1 and in particular for the LC and the ACF. For
this reason, a straightforward approach would rely on simulations based methods, and
specifically on a nested simulations scheme, see [18], which is, however, computation-
ally challenging. Indeed, it consists in generating several outer scenarios of mortality
rates at the future time T , for each of which a further number of simulations branch
out, the so-called inner trajectories. The conditional expectation is then evaluated by
averaging across the inner paths.

A possible way to avoid the nested simulations has been proposed by Dowd et al
[12, 13], where conditional expectations are approximated by a Taylor-series expansion.
However, even this approach would be time-demanding since multiple simulation sets
are needed in order to estimate the involved partial derivatives. This becomes more
apparent when valuations are required for different ages and/or future calendar years.

For this reason, we propose the adoption of a very flexible tool for approximating
conditional expectations, i.e. the Least-Squares Monte Carlo (LSMC) method. The
main idea of the LSMC approach is to express conditional expectations as linear com-
binations of some basis functions (e.g. simple or orthogonal polynomials) evaluated
on the relevant risk factors, Xt, that affect the evolution of mortality, and use regres-
sion across simulations against those factors. The LSMC algorithm, in the context of
Equations (5) and (10), is described in Appendix B. Moreover, for further details on
the accuracy of the LSMC method we refer the reader to [1], where a similar approach
has been exploited to evaluate life annuities.

4 Numerical Results

In this Section, we provide some numerical results based on the previously introduced
framework. In particular, we analyse the evolution of life expectancy and lifespan
disparity with both cohort and period life tables. The analysis considers the Italian
population, both males and females, and exploits single (LC) and multi-population
(ACF) mortality models. The models have been calibrated using the R package
StMoMo (see [44]) on the mortality data over the period 1965−2016 and ages 35−89
obtained from the Human Mortality Database. Note that, under the LC setting, the
model has been independently fitted on the gender-specific data. We assume that year
2016 is today, and that life tables are closed by a log-linear procedure up to the ulti-
mate age ω = 120. Finally, all the computations are based on n = 20000 trajectories,
and the LSMC algorithm exploits as basis functions simple polynomials of degree p
depending on the adopted mortality model, i.e. p = 3 for the LC model and p = 2
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for the ACF, which corresponds to the same number of basis functions, M = 10.1

Finally, the quantities of interest are evaluated for individuals (males and females)
aged x = 65 at times T = 2017, . . . , 2050. In Appendix B we describe the algorithms
which have been used to obtain the results. Clearly, the numerical examples depend
on the adopted mortality models and will be interpreted accordingly. Nonetheless, due
to the strong flexibility of the LSMC algorithm, alternative, more complex dynamics
to describe the evolution of mortality can be used. Table 1 summarizes the figures and
tables containing the numerical results.

Table 1 Map of tables and figures based on index (LE=life expectancy,
LD=lifespan disparity), approach (c=cohort, p=period), gender (m=males,
f=females) and model (LC=Lee-Carter, ACF=Augmented-Common-Factor).

description index approach gender model
Table 2 summary of distribution LE c f LC,ACF
Table 3 summary of distribution LE c m LC,ACF
Fig. 1 density LE c m, f LC,ACF
Fig. 2 fan chart by model LE c m, f LC,ACF
Fig. 3 fan chart by gender LE c m, f LC,ACF
Fig. 4 mean trend LE c m, f LC,ACF
Fig. 5 ratio f/m mean trends LE c - LC,ACF
Fig. 6 fan chart by approach LE c, p m, f ACF
Table 4 mean value LE c, p m, f ACF
Fig. 7 mean trend by approach LE c, p m, f ACF
Table 5 summary of distribution LD c f LC,ACF
Table 6 summary of distribution LD c m LC,ACF
Fig. 8 density LD c m, f LC,ACF
Fig. 9 fan chart by model LD c m, f LC,ACF
Fig. 10 fan chart by gender LD c m, f LC,ACF
Fig. 11 fan chart by approach LD c, p m, f ACF
Table 7 mean value LD c, p m, f ACF
Fig. 12 mean trend by approach LE c, p m, f ACF
Fig. 13 fan chart by index LE, LD c m, f ACF

4.1 Life Expectancy

We start by considering the future cohort life expectancy evaluated according to
Equation (5). Tables 2 and 3 report a summary of the resulting distributions for
females and males aged x = 65 at different future years T , respectively.

