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ABSTRACT
Convective temperature fluctuations (also known as entropy waves or hot/cold spots) generate sound
when passing through regions of significant flow acceleration. This is called entropy noise. Entropy
noise can be generated by nozzles, as happens in rocket engines, or by turbine blade rows, as in gas
turbine engines. While several analytical models have been developed for the former case, not many
models exist for the latter due to the more complex physical mechanisms involved. When entropy
waves pass through nozzles and blade rows, sound is produced by the acceleration of the entropy
waves. In blade rows, three additional mechanisms are in play: (i) the entropy waves are turned,
(ii) unsteady forces are induced on the aerofoils by the density fluctuations, and (iii) vorticity is shed
from the trailing edges of the blades. All these mechanisms are strongly coupled and affect the total
entropy noise generated by the blade rows. In this work, we explore numerically the importance of
the last two mechanisms. To this end, we present numerical simulations of entropy waves interacting
with three canonical aerofoils: a symmetric NACA 0018 aerofoil at zero incidence, the same aerofoil
at an angle of attack, and a flat plate at an angle of attack.

1. INTRODUCTION

Unsteady combustion is, through unsteady heat release rate, a source of flow disturbances. In gas
turbines, these disturbances are the origin of two distinctive sources of noise [1,2]: direct and indirect
sources. Direct combustion noise is produced by unsteady heat release rate acting as a monopole
source of acoustic fluctuations. Unsteady combustion also generates advective disturbances in the
form of vorticity, temperature, and mixture-composition fluctuations. Those fluctuations are silent
when advected by uniform flows but generate noise when passing through the nozzle guide vanes
(NGVs) at the exit of the combustors. This noise component is termed indirect combustion noise.
Entropy noise [3–5] is believed to be its main sub-component and is produced by the acceleration of
convective temperature fluctuations (also known as entropy waves or hot/cold spots).

Entropy noise contributes to the total exhaust noise of aeroengines, via the downstream propagating
component [6]. It also modifies the thermoacoustic stability of the combustor, via the upstream
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propagating one [7]. Thermoacoustic instabilities [8] arise from the two-way coupling between
unsteady combustion and pressure oscillations within the combustor. They lead to large-amplitude
oscillations which can severely damage the engine. It is, therefore, a priority in the design of new
engines to predict and suppress such instabilities.

The correct prediction of thermoacoustic instabilities in the combustors of gas turbines requires the
accurate description of the entropy noise generated at the blade rows of the NGV. To date, not many
models exist that efficiently quantify this noise component. The most advanced models are based on
the actuator-disk theory of Cumpsty and Marble [9, 10]. This approach is based on the assumption
that the entropy wavelength is large compared to the length of the blade (compact assumption) and
considers flow fluctuations to be plane both upstream and downstream of the row, undergoing a
discontinuous jump of strength through it. Mishra and Bodony [11] and Leyko et al. [12] compared
the results of this theory with numerical simulations, showing that disk actuator theory is only valid
at low frequencies. Extensions of this method have been proposed [13–15] but they remain limited to
low frequencies and plane entropy waves.

A promising approach to model entropy noise in blade rows at higher frequencies is rapid distortion
theory (RDT) [16]. This theory, which recast the linearised Euler equations as a wave equation
with a source term due to entropy, was used by Bodony [17] and Guzman-Iñigo et al. [18, 19] in
combination with the Green’s function method to obtain models for isolated blades. RDT was also
used with the Wiener-Hopf method to obtain solutions for the entropy noise generated by cascades
of aerofoils [20, 21]. All the aforementioned models assume that the aerofoils thickness, camber and
angle of attack are small (thin-aerofoil assumption). This assumption is too restrictive for turbines,
where the positive pressure gradient allows for high loads on the blades. Current work is ongoing to
relax this assumption.

