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Abstract

We consider mass-deformed theories with A/ > 2 supersymmetry on round and squashed
three-spheres. By embedding the supersymmetric backgrounds in extended supergrav-
ity we show that at special values of mass deformations the supersymmetry is enhanced
on the squashed spheres. When the 3d partition function can be obtained by a limit
of a 4d index we also show that for these special mass deformations only the states
annihilated by extra supercharges contribute to the index. By using an equivalence be-
tween partition functions on squashed spheres and ellipsoids, we explain the recently
observed squashing independence of the partition function of mass-deformed ABJ(M)
theory on the ellipsoid. We provide further examples of such simplification for various
3d supersymmetric theories.
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1 Introduction and summary

Localization is a powerful tool with a broad range of applications in supersymmetric field
theories [1]. In general one can put supersymmetric theories on the round sphere S¢ while
preserving the same amount of supersymmetry as the theory on flat Euclidean space R¢. Lo-
calization then gives the free energy of the theory in terms of finite dimensional matrix model
integrals which depend on various parameters of the theory such as couplings 7 and masses .
With enough supersymmetry the matrix models can be very simple, e.g., the Gaussian matrix
model one finds for A/ = 4 super Yang-Mills [2].

It is still possible to localize the supersymmetric theory after squashing the sphere, that is
deforming the metric by a parameter b, where b=1 corresponds to the round sphere [3-6].
The metric deformation breaks the supersymmetry, but it can be partially restored by turning
on appropriate background fields in the supergravity multiplet a la [7]. The resulting matrix
models after localization are in general more complicated than for the round sphere, but con-
tain much more information. For example the derivatives of the free energy F (b, T, m) with
respect to the deformation parameter, couplings and masses give new constraints between var-
ious integrated or partially integrated correlators of the supersymmetric theory. Using holo-
graphic duality, these relations imply non-trivial constraints on string theory amplitudes and
can be used to fix protected terms in string theory effective actions [8-13].

A convenient situation arises when the free energy is independent of the squashing param-
eter. In this case one can obtain an infinite number of relations between correlators without
having to deal with the complicated matrix models. This can happen in two distinct ways: (1)
The free energy is independent of the squashing without tuning any other parameters of the
theory. The free energies of this type are the 3d and 4d theories with A/ = 2 supersymmetry
placed on squashed spheres with SU(2) x U(1) isometry, as studied in [3, 14]. (2) The free
energy becomes independent of the squashing when certain parameters are tuned to a special
value. For example, it was pointed out in [15, 16] that the free energy of 4d N/ = 2 theory
on the squashed sphere with an adjoint hypermultiplet of a special mass is independent of the
squashing. This leads to an infinite number of relations between (integrated) correlators of
N =4 SYM [16], some of which were obtained earlier in [13].

A similar phenomenon was discovered by [17] for ABJ(M) theory. The free energy on the
squashed sphere becomes squashing-independent if one deforms by a special mass correspond-
ing to a Cartan of the flavor symmetry SO(2) € SO(4) x U(1). In this case the simplification
appears miraculous as there are complicated cancelations between different contributions to
the partition function which only become apparent after a non-trivial rewriting of the partition
function using the Cauchy determinant formula. We are thus led to search for the underlying
reason for this simplification. In this paper we study and explain this simplification for su-
persymmetric theories on squashed three-spheres. A companion paper [18] analyzes N = 2*
theory on general four-manifolds. The general strategy is to show that there is enhanced su-
persymmetry at this special value of the mass.

Along the way we find various 3d theories whose free energy is squashing-independent.
The partition function can be assembled in terms of a classical piece and one-loop determi-
nants associated with the vector- and matter-multiplets. From these ingredients we show
that free energy of various theories of an N' = 4 vector-multiplet with an adjoint hypermul-
tiplet of mass' u = JribJ“TF1 is independent of b. This follows directly from the cancellation
between one-loop determinants. Similarly, we show that the free energy of ABJ(M) theory de-
formed by a mass yu = +i b+§ - corresponding to a Cartan of the flavor symmetry is squashing-
independent. This, again, follows after a non-trivial rewriting of the partition function that

!0One can add supersymmetric mass terms by coupling the matter-multiplet to a background U(1) vector-
multiplet. Here, by mass we mean the constant value of the scalar field in this background multiplet.
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uses the Cauchy determinant formula?. A further example that we discuss is the so called
N¢-model, showing squashing independence for u = ib+2b — as well as u= +i2 _Zb _

To understand the squashing independence, our main tools of analysis are the results
of [19,20] and the relations between 4d indices and 3d partition functions. For the first
kind of squashing independence, it is sufficient to consider the transversely holomorphic foli-
ation (THF) that determines the partition functions of the supersymmetric theories. We show
that this structure is the same for the round sphere and the SU(2) x U(1)-deformed sphere
of [3]. The 4d index which gives the relevant partition function depends on a single fugacity.
For the second kind of simplification, we show that there is enhanced supersymmetry at the
special mass values. For yu = +it +2b — there are four extra supercharges, while for u = +ib _Zb -
there are two extra supercharges. The enhanced supersymmetry is found by embedding the
3d N = 2 supergravity in appropriate 3d extended supergravity. For u = :l:ib_é’_l, the THF
associated with the extra supercharge coincides with the THF for the round sphere. From this
one deduces that the partition function is independent of the squashing. Combining this with
the equivalence of partition functions between ellipsoids and squashed spheres, one is led to
the squashing independence in [13]. On the other hand, the supersymmetry enhancement
for the y = ib+Tb_1 point does not explain the squashing independence. However based on
the triviality of the N = 4 partition function at this point we suspect that the theory becomes
topological.

The rest of this paper is structured as follows: In section 2 we review general features
of supersymmetric partition functions on three manifolds and analyze the THF on the round
sphere, the U(1) x U(1) symmetric ellipsoid and the SU(2) x U(1) symmetric squashed sphere.
In section 3 we show that the supersymmetry is enhanced at the special values of the mass
parameters by considering a twisted dimensional reduction of 4d A/ = 2 supergravity which
we discuss in appendix B. The corresponding analysis for 3d A/ = 6 conformal supergravity is
presented in appendix C which explains the symmetry enhancement for ABJ(M). In section 4
we explain the squashing independence and the symmetry enhancement by studying the 4d
indices which give 3d partition functions upon compactification. Appendix A contains details
of the simplification of partition functions for SYM, including the Ny model, and ABJ(M) at
special mass parameters.