Regardless of the model employed, the distributions tend to shift to the right,
reflecting the longer life span as time goes by. Also, the distributions become more
dispersed while preserving a symmetric light-tailed shape, as confirmed by Figure 1.
Further, the LC model generates future expected lifetimes for males lower than those
implied by the ACF while the opposite happens for females. This is due to the fact
that the independent LC does not account for the joint trend in males and females,
unlike the ACF. Figure 1 clearly shows that, as expected, the distribution of males
future life expectancy is dominated by the corresponding distribution for females for
both the LC and ACF models.

1The number of basis functions is M =
∑p

k=0

(
r + k − 1

k

)
, where r denotes the number of factors, i.e.

covariates used in the regression. In particular, r = 2 (i.e., κT,f and κT,m) in the LC setting, and r = 3
(i.e., KT , κT,f and κT,m) in the ACF.
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Table 2 Summary of the distribution of cohort life expectancy ecx(T ) for females aged
x = 65 at time T under the LC and ACF models.

mean sd skewness kurtosis 5th perc. median 95th perc.

T = 2017
LC 25.01 0.21 -0.02 3.15 24.67 25.01 25.36
ACF 24.39 0.17 -0.04 3.02 24.11 24.39 24.67

T = 2028
LC 26.50 0.67 -0.12 3.00 25.36 26.52 27.58
ACF 25.73 0.55 -0.01 3.00 24.83 25.73 26.64

T = 2039
LC 27.91 0.89 -0.13 3.02 26.42 27.92 29.34
ACF 27.00 0.73 -0.07 2.98 25.78 27.01 28.19

T = 2050
LC 29.23 1.02 -0.16 3.08 27.52 29.26 30.86
ACF 28.19 0.84 -0.10 3.00 26.79 28.20 29.54

Table 3 Summary of the distribution of cohort life expectancy ecx(T ) for males aged
x = 65 at time T under the LC and ACF models.

mean sd skewness kurtosis 5th perc. median 95th perc.

T = 2017
LC 20.73 0.15 0.01 2.75 20.48 20.73 20.98
ACF 20.66 0.19 -0.01 3.03 20.34 20.66 20.98

T = 2028
LC 21.98 0.50 -0.08 3.01 21.15 21.99 22.79
ACF 22.14 0.64 -0.01 2.99 21.08 22.14 23.20

T = 2039
LC 23.17 0.66 -0.12 2.96 22.06 23.19 24.23
ACF 23.59 0.86 -0.05 2.98 22.16 23.59 24.98

T = 2050
LC 24.30 0.76 -0.13 2.93 23.03 24.32 25.53
ACF 24.97 0.99 -0.09 2.99 23.32 24.98 26.57

The previous findings are confirmed by Figures 2 and 3 which display fan
charts of the evolution of cohort life expectancy distributions at future dates T ∈
{2017, . . . , 2050}. Fan charts make the analysis clearer and more effective since they
show ranges of possible future values along with most likely outcomes (dark shadows).
Moreover, as stated in [12], fan charts help in highlighting the uncertainty which usu-
ally characterizes the evolution of longevity indices. Specifically, Figure 2 shows the
extent of the more pessimistic scenarios resulting from the LC model for males and the
corresponding more optimistic ones for females. Further, the figure allows to capture
the higher uncertainty in female future life expectancy over that implied by the ACF
model, and the opposite situation for males. It can be noted from the right-hand plot
that the 90% prediction intervals provided by both models almost overlap through-
out the entire forecast period, while the upper bounds are markedly different. Figure
3 provides an understanding of how projections differ if dependence in populations is
allowed for or not. In particular, under the LC model, the relationship between male
and female life expectancy reflects the assumed lack of correlation. The ACF, instead,
shows a more composite pattern stemming from the common time factor affecting
mortality rates of both genders jointly.

In this regard, it is worth noting that, looking at the right-hand side of Figure 3,
the lower bound of the 90% prediction interval for females central forecasts is about
to overlap the upper bound relative to male forecasts.