Alternatively, Emmanuelli [22] evaluated the suitability of the CHEOPS-Nozzle model [23, 24]
- originally developed for nozzles - for 2D stators . The CHEOPS-Nozzle model is based on the
linearised Euler equations and assumes that the acoustic variables, namely perturbation pressure and
velocity, are one-dimensional while retaining the 2D/3D distribution of the perturbation entropy. This
approach successfully predicts the entropy noise generated in nozzles but substantially over-predicts
it in turbines. This difference shows that different physical mechanisms are involved in the entropy
noise generated by rows of blades compared to nozzles. In nozzles, the main source of sound is
the dipole acoustic source produced by the acceleration of entropy disturbances [3, 25]. In turbines,
this source coexists with two additional mechanisms. First, the scattering of entropy by the blades
produces vorticity at their trailing edges which will act as an additional source of sound. Second,
the density fluctuations associated to variations of entropy will induce unsteady forces on the blades
(second law of Newton) and these forces will also act as sources [26]. These three mechanisms will
be strongly coupled in a turbine.

The relative importance of this unsteady-force source-term on the production of entropy noise can
be deduced from the recent work of Pinelli et al. [27]. In this study, the authors computed numerically
the entropy noise produced in a realistic, three-dimensional turbine for different clocking positions.
They showed that the entropy noise was substantially higher (around 5dB) when the entropy spot
was directly injected at the leading edge of the blade than when going through the interblade region
without interacting with the blades. This also resulted in an unsteady load on the blade twice as large.
This difference is likely due to a much more significant contribution of the sources produced by this
unsteady force than by a localised stronger acceleration of the entropy waves.

In this work, we will investigate the source of entropy noise due to the unsteady forces induced
on the aerofoils by entropy fluctuations. To this end, we will simulate numerically entropy waves
interacting with isolated aerofoils. In isolated aerofoils, the acceleration of the flow will be minimal
and very localised and, therefore, the entropy noise will be mainly due to this unsteady load.

This article is structured as follows. The numerical approach is presented in Sec. 2 and results are
given in Sec. 3 for a symmetric NACA 0018 aerofoil at zero angle of attack, and for a flat plate and
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Figure 1: Aerofoil of semi-chord b at incidence angle α encountering a convected entropy disturbance,
s′.

the same NACA aerofoil at non-zero incidences in Sec. 4 and Sec. 5, respectively. Finally, a summary
of the results and conclusions are given in Sec. 6.

2. NUMERICAL METHODS

We consider the flow past a two-dimensional single aerofoil of semi-chord b, as sketched in figure 1.
The flow is taken to be inviscid, non-heat-conducting and a compressible perfect gas. We also neglect
volumetric forces, and thermal and mass diffusion.

We suppose that the flow upstream consists of a uniform component of velocity ū∞, density ρ̄∞,
and speed of sound c̄∞, on which there is superimposed a small-amplitude unsteady motion. The flow
can be decomposed into a steady mean, denoted by ¯(·), and a perturbation component, denoted by
(·)′ . The governing equations for the mean flow are:

∇ · (ρ̄ū) = 0, (1a)
∇ · (ρ̄ū ⊗ ū) = −∇ p̄, (1b)

∇ · (ρ̄ūēt + ūp̄) = 0, (1c)

where ρ is the density, u the velocity, p the pressure, and et the total energy.
Small-amplitude entropy perturbations, s′∞, are superimposed on the uniform flow upstream of

the aerofoil. These perturbation are convected downstream by the mean flow and interact with the
aerofoil, producing sound. The dynamics of the perturbations are governed by the linearised Euler
equations:

∂ρ′

∂t
+ ∇ ·

(
ρ̄u′ + ρ′ū

)
= 0, (2a)

∂ρ̄u′

∂t
+
(
ρ̄u′ + ρ′ū

)
· ∇ū + ∇ ·

(
ρ̄ū ⊗ u′

)
= −∇p′, (2b)

∂p′

∂t
+ ∇ ·

(
ūp′ + γu′ p̄

)
+ (γ − 1)

[
p′∇ · ū − u′ · ∇ p̄

]
= 0, (2c)

where γ is the ratio of specific heat capacities. Both the steady and linearised Euler equations are
solved using the finite element method [28] implemented within the open-source computing platform
FEniCS [29].

