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Abstract

Simple tail similarity measures are investigated in this paper so that the overarching tail sim-

ilarity between two distributions is captured. We develop some theoretical results to support

our novel measures, where the focus is on asymptotic approximations of our similarity measures

for Fréchet-type tails. A simulation study is provided to validate the effectiveness of our pro-

posed measures and demonstrate their great potential in capturing the intricate tail similarity.

We conclude that our measure and the standard comparisons between the (first-order) extreme

index estimates provide complementary information, and one should analyse them in tandem

rather than in isolation. We also provide a simple rule of thumb, summarised as a sequential

decision rule, for using the two sources of information to assess tail similarity.

Keywords: Tail similarity; Divergence measures; Extreme value theory; Probability distance;

Regular variation.

1. Introduction

We study in this paper the (dis)similarity between the tails of two distributions, which lies

in the intersection of two research areas that have not seen much overlap in the literature:

characterization of the (dis)similarity between distributions and asymptotic analysis of tails.

Both study important questions that have attracted growing research attention and seen broad

applications in risk management, insurance, economics, machine learning, etc.

First of all, understanding the (dis)similarities between random quantities and their distri-

butions has been a crucial question encountered across diverse research domains. The ability

to distinguish between quantities or distributions based on these (dis)similarities is essential

for many scientific discoveries and decision-making processes. For instance, within risk man-

agement, practitioners frequently deal with the task of comparing different risk scenarios and

assessing how the addition of certain positions reshapes the loss distribution. Robust risk man-

agement requires decisions robust enough to withstand changes in the loss distribution that are
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within close proximity to a benchmark distribution (Birghila and Pflug, 2019; Blanchet et al.,

2019; Lux and Papapantoleon, 2019; Tang and Yang, 2023). Similarly, within causal analysis

that is ubiquitous in the economics literature, one may opt to quantify the (dis)similarity be-

tween the conditional distribution of a response variable given its historical context and that

given the history of both the response variable and a potential causal variable. Detecting sub-

stantial dissimilarity provides a crucial basis for concluding upgraded predictability and, there-

fore, a causal relationship (Chen et al., 2014; Hong et al., 2009). Within the domain of machine

learning, diverse applications hinge on similarity calculations. Anomaly detection algorithms

may identify anomalies in a set of data based on the (dis)similarity between its distribution and

how the distribution usually appears (Nassif et al., 2021). In fact, monitoring machine learning

models’ performance after their deployment into production also requires detecting structural

changes of input data distribution, which could impair the model performance. Moreover, the

training of various types of neural networks, such as Generative Adversarial Networks and many

of their variants, often amounts to training the generator to minimize a loss that is represented

by the dissimilarity between the data distribution and the model distribution (Arjovsky et al.,

2017; Bellemare et al., 2017; Goodfellow et al., 2014). All of these applications require mea-

suring or approximating the (dis)similarities between distributions as a crucial step. Since the

quantifications of both similarity and dissimilarity are fundamentally equivalent, in this paper,

we may refer to either term depending on the context.

Second, tail analysis is a crucial component of tail risk management and has been a focus

of risk management and insurance research for decades (Asimit et al., 2011; Embrechts et al.,

1997; Hua and Joe, 2011; Ji et al., 2021; Mao et al., 2023; Qin and Zhou, 2021; Sun et al., 2022).

Over the years, tail risk management is becoming increasingly important in light of the extreme

events that are shocking regional or global economy with increasing frequency—some recent

ones include the COVID-19 pandemic, the financial market turmoils ensuing the pandemic,

and the natural catastrophes that flooded or scorched numerous regions across continents and

caused record-level economic losses. Evidently, the catastrophic consequences of such events

render understanding the tails of the potential loss incredibly important.

While the tail risk research area is perhaps too broad for a thorough yet concise literature

review—it has spanned various fields including actuarial science, economics, insurance, and

finance—we highlight a few examples that employ the same asymptotic approach as ours to

examine tail risk-related quantities. Asimit et al. (2011) approximate a multi-line business’s

risk capital allocations to each line when a tail risk measure is utilized. In doing so, the authors

investigate how individual lines’ tail behaviors and their tail dependence structures influence

the allocations. Hua and Joe (2011) conduct asymptotic analysis on the Conditional Tail

Expectation (CTE) risk measure under a condition of second-order regular variation, which is

also our standing assumption in this paper. They obtain close-form second-order approximations

for both univariate risks and multivariate risks, where for the latter the authors focus on a

variant of Marginal Expected Shortfall. Mao et al. (2012) study the diversification effect via

the ratio of the CTE of an aggregate risk to the sum of the individual risks’ CTEs and obtain

an asymptotic approximation of the ratio under a second-order regular variation assumption.

Sun et al. (2022) propose a Tail-based Cumulative Residual Entropy as a measure of tail risk

2



variability, study its asymptotic approximation under a tail scenario, also assuming second-

order regular variation for the risk variable, and investigate how the tail dependence structure

and individual risk severity influence the approximations. Qin and Zhou (2021) propose the

concept of Asymptotic Marginal Expected Shortfall (AMES), which is the limit of the share of

Marginal Expected Shortfall in the total system-wide risk, find its value under an assumption of

multivariate regular variation for the risk variables, and employ the estimated AMES to allocate

systematic risk to individual institutions.

Even though all of the aforementioned areas have been extensively studied, no prior work

has probed probabilistic similarities from the specific perspective of tail analysis. The previous

studies on probability distances and divergences have predominately concentrated on evaluating

the distributions as a whole and have treated tails no differently from the bodies of the distri-

butions. This results in a methodological difference between our study and the existing ones

on similarity measures: ours employs asymptotic analysis for large values of the variables while

the methods in the literature depend on the specific research goal and range from optimization

to large sample statistical analysis. Methodologically, the most closely related works in the

literature are those reviewed above on asymptotic analysis of tails. Nonetheless, despite the

methodological similarities, the research objectives are very different between their works and

ours.

The main contributions of our paper are as follows: First, we explore for the first time

divergence-based similarities within the tails of risks through asymptotic analysis. In doing so,

we derive novel asymptotic approximations for wide classes of probability distance measures with

a focus on the ϕ-divergence and Wasserstein distance, chosen in view of their broad applicability

and versatility (Arjovsky et al., 2017; Ben-Tal et al., 2013; Jager and Wellner, 2007; Tang and

Yang, 2023). The approximations are fine enough to capture the subtle dissimilarity between

close tails that have the same first-order tail index. Second, we propose a tail similarity measure

and provide a sequential decision rule that utilizes the measure together with the first-order tail

index to assess tail similarity. We also use extensive simulations and analysis of flood insurance

claims data to validate our tail similarity measure. Finally, on a more fundamental level, we

pave the way into further research within the intersection of two primary strands of literature:

on probability distance and on tail risk analysis.

The remainder of our paper is structured as follows: in Section 2, we comprehensively

formulate the problem and provide foundational insights into probability distance and diver-

gence measures. Section 3 then presents our main results, while Section 4 illustrates our results

through numerical tests and real-world applications. Lastly, in Section 5, we provide concluding

remarks. Description of the data generation processes used for Section 4, and all detailed proofs

are relegated to the Appendices.

2. Problem Formulation and Preliminaries

2.1. Problem formulation

In this section we specify the main problem of interest. Consider an atomless probability

space (Ω,F ,P), where all random variables considered in this paper reside. Suppose that X

and Y are random variables with distribution functions F and G, respectively. We shall build
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our theory and tail similarity measure on the probability distances and divergence measures

between the tails of two distributions; specifically, between the conditional distributions

Ft(x) = P (X ≤ x|X > t) and Gt(x) = P (Y ≤ x|Y > t) , x > t,

for large t. Let PX,t and PY,t be the two probability measures on ((t,∞), B(t,∞)) induced by

Ft and Gt, where B(t,∞) is the collection of Borel sets on (t,∞). That is, PX,t and PY,t are
defined by, respectively,

PX,t (·) = P (X ∈ ·|X > t) and PY,t (·) = P (Y ∈ ·|Y > t) .

Below we provide some background on probability distances and divergence measures, as

well as tail characterization via regular variation. Our study will be undertaken within the

latter framework.

2.2. Probability distances and divergence measures

In this section, we provide a brief introduction to the notions of probability distance and

divergence. Simply speaking, a probability distance is a proper metric over a metric space

of probability measures, which is popular in statistical theory, probability theory and general

measure theory. On the other hand, a divergence is a measure of dissimilarity that is a popular

in information theory, machine learning and data science. The general definition of divergence is

given in terms of general Radon-Nikodym derivatives, but for presentation purposes, we restrict

ourselves to a simpler form that assumes densities with respect to Lebesgue measure.

To provide the definition of a probability distance, we first define a probability semidistance,

as follows.

Definition 1 (Probability semidistance). Let X be the set of univariate real-valued random

variables. A mapping d : X × X → R is called a (probability) semidistance if the following

conditions are satisfied:

i) d (X1, X2) ≥ 0 for any X1, X2 ∈ X ;

ii) d (X1, X2) = 0 if X1 and X2 share the same distribution;

iii) d (X1, X2) = d (X2, X1) for any X1, X2 ∈ X ;

iv) d (X1, X2) + d (X2, X3) ≥ d (X1, X3) for any X1, X2, X3 ∈ X .

When there is no risk of confusion, we simply call d(·, ·) a probability distance. Technically,

for d(·, ·) to define a probability distance, instead of condition ii) above, we need a stronger

condition: d (X1, X2) = 0 if and only if X1 and X2 share the same distribution. Note that

the probability semidistance (resp., distance) between (X1, X2) only depends on the marginal

distributions of X1 and X2 and is sometimes called a simple semidistance (resp., distance). By

contrast, compound probability semidistances/distances between (X1, X2) are determined by

its joint distribution, though not considered in the sequel. A more comprehensive discussion on

probability distances can be found in Rachev et al. (2013).

Below we list some well-known probability distances for two probability measures associated

with X1, X2 ∈ X :

4



1) Total Variation

dTV (X1, X2) := sup
A∈F

|P(X1 ∈ A)− P(X2 ∈ A)|;

2) Kolmogorov–Smirnov

dKS(X1, X2) := sup
x∈R

|P(X1 ≤ x)− P(X2 ≤ x)|;

clearly, dKS(X1, X2) ≤ dTV (X1, X2);

3) Wasserstein

dWp(X1, X2) :=

(∫ 1

0
|qX1(s)− qX2(s)|p ds

)1/p

for any p ≥ 1,

where qX(s) := infx∈R
{
P(X ≤ x) ≥ s

}
is the sth quantile of X; note that the special case

with p = 1 satisfies

dW1(X1, X2) =

∫
R
|P(X1 > x)− P(X2 > x)| dx.

The notion of divergence is less strict than a probability distance, and requires only the first

two conditions in Definition 1. The literature on divergence measures is quite rich, but the class

of ϕ-divergence captures the most attention; a quick review appears in Ben-Tal et al. (2013),

while a wider discussion is provided in Pardo (2005). A formal definition of the ϕ-divergence is

given as follows.

