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1 Introduction and main results

Effective Field Theories (EFT) conveniently describe gapless systems that are weakly cou-
pled at low energy. An EFT is characterized by its particle content and a (graded infinite)
set of Wilson coefficients controlling the interactions of these particles. The Wilson coef-
ficients depend on the specific microscopic realization of the system and, generically, are
very difficult to compute ab initio. For this reason, it is desirable to find universal bounds
on these coefficients using only general principles like unitarity and causality [1–14].

In this article, we apply the numerical S-matrix bootstrap approach to estimate uni-
versal bounds on the two leading Wilson coefficients of the EFT describing massless pions,
i.e. the chiral lagrangian [15, 16]

L = 1
4f

2
π tr

(
∂µU

†∂µU
)

+ `1
[
tr
(
∂µU

†∂µU
)]2

+ `2 tr
(
∂µU

†∂νU
)

tr
(
∂µU †∂νU

)
+ . . . (1.1)

where the SU(2) matrix valued field U(x) = exp[ ifπ
∑3
a=1 σ

aπa(x)] encodes the pion fields
and fπ is the pion decay constant.1 The Wilson coefficients `1 and `2 control the two
independent four derivative terms in the effective lagrangian and the dots in (1.1) denote
terms with more than four derivatives. Using this effective lagrangian, one can compute
the low energy behaviour of the four pion scattering amplitude,

T cdab = A(s|t, u)δabδcd +A(t|s, u)δcaδdb +A(u|s, t)δdaδcb , (1.2)
1We are careless about the distinction between bare and renormalized couplings because we define all

parameters from the physical S-matrix (1.3).

– 1 –
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<latexit sha1_base64="ywZgukL6nxykmkUp/vNrACr9BDY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcNzwU6HiBEHx7BAKCfkhw7WwFQAdCQ2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e8verpHNR9yy/u6w1r4tmyuSEnJJz4pEr0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeUSpF8</latexit><latexit sha1_base64="ywZgukL6nxykmkUp/vNrACr9BDY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcNzwU6HiBEHx7BAKCfkhw7WwFQAdCQ2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e8verpHNR9yy/u6w1r4tmyuSEnJJz4pEr0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeUSpF8</latexit><latexit sha1_base64="ywZgukL6nxykmkUp/vNrACr9BDY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcNzwU6HiBEHx7BAKCfkhw7WwFQAdCQ2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e8verpHNR9yy/u6w1r4tmyuSEnJJz4pEr0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeUSpF8</latexit><latexit sha1_base64="ywZgukL6nxykmkUp/vNrACr9BDY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREikjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcNzwU6HiBEHx7BAKCfkhw7WwFQAdCQ2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e8verpHNR9yy/u6w1r4tmyuSEnJJz4pEr0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeUSpF8</latexit>

21<latexit sha1_base64="16BqB40w8tXL3B47fEHFuWx1IGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTf8IbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8ZF2</latexit><latexit sha1_base64="16BqB40w8tXL3B47fEHFuWx1IGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTf8IbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8ZF2</latexit><latexit sha1_base64="16BqB40w8tXL3B47fEHFuWx1IGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTf8IbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8ZF2</latexit><latexit sha1_base64="16BqB40w8tXL3B47fEHFuWx1IGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTf8IbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8ZF2</latexit>

24
<latexit sha1_base64="Wfc/8PZ6xeLXe/CLTfRb5pZtDV0=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUCcoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTWVvf2NzaLu2Ud/f2Dw4rR8cdEyWaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtObzO/OQBsRqQecx+CHbKLEWHCGVrqvN4aVqltzc9BV4hWkSgq0hpWvwSjiSQgKuWTG9D03Rj9lGgWXsCgPEgMx41M2gb6lioVg/DRPuqDniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjsp2z685e9XSade8yy/a1Sb10UzJXJKzsgF8cglaZJb0iJtwsmYPJFn8uLMnFfnzXn/GV1zip0T8gfOxzePnpF5</latexit><latexit sha1_base64="Wfc/8PZ6xeLXe/CLTfRb5pZtDV0=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUCcoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTWVvf2NzaLu2Ud/f2Dw4rR8cdEyWaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtObzO/OQBsRqQecx+CHbKLEWHCGVrqvN4aVqltzc9BV4hWkSgq0hpWvwSjiSQgKuWTG9D03Rj9lGgWXsCgPEgMx41M2gb6lioVg/DRPuqDniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjsp2z685e9XSade8yy/a1Sb10UzJXJKzsgF8cglaZJb0iJtwsmYPJFn8uLMnFfnzXn/GV1zip0T8gfOxzePnpF5</latexit><latexit sha1_base64="Wfc/8PZ6xeLXe/CLTfRb5pZtDV0=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUCcoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTWVvf2NzaLu2Ud/f2Dw4rR8cdEyWaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtObzO/OQBsRqQecx+CHbKLEWHCGVrqvN4aVqltzc9BV4hWkSgq0hpWvwSjiSQgKuWTG9D03Rj9lGgWXsCgPEgMx41M2gb6lioVg/DRPuqDniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjsp2z685e9XSade8yy/a1Sb10UzJXJKzsgF8cglaZJb0iJtwsmYPJFn8uLMnFfnzXn/GV1zip0T8gfOxzePnpF5</latexit><latexit sha1_base64="Wfc/8PZ6xeLXe/CLTfRb5pZtDV0=">AAAB9HicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUCcoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTWVvf2NzaLu2Ud/f2Dw4rR8cdEyWaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBtObzO/OQBsRqQecx+CHbKLEWHCGVrqvN4aVqltzc9BV4hWkSgq0hpWvwSjiSQgKuWTG9D03Rj9lGgWXsCgPEgMx41M2gb6lioVg/DRPuqDniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjsp2z685e9XSade8yy/a1Sb10UzJXJKzsgF8cglaZJb0iJtwsmYPJFn8uLMnFfnzXn/GV1zip0T8gfOxzePnpF5</latexit>

QCD
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�
<latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit>

↵
<latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit>

�
<latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit>

Figure 1. Allowed region in the {α, β} space for different values of Nmax ranging from 12 to 23.
For each Nmax we bound all the partial waves up to spin Lmax = 90 such that the spin cutoff
dependence is negligible. In the inset it is shown a zoom out of the {α, β} space. The green region
is allowed. The dashed lines denote the naive bounds (1.4) obtained from dispersion relations
and unitarity, neglecting the effect of logarithmic branch cuts in the scattering amplitude. Our
numerical bound has a non-trivial shape in the natural range α ∼ β ∼ 1

(4π)2 expected from naive
dimensional analysis. The three rectangles correspond to the phenomenological estimates of the
QCD values for α and β: brown, purple and black rectangles are taken respectively from [19, 20],
and [21]. All estimates lie inside, but close to the boundary of the allowed region.

where s, t, u = −s − t are the usual Mandelstam invariants. A 1-loop computation gives
the amplitude up to four powers of momenta [15, 16],

A(s|t, u) = s

f2
π

+ 1
f4
π

[
αs2 + β(t2 + u2)− s2

32π2 log −s
f2
π

− t− u
96π2

(
t log −t

f2
π

− u log −u
f2
π

)]
+ . . .

(1.3)
The dimensionless parameters α and β can be related to the Wilson coefficients `1 and
`2. However, this involves a choice of renormalization scheme and for this reason from
now on we will always refer to the parameters α and β which are defined by the equation
above in terms of the physical scattering amplitude. In appendix A.1, we derive (1.3) as the
unitarity completion of the tree-level term A(s|t, u) = s

f2
π

+ . . . . This makes transparent the
fact that the coefficients of the logs in (1.3) are fixed in terms of fπ and the polynomial part
involves free parameters. We also do this exercise to next order in appendix A.2. This gives
the explicit form of the pion scattering amplitude up to six powers of momenta, in perfect
agreement with the chiral limit of the 2-loop computation in [17, 18], see appendix B.
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In section 2, we explain how the numerical S-matrix bootstrap can be used to derive
universal bounds on the coefficients α and β. Our method relies only on the principles of
Lorentz invariance, crossing symmetry and unitarity and the assumption of Mandelstam
analyticity of the scattering amplitude. The allowed region in the {α, β} plane is depicted
in figure 1.2 As explained in detail in section 2, our method involves a parameter Nmax
that controls the freedom of our ansatz for the amplitude. In figure 1, one can see that the
allowed region is mostly stable when we increase Nmax & 18 except in a small region close to
the origin where convergence is slower. Remarkably, the empirical values of α and β in real
QCD are not too far from the boundary of the allowed region (see appendix B for details).

The inset of figure 1 suggests that the allowed region asymptotes to

β > 0 ∧ α+ 2β > 0 , (1.4)

for large values of α. In fact, these naive bounds follow from the dispersive arguments
of [1, 22] applied to forward scattering amplitudes if we neglect the fact that the logarithmic
branch cuts extend to s = 0. We review this argument in appendix C and upgrade it to take
into account the full non-perturbative analytic structure of the amplitude. In figure 2, we
make a more careful comparison between our numerical results and the naive formula (1.4).
Firstly, we observe that the derivative dβmin

dα of the numerical bound asymptotes to 0 for
α → +∞ and to −1

2 for α → −∞, in agreement with (1.4). Secondly, in the inset of
figure 2, we observe non-zero 1

α corrections in dβmin
dα at large |α|, which imply logarithmic

corrections to the naive bounds (1.4). The dispersive analysis in appendix C suggests the
following asymptotic behavior of the allowed region

β ≥ − 1
48π2 log |α|+O(α0) , α→ +∞ , (1.5)

α+ 2β ≥ − 1
16π2 log |α|+O(α0) , α→ −∞ .

This prediction is shown in red dashed lines in the inset of figure 2. It works rather well
for positive α and not so well for negative α. It is unclear if this is simply due to numerical
uncertainties or if the scenario proposed in appendix C is not realized for large negative α.

This short article provides a proof of concept that the numerical S-matrix bootstrap
can be used to derive universal bounds on EFTs in more than two spacetime dimensions. A
previous example in two dimensions is the flux tube S-matrix bootstrap [23]. In principle,
the same methods can be applied to other EFTs describing other massless particles like
photons or gravitons.3 In particular, one can derive bounds to the leading higher curvature
corrections to supergravity in 10 and 11 dimensions and compare them to the predictions
of string theory [24].

2Note that our results apply more broadly and describe any O(3) symmetric theories with soft low energy
behaviour in the 2→ 2 amplitude. To distinguish between such generic theories and those arising from a par-
ticular symmetry breaking setup — such as chiral symmetry breaking leading to the chiral Lagrangian — we
would need to consider higher point amplitudes or analyze the leading inelasticity of the 2→ 2 process which
only kicks in at very high loop order, at order s4. It would be interesting to develop our analysis further to see
how special are chiral symmetry breaking theories in the landscape of theories with a good soft behaviour.

3For gravitons, one needs to consider spacetime dimension ≥ 5 to have well defined scattering amplitudes
(without IR divergences).
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Figure 2. Discrete derivative of βmin(α) with respect to α for different values of Nmax (same
colour coding as in figure 1). We see that for large negative (positive) α we approach the expected
−1/2 (0) slope from the naive bounds (1.4). This leading linear behavior is already seen clearly in
figure 1. Interestingly, there are important logarithmic corrections to this as illustrated in the inset.
There, we plotted the combination α(dβmin/dα + 1/2θ(−α)), involving the Heaviside θ-function.
This combination kills the leading linear asymptotics and extracts the coefficient of any log at large
|α|. Of course, numerical errors are magnified when we multiply by α which is why we get the
numerical oscillations in the inset. Nevertheless, we see reasonable agreement with the analytic
prediction (1.5) shown as red dashed horizontal lines.

2 Numerics and some beautiful phase shifts

A big part of the setup, amplitude ansatz and numerics for massless pions follows almost
verbatin the massive pion amplitude case studied in [25] which in turn was strongly based on
the general ρ series parametrization of higher dimensional scattering amplitudes proposed
in [26]. We assume familiarity with those ideas and will now highlight what is special to
the case at hand.

Following [26] we will think of the amplitude A(s|t, u) as if it were a function of three
independent variables s, t and u. This is of course not true since s + t + u = 4m2

π = 0
so we are extending the two dimensional physical space manifold into an off-shell three
dimensional bigger manifold. Nice mathematical properties of the larger manifold and of
the sub-manifold guarantee that this analytic extension exists without the need to introduce
any further singularities in the bigger space [26].
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Then, we will map the full complex plane for each of these three variables — minus
their two particle cuts at the positive real axis R+ — to a unit disk. In the massive pion
case we centered the disk at s∗ = t∗ = u∗ = 4m2

π/3 which was a particularly nice point as it
obeys the physical constraint s+t+u = 4m2

π. This is not longer a good expansion point now
as it would collide with the two particle cut in the massless case. So instead we will map an
arbitrary negative s∗ point to the centre of the unit disk. We picked s∗ = t∗ = u∗ = −16f2

π

and fixed units such that fπ = 1
4 .

4 Then, one can write the analytic map as follows

ρ(s) ≡ 1−
√
−s

1 +
√
−s

. (2.1)

Note that s∗ + t∗ + u∗ 6= 0 and therefore we are really now doing something conceptually
different to the massive case: we are expanding around an off-shell point in the larger three
dimensional s, t, u enlarged space! The mathematical theorems quoted in [26] (about the
vanishing of higher cohomologies of coherent analytic sheaves) are thus more important
than ever here.

The ρ variables map the low energy expansion point s = 0 to ρ = 1 and the high energy
point s =∞ to ρ = −1. This means it is particularly trivial to “unitarize” expressions by
promoting them to rho variables. For example, (ρ(s)−1)2 will behave as s at small energies
and will approach a constant at large s. Of course, we can build polynomials in ρ which
will approach any desired low energy behaviour without exploding at s → ∞ since this
high energy point simply corresponds to replacing ρ → −1 in these polynomials.5 Along
these lines, we define

low energy ≡ −χ(s)
f2
π

+ 1
f4
π

[(
α− 3 + log f2

π

48π2

)
χ(s)2 +

(
β + log f2

π

48π2

)
(χ(t)2 + χ(u)2)

−3χ(s)2 logχ(s) + (χ(t)− χ(u))(χ(t) logχ(t)− χ(u) logχ(u))
96π2

]
, (2.2)

with
χ(s) ≡ 1

4(ρ(s)− 1)2 + 1
4(ρ(s)− 1)3 = −s− 3s2 +O(s5/2) , (2.3)

which matches precisely (1.3) at small s, t, u but which is finite at high energy.
Then our ansatz is simply

A(s|t, u) = low energy +
′∑
cabρ(s)a(ρ(t)b + ρ(u)b) +

′∑
dab(ρ(t)aρ(u)b + ρ(t)bρ(u)a)

(2.4)
where the low energy behavior is automatically input. To precise that, and clarify a few
other important points, we should explain what the primes in these sums stand for.

4The numerics converged better for this choice than for the choice s∗ = t∗ = u∗ = −f2
π . One possible

explanation is that the mass of the ρ-resonance Mρ ∼ 8fπ is a better estimate than fπ for the characteristic
energy scale in pion scattering amplitudes.

5We can even build decaying expressions easily if needed by multiplying these polynomials by appropriate
powers of ρ+ 1.
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Nmax s0 s1/2 s1 s3/2 s2 s5/2

10 89 88 85 82 79 74
12 125 124 121 118 115 110
14 167 166 163 160 157 152
16 215 214 211 208 205 200
18 269 268 265 262 259 254
20 329 328 325 322 319 314
22 395 394 391 388 385 380
24 467 466 463 460 457 452

Table 1. Number of parameters in our ansatz as we fix the proper low energy behavior to higher
and higher orders in small s. The column sa corresponds to setting to zero all terms in (2.4) that
greater or equal than sa in the small s expansion. The plots in this paper are obtained for the next
to the last column, in blue.