Figure 4 reports the observed and projected mean trend of future life expectancy
for both genders and models in 1966-2050. Note that, for cohorts aged x = 65 up
to 1992, life expectancy has been calculated directly from (fitted) mortality rates; for
cohorts aged x = 65 in 1993-2016, it has been evaluated with standard Monte Carlo;
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Fig. 1 Probability density function of cohort life expectancy ecx(T ) for females (left) and males (right)
aged x = 65 at times T = 2017, 2028, 2039, 2050. LC model (top), ACF model (bottom).

finally, for the remaining cohorts, the LSMC algorithm has been used. It is evident the
impact of long-term divergence which usually characterizes independent projections
(see [31]). Indeed, the gap between male and female LC estimates is wider than the
corresponding ACF one. Figure 5 confirms that recent historical trends result in a
remarkable reduction of life expectancy between the two genders if the presence of
common mortality drivers is allowed for. The independent projections, instead, seem
to imply a much more stable relation.

Finally, we focus on the difference between projections obtained by a cohort or a
period approach, limiting the discussion to the more comprehensive ACF model. The
valuation under the period approach has been made according to Equation (4). Figure
6 displays the corresponding fan charts of future life expectancy. The extent of the
systematic underestimation resulting from disregarding the full pattern of mortality
improvements is strikingly evident. The magnitude of such phenomenon can be appre-
ciated from Table 4 and Figure 7, further strengthening the motivation for the use
of a cohort-based assessment, in particular when decisions in the public social system
must be made. On average, the period-based projections of the expected future lifes-
pan are consistently lower than the cohort-based ones by about 2 years for females
and 1.5 years for males.
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Fig. 2 Fan charts of the distribution of cohort life expectancy ecx(T ) for females (left) and males (right)
aged x = 65 at times 2017 ≤ T ≤ 2050. LC model (red) and ACF model (blue).

Fig. 3 Fan charts of the distribution of cohort life expectancy ecx(T ) for females (red) and males (blue)
aged x = 65 at times 2017 ≤ T ≤ 2050. LC model (left) and ACF model (right).
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Fig. 4 Expected cohort life expectancy E[ecx(T )] for females and males aged x = 65 at times 1966 ≤
T ≤ 2050. The solid lines are estimated with the fitted mortality rates. The solid lines marked by crosses
represent Monte Carlo estimates. The solid lines marked by triangles (LC model) and circles (ACF
model) refer to the LSMC estimates.

Table 4 Expected cohort and period
life expectancy, E[ecx(T )] and E[epx,T ],
for females and males aged x = 65 at
time T under the ACF model.

female male

T = 2017
period 22.49 19.06
cohort 24.39 20.66

T = 2028
period 23.86 20.43
cohort 25.74 22.14

T = 2039
period 25.15 21.81
cohort 27.00 23.59

T = 2050
period 26.37 23.16
cohort 28.19 24.97

4.2 Lifespan disparity

We consider now the projection of future cohort lifespan disparity, calculated as in
Equation (10). As discussed in the literature, most industrialized countries have been
experiencing ever-increasing trends in life expectancy and, simultaneously, lowering
uncertainty of the age-at-death distribution (e.g., see [42, 46]). This composite effect
has led to a change in the pattern of lifespan disparity. This indicator, which had
been growing steadily since the post-war years, has in recent years reversed its trend
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Fig. 5 Ratio between expected cohort life expectancies for females and males aged x = 65 at times
1966 ≤ T ≤ 2050 under the LC and ACF models. The solid lines are estimated with the fitted mortality
rates. The solid lines marked by crosses represent Monte Carlo estimates. The solid lines marked by
circles refer to the LSMC estimates.

which is then carried on by extrapolative mortality models, as shown in the following
examples. Tables 5 and 6 report a summary of the resulting distributions for females
and males aged x = 65 at different future years T , respectively. The corresponding
probability densities can be found in Figure 8. In each considered configuration, the
location of the lifespan disparity distribution decreases while its dispersion increases
with the forecast horizon. The ACF model projects a lifespan disparity for males on
average higher than the corresponding value for females. Beyond this, the results based
on the LC model are very close to those of the ACF, as can be appreciated from Figure
9, where the fan charts are essentially overlapping on the left-hand side while they
follow clearly different central trends on the right-hand side. By looking at Figure 10,
it is apparent that the ACF model is able to capture a finer relation existing between
lifespan disparity of males and females, once again justifying the effort required by a
multi-population mortality model.