Definition 2 (ϕ-divergence). Let p, q : Ω → R+ be the densities of two univariate real-valued

random variables. The divergence measure of (p, q) corresponding to the function ϕ : R+ → R
is defined as

dϕ(p, q) :=

∫
R
q(x)ϕ

(
p(x)

q(x)

)
dx,

where ϕ(·) is convex on R+ and ϕ(1) = 0. By convention, 0+ϕ
(
a
0+

)
:= a limt→∞

ϕ(t)
t for any

a > 0, and 0+ϕ
(
a
0+

)
:= 0 if a = 0.

Denote by Φ the set of functions ϕ that satisfy the conditions in Definition 2; further, let

Φ∗ ⊆ Φ be the set of functions ϕ that are differentiable at 1 with derivative equal to 0. Now,

if ϕ ∈ Φ is differentiable at 1—since ϕ is convex, it is differentiable almost everywhere—then

ψ(·) := ϕ(·)− ϕ′(1)(t− 1) on R+ satisfies

ψ ∈ Φ∗, dϕ(p, q) = dψ(p, q), ψ
′(1) = 0, ψ(·) ≥ 0 on R+,

and thus, from now on, for ϕ ∈ Φ differentiable at 1, we assume without loss of generality that

ϕ ∈ Φ∗; further details can be found in Pardo (2005). We prefer to use divergence measures

with ϕ functions in Φ∗, since these ϕ-divergences are non-negative on the entire domain.

Definition 2 ensures only the first condition in Definition 1 holds, i.e., dϕ(p, q) ≥ 0 for any

Φ ∈ Φ. Proposition 1.1 of Pardo (2005) shows that for any ϕ ∈ Φ∗ that is strictly convex in a

neighbourhood of 1, dϕ(p, q) = 0 if and only if p(·) = q(·) on Ω. Therefore, ϕ ∈ Φ∗ is a large
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class of divergence measures that satisfy the first two conditions of a proper probability distance

as explained in Definition 1. The symmetry property is tackled in the next paragraph, but the

triangle inequality is hardly satisfied by ϕ-divergences, and thus most ϕ-divergence measures

are not proper probability distances.

We now explain how to construct a symmetric ϕ-divergence. First, by definition, if ϕ ∈ Φ

(resp. ϕ ∈ Φ∗), then ϕ̃ ∈ Φ (resp. ϕ̃ ∈ Φ∗), where ϕ̃ is known as the adjoint divergence function

corresponding to ϕ with ϕ̃(·) := ·ϕ(1/·) on R+; further, if ϕ(·) = ϕ̃(·) on R+, then ϕ is called

self-adjoint divergence. One can show that dϕ(p, q) = dϕ̃(q, p) (even if ϕ is not self-adjoint);

for details, see (Ben-Tal et al., 1991, 2013). Therefore, a straightforward way to construct a

symmetric ϕ-divergence for any ϕ ∈ Φ is to consider ϕ+ϕ̃
2 ∈ Φ, since

dϕ+ϕ̃
2

(p, q) =
1

2
dϕ(p, q) +

1

2
dϕ̃(p, q) =

1

2
dϕ(p, q) +

1

2
dϕ(q, p). (2.1)

Clearly, ϕ+ϕ̃
2 ∈ Φ∗ if ϕ ∈ Φ∗. Secondly, any ϕ ∈ Φ (or ϕ ∈ Φ∗) has another corresponding

symmetric ϕ-divergence given by

dϕ

(
p,
p+ q

2

)
+ dϕ

(
q,
p+ q

2

)
=

1

2
dϕ̂(p, q), (2.2)

where ϕ̂(x) := (x+ 1)
(
ϕ
(

2x
x+1

)
+ ϕ

(
2

x+1

))
on R+, and ϕ̂ ∈ Φ (or ϕ̂ ∈ Φ∗).

In summary, almost any ϕ-divergence from Definition 2 satisfies the first two conditions of

a probability distance as given in Definition 1, and it can be transformed into a symmetric ϕ-

divergence as in (2.1) and (2.2). Below we enunciate some well-known ϕ-divergences belonging

to Φ∗ (see Table A.4 and Figure A.7 in Appendix A for a summary) with some interesting

relationships; a more exhaustive list can be found in e.g. Pardo (2005). Additionally, some

transformations of well-known ϕ-divergences become proper probability distances in the sense

of Definition 1. A detailed discussion of this matter is provided in Endres and Schindelin (2003)

and the list of divergences below provides such transformations when applicable.

1) Kullback-Leibler divergence with ϕKL(x) := x log x − x + 1; note that ϕKL ∈ Φ∗ and

is a transformation of the standard formulation of the Kullback-Leibler divergence with

ϕ(x) = x log x that satisfies ϕ ∈ Φ \Φ∗;
2) Burg divergence with ϕB(x) := − log x+ x− 1; note that ϕ̃B(·) = ϕKL(·) on R+, i.e., the

Burg divergence is the ad-joint transformation of the Kullback-Leibler divergence;

3) J-divergence with ϕJ(x) := (x−1) log x; note that ϕJ = ϕKL+ ϕ̃KL, i.e., the J-divergence

is the symmetric Kullback-Leibler divergence constructed similar to (2.1), and thus, con-

dition iii) in Definition 1 is satisfied;

4) Jensen-Shannon divergence with ϕJS(x) = x log
(

2x
x+1

)
+ log

(
2

x+1

)
; note that ϕJS ∈ Φ∗,

and that
√
dϕJS

and
√
dϕ̃JS

satisfy all conditions in Definition 1; finally, ϕJS is the

symmetric Kullback-Leibler divergence through (2.2);

5) χ2-divergence with ϕC(x) :=
(x−1)2
x ;

6) Modified χ2-divergence with ϕMC(x) := (x − 1)2; note that ϕ̃MC(·) = ϕC(·) on R+, i.e.,

the Modified χ2-divergence is the ad-joint transformation of the χ2-divergence;
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7) Hellinger-divergence with ϕH(x) :=
(√
x− 1

)2
; note that the Hellinger-divergence is self-

adjoint, i.e. ϕ̃H(·) = ϕH(·), and thus, condition iii) in Definition 1 is satisfied; this appears

in the literature as the Squared Hellinger-divergence, and one can show that
√
dϕH satisfies

all conditions in Definition 1;

8) Variation-divergence with ϕV (x) := |x − 1|; the Variation-divergence is self-adjoint, i.e.

ϕ̃V = ϕV , and thus, symmetric; one can show that
√
dϕV satisfies all conditions in Defi-

nition 1 as it is closely related to the Total Variation probability distance;

9) χ-divergence of order θ > 1 with ϕθ(x) := |x− 1|θ and θ > 1;

10) Le Cam divergence with ϕLC(x) :=
(x−1)2
4(x+1) ; one can show that

√
dϕLC

satisfies all condi-

tions in Definition 1;

11) Cressie-Read divergence with ϕCR(x; θ) :=
1−θ+xθ−xθ
θ(1−θ) where θ ∈ R \ {0, 1}, which is also

known as the power divergence; note that ϕCR(·;−1) = 1
2ϕC(·), ϕCR(·; 1/2) = 2ϕH(·) and

ϕCR(·; 2) = 1
2ϕMC(·) on (0,∞).

We should mention that the Cressie-Read divergence class is used in the statistical literature

for goodness-of-fit testing; e.g., Cressie and Read (1984) uses it for testing multinomial data,

and Jager and Wellner (2007) uses two novel statistics in a more general context that rely on

the general ϕ-divergence test statistics in (Ali and Silvey, 1966; Csiszár, 1966).

2.3. Regular variation

For our tail analysis, we will focus on distributions with heavy tails; specifically, tails that

are regularly varying. Regular variation has long been used to model a large class of heavy-tailed

distributions, that is, every distribution in the Fréchet max-domain of attraction. Distributions

with regularly varying tails behave like Pareto distribution and have tails decaying at a power

rate. Such distributions have seen extensive applications in actuarial science, risk management,

and extreme value theory. In this section, we provide some preliminaries on first- and second-

order regular variation.

Definition 3 (Regular variation). A positive measurable function h(·) is said to be regularly

varying at ∞ with index −α ∈ R, written as h ∈ RV−α, if for every x > 0

lim
t→∞

h(xt)

h(t)
= x−α.

Similarly, we say that a positive measurable function h(·) is regularly varying at 0 with

index α ∈ R if h (1/·) ∈ RV−α at ∞. Hereafter, all regular variation are at ∞ and all limiting

relations are according to t→ ∞ unless otherwise stated

We are particularly interested in the case where the distributions have close tails and dis-

tinction is challenging, especially when the distributions share the same tail index. For the

case with distinct tail indices, the difference between their tail behaviors are easier to quantify

and our approach readily extends to derive analogous results. Yet for the equal-index case, we

require a more nuanced description of the tails to obtain non-trivial results. Specifically, we

impose a second-order regular variation assumption on both tails being compared.
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Definition 4 (Second-order regular variation). A positive measurable function h(·) is said to

be second-order regularly varying with indices −α ∈ R and ρ ≤ 0, written as h ∈ 2RV−α,ρ, if

for some constant k ̸= 0 and some function A(·) with limt→∞A(t) = 0 that ultimately has a

constant sign, it holds that

lim
t→∞

h(xt)/h(t)− x−α

A(t)
= kx−α

∫ x

1
uρ−1 du, x > 0. (2.3)

Here A(t) is called the auxiliary function and known to possess regular variation. Specifically,

we have |A(·)| ∈ RVρ. With a slight abuse of notation, we denote by sgn (A(∞−)) the constant

sign of A(t) for t large, which is equal to 1 if A(t) is positive and −1 if it is negative.

By carefully choosing the auxiliary function, one can ensure k = 1 in (2.3). Thus, in the

sequel we assume without loss of generality that k = 1 in the definition of 2RV. Note that the

2RV condition in (2.3) implies that

h(xt)

h(t)
= x−α + x−α

∫ x

1
uρ−1 duA(t) + o (A(t)) . (2.4)

Also note that the convergence in relation (2.3) holds locally uniformly and that we have certain

Drees-type inequalities. The following proposition is a version from Mao (2013).

Proposition 5 (Dree-type inequality; Mao (2013)). If h ∈ 2RV−α,ρ with indices −α ∈ R
and ρ ≤ 0, then, for any fixed ε, δ > 0, there exists t0 = t0(ε, δ, α, ρ) > 0, such that, for all

min(t, xt) > t0, we have∣∣∣∣h(xt)/h(t)− x−α

A(t)
− x−α

∫ x

1
uρ−1 du

∣∣∣∣ ≤ εx−α
(∣∣∣∣∫ x

1
uρ−1 du

∣∣∣∣+ xρmax{xδ, x−δ}
)
.

While some Drees-type inequalities require careful choices of auxiliary function, the version

above uses precisely the A(t) function in (2.3); see also, e.g., Theorem 2.3.9 of de Haan and

Ferreira (2007). Note that Proposition 5 implies that, if α > 0, then equations (2.3) and (2.4)

hold uniformly over [x0,∞) for every x0 > 0, in the sense that

lim
t→∞

sup
x≥x0

∣∣∣∣h(xt)/h(t)− x−α

A(t)
− x−α

∫ x

1
uρ−1 du

∣∣∣∣ = 0. (2.5)

In asymptotic analysis for regularly varying functions, uniform asymptotic relations usually

hold locally on bounded intervals. Below we show a useful result stating that under certain

second-order conditions, the property holds on intervals of form [x0,∞) for any x0 > 0. The

proof is relegated to Appendix C.