We have (for s→ 0− say),

ρ(s) = 1− 2
√
−s+ 2(−s)− 2(−s)3/2 + 2(−s)2 + . . . (2.5)

which approaches 1 as explained above. Note however that in the expansion around 1 there
are annoying half integer powers. This is of course unavoidable as we are mapping the cut
plane to the unit disk and we are thus opening up a square root cut. However, massless
pion amplitudes do not have such square roots in their low energy expansion, see e.g. (1.3)
or the two loop counterpart in appendix A.2. Instead, we have logs as explicitly added by
hand in (2.2). So how to get rid of these square roots? Well, at low energy this is easy: we
write t = (1 + x)s/2, u = (1− x)s/2 and expand the sums in (2.4) at small s. Then we fix
appropriate linear combinations of cab and dab in (2.4) such that all powers of s in these
sums (integers or half integers) cancel up to order s2. This eliminates many constants but
still leaves a huge amount of free parameters, see table 1. Since we killed all these terms in
the low energy expansion we not only got rid of these annoying square roots but we also
guaranteed that the full ansatz (2.4) perfectly captures the low energy behavior in (1.3).
The primes in (2.4) thus stand simply for the sums truncated up to some large cutoff so
that a+ b ≤ Nmax and with the constants cab and dab simplified according to all the linear
constraints generated up to O(s2).6

This basically concludes the highlights particular to our massless particles setup. The
next steps can be taken from the massive analysis [26] and [25] by setting m = 0 there.
For example, formula (2) in [25] for the pion amplitude decomposition into partial waves

6Of course, we could go on and kill all s5/2 half integer powers and even s7/2 and so on. This might not
be optimal. After all, we expect more logs showing up at larger powers of s and those are not built in the
ansatz either. An ansatz with more free parameters can better mimic log behaviors at higher powers of s.
This seems to be indeed what we observe numerically. Once we impose the absence of s5/2 terms in the
ansatz, the numerics seem to converge to the very same bounds as the ones described in the main text but
convergence is slower.
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<latexit sha1_base64="rvxnKDmbppU6Vp3/gqx2r5HKt+g=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJQBERIpsaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w8eTJRoDm0eyUh3A2ZACgVtFCihG2tgYSChE0yuM78zBW1EpO5xFoMfsrESI8EZWumucTao1ty6m4MuE68gNVKgNah+9YcRT0JQyCUzpue5Mfop0yi4hHmlnxiIGZ+wMfQsVSwE46d50jk9SQzDiMagqZA0F+H3RspCY2ZhYCdDho9m0cvE/7xegqNLPxUqThAUzw6hkJAfMlwLWwHQodCAyLLkQIWinGmGCFpQxrkVE9tJxfbhLX6/TB4adc/y2/Na86popkyOyDE5JR65IE1yQ1qkTTgZkSfyTF6cqfPqvDnvP6Mlp9g5JH/gfHwDjg+ReA==</latexit><latexit sha1_base64="rvxnKDmbppU6Vp3/gqx2r5HKt+g=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJQBERIpsaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w8eTJRoDm0eyUh3A2ZACgVtFCihG2tgYSChE0yuM78zBW1EpO5xFoMfsrESI8EZWumucTao1ty6m4MuE68gNVKgNah+9YcRT0JQyCUzpue5Mfop0yi4hHmlnxiIGZ+wMfQsVSwE46d50jk9SQzDiMagqZA0F+H3RspCY2ZhYCdDho9m0cvE/7xegqNLPxUqThAUzw6hkJAfMlwLWwHQodCAyLLkQIWinGmGCFpQxrkVE9tJxfbhLX6/TB4adc/y2/Na86popkyOyDE5JR65IE1yQ1qkTTgZkSfyTF6cqfPqvDnvP6Mlp9g5JH/gfHwDjg+ReA==</latexit><latexit sha1_base64="rvxnKDmbppU6Vp3/gqx2r5HKt+g=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJQBERIpsaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w8eTJRoDm0eyUh3A2ZACgVtFCihG2tgYSChE0yuM78zBW1EpO5xFoMfsrESI8EZWumucTao1ty6m4MuE68gNVKgNah+9YcRT0JQyCUzpue5Mfop0yi4hHmlnxiIGZ+wMfQsVSwE46d50jk9SQzDiMagqZA0F+H3RspCY2ZhYCdDho9m0cvE/7xegqNLPxUqThAUzw6hkJAfMlwLWwHQodCAyLLkQIWinGmGCFpQxrkVE9tJxfbhLX6/TB4adc/y2/Na86popkyOyDE5JR65IE1yQ1qkTTgZkSfyTF6cqfPqvDnvP6Mlp9g5JH/gfHwDjg+ReA==</latexit><latexit sha1_base64="rvxnKDmbppU6Vp3/gqx2r5HKt+g=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJQBERIpsaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w8eTJRoDm0eyUh3A2ZACgVtFCihG2tgYSChE0yuM78zBW1EpO5xFoMfsrESI8EZWumucTao1ty6m4MuE68gNVKgNah+9YcRT0JQyCUzpue5Mfop0yi4hHmlnxiIGZ+wMfQsVSwE46d50jk9SQzDiMagqZA0F+H3RspCY2ZhYCdDho9m0cvE/7xegqNLPxUqThAUzw6hkJAfMlwLWwHQodCAyLLkQIWinGmGCFpQxrkVE9tJxfbhLX6/TB4adc/y2/Na86popkyOyDE5JR65IE1yQ1qkTTgZkSfyTF6cqfPqvDnvP6Mlp9g5JH/gfHwDjg+ReA==</latexit>

12<latexit sha1_base64="IfVJZjZhHF8Wcotw+GoMEaOxowY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8JF2</latexit><latexit sha1_base64="IfVJZjZhHF8Wcotw+GoMEaOxowY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8JF2</latexit><latexit sha1_base64="IfVJZjZhHF8Wcotw+GoMEaOxowY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8JF2</latexit><latexit sha1_base64="IfVJZjZhHF8Wcotw+GoMEaOxowY=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCgDIg8psaLzZRNOOZ+tu3WkyMof0EJFh2j5Hwr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486Jko0hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md+dgTYiUg84j8EP2USJseAMrXTvNYbVmlt3c9BV4hWkRgq0htWvwSjiSQgKuWTG9D03Rj9lGgWXsKgMEgMx41M2gb6lioVg/DRPuqBniWEY0Rg0FZLmIvzeSFlozDwM7GTI8NEse5n4n9dPcHzlp0LFCYLi2SEUEvJDhmthKwA6EhoQWZYcqFCUM80QQQvKOLdiYjup2D685e9XSadR9yy/u6g1r4tmyuSEnJJz4pFL0iS3pEXahJMxeSLP5MWZOa/Om/P+M1pyip1j8gfOxzeK8JF2</latexit>

15
<latexit sha1_base64="WsdILG4c5KwRvpgipGqF5pi+ZGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YO2iRLNocUjGeluwAxIoaCFAiV0Yw0sDCR0gslN5nemoI2I1APOYvBDNlZiJDhDK917F4Nqza27Oegy8QpSIwWag+pXfxjxJASFXDJjep4bo58yjYJLmFf6iYGY8QkbQ89SxUIwfponndOTxDCMaAyaCklzEX5vpCw0ZhYGdjJk+GgWvUz8z+slOLryU6HiBEHx7BAKCfkhw7WwFQAdCg2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e4vfLpH1W9yy/O681rotmyuSIHJNT4pFL0iC3pElahJMReSLP5MWZOq/Om/P+M1pyip1D8gfOxzePnZF5</latexit><latexit sha1_base64="WsdILG4c5KwRvpgipGqF5pi+ZGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YO2iRLNocUjGeluwAxIoaCFAiV0Yw0sDCR0gslN5nemoI2I1APOYvBDNlZiJDhDK917F4Nqza27Oegy8QpSIwWag+pXfxjxJASFXDJjep4bo58yjYJLmFf6iYGY8QkbQ89SxUIwfponndOTxDCMaAyaCklzEX5vpCw0ZhYGdjJk+GgWvUz8z+slOLryU6HiBEHx7BAKCfkhw7WwFQAdCg2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e4vfLpH1W9yy/O681rotmyuSIHJNT4pFL0iC3pElahJMReSLP5MWZOq/Om/P+M1pyip1D8gfOxzePnZF5</latexit><latexit sha1_base64="WsdILG4c5KwRvpgipGqF5pi+ZGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YO2iRLNocUjGeluwAxIoaCFAiV0Yw0sDCR0gslN5nemoI2I1APOYvBDNlZiJDhDK917F4Nqza27Oegy8QpSIwWag+pXfxjxJASFXDJjep4bo58yjYJLmFf6iYGY8QkbQ89SxUIwfponndOTxDCMaAyaCklzEX5vpCw0ZhYGdjJk+GgWvUz8z+slOLryU6HiBEHx7BAKCfkhw7WwFQAdCg2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e4vfLpH1W9yy/O681rotmyuSIHJNT4pFL0iC3pElahJMReSLP5MWZOq/Om/P+M1pyip1D8gfOxzePnZF5</latexit><latexit sha1_base64="WsdILG4c5KwRvpgipGqF5pi+ZGg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsqAyENKrOh82YRTzmfrbh0psvIHtFDRIVr+h4J/4WxcQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YO2iRLNocUjGeluwAxIoaCFAiV0Yw0sDCR0gslN5nemoI2I1APOYvBDNlZiJDhDK917F4Nqza27Oegy8QpSIwWag+pXfxjxJASFXDJjep4bo58yjYJLmFf6iYGY8QkbQ89SxUIwfponndOTxDCMaAyaCklzEX5vpCw0ZhYGdjJk+GgWvUz8z+slOLryU6HiBEHx7BAKCfkhw7WwFQAdCg2ILEsOVCjKmWaIoAVlnFsxsZ1UbB/e4vfLpH1W9yy/O681rotmyuSIHJNT4pFL0iC3pElahJMReSLP5MWZOq/Om/P+M1pyip1D8gfOxzePnZF5</latexit>

19
<latexit sha1_base64="/OsEWy24qaNe0GasYlKFamEG1ns=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuneuxpUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGlnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu2zumf53XmtcV00UyZH5JicEo9ckAa5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4BldmRfQ==</latexit><latexit sha1_base64="/OsEWy24qaNe0GasYlKFamEG1ns=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuneuxpUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGlnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu2zumf53XmtcV00UyZH5JicEo9ckAa5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4BldmRfQ==</latexit><latexit sha1_base64="/OsEWy24qaNe0GasYlKFamEG1ns=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuneuxpUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGlnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu2zumf53XmtcV00UyZH5JicEo9ckAa5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4BldmRfQ==</latexit><latexit sha1_base64="/OsEWy24qaNe0GasYlKFamEG1ns=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuneuxpUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGlnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu2zumf53XmtcV00UyZH5JicEo9ckAa5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4BldmRfQ==</latexit>
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a)
<latexit sha1_base64="PEqIdvsk31sDxFXEwF7oCFMl9Hg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7hbFCt2XU7B18mTkFqrEBzUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOUmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9M2ud1J+V3F7XGddFMmR2xY3bKHHbJGuyWNVmLCTZiT+yZvVhT69V6s95/RktWsXPI/sD6+AbH6ZGd</latexit><latexit sha1_base64="PEqIdvsk31sDxFXEwF7oCFMl9Hg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7hbFCt2XU7B18mTkFqrEBzUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOUmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9M2ud1J+V3F7XGddFMmR2xY3bKHHbJGuyWNVmLCTZiT+yZvVhT69V6s95/RktWsXPI/sD6+AbH6ZGd</latexit><latexit sha1_base64="PEqIdvsk31sDxFXEwF7oCFMl9Hg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7hbFCt2XU7B18mTkFqrEBzUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOUmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9M2ud1J+V3F7XGddFMmR2xY3bKHHbJGuyWNVmLCTZiT+yZvVhT69V6s95/RktWsXPI/sD6+AbH6ZGd</latexit><latexit sha1_base64="PEqIdvsk31sDxFXEwF7oCFMl9Hg=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXryyaccn7obh0psvIHtFDRIVr+h4J/wTYuIGGq0cyudna8SElDtv1plVZW19Y3ypuVre2d3b3q/kHbhLEW2BKhCnXXA4NKBtgiSQq7kUbwPYUdb3KT+Z0paiPD4IFmEbo+jAM5kgIole7hbFCt2XU7B18mTkFqrEBzUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOUmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9M2ud1J+V3F7XGddFMmR2xY3bKHHbJGuyWNVmLCTZiT+yZvVhT69V6s95/RktWsXPI/sD6+AbH6ZGd</latexit>

b)
<latexit sha1_base64="uJvas2yXGklKIGBhgNuPJkxF2tA=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuk+OBtUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGVnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu3zumf53UWtcV00UyZH5JicEo9ckga5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4ByXmRng==</latexit><latexit sha1_base64="uJvas2yXGklKIGBhgNuPJkxF2tA=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuk+OBtUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGVnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu3zumf53UWtcV00UyZH5JicEo9ckga5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4ByXmRng==</latexit><latexit sha1_base64="uJvas2yXGklKIGBhgNuPJkxF2tA=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuk+OBtUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGVnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu3zumf53UWtcV00UyZH5JicEo9ckga5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4ByXmRng==</latexit><latexit sha1_base64="uJvas2yXGklKIGBhgNuPJkxF2tA=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWuk+OBtUa27dzUGXiVeQGinQHFS/+sOIJyEo5JIZ0/PcGP2UaRRcwrzSTwzEjE/YGHqWKhaC8dM86ZyeJIZhRGPQVEiai/B7I2WhMbMwsJMhw0ez6GXif14vwdGVnwoVJwiKZ4dQSMgPGa6FrQDoUGhAZFlyoEJRzjRDBC0o49yKie2kYvvwFr9fJu3zumf53UWtcV00UyZH5JicEo9ckga5JU3SIpyMyBN5Ji/O1Hl13pz3n9GSU+wckj9wPr4ByXmRng==</latexit>

Nmax
<latexit sha1_base64="PRx5ifkP4sK4wncPinczjuQ6C6w=">AAAB+XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckIfROOnHI7IOZXjEs+QivevImXv0aD/6Ls+seNLFORVU3XV1+rKQh1/10lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHB4NKhtgkSQo7sUYIfIVtf3KV+e0H1EZG4R1NY+wHMA7lSAogK7VvBmkAj7NBperW3Bx8kXgFqbICjUHlqzeMRBJgSEKBMV3PjamfgiYpFM7KvcRgDGICY+xaGkKApp/mcWf8ODFAEY9Rc6l4LuLvjRQCY6aBbycDoHsz72Xif143odFFP5VhnBCGIjtEUmF+yAgtbQ/Ih1IjEWTJkcuQC9BAhFpyEMKKiS2mbPvw5r9fJK3Tmmf57Vm1flk0U2KH7IidMI+dszq7Zg3WZIJN2BN7Zi9O6rw6b877z+iSU+wcsD9wPr4BPeeUMA==</latexit><latexit sha1_base64="PRx5ifkP4sK4wncPinczjuQ6C6w=">AAAB+XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckIfROOnHI7IOZXjEs+QivevImXv0aD/6Ls+seNLFORVU3XV1+rKQh1/10lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHB4NKhtgkSQo7sUYIfIVtf3KV+e0H1EZG4R1NY+wHMA7lSAogK7VvBmkAj7NBperW3Bx8kXgFqbICjUHlqzeMRBJgSEKBMV3PjamfgiYpFM7KvcRgDGICY+xaGkKApp/mcWf8ODFAEY9Rc6l4LuLvjRQCY6aBbycDoHsz72Xif143odFFP5VhnBCGIjtEUmF+yAgtbQ/Ih1IjEWTJkcuQC9BAhFpyEMKKiS2mbPvw5r9fJK3Tmmf57Vm1flk0U2KH7IidMI+dszq7Zg3WZIJN2BN7Zi9O6rw6b877z+iSU+wcsD9wPr4BPeeUMA==</latexit><latexit sha1_base64="PRx5ifkP4sK4wncPinczjuQ6C6w=">AAAB+XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckIfROOnHI7IOZXjEs+QivevImXv0aD/6Ls+seNLFORVU3XV1+rKQh1/10lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHB4NKhtgkSQo7sUYIfIVtf3KV+e0H1EZG4R1NY+wHMA7lSAogK7VvBmkAj7NBperW3Bx8kXgFqbICjUHlqzeMRBJgSEKBMV3PjamfgiYpFM7KvcRgDGICY+xaGkKApp/mcWf8ODFAEY9Rc6l4LuLvjRQCY6aBbycDoHsz72Xif143odFFP5VhnBCGIjtEUmF+yAgtbQ/Ih1IjEWTJkcuQC9BAhFpyEMKKiS2mbPvw5r9fJK3Tmmf57Vm1flk0U2KH7IidMI+dszq7Zg3WZIJN2BN7Zi9O6rw6b877z+iSU+wcsD9wPr4BPeeUMA==</latexit><latexit sha1_base64="PRx5ifkP4sK4wncPinczjuQ6C6w=">AAAB+XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckIfROOnHI7IOZXjEs+QivevImXv0aD/6Ls+seNLFORVU3XV1+rKQh1/10lpZXVtfWSxvlza3tnd3K3n7LRIkW2BSRinTHB4NKhtgkSQo7sUYIfIVtf3KV+e0H1EZG4R1NY+wHMA7lSAogK7VvBmkAj7NBperW3Bx8kXgFqbICjUHlqzeMRBJgSEKBMV3PjamfgiYpFM7KvcRgDGICY+xaGkKApp/mcWf8ODFAEY9Rc6l4LuLvjRQCY6aBbycDoHsz72Xif143odFFP5VhnBCGIjtEUmF+yAgtbQ/Ih1IjEWTJkcuQC9BAhFpyEMKKiS2mbPvw5r9fJK3Tmmf57Vm1flk0U2KH7IidMI+dszq7Zg3WZIJN2BN7Zi9O6rw6b877z+iSU+wcsD9wPr4BPeeUMA==</latexit>

�fit(Nmax) = a+
b

(Nmax)c
<latexit sha1_base64="sbT4XGoUSG9V1RegHwV2BZCg9Xo="></latexit><latexit sha1_base64="sbT4XGoUSG9V1RegHwV2BZCg9Xo="></latexit><latexit sha1_base64="sbT4XGoUSG9V1RegHwV2BZCg9Xo="></latexit><latexit sha1_base64="sbT4XGoUSG9V1RegHwV2BZCg9Xo="></latexit>