2 N = 2 supersymmetry and partition functions on deformed
spheres

In the literature two distinct deformations of the three-sphere have been considered. The first
deformation, which we refer to as the ellipsoid, preserves only a U(1) x U(1) isometry. Super-
symmetry on the ellipsoid as well as localization of path integrals were discussed in [3,21].
The second deformation, which we refer to as the squashed sphere, preserves an SU(2) x U(1)
isometry. There are two distinct possibilities for how to preserve some supercharges on this
metric background [3,4,22] and they lead to distinct results for the partition function which
is equal to the round sphere partition function in one case and the ellipsoid partition function
in the other case. The purpose of this section is to explain this using the techniques and results
from [19, 20].

On a Riemannian three manifold M, the metric will break all supersymmetries. To pre-
serve some (rigid) supersymmetry one then has to turn on additional background fields in the
supergravity multiplet [7]. For new minimal supergravity these fields are a gauge field A for
the U(1)g symmetry, a dual field strength V for the graviphoton and a scalar field H. Then

b—b"
5 -

2The simplification in [17] occurs for u = +i
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3

every spinor (, 2 solving the Killing spinor equations

. 1
V,.{—i(A,+V,){—Hy, L+ g%vPV”Y"C =0, o
> = s 1 ~ :
V“C+1(AM+VM)C—HYNC—Eewpv”ypg’:O,

corresponds to a supercharge preserved by the background.

Equivalent to the existence of at least one solution to the equations in (2.1) is that the
manifold M admits a transversely holomorphic foliation (THF) compatible with the metric.
Assuming that M is oriented, such a THF is given by a nowhere vanishing, normalized vec-
tor field £ subject to the constraint that the tensor ", = ¢", £F satisfies the integrability
condition

oM Lo, =0. (2.2)

The orbits of & define leaves of a one-dimensional oriented foliation of M and & induces
an almost complex structure on the normal bundle of the foliation. Due to the integrability
condition the almost complex structure is constant along the orbits of £. As a consequence,
one can construct local coordinates (7,z,%) such that & is the vector

&=0;, (2.3)
and the metric can be written as
— 2
ds? = (dr +h(t,2,2)dz+h(1,2,%) dE) +c(1,2,2)* dzdz. (2.4)

For later reference we note that in such adapted coordinates the tensor  takes the nice form

0 ih —ih
o =0 —i o0 |. (2.5)
0 0 i

The metric on the normal bundle of the foliation is hermitian, hence (2.4) is referred to
as the transversely hermitian metric (THM) compatible with the foliation. Because of am-
biguities, a THF with a compatible THM does not correspond to a unique set of background
fields. However, it is sufficient to write down supersymmetric Lagrangians which, among other
parameters, depend on the THE the THM and the aforementioned ambiguities.

Three-sphere and its deformations that we consider preserve at least two supercharges of
opposite R-charge, hence there exists a pair ¢, E of Killing spinors. From these Killing spinors
we can construct the Killing vector®

K =¢y"Z9,. (2.6)

Assuming that K generates a single isometry, we can write the normalized vector field as
& = Q7'K, where Q is the norm of K. We can now define coordinates (1, z,z) where K = Oy
and the metric takes the form

ds? = Q(z,2)* (dy + a(z,2)dz + a(z,7) dz)* + ¢ (z,2)* dzdz. 2.7)

Crucially for our analysis, the authors in [20] showed that the deformations of the THM
couple to Q-exact terms in the Lagrangian. Hence, given a fixed THF the free energy does not

3The gamma matrices in 3 dimensions are the Pauli matrices.
4To compute this contraction of spinors, the index on ¢, has to be raised to {* = **¢ s using the 2-index

Levi-Civita tensor, €,, = —e'? = 1. Then the contraction reads ¢ “(y“)aﬁ Zﬁ for (y“)aﬁ the Pauli-matrix with the
frame index transformed into a coordinate index u using the frame.

4
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depend on the functions h(7,z,%z) and c(7,2,z) in (2.4). Furthermore, [20] showed that the
only deformations of the foliation that affect the free energy are those in the components &*
and °_. This means in particular that we can rescale £ without affecting the partition function.
We now apply these results to the sphere and its deformations. Infinitesimal deformations of
the THF away from the round sphere were already analyzed in [20].

2.1 The round sphere and the squashed sphere

In our first application we explain the squashing independence of the partition function of
supersymmetric theories on the SU(2) x U(1) deformed sphere of [3]. For this we start by
discussing supersymmetry on a round sphere of radius r5. Using coordinates related to the
Hopf fibration the metric takes the form

r2 ra
ds2 = 13 (dv) +cos 6dep)* + ZB (d6? +sin® 6d¢?) . (2.8)

round —

For convenience we choose the left-invariant frame

el = —% (sinyd6O —sin O cosydg) ,
e’ = %(com/;d@ +sin 6 sinydg) , (2.9

632—%(d1/)+c059d¢),

in which all constant spinors £, gsatisfy the Killing spinor equations in (2.1) for the background

fields .
A=V =0, H=-——. (2.10)
2r3

These spinors are invariant under the action of SU(2);, € SO(4) = SU(2);, x SU(2)z, and
the preserved supergroup SU(2|1) x SU(2);. Out of the four supercharges preserved by the
background let us focus on the pair of Killing spinors

¢=(,0", Z=(0,1)". (2.11)

For these the Killing vector defined in (2.6) is given by
2
K=——0y=¢, (2.12)
I's

where the second equality comes from the fact that K is already normalized. We can then
write the round sphere metric in the form (2.4) by using the adapted coordinates

rs 9 i
T=——1, z=cot—e". 2.13
5 Y 5 (2.13)
We then find that the functions in the transversaly hermitian metric are
il—2z T3

h=—r;3— -, c= —.
4z 1+ 22 1+22

(2.14)

We now compare this to the squashed sphere. Using the same coordinates as in the round
case, deforming the metric on the sphere while preserving an SU(2) x U(1) isometry boils
down to rescaling one of the coefficients. This leads to the metric