Lemma 6 (Uniformity). If h ∈ 2RV−α,ρ with α > 0 and ρ < 0, then h(xt) ∼ x−αh(t) holds

uniformly over [x0,∞) for any x0 > 0, that is

lim
t→∞

sup
x≥x0

∣∣∣∣ h(xt)

x−αh(t)
− 1

∣∣∣∣ = 0.

Hereafter, for a non-decreasing function h on R, we write its left-continuous inverse function
as h←(·) = inf{x ∈ R : h(x) ≥ ·}. For a distribution function H, write its tail quantile function
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as UH(·) = H←(1− 1/·) =
(
1/H̄

)←
(·) and write H̄←(·) = H←(1− ·).

The following lemma, proved in Appendix C, provides properties related to the inverse

function of a 2RV distribution function.

Lemma 7 (Properties of UH and H̄). Let H̄ ∈ 2RV−ν,ρ for some ν > 0 and ρ ≤ 0 with auxiliary

function A(·). Then

a) UH ∈ 2RV1/ν,ρ/ν and a possible choice of auxiliary function is a(·) = ν−2A(UH(·));

b) H̄←
(
H̄(t)

)
∼ t and H̄←

(
H̄(t)

)
/t− 1 = o (A(t)) .

We are now ready to present our main results.

3. Main Results

Our first main result is an asymptotic characterization of the p-Wasserstein distance and

second main result is one of the ϕ divergence. The Wasserstein distance and ϕ divergence

both depend only on the tails of the marginal distributions, and hereafter, are denoted by

dW,p (PX,t,PY,t) and dϕ (PX,t,PY,t), respectively.

3.1. Wasserstein distance

Recall that the p-Wasserstein distance between PX,t and PY,t with p ≥ 1 is given by

dW,p (PX,t,PY,t) =
(∫ 1

0

∣∣F̄t←(q)− Ḡt
←
(q)
∣∣p dq)1/p

. (3.1)

Some technical set of assumptions are needed in this section, namely, some standard second-

order regular variation for the survival functions, summarized as follows.

Assumption 3.1 (Second-order RV of tails). Assume that F̄ ∈ 2RV−ν,ρX and Ḡ ∈ 2RV−ν,ρY ,

with ν > 1, ρX ̸= ρY
1, and auxiliary functions AX and AY , respectively.

With the help of Assumption 3.1, we obtain the following asymptotic result that establishes

the rate of convergence for the Wasserstein distance.

Theorem 8 (Wasserstein distance asymptotic). Suppose Assumption 3.1 holds with ν > p and

ρXY := max{ρX , ρY } ≤ 0. Then, for p ∈ [1,∞), it holds that

dW,p (PX,t,PY,t) ∼ C (ν, ρXY , p) t |AXY (t)| , (3.2)

where

AXY = AXI{ρX>ρY } +AY I{ρX<ρY },

and the constant C (ν, ρXY , p) ∈ (0,∞) is given by

C (ν, ρXY , p) =

(∫∞
1

(
z1/ν−2 − z(ρXY +1)/ν−2)p dz)1/p

ν |ρXY |
.

1The condition ρX ̸= ρY ensures that the two distributions are at least distinguishable at the second order.
The case with equal second-order indices would require a cumbersome higher-order expansion to solve. We
restrict our attention to the current setup.
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When ρXY = 0, the constant C (ν, ρXY , p) is interpreted as

C (ν, 0, p) = lim
ρXY→0

C (ν, ρXY , p) = ν−2
(∫ ∞

1
zp/ν−2p (log z)p dz

)1/p

.

It is straightforward to verify that for p = 1, the constant reduces to

C (ν, ρXY , 1) =
1

(ν − 1) (ν − ρXY − 1)
.

We see that under the conditions above, the Wasserstein distance is regularly varying with

index ρXY + 1. It is interesting to see that the Wasserstein distance could vanish or explode,

and that its behavior is completely determined by the second-order difference between the two

distributions.

We now illustrate our result in Theorem 8 using some commonly used RV distributions.

Example 1. We consider the asymptotic behavior of dW,1 (PX,t,PY,t) for the following cases:

• X follows Pareto distribution with F̄ (·) := (1 + ·)−4 on R+ and Y follows Fréchet dis-

tribution with F (·) := exp
{
− ·−4

}
on R+. In this case, it is easy to verify that ν = 4,

ρX = −1, and ρY = −4. Moreover, their auxiliary functions are given by

AX(t) =
4

t
and AY (t) =

2

t4
.

An application of Theorem 8 shows that in this case

dW,1 (PX,t,PY,t) ∼
1

(ν − 1) (ν − ρXY − 1)
tAX(t) =

1

3
.

• X follows Fréchet distribution with F (·) := exp
{
−·−4

}
on R+ and Y follows Paralogistic

with F̄ (·) := (1 + ·2)−2 on R+. In this case, it is easy to verify that ν = 4, ρX = −4, and

ρY = −2. Moreover, their auxiliary functions are given by

AX(t) =
2

t4
and AY (t) =

4

t2
.

An application of Theorem 8 shows that in this case

dW,1 (PX,t,PY,t) ∼
1

(ν − 1) (ν − ρXY − 1)
tAY (t) ∼

4

15t
.

• X follows Fréchet distribution with F (·) := exp
{
−·−4

}
on R+ and Y follows Generalized

Pareto Distribution (GPD) with F̄ (·) = (1 + ·/4)−4 on R+. In this case, it is easy to

verify that ν = 4, ρX = −4, and ρY = −1. Moreover, their auxiliary functions are given

by

AX(t) =
2

t4
and AY (t) = − 1

t+ 4
.
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An application of Theorem 8 shows that in this case

dW,1 (PX,t,PY,t) ∼
1

(ν − 1) (ν − ρXY − 1)
t|AY (t)| →

1

12
.

3.2. Phi-divergence

We now study the behavior of the ϕ-divergence, given by

dϕ (PX,t,PY,t) =
∫ ∞
t

ϕ

(
ft(x)

gt(x)

)
gt(x) dx, (3.3)

where ft and gt are the densities of PX,t and PY,t. That is,

ft(x) =
f(x)

F̄ (t)
, gt(x) =

g(x)

Ḡ(t)
, x > t,

where f and g are the densities of F and G, respectively.

We assume that the function ϕ behaves like a power function around 1, with possibly different

behavior on the left and right of 1. The mathematical formulation is provided as follows.

Assumption 3.2 (Local behavior). As h→ 0, the function ϕ satisfies

ϕ (1 + h)− ah ∼ ζ(h) := k+hλ+ + k−hλ−, (3.4)

for some a ∈ R and some non-degenerate convex function ζ(·) on R given above, where h+ =

h1(h>0) and h− = −h1(h<0) denote the positive and negative parts of h, respectively.

Here, the constant a in equation (3.4) can be 0. When one of k+ and k− is zero, we follow

the convention that a quantity asymptotically equivalent to zero is zero.

By Assumption 3.2, we are assuming ϕ(1 + h) can be approximated ah + ζ(h) for small h.

Note that the decomposition into a linear term plus a convex function may not be unique; for

details, see Example 2.

Remark 9. Because the functions ϕ(t) and ϕ(t) + c(t − 1)—provided that they are proper

generating functions for the corresponding divergence—result in the same ϕ-divergence for any

pair of distributions and for any c ∈ R, our anticipated asymptotic approximation should be

invariant with respect to the value of a in Assumption 3.2. As it turns out, this is indeed the

case.

Example 2. All ϕ functions mentioned in Section 2 satisfy Assumption 3.2. Here are some

examples:

• For variation divergence (or, χ-divergence with θ = 1), (3.4) is satisfied with λ = 1 and

infinitely many choices of a, k+, and k−; that is,
(
a, k+, k−

)
∈
{
(c, 1− c, 1 + c) : c ∈ R

}
.

• For Kullback-Leibler divergence, the function ϕ(x) = x log x satisfies (3.4) with

(
a, k+, k−

)
∈
{
(c, 1− c, c− 1) : c ∈ R

}
, λ = 1 or a = 1, k+ = k− =

1

2
, λ = 2
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and the function ϕ(x) = x log x− x+ 1 satisfies (3.4) with

(
a, k+, k−

)
∈
{
(c,−c, c) : c ∈ R \ {0}

}
, λ = 1 or a = 0, k+ = k− =

1

2
, λ = 2.

Note that all previously-mentioned examples except of the variation divergence satisfy

ϕ′(1+) = ϕ′(1−) = 0; further, the variation divergence satisfies ϕ′(1+) = 1 and ϕ′(1−) = −1.

Secondly, all previously-mentioned examples (except the variation divergence and χ-divergence

with θ ∈ [1,∞) \ {2}) satisfy ϕ′′(1+) = ϕ′′(1−) > 0; specifically, ϕ′′(1) = 1 for Kullback-Leibler

and Burg divergences, ϕ′′(1) = 1/2 for Jensen-Shannon and Hellinger divergences, ϕ′′(1) = 2

for J, χ2 and Modified-χ2 divergences, ϕ′′(1) = 1/4 for Le Cam divergence, ϕ′′(1) = 1 for

Cressie-Read divergences.

In addition to Assumption 3.2, we require some knowledge of the tail behavior of X and Y

that mirrors Assumption 3.1. That is, we assume 2RV conditions on the densities, which are

given as follows.

Assumption 3.3 (Second-order RV of densities). The density functions f and g satisfy f ∈
2RV−α,ρX and g ∈ 2RV−α,ρY for some α > 1, some ρX ̸= ρY , both negative, and respective

auxiliary functions AX and AY .

A link between Assumptions 3.1 and 3.3 is now provided. Essentially, Assumption 3.3

implies Assumption 3.1, and their tail indices are linked through ν = α− 1, as is shown below.

That is, a sufficient condition for 2RV to hold for the densities can be found in Theorem 2.1 of

de Haan and Resnick (1996).2 Further, Assumption 3.3 implies that F̄ ∈ 2RV−ν,ρX and that

Ḡ ∈ 2RV−ν,ρY with ν = α− 1, as stated in the following lemma, which is built on Proposition 6

of Hua and Joe (2011) and will be useful for our asymptotic approximations.

Lemma 10 (Transfer of 2RV). Let h ∈ 2RV−α,ρ, α > 1, ρ < 0, with auxiliary function A(·).
Then

th(t)∫∞
t h(x) dx

− ν = − ν

ν − ρ
A(t) + o (A(t)) ,

where ν = α−1. Moreover,
∫∞
t h(x) dx ∈ 2RV−ν,ρ with auxiliary function A∗(t) = A(t)ν/(ν−ρ).

From this point on, our results will be presented in terms of the tail index of the survival

functions, ν. We are now ready to provide the main result of this section, given as follows.