First, the mean flow equations (Eqs. (1)) are discretised in space using a continuous-Galerkin
formulation stabilised with the least-squares method [28]. The discretised non-linear problem is
solved using a fully-implicit, pseudo-time-stepping algorithm [30]. The global residuals (in norm-
2) for all the results presented hereafter are lower than 10−10. The results are typically obtained in
less than 100 iterations. At the aerofoil boundary we require the fluid to satisfy the slip boundary
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Figure 2: (a) Normalised mean pressure, p̄/ p̄∞, and (b) local Mach number, M̄ = ū/c̄, for a NACA
0018 aerofoil at zero angle of attack.

condition. At the inlet we impose uniform velocity and density, and at the outlet uniform pressure.
The meshes used in this study are fully unstructured and contain approximately 200, 000 triangular
elements. The approximation polynomials are quadratic. The domain is a square with the length of
the side being 25b.

Once the mean flow is computed, we solve the linearised compressible Euler equations (Eqs. (2)).
The equations are recast in the frequency-domain and spatially discretised using the discontinuous-
Galerkin (DG) method [31]. The discretisation leads to a linear problem that is solved using the sparse
linear solver MUMPS. A perfectly matched layer (PML) [32] was added to the domain to damp any
incoming acoustic wave. To enforce the incoming entropy waves, an incident density fluctuation was
superimposed to the reflected solution in the PML [33]. This density is related to entropy fluctuations
by the linearised Gibbs equation:

ρ′

ρ̄
=

p′

γ p̄
−

s′

cp
, (3)

where cp is the specific heat capacity of the gas at constant pressure. A slip boundary condition is used
on the aerofoil. The simulations are carried out using quadratic approximation elements. The meshes
used for the study are unstructured and composed approximately of 150, 000 − 300, 000 triangular
elements. The domain is again a square of side 20b and extended by a PML of length 5b. The PML
coefficients are σm = 6 and β = 2 (as defined by [32]).

3. NON-LIFTING AEROFOIL

In this section, we explore the entropy noise generated by a non-lifting, symmetric aerofoil: a NACA
0018 at no incidence. This aerofoil is thick and with no-camber. The inlet Mach number is set to
M̄∞ = ū∞/c̄∞ = 0.2. Figure 2 shows the mean flow obtained for this configuration. At the leading
edge, the flow quickly decelerates from the upstream velocity to being stagnant. It then accelerates
until the point of maximum thickness of the aerofoil and gently decelerates thereafter until the second
stagnation point at the trailing edge.

Figure 3 shows an example of the acoustic results obtained for this aerofoil. The entropy
fluctuations are convected downstream by the mean flow and are slightly distorted by the presence
of the aerofoil. This entropy field induces an unsteady force on the aerofoil that creates an acoustic
field with the form of a horizontal dipole. The amplitude of this dipole is weakly modulated in the
horizontal axis by the Doppler effect.

Figure 4 shows the modulus of the pressure field |p′| computed at a distance of 15 semi-chords from
the centre of the domain for four different frequencies. The frequencies are given in non-dimensional
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Figure 3: Real parts of the (a) perturbation density, ρ′/ρ̄∞, and (b) pressure, p′/γ p̄∞, for a NACA
0018 aerofoil at zero angle of attack and S t = 2.5.
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Figure 4: Far-field directivity pattern, |p′|/γ p̄∞, for a NACA 0018 aerofoil at zero angle of attack for
different Strouhal numbers, S t. The observer is placed at Robs/b = 15.
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Figure 5: Normalised acoustic pressure, |p′|/γ p̄∞, for an observer placed at (x1, x2) = (−15b, 0).
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Figure 6: (a) Normalised mean pressure, p̄/ p̄∞, and (b) local Mach number, M̄ = ū/c̄, for a flat-plate
at α = 1◦.

form as a Strouhal number:
S t =

ωb
ū∞
, (4)

where ω is the angular frequency. The directivity pattern for the four frequencies is similar to a dipole
in the horizontal axis with a stronger directivity in the upstream direction. This directivity pattern is
usually produced by an unsteady force acting on the horizontal axis, i.e. an unsteady drag.