) i (b+b!
Clssquashed - Z 2

r2

2
) (d¢+cos@d¢)2+Zs(d92+sin29dqb2). (2.15)

5
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We choose the frame to be proportional to the left-invariant frame of the round sphere, such
that e picks up the prefactor (b + b~1)/2 but the other components are unchanged. If we set
the background fields to

i1 b—b 1)’ 1 1y
H__r_3b+b_1(1_( > )) V——A—g(b—b )" (dy +cos Odep), (2.16)

we preserve the pair of constant Killing spinors in (2.11) and the full supergroup is
SU(1|1) x SU(2). Thus, we preserve half the supercharges as compared to the round sphere.
The Killing vector then takes the form

K= —;3 (2.17)

T (b+b g ¥ '

and we observe that the leaves of the foliation are preserved by the squashing. In terms of the
adapted coordinates of the round sphere this means that £* still vanishes. Similarly one also
finds that ¢*_ is unchanged by this squashing. Consequently the free energy is b-independent.

2.2 The ellipsoid and the squashed sphere

For our second case we continue with the squashed sphere metric in (2.15). By choosing a
different set of background fields it is possible to preserve the supergroup SU(2|1) x U(1)g. In
this subsection we show that the corresponding THF is equivalent to the one on the ellipsoid
and hence the partition functions on the two spaces coincide.

Let us consider the squashed sphere with the same frame as before, but now with the
background fields

H = 4% (b+b1), V=-A= %(b b (b—bV)(dy +cos0dd).  (2.18)
3

Defining ¢'® = —b and mapping the sphere into SU(2) by setting

_ [ cos %e%(?ﬂp) sin %e%@_‘m (2.19)
~ \—sinfe30¥) cos ez (0¥ ) '
one finds that for any choice of constant spinors ¢, ZVO, the spinors
(=e07.g700g,,  [=e207. g7 (2.20)

satisfy the equation (2.1). Thus we have four independent conserved supercharges giving us
an SU(2|1) x U(1) supergroup.
To study the THF we choose the pair of Killing spinors,

Lo=Vb+b1(1,007, ¢o=+vb+b1(0,—1)7, (2.21)

which give the Killing vector

=~ 2 2
KZCY“C=r—g(b—b‘1)8¢+g(b+b‘1)3¢. (2.22)

To put K into the form in (2.3) we define new coordinates

;=03 _b_b_1 _ I3
V=75 (”"J b+b—1¢)’ EabTrrT=ia (2.23)

6
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such that K = 8, and the metric takes the form

b+ b1\ ) b—b '+ (b+b)cosd -\
ds? = —— b+b'+(b—=b"1)cosh dt + d
squashed ( 2 ) ( ( ) ) (b + b1+ (b — b_l) cos 9)2 1/)

r2 ~
+-21de%+ 4 - (b+b71)sin® 0dg? | . (2.24)
4 ra(b+b-14+(b—b"1)cosH)

We next consider the ellipsoid. Given some smooth function f () satisfying f (0) = £, and
f(5) = {4, the ellipsoid metric is given by

ds?

ellipsoid = f(®)?d9? + E% cos? ﬁdqﬁf + E% sin? "Odd)g . (2.25)

As was noted in [21], the index computation of [22] explains in a straightforward manner that
the partition function on the ellipsoid does not depend on the form of f, but only on its values
at % =0, 5. Thus we are free to choose

f@) =L sin2ﬁ+€2 cos’ ¥, (2.26)

which differs from the choice in [3,22] but will facilitate comparison with the squashed sphere.
In order to preserve supersymmetry on this metric background, we also have to turn on the
background fields

i 1 lq 1 62)
H=—, A=—|1——=|d¢;+=-|1—-—=]|d¢,, V=0. 2.27
7 (13 a3 (1= oo @27
The corresponding Killing spinors solving (2.1) then take the form
‘ ig . 30
L = e3oto0) | € T =e3Coren)| ©7 (2.28)
e_iﬂ ’ —e_iﬁ ’
in the frame [3]
el =f,costdg,, e?={,sintdep,, e>=f(F)do. (2.29)

This gives a SU(1|1) x U(1) supergroup. In order to compare with the squashed sphere we
make the change of variables

Y=+ ¢y, b =¢1— 2, 0 =27. (2.30)

The metric then takes the form

L 1 6, 2. 20
A5 Gipsoia :Zf(%)2d92 tg (Ef cos® R 02 sin? E) (dy® +dep?)

(2.31)
1 0 0
+ > (Z% cos? ) —Z% sin? E) dyde,
and the Killing vector generated by the Killing spinors in (2.28) is
1 1 1 1
K=2——— 0, +2| —+— |0, 2.32
(zl ez) v (61 ez) v @32

This is the same Killing vector as we found in (2.22) for the squashed sphere if we iden-
tify> £, = r3/b and {, = r3b. The normalized (w.r.t the respective metrics) vector fields are
proportional to each other and the leaves of the corresponding foliations of S® are the same.

SWith this identification f = 2 (b+ b+ (b—b"")cos 0).

7
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__ Following the same procedure as for the squashed sphere we change to the coordinates
(1/), 0, T) defined in (2.23). In these coordinates K = d, and the metric takes the form

1 (n -1 2
42 _4(dT+(b+b )cos6 —(b—b )dJ)

ellipsoid — 4
(2.33)

+ %fz (462 + £ 72 (b+b71) sin? 0dy)?) .

r3 p1 _ r3b L~
Introducing the adapted coordinates with z = (1 + cos )26+ (1 —cos6) 2+t Del¥ for this
metric it takes the form (2.4). In the same coordinates the squashed sphere metric (2.24)
takes the form

ds? = (g(2,2)d7 +h'(2,2)dz + I (2,2)dz)? + ¢'(2,7)?dzdz. (2.34)

From this we see that there is no consequential change in the THF when we go from the
ellipsoid to the squashed sphere and the two partition functions are equal.