Theorem 11 (ϕ-divergence asymptotic). Suppose that Assumptions 3.2 and 3.3 hold with ρX >

ρY . Then we have

lim
t→∞

dϕ (PX,t,PY,t)
|AX(t)|λ

= C (ν, ρX , λ) , (3.5)

2Specifically, if the functions

ÃX(t) :=
tf ′(t)

f(t)
− α and ÃY (t) :=

tg′(t)

g(t)
− α

have constant sign near ∞ and satisfy, as t → ∞,

ÃX(t) → 0 with
∣∣∣ÃX(t)

∣∣∣ ∈ RVρX , and ÃY (t) → 0 with
∣∣∣ÃY (t)

∣∣∣ ∈ RVρY

for some ρX ≤ 0 and ρY ≤ 0, then both the density functions f and g and the survival functions F̄ and Ḡ are
2RV.
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where ν = α− 1 and C (ν, ρX , λ) is a finite non-negative constant given by

ν

(−ρX)λ

∫ ∞
1

ζ

(
sgn(AX(∞−))

(
ν

ν − ρX
− zρX

))
z−(ν+1) dz. (3.6)

Remark 12. Following a similar proof, we can show that if ρY > ρX , then, similarly to (3.5),

we have

lim
t→∞

dϕ (PX,t,PY,t)
|AY (t)|λ

= C (ν, ρY , λ)

holds with C (ν, ρY , λ) given by

ν

(−ρY )λ

∫ ∞
1

ζ

(
sgn(AY (∞−))

(
zρY − ν

ν − ρY

))
z−(ν+1) dz.

Remark 13. Recall that ϕ′(1+) and ϕ′(1−) exist, and ϕ′(1+) ≥ ϕ′(1−) holds due to the convexity

of ϕ, and thus, for any ϕ ∈ Φ, (3.4) holds with

(
a, k+, k−

)
∈
{
(c, ϕ′(1+)− c,−ϕ′(1−) + c) : c ∈ R

}
, λ = 1.

Further, if ϕ′(1+) = ϕ′(1−) denoted as ϕ′(1), and ϕ′′(1+) and ϕ′′(1−) exist, then another possible

choice is

a = ϕ′(1), k+ =
ϕ′′(1+)

2
, k− =

ϕ′′(1−)

2
, λ = 2.

Since all previously-mentioned divergences (except variation divergence and χ-divergence

with θ ∈ [1,∞)\{2}) , can be formulated to satisfy ϕ′(1) = 0 and ϕ′′(1) > 0, all these divergences

satisfy Assumption 3.2 with a = 0, k+ = k− > 0 and λ = 2, and in turn, C (ν, ρX , λ) in (3.5)

is simplified to

C(ν, ρX , 2) =
ϕ′′(1)

2(−ρX)2
E

[(
ZρX − ν

ν − ρX

)2
]
∈ (0,∞), (3.7)

where Z is Pareto distributed with survival function P(Z > z) = z−ν on [1,∞).

Similarly, these divergences satisfy Assumption 3.2 for some
(
a, k+, k−

)
and λ = 1 such

that k+ = −k−, and the corresponding constant in (3.5) is C (ν, ρX , 1) = 0, regardless of the

sign of AX . In fact, this can also be seen as a consequence of the conclusion for λ = 2 preceding

(3.7).

Remark 14. The function ζ(·) is convex and non-degenerate in a neighbourhood of 0, and

thus, λ ≥ 1, but we must either have λ > 1 and k+, k− ≥ 0 with k+ + k− > 0, or λ = 1 and

k+ + k− ≥ 0. Strict convexity of ζ(·) in a neighbourhood of 0 holds if and only if λ > 1 and

k+, k− > 0. Therefore, strict convexity of ζ(·) in a neighbourhood of 0 ensures (3.5) holds with

positive asymptotic constants; further, C (ν, ρX , λ) in (3.5) is the same regardless of the sign of

AX if k+ = k−, and one may find a similar expression (to (3.7), with Z defined in the same
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way) as follows:

C(ν, ρX , λ) =
k+

(−ρX)λ
E

[∣∣∣∣ZρX − ν

ν − ρX

∣∣∣∣λ
]
∈ (0,∞).

Theorem 11 and its two corollaries below help us establish some asymptotic results useful

for constructing the tail similarity measure.

Corollary 15 (Ratio of ϕ-divergences). Suppose that ϕ1 and ϕ2 satisfy Assumption 3.2 with

k+1 = k−1 = k1 > 0, k+2 = k−2 = k2 > 0, and λ1 = λ2. Further, assume that Assumption 3.3

holds. Then, we have
dϕ1 (PX,t,PY,t)
dϕ2 (PX,t,PY,t)

∼ k1
k2
. (3.8)

We have already shown that many ϕ-divergences satisfy the condition in Corollary 15;

namely, all previously-mentioned divergence examples, except for variation divergence and χ-

divergence with some choices of θ.

A similar result to Corollary 15 is given to asymptotically compare the Wasserstein diver-

gence with p = 1 and a bespoke ϕ-divergence, namely ϕ∗(x) := ϕKL(x)I{x<1} + ϕV (x)I{x≥1}

that satisfies Assumption 3.2 with any tuple

(
a, k+, k−

)
∈
{
(c, 1− c, c) : c ∈ R

}
, λ = 1.

Now, let z0 = (ν/ (ν − ρX))
1/ρX ∈ (1,∞); that is, z0 is the unique solution of zρX − ν

ν−ρX = 0.

Some algebraic manipulations show that, for AX(∞−) > 0, the constant in (3.6) is given by

ν

(−ρX)λ

∫ ∞
1

ζ

(
ν

ν − ρX
− zρX

)
z−(ν+1) dz

=
ν k−

(−ρX)λ

(∫ z0

1

(
zρX− ν

ν−ρX

)
z−(ν+1) dz

)
+

ν k+

(−ρX)λ

(∫ ∞
z0

(
ν

ν−ρX
−zρX

)
z−(ν+1) dz

)
=

ν (k+ + k−)

(−ρX)λ

(∫ ∞
z0

(
ν

ν−ρX
−zρX

)
z−(ν+1) dz

)
=

1

(−ρX)λ
E
[
max

{
ν

ν−ρX
−ZρX , 0

}]
,

which a positive and finite constant since ρX < 0, where Z is Pareto distributed random variable

defined as before. Note that E
[
ZρX − ν

ν−ρX

]
= 0 is used in the second equality from above.

The exact same expression can be derived analogously for AX(∞−) < 0. Going through similar

calculations for C (ν, ρY , λ) in Remark 12 for the case of ρY > ρX . Hence, (3.5) is given by

lim
t→∞

dϕ∗ (PX,t,PY,t)
|AXY (t)|

=
1

(−ρXY )λ
E
[
max

{
ν

ν−ρXY
−ZρXY , 0

}]
, (3.9)

where

ρXY = max{ρX , ρY }, and AXY = AXI{ρX>ρY } +AY I{ρX<ρY }.

Now, if Assumption 3.3 holds, then, by Lemma 10, Assumption 3.1 holds with ν = α − 1 and
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auxiliary functions

A∗X = νAX/(ν − ρX) and A∗Y = νAY /(ν − ρY ).

The asymptotic result for the Wasserstein distance in (3.2) states that

lim
t→∞

dW (PX,t,PY,t)
t
∣∣A∗XY (t)∣∣ = C (ν, ρXY , p) =

(∫∞
1

(
z1/ν−2 − z(ρXY +1)/ν−2)p dz)1/p

ν |ρXY |
, (3.10)

where A∗XY = A∗XI{ρX>ρY } + A∗Y I{ρX<ρY }. Combining (3.9) and (3.10), we could conclude the

following result:

Corollary 16 (Wasserstein and ϕ-divergence ratio). Let ϕ∗(t) = ϕKL(t)I{t<1} + ϕV (t)I{t≥1}.

Suppose that Assumption 3.3 holds. Then, we have

lim
t→∞

dW (PX,t,PY,t)
t dϕ∗ (PX,t,PY,t)

=
(−ρXY )λ−1

(∫∞
1

(
z1/ν−2 − z(ρXY +1)/ν−2)p dz)1/p

(ν − ρXY )E [max {ν/ (ν−ρXY )−ZρXY , 0}]
, (3.11)

where P(Z > z) = z−ν on [1,∞).

The main difference between Corollaries 15 and 16 is that the asymptotic constant in (3.8)

is not dependent on the unobserved tail indices (ν, ρX and ρY ), which is instead the case in

(3.11). Although constructing a tail similarity measure based on the asymptotic approximation

in Corollary 16 is possible, constructing one based on Corollary 15 is more straightforward.

It suggests that the relative difference between the two sides of equation (3.8) can serve as a

measurement of the overarching tail similarity for two distributions with close tails. Specifically,

for ϕ1 and ϕ2 that satisfy Assumption 3.2 with k+1 = k−1 = k1 > 0, k+2 = k−2 = k2 > 0, and

λ1 = λ2, one may measure the tail similarity between X and Y by investigating the ratio

rϕ1;ϕ2 (X,Y ) :=
dϕ1 (PX,t,PY,t)/dϕ2 (PX,t,PY,t)

k1/k2
=
k2dϕ1 (PX,t,PY,t)
k1dϕ2 (PX,t,PY,t)

. (3.12)

Roughly speaking, the asymptotic relation in equation (3.8) indicates that tails that are

close produce ratios of rϕ1,ϕ2 that are close to 1, and hence, a larger deviation of the ratios from

1 is likely an indication of greater dissimilarity between the tails. Obviously, the ratio depends

on the choice of ϕ1 and ϕ2. In Section 4 below, we shall use the ϕ functions of χ2-divergence

and Kullback-Leibler divergence as an example to show that our measure can be used together

with the estimated (first-order) tail index to assess tail similarity. It will become clear that this

choice of ϕ functions renders us a ratio of rϕ1,ϕ2 that can better detect changes in the tail than,

e.g., the ratio of first-order tail indices.

4. Numerical Experiments

We present two sets of numerical experiments in this section: a simulation study in Sec-

tion 4.2, followed by a real-world insurance data analysis in Sections 4.3. These are preceded

by some preliminary results, given as Section 4.1.
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4.1. Preliminary results

We first estimate the ratio defined in equation (3.12). For any ϕ, a plug-in estimator of (3.3)

is given by

dϕ

(
P̂X,t, P̂Y,t

)
=

∫ ∞
t

ϕ

(
f̂t(x)

ĝt(x)

)
ĝt(x) dx, (4.1)

where f̂t and ĝt are suitable estimators of the densities of PX,t and PY,t. These densities could be

estimated via the Generalised Pareto Distribution (GPD) though not without computational

issues via Maximum Likelihood Estimation (MLE) (see Del Castillo and Serra (2015)), and

thus, we use a simpler approach. Namely we consider

f̂t(z) =
1

ξ̂X

1

t
(z/t)−1/ξ̂X−1, ĝt(z) =

1

ξ̂Y

1

t
(z/t)−1/ξ̂Y −1 for all z > t,

where ξ̂X and ξ̂Y are suitable extreme value index (EVI) estimates. That is, if we observe a

sample of size n that is decreasingly ordered, x1 ≥ x2 ≥ . . . ≥ xn and the optimal threshold is

k, then f̂t(z) =
1
ξ̂X

1
xk
(z/xk)

−1/ξ̂X−1 for all z > xk with the Hill estimator (see Hill (1975)) given

by:

ξ̂X,k,n =
1

k

k∑
i=1

log xi − log xk+1. (4.2)

The EVI index ξ̂Y,k,n can be estimated in the same way. Write tk := xk ∨ yk for every k and let

nX and nY be the sample sizes for X and Y , respectively. Then (4.1) is estimated by

dϕ

(
P̂X,k,nX

, P̂Y,k,nY

)
=

∫ ∞
tk

ϕ
(
ξ̂Y,k,nY

/ξ̂X,k,nX
(z/tk)

1/ξ̂Y,k,nY
−1/ξ̂X,k,nX

) 1

ξ̂Y,k,nY

1

tk
(z/tk)

−1/ξ̂Y,k,nY
−1 dz

=

∫ ∞
1

ϕ
(
ξ̂Y,k,nY

/ξ̂X,k,nX
z1/ξ̂Y,k,nY

−1/ξ̂X,k,nX

) 1

ξ̂Y,k,nY

z−1/ξ̂Y,k,nY
−1 dz, (4.3)

where the last step is due to a change of variable.