�(Nmax)
<latexit sha1_base64="2kcecxbgSuTW7tlPpnaP/U9jkpQ=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBC9k1JnokevFkMJFHwm5I79DghNlHZnoNZMMH+BVe9eTNePUzPPgvLshBwTpVqrrT1eXHShqy7U8rt7K6tr6R3yxsbe/s7hX3D5omSrTAhohUpNs+GFQyxAZJUtiONULgK2z5w6up33pAbWQU3tE4Ri+AQSj7UgBlUrdYcn0kqNx0XcIRpQGMJifdYtmu2jPwZeLMSZnNUe8Wv9xeJJIAQxIKjOk4dkxeCpqkUDgpuInBGMQQBtjJaAgBGi+dhZ/w48QARTxGzaXiMxF/b6QQGDMO/GwyALo3i95U/M/rJNS/8FIZxglhKKaHSCqcHTJCy6wV5D2pkQimyZHLkAvQQIRachAiE5OspkLWh7P4/TJpnladjN+elWuX82by7JAdsQpz2DmrsWtWZw0m2Jg9sWf2Yj1ar9ab9f4zmrPmOyX2B9bHN43+mUM=</latexit><latexit sha1_base64="2kcecxbgSuTW7tlPpnaP/U9jkpQ=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBC9k1JnokevFkMJFHwm5I79DghNlHZnoNZMMH+BVe9eTNePUzPPgvLshBwTpVqrrT1eXHShqy7U8rt7K6tr6R3yxsbe/s7hX3D5omSrTAhohUpNs+GFQyxAZJUtiONULgK2z5w6up33pAbWQU3tE4Ri+AQSj7UgBlUrdYcn0kqNx0XcIRpQGMJifdYtmu2jPwZeLMSZnNUe8Wv9xeJJIAQxIKjOk4dkxeCpqkUDgpuInBGMQQBtjJaAgBGi+dhZ/w48QARTxGzaXiMxF/b6QQGDMO/GwyALo3i95U/M/rJNS/8FIZxglhKKaHSCqcHTJCy6wV5D2pkQimyZHLkAvQQIRachAiE5OspkLWh7P4/TJpnladjN+elWuX82by7JAdsQpz2DmrsWtWZw0m2Jg9sWf2Yj1ar9ab9f4zmrPmOyX2B9bHN43+mUM=</latexit><latexit sha1_base64="2kcecxbgSuTW7tlPpnaP/U9jkpQ=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBC9k1JnokevFkMJFHwm5I79DghNlHZnoNZMMH+BVe9eTNePUzPPgvLshBwTpVqrrT1eXHShqy7U8rt7K6tr6R3yxsbe/s7hX3D5omSrTAhohUpNs+GFQyxAZJUtiONULgK2z5w6up33pAbWQU3tE4Ri+AQSj7UgBlUrdYcn0kqNx0XcIRpQGMJifdYtmu2jPwZeLMSZnNUe8Wv9xeJJIAQxIKjOk4dkxeCpqkUDgpuInBGMQQBtjJaAgBGi+dhZ/w48QARTxGzaXiMxF/b6QQGDMO/GwyALo3i95U/M/rJNS/8FIZxglhKKaHSCqcHTJCy6wV5D2pkQimyZHLkAvQQIRachAiE5OspkLWh7P4/TJpnladjN+elWuX82by7JAdsQpz2DmrsWtWZw0m2Jg9sWf2Yj1ar9ab9f4zmrPmOyX2B9bHN43+mUM=</latexit><latexit sha1_base64="2kcecxbgSuTW7tlPpnaP/U9jkpQ=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBC9k1JnokevFkMJFHwm5I79DghNlHZnoNZMMH+BVe9eTNePUzPPgvLshBwTpVqrrT1eXHShqy7U8rt7K6tr6R3yxsbe/s7hX3D5omSrTAhohUpNs+GFQyxAZJUtiONULgK2z5w6up33pAbWQU3tE4Ri+AQSj7UgBlUrdYcn0kqNx0XcIRpQGMJifdYtmu2jPwZeLMSZnNUe8Wv9xeJJIAQxIKjOk4dkxeCpqkUDgpuInBGMQQBtjJaAgBGi+dhZ/w48QARTxGzaXiMxF/b6QQGDMO/GwyALo3i95U/M/rJNS/8FIZxglhKKaHSCqcHTJCy6wV5D2pkQimyZHLkAvQQIRachAiE5OspkLWh7P4/TJpnladjN+elWuX82by7JAdsQpz2DmrsWtWZw0m2Jg9sWf2Yj1ar9ab9f4zmrPmOyX2B9bHN43+mUM=</latexit>

c)
<latexit sha1_base64="eudEBUSGjROTgj90oNqKhFIUIh8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWumenw2qNbfu5qDLxCtIjRRoDqpf/WHEkxAUcsmM6XlujH7KNAouYV7pJwZixidsDD1LFQvB+GmedE5PEsMwojFoKiTNRfi9kbLQmFkY2MmQ4aNZ9DLxP6+X4OjKT4WKEwTFs0MoJOSHDNfCVgB0KDQgsiw5UKEoZ5ohghaUcW7FxHZSsX14i98vk/Z53bP87qLWuC6aKZMjckxOiUcuSYPckiZpEU5G5Ik8kxdn6rw6b877z2jJKXYOyR84H9/LCZGf</latexit><latexit sha1_base64="eudEBUSGjROTgj90oNqKhFIUIh8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWumenw2qNbfu5qDLxCtIjRRoDqpf/WHEkxAUcsmM6XlujH7KNAouYV7pJwZixidsDD1LFQvB+GmedE5PEsMwojFoKiTNRfi9kbLQmFkY2MmQ4aNZ9DLxP6+X4OjKT4WKEwTFs0MoJOSHDNfCVgB0KDQgsiw5UKEoZ5ohghaUcW7FxHZSsX14i98vk/Z53bP87qLWuC6aKZMjckxOiUcuSYPckiZpEU5G5Ik8kxdn6rw6b877z2jJKXYOyR84H9/LCZGf</latexit><latexit sha1_base64="eudEBUSGjROTgj90oNqKhFIUIh8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWumenw2qNbfu5qDLxCtIjRRoDqpf/WHEkxAUcsmM6XlujH7KNAouYV7pJwZixidsDD1LFQvB+GmedE5PEsMwojFoKiTNRfi9kbLQmFkY2MmQ4aNZ9DLxP6+X4OjKT4WKEwTFs0MoJOSHDNfCVgB0KDQgsiw5UKEoZ5ohghaUcW7FxHZSsX14i98vk/Z53bP87qLWuC6aKZMjckxOiUcuSYPckiZpEU5G5Ik8kxdn6rw6b877z2jJKXYOyR84H9/LCZGf</latexit><latexit sha1_base64="eudEBUSGjROTgj90oNqKhFIUIh8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQgJmshGSFBG0FAGRB5SYkXnyyaccj5bd+tIkZU/oIWKDtHyPxT8C2fjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h+0TZRoDi0eyUh3A2ZACgUtFCihG2tgYSChE0xuMr8zBW1EpB5wFoMfsrESI8EZWumenw2qNbfu5qDLxCtIjRRoDqpf/WHEkxAUcsmM6XlujH7KNAouYV7pJwZixidsDD1LFQvB+GmedE5PEsMwojFoKiTNRfi9kbLQmFkY2MmQ4aNZ9DLxP6+X4OjKT4WKEwTFs0MoJOSHDNfCVgB0KDQgsiw5UKEoZ5ohghaUcW7FxHZSsX14i98vk/Z53bP87qLWuC6aKZMjckxOiUcuSYPckiZpEU5G5Ik8kxdn6rw6b877z2jJKXYOyR84H9/LCZGf</latexit>

�� �� �� �� �� ��

�����
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������

fixed ↵ = 0.062
<latexit sha1_base64="IWat1VcqpvJVyq4LVFHO1u79nmA=">AAACEnicbVA9SwNBEN3z2/h1ainIYhCswl0QtRFEG0sFo0LuCHObSbJk78PdOYkc6fwJ/gpbrezE1j9g4X9xE1No9DXzeG+GmXlRpqQhz/twJianpmdm5+ZLC4tLyyvu6tqlSXMtsCZSlerrCAwqmWCNJCm8zjRCHCm8ironA//qFrWRaXJBdxmGMbQT2ZICyEoNdzMg7FHRkj1s9oObHJo8AJV14NCreHvVhlu2dQj+l/gjUmYjnDXcz6CZijzGhIQCY+q+l1FYgCYpFPZLQW4wA9GFNtYtTSBGExbDP/p8OzdAKc9Qc6n4UMSfEwXExtzFke2MgTpm3BuI/3n1nFoHYSGTLCdMxGARSYXDRUZoaQNC3pQaiWBwOXKZcAEaiFBLDkJYMbeJlWwe/vj3f8llteJbfr5bPjoeJTPHNtgW22E+22dH7JSdsRoT7J49sif27Dw4L86r8/bdOuGMZtbZLzjvXyTlnUE=</latexit><latexit sha1_base64="IWat1VcqpvJVyq4LVFHO1u79nmA=">AAACEnicbVA9SwNBEN3z2/h1ainIYhCswl0QtRFEG0sFo0LuCHObSbJk78PdOYkc6fwJ/gpbrezE1j9g4X9xE1No9DXzeG+GmXlRpqQhz/twJianpmdm5+ZLC4tLyyvu6tqlSXMtsCZSlerrCAwqmWCNJCm8zjRCHCm8ironA//qFrWRaXJBdxmGMbQT2ZICyEoNdzMg7FHRkj1s9oObHJo8AJV14NCreHvVhlu2dQj+l/gjUmYjnDXcz6CZijzGhIQCY+q+l1FYgCYpFPZLQW4wA9GFNtYtTSBGExbDP/p8OzdAKc9Qc6n4UMSfEwXExtzFke2MgTpm3BuI/3n1nFoHYSGTLCdMxGARSYXDRUZoaQNC3pQaiWBwOXKZcAEaiFBLDkJYMbeJlWwe/vj3f8llteJbfr5bPjoeJTPHNtgW22E+22dH7JSdsRoT7J49sif27Dw4L86r8/bdOuGMZtbZLzjvXyTlnUE=</latexit><latexit sha1_base64="IWat1VcqpvJVyq4LVFHO1u79nmA=">AAACEnicbVA9SwNBEN3z2/h1ainIYhCswl0QtRFEG0sFo0LuCHObSbJk78PdOYkc6fwJ/gpbrezE1j9g4X9xE1No9DXzeG+GmXlRpqQhz/twJianpmdm5+ZLC4tLyyvu6tqlSXMtsCZSlerrCAwqmWCNJCm8zjRCHCm8ironA//qFrWRaXJBdxmGMbQT2ZICyEoNdzMg7FHRkj1s9oObHJo8AJV14NCreHvVhlu2dQj+l/gjUmYjnDXcz6CZijzGhIQCY+q+l1FYgCYpFPZLQW4wA9GFNtYtTSBGExbDP/p8OzdAKc9Qc6n4UMSfEwXExtzFke2MgTpm3BuI/3n1nFoHYSGTLCdMxGARSYXDRUZoaQNC3pQaiWBwOXKZcAEaiFBLDkJYMbeJlWwe/vj3f8llteJbfr5bPjoeJTPHNtgW22E+22dH7JSdsRoT7J49sif27Dw4L86r8/bdOuGMZtbZLzjvXyTlnUE=</latexit><latexit sha1_base64="IWat1VcqpvJVyq4LVFHO1u79nmA=">AAACEnicbVA9SwNBEN3z2/h1ainIYhCswl0QtRFEG0sFo0LuCHObSbJk78PdOYkc6fwJ/gpbrezE1j9g4X9xE1No9DXzeG+GmXlRpqQhz/twJianpmdm5+ZLC4tLyyvu6tqlSXMtsCZSlerrCAwqmWCNJCm8zjRCHCm8ironA//qFrWRaXJBdxmGMbQT2ZICyEoNdzMg7FHRkj1s9oObHJo8AJV14NCreHvVhlu2dQj+l/gjUmYjnDXcz6CZijzGhIQCY+q+l1FYgCYpFPZLQW4wA9GFNtYtTSBGExbDP/p8OzdAKc9Qc6n4UMSfEwXExtzFke2MgTpm3BuI/3n1nFoHYSGTLCdMxGARSYXDRUZoaQNC3pQaiWBwOXKZcAEaiFBLDkJYMbeJlWwe/vj3f8llteJbfr5bPjoeJTPHNtgW22E+22dH7JSdsRoT7J49sif27Dw4L86r8/bdOuGMZtbZLzjvXyTlnUE=</latexit>
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<latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit>

|S(0)
0 |

<latexit sha1_base64="NJIEJGBLdMyatGS695XWEGF4Uec=">AAAB/XicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMgjwkx0Tnyyaccj5bd2ukyIn4Clqo6BAt30LBv2CbFJAw1WhmVzs7fiSFQdv+tApLyyura8X10sbm1vZOeXevZcJYc2jyUIa64zMDUihookAJnUgDC3wJbX90mfntB9BGhOoWxxF4ARsqMRCcYSq5k5uefZdU7ePppFeu2DU7B10kzoxUyAyNXvmr2w95HIBCLpkxrmNH6CVMo+ASpqVubCBifMSG4KZUsQCMl+SRp/QoNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57kxDs69RKgoRlA8O4RCQn7IcC3SLoD2hQZEliUHKhTlTDNE0IIyzlMxTssppX04898vktZJzUn59WmlfjFrpkgOyCGpEoeckTq5Ig3SJJyE5Ik8kxfr0Xq13qz3n9GCNdvZJ39gfXwDESCVHg==</latexit><latexit sha1_base64="NJIEJGBLdMyatGS695XWEGF4Uec=">AAAB/XicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMgjwkx0Tnyyaccj5bd2ukyIn4Clqo6BAt30LBv2CbFJAw1WhmVzs7fiSFQdv+tApLyyura8X10sbm1vZOeXevZcJYc2jyUIa64zMDUihookAJnUgDC3wJbX90mfntB9BGhOoWxxF4ARsqMRCcYSq5k5uefZdU7ePppFeu2DU7B10kzoxUyAyNXvmr2w95HIBCLpkxrmNH6CVMo+ASpqVubCBifMSG4KZUsQCMl+SRp/QoNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57kxDs69RKgoRlA8O4RCQn7IcC3SLoD2hQZEliUHKhTlTDNE0IIyzlMxTssppX04898vktZJzUn59WmlfjFrpkgOyCGpEoeckTq5Ig3SJJyE5Ik8kxfr0Xq13qz3n9GCNdvZJ39gfXwDESCVHg==</latexit><latexit sha1_base64="NJIEJGBLdMyatGS695XWEGF4Uec=">AAAB/XicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMgjwkx0Tnyyaccj5bd2ukyIn4Clqo6BAt30LBv2CbFJAw1WhmVzs7fiSFQdv+tApLyyura8X10sbm1vZOeXevZcJYc2jyUIa64zMDUihookAJnUgDC3wJbX90mfntB9BGhOoWxxF4ARsqMRCcYSq5k5uefZdU7ePppFeu2DU7B10kzoxUyAyNXvmr2w95HIBCLpkxrmNH6CVMo+ASpqVubCBifMSG4KZUsQCMl+SRp/QoNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57kxDs69RKgoRlA8O4RCQn7IcC3SLoD2hQZEliUHKhTlTDNE0IIyzlMxTssppX04898vktZJzUn59WmlfjFrpkgOyCGpEoeckTq5Ig3SJJyE5Ik8kxfr0Xq13qz3n9GCNdvZJ39gfXwDESCVHg==</latexit><latexit sha1_base64="NJIEJGBLdMyatGS695XWEGF4Uec=">AAAB/XicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMgjwkx0Tnyyaccj5bd2ukyIn4Clqo6BAt30LBv2CbFJAw1WhmVzs7fiSFQdv+tApLyyura8X10sbm1vZOeXevZcJYc2jyUIa64zMDUihookAJnUgDC3wJbX90mfntB9BGhOoWxxF4ARsqMRCcYSq5k5uefZdU7ePppFeu2DU7B10kzoxUyAyNXvmr2w95HIBCLpkxrmNH6CVMo+ASpqVubCBifMSG4KZUsQCMl+SRp/QoNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57kxDs69RKgoRlA8O4RCQn7IcC3SLoD2hQZEliUHKhTlTDNE0IIyzlMxTssppX04898vktZJzUn59WmlfjFrpkgOyCGpEoeckTq5Ig3SJJyE5Ik8kxfr0Xq13qz3n9GCNdvZJ39gfXwDESCVHg==</latexit>
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�
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�
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<latexit sha1_base64="D65tiSbsztGqQAFqJFLGOkCTIuw=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiROtL5twyvmhuzVSZKXhK2ihokO0/AkF/4JjXEDCVKOZXe3seJGShmz70yqsrK6tbxQ3S1vbO7t75f2DlgljLbApQhXqjgcGlQywSZIUdiKN4HsK297keu63H1AbGQZ3NI3Q9WEcyJEUQKnU7w1REQzsflK1T2eDcsWu2Rn4MnFyUmE5GoPyV28YitjHgIQCY7qOHZGbgCYpFM5KvdhgBGICY+ymNAAfjZtkqWf8JDZAIY9Qc6l4JuLvjQR8Y6a+l076QPdm0ZuL/3ndmEaXbiKDKCYMxPwQSYXZISO0TOtAPpQaiWCeHLkMuAANRKglByFSMU77KaV9OIvfL5PWWc1J+e15pX6VN1NkR+yYVZnDLlid3bAGazLBNHtiz+zFerRerTfr/We0YOU7h+wPrI9vSECWVw==</latexit><latexit sha1_base64="D65tiSbsztGqQAFqJFLGOkCTIuw=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiROtL5twyvmhuzVSZKXhK2ihokO0/AkF/4JjXEDCVKOZXe3seJGShmz70yqsrK6tbxQ3S1vbO7t75f2DlgljLbApQhXqjgcGlQywSZIUdiKN4HsK297keu63H1AbGQZ3NI3Q9WEcyJEUQKnU7w1REQzsflK1T2eDcsWu2Rn4MnFyUmE5GoPyV28YitjHgIQCY7qOHZGbgCYpFM5KvdhgBGICY+ymNAAfjZtkqWf8JDZAIY9Qc6l4JuLvjQR8Y6a+l076QPdm0ZuL/3ndmEaXbiKDKCYMxPwQSYXZISO0TOtAPpQaiWCeHLkMuAANRKglByFSMU77KaV9OIvfL5PWWc1J+e15pX6VN1NkR+yYVZnDLlid3bAGazLBNHtiz+zFerRerTfr/We0YOU7h+wPrI9vSECWVw==</latexit><latexit sha1_base64="D65tiSbsztGqQAFqJFLGOkCTIuw=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiROtL5twyvmhuzVSZKXhK2ihokO0/AkF/4JjXEDCVKOZXe3seJGShmz70yqsrK6tbxQ3S1vbO7t75f2DlgljLbApQhXqjgcGlQywSZIUdiKN4HsK297keu63H1AbGQZ3NI3Q9WEcyJEUQKnU7w1REQzsflK1T2eDcsWu2Rn4MnFyUmE5GoPyV28YitjHgIQCY7qOHZGbgCYpFM5KvdhgBGICY+ymNAAfjZtkqWf8JDZAIY9Qc6l4JuLvjQR8Y6a+l076QPdm0ZuL/3ndmEaXbiKDKCYMxPwQSYXZISO0TOtAPpQaiWCeHLkMuAANRKglByFSMU77KaV9OIvfL5PWWc1J+e15pX6VN1NkR+yYVZnDLlid3bAGazLBNHtiz+zFerRerTfr/We0YOU7h+wPrI9vSECWVw==</latexit><latexit sha1_base64="D65tiSbsztGqQAFqJFLGOkCTIuw=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoKEMEnlIiROtL5twyvmhuzVSZKXhK2ihokO0/AkF/4JjXEDCVKOZXe3seJGShmz70yqsrK6tbxQ3S1vbO7t75f2DlgljLbApQhXqjgcGlQywSZIUdiKN4HsK297keu63H1AbGQZ3NI3Q9WEcyJEUQKnU7w1REQzsflK1T2eDcsWu2Rn4MnFyUmE5GoPyV28YitjHgIQCY7qOHZGbgCYpFM5KvdhgBGICY+ymNAAfjZtkqWf8JDZAIY9Qc6l4JuLvjQR8Y6a+l076QPdm0ZuL/3ndmEaXbiKDKCYMxPwQSYXZISO0TOtAPpQaiWCeHLkMuAANRKglByFSMU77KaV9OIvfL5PWWc1J+e15pX6VN1NkR+yYVZnDLlid3bAGazLBNHtiz+zFerRerTfr/We0YOU7h+wPrI9vSECWVw==</latexit>