3 Symmetry enhancment from extended supergravity

In this section, by embedding the A/ = 2 R-symmetry and the flavor symmetry in the ' = 4
R-symmetry we show that the special values of the mass parameter in 3d correspond to the
existence of extra supersymmetries. The ideal framework for this computation is an off-shell
formulation of 3d N = 4 Poincaré supergravity but this is not readily available. We proceed
by dimensionally reducing the 4d N/ = 2 supergravity considered in [23,24]. The dimensional
reduction gives three dimensional backgrounds to which 3d N/ = 4 SYM naturally couples.
Since ABJ(M) theory cannot be obtained this way our arguments do not apply directly. The
correct setup to consider for ABJ(M) is the N' = 6 conformal supergravity [25] which we do
in appendix C and show that the same conclusions hold.

The details of the dimensional reduction are provided in appendix B and we only state the
main results here. The bosonic fields of the 3d backgrounds are

guv»  Vu, AP, A, H, o. (3.1)

Here V,, is the dual graviphoton field strength which appears in 3d via the reduction of the four-
dimensional metric. The four-dimensional N = 2 superconformal algebra has U(1), x SU(2)g
R-symmetry. The gauge fields and the scalars are the dimensional reduction of the gauge field
corresponding to the R-symmetry generated by the U(1), x U(1)g subgroup®. From the 3d
N = 2 perspective, A};O corresponds to the gauge field for the R-symmetry while AZ and o are
bosonic fields of a background U(1) flavor multiplet.

Setting the variation of the gravitino to zero leads to the following generalized Killing
spinor equations (GKSE)

. 1
(VH—I(A};O + EV“) —Hy, + empV”y”) £l=o,
1 (3.2)
(vu +1(A§0 —Al — EVM) —(c—H)y,+ eWpV”yP) £2=0.

5We only allow the SU(2); symmetry gauge field to take values in the Cartan subalgebra. It would be interesting
to study the generic dimensional reduction with arbitrary SU(2), gauge field as well as other fields in the N = 2
Weyl multiplet but we do not attempt it here.


https://scipost.org
https://scipost.org/SciPostPhys.12.1.025

Scil SciPost Phys. 12, 025 (2022)

The first equation is precisely the GKSE (2.1) for 3d A/ = 2 supersymmetric backgrounds’.
Requiring the variation of the dilatino to vanish gives

1
Sy'=((D+0oH)E - 3 (e“v‘)ypélau (A‘}) - %AFV) +rhEr (8, +2iv, (H— %0)) =0,
(3.3)
1 1 1
2 __ 2 Y : —
oy“=([D+0cH)E+ 3 (e“ pypizau (A%“ + EAE) +yHE2 (8N +2iV, (H+ EO‘)) =0.

If £2 = 0 then the constraints in (3.3) reproduce the conditions for a 3d A/ = 2 supersymmetric
theory coupled to a background U(1) flavor multiplet. £! satisfies the Killing spinor equation
for the background fields

1 b+b 1) (b—b1 b4 bl
AR°=——V=—( )( )(d1p+c039d¢), H=i * . (3.4)
2 16 47"3
It then follows that
" 9,A%y , +2iHV*y, =0 (3.5)

and the constraints in (3.3) simplify considerably. For constant o and without imposing any
further restrictions on £2, (3.3) is satisfied for

D=—oH, A=29y (3.6)
=—0OH, = . .
b+b-1
For o = 2H, the second GKSE is also satisfied for all £2 of the same form (2.20) as &%,
-1
hence the amount of supersymmetry is doubled for this choice of mass. For o = ib;fa and
£2 =(1,0)" the second GKSE becomes
—b! ib+b?
V,E2+i| ——— |V, &2+ = 2=0, 3.7

which is indeed satisfied. £2 = (0, 1)" solves the GKSE for o = —i b;f: . So, in this case we see

that we have two more supercharges. Note that these are exactly the supercharges preserved
in the familiar squashing discussed in subsection 2.1.

4 4d indices, 3d partition functions and symmetry enhancement

In this section we study the relation between partition functions on the three-dimensional
squashed sphere and dimensional reduction of the four-dimensional indices [26-29]. We first
derive relations with the N'=1 and \V = 2 indices. We then show how various special values
of the mass parameter in the 3d theory correspond to limits of the index where only states
annihilated by extra supercharges contribute.

Consider a theory with A/ = 1 superconformal symmetry placed on S' x S, with radii
r; and r5, respectively. The N' = 1 superconformal group SU(2,2|1) has bosonic genera-
tors Py, ji, Jo, jI—L, jZi for the 4d Poincaré algebra, E and K|, for dilations and special conformal
transformations, and 7 for the U(1)z symmetry. Its fermionic generators are the supercharges
Qo Qd and the conformal supercharges S, §d for a,aa = +,—.

We can build an index using the supercharge Q = Q_ and its adjoint Q" = S,. These
satisfy the anti-commutation relation

. 3.
{Q,Q‘}=E—211—5r, (4.1)

. . . _ 3
"We scale the V,, in (2.1) and then identify A,, —A‘;U -3V,
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where the right hand side commutes with Q and Q. Since Q has R-charge ¥ = 1, the com-
bination E — %? also commutes with Q and Q'. Hence, treating the S' as Euclidean time we
can construct the index

r 1~ ~
Tr (1) 22D = (1) (pg)2 27 = T(p, ), 42)
where the trace is over the states in the Hilbert space on S*, and the fugacities are defined as

—ZTEb_IV::—l

g=e 3, 4.3)

—2nby L
p =e 3
withv=2(b+b 1)},

The index Z(p, q) is equal to the path integral

I(p,q) = J Depe St [ 7 (4.4)

where the path integration over the fields has periodic boundary conditions on S! for both
fermions and bosons. j,? is the U(1)z charge density, while under dimensional reduction we
have that

Sgixss = 2mrSs3, (4.5)

where S? is the dimensionally reduced action on S®. Hence, we see that the combination

~ 1
SS3 = SSB - 5 J‘ ]79 (46)
S3

is the three-dimensional action that is invariant under supersymmetry transformations gener-
ated by Q and Q. Since Q. and S_ also commute with E — %?, Sgs is invariant under these
supersymmetry transformations as well. Hence, the theory on the round sphere generically
preserves four supersymmetries.