The indices ξ̂X,k,n and ξ̂Y,k,n must satisfy some conditions for the integral above to be finite,

which we summarize using the following proposition:

Proposition 17 (Integrability condition). Suppose that the ϕ function in (4.3) is regularly

varying at 0 with index α ≥ 0 and at ∞ with index β ≥ 0. Then, the integral in (4.3) is finite

if and only if α
α+1 ξ̂Y,k,nY

< ξ̂X,k,nX
≤ ξ̂Y,k,nY

or β−1
β ξ̂X,k,nX

< ξ̂Y,k,nY
≤ ξ̂X,k,nX

.

The proof is straightforward and hence omitted. Note that the regular variation condition in

Proposition 17 is a minor condition satisfied by all ϕ functions listed in Table A.4. Our numerical

experiments and guidance recommendations of how to detect tail similarity and dissimilarity

will be exemplified only for the pair (ϕC , ϕKL), and the narrative is streamlined around this

pair of divergence measures. That is, we consider

• χ2-divergence with ϕC(x) :=
(x−1)2
x , k+ = k− = 1 and λ = 2;
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• Kullback-Leibler divergence with ϕKL(x) := x log x− x+ 1, k+ = k− = 1
2 and λ = 2.

It is easy to see that, by Proposition 17, the estimator for dϕKL
is always finite and that for

dϕC (PX,t,PY,t) is finite if and only if ξ̂X,k,nX
/ξ̂Y,k,nY

> 1/2.

Taking ϕ ∈ {ϕC , ϕKL} (given that this pair of divergences is the designated pair for our

exemplifications), we find from equation (4.3) that

dϕC

(
P̂X,k,nX

, P̂Y,k,nY

)
=

(
ξ̂X,k,nX

− ξ̂Y,k,nY

)2
ξ̂Y,k,nY

(
2ξ̂X,k,nX

− ξ̂Y,k,nY

) , (4.4)

and

dϕKL

(
P̂X,k,nX

, P̂Y,k,nY

)
=
ξ̂X,k,nX

ξ̂Y,k,nY

+ log
ξ̂Y,k,nY

ξ̂X,k,nX

− 1. (4.5)

Clearly, both of them vanish when the tail index estimators coincide. Note that the integrability

condition above for dϕC also guarantees (4.4) is non-negative.

For simplicity, we assume from now on that the samples have equal sizes, nX = nY = n,

and compute the following tail similarity measures

r̂ϕC ;ϕKL
(X,Y ; k, n) :=

dϕC

(
P̂X,k,n, P̂Y,k,n

)
2dϕKL

(
P̂X,k,n, P̂Y,k,n

) . (4.6)

The measure is computed for various values of k and is simply denoted as r̂C;KL(k, n) hereafter

when no confusion could arise. Since we aim to understand how well our results help compare

tails with different degree of similarity and dissimilarity tails, it is natural to compare these

ratios with the equivalent EVI ratio

r̂EV I(X,Y ; k, n) :=
ξ̂Y,k,n

ξ̂X,k,n
. (4.7)

We are now ready to illustrate how one would decide whether two tails are asymptotically

similar or dissimilar using both simulated and real data.

4.2. Simulation study

A simulation study is performed to understand the performance of the tail similarity mea-

sure. Specifically, we apply Corollary 15 and calculate (4.6) and (4.7) for six pairs of distribu-

tions, most of which satisfy Assumption 3.3. That is, the second-order indices (ρ) are negative

and unequal for all pairs, except for one pair—when comparing Distributions D1 and D4 listed

below—where those indices are equal, a case where we do not know whether Corollary 15 applies.

We simulate N = 5, 000 samples of size n = 2, 500 from the following distributions with

survival function being 2RV−ν,ρ such that ν = 4 (and in turn, ξ = 1/4):

D1) Pareto with F̄ (·) := (1 + ·)−4 on R+; that is, ρ = −1;

D2) Paralogistic with F̄ (·) := (1 + ·2)−2 on R+; that is, ρ = −2;

D3) Fréchet with F (·) := exp
{
− ·−4

}
on R+; that is, ρ = −4;

D4) Inverse-Gamma with f(·) := fIG(·; 1) on R+; that is, ρ = −1.
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These four distributions are chosen to have the same first-order index (ν), and it would be good

to know how the ratios r̂C;KL and r̂EV I (given by (4.6) and (4.7), respectively) behave when

the first-order indices are different. Two additional sampling distributions are considered as

follows:

D5) Pareto with F̄ (·) := (1 + ·)−3 on R+; that is, ν = 3 (hence ξ = 1/3), and ρ = −1;

D6) LogNormal with µ = 0 and σ = 1; that is, ν = ∞ (and hence ξ = 0).

Further details about the Data Generation Process (DGP) are provided in Appendix B.

For each sample of X and Y from a pair of distributions above, we compute i) the average

tail similarity measures for r̂C;KL(X,Y ; k, n) and r̂C;KL(Y,X; k, n) as given in (4.6), and ii) the

average EVI ratios for r̂EV I(X,Y ; k, n) and r̂EV I(Y,X; k, n) as given in (4.7). The ratios are

computed for each 125 ≤ k ≤ 750; that is, using 5% to 30% upper order statistics. Among

the comparisons we run for Distributions D1–D6, we also check the integrability condition in

Proposition 17. It is easy to see that, for ϕ = ϕKL, the integrability condition always holds,

while for ϕ = ϕC , it holds if and only if ξ̂Y,k,nY
/ξ̂X,k,nX

> 1/2 (resp. ξ̂X,k,nX
/ξ̂Y,k,nY

> 1/2)

when the pair (X,Y ) (resp. (Y,X)) is compared. In our simulation studies, samples that do

not meet the integrability condition are discarded. This is largely innocuous because we collect

the values for both pairs of (X,Y ) and (Y,X) and present both curves. The comparison results

are shown in Figures 1–3.

The curves demonstrated in Figures 1–3 will lead to a decision rule, summarized below, which

could identify tail similarity and tail dissimilarity, but also the degree of similarity. Specifically,

the figures provide evidence about how to decide whether two distributions are i) similar, ii)

weakly dissimilar, or iii) significantly dissimilar. Generally, in practice, similar tails can be

understood as tails with the same first-order index but possibly different second-order indices,

weakly dissimilar tails as tails with different first-order indices, and significantly dissimilar tails

may contain one that is not regularly varying.

One may see that this decision takes advantage of the information provided by our estimators

in (4.6) and (4.7), but also when a certain exchange percentage of the data between X and Y

whenever is needed; our empirical evidence shows that an exchange percentage from 10% to

20% would be informative and we recommend using an exchange percentage of 15% to 20%.

In the interest of clarity, an exchange percentage of 15% means that we randomly choose 15%

of the data from sample of X that is swapped with 15% of the data from sample of Y that is

randomly chosen. Our numerical analysis assumes that X and Y have the same sample size,

and if that is not true, then the 15% swap could be easily adapted; for example, if X and Y

have a sample size of nX and nY with nX < nY , then we only swap 15%nX data points between

X and Y that are randomly chosen.

We now summarize our decision rule. Although tail-related evaluations may be subjective

due to the noise in the tails, we believe that by combining our tail similarity measure with the

first-order tail index, the following rule of thumb provides useful practical guideline regarding

similarity between tails. The decision rule is carefully designed so that the comparisons between

Distributions D1–D6 largely yield consistent results with our knowledge and that it reflects the

rationale presented below.

Decision Rule 4.1.
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Figure 1: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, and relying
on the estimators shown in (4.6) and (4.7). Comparisons are made for no mixing (left), 15% mixing (middle) and
20% mixing (right); further, Distribution D1) (first row), Distribution D5) (second row) and Distribution D6)
(third row) labeled as X variables are compared to Distribution D2) labeled as Y variable. Note: Some curves
may not be smooth, since not all N samples meet the integrability condition.

i) Step 1: If, in the pre-mixing plots, the deviations of both ratios r̂EV I(X,Y ) and

r̂EV I(Y,X) from 1 are small (i.e. |r̂EV I(X,Y )− 1| and |r̂EV I(Y,X)− 1| are below a cer-

tain benchmark set based on the decision maker’s domain knowledge) for various choices

of k, then the tails are similar.

ii) Step 2: If the above is not true or is unclear from the pre-mixing plots, then check how

mixing the samples of X and Y using the procedure described above changes the curves for

r̂C;KL(X,Y ) and r̂C;KL(Y,X). If mixing leads to a moderate change in shape for either

curve (as compared to the corresponding pre-mixing curve), then the tails are weakly

dissimilar.

iii) Step 3: Otherwise, if the mixing process leads to a dramatic change to the curve for either

r̂C;KL(X,Y ) or r̂C;KL(Y,X), then the tails are significantly dissimilar.

The reason for the decision in Step 1 is obvious, although the decision can be subjective
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Figure 2: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, and relying
on the estimators shown in (4.6) and (4.7). Comparisons are made for no mixing (left), 15% mixing (middle) and
20% mixing (right); further, Distribution D1) (first row), Distribution D5) (second row) and Distribution D6)
(third row) labeled as X variables are compared to Distribution D3) labeled as Y variable. Note: Some curves
may not be smooth, since not all N samples meet the integrability condition.

sometimes. The reason for the decisions in Steps 2 and 3 is that, in general, samples from more

similar tails respond less to mixing, and hence mixing these samples leads to less change in their

tails. A desirable tail similarity measure should be sensitive in capturing subtle changes in the

tail caused by mixing, preferably more than rEV I as a tail similarity measure. We shall explain

below why our choice of rC;KL is desirable in this sense.

We point out that, in Step 3, we would consider the two curves—one for r̂C;KL(X,Y ) and

the other for r̂C;KL(Y,X)—flipping or crossing each other due to mixing (as is seen in the

bottom three plots of Figures 1–3) as a dramatic change in curve shape. This is because, for

samples that satisfy the integrability condition in Proposition 17, we have that r̂C;KL > 1 if

r̂EV I > 1 and r̂C;KL < 1 if r̂EV I < 1. Hence, the two curves flipping or crossing means that

mixing some of the samples is enough to change the order of r̂EV I(X,Y ) and r̂EV I(Y,X); for

example, ξX,k,n may be estimated to be greater than ξY,k,n when the samples are not mixed,
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Figure 3: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, and relying
on the estimators shown in (4.6) and (4.7). Comparisons are made for no mixing (left), 15% mixing (middle) and
20% mixing (right); further, Distribution D1) (first row), Distribution D5) (second row) and Distribution D6)
(third row) labeled as X variables are compared to Distribution D4) labeled as Y variable. Note: Some curves
may not be smooth, since not all N samples meet the integrability condition.

but estimated to be smaller with 15% of the samples mixed. Such a dramatic change is an

indication of significant tail dissimilarity.