Figure 11 compares the distributions of future cohort and period lifespan disparity
by gender. Note that the valuation under the period approach is based on Equation
(7). It can be seen that period-based forecasts result in a completely different pattern,
underestimating the level and failing to evidence the decreasing trend of the index.
The extent of these differences can be appreciated also from Table 7. Further, the
variability of these distributions is lower than that with a cohort perspective.
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Fig. 6 Fan charts of the distribution of cohort (red) and period (blue) life expectancy, ecx(T ) and epx,T ,
for females (left) and males (right) aged x = 65 at times 2017 ≤ T ≤ 2050 under the ACF model.

Table 5 Summary of the distribution of cohort lifespan disparity ec,†x (T ) for females aged
x = 65 at time T under the LC and ACF models.

mean sd skewness kurtosis 5th perc. median 95th perc.

T = 2017
LC 8.14 0.01 -0.10 2.69 8.12 8.14 8.16
ACF 8.10 0.01 0.06 3.08 8.08 8.10 8.11

T = 2028
LC 8.04 0.05 -0.25 2.96 7.95 8.04 8.12
ACF 8.02 0.04 -0.18 3.05 7.95 8.02 8.07

T = 2039
LC 7.92 0.08 -0.22 2.84 7.77 7.92 8.04
ACF 7.92 0.06 -0.22 3.06 7.82 7.92 8.02

T = 2050
LC 7.78 0.11 -0.15 2.94 7.60 7.78 7.96
ACF 7.82 0.08 -0.16 3.03 7.68 7.82 7.94

Table 6 Summary of the distribution of cohort lifespan disparity ec,†x (T ) for males aged
x = 65 at time T under the LC and ACF models.

mean sd skewness kurtosis 5th perc. median 95th perc.

T = 2017
LC 8.09 0.01 0.11 3.63 8.07 8.09 8.10
ACF 8.43 0.00 0.81 4.34 8.43 8.43 8.43

T = 2028
LC 8.01 0.03 -0.19 2.92 7.95 8.01 8.07
ACF 8.41 0.02 -1.02 4.34 8.37 8.41 8.44

T = 2039
LC 7.92 0.05 -0.12 2.93 7.83 7.92 8.01
ACF 8.35 0.05 -0.68 3.66 8.27 8.36 8.42

T = 2050
LC 7.82 0.07 0.01 2.95 7.71 7.82 7.94
ACF 8.27 0.07 -0.43 3.25 8.14 8.27 8.38

To highlight how the different approaches impact the projections, Figure 12 shows
the corresponding average trend over the entire time horizon 1966-2050. It is confirmed
how, even for the initial period where calculations can be done exactly or using a simple
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Fig. 7 Expected cohort and period life expectancies, E[ecx(T )] and E[epx,T ], for females and males aged
x = 65 at times 1966 ≤ T ≤ 2050 under the ACF model. The solid lines are estimated with the
fitted mortality rates. The solid lines marked by crosses represent Monte Carlo estimates. The solid lines
marked by circles refer to the LSMC estimates.

Table 7 Expected cohort and period

lifespan disparity, E[ec,†x (T )] and

E[ep,†x,T ], for females and males aged
x = 65 at time T under the ACF
model.

female male

T = 2017
period 7.64 7.85
cohort 8.10 8.43

T = 2028
period 7.64 7.88
cohort 8.02 8.41

T = 2039
period 7.62 7.89
cohort 7.92 8.35

T = 2050
period 7.58 7.88
cohort 7.82 8.27

Monte Carlo averaging, ignoring future improvements in mortality results in a lower
level. The further period-based projection following 2017 is only slightly decreasing
for females and essentially stable for males.