If the theory also has some flavor symmetries, labeled by F;, then these too can be inserted
into the index since all F; commute with Q. These are put in by turning on some appropriate
background gauge fields along S'. Each F; comes with a fugacity t;, which are given by

t; = e—Znirlmi , 4.7)

where m; is the real mass parameter that appears in the dimensionally reduced 3d theory. It
is related to the dimensionless parameter u; that appears in the one-loop determinants by

m; = 241 (4.8)
r3
The index then takes the form
I(p,q. 1) = Tr(—1)" (pq)2 =27 [ ¢f". (4.9)
i

We will eventually be interested in a flavor symmetry that descends from A = 2 super-
conformal symmetry in four dimensions. To this end we extend the supercharges to Q 4, Quas
Saas Saq, Where a = 1,2, and we identify these with the A” = 1 supercharges as Q, = Q1,,
Sy = S10> Qs = Q24> Sy = Sy The N = 2 R-symmetry is SU(2) x U(1) with generators R, R*
and r. Comparing the anti-commutation relations, we see that the N’ =1 U(1) generator is
related to the N' = 2 SU(2) x U(1) generators as 7 = %(r + 2R). The N = 2 supersymmetry
generators that are not part of the A = 1 generators can have flavor charges assigned to them
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Table 1: For each supercharge O we list its quantum numbers. Here a = 1,2 are
the SU(2)y indices and a@ = £, @ = =+ are the Lorentz indices. E is the conformal
dimension, (j;,j,) the Cartan generators of the SU(2); ® SU(2), isometry group,
(R,r), the Cartan generators of the SU(2)g ® U(1), R-symmetry group, r is the 3d
R-charge and f is the flavor charge.

| Q [SU@); [SU@), [SURR [UQ), [ ro | f |
o | 1 [ o T [ f [1]o0
Q.| 3 0 2 2 [ 1]0
o | -t [ o | L [ T [-i[1
N % 0 _% % —1]1
G- o [ 3 [ 3 [T[i[
Qi 0 % % _% —1
Qy- 0 —3 —3 — |-1] 0
Qo 0 % _% _% —1]0

which we normalize to 1. Hence, we have a U(1) flavor symmetry in the N = 1 theory, given
by f =r—R.

Since E — %'F does not commute with the extra supersymmetries, the 3d action Sgs is not
invariant under their transformations. However, we can improve this by using the flavor sym-
metry. In particular, if we instead consider the combination E — %7‘ + % f = E —R, then this
also commutes with Q,; and S;4. Hence turning on a Wilson line along the S' coupled to
the appropriate charges enhances the number of supersymmetries on S° to eight. The flavor
symmetry also shifts the 3d U(1) to ry =7 — % f = 2R. With the shift Q;, and Q4 both
have r, = 1 while S,, and S,, both have ry = —1. A summary of the various charges for the
different supercharges are shown in table 15.

Next consider squashing the S® such that it preserves an SU(2) x U(1) isometry. The charge
j rotates the angle 1) which parameterizes the Hopf fiber over the S?. We can then obtain the
SU(2) x U(1) squashed metric by twisted dimensional reduction, where the rotation on the
fiber as one circles the S! is given by

b—b71lr
(x4’¢) ~ (x4 +27ry, Y +47'c1b T r_;) . (4.10)

The effect of the twisting is to insert the factor

b—b1r ( p )J’z
exp| —4n————j, | =(= 4.11
p( b+ b1 rgjz) p 411
into the index, giving us
Tsuayu)(ps @) = Tr(=1)F paEaT+3+20)g 3 (3743 20) (4.12)

This index is well-defined since j, commutes with Q. It also preserves the supersymmetry
generated by Q,, but breaks the am supersymmetries. Hence, four supersymmetries are
preserved in general. In fact, without breaking any further supersymmetries we can combine
this with a flavor term to give

Tsuayev(p, 4, £) = Tr(=1)F pa(B-aT 3/ +202) g3 (=374 3 =20 f (4.13)

8The table is an amended version of table 1 in [30].
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where t = e 2™ and m has the same relation to the dimensionless parameter u as in (4.8).
This last insertion adds a mass-term to the 3d action.
We now show that for special values of u the index simplifies. For

u:—%(b—b_l), (4.14)
the index becomes
Tsuyxum)(p,q) = Tr(—l)FP%(E_%H%szﬁf)q%(E_%ﬂ%f_%_f) . (4.15)

Examining the charges in table 1, we see that (31+ commutes with 2j, + f. Hence, with this
choice of mass two extra supersymmetries are preserved, giving six altogether. Moreover, the
exponent of p equals {Q;, Q'H} so we can also rewrite the index in the form

Tsuyxu)(P-q) = Tr(—l)Fq%(E_%FJr%f_ij_f) . (4.16)

This makes the squashing independence explicit as all b dependence can be absorbed into
— -1 . . . =

a rescaling of the S® radius r3. For u = i Zb supersymmetries associated with Q- are

preserved. This is consistent with the analysis in section 3.

The other point we are interested in is

b+b!
w=1i ) (4.17)
2
where the index takes the form
Tsu@yxum)(P>q) = Tr(—l)FP%(E_%ﬂ%“zjrf)q%(E_%FJ“%f_sz_f) (4.18)
Jj2
= (-1 (o) (2] 4.19)
q

The exponents in this index commute with all supercharges without tildes, giving a total of
eight preserved charges. Contributions to the index then come from multiplets satisfying
E = r, meaning that we can simplify the index to

ja
Tsu@xu)(P,q) = Tr(—1)" (g) . (4.20)

From here we see the squashing independence of the partition function as again b can be
absorbed by rescaling ;. Note that enhancement at y = —ibJrZZf1 happens if one exchanges
the roles of the two Lorentz SU(2)’s.