To see the higher sensitivity of our measure in capturing tail dissimilarity, one can show that

the derivative of drC;KL/ drEV I is greater than 1 and increases in rEV I for rEV I ∈ (1, 2). Hence,

compared to rEV I as a tail similarity measure, rC;KL is more sensitive to changes in the tail

if rEV I ∈ (1, 2). The higher sensitivity of rC;KL helps greatly with detecting tail dissimilarity.

For example, an erratic behavior of either the r̂C;KL(X,Y ) curve or r̂C;KL(Y,X) curve before

sample mixing is likely an indication that the tails are not similar, and this can assist with

decision in Step 1 of the rule.

Our design of investigating samples from both (X,Y ) and (Y,X) in the deci-

sion process enables us to exploit this (conditionally) higher sensitivity. Note that

max{r̂EV I(X,Y ), r̂EV I(Y,X)} ≥ 1, and that, for samples of (X,Y ) and (Y,X) that satisfy the
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integrability condition in Proposition 17, we have max{r̂EV I(X,Y ), r̂EV I(Y,X)} < 2. There-

fore, investigating both r̂C;KL(X,Y ) curve and r̂C;KL(Y,X) curve ensures at least one of them

is sensitive enough to capture subtle changes in the tail due to sample mixing.

Applying Decision Rule 4.1 to Figures 1–3, we obtain the following decisions about the

similarities between the tails of Distributions D1–D6, which we summarize in Table 1. Like

many decisions regarding tails, some of the conclusions may not be clear-cut, but they are

largely consistent with our knowledge about the distributions’ tails. Note that although our

simulation supports such a decision rule for this choice of ϕ functions, for a more comprehensive

decision rule further empirical research would be needed, but this is beyond the scope of this

paper and an applied paper will follow up to support the practitioners to understand the use of

this composite decision rule.

Table 1: Pairwise comparisons of tail similarity

Pair of distributions Notation 1st order index 2nd order index Tail similarity Related
(ν) (ρ) figures

(Pareto, Paralogistic) (D1, D2) (4,4) (-1,-2) Similar Fig 1 row 1
(Pareto, Paralogistic) (D5, D2) (3,4) (-1,-2) Weakly dissimilar Fig 1 row 2
(LogNormal, Paralogistic) (D6, D2) (∞, 4) (NA, -2) Significantly dissimilar Fig 1 row 3

(Pareto, Frechet) (D1, D3) (4,4) (-1,-4) Similar Fig 2 row 1
(Pareto, Frechet) (D5, D3) (3,4) (-1,-4) Weakly dissimilar Fig 2 row 2
(LogNormal, Frechet) (D6, D3) (∞, 4) (NA, -4) Significantly dissimilar Fig 2 row 3

(Pareto, Inverse-Gamma) (D1, D4) (4,4) (-1,-1) Similar Fig 3 row 1
(Pareto, Inverse-Gamma) (D5, D4) (3,4) (-1,-1) Weakly dissimilar Fig 3 row 2
(LogNormal, Inverse-Gamma) (D6, D4) (∞, 4) (NA, -1) Significantly dissimilar Fig 3 row 3

Notes: There are 15 pairs (different combinations of Distributions D1-D6) that could be compared, among which
nine representative pairs are included here (as well as in the Figures 1, 2, 3) for conciseness. We have three types
of tail similarity/dissimilarity: i) similar (same finite first order RV tail index), ii) weakly dissimilar (different
finite first order RV tail index), or iii) significantly dissimilar (at least one tail is not regularly varying).

4.3. Flood insurance data analysis

In this section, we use U.S. flood insurance claims data to show a real-world application of our

method to assessing tail similarities between flood damages to various types of properties. Our

measure reveals different levels of tail similarities between damages to properties in different

flood zones and/or with specific property characteristics. While we caution that such tail

analysis cannot explain why some building damages are tail similar and others are not, the

analysis does serve as a validation of the effectiveness of our measure, in that for the degree of

tail similarity between some pairs that is known to be greater than others, our measure validates

the greater similarity.

We use the building damage amount from the National Flood Insurance Program (NFIP)3

for our analysis. The NFIP is administered by the U.S. Federal Emergency Management Agency

(FEMA) and has been the dominant flood insurer in the U.S. since its establishment in 1968.

The NFIP data contain over 2 million records from flood damages (and claims) across 50 U.S.

3The data can be accessed through OpenFEMA at https://www.fema.gov/openfema-data-page/

fima-nfip-redacted-claims-v2.
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states since 1978. While identification information about the policies such as precise property

location is redacted as a result of the Privacy Act of 1974, the data contain the actual damage

amount to the building, the estimated property value at the time of damage, the occupancy

type of the building, building characteristics (such as the number of floors), and the flood risk

zone the building is located in, which are what we need for the analysis in this section.

Our goal is to first identify two sets of properties with flood damages that are tail (weakly

or significantly) dissimilar, and then investigate two subsets of those properties that share one

or more common features. Because of the common features, the properties in the subsets are

more similar than those in the larger sets, and we expect the tails of those properties’ flood

damages to be more similar too. We shall investigate whether our tail similarity measure can

validate and demonstrate this phenomenon.

First, we focus on residential buildings and compare the flood damages to buildings in

different flood zones between the years 1978 and 2024. The flood damages are all adjusted to

inflation using Consumer Price Index (CPI), and all damage amounts are in year 2020 dollars.

We make the following two steps of comparisons:

1). Residential buildings in flood Zone A against residential buildings in Zone V;

2). The buildings compared in 1) that have two floors.

The flood zones are the ones derived from the Flood Insurance Rate Map (FIRM) used to rate

the insured property. Zone A refers to in-land high-risk flood zones and includes all flood zones

labeled by FEMA as zones A, AE, and A1–A30. Zone V refers to coastal high-risk flood zones

and includes all flood zones labeled by FEMA as zones V, VE, and V1–V30.4 Properties in

high-risk flood zones with federally backed mortgages are required to purchase flood insurance.

On the other hand, Zone B, to be considered below, refers to moderate-to-low-risk flood zones.

The properties in Zone B are not required to carry flood insurance. We also compare:

3). Residential buildings in flood Zone B and residential buildings in Zone V;

4). The buildings compared in 3) that have two floors.

We list the descriptive statistics of the data used for the comparisons in Table 2. For each

of these comparisons and the subsequent ones, we follow the same procedure as outlined in

Section 4.2 to obtain the ratio curves and then apply Decision Rule 4.1 to determine the tail

similarity. For example, to compare the residential buildings’ damages from flood Zone A and

Zone V, we resample N = 5, 000 samples of size n = 2, 500 from Zone A and then from Zone

V. For each of the N samples, we calculate the ratios in (4.6) and (4.7). The same calculation

is also performed after mixing the samples as in Section 4.2.

The ratio curves for these comparisons are presented in Figures 4–5. According to Decision

Rule 4.1, one may conclude from Figure 4 that properties in coastal high-risk zones and those

in in-land high-risk zones seem to have flood damages that are weakly dissimilar. Conditional

4For more details about FEMA’s definition of flood zones, please see, e.g., https://help.firststreet.org/
hc/en-us/articles/360048256493-Understand-the-differences-between-FEMA-flood-zones.
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Table 2: Descriptive statistics: Residential buildings (inflation-adjusted damages in US$)
Flood Zone Observations Stdev 1st quartile Median Mean 3rd quartile

A 1,153,159 66,087 6,163 18,200 42,362 55,852
B 76,954 71,906 5,443 17,762 47,832 65,000
V 56,440 80,040 5,075 13,333 37,322 38,372

A (NF=2) 396,389 65,754 5,962 16,463 42,259 51,548
B (NF=2) 20,450 72,384 4,961 14,003 42,922 45,923
V (NF=2) 22,694 68,931 4,993 13,151 39,082 38,445

Notes: NF = 2 indicates the number of floors in the insured building is two. Stdev: Standard deviation.
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Figure 4: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, relying on the
estimators shown in (4.6) and (4.7). Comparisons are made for no mixing (left), 15% mixing (middle) and 20%
mixing (right); Note, the tail of building damages in Zone V as labeled X variable is compared to Zone A as Y
variable (first row), and the comparison of two-floor buildings in Zone V as X vs. Zone A as Y (second row).

on that the property is inundated,5 two-story properties in Zone A and Zone V seem to have

flood damages with similar tails. Likewise, one may conclude from Figure 5 that properties

in coastal high-risk zones and those in moderate-to-low-risk zones seem to have flood damages

that are significantly dissimilar. Again, conditional on that the property is inundated, those

two-story buildings appear to have similar tails of flood damages.

From both Figures 4–5, we also observe the efficacy of our measure based on rC;KL in

capturing tail dissimilarities. For example, in comparison 3) showed in the first row of Figure 5,

if the decision was to made solely based on the rEV I curves, one would likely conclude that the

tails of flood damages in the high-risk Zone V and moderate-to-low-risk Zone B are similar.

5Note that the records are from NFIP claims dataset, meaning every record corresponds to a flood insurance
claim.
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Figure 5: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, and relying
on the estimators shown in (4.6) and (4.7). Comparisons are made for no mixing(left), 15% mixing (middle) and
20% mixing (right); Note, the tail of building damages in Zone V as X variable is compared to Zone B as Y
variable (first row), the comparison of two-floor buildings in Zone V as X vs. Zone B as Y (second row).

Second, we compare flood damages to residential properties with those to non-residential

properties, among which many are commercial properties. Specifically, we make the following

three-step comparisons:

a). Residential buildings against non-residential buildings;

b). The buildings compared in a) that have two floors;

c). The buildings compared in b) that have (inflation-adjusted) property values between

$100,000 and $350,000.

We list the descriptive statistics of the data used for the comparisons above in Table 3.

Table 3: Descriptive statistics: Residential vs Non-Residential (inflation-adjusted damages in US$)
Occupancy Type Observations Stdev 1st quartile Median Mean 3rd quartile

Residential 1,769,491 63,413 5,543 16,150 39,717 50,702
Non-Residential 124,818 100,046 6,685 19,242 50,191 53,837

Residential (NF=2) 572,209 64,703 5,457 14,942 40,317 47,348
Non-Residential (NF=2) 28,758 95,812 7,656 22,172 55,601 61,741

Residential (NF=2, PV=[100k,350k]) 399,972 53,247 5,774 15,831 38,410 50,022
Non-Residential (NF=2, PV=[100k,350k]) 12,168 56,304 7,085 19,069 37,576 47,603

Notes: NF = 2 indicates two-floor buildings, PV = [100k, 350k] indicates the inflation-adjusted building property
values are between $100,000 and $350,000. Stdev: Standard deviation.
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Figure 6: Averaged r̂C;KL(k, n) and r̂EV I(k, n) ratios across N = 5, 000 samples of size n = 2, 500, relying on
the estimators shown in (4.6) and (4.7). Note, the tail of building damages is compared between residential
buildings as X variable vs. non-residential buildings as Y variable (first row), two-floor buildings (second row),
the buildings with inflation-adjusted property values between $100,000 and $350,000 (third row).