To conclude the analysis, Figure 13 compares on a single plot the joint evolution
of cohort life expectancy and lifespan disparity for males and females under the ACF
model.
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Fig. 8 Probability density function of cohort lifespan disparity e†,cx (T ) for females (left) and males
(right) aged x = 65 at times T = 2017, 2028, 2039, 2050. LC model (top), ACF model (bottom).
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Fig. 9 Fan charts of the distribution of cohort lifespan disparity ec,†x (T ) for females (left) and males
(right) aged x = 65 at times 2017 ≤ T ≤ 2050. LC model (red) and ACF model (blue).

Fig. 10 Fan charts of the distribution of cohort lifespan disparity ec,†x (T ) for females (red) and males
(blue) aged x = 65 at times 2017 ≤ T ≤ 2050. LC model (left) and ACF model (right).
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Fig. 11 Fan charts of the distribution of cohort (red) and period (blue) lifespan disparity, ec,†x (T ) and

ep,†x,T , for females (left) and males (right) aged x = 65 at times 2017 ≤ T ≤ 2050 under the ACF model.

Fig. 12 Expected cohort and period lifespan disparities, E[ec,†x (T )] and E[ep,†x,T ], for females and males
aged x = 65 at times 1966 ≤ T ≤ 2050 under the ACF model.
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Fig. 13 Fan charts of the distribution of cohort life expectancy ecx(T ) (blue) and lifespan disparity

ec,†x (T ) (red) for females (left) and males (right) aged x = 65 at times 2017 ≤ T ≤ 2050 under the ACF
model.
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5 Conclusions

In this paper we have addressed the ever-prominent issue of how to evaluate and
forecast future longevity dynamics. In particular, we have focused on the analysis of
the past and future evolution of two relevant longevity measures, which are usually
taken into account by both demographic and actuarial studies, life expectancy and
lifespan disparity. Our results have proved to be in line with those already presented in
literature; indeed, we have recognised an ever-increasing trend in future life expectancy
levels, and simultaneously a decreasing pattern in the future lifespan disparity for the
male and female Italian population. However, in contrast to the usual period-based
valuation approach, this study has been conducted by exploiting a cohort perspective.
In this regard, even if period- and cohort-based valuations describe similar general
trends of the two measures, we have seen how the first approach may not be able
to detect promptly unexpected mortality developments, and so it may not effectively
describe the actual life course.

Furthermore, we have compared the forecasting differences between single and
multi-population mortality models; indeed, we have shown how the choice of the
mortality model is crucial to effectively evaluate longevity risk.

Finally, we have proposed a very flexible tool to solve the involved conditional
expectations, i.e., the Least-Squares Monte Carlo. The latter, indeed, has strongly
decreased the computational effort which would have been required by a straightfor-
ward nested simulations method, thus allowing to evaluate more complex longevity
measures such as the lifespan disparity.

To conclude, we want to strengthen the idea that the proposed methodology can
be used for any other longevity index involving conditional arguments, where cohort
measurements are often replaced by period ones for computational simplicity.
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Appendix A Expected years of life lost and General
Biometric Index

The information structure requires a filtration (Ft)t≥0 such that FT includes the
knowledge of the mortality rates mx;t with t ≤ T and all x. Further, each residual
lifetime τx(T ) is a stopping time in the filtration (FT+h)h≥0, for all integer age x.
Let M represent the information resulting from the observation of all mortality rates,
that is mx;t for all x and t.

The two alternative expressions for the lifespan disparity mentioned in Section 2,
namely Eq. (9) and (10), are proved here.

e†, cx (T ) = ET

[
ecx+τx(T ) (T + τx(T ))

]
= ET

[ ∞∑
k=0

1{τx(T )=k}e
c
x+k(T + k)

]

= ET

[ ∞∑
k=0

1{τx(T )=k}ET+k

[ ∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]]
.