In a similar fashion we can construct an index that reduces to the familiar squashing case
[3]. Taking the twisted compactification from before, we would like the index to be of the

form

J

—p1 . . . .
where we have defined u = —i%. The operator O is chosen such that the index will be with

respect to the supercharge QZ;. Given that this supercharge commutes with E —2j, + 2R +r
and E + j,, it is easy to see that O = %(1 —2iu)(2R +r). Then writing again an index in terms
of p and g we find

Ty = Tr(_l)Fp%(E+2j2—%R—%r)q%(E—2j2+2R+r) (4.22)
= Tr(—1)F p2(E+21—3R=51) (4.23)

In going to the second line we used that the exponent of q is equal to {O,, @;;}. The last line
shows that the dependence on b of this index is trivial in the sense that it can be absorbed into
a rescaling of the S® radius r3. After dimensional reduction this translates into the squashing
independence we discussed in section 2.1.
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A Partition functions of 3d N = 2 theories

Here we summarize the contributions of different multiplets to the partition function and
resulting simplifications for special values of mass parameters.
The general form of the partition function is

Z= f doge™So ( l_[ (a,a)2> Z1-100p (b, 0) , (A1)

aEA,

where r is the rank of the gauge group, S, is the action evaluated at the localization locus.
Only the Chern-Simons terms and the FI terms contribute to Sy. The product is over the positive
roots of the Lie algebra. Z;_jo,, is the one-loop determinant which is a product of one-loop
determinants for an A/ = 2 vector multiplet and various chiral multiplets depending on the
matter content of the theory. The basic one-loop determinants are for the vector multiplet

ze,=11

aEA

sinh (nb(o,a))sinh (nb (o, a))

{0,a)?

, (A.2)

and for an A/ = 2 chiral multiplet with R-charge g, flavor charge F and mass u in any repre-
sentation of the gauge group

23 aaEw =] s (50— +Fu=(o.p)). *3)

PER

where s, (x) is the double sine function, defined as the (regularized) infinite product

se0=T1 (m+3)b+(n+3)b ! —ix

T TR (A4)
mn>0 (M+3)b+(n+3)b~1 +ix
Using these formulae it is easy to confirm that for a chiral in the adjoint representation
11 b+b! 1
ZCh —_ 3 —
NZZ(Z’Z’I 2 ) al;[ sinh(nb(o,a))sinh(nb—1{o,a))’
11 b+b!
h : _— ~ch —
ZC =) (E; 5)_17) - ZJC\[ZZ (1;F)O) - 1:
_ (A.5)
b+b7!
Z/C\}/;g (1, 1, +i ) = l_[ (sinh(nb(a, a)) sinh (nb_1<o, oz)))¥1 ,
aEA,

_ 11 : ¥1
zj{,‘:z(l,l,iib 2b ):b*rankG l_[( sinh7b{9, a) ) :

; 1
ach, sinhtb—1(o, a)

For N = 4 multiplets, the R-charge q of constituent chirals is the sum of the charges under
U(1) x U(1) c SU(2) x SU(2) = SO(4)g while their flavor charge is the difference. This
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means that twisted multiplets have the opposite flavor charge and we will not need to list
them separately in what follows. The A" = 4 vector multiplet consists of an A/ = 2 vector
multiplet and an appropriate adjoint N' = 2 chiral multiplet with R-charge ¢ = 1 and flavor
charge 1. The corresponding one-loop determinant has the form

2N 4 = 2302500 (1, 1, 1) (A.6)
kG sinh(v‘rb*l(o,ot))2 h— b 1
- {bm MNoea, —@ar——>  w=# (A7)
1 b b_
l_[aeA+ {o,a)2 > U =+i—— +

Note that for the u = *i b _zb — case the above expression together with the integration measure
on the Cartan algebra of the gauge group and the Vandermonde determinant only depend on
b¥'lo, making the squashing independence explicit. This rescaling of the Coulomb branch
parameter matches with the rescaling we found for the index 4.16, confirming the choice of
sign that u comes with in the above expression A.6.

The N' = 4 hypermultiplet consists of two N = 2 chiral multiplet with R-charge % and
opposite gauge charges. Besides the mass u that we tune, the hypermultiplet also admits a
real mass m that preserves N' = 4. So the one-loop determinant in a representation R has the
form

h 1 1
ZNYL(u,m)—ZChR(— — pt2m)Z 1= 2m) (A.8)
l—[ 1 = :l:ib —b!
ok cosh(nb¥1({(o, p) + m)) 2
1 A Lh
, u= >
(A.9)

Note that once again the first case only depends on b¥'o. With these ingredients it is now
easy to put the various pieces together and obtain squashing independent partition functions
as well as partition functions with very simple squashing dependence. An example illustrating
this squashing independence is the N¢-model in appendix A.2.

A.1 Another squashing independent point for ABJ(M)

In this section of the appendix we show squashing independence for the mass deformed
ABJ(M) theory at a special mass given below. The partition function of mass-deformed ABJ(M)
theory on the squashed three-sphere is given by

. N+M
Z(b;my, my, my) = e e (b—bM(-1) J LYY (5 -Ta)

N!(N + M)!
X l_[4sinh(7rb(u,a — up))sinh (Trb_l(,ua — Up) l_[4sinh(nb(vl~ — vj)) sinh(nb‘l(vi — vj))
a>b i>j

T e e | ol e e |

i,a

(A.10)

In the following we will show that this is squashing independent for m; = i% and m; = m,.
Thus we will look at Z = Z(b; m*;m’, %,ig) where my = m; £ m,.
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With the definition eq. (A.4) and the identity

2
sinh(z)zzl_[(1+ nsz) , (A.11)

k>1

it is easy to see that, after rescaling (u, v) — (u, v)/(27) and putting some (divergent) constant
factors into N3, our partition function of interest simplifies to

Z=N, o 15 (b—b MM 1)

X J AVM N el k(-2 ) l_[ 4sinh (b—“a — ) sinh (b_l Ha— P )
2 2

a>b
1 Yi—Y; 1
l_[4smh( )smh(b 1 )l_[ — — .
ind 2 i a sinh (b_l Ha vlz Tm_ ) sinh (b Uq vlz Tm_ )
(A.12)
Applying the Cauchy determinant formula, this can be rewritten as
Z = Nlelizik(b—bfl)M(Mz—l) J dN+Mu ve ar (Z =, ,ui)—% Zr(Q,u,—ﬂ:Qm,)-k% > Qv
1 1yp—1
(M+N—=I1+3)b~ " (u;—mm_)
x det (GN,Z g ) + 0O N1 2 ’ ) (A.13)
2
1 1
(M+N—I+3)b(u;—mm_)
x det (QN’Z I~ Y — + 6 ni16 7)b; ) .
2

By expanding the determinants and reordering integration variables to get rid of one summa-
tion, this can be simplified to