The ratio curves for comparisons a)–c) are presented in Figure 6, which shows that flood

damages to residential properties and non-residential properties have weakly dissimilar or per-

haps significantly dissimilar tails. Again, real-world decisions related to tails like this one may

not have a clear-cut answer. On the other hand, we also observe that, conditional on the prop-

erty’s inundation, two-story residential properties and two-story non-residential properties have

similar tails. Moreover, imposing another level of similarity in their property values increases

their tail similarity.

We note that conclusions for real-life data are quite often not as clear as those in simulated

settings, and the noises may preclude decisive conclusions on whether the tails are significantly

dissimilar, weakly dissimilar, or similar. Our measure is more useful as a relative measure; i.e.,

it allows us to conclude that the tails between flood damages in Zone V and those in Zone B

are more dissimilar than the tails between Zone V damages and Zone A damages.
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Finally, we would like to stress that although this particular dataset reveals such tail simi-

larity/dissimilarity and the conclusion seems reasonable, one needs to be cautious when general-

izing it to other settings. For example, whether two different flood zones or types of occupancy

produce tail-similar damages depends on a myriad of factors and is usually not a simple result

of geographical/social proximity. Also, the non-negligible noise in the data collection/selection

process and the quality of the data can potentially affect the conclusions from our decision

rule. Our method only assesses the tail similarity/dissimilarity based on the numerical data as

given; uncovering the reasons behind it requires domain knowledge for the specific analysis in

the real-world scenarios and is beyond the scope of this paper.

5. Conclusions

This paper introduces novel measures of tail similarity designed to comprehensively assess

the overarching tail behaviour between two probability distributions. The theoretical foundation

of these measures is broad, offering a versatile framework for quantifying tail similarity. Our

approach supplements the traditional practice of comparing the (first-order) extreme index

estimates in finite samples by incorporating additional sources of validation.

Empirical evidence presented in this study showcases the core focus of our research, in

particular providing a wide range of new EVI dissimilarity estimators, and paves the way for

novel lines of research. Additionally, our analysis of real-life data illustrates the conclusions

drawn from our simulation study, and shows how the proposed measures of tail similarity

may be used in practice. The conclusion is that our tail similarity measure and the very

basic comparisons between the (first-order) extreme index estimates provide complementary

information, and one should analyse them in tandem rather than in isolation. We provide some

very simple guiding principles of good practice when using the two sources of information, which

are recommended to be used with domain knowledge to validate and clarify the conclusions of

our guiding principles especially in situations with no clear-cut conclusion as it is often the case

in real-life applications.
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Appendix A. Phi-divergences Examples

A summary of commonly used ϕ-divergences is provided in Table A.4, and a pictorial repre-

senting of these functions is given in Figure A.7. We see that the variation divergence penalises

more than any other ϕ-divergence at small dissimilarities around 1, which makes the variation

divergence a very conservative ϕ-divergence; we also notice in Figure A.7 that χ-divergence

with θ = 3 and Modified χ2-divergence penalise more than any other ϕ-divergence at large

dissimilarities. Therefore, we expect goodness-of-fit tests to behave differently for different

ϕ-divergences.
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Table A.4: Commonly used ϕ-divergences

ϕ function Statistical distance

ϕKL(x) = x log x− x+ 1 Kullback-Leibler divergence

ϕB(x) = − log x+ x− 1 Burg divergence

ϕJ(x) = (x− 1) log x J-divergence

ϕJS(x) = − (x+ 1) log ((1 + x)/2) + x log x Jensen-Shannon divergence

ϕC(x) = (x− 1)2 /x χ2-divergence

ϕMC(x) = (x− 1)2 Modified χ2-divergence

ϕH(x) = (
√
x− 1)

2
Hellinger divergence

ϕV (x) = |x− 1| Variation divergence

ϕθ(x) = |x− 1|θ with θ > 1 χ-divergence

ϕLC(x) =
(x−1)2
4(x+1) Le Cam divergence

ϕCR(x) =
1−θ+xθ
θ(1−θ) with θ ∈ R \ {0, 1} Cressie-Read divergence

Figure A.7: Plot of commonly used ϕ functions.
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Appendix B. Data Generation Process (DGP)

The DGP used in this paper is detailed here. We describe the specific parametric family

used in Section 4.2. Note that fIG(·;α) := γ4

Γ(γ) ·
−5 exp

{
−γ/ ·

}
on R+ is the pdf of the Inverse-

Gamma distribution as defined in the actuar R package for any γ > 0; in fact, all distributional

class parameterisations considered in this section are exactly as in the actuar R package, except

of the Fréchet that is simulated from first principles by using random variables from the uniform

distribution U [0, 1]. The precise R commands are as follows:

1) Pareto D1 : rpareto(n=2500, shape=4, scale=1).

2) Paralogistic D2 : rparalogis(n=2500, shape=2, rate=1, scale=1).
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3) Fréchet D3 : (-log(runif(n=2500)))^{-1/4}.

4) Inverse-Gamma D4 : rinvgamma(n=2500, shape=4, rate=1, scale=1).

5) Pareto D5 : rpareto(n=2500, shape=3, scale=1).

6) LogNormal D6 : rlnorm(n=2500, meanlog=0, sdlog=1).

Appendix C. Proofs

Appendix C.1. Proof of Lemma 6

By Lemma 3 of Hua and Joe (2011),

h(t) = kht
−αlh(t)

for some kh > 0 and slowly varying function lh(·) such that limt→∞ lh(t) = 1. Therefore, for

fixed ε > 0, there exists a large th(ε), such that, for all min{x0t, t} > th and all x ≥ x0,

1− ε ≤ lh(xt)

lh(t)
≤ 1 + ε.

Hence, for t large such that min{x0t, t} > th,

sup
x≥x0

∣∣∣∣ h(xt)

x−αh(t)
− 1

∣∣∣∣ = sup
x≥x0

∣∣∣∣kh(xt)−αlh(xt)khx−αt−αlh(t)
− 1

∣∣∣∣ ≤ ε.

This completes the proof.

Appendix C.2. Proof of Lemma 7

Lemma 7a) is a result known in the literature; see, e.g., Remark 2.4 of Mao et al. (2012).

To prove Lemma 7b), write s = 1/H̄(t). We have H̄←
(
H̄(t)

)
=
(
1/H̄

)← (
1/H̄(t)

)
= UH(s)

and, for any ϵ(s) > 0,

UH(s) ≤ t ≤ UH(s(1 + ϵ(s))), (C.1)

where we applied Proposition A.3(v) of McNeil et al. (2015) to the right continuous function

1/H̄ and applied equation (0.6c) of Resnick (2008). For arbitrarily fixed ε ∈ (0, 1), letting

ϵ(s) = ε, we have from (C.1) and the regular variation of UH that

1 ≥ UH(s)

t
≥ UH(s)

UH(s(1 + ε))
→ (1 + ε)−1/ν .

The first asymptotic relation in b) follows from the arbitrariness of ε.

Now we prove the second relation. Obviously,∣∣∣∣∣H̄←
(
H̄(t)

)
t

− 1

∣∣∣∣∣ =
∣∣∣∣UH(s)t

− 1

∣∣∣∣ ≤ ∣∣∣∣ UH(s)

UH(s(1 + ϵ(s)))
− 1

∣∣∣∣ . (C.2)

Note that UH ∈ 2RV1/ν,ρ/ν with an auxiliary function that satisfies

a(s) = ν−2A (UH(s)) = ν−2A
(
H̄←

(
H̄(t)

))
∼ ν−2A(t). (C.3)
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By Proposition 5, we have, for any fixed ε, δ > 0, there exists s0 = s0 (ε, δ, ν, ρ), such that, for

all t large with s > s0, it holds that∣∣∣∣∣∣
UH(s)

UH(s(1+ϵ(s))) − (1 + ϵ(s))−1/ν

a(s)
− (1 + ϵ(s))−1/ν

(1 + ϵ(s))−ρ/ν − 1

ρ/ν

∣∣∣∣∣∣
≤ ε (1 + ϵ(s))−1/ν

(∣∣∣∣∣(1 + ϵ(s))−ρ/ν − 1

ρ/ν

∣∣∣∣∣+ (1 + ϵ(s))−ρ/ν (1 + ϵ(s))δ
)
,

where, by convention, (·ρ − 1) /ρ is interpreted as log(·). With ϵ(s) ↓ 0, the right-hand side

above can be made close enough to ε. Hence, for s sufficiently large,∣∣∣∣∣∣
UH(s)

UH(s(1+ϵ(s))) − (1 + ϵ(s))−1/ν

a(s)

∣∣∣∣∣∣ ≤ 2ε. (C.4)

By (C.2), for t large,∣∣∣∣∣∣
H̄←(H̄(t))

t − 1

A(t)

∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
UH(s)

UH(s(1+ϵ(s))) − 1

A(t)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
UH(s)

UH(s(1+ϵ(s))) − (1 + ϵ(s))−1/ν

A(t)

∣∣∣∣∣∣+
∣∣∣∣∣(1 + ϵ(s))−1/ν − 1

A(t)

∣∣∣∣∣
≤

∣∣∣∣∣∣
UH(s)

UH(s(1+ϵ(s))) − (1 + ϵ(s))−1/ν

a(s)

∣∣∣∣∣∣
∣∣∣∣ a(s)A(t)

∣∣∣∣+ (1 + ε)

∣∣∣∣ ϵ(s)νA(t)

∣∣∣∣
≤ (1 + ε)

(
2εν−2 +

∣∣∣∣ ϵ(s)νA(t)

∣∣∣∣) ,
where in the last step we applied (C.3) and (C.4). Letting ϵ(s) = o (|A(t)|), we conclude that∣∣∣∣∣∣

H̄←(H̄(t))
t − 1

A(t)

∣∣∣∣∣∣→ 0,

which completes the proof.

Appendix C.3. Proof of Theorem 8

We only prove for the case with ρX > ρY because the other case with ρX < ρY can be

proved in a similar way. In this case, ρXY = ρX and AXY = AX .

Write UF (·) = F←(1− 1/·) and UG(·) = G←(1− 1/·). We have that, for q ∈ (0, 1),

F̄←t (q) = F̄←
(
F̄ (t)q

)
= UF

(
1

F̄ (t)q

)
and Ḡ←t (q) = Ḡ←

(
Ḡ(t)q

)
= UG

(
1

Ḡ(t)q

)
.