The acoustic energy radiated by the aerofoil increases with increasing frequencies. However, the
directivity along the horizontal axis in the upstream direction decreases for S t > 2.0. In figure 5, we
explore the evolution of the acoustic pressure as a function of the frequency for a fixed observer. At
low frequencies (S t < 0.5), the acoustic pressure growths quadratically with frequency (as observed
for Joukowsky aerofoils [19]). For S t > 0.5, the pressure keeps increasing for increasing frequencies
with a seemingly linear dependence. At S t ≈ 1.5 this linear growth saturates and a maximum value
of the pressure is obtained at around S t ≈ 2.0, after which the pressure drops. This local maximum is
also found for Joukowsky aerofoils at around S t ≈ 2.5 (see [19]). These Strouhal numbers correspond
to approximately 1.2− 1.6 entropy wavelengths per chord, suggesting that cancelling effects between
different parts of the wave could explain this maximum.

4. LIFTING AEROFOIL

We now turn our attention to lifting aerofoils and, to illustrate them, we consider a canonical flat-plate
at an angle of attack α = 1◦. The Mach number is again set to M̄∞ = 0.2. The flat plate is modelled as
a very thin Joukowsky aerofoil to avoid the singularity at the upstream edge of the infinitely thin flat
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Figure 7: Mean-flow surface pressure coefficient for a very thin Joukowsky aerofoil at α = 1◦ obtained
(blue squares) numerically and (solid red) using potential theory and (dashed black) for an actual flat
plate using potential theory.
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Figure 8: Real parts of the (a) perturbation density, ρ′/ρ̄∞, and (b) pressure, p′/γ p̄∞, for a flat plate at
α = 1◦ and S t = 2.5.

plate. This profile is parametrised by

x1 = Re
{(

eiθ + τ0

)
+

a2

eiθ + τ0

}
, x2 = Im

{(
eiθ + τ0

)
+

a2

eiθ + τ0

}
, (5)

with θ ∈ [0, 2π) , τ0 = −ϵ/(1+ϵ), a = 1/(ϵ+1), and i the imaginary unit. The parameter ϵ corresponds
to approximately half the maximum thickness of the aerofoil (normalised by its semi-chord). The
aerofoil is defined by ϵ = 5 · 10−3.

Figure 6 shows the mean flow results obtained for this configuration. The stagnation point at the
leading edge is located on the pressure side. The flow greatly accelerates as it goes around the nose of
the aerofoil, reaching a local Mach numbers as high as M̄ ≈ 0.8. In figure 7, we compare the pressure
coefficient on the surface of the aerofoil obtained numerically with predictions of potential theory [34]
showing an excellent agreement. The pressure distribution of an ideal flat plate is also included. The
pressure distribution is very similar for both the flat plate and the thin Joukowsky aerofoil, with the
only differences at the leading edge, where the flat plate presents a very localised infinite pressure
drop due to the singularity of the acceleration.

The acoustic results obtained for the flat plate are shown in figures 8 and 9. In this case, the
acoustic field generated by the entropy fluctuations corresponds to a dipole in the vertical axis. This
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Figure 9: Far-field directivity pattern, |p′|/γ p̄∞ for a flat plate at α = 1◦ for different Strouhal numbers,
S t. The observer is placed at Robs/b = 15.
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Figure 10: (a) Normalised mean pressure, p̄/ p̄∞, and (b) local Mach number, M̄ = ū/c̄, for a NACA
0018 aerofoil at an angle of attack of α = 5◦.

directivity is usually created by unsteady forces acting along the vertical axis (unsteady lifting). The
amplitude of this dipole increases with increasing frequencies. No maximum is reached for the range
of frequencies investigated here, in contrast with the non-lifting configuration.