Z=N, Z (—1)ode+M dN y eir (T V=X m2)— X, (Qur—nQm_)+3 3, Quet 15z (b=b")M(M>~1)

OESy+N

VM (M-+N—14+3)b~ (j—mm_) , (M+N—1+3)b (g (j)—mtm_)
j=N+1¢ €

—1 o ——
1_[]]'\]:1 4sinh W ;’1 ™M) ginh e U) zvj nm_)

(A.14)

where we put some more irrelevant factors into the new normalization factor N,. Fourier
transforming the hyperbolic functions we get

Z N JdN+MMdN dede+Nq e4n(21 i Z nU‘ ) g Z (Q“r an )+QZ st 12k(b_b_1)M(M2_]-)

l_[tanh( )ean(“J v—mm_) l_[ (M+N— l+2)b l(pLJ Tm_ )l_[tanh(qs) b(v5+rtm_)
2

j=N+1
N igr b ’Qrb“a(f)
< 1 5(2m(M+N—s+ )+qs) x > (- 1)01_[ .
s=N+1 OESN+M

(A.15)
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Now it is straightforward to do the u and v integrals as they have become Gaussian. Doing in
addition some massaging of the expression, we can write it as

z :N4eMZ—NQ7rm_eiﬁ—’}<M(2M2+1)

X Z (-1)° J dVpdM+Ng l_[tanh( 5 )tanh( 5 ) - rg_(%“qub)eﬁl"’f(‘h’(i)_qf)

€SN um (A.16)
N+M o X 1
[] ex¥—+2dens (2ni(M FN=j+ )+ qj) .
j=N+1
Looking at this expression it is clear that the condition m_ = 0 is sufficient to guarantee

squashing independence. Unfortunately we have not yet managed to show that this is also a
necessary condition.

A.2 The Ny model

Finally let us discuss the simplification of the partition function for the so-called Ny model
which consists of an A = 4 vector multiplet, an adjoint hypermultiplet and Ny fundamental
hypermultiplets with U(N) gauge group [31]°. The theory has an SU(2) x SU (N¢) flavor
symmetry which can be deformed by turning on the hypermultiplet mass parameters m,q; and
m in the Cartan of SU(2) and SU(Ny ) respectively. Additionally, we have the N = 4 breaking
mass ¢ as in eq. (A.8) that we will tune to special values. The full one-loop determinant
depends on (b, Magj> M, u) where m; = A; (m) and A; is the i-th weight of the fundamental
representation of SU(Ny). As discussed the one-loop partition function simplifies for different
choices of u

( b— b‘l) b1 N
Z| b,m,g, m;, u= =i =
adj> oo 1 2 cosh (nb*lmadj)

sinh(rcb*l(a,oc))2 N
x 2 I |
aea, (O, a)zcosh(nbﬂ((o, a)+ mad[J acF i=1 smh(nbjFl( o,a)+m))*’

b+b7! 1
Z(b,madj,mi,uzﬂ 2 ):l_[(a,a)'

aEA,

(A.17)

In particular, the first choice of mass-deformation on the squashed sphere gives a partition
function which is squashing independent after rescaling m,q; — bilmadj, m; — b*'m; and is
then equal to the round sphere partition function [32].

B Twisted dimensional reduction of 4d N/ = 2 conformal super-
gravity backgrounds

In this appendix we perform a twisted dimensional reduction of four-dimensional supersym-
metric backgrounds that arise by taking the rigid limit of the A/ = 2 conformal supergrav-
ity. The resulting three-dimensional backgrounds can then be coupled naturally to three-
dimensional ' = 4 SYM. We use the three-dimensional backgrounds arising in this twisted
dimensional reduction to show that at special values of the chiral multiplet masses on the

“We thank Shai Chester for suggesting this model to us.
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squashed sphere enhanced supersymmetry is responsible for squashing independence of the
free energy.
The field content of the 4d N = 2 Weyl multiplet is [33]

EMN > bM; A?\/I’ V]\l/[]’ w;\/[’ BMN’ Xi’ D4d' (B.1)

The first five fields correspond to the gauge fields for the translations, dilations, U(1), xSU(2)g
R-symmetry and the supersymmetry which resides in the A/ = 2 superconformal algebra. The
scalar D4, the two-form B,y and the dilatino ' are the auxliary fields. The V' = 2 SCA also
contains Lorentz symmetry, conformal supersymmetry and special conformal transformations
whose gauge fields are not independent and are determined in terms of the fields given above.
We restrict to supersymmetric backgrounds with vanishing b, B,y and

_ R
Vi) =5 g,]A (B.2)

The variation of gravitino and dilatino is then given by

i

Sy, =Vl —= (AM +AR ) &!

YMn E]

2

Sy, =Vy&2—= (Ar —yun?,

)€
Ay)E
(B.3)
Syt —D4d§1+ yMNglaM (——AR +Ar)

1
5}(2 = D4d€2 + g’)/MN€2aM (EAi +A§V) B

where n»? are arbitrary spinors. Supersymmetric theories can be placed on a manifold if
the above variations vanish for a choice of background fields and some non-trivial £2. It
is convenient to organize the gauge fields A’, A® appearing above in terms of the gauge field
for the symmetry R, which only rotates the fermions and the flavor symmetry of an /' = 1
subalgebra

R
R _ 0 R — F R
rAy +RAY = - (AM+AL)+FAL_—FAM+R . (B.4)

The spinor £ is not charged under the flavor symmetry while the spinor &2 is charged under
both. The conditions for a supersymmetric background can then be written as

. . R
V& —iApE = yynt,
Va2 +i(Ay — AL ) 82 = yym?,
i R 3 (B.5)
D4d€1—§}’MN§13M(ANO—§AfV)=0,
D £2+i MN 25 Aoy L) 2o
4d 3}/ M N 2 N | — VY-

By dimensional reduction, we now obtain the equations for a supersymmetric background in
three dimensions. We start with the four dimensional metric

dsid = GyydxMdxN = (dx4 + chx“)z + guydxtdx” (B.6)
and frames (small latin indices denote the 3d frame indices)

E*=dx*+ cydxt, E% = ede“ (B.7)
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and the inverse