ŝ
<latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit><latexit sha1_base64="uESXZheAjysvlvHWlQnldJZjY1E=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXZ/AsTNoFqz63YOvkycgtRYgeag+tUfhiL2MSChwJieY0fkJqBJCoXzSj82GIGYwhh7KQ3AR+Mmedo5P4kNUMgj1Fwqnov4eyMB35iZ76WTPtDELHqZ+J/Xi2l06SYyiGLCQGSHSCrMDxmhZVoD8qHUSARZcuQy4AI0EKGWHIRIxTjtpZL24Sx+v0zaZ3Un5bfntcZV0UyZHbFjdsocdsEa7IY1WYsJds+e2DN7sR6tV+vNev8ZLVnFziH7A+vjG+yak2c=</latexit>

Nmax
<latexit sha1_base64="HzJ502HOk53XXhl3Roxk4ZVAXQE=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckS+iddOKQ2QczvZKwBPwKr3ryJl79FQ/+i7vrHjSxTkVVN11dXqSkIdv+tJaWV1bX1ksb5c2t7Z3dyt5+y4SxFtgUoQp1xwODSgbYJEkKO5FG8D2FbW98lfntB9RGhsEdTSN0fRgFcigFUCr1bvo9wgklPkxm/UrVrtk5+CJxClJlBRr9yldvEIrYx4CEAmO6jh2Rm4AmKRTOyr3YYARiDCPspjQAH42b5Jln/Dg2QCGPUHOpeC7i740EfGOmvpdO+kD3Zt7LxP+8bkzDCzeRQRQTBiI7RFJhfsgILdMykA+kRiLIkiOXAReggQi15CBEKsZpO+W0D2f++0XSOq05Kb89q9Yvi2ZK7JAdsRPmsHNWZ9eswZpMsIg9sWf2Yj1ar9ab9f4zumQVOwfsD6yPb1qhloM=</latexit><latexit sha1_base64="HzJ502HOk53XXhl3Roxk4ZVAXQE=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckS+iddOKQ2QczvZKwBPwKr3ryJl79FQ/+i7vrHjSxTkVVN11dXqSkIdv+tJaWV1bX1ksb5c2t7Z3dyt5+y4SxFtgUoQp1xwODSgbYJEkKO5FG8D2FbW98lfntB9RGhsEdTSN0fRgFcigFUCr1bvo9wgklPkxm/UrVrtk5+CJxClJlBRr9yldvEIrYx4CEAmO6jh2Rm4AmKRTOyr3YYARiDCPspjQAH42b5Jln/Dg2QCGPUHOpeC7i740EfGOmvpdO+kD3Zt7LxP+8bkzDCzeRQRQTBiI7RFJhfsgILdMykA+kRiLIkiOXAReggQi15CBEKsZpO+W0D2f++0XSOq05Kb89q9Yvi2ZK7JAdsRPmsHNWZ9eswZpMsIg9sWf2Yj1ar9ab9f4zumQVOwfsD6yPb1qhloM=</latexit><latexit sha1_base64="HzJ502HOk53XXhl3Roxk4ZVAXQE=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckS+iddOKQ2QczvZKwBPwKr3ryJl79FQ/+i7vrHjSxTkVVN11dXqSkIdv+tJaWV1bX1ksb5c2t7Z3dyt5+y4SxFtgUoQp1xwODSgbYJEkKO5FG8D2FbW98lfntB9RGhsEdTSN0fRgFcigFUCr1bvo9wgklPkxm/UrVrtk5+CJxClJlBRr9yldvEIrYx4CEAmO6jh2Rm4AmKRTOyr3YYARiDCPspjQAH42b5Jln/Dg2QCGPUHOpeC7i740EfGOmvpdO+kD3Zt7LxP+8bkzDCzeRQRQTBiI7RFJhfsgILdMykA+kRiLIkiOXAReggQi15CBEKsZpO+W0D2f++0XSOq05Kb89q9Yvi2ZK7JAdsRPmsHNWZ9eswZpMsIg9sWf2Yj1ar9ab9f4zumQVOwfsD6yPb1qhloM=</latexit><latexit sha1_base64="HzJ502HOk53XXhl3Roxk4ZVAXQE=">AAAB/nicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04kkimAckS+iddOKQ2QczvZKwBPwKr3ryJl79FQ/+i7vrHjSxTkVVN11dXqSkIdv+tJaWV1bX1ksb5c2t7Z3dyt5+y4SxFtgUoQp1xwODSgbYJEkKO5FG8D2FbW98lfntB9RGhsEdTSN0fRgFcigFUCr1bvo9wgklPkxm/UrVrtk5+CJxClJlBRr9yldvEIrYx4CEAmO6jh2Rm4AmKRTOyr3YYARiDCPspjQAH42b5Jln/Dg2QCGPUHOpeC7i740EfGOmvpdO+kD3Zt7LxP+8bkzDCzeRQRQTBiI7RFJhfsgILdMykA+kRiLIkiOXAReggQi15CBEKsZpO+W0D2f++0XSOq05Kb89q9Yvi2ZK7JAdsRPmsHNWZ9eswZpMsIg9sWf2Yj1ar9ab9f4zumQVOwfsD6yPb1qhloM=</latexit>

Figure 3. (a) Example of a phase shift δ0
0 = Re( 1

2i logS(0)
0 ) at a given point at the boundary

(corresponding to α = 0.062, spin ` = 0 and isospin I = 0) as a function of ŝ = s/f2
π as we increase

Nmax. The phase shift seems to have converged to a nice resonance like shape. (b) The absolute
value |S(0)

0 | approaches 1 more and more as we increase Nmax. It clearly seems as if unitarity
wants to be saturated in the infinite N limit. We also observe that this unitarity saturation is
often achieved at the price of some more erratic behaviour at high energy which we do not control
well. Given the interesting interplay between unitarity and the Aks theorem [27, 28] as recently
emphasized in [29], it would be very interesting to study this unitarity (non)-saturation in much
more detail. (c) To reach the optimal infinite N bound we can try to fit our optimal target (in this
case we are minimizing β at fixed α) as we increase Nmax and try to extrapolate.

simply becomes (note that 4 = 4m2
π there)

3A(s|t, u) +A(t|s, u) +A(u|s, t)
A(t|s, u)−A(u|s, t)
A(t|s, u) +A(u|s, t)

 = 16πi
∑
l

(2l + 1)Pl
(
u− t
u+ t

)
1− S(0)

l (s)
1− S(1)

l (s)
1− S(2)

l (s)

 (2.6)

and unitarity is simply
|S(I)
l | ≤ 1 , s > 0 . (2.7)

So at this point the rules of the game are pretty much as in [26] and [25]: we pick
the ansatz (2.4) with a cut-off Nmax in the sums, construct the partial amplitudes S(I)

l

through (2.6) from spin 0 up to some large spin Lmax and pick an s grid with Mgrid points
where to impose (2.7) for each spin l and isospin I. Then, with these many parameters and
constraints we explore the allowed (α, β) space as introduced in (1.3). (For example, we
can pick some α and minimize β as illustrated for α ' 0.06 in figure 3). If the parameters
Nmax, Lmax and Mgrid are large enough things should converge.
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` = 0, I = 0
<latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit>

` = 0, I = 0
<latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit><latexit sha1_base64="uRTJ7M5HvignIaWmuuvyW/1UPVs=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZt23a1fN+1htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdOclOc=</latexit>

` = 0, I = 2
<latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit>

` = 0, I = 2
<latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit><latexit sha1_base64="QebSNIp7jyxzxhiL4B2HTVjz2DE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmwq271plEflCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWupTp</latexit>

` = 1, I = 1
<latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit>

` = 1, I = 1
<latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit><latexit sha1_base64="zzyu/gY0N8vVnjXDwP5Qep+uRqo=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhLArgjaBoI12EcwDskuYndzEIbMPZu4KYQn4FbZa2Ymtv2Lhvzi7bqHRUx3OuZd77vFjKTTa9odVWlpeWV0rr1c2Nre2d6q7e10dJYpDh0cyUn2faZAihA4KlNCPFbDAl9Dzp5eZ37sHpUUU3uIsBi9gk1CMBWdoJNcFKZtO3a1fN51htWY37Bz0L3EKUiMF2sPqpzuKeBJAiFwyrQeOHaOXMoWCS5hX3ERDzPiUTWBgaMgC0F6aZ57To0QzjGgMigpJcxF+bqQs0HoW+GYyYHinF71M/M8bJDg+91IRxglCyLNDKCTkhzRXwpQBdCQUILIsOVARUs4UQwQlKOPciIlpp2L6cBa//0u6Jw3H8JvTWuuiaKZMDsghOSYOOSMtckXapEM4ickjeSLP1oP1Yr1ab9+jJavY2Se/YL1/AdbAlOk=</latexit>

` = 2, I = 0
<latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit>

` = 2, I = 0
<latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit><latexit sha1_base64="WulPBIQgTuJQzXPgY1OakDh6jaE=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwUUpSBN0Uim50V8E+oAllMr2tQyfJMHMjlFLwK9zqyp249Vdc+C8mMQttPavDOfdyzz2+ksKgbX9ahZXVtfWN4mZpa3tnd6+8f9AxUaw5tHkkI93zmQEpQmijQAk9pYEFvoSuP7lK/e4DaCOi8A6nCryAjUMxEpxhIrkuSNmoV93qTcMelCt2zc5Al4mTkwrJ0RqUv9xhxOMAQuSSGdN3bIXejGkUXMK85MYGFOMTNoZ+QkMWgPFmWeY5PYkNw4gq0FRImonwe2PGAmOmgZ9MBgzvzaKXiv95/RhHF95MhCpGCHl6CIWE7JDhWiRlAB0KDYgsTQ5UhJQzzRBBC8o4T8Q4aaeU9OEsfr9MOvWak/Dbs0rzMm+mSI7IMTklDjknTXJNWqRNOFHkiTyTF+vRerXerPef0YKV7xySP7A+vgHWxpTp</latexit>

28 30 32 34 36 386 7 8 9 10 11�0.030  ↵  �0.016
<latexit sha1_base64="zYDvxU/Vl81iqXeeuoPCJ7IJrW8=">AAACEHicbZC7TsNAEEXXPEN4GSihWBEh0YBsQEAZQUMZJPKQYisaLwOsWD/YHSOhiIZP4CtooaJDtPwBBf/C2qSAhNvs0Z0Zzc6NMiUNed6nMzY+MTk1XZmpzs7NLyy6S8stk+ZaYFOkKtWdCAwqmWCTJCnsZBohjhS2o+vjot6+RW1kmpzRXYZhDJeJvJACyFo9d23L2/Z2vUDhDQ9AZVdQYuH6+z23Zt9SfBT8AdTYQI2e+xWcpyKPMSGhwJiu72UU9kGTFArvq0FuMANxDZfYtZhAjCbsl1fc843cAKU8Q82l4qWJvyf6EBtzF0e2Mwa6MsO1wvyv1s3p4jDsyyTLCRNRLCKpsFxkhJY2HuTnUiMRFD9HLhMuQAMRaslBCGvmNq+qzcMfvn4UWjvbvuXTvVr9aJBMha2ydbbJfHbA6uyENViTCfbAntgze3EenVfnzXn/aR1zBjMr7I+cj29D5Jpm</latexit><latexit sha1_base64="zYDvxU/Vl81iqXeeuoPCJ7IJrW8=">AAACEHicbZC7TsNAEEXXPEN4GSihWBEh0YBsQEAZQUMZJPKQYisaLwOsWD/YHSOhiIZP4CtooaJDtPwBBf/C2qSAhNvs0Z0Zzc6NMiUNed6nMzY+MTk1XZmpzs7NLyy6S8stk+ZaYFOkKtWdCAwqmWCTJCnsZBohjhS2o+vjot6+RW1kmpzRXYZhDJeJvJACyFo9d23L2/Z2vUDhDQ9AZVdQYuH6+z23Zt9SfBT8AdTYQI2e+xWcpyKPMSGhwJiu72UU9kGTFArvq0FuMANxDZfYtZhAjCbsl1fc843cAKU8Q82l4qWJvyf6EBtzF0e2Mwa6MsO1wvyv1s3p4jDsyyTLCRNRLCKpsFxkhJY2HuTnUiMRFD9HLhMuQAMRaslBCGvmNq+qzcMfvn4UWjvbvuXTvVr9aJBMha2ydbbJfHbA6uyENViTCfbAntgze3EenVfnzXn/aR1zBjMr7I+cj29D5Jpm</latexit><latexit sha1_base64="zYDvxU/Vl81iqXeeuoPCJ7IJrW8=">AAACEHicbZC7TsNAEEXXPEN4GSihWBEh0YBsQEAZQUMZJPKQYisaLwOsWD/YHSOhiIZP4CtooaJDtPwBBf/C2qSAhNvs0Z0Zzc6NMiUNed6nMzY+MTk1XZmpzs7NLyy6S8stk+ZaYFOkKtWdCAwqmWCTJCnsZBohjhS2o+vjot6+RW1kmpzRXYZhDJeJvJACyFo9d23L2/Z2vUDhDQ9AZVdQYuH6+z23Zt9SfBT8AdTYQI2e+xWcpyKPMSGhwJiu72UU9kGTFArvq0FuMANxDZfYtZhAjCbsl1fc843cAKU8Q82l4qWJvyf6EBtzF0e2Mwa6MsO1wvyv1s3p4jDsyyTLCRNRLCKpsFxkhJY2HuTnUiMRFD9HLhMuQAMRaslBCGvmNq+qzcMfvn4UWjvbvuXTvVr9aJBMha2ydbbJfHbA6uyENViTCfbAntgze3EenVfnzXn/aR1zBjMr7I+cj29D5Jpm</latexit><latexit sha1_base64="zYDvxU/Vl81iqXeeuoPCJ7IJrW8=">AAACEHicbZC7TsNAEEXXPEN4GSihWBEh0YBsQEAZQUMZJPKQYisaLwOsWD/YHSOhiIZP4CtooaJDtPwBBf/C2qSAhNvs0Z0Zzc6NMiUNed6nMzY+MTk1XZmpzs7NLyy6S8stk+ZaYFOkKtWdCAwqmWCTJCnsZBohjhS2o+vjot6+RW1kmpzRXYZhDJeJvJACyFo9d23L2/Z2vUDhDQ9AZVdQYuH6+z23Zt9SfBT8AdTYQI2e+xWcpyKPMSGhwJiu72UU9kGTFArvq0FuMANxDZfYtZhAjCbsl1fc843cAKU8Q82l4qWJvyf6EBtzF0e2Mwa6MsO1wvyv1s3p4jDsyyTLCRNRLCKpsFxkhJY2HuTnUiMRFD9HLhMuQAMRaslBCGvmNq+qzcMfvn4UWjvbvuXTvVr9aJBMha2ydbbJfHbA6uyENViTCfbAntgze3EenVfnzXn/aR1zBjMr7I+cj29D5Jpm</latexit>