5. NACA 0018 AEROFOIL AT AN ANGLE OF ATTACK

Finally, we consider the combined effects of lifting and drag. To this end, we simulate the same
NACA 0018 presented in Sec. 3 but at an incidence angle of α = 5◦. The upstream Mach number is
again M̄∞ = 0.2. Figure 10 shows the mean flow obtained. The flow accelerates on the suction side
to M̄ = 0.35, a 75% increase with respect to the upstream Mach number. This can be compared with
the case with no incidence, where the flow only accelerates to M̄ = 0.25 (25% increase).

Figure 11 shows the unsteady density and pressure distribution. The entropy fluctuations, which
are convected by the mean flow, travel faster at the suction side and this distorts the entropy
distribution at the wake of the aerofoil. The generated pressure field radiates in all directions and
resembles a rotating dipole. The directivity patterns for several frequencies, depicted in figure 12,
exhibit more complex behaviours than for the previous cases. At low frequencies, the sound radiation
is much stronger in the upstream direction and approximately equal in the rest of directions. For
S t < 2.5, the radiation increases in all directions with frequency, especially in the upper direction.
For S t = 2.5, the noise radiated in the upstream direction is smaller than for S t = 2.0. This behaviour
is similar to the observed for the non-lifting configuration.
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Figure 11: Real parts of the (a) perturbation density, ρ′/ρ̄∞, and (b) pressure, p′/γ p̄∞, for a NACA
0018 aerofoil at α = 5◦ and S t = 2.5.
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Figure 12: Far-field directivity pattern, |p′|/γ p̄∞ for a NACA 0018 aerofoil at α = 5◦.

To better understand these results, we plotted the directivity patterns of the three configurations
together in figure 13. For the flat plate, we assume that the acoustic field is proportional to the angle
of attack [19] and we scale the results by 5◦.At low frequencies, we observe that the directivity pattern
of the lifting NACA aerofoil is practically the superposition of the results obtained for the non-lifting
aerofoil with the flat plate. When the frequency is higher, the radiation in the upper direction is a
approximately a 40% higher than for the flat plate but remains similar to the combination of the two
configurations in the rest of directions.

6. CONCLUSIONS

In this paper, we have presented numerical simulations of entropy waves interacting with isolated
blades. The numerical approach is based on the linearisation of the Euler equations around a steady
mean flow. The equations for both the mean and the perturbation parts were solved using the finite
element method. The perturbation equations were recast in frequency-domain for an efficient solution.

Three different configurations were investigated: (i) a symmetric NACA 0018 aerofoil at zero
incidence, (ii) the same aerofoil at an incidence of 5◦, and (iii) a flat plate at 1◦. The upstream Mach
number throughout the paper was set to M̄∞ = 0.2. For these three configurations, the main source of
entropy noise is expected to be the unsteady force induced on the aerofoils by the density fluctuations
(second law of Newton). For the non-lifting case, the acoustic field was found to be similar to a
horizontal dipole. This field is consistent with an unsteady drag. A maximum of the pressure in the
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Figure 13: Far-field directivity pattern, |p′|/γ p̄∞, for Strouhal numbers (a) S t = 1, (b) S t = 1.5, (c)
S t = 2, and (d) S t = 2.5. (Dash-dotted blue) NACA 0018 aerofoil at zero angle of attack, (solid
black) flat-plate at α = 5◦ and (dashed red) NACA 0018 aerofoil at α = 5◦.



upstream direction was found at S t ≈ 2, which is consistent with a previous study of a symmetric
Joukowsky aerofoil [19]. This frequency corresponds to approximately 1.2−1.6 entropy wavelenghts
per chord. For the flat plate, we found that the sound radiates as a vertical dipole, which corresponds
to an unsteady lifting. In contrast with the non-lifting case, the pressure increases with frequency for
all frequencies investigated here. Finally, we investigated the NACA aerofoil at an incidence, showing
that the complex directivity plots obtained can be understood as the superposition of the lifting and
non-lifting cases and, therefore, this acoustic field is consistent with a combination of unsteady drag
and lift.

The results presented here will help to better understand a source of entropy noise which has been
neglected in the past: the unsteady force induced on the blades by entropy fluctuations. This force
may be an important component of entropy noise in blades and should be an ingredient of future
models for entropy noise generated in rows of blades.
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