5} d d

- —e b P

E,= P E,=e, PR e (B.8)
The spin connections are related by

1
_ P
Quab = Wyap + Ecue;’eb (8,,cp — 3pc,,) ,

1
Quap = Eeg (3ucv_ avcu) )

(B.9)
Qpap = %e;’eg (avcp - apcv) ,
Q44p = 0.
The covariant derivatives of a spinor y, which does not depend on x* are related by
4d 1 v 1 v 1
Vi :vu+§€uvpv yp)(+§cMV Yo X Vaix = EVMYMX’ (B.10)
where V¥ = —%3‘“”9 d,¢, and our conventions for the gamma matrices is
Yoo =(G,—D), M =(-5,-1). (B.11)
Let us start with a generic equation of the form
(Vu—iAy)E=vun. (B.12)
Using the M = 4 component of the equation we obtain
n= %V“mé’ +A4E. (B.13)
Using this in the M = u component along with the gamma matrices we get
(Vu—i(AM-i- %Vu) —Aidy“+swpvvyp)5 =0, (B.14)

where AM = Aﬁd—cuAid is the three dimensional one-form and Aid is a three dimensional scalar.

Applying this result to & 1/)11\,’12 = 0 we obtain

, 1
(vu—l(Aﬁo + EV“) —Hy, + ewpv”yf’) gl=o0,

1 (B.15)
(vu + i(AiO —AI;L - EVH) —(c—H)y,+ Euvpvvyp) g2=0,
where H ZAEO and o zAi. The dilatino variations are of the form
Dyqe +ir™Ved, A, (B.16)
which upon dimensional reduction becomes
(D+oH)e+e""Po,A,y e +rte (8H+21VM)A4. (B.17)
Using this the two dilatino variations become
51_D Hl]‘uvppla R03F ula : 3 =0
x =(D+0cH)E —3 e""PyPELg, | A _EA” +yHE ( u+21vu) H—EO' =0,
(B.18)
1 1 1
Sy=(D+0oH)E%+ 3 (Wﬁypgzau (Aﬁo + EAIZ)) +r1E2 (9, +2iv,) (H + 50)) =0.
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C Extra spinors in ABJ(M)

In the main text we have shown that special values of masses correspond to supersymmetry
enhancement by embedding the 3d N' = 2 supergravity equations in a twisted dimensional
reduction of 4d N = 2 supergravity. This explains the simplfication of free energy for 3d
theories which can be obtained by a dimensional reduction of 4d theory. ABJ(M) theories,
however, cannot be obtained in such a way so the previous arguments do not apply. In this
section we consider the 3d N/ = 6 conformal supergravity with matter coupling, whose rigid
limit gives ABJ(M) theories on supersymmetric background. We show that our conclusions
regarding the symmetry enhancement at special values of mass hold.

The field content of the 3d A = 6 Weyl multiplet is

8 ALJ, Ay, EV, DY, IIV LK P .1

where I,J,K,---=1,2,--- ,6. ALJ and A, are gauge fields for the SO(6) x U(1) R-symmetry.

IJ"and DY are scalar fields in the 15 of SO(6). y'/K and ! are dilatinos. The general condi-

tions for supersymmetric background are obtained by setting SUSY variations of all fermions
to zero. These variations are given in detail in eq. (2.5) of [25].

When N = 6 ABJ(M) is coupled to this conformal supergravity then the fields E;; and D;;
appear in the general mass matrix for scalars and fermions. In the A/ = 2 language, turning
on supersymmetric background fields for the Cartans of SO(6) flavor symmetry correspond to
turning on constant 12,34 and 56 components of EY and D!/. From the SUSY variations of
fermions it is clear that in the massless case two spinors are preserved, those corresponding to
say I = 1, 2. This is because of the fact that one has to turn on background R-fields to preserve
supersymmetry. If only background R-fields are turned on then supersymmetric variations of
various fermions in the supergravity multiplet can’t be set to zero unless some of the spinors
vanish identically. This manifestly preserves only one-third of the supersymmetry (i.e., four
supercharges).

Next we show that the supersymmetry can be enhanced to eight and six supercharges by
turning on a special mass. Without loss of generality we start with spinors €' and €2 preserved
which we combine in complex combinations ! and £! which satisfy the conformal Killing
spinor equation

Vel —iAZe = yunt, ' =HE +iviyEl, AR =V,

s (C.2)

for V,H asineq. (3.4) and & I asin eq. (2.20). In addition, we want to preserve the spinors e34
by turning on scalars Esg and D5 and some gauge fields for the R-symmetry in the supergravity
multiplet. We again combine these spinors into complex combinations. The relevant variations
of fermions that are not trivially zero are given by

(¢3+1¢4) ng 1A3452—Yu77 —0,

§(M2 4 iA1= L ﬁ YMG2E? —i(D%0E2 — E%on?) (C.3)

5 (1341 + 11342) _ Yqu34gl i(D56§1 —E56’T)1) .

f

To preserve the N/ = 2 supersymmetry, we see that a non-trivial Af:‘ needs to be turned on:

D56:HE56=4L(b+b—1)E56, A =2VIES By
I3

V- (C.4)
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The spinors &2 are also preserved if we choose the flavor parameter such that Aff =-V

M’
. i(b+b71
this corresponds to when E°°® takes the value E°%* = l(r—)L Up to an overall constant

this corresponds to the second squashing independent point for ABJ(M) discussed above. In
this case four extra supercharges are preserved and the Killing £2 is actually equal to £*.

Similarly, for the other squashing independent point, we take &2 to be an eigenspinor of
y3. We then use the second equation in eq. (C.3) to determine 1>

) ) E56>k
n°=H&" +i 756

Vhy, E2. (C.5)

Using this the Killing spinor equation for £2 becomes

9 E56 9 9 E56>k 9
Vi VR Hy 8 iV yy £ = 0. (C.6)
For £ = (1,0) we have V#y, &2 = —b;—fs_liz. If E>® = i(%) then the above equation
becomes ) 1
b—b~ ib+b”
Ve +i——V, &2+ - =0, C.7
ué L W& ya— Tué (C.7)

which is indeed satisfied for the constant spinor. Note that these are precisely the squashed
sphere Killing spinors discussed in section 2.1 for which the partition function is known to be
squashing independent.
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