0.020  ↵  0.048
<latexit sha1_base64="PPk8u2srhChyG9PAnkE8AtLZukU=">AAACDnicbZC7TkJBEIb3eEW8oXbabCQmVuQcQiIl0cYSE7kkQMicZYANey7uzjEhhMRH8ClstbIztr6Che/icqRQ8G/2yz8zmZ3fj5U05Lqfzsrq2vrGZmYru72zu7efOzismyjRAmsiUpFu+mBQyRBrJElhM9YIga+w4Y+uZvXGPWojo/CWxjF2AhiEsi8FkLW6uWO34BbdtsI73gYVDyFFa5bK3Vzevqn4MnhzyLO5qt3cV7sXiSTAkIQCY1qeG1NnApqkUDjNthODMYgRDLBlMYQATWeS3jDlZ4kBiniMmkvFUxN/T0wgMGYc+LYzABqaxdrM/K/WSqhf7kxkGCeEoZgtIqkwXWSEljYc5D2pkQhmP0cuQy5AAxFqyUEIayY2razNw1u8fhnqxYJn+aaUr1zOk8mwE3bKzpnHLliFXbMqqzHBHtgTe2YvzqPz6rw57z+tK8585oj9kfPxDWbHmfw=</latexit><latexit sha1_base64="PPk8u2srhChyG9PAnkE8AtLZukU=">AAACDnicbZC7TkJBEIb3eEW8oXbabCQmVuQcQiIl0cYSE7kkQMicZYANey7uzjEhhMRH8ClstbIztr6Che/icqRQ8G/2yz8zmZ3fj5U05Lqfzsrq2vrGZmYru72zu7efOzismyjRAmsiUpFu+mBQyRBrJElhM9YIga+w4Y+uZvXGPWojo/CWxjF2AhiEsi8FkLW6uWO34BbdtsI73gYVDyFFa5bK3Vzevqn4MnhzyLO5qt3cV7sXiSTAkIQCY1qeG1NnApqkUDjNthODMYgRDLBlMYQATWeS3jDlZ4kBiniMmkvFUxN/T0wgMGYc+LYzABqaxdrM/K/WSqhf7kxkGCeEoZgtIqkwXWSEljYc5D2pkQhmP0cuQy5AAxFqyUEIayY2razNw1u8fhnqxYJn+aaUr1zOk8mwE3bKzpnHLliFXbMqqzHBHtgTe2YvzqPz6rw57z+tK8585oj9kfPxDWbHmfw=</latexit><latexit sha1_base64="PPk8u2srhChyG9PAnkE8AtLZukU=">AAACDnicbZC7TkJBEIb3eEW8oXbabCQmVuQcQiIl0cYSE7kkQMicZYANey7uzjEhhMRH8ClstbIztr6Che/icqRQ8G/2yz8zmZ3fj5U05Lqfzsrq2vrGZmYru72zu7efOzismyjRAmsiUpFu+mBQyRBrJElhM9YIga+w4Y+uZvXGPWojo/CWxjF2AhiEsi8FkLW6uWO34BbdtsI73gYVDyFFa5bK3Vzevqn4MnhzyLO5qt3cV7sXiSTAkIQCY1qeG1NnApqkUDjNthODMYgRDLBlMYQATWeS3jDlZ4kBiniMmkvFUxN/T0wgMGYc+LYzABqaxdrM/K/WSqhf7kxkGCeEoZgtIqkwXWSEljYc5D2pkQhmP0cuQy5AAxFqyUEIayY2razNw1u8fhnqxYJn+aaUr1zOk8mwE3bKzpnHLliFXbMqqzHBHtgTe2YvzqPz6rw57z+tK8585oj9kfPxDWbHmfw=</latexit><latexit sha1_base64="PPk8u2srhChyG9PAnkE8AtLZukU=">AAACDnicbZC7TkJBEIb3eEW8oXbabCQmVuQcQiIl0cYSE7kkQMicZYANey7uzjEhhMRH8ClstbIztr6Che/icqRQ8G/2yz8zmZ3fj5U05Lqfzsrq2vrGZmYru72zu7efOzismyjRAmsiUpFu+mBQyRBrJElhM9YIga+w4Y+uZvXGPWojo/CWxjF2AhiEsi8FkLW6uWO34BbdtsI73gYVDyFFa5bK3Vzevqn4MnhzyLO5qt3cV7sXiSTAkIQCY1qeG1NnApqkUDjNthODMYgRDLBlMYQATWeS3jDlZ4kBiniMmkvFUxN/T0wgMGYc+LYzABqaxdrM/K/WSqhf7kxkGCeEoZgtIqkwXWSEljYc5D2pkQhmP0cuQy5AAxFqyUEIayY2razNw1u8fhnqxYJn+aaUr1zOk8mwE3bKzpnHLliFXbMqqzHBHtgTe2YvzqPz6rw57z+tK8585oj9kfPxDWbHmfw=</latexit>
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<latexit sha1_base64="HvuAzX8tQ7jwpAT0+CTCQ934o3Y=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0GIIGFXBD0GvegtinlANobeSScOmX0w0yuGJRc/wa/wqidv4tU/8OC/uIk5aGKdiqpuuqu8SElDtv1pzczOzS8sZpayyyura+u5jc2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewprXu9s6NfuUBsZBtfUj7DpQzeQHSmAUqmV23EJ7ym5woF74LZREbRcVOomKVzsD1q5vF20R+DTxBmTPBuj3Mp9ue1QxD4GJBQY03DsiJoJaJJC4SDrxgYjED3oYiOlAfhomskoxYDvxQYo5BFqLhUfifh7IwHfmL7vpZM+0K2Z9Ibif14jps5JM5FBFBMGYniIpMLRISO0TOtB3pYaiWD4OXIZcAEaiFBLDkKkYpz2lU37cCbTT5PqYdFJ+eVRvnQ6bibDttkuKzCHHbMSO2dlVmGCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG12snO4=</latexit><latexit sha1_base64="HvuAzX8tQ7jwpAT0+CTCQ934o3Y=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0GIIGFXBD0GvegtinlANobeSScOmX0w0yuGJRc/wa/wqidv4tU/8OC/uIk5aGKdiqpuuqu8SElDtv1pzczOzS8sZpayyyura+u5jc2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewprXu9s6NfuUBsZBtfUj7DpQzeQHSmAUqmV23EJ7ym5woF74LZREbRcVOomKVzsD1q5vF20R+DTxBmTPBuj3Mp9ue1QxD4GJBQY03DsiJoJaJJC4SDrxgYjED3oYiOlAfhomskoxYDvxQYo5BFqLhUfifh7IwHfmL7vpZM+0K2Z9Ibif14jps5JM5FBFBMGYniIpMLRISO0TOtB3pYaiWD4OXIZcAEaiFBLDkKkYpz2lU37cCbTT5PqYdFJ+eVRvnQ6bibDttkuKzCHHbMSO2dlVmGCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG12snO4=</latexit><latexit sha1_base64="HvuAzX8tQ7jwpAT0+CTCQ934o3Y=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0GIIGFXBD0GvegtinlANobeSScOmX0w0yuGJRc/wa/wqidv4tU/8OC/uIk5aGKdiqpuuqu8SElDtv1pzczOzS8sZpayyyura+u5jc2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewprXu9s6NfuUBsZBtfUj7DpQzeQHSmAUqmV23EJ7ym5woF74LZREbRcVOomKVzsD1q5vF20R+DTxBmTPBuj3Mp9ue1QxD4GJBQY03DsiJoJaJJC4SDrxgYjED3oYiOlAfhomskoxYDvxQYo5BFqLhUfifh7IwHfmL7vpZM+0K2Z9Ibif14jps5JM5FBFBMGYniIpMLRISO0TOtB3pYaiWD4OXIZcAEaiFBLDkKkYpz2lU37cCbTT5PqYdFJ+eVRvnQ6bibDttkuKzCHHbMSO2dlVmGCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG12snO4=</latexit><latexit sha1_base64="HvuAzX8tQ7jwpAT0+CTCQ934o3Y=">AAACEHicbVDLSgNBEJz1GeMr6lEPg0GIIGFXBD0GvegtinlANobeSScOmX0w0yuGJRc/wa/wqidv4tU/8OC/uIk5aGKdiqpuuqu8SElDtv1pzczOzS8sZpayyyura+u5jc2qCWMtsCJCFeq6BwaVDLBCkhTWI43gewprXu9s6NfuUBsZBtfUj7DpQzeQHSmAUqmV23EJ7ym5woF74LZREbRcVOomKVzsD1q5vF20R+DTxBmTPBuj3Mp9ue1QxD4GJBQY03DsiJoJaJJC4SDrxgYjED3oYiOlAfhomskoxYDvxQYo5BFqLhUfifh7IwHfmL7vpZM+0K2Z9Ibif14jps5JM5FBFBMGYniIpMLRISO0TOtB3pYaiWD4OXIZcAEaiFBLDkKkYpz2lU37cCbTT5PqYdFJ+eVRvnQ6bibDttkuKzCHHbMSO2dlVmGCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG12snO4=</latexit>

|S(I)
` |

<latexit sha1_base64="gU6Hc6npWukZugP7MvRtraHEPck=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuCPKQ8tL5sgmnnM/W3RopctLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ23EAKg7b9aeWWlldW1/LrhY3Nre2d4u5ew/ih5lDnvvR1y2UGpFBQR4ESWoEG5rkSmu74MvGbD6CN8NUdTgLoemykxFBwhrHUm972OyBlLypfH8+m/WLJrtgp6CJxMlIiGWr94ldn4PPQA4VcMmPajh1gN2IaBZcwK3RCAwHjYzaCdkwV88B0ozT1jB6FhqFPA9BUSJqK8HsjYp4xE8+NJz2G92beS8T/vHaIw/NuJFQQIiieHEIhIT1kuBZxHUAHQgMiS5IDFYpyphkiaEEZ57EYxv0U4j6c+e8XSeOk4sT85rRUvciayZMDckjKxCFnpEquSI3UCSeaPJFn8mI9Wq/Wm/X+M5qzsp198gfWxzfp6Za+</latexit><latexit sha1_base64="gU6Hc6npWukZugP7MvRtraHEPck=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuCPKQ8tL5sgmnnM/W3RopctLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ23EAKg7b9aeWWlldW1/LrhY3Nre2d4u5ew/ih5lDnvvR1y2UGpFBQR4ESWoEG5rkSmu74MvGbD6CN8NUdTgLoemykxFBwhrHUm972OyBlLypfH8+m/WLJrtgp6CJxMlIiGWr94ldn4PPQA4VcMmPajh1gN2IaBZcwK3RCAwHjYzaCdkwV88B0ozT1jB6FhqFPA9BUSJqK8HsjYp4xE8+NJz2G92beS8T/vHaIw/NuJFQQIiieHEIhIT1kuBZxHUAHQgMiS5IDFYpyphkiaEEZ57EYxv0U4j6c+e8XSeOk4sT85rRUvciayZMDckjKxCFnpEquSI3UCSeaPJFn8mI9Wq/Wm/X+M5qzsp198gfWxzfp6Za+</latexit><latexit sha1_base64="gU6Hc6npWukZugP7MvRtraHEPck=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuCPKQ8tL5sgmnnM/W3RopctLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ23EAKg7b9aeWWlldW1/LrhY3Nre2d4u5ew/ih5lDnvvR1y2UGpFBQR4ESWoEG5rkSmu74MvGbD6CN8NUdTgLoemykxFBwhrHUm972OyBlLypfH8+m/WLJrtgp6CJxMlIiGWr94ldn4PPQA4VcMmPajh1gN2IaBZcwK3RCAwHjYzaCdkwV88B0ozT1jB6FhqFPA9BUSJqK8HsjYp4xE8+NJz2G92beS8T/vHaIw/NuJFQQIiieHEIhIT1kuBZxHUAHQgMiS5IDFYpyphkiaEEZ57EYxv0U4j6c+e8XSeOk4sT85rRUvciayZMDckjKxCFnpEquSI3UCSeaPJFn8mI9Wq/Wm/X+M5qzsp198gfWxzfp6Za+</latexit><latexit sha1_base64="gU6Hc6npWukZugP7MvRtraHEPck=">AAACAHicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuCPKQ8tL5sgmnnM/W3RopctLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ23EAKg7b9aeWWlldW1/LrhY3Nre2d4u5ew/ih5lDnvvR1y2UGpFBQR4ESWoEG5rkSmu74MvGbD6CN8NUdTgLoemykxFBwhrHUm972OyBlLypfH8+m/WLJrtgp6CJxMlIiGWr94ldn4PPQA4VcMmPajh1gN2IaBZcwK3RCAwHjYzaCdkwV88B0ozT1jB6FhqFPA9BUSJqK8HsjYp4xE8+NJz2G92beS8T/vHaIw/NuJFQQIiieHEIhIT1kuBZxHUAHQgMiS5IDFYpyphkiaEEZ57EYxv0U4j6c+e8XSeOk4sT85rRUvciayZMDckjKxCFnpEquSI3UCSeaPJFn8mI9Wq/Wm/X+M5qzsp198gfWxzfp6Za+</latexit>

ŝ
<latexit sha1_base64="fxlYIihznE3wvmJ1GJu7gANAYz8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZOccj5bd2ukyMpH0EJFh2j5Ggr+BTu4gISpRjO72tkJYiUtue6nU1pb39jcKm9Xdnb39g+qh0dtGyVGYEtEKjLdACwqqbFFkhR2Y4MQBgo7wfQ29zuPaKyM9APNYvRDGGs5kgIokzr9CVBq54Nqza27C/BV4hWkxgo0B9Wv/jASSYiahAJre54bk5+CISkUziv9xGIMYgpj7GVUQ4jWTxdx5/wssUARj9FwqfhCxN8bKYTWzsIgmwyBJnbZy8X/vF5Co2s/lTpOCLXID5FUuDhkhZFZD8iH0iAR5MmRS80FGCBCIzkIkYlJVkwl68Nb/n6VtC/qXsbvL2uNm6KZMjthp+yceeyKNdgda7IWE2zKntgze3FS59V5c95/RktOsXPM/sD5+AZlO5RJ</latexit><latexit sha1_base64="fxlYIihznE3wvmJ1GJu7gANAYz8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZOccj5bd2ukyMpH0EJFh2j5Ggr+BTu4gISpRjO72tkJYiUtue6nU1pb39jcKm9Xdnb39g+qh0dtGyVGYEtEKjLdACwqqbFFkhR2Y4MQBgo7wfQ29zuPaKyM9APNYvRDGGs5kgIokzr9CVBq54Nqza27C/BV4hWkxgo0B9Wv/jASSYiahAJre54bk5+CISkUziv9xGIMYgpj7GVUQ4jWTxdx5/wssUARj9FwqfhCxN8bKYTWzsIgmwyBJnbZy8X/vF5Co2s/lTpOCLXID5FUuDhkhZFZD8iH0iAR5MmRS80FGCBCIzkIkYlJVkwl68Nb/n6VtC/qXsbvL2uNm6KZMjthp+yceeyKNdgda7IWE2zKntgze3FS59V5c95/RktOsXPM/sD5+AZlO5RJ</latexit><latexit sha1_base64="fxlYIihznE3wvmJ1GJu7gANAYz8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZOccj5bd2ukyMpH0EJFh2j5Ggr+BTu4gISpRjO72tkJYiUtue6nU1pb39jcKm9Xdnb39g+qh0dtGyVGYEtEKjLdACwqqbFFkhR2Y4MQBgo7wfQ29zuPaKyM9APNYvRDGGs5kgIokzr9CVBq54Nqza27C/BV4hWkxgo0B9Wv/jASSYiahAJre54bk5+CISkUziv9xGIMYgpj7GVUQ4jWTxdx5/wssUARj9FwqfhCxN8bKYTWzsIgmwyBJnbZy8X/vF5Co2s/lTpOCLXID5FUuDhkhZFZD8iH0iAR5MmRS80FGCBCIzkIkYlJVkwl68Nb/n6VtC/qXsbvL2uNm6KZMjthp+yceeyKNdgda7IWE2zKntgze3FS59V5c95/RktOsXPM/sD5+AZlO5RJ</latexit><latexit sha1_base64="fxlYIihznE3wvmJ1GJu7gANAYz8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZOccj5bd2ukyMpH0EJFh2j5Ggr+BTu4gISpRjO72tkJYiUtue6nU1pb39jcKm9Xdnb39g+qh0dtGyVGYEtEKjLdACwqqbFFkhR2Y4MQBgo7wfQ29zuPaKyM9APNYvRDGGs5kgIokzr9CVBq54Nqza27C/BV4hWkxgo0B9Wv/jASSYiahAJre54bk5+CISkUziv9xGIMYgpj7GVUQ4jWTxdx5/wssUARj9FwqfhCxN8bKYTWzsIgmwyBJnbZy8X/vF5Co2s/lTpOCLXID5FUuDhkhZFZD8iH0iAR5MmRS80FGCBCIzkIkYlJVkwl68Nb/n6VtC/qXsbvL2uNm6KZMjthp+yceeyKNdgda7IWE2zKntgze3FS59V5c95/RktOsXPM/sD5+AZlO5RJ</latexit>

Figure 4. Real part of the phase shifts δ(I)
l = 1

2i logS(I)
l (solid lines; left y-axis) and absolute

values of the corresponding amplitudes |S(I)
` (ŝ)| (dashed lines; right y-axis) for the lowest spins

and isospins along the boundary as function of ŝ = s/f2
π (x-axis), with Nmax = 23. The gray dots

and error bars are experimental phase shifts for real world massive pions [30–36].7 The comparison
is done by plotting the experimental data also as a function of the square of the center of mass
momentum in units of fπ, i.e. (s− 4m2

π)/f2
π . Here we use mπ ' 140Mev and fπ ' 93MeV.