Note that {τx(T ) = k} ∈ FT+k for all k ≥ 0. Then, through repeated applications of
the linearity and Tower property, the lifespan disparity can be further expressed as

e†, cx (T ) =
∞∑
k=0

ET

[
1{τx,T=k}

∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]

=

∞∑
k=0

ET

[
ET

[
1{τx,T=k}

∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j | M

]]

=

∞∑
k=0

ET

[
PT (τx,T = k | M)

∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]

=

∞∑
k=0

ET

[
e−

∑k−1
j=0 mx+j;T+j (1− e−mx+k;T+k)

∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]

=

∞∑
k=0

ET

[
(1− e−mx+k;T+k)

∞∑
h=1

e−
∑k+h−1

j=0 mx+j;T+j

]

= ET

[ ∞∑
k=0

(1− e−mx+k;T+k)

∞∑
h=1

e−
∑k+h−1

j=0 mx+j;T+j

]
,

23



that is Eq. (9).
Now, starting from one of the latest expressions, and again using the Tower

property,

e†, cx (T ) = ET

[ ∞∑
k=0

(1− e−mx+k;T+k)

∞∑
h=1

e−
∑k+h−1

j=0 mx+j;T+j

]

=

∞∑
k=0

ET

[
ET+k

[
e−

∑k−1
j=0 mx+j;T+j (1− e−mx+k;T+k)

∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]]

=

∞∑
k=0

ET

[
e−

∑k−1
j=0 mx+j;T+j (1− e−mx+k;T+k)ET+k

[ ∞∑
h=1

e−
∑h−1

j=0 mx+k+j;T+k+j

]]

= ET

[ ∞∑
k=0

e−
∑k−1

j=0 mx+j;T+j (1− e−mx+k;T+k)ecx+k(T + k)

]
,

that is Eq. (10).

Appendix B The LSMC algorithm

The LSMC approach is essentially a simulation-based method combined with regres-
sion models. In what follows, we briefly describe the proposed algorithms to approx-
imate the distribution of life expectancy and lifespan disparity for a generic cohort
aged x at a future time T . A set of M basis functions ϕ = (ϕ1, . . . , ϕM ) : Rr → RM

is needed, where r is the number of state variables in the vector Xt.

B.1 Future cohort life expectancy

Let us consider an individual aged x at the future time T , assuming that time t = 0
is today. To evaluate Eq. (5), the algorithm runs as follows:

1. Simulate n trajectories of the state variables:

X
(j)
t , t ≥ 0, j = 1, . . . , n;

then obtain, through Eq. (12), simulation of the mortality rates

m
(j)
x+k;T+k, k = 1, . . . , ω − x− 1,

where ω is the ultimate age.
2. Calculate

Ec,(j)
x (T ) =

1

2
+

ω−x∑
h=1

e−
∑h−1

k=0 m
(j)
x+k;T+k

for j = 1, . . . , n.
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3. Regress {
Ec,(j)

x (T )
}
j

on
{
ϕ(X

(j)
T )

}
j
,

to get regression coefficients β̂1, . . . , β̂M .
4. Obtain n simulations of ecx(T ) by

êc,(j)x (T ) =
M∑
l=1

β̂lϕl(X
(j)
T ), j = 1, . . . , n.

B.2 Iterative LSMC for the future cohort lifespan disparity

Concerning the approximation of the future lifespan disparity distribution, we apply an
LSMC algorithm to Eq. (10). To this end, multiple conditional future life expectancies
need to be evaluated. The algorithm runs as follows:

1. Simulate n trajectories of the state variables:

X
(j)
t , t ≥ 0, j = 1, . . . , n;

then obtain, through Eq. (12), simulation of the mortality rates

m
(j)
x+k;T+k, k = 1, . . . , ω − x− 1.

2. Evaluate
ê
c,(j)
x+h(T + h), h = 0, . . . , ω − x− 1,

using the algorithm described in B.1.
3. Compute

E
†,c,(j)
x,T =

ω−x−1∑
h=0

ê
c,(j)
x+h(T + h) · e−

∑h−1
k=0 m

(j)
x+k;T+k ·

(
1− e−m

(j)
x+h;T+h

)
, j = 1, . . . , n.

4. Regress {
E

†, c(j)
x,T

}
j

on
{
ϕ(X

(j)
T )

}
j
,

to get regression coefficients β̂1, . . . , β̂M .
5. Obtain n simulations of e†,cx (T ) by

ê†,c,(j)x (T ) =
M∑
l=1

β̂lϕl(X
(j)
T ), j = 1, . . . , n.
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