7We thank José Ramón Peláez for sharing with us the set of available experimental data on π − π

scattering.
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In this problem we also found very important to impose the large spin constraints ob-
tained by estimating analytically the large spin partial waves following [26]. In the previous
massive explorations this large spin analytic constraints would be irrelevant in practice as
we would reach the asymptotic large spin regime well before the cut-off Lmax. This is ex-
pected; massive particles mediate short range interactions so large spin, corresponding to
large impact parameter, quickly becomes exponentially subleading. This is not so for mass-
less particles where this suppression becomes power like. So here the large spin constraints
are crucial to ensure proper convergence. (For more details see appendix D.4 of [26]).

Even with those large spin conditions and even for quite large Nmax, these numerics are
very hard and things converge well but not splendidly as illustrated in the introduction, see
figure 1. (For the highest Nmax = 23 we have used, there are 420 free parameters, 18× 103

quadratic unitarity constraints, 200 linear higher spin constraints.8 We have used SDPB
Elemental [37] on 40 cores and it took 6h 40m per optimization problem, that is per point
at the boundary of figure 1.)

It would be extremely useful to find a dual formulation of the S-matrix optimization
problem considered here. This would be specially important in the slow convergence region
of figure 1 because it would give rigorous bounds even with finite truncations, i.e. it would
approach the bounds from the opposite side. We are optimistic that such methods will
be soon available building upon the recent developments in the dual S-matrix bootstrap
program [38–41].

In the meantime we can take advantage of a major positive point of the original or
primal formulation: we are explicitly constructing S-matrices compatible with unitarity and
crossing symmetry so we can literally look at the optimal phase shifts as we move along
the boundary of the allowed parameter space! This is a particularly exciting exercise in the
case of pions where we have real world experimental data for their phase shifts [30–36].9

The outcome of this exploration is depicted in figure 4 where we highlight two interesting
regions along the boundary where the numerics do resemble nicely experimental data. On
the right region, in blue, we see that the even spins/isospins actually seem to be quite
similar to the experimental ones while spin 1 partial wave is unfortunately quite off. In
particular, the experimental data have a clear resonance around s = 30 corresponding to
the ρ particle which is clearly missing in the blue amplitudes. On the left orange region
it seems to be the opposite: we seem to have nice structure in the odd spin phase shifts
which do resemble closely the experimental phase shifts but the even spin phase shifts are
now quite off. Figure 5 contains a graphical summary. In sum, without imposing further
constraints, the real world does not seem to be close to the boundary. Of course, it did not
need to be. It would be interesting to add further constraints to our numerics — fixing

8For the grid we use a Chebyschev grid in ρ (unit disc boundary) with 200 points for spins from ` = 0
to ` = 49 and 50 points for spins above ` = 50. There are also the 200 higher spin constraints. This leads
to the number of quadratic unitarity constraints quoted in the text.

9Of course, the attentive reader might point out that such comparison with the real world would perhaps
make even more sense in the massive setup explored in [25, 42]. That is true. It would be interesting to
better explore the massless limit interpolation starting from a massive setup. In particular, starting with
masses could be helpful in controlling the issue of log versus square root singularities discussed above.
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↵
<latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit><latexit sha1_base64="JGNsvkexBbk0hkirRPvBQ4IpG5w=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa8zv/OA2sgwuKNZhK4P40COpABKpXYfVDSBQbVm1+0cfJk4BamxAs1B9as/DEXsY0BCgTE9x47ITUCTFArnlX5sMAIxhTH2UhqAj8ZN8rRzfhIboJBHqLlUPBfx90YCvjEz30snfaCJWfQy8T+vF9Po0k1kEMWEgcgOkVSYHzJCy7QG5EOpkQiy5MhlwAVoIEItOQiRinHaSyXtw1n8fpm0z+pOym/Pa42ropkyO2LH7JQ57II12A1rshYT7J49sWf2Yj1ar9ab9f4zWrKKnUP2B9bHN0EYk50=</latexit>

�
<latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit><latexit sha1_base64="ujG++alBbzidtrPlJbhuRYmTxmw=">AAAB93icbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCN4SSA5wtxmEpfsfbA7J4SQ32CrlZ3Y+nMs/C/unVdo4qse780wb16YKmnIdT+dldW19Y3NylZ1e2d3b792cNg2SaYF+iJRie6GYFDJGH2SpLCbaoQoVNgJJze533lEbWQS39M0xSCCcSxHUgBZye+HSDCo1d2GW4AvE68kdVaiNah99YeJyCKMSSgwpue5KQUz0CSFwnm1nxlMQUxgjD1LY4jQBLMi7JyfZgYo4SlqLhUvRPy9MYPImGkU2skI6MEsern4n9fLaHQVzGScZoSxyA+RVFgcMkJL2wLyodRIBHly5DLmAjQQoZYchLBiZmup2j68xe+XSfu84Vl+d1FvXpfNVNgxO2FnzGOXrMluWYv5TDDJntgze3Gmzqvz5rz/jK445c4R+wPn4xt01JMp</latexit>
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Figure 5. There is a rich pattern of resonances in the optimal S-matrices as we move along the
allowed S-matrix space. On the left, we have odd spin resonances turned on and no even spin
resonances. On the right we have the opposite. The real world has both types of resonances so
should somehow not be at the boundary. Would be very interesting to force the presence of the ρ
resonance as in [25] and repeat this analysis as done in that paper for massive pions.

the position of the ρ particle for example — and redoing all the bounds. Perhaps with this
extra physical constraint the S-matrices at the boundary might approach those observed
in experiment? Will they have rich even spin structures arising? We leave those numerical
explorations to the future.
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A Perturbative unitarity

The scattering of Goldstone particles is free of IR divergences. The corresponding ampli-
tudes have a good soft behavior and vanish as the momenta are sent to zero.

For a single goldstone particle, for example we would write a fully crossing symmetric
amplitude low energy expansion A(s, t, u) ' A(s+t+u)+B(s2+t2+u2)+C(s+t+u)2+. . .
but the A and C terms would drop due to s + t + u = 0 and the first leading interaction
starts at quadratic order and is governed by B.

In our case we have an O(N) scattering amplitude in (1.2) parametrized in terms of
a single scalar function A(s|t, u) symmetric in t, u only. The simplest and most general
tree-level on-shell interaction can now start already at linear order as

Atree(s|t, u) = s

Λ2 , (A.1)

where Λ = fπ in the case of massless pions.
In what follows we will solve this simple exercise: starting from the seed in eq. (A.1),

we will make use of crossing and analyticity to write an ansatz for the imaginary part of
the O(s2) or 1-Loop amplitude, and then impose elastic unitarity saturation to fix the coef-
ficients of the ansatz. We will be able to find the parametrization shown in eq. (1.3) and re-
peating the exercise at the next order we will also determine the most general parametriza-
tion for the O(s3) or 2-Loops amplitude up to a few “theory dependent” coefficients.10

At O(s4) particle production kicks in: the 2→ 4 process contributes to the imaginary
parts of 3-Loops diagrams that would appear at this order.

10The leading logarithms can be extracted at any loop order using the non-linear recursion relations
in [43].
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A.1 O(N) scalar particles at 1-loop

In this section we will prove eq. (1.3). In the massless case all the normal thresholds start
at s = t = u = 0, and we assume there are no other singularities in the complex plane of
the Mandelstam variables. The minimal ansatz for the 1-Loop amplitude must contain at
least polynomials and logarithms at the order O(s2).

Using crossing symmetry and setting Λ = 1, we can write the expansion

A(s|t, u) = s+ αs2 + β(t2 + u2) + (a1s
2 + a2(t2 + u2)) log (−s) +

+(b1s
2 + b2(t2 + u2)) log tu+ b3(t2 − u2) log t

u
+O(s3). (A.2)

To impose unitarity we must project the ansatz (A.2) into irreps of the global symmetry
group and partial waves. Let’s define the s-channel projections over the irreps of O(N),
respectively the singlet, antisymmetric and symmetric traceless reps

T (0)(s, t, u) = NA(s|t, u) +A(t|s, u) +A(u|s, t) (A.3)

T (1)(s, t, u) = A(t|s, u)−A(u|s, t) (A.4)

T (2)(s, t, u) = A(t|s, u) +A(u|s, t), (A.5)

and the projections in partial waves

t
(I)
` (s) = 1

32π

∫ 1

−1
dxP`(x)T (I)(s, t(s, x), u(s, x)), (A.6)

where t = −s/2(1− x) and u = −s/2(1 + x).
Elastic unitarity of the S-matrix translates into |S(I)

` (s)|2 = 1 or using S`(s) = 1+it`(s)
we obtain a condition in terms of the partial amplitudes

2Im t
(I)
` = |t(I)

` |
2 (A.7)

At leading order in the momentum expansion the equation above relates the imaginary
part of the one loop terms to the square of the tree-level amplitude:

2Im t1−Loop = |tTree Level|2 , (A.8)

for each spin and isospin.
At the leading order

T (0)(s, t, u) = (N − 1)s+O(s2)
T (1)(s, t, u) = t− u+O(s2)
T (2)(s, t, u) = −s+O(s2), (A.9)

where we explicitly show their tree-level expressions. Only the terms of order O(s2) of (A.2)
contribute to the imaginary part of the amplitude. Using the replacement rule log(−s) =
log(s)− iπ we get

Im T (0)(s, t, u) = −π(N(s2a1 + (t2+u2)a2) + (t2+u2)(b1 + b2 − b3) + 2s2(b2+b3))
Im T (1)(s, t, u) = π s(t− u)(b1 − b2 + b3)
Im T (2)(s, t, u) = −π((t2 + u2)(b1 + b2 − b3) + 2s2(b2 + b3))). (A.10)
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Since the imaginary part is just a polynomial in the Mandelstam’s of degree 2 we will only
have non vanishing partial amplitudes up to spin 2.

Finally, we have a set of 5 equations

` = 0, I = 0 =⇒ − s
2

48(3Na1 + 2Na2 + 2b1 + 8b2 + 4b3) = 1
2

((N − 1)s
16π

)2

` = 2, I = 0 =⇒ − s2

240(Na2 + b1 + b2 − b3) = 0

` = 1, I = 1 =⇒ s2

48(b1 − b2 + b3) = 1
2

(
s

48π

)2

` = 0, I = 2 =⇒ − s
2

24(b1 + b2 − b3) = 1
2

(
− s

16π

)2

` = 2, I = 2 =⇒ − s2

240(b1 + b2 − b3) = 0, (A.11)

whose solution yields

a1 = −N − 2
32π2 , a2 = 0, b1 = −b3 = 1

192π2 , b2 = − 1
96π2 , (A.12)

and

A(s|t, u) = s+ αs2 + β(t2 + u2) (A.13)

−N − 2
32π2 s

2 log (−s)− 1
96π2 (t− u)(t log (−t)− u log (−u)) +O(s3).

For N = 3 we recover eq. (1.3). As a check, in appendix B we recover directly eq. (1.3)
taking the massless limit of the one-loop ππ scattering computation in [17, 18].

A.2 O(N) scalar particles at 2-loops

Perturbative unitarity at the next to leading order

Im t2-Loops = Re t1-Loop × tTree. (A.14)

suggest that we have to include into the ansatz functions whose imaginary part is a loga-
rithm.

We write the most generic crossing symmetric ansatz at O(s3) include log2 as

A(s|t,u)2-loops =
= γs3 +δ(t3 +u3)+log(−s)(c1s

3 +c2(t3 +u3))+log(tu)(c3s
3 +c4(t3 +u3))

+log t
u

(c5s
2(t−u)+c6(t3−u3))+log2 (−s)(d1s

3 +d2(t3 +u3))

+(log2 (−t)+log2 (−u))(d3s
3 +d4(t3 +u3))+log(−t) log(−u)(d5s

3 +d6(t3 +u3))
+(log2 (−t)− log2 (−u))(d7s

2(t−u)+d8(t3−u3))+log(−s) log tu(d9s
3 +d10(t3 +u3))

+log(−s) log t
u

(d11s
2(t−u)+d12(t3−u3)). (A.15)

Following the 1-Loop analysis, we project eq. (A.15) onto irreps of O(N) and partial
waves and solve the unitarity equation (A.14) in each channel. Since the imaginary part
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now contains logarithms, the spin projections do not truncate and in principle we have
an infinite system of linear equations. However, the right-hand side of eq. (A.14) do
truncate. Therefore, at higher spin we only get homogeneous equations which turn out to
be proportional to each other, hence, we can solve for the coefficients ci and di.

To compute the projections we need to evaluate integrals of the form∫ 1

−1
dxxa logb

(
s

2(1− x)
)

logc
(
s

2(1 + x)
)
. (A.16)

They can be analytically evaluated performing the simple change of variables x→ 2x− 1
and using the identity∫ 1

0
dxxa logm x logn (1− x) = ∂m

∂µm
∂n

∂νn
Beta(a+ µ+ 1, ν + 1)

∣∣∣∣
µ=ν=0

. (A.17)

The final answer for the 2-Loops amplitude is then completely fixed by elastic unitarity
saturation

A(s|t, u)2-loops = γs3 + δ(t3 + u3) + N(9N − 20) + 19
9216π4 s3 log2 (−s) (A.18)

− 1
18432π4 ((3N+11)(t3 log2 (−t)+u3 log2(−u))− 6(N−3)tu(t log2 (−t)+u log2 (−u)))

−
(

(3N − 1) α

48π2 + (N + 3) β

24π2 + 11N − 10
27648π4

)
s3 log (−s)

+ α

96π2 (t2(t−2u) log (−t) + u2(u−2t) log (−u))

+ β

96π2 (t2(2u+9t) log (−t) + u2(2t+9u) log (−u))

+ 1
110592π4 ((21N−17)(t3 log (−t) + u3 log (−u))− 2(3N−5)tu(t log (−t) + u log (−u))).

At this order there are 2 new “theory dependent” coefficients {γ, δ} parametrizing the on-
shell polynomial deformations of order O(s3). We could also explore their allowed space
but the numerics would be quite harder.

B Chiral limit of the massive result

The one-loop analysis of the chiral perturbation theory has been carried out in all details
long ago [44]. In the modern literature the low energy constants are still defined in the
same way as done in that pioneering work. To help the phenomenology-oriented reader we
write explicitly the match between our convention and the usual one.

We take the expression for the one-loop amplitude in the massive case from [17, 18],
where the expansion has been worked out up to two-loops:

A(s|t, u)1-loop = 1
f4
π

(b1m
4 + b2m

2 + b3s
2 + b4(t−u)2) + 1

f4
π

(F (1)(s) +G(1)(s, t) +G(1)(s, u)),

(B.1)
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where

F (1)(s) = 1
2(s2 −m4)J(s) (B.2)

G(1)(s, t) = 1
6(2t2 + st− 10tm2 − 4sm2 + 14m4)J(t), (B.3)

and
J(s) = 1

8π2

(
1 + 1

2

√
z(s) log

√
z(s)− 1√
z(s) + 1

)
, z(s) = s− 4m2

s
. (B.4)

The first term in (B.1) is just polynomial in the Mandelstam variables and it contains the
running couplings of the counterterms for the one-loop divergences. The second term con-
tains the universal functions fixed by unitarity with the 2-particles normal branch points.
We now take the chiral limit of the two terms separately. When we take m→ 0 only the b3
and b4 constants survive. Their relations to the chiral Lagrangian couplings are given by

b3 = 2`r1(µ) + 1
2`

r
2(µ)− 1

32π2 log m
2

µ2 −
1

16π2
7
12 +O

(
m2

f2
π

)
, (B.5)

b4 = 1
2`

r
2(µ)− 1

96π2 log m
2

µ2 −
1

16π2
5
36 +O

(
m2

f2
π

)
. (B.6)

Collecting all the terms we obtain

1
f4
π

(b3s
2 + b4(t− u)2) = s2

f4
π

(
2`r1(µ)− 1

36π2

)
+ t2 + u2

f4
π

(
`r2(µ)− 5

288π2

)
−s

2 + t2 + u2

48π2f4
π

log m
2

µ2 . (B.7)

The massless limit of the unitarity logarithms is easily done noticing that

J(s) = 1
8π2

(
1− 1

2 log −s
m2

)
+O

(
m2

s

)
. (B.8)

Replacing the leading behavior of J(s) in the second term of (B.1) yields

1
f4
π

(F (1)(s) +G(1)(s, t) +G(1)(s, u)) = 1
24π2f4

π

(s2 + t2 + u2)− s2

32π2f4
π

log −s
m2

− t− u
96π2f4

π

(
t log −t

m2 − u log −u
m2

)
. (B.9)

The two terms are both logarithmically infrared divergent in the chiral limit. However,
if we rescale the unitarity logarithms by log(−x/m2)→ log(−x/µ2) + log(µ2/m2) and we
sum the two terms, then the final result is finite in the chiral limit and coincides with
eq. (1.3) if we fix the scale at µ = fπ. (Similarly, the chiral limit of the two loop result
in [17, 18] precisely matches with (A.18)) The relation between our parametrization and
the coefficients in the chiral Lagrangian is given by

α = 2`r1(fπ) + 1
72π2 , β = `r2(fπ) + 7

288π2 . (B.10)

– 15 –



J
H
E
P
0
6
(
2
0
2
1
)
0
8
8

The numerical values for the `ri quoted in [17, 18] are

`r1(Mρ) = −5.40× 10−3, `r2(Mρ) = 5.67× 10−3. (B.11)

We can obtain their values at µ = fπ using the RG equations

16π2µ
d`r1
dµ

= −1
3 , 16π2µ

d`r2
dµ

= −2
3 , (B.12)

getting

`r1(fπ) = `r1(Mρ)−
1
3

1
16π2 log fπ

Mρ
= −9.4× 10−4 =⇒ α = −4.7× 10−4 (B.13)

`r2(fπ) = `r2(Mρ)−
2
3

1
16π2 log fπ

Mρ
= 1.46× 10−2 =⇒ β = 1.70× 10−2, (B.14)

where we have used fπ = 93MeV and Mρ = 770MeV. In figure 1 we compare the results
in (B.13), and (B.14) with the allowed region in the {α, β} space.

C Asymptotic bounds from dispersion relations

In this appendix, we derive a dispersive representation of the parameters α and β involving
the imaginary part of two independent forward scattering amplitudes, which we define in
section C.1. The main argument, presented in C.2, leads to a prediction for the asymptotic
behavior of the lower bound on β for large values of |α|. Throughout this appendix, we set
units fπ = 1.

C.1 Crossing symmetric forward scattering amplitudes

There are two crossing symmetric forward scattering amplitudes that we can define in
pion physics. Firstly, we can consider neutral pion scattering π0 + π0 → π0 + π0. This is
described by the amplitude

A(s|t, u) +A(t|s, u) +A(u|s, t) , (C.1)

which becomes
Mπ0π0(s) ≡ A(s|0,−s) +A(0|s,−s) +A(−s|s, 0) , (C.2)

in the forward limit. Secondly, we can consider the transmission amplitude for the process
πa + πb → πa + πb with a 6= b. The corresponding amplitude is

A(t|s, u) , (C.3)

which in the forward limit reduces to

Mt(s) ≡ A(0|s,−s) . (C.4)

Clearly, both forward amplitudes Mπ0π0(s) and Mt(s) are invariant under the crossing
symmetry transformation s→ u = −s. This relates the values of the amplitude above and

– 16 –



J
H
E
P
0
6
(
2
0
2
1
)
0
8
8

below the cut along the real axis in the s-complex plane. However, when combined with
real analyticity M(s∗) = [M(s)]∗, it leads to the following relation valid in the upper half
plane11

M(−s∗) = [M(s)]∗ . (C.5)

In addition, unitarity implies positivity of the imaginary part of both forward scattering
amplitudes. More explicitly, we can set t = 0 in equation (2.6) to find

ImMπ0π0(s) = 16π
3
∑
l

(2l + 1) Re
[
3− S(0)

l (s)− 2S(2)
l (s)

]
≥ 0 (C.6)

ImMt(s) = 8π
∑
l

(2l + 1) Re
[
2− S(1)

l (s)− S(2)
l (s)

]
≥ 0 (C.7)

Finally, using the results of appendix A with N = 3, we can write the low energy
expansions

Mπ0π0(s) = 2(α+ 2β)s2 − 1
16π2 s

2 [log(s) + log(−s)] + . . . (C.8)

Mt(s) = 2βs2 − 1
48π2 s

2 [log(s) + log(−s)] + . . . (C.9)

Here we use the standard convention of placing the cut of the logarithm along the negative
real axis of its argument. Evaluating these expressions at s+ iε for positive real s, we find

ImMπ0π0(s) = s2

16π + 1
13824π3 (576π2(3α+ 2β)− 1)s3 − 5

1152π3 s
3 log(s) + . . . (C.10)

ImMt(s) = s2

48π −
3 + 64π2(3α+ 7β)

6144π3 s3 + 5
2304π3 s

3 log s+ . . . (C.11)

where we included also the 2-loop contributions to the imaginary part.

C.2 Dispersive argument

The argument that follows applies to both forward amplitudes Mπ0π0(s) and Mt(s). To
avoid cluttering, we will denote the forward amplitude simply by M(s). We shall use the
properties of crossing symmetry (C.5), positivity of the imaginary part ImM(s) ≥ 0 for
s > 0 and the low energy expansions

M(s) = c0s
2 − c1s

2 [log(s) + log(−s)] + . . . (C.12)

with the constants c0 and c1 given explicitly in (C.8) and (C.9).
Integrating M(s)/s3 over the closed contour shown in figure 6, we obtain the following

relation
1
s2

0

∫ π

0
dθe−2iθM(s0e

iθ) =
∫ ∞
s0

ds

s3 2ImM(s) . (C.13)

We have made the usual assumption that lim|s|→∞ 1
s2 ImM(s) = 0.12 Replacing the low

energy expansion (C.12), we find13

c0 = 2c1 lim
s0→0

[∫ ∞
s0

ds

s

ImM(s)
πc1s2 + log s0

]
. (C.14)

11This is identical to the case of massless branon scattering on the QCD flux tube discussed in [23].
12For massive theories this follows from the Froissart bound [45, 46].
13Notice that we should replace log(s) = log(s0e

iθ) and log(−s) = log(s0e
i(θ−π)).
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s

s0�s0 0

Figure 6. Closed integration contour in the s-complex plane used to derive (C.13). We assume the
integrand decays sufficiently fast at large |s| so that we can drop the arc at infinity. The forward
amplitudes are analytic in the upper half plane and satisfy the crossing property (C.5). There are
branch cuts along the real axis emanating from the branch point s = 0.
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It(s)
<latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit>
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�1  ↵  �0.2
<latexit sha1_base64="8o8WlV5/fsQnmyb/QQSIQYbwgDw=">AAACC3icbZC7TgJREIbP4g3xhlpY2JxITGwgu8RES6KNJSZySdgNmT0McMLZi+fMmhDCI/gUtlrZGVsfwsJ3cVkpFJzqy//PZGZ+P1bSkG1/WrmV1bX1jfxmYWt7Z3evuH/QNFGiBTZEpCLd9sGgkiE2SJLCdqwRAl9hyx9dz/zWA2ojo/COxjF6AQxC2ZcCKJW6xaOy4yq85y6oeAg847JdqXaLJbtiZ8WXwZlDic2r3i1+ub1IJAGGJBQY03HsmLwJaJJC4bTgJgZjECMYYCfFEAI03iR7YMpPEwMU8Rg1l4pnIv6emEBgzDjw084AaGgWvZn4n9dJqH/pTWQYJ4ShmC0iqTBbZISWaTLIe1IjEcwuRy5DLkADEWrJQYhUTNKoCmkezuL3y9CsVpyUb89Ltat5Mnl2zE7YGXPYBauxG1ZnDSbYlD2xZ/ZiPVqv1pv1/tOas+Yzh+xPWR/f1ySZLw==</latexit><latexit sha1_base64="8o8WlV5/fsQnmyb/QQSIQYbwgDw=">AAACC3icbZC7TgJREIbP4g3xhlpY2JxITGwgu8RES6KNJSZySdgNmT0McMLZi+fMmhDCI/gUtlrZGVsfwsJ3cVkpFJzqy//PZGZ+P1bSkG1/WrmV1bX1jfxmYWt7Z3evuH/QNFGiBTZEpCLd9sGgkiE2SJLCdqwRAl9hyx9dz/zWA2ojo/COxjF6AQxC2ZcCKJW6xaOy4yq85y6oeAg847JdqXaLJbtiZ8WXwZlDic2r3i1+ub1IJAGGJBQY03HsmLwJaJJC4bTgJgZjECMYYCfFEAI03iR7YMpPEwMU8Rg1l4pnIv6emEBgzDjw084AaGgWvZn4n9dJqH/pTWQYJ4ShmC0iqTBbZISWaTLIe1IjEcwuRy5DLkADEWrJQYhUTNKoCmkezuL3y9CsVpyUb89Ltat5Mnl2zE7YGXPYBauxG1ZnDSbYlD2xZ/ZiPVqv1pv1/tOas+Yzh+xPWR/f1ySZLw==</latexit><latexit sha1_base64="8o8WlV5/fsQnmyb/QQSIQYbwgDw=">AAACC3icbZC7TgJREIbP4g3xhlpY2JxITGwgu8RES6KNJSZySdgNmT0McMLZi+fMmhDCI/gUtlrZGVsfwsJ3cVkpFJzqy//PZGZ+P1bSkG1/WrmV1bX1jfxmYWt7Z3evuH/QNFGiBTZEpCLd9sGgkiE2SJLCdqwRAl9hyx9dz/zWA2ojo/COxjF6AQxC2ZcCKJW6xaOy4yq85y6oeAg847JdqXaLJbtiZ8WXwZlDic2r3i1+ub1IJAGGJBQY03HsmLwJaJJC4bTgJgZjECMYYCfFEAI03iR7YMpPEwMU8Rg1l4pnIv6emEBgzDjw084AaGgWvZn4n9dJqH/pTWQYJ4ShmC0iqTBbZISWaTLIe1IjEcwuRy5DLkADEWrJQYhUTNKoCmkezuL3y9CsVpyUb89Ltat5Mnl2zE7YGXPYBauxG1ZnDSbYlD2xZ/ZiPVqv1pv1/tOas+Yzh+xPWR/f1ySZLw==</latexit><latexit sha1_base64="8o8WlV5/fsQnmyb/QQSIQYbwgDw=">AAACC3icbZC7TgJREIbP4g3xhlpY2JxITGwgu8RES6KNJSZySdgNmT0McMLZi+fMmhDCI/gUtlrZGVsfwsJ3cVkpFJzqy//PZGZ+P1bSkG1/WrmV1bX1jfxmYWt7Z3evuH/QNFGiBTZEpCLd9sGgkiE2SJLCdqwRAl9hyx9dz/zWA2ojo/COxjF6AQxC2ZcCKJW6xaOy4yq85y6oeAg847JdqXaLJbtiZ8WXwZlDic2r3i1+ub1IJAGGJBQY03HsmLwJaJJC4bTgJgZjECMYYCfFEAI03iR7YMpPEwMU8Rg1l4pnIv6emEBgzDjw084AaGgWvZn4n9dJqH/pTWQYJ4ShmC0iqTBbZISWaTLIe1IjEcwuRy5DLkADEWrJQYhUTNKoCmkezuL3y9CsVpyUb89Ltat5Mnl2zE7YGXPYBauxG1ZnDSbYlD2xZ/ZiPVqv1pv1/tOas+Yzh+xPWR/f1ySZLw==</latexit>

0.2  ↵  1
<latexit sha1_base64="T1UthK1JOcb4aqchTUmVXAaxRzg=">AAACCXicbZC7SgNREIbPxluMt6hY2RwMglXYDYKWQRvLCOYC2SXMnkySQ85ePGdWCEuewKew1cpObH0KC9/FzZpCE6f6+P8ZZub3YyUN2fanVVhZXVvfKG6WtrZ3dvfK+wctEyVaYFNEKtIdHwwqGWKTJCnsxBoh8BW2/fH1zG8/oDYyCu9oEqMXwDCUAymAMqlXPrKrNVfhPXdBxSPgOTu9csWu2nnxZXDmUGHzavTKX24/EkmAIQkFxnQdOyYvBU1SKJyW3MRgDGIMQ+xmGEKAxkvz86f8NDFAEY9Rc6l4LuLviRQCYyaBn3UGQCOz6M3E/7xuQoNLL5VhnBCGYraIpMJ8kRFaZrkg70uNRDC7HLkMuQANRKglByEyMcmCKmV5OIvfL0OrVnUyvj2v1K/myRTZMTthZ8xhF6zObliDNZlgKXtiz+zFerRerTfr/ae1YM1nDtmfsj6+AfAdmME=</latexit><latexit sha1_base64="T1UthK1JOcb4aqchTUmVXAaxRzg=">AAACCXicbZC7SgNREIbPxluMt6hY2RwMglXYDYKWQRvLCOYC2SXMnkySQ85ePGdWCEuewKew1cpObH0KC9/FzZpCE6f6+P8ZZub3YyUN2fanVVhZXVvfKG6WtrZ3dvfK+wctEyVaYFNEKtIdHwwqGWKTJCnsxBoh8BW2/fH1zG8/oDYyCu9oEqMXwDCUAymAMqlXPrKrNVfhPXdBxSPgOTu9csWu2nnxZXDmUGHzavTKX24/EkmAIQkFxnQdOyYvBU1SKJyW3MRgDGIMQ+xmGEKAxkvz86f8NDFAEY9Rc6l4LuLviRQCYyaBn3UGQCOz6M3E/7xuQoNLL5VhnBCGYraIpMJ8kRFaZrkg70uNRDC7HLkMuQANRKglByEyMcmCKmV5OIvfL0OrVnUyvj2v1K/myRTZMTthZ8xhF6zObliDNZlgKXtiz+zFerRerTfr/ae1YM1nDtmfsj6+AfAdmME=</latexit><latexit sha1_base64="T1UthK1JOcb4aqchTUmVXAaxRzg=">AAACCXicbZC7SgNREIbPxluMt6hY2RwMglXYDYKWQRvLCOYC2SXMnkySQ85ePGdWCEuewKew1cpObH0KC9/FzZpCE6f6+P8ZZub3YyUN2fanVVhZXVvfKG6WtrZ3dvfK+wctEyVaYFNEKtIdHwwqGWKTJCnsxBoh8BW2/fH1zG8/oDYyCu9oEqMXwDCUAymAMqlXPrKrNVfhPXdBxSPgOTu9csWu2nnxZXDmUGHzavTKX24/EkmAIQkFxnQdOyYvBU1SKJyW3MRgDGIMQ+xmGEKAxkvz86f8NDFAEY9Rc6l4LuLviRQCYyaBn3UGQCOz6M3E/7xuQoNLL5VhnBCGYraIpMJ8kRFaZrkg70uNRDC7HLkMuQANRKglByEyMcmCKmV5OIvfL0OrVnUyvj2v1K/myRTZMTthZ8xhF6zObliDNZlgKXtiz+zFerRerTfr/ae1YM1nDtmfsj6+AfAdmME=</latexit><latexit sha1_base64="T1UthK1JOcb4aqchTUmVXAaxRzg=">AAACCXicbZC7SgNREIbPxluMt6hY2RwMglXYDYKWQRvLCOYC2SXMnkySQ85ePGdWCEuewKew1cpObH0KC9/FzZpCE6f6+P8ZZub3YyUN2fanVVhZXVvfKG6WtrZ3dvfK+wctEyVaYFNEKtIdHwwqGWKTJCnsxBoh8BW2/fH1zG8/oDYyCu9oEqMXwDCUAymAMqlXPrKrNVfhPXdBxSPgOTu9csWu2nnxZXDmUGHzavTKX24/EkmAIQkFxnQdOyYvBU1SKJyW3MRgDGIMQ+xmGEKAxkvz86f8NDFAEY9Rc6l4LuLviRQCYyaBn3UGQCOz6M3E/7xuQoNLL5VhnBCGYraIpMJ8kRFaZrkg70uNRDC7HLkMuQANRKglByEyMcmCKmV5OIvfL0OrVnUyvj2v1K/myRTZMTthZ8xhF6zObliDNZlgKXtiz+zFerRerTfr/ae1YM1nDtmfsj6+AfAdmME=</latexit>

I⇡0⇡0(s)
<latexit sha1_base64="uB8R9fYAXdQ9zbXsezifUkRNtmw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbIUEZQQNdkMhDSizrfNmEU8726W6NFFn5AL6CFio6RMtnUPAvOMYFJEyxGs3sancnUFIYdJxPq7Syura+Ud6sbG3v7O7Z+wcdEyeaQ5vHMta9gBmQIoI2CpTQUxpYGEjoBpOrud99AG1EHN3hVIEXsnEkRoIzzCTfrt746UAJ36F5ndWpOfHtmtNwctBl4hakRgq0fPtrMIx5EkKEXDJj+q6j0EuZRsElzCqDxIBifMLG0M9oxEIwXpofP6PHiWEYUwWaCklzEX5PpCw0ZhoGWWfI8N4senPxP6+f4OjCS0WkEoSIzxehkJAvMlyLLBWgQ6EBkc0vByoiyplmiKAFZZxnYpLFVMnycBe/Xyad04ab8duzWvOySKZMDskRqROXnJMmuSYt0iacTMkTeSYv1qP1ar1Z7z+tJauYqZI/sD6+AbnzmBo=</latexit><latexit sha1_base64="uB8R9fYAXdQ9zbXsezifUkRNtmw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbIUEZQQNdkMhDSizrfNmEU8726W6NFFn5AL6CFio6RMtnUPAvOMYFJEyxGs3sancnUFIYdJxPq7Syura+Ud6sbG3v7O7Z+wcdEyeaQ5vHMta9gBmQIoI2CpTQUxpYGEjoBpOrud99AG1EHN3hVIEXsnEkRoIzzCTfrt746UAJ36F5ndWpOfHtmtNwctBl4hakRgq0fPtrMIx5EkKEXDJj+q6j0EuZRsElzCqDxIBifMLG0M9oxEIwXpofP6PHiWEYUwWaCklzEX5PpCw0ZhoGWWfI8N4senPxP6+f4OjCS0WkEoSIzxehkJAvMlyLLBWgQ6EBkc0vByoiyplmiKAFZZxnYpLFVMnycBe/Xyad04ab8duzWvOySKZMDskRqROXnJMmuSYt0iacTMkTeSYv1qP1ar1Z7z+tJauYqZI/sD6+AbnzmBo=</latexit><latexit sha1_base64="uB8R9fYAXdQ9zbXsezifUkRNtmw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbIUEZQQNdkMhDSizrfNmEU8726W6NFFn5AL6CFio6RMtnUPAvOMYFJEyxGs3sancnUFIYdJxPq7Syura+Ud6sbG3v7O7Z+wcdEyeaQ5vHMta9gBmQIoI2CpTQUxpYGEjoBpOrud99AG1EHN3hVIEXsnEkRoIzzCTfrt746UAJ36F5ndWpOfHtmtNwctBl4hakRgq0fPtrMIx5EkKEXDJj+q6j0EuZRsElzCqDxIBifMLG0M9oxEIwXpofP6PHiWEYUwWaCklzEX5PpCw0ZhoGWWfI8N4senPxP6+f4OjCS0WkEoSIzxehkJAvMlyLLBWgQ6EBkc0vByoiyplmiKAFZZxnYpLFVMnycBe/Xyad04ab8duzWvOySKZMDskRqROXnJMmuSYt0iacTMkTeSYv1qP1ar1Z7z+tJauYqZI/sD6+AbnzmBo=</latexit><latexit sha1_base64="uB8R9fYAXdQ9zbXsezifUkRNtmw=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbIUEZQQNdkMhDSizrfNmEU8726W6NFFn5AL6CFio6RMtnUPAvOMYFJEyxGs3sancnUFIYdJxPq7Syura+Ud6sbG3v7O7Z+wcdEyeaQ5vHMta9gBmQIoI2CpTQUxpYGEjoBpOrud99AG1EHN3hVIEXsnEkRoIzzCTfrt746UAJ36F5ndWpOfHtmtNwctBl4hakRgq0fPtrMIx5EkKEXDJj+q6j0EuZRsElzCqDxIBifMLG0M9oxEIwXpofP6PHiWEYUwWaCklzEX5PpCw0ZhoGWWfI8N4senPxP6+f4OjCS0WkEoSIzxehkJAvMlyLLBWgQ6EBkc0vByoiyplmiKAFZZxnYpLFVMnycBe/Xyad04ab8duzWvOySKZMDskRqROXnJMmuSYt0iacTMkTeSYv1qP1ar1Z7z+tJauYqZI/sD6+AbnzmBo=</latexit>

It(s)
<latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit><latexit sha1_base64="sj5p+MglqBvP0jsSSpG/AftHQkA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpNJGNkKCMoIEuSOQhJVZ0vmzCkfPZulsjhSj/QAsVHaLlbyj4F87GBSRMNZrZ1c5OEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfpn77AbQRkbrFSQx+yEZKDAVnaKXWdR+r5rhfrrg1NwNdJF5OKiRHo1/+6g0inoSgkEtmTNdzY/SnTKPgEmalXmIgZnzMRtC1VLEQjD/N0s7oUWIYRjQGTYWkmQi/N6YsNGYSBnYyZHhn5r1U/M/rJjg896dCxQmC4ukhFBKyQ4ZrYWsAOhAaEFmaHKhQlDPNEEELyji3YmJ7Kdk+vPnvF0nrpOZZfnNaqV/kzRTJATkkVeKRM1InV6RBmoSTe/JEnsmL8+i8Om/O+89owcl39skfOB/fdZeTGw==</latexit>

|↵|s
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Figure 7. Imaginary parts of the two crossing symmetric forward amplitudes Mπ0π0(s) andMt(s).
More precisely, on the left plots, we show the ratio I(s) defined in (C.15) for the numerical amplitude
along the boundary of the allowed region shown in the inset of figure 1 (for Nmax = 23). On the
right, we test the scaling scenario (C.16) by plotting the same data (with the same colour coding)
as a function of |α|s. The curves collapse reasonably well, specially in the bottom plot. The black
dashed lines are the analytic prediction from (C.10) and (C.11). Notice that this result follows
from the 2-loop unitarity computation of appendix A.2. It is not surprising that our numerics
approximately match this prediction because unitarity is rather well saturated at low energies.
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Notice that if we neglect the last logarithm, then one would immediately conclude that
c0 ≥ 0, which leads to the naive bounds (1.4). This is essentially the argument of [1, 22].
However, the last logarithm is crucial to obtain a finite limit when s0 → 0.14

It is convenient to define

I(s) ≡ ImM(s)
πc1s2 = 1 +O(s) . (C.15)

in order to study the asymptotic behavior of (C.14) for large |α|. The perturbative expan-
sions (C.10) and (C.11) suggest the following scaling at large |α|,

I(s) = I0(|α|s) + s log(s)I1(|α|s) + . . . (C.16)

where the functions I0 and I1 are generic, except that I0(0) = 1. In figure 7, we plot I(s)
for both forward amplitudes obtained from the numerical minimization of β for large values
of |α|. This supports the scaling scenario (C.16). This scenario predicts

c0 = 2c1 lim
s0→0

[∫ ∞
s0

ds

s
[I0(|α|s) + s log(s)I1(|α|s) + . . . ] + log s0

]
(C.17)

= 2c1 lim
s0→0

[∫ ∞
|α|s0

dz

z
I0(z) + log s0

]
+O

( log |α|
α

)
(C.18)

= −2c1 log |α|+ 2c1 lim
ε→0

[∫ ∞
ε

dz

z
I0(z) + log ε

]
+O

( log |α|
α

)
(C.19)

Applying this result toMπ0π0(s) for negative α and toMt(s) for positive α, we obtain (1.5).
In the inset of figure 2, we see that this prediction works very well for large positive α but
not so well for large negative α. This is probably related to the fact that the curves did not
perfectly collapse in the top right plot of figure 7. It is unclear if this would improve for
larger values of |α| and with better numerical data, or if the scenario (C.16) is incorrect.

D Phenomenological bounds from dispersion relations

Dispersion relations encode in a compact way crossing and analyticity properties of scat-
tering amplitudes. They have been used since ancient times to determine the real part
of the scattering amplitude given the experimentally accessible absorptive parts. One effi-
cient way to make use of dispersion relations has been introduced by Roy in the context of
π−π scattering [47]. Let’s briefly review how that works in the simple case of the crossing
symmetric π0 − π0 scattering channel with mass m.

Starting from the usual double subtracted fixed-t dispersion relation (with |t| < 4m2)15

T (s, t) = a0 + 1
π

∫ ∞
4m2

dz (Im T (z, t)K1(z, s, t) + Im T (z, 0)K2(z, t)), (D.1)

14Of course the authors of [1] were aware of the log branch cut in the forward amplitude. In fact,
they describe its effect as logarithmic running of the couplings. Notice that we defined α and β from the
amplitude (1.3), where we fixed the scale of the logarithms to fπ. The article [22] did not have to face this
issue because it dealt with massive pions.

15Froissart bound fixes the number of subtractions that allow for the most generic polynomial growth of
the amplitude [45, 46].
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where

K1(z, s, t) = 1
z − s

+ 1
z − u

− 1
z
− 1
z + t− 4m2 , (D.2)

K2(z, t) = 1
z − t

+ 1
z − 4 + t

− 1
z
− 1
z − 4m2 , (D.3)

and a0 = T (4m2, 0). Projecting this equation onto partial waves and using crossing to
restrict the integration domain, from the l.h.s. one gets

1
16π

∫ 1

0
dxP`(x)T (s, x) = t`(s), (D.4)

and from the r.h.s.16

1
16π

∫ 1

0
dxP`(x)T (s, x) = a0

16πδ`,0 + 1
π

∑
`

∫ ∞
4m2

k`j(s, z)Im tj(z)dz. (D.5)

Taking the principal value of the known kernels k`j(s, z) the equations can be written as

Re t`(s) = a0
16πδ`,0 + 1

π

∑
`

pv.
∫ ∞

4m2
k`j(s, z)Im tj(z)dz. (D.6)

This equation can be used to reconstruct the real part of the amplitude once the experi-
mental values of the Im tj(z) are known. The precise estimates reported in [21] for the low
energy constant in ππ scattering have been obtained through this analysis — see the black
rectangle in figure 8.

A different approach useful to derive generic bounds is to use the dispersion relation
in eq. (D.1) without projecting onto partial waves. Following [12], let’s now reintroduce
the O(N) symmetric notation and write a dispersion relation for the second derivative of
the amplitude

d2

ds2T
I(s, t) = 2

π

∫ ∞
4m2

dz

(
δII
′

(z − s)3 + CII
′

u

(z − u)3

)
Im T I

′(z, t). (D.7)

The explicit kernel in this equation and the Im T I(s, t) are both positive in the region
s < 4m2 and u < 4m2 for fixed 0 < t < 4m2. In fact

Im T I(z, t) =
∞∑
`=0

(2`+ 1)Im tI` (z)P`
(

1 + 2t
z − 4m2

)
, (D.8)

and noticing P`(x) > 0 for x > 1, it follows that Im T I(z, t) ≥ 0. The only signs that
would spoil positivity come from the CII′u isospin crossing matrix. However, one might ask
wether it is possible to construct positive linear combinations of amplitudes such that for
some vectors βI the inequality βICII′u ≥ 0 holds.

A simple inspection yields the vectors {0, 0, β2}, {2β0, β1, 0} and {0, β1, β2}, which
correspond respectively to the T (2)(s, t) symmetric traceless component, the π0π0 com-
ponent Mπ0π0(s, t) = A(s|t, u) + A(t|s, u) + A(u|s, t) and the transmission component

16It can be shown this equation is valid only for −4m2 < s < 60m2 [47].
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Mt(s, t) = A(t|s, u) already studied in appendix C — see eqs. (C.1) and (C.4). To sum-
marise, we have three inequalities

d2

ds2T
(2)(s, t) ≥ 0, d2

ds2Mπ0π0(s, t) ≥ 0, d2

ds2Mt(s, t) ≥ 0 (D.9)

valid for any s, t in the Mandelstam triangle.
If we plug in (D.9) the explicit expression for the one-loop amplitudes computed in

chiral perturbation theory — see eq. (B.1) — we obtain inequality constraints for the low
energy constants of the form

2∑
j=1

αij ¯̀j ≥ fi(s, t), i = 1, 2, 3 (D.10)

where the coefficients αij are known and the functions fi(s, t) are known combinations of
the one-loop chiral amplitudes. The low energy constants ¯̀1,2 introduced in (D.10) are
defined by

`r1(µ) = 1
96π2

(
¯̀1 + log m

2
π

µ2

)
, `r2(µ) = 1

48π2

(
¯̀2 + log m

2
π

µ2

)
(D.11)

and can be related to our definition of the Wilson coefficients using (B.10) to get

¯̀1 = 48π2α− 2
3 − log m

2
π

f2
π

, ¯̀2 = 48π2β − 7
6 − log m

2
π

f2
π

. (D.12)

The best bound for ¯̀1,2 is attained maximizing the three functions fi(s, t) inside the
Mandelstam triangle. The result obtained in [12] using this procedure is shown in figure 8
with a red strip. The strip gives an estimate of the systematic error to take into account
by neglecting the higher loop terms in the chiral expansion.

The same bound has been recently improved in [13] by adding additional positivity
constraints — see the grey band in figure 8. Further improvements can be made assuming
the validity of perturbation theory also in the physical region z > 4m2 up to some scale [14].

In figure 8 we compare in green the allowed region obtained using the primal numerics:
the red solid line denotes the boundary of the allowed region for Nmax = 24. To numerically
convert the Wilson coefficients defined in this paper to the more standard ¯̀1,2 we used
fπ = 93MeV and mπ = 137MeV (the average between the mass of the charged and neutral
pion). It is nice to see how the bound obtained by our numerical approach is compatible
with the region allowed by the phenomenological bounds, and it contains the estimates
computed using the experimental data and the Roy equations.

Let us emphasise that in our approach there is no UV cutoff or physical approximation
beyond the unavoidable errors of the numerical procedure. More precisely, the validity of
the EFT approximation for our ansatz is set dynamically by the appearance of physical
resonances in the amplitude. It is amusing how the extremal amplitudes in the region of
the boundary close to the QCD area have resonances whose masses are order one numbers
in units of the EFT scale. A phenomenologist could use all the armament of the EFT tech-
nology to study the physics of those amplitudes. Moving to large values of ¯̀1 the dynamical
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<latexit sha1_base64="jhRxbNMsif4Jqs+cTnHImgRW9L4=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5CFiK1pfNuGU89m6WyNFVvgKWqjoEC3/QsG/4AQXkDDVaGZXOzthoqQl1/10lpZXVtfWSxvlza3tnd3K3n7LxqkR2BSxik0nBItKamySJIWdxCBEocJ2OLqa+u0HNFbG+pbGCQYRDLUcSAGUS3d+CMZHpXper1J1a+4MfJF4BamyAo1e5cvvxyKNUJNQYG3XcxMKMjAkhcJJ2U8tJiBGMMRuTjVEaINslnjCj1MLFPMEDZeKz0T8vZFBZO04CvPJCOjezntT8T+vm9LgIsikTlJCLaaHSCqcHbLCyLwK5H1pkAimyZFLzQUYIEIjOQiRi2neTTnvw5v/fpG0Tmtezm/OqvXLopkSO2RH7IR57JzV2TVrsCYTTLMn9sxenEfn1Xlz3n9Gl5xi54D9gfPxDfjslR0=</latexit><latexit sha1_base64="jhRxbNMsif4Jqs+cTnHImgRW9L4=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5CFiK1pfNuGU89m6WyNFVvgKWqjoEC3/QsG/4AQXkDDVaGZXOzthoqQl1/10lpZXVtfWSxvlza3tnd3K3n7LxqkR2BSxik0nBItKamySJIWdxCBEocJ2OLqa+u0HNFbG+pbGCQYRDLUcSAGUS3d+CMZHpXper1J1a+4MfJF4BamyAo1e5cvvxyKNUJNQYG3XcxMKMjAkhcJJ2U8tJiBGMMRuTjVEaINslnjCj1MLFPMEDZeKz0T8vZFBZO04CvPJCOjezntT8T+vm9LgIsikTlJCLaaHSCqcHbLCyLwK5H1pkAimyZFLzQUYIEIjOQiRi2neTTnvw5v/fpG0Tmtezm/OqvXLopkSO2RH7IR57JzV2TVrsCYTTLMn9sxenEfn1Xlz3n9Gl5xi54D9gfPxDfjslR0=</latexit><latexit sha1_base64="jhRxbNMsif4Jqs+cTnHImgRW9L4=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5CFiK1pfNuGU89m6WyNFVvgKWqjoEC3/QsG/4AQXkDDVaGZXOzthoqQl1/10lpZXVtfWSxvlza3tnd3K3n7LxqkR2BSxik0nBItKamySJIWdxCBEocJ2OLqa+u0HNFbG+pbGCQYRDLUcSAGUS3d+CMZHpXper1J1a+4MfJF4BamyAo1e5cvvxyKNUJNQYG3XcxMKMjAkhcJJ2U8tJiBGMMRuTjVEaINslnjCj1MLFPMEDZeKz0T8vZFBZO04CvPJCOjezntT8T+vm9LgIsikTlJCLaaHSCqcHbLCyLwK5H1pkAimyZFLzQUYIEIjOQiRi2neTTnvw5v/fpG0Tmtezm/OqvXLopkSO2RH7IR57JzV2TVrsCYTTLMn9sxenEfn1Xlz3n9Gl5xi54D9gfPxDfjslR0=</latexit><latexit sha1_base64="jhRxbNMsif4Jqs+cTnHImgRW9L4=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5CFiK1pfNuGU89m6WyNFVvgKWqjoEC3/QsG/4AQXkDDVaGZXOzthoqQl1/10lpZXVtfWSxvlza3tnd3K3n7LxqkR2BSxik0nBItKamySJIWdxCBEocJ2OLqa+u0HNFbG+pbGCQYRDLUcSAGUS3d+CMZHpXper1J1a+4MfJF4BamyAo1e5cvvxyKNUJNQYG3XcxMKMjAkhcJJ2U8tJiBGMMRuTjVEaINslnjCj1MLFPMEDZeKz0T8vZFBZO04CvPJCOjezntT8T+vm9LgIsikTlJCLaaHSCqcHbLCyLwK5H1pkAimyZFLzQUYIEIjOQiRi2neTTnvw5v/fpG0Tmtezm/OqvXLopkSO2RH7IR57JzV2TVrsCYTTLMn9sxenEfn1Xlz3n9Gl5xi54D9gfPxDfjslR0=</latexit>

¯̀
2
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Figure 8. In green the allowed region for the low energy constants ¯̀1,2 as determined only by
crossing, analyticity and unitarity equipped by pion soft theorem. The red solid line is the boundary
of the allowed region for Nmax = 24. The red strip represent the result obtained in [12] using
positivity properties and in gray we show the improved positivity bounds found in [13]. The colored
rectangles correspond respectively to the phenomenological estimates given in [19] (brown), [20]
(purple), and [21] (black).

nonperturbative scale becomes smaller in units of the EFT scale and in that case the “new
physics” shows up before as resonances become lighter and the EFT approximation breaks
down at the scale of the new physics.
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