Consider the ratio of

dW,p (PX,t,PY,t)p

tp |AX(t)|p
=

∫ 1

0

∣∣F̄←t (q)− Ḡ←t (q)
∣∣p

tp |AX(t)|p
dq
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=

∫ 1

0

∣∣∣∣ F̄←t (q)− Ḡ←t (q)

tAX(t)

∣∣∣∣p dq
=

∫ 1

0

∣∣∣∣∣ F̄←t (q)− tq−1/ν

tAX(t)
− Ḡ←t (q)− tq−1/ν

tAY (t)

AY (t)

AX(t)

∣∣∣∣∣
p

dq. (C.5)

Note that, by the Cr inequality, there exists some constant Cp > 0, such that the integrand

above is bounded by

Cp

∣∣∣∣∣ F̄←t (q)− tq−1/ν

tAX(t)

∣∣∣∣∣
p

+ Cp

∣∣∣∣∣Ḡ←t (q)− tq−1/ν

tAY (t)

AY (t)

AX(t)

∣∣∣∣∣
p

. (C.6)

Further note that, with s := 1/F̄ (t) and z = 1/q, there exists some constant C ′p > 0, such that

∣∣∣∣∣ F̄←t (q)− tq−1/ν

tAX(t)

∣∣∣∣∣
p

=

∣∣∣∣∣∣
UF (sz)
UF (s)

UF (s)
t − z1/ν

AX(t)

∣∣∣∣∣∣
p

=

∣∣∣∣∣∣
UF (s)
t

(
UF (sz)
UF (s) − z1/ν

)
+
(
UF (s)
t − 1

)
z1/ν

AX(t)

∣∣∣∣∣∣
p

≤ C ′p

∣∣∣∣∣∣
UF (s)
t

(
UF (sz)
UF (s) − z1/ν

)
AX(t)

∣∣∣∣∣∣
p

+

∣∣∣∣∣
UF (s)
t − 1

AX(t)
z1/ν

∣∣∣∣∣
p
 .

Fix ε, δ > 0 such that p/ν + δp < 1. By Lemma 7b), for t large enough, the second term in

the parenthesis above is bounded by εzp/ν = εq−p/ν , which is integrable over q ∈ (0, 1] because

ν > p. Moreover, write aX(·) = ν−2AX(UF (·)). By Lemma 7a) and Proposition 5, there exists

s0 = s0 (ε, δ, ν, ρX), such that, for all t large with s > s0, it holds that∣∣∣∣∣∣
UF (s)
t

(
UF (sz)
UF (s) − z1/ν

)
AX(t)

∣∣∣∣∣∣ ≤ (1 + ε)

∣∣∣∣∣∣
UF (sz)
UF (s) − z1/ν

aX(s)

∣∣∣∣∣∣
∣∣∣∣ aX(s)AX(t)

∣∣∣∣
≤ (1 + ε)2ν−2

∣∣∣∣∣∣
UF (sz)
UF (s) − z1/ν

aX(s)

∣∣∣∣∣∣
≤ (1 + ε)2ν−2

(
(1 + ε)

∣∣∣∣∣z1/ν zρX/ν − 1

ρX/ν

∣∣∣∣∣+ εz1/νzδ

)
,

where in the second step we used the fact that UF (s) ∼ t and in the third step we used (C.3).

Therefore, using Cr inequality again, we have∣∣∣∣∣∣
UF (s)
t

(
UF (sz)
UF (s) − z1/ν

)
AX(t)

∣∣∣∣∣∣
p

≤ (1 + ε)2pν−2pC ′′p

(
(1 + ε)p

(ρX/ν)
p

∣∣∣z1/ν (zρX/ν − 1
)∣∣∣p + εzp/ν+δp

)

holds for some constant C ′′p > 0. Since

(1 + ρX) p

ν
< 1,

p

ν
< 1, and

p

ν
+ δp < 1,
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the right-hand side above as a function of q = 1/z is integrable over q ∈ (0, 1]. Similar arguments

can be made for the second term in (C.6) by further using the fact that AY (t)/AX(t) → 0.

Hence, by (C.5) and the Dominated Convergence Theorem, we have

lim
t→∞

dW,p (PX,t,PY,t)p

tp |AX(t)|p
=

∫ 1

0
lim
t→∞

∣∣∣∣∣ F̄←t (q)− tq−1/ν

tAX(t)
− Ḡ←t (q)− tq−1/ν

tAY (t)

AY (t)

AX(t)

∣∣∣∣∣
p

dq

=

∫ 1

0

∣∣∣∣∣ limt→∞

F̄←t (q)− tq−1/ν

tAX(t)

∣∣∣∣∣
p

dq

=

∫ 1

0

∣∣∣∣∣∣ limt→∞

UF (1/(F̄ (t)q))
t − q−1/ν

AX
(
UF
(
1/F̄ (t)

))
∣∣∣∣∣∣
p

dq

=

∫ 1

0

∣∣∣∣∣∣∣ limt→∞
ν−2

UF (1/(F̄ (t)q))
UF (1/F̄ (t))

− q−1/ν

aX
(
1/F̄ (t)

)
∣∣∣∣∣∣∣
p

dq

=

∫ 1

0

∣∣∣∣∣ν−2q−1/ν q−ρX/ν − 1

ρX/ν

∣∣∣∣∣
p

dq

=
1

νp |ρX |p
∫ ∞
1

(
z1/ν−2 − z(1+ρX)/ν−2

)p
dz.

It is straightforward to see that the integration on the right-hand side above is finite. Taking

1/p-th power on both sides completes the proof.

Appendix C.4. Proof of Lemma 10

Write h∗(t) =
∫∞
t h(x) dx. By Proposition 6 of Hua and Joe (2011), h∗(t) ∈ 2RV−α+1,ρ with

the auxiliary function defined as above, and it holds that

h∗(t) = th(t)

(
1

ν
+
A(t)

ρ

(
1

ν − ρ
− 1

ν

)
+ o (A(t))

)
,

which implies

h∗(t) =
th(t)

ν

(
1 +

A(t)

ρ

(
ν

ν − ρ
− 1

)
+ o (A(t))

)
=
th(t)

ν

(
1 +

A(t)

ν − ρ
+ o (A(t))

)
.

Therefore,

th(t)− νh∗(t)

h∗(t)
=

th(t)− th(t)
(
1 + A(t)

ν−ρ + o (A(t))
)

th(t)
ν

(
1 + A(t)

ν−ρ + o (A(t))
)

= −
ν
(
A(t)
ν−ρ + o (A(t))

)
1 + A(t)

ν−ρ + o (A(t))

= − ν

ν − ρ
A(t) + o (A(t)) ,

which completes the proof.
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Appendix C.5. Proof of Theorem 11

Recall equation (3.3). We have

dϕ (PX,t,PY,t) =
∫ ∞
t

ϕ

(
f(x)

g(x)

Ḡ(t)

F̄ (t)

)
g(x)

Ḡ(t)
dx

=

∫ ∞
1

ϕ

(
f(zt)/F̄ (t)

g(zt)/Ḡ(t)

)
tg(zt)

Ḡ(t)
dz

=

∫ ∞
1

ϕ (1 + h(z, t))
tg(zt)

Ḡ(t)
dz,

where

h(z, t) =
f(zt)/F̄ (t)− g(zt)/Ḡ(t)

g(zt)/Ḡ(t)
.

It is straightforward to see that for every t,∫ ∞
1

h(z, t)
tg(zt)

Ḡ(t)
dz = 0. (C.7)

Hence, we have

dϕ (PX,t,PY,t)
|AX(t)|λ

=
1

|AX(t)|λ

∫ ∞
1

ϕ (1 + h(z, t))
tg(zt)

Ḡ(t)
dz

=
1

|AX(t)|λ

∫ ∞
1

(ϕ (1 + h(z, t))− ah(z, t))
tg(zt)

Ḡ(t)
dz

=

∫ ∞
1

ϕ (1 + h(z, t))− ah(z, t)

ζ (h(z, t))

ζ (h(z, t))

|AX(t)|λ
tg(zt)

Ḡ(t)
dz

=
|A∗X(t)|

λ

|AX(t)|λ

∫ ∞
1

ϕ (1 + h(z, t))− ah(z, t)

ζ (h(z, t))
ζ

(
h(z, t)∣∣A∗X(t)∣∣

)
tg(zt)

Ḡ(t)
dz, (C.8)

where A∗X(t) = AX(t)ν/(ν−ρX), in the second step we used (C.7), and in the last step we used

the fact that

ζ(ch) = ζ(h)cλ, h ∈ R, c > 0. (C.9)

By Karamata’s Theorem (see Resnick, 2007, Theorem 2.1) and Lemma 6,

tg(zt)

Ḡ(t)
=
ztg(zt)

Ḡ(zt)

Ḡ(zt)

zḠ(t)
∼ νz−(ν+1), (C.10)

where the asymptotic relation holds uniformly over z ∈ (1,∞). A similar conclusion can made

for tf(zt)/F̄ (t).

Recall A∗X(t) given above and write A∗Y (t) = AY (t)ν/(ν − ρY ). By (2.5) and Lemma 10, it

holds uniformly over z ∈ (1,∞) that

f(zt)

F̄ (t)
− g(zt)

Ḡ(t)

=
f(zt)

F̄ (zt)

F̄ (zt)

F̄ (t)
− g(zt)

Ḡ(zt)

Ḡ(zt)

Ḡ(t)
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=
1

tz

(
ν − ν

ν − ρX
AX(tz) + o (AX(tz))

)(
z−ν + z−ν

∫ z

1
uρX−1 duA∗X(t) + o (A∗X(t))

)
− 1

tz

(
ν − ν

ν − ρY
AY (tz) + o (AY (tz))

)(
z−ν + z−ν

∫ z

1
uρY −1 duA∗Y (t) + o (A∗Y (t))

)
=

1

tz
(ν −A∗X(tz) + o (AX(tz)))

(
z−ν + z−ν

zρX − 1

ρX
A∗X(t) + o (A∗X(t))

)
− 1

tz
(ν −A∗Y (tz) + o (AY (tz)))

(
z−ν + z−ν

zρY − 1

ρY
A∗Y (t) + o (A∗Y (t))

)
=

1

tz

(
νz−ν

zρX − 1

ρX
A∗X(t)− z−νA∗X(tz) + o (A∗X(t))

)
, (C.11)

which is interpreted as

lim
t→∞

sup
z>1

∣∣∣∣∣∣
f(zt)/F̄ (t)− g(zt)/Ḡ(t)− 1

tz

(
νz−ν z

ρX−1
ρX

A∗X(t)− z−νA∗X(tz)
)

A∗X(t)

∣∣∣∣∣∣ = 0. (C.12)

Dividing both the numerator and denominator of the left-hand side of (C.12) by g(zt)/Ḡ(t), we

obtain

lim
t→∞

sup
z>1

∣∣∣∣∣h(z, t)A∗X(t)
−
νz−ν−1 z

ρX−1
ρX

A∗X(t)− z−ν−1A∗X(tz)

A∗X(t)tg(zt)/Ḡ(t)

∣∣∣∣∣ = 0.

It follows that for fixed ε > 0, there exists a t1 = t1(ε), such that, for all large t > t1(ε) and all

z > 1, ∣∣∣∣h(z, t)A∗X(t)

∣∣∣∣ ≤
∣∣∣∣∣νz
−ν−1 zρX−1

ρX
A∗X(t)− z−ν−1A∗X(tz)

A∗X(t)tg(zt)/Ḡ(t)

∣∣∣∣∣+ ε

≤ (1 + ε)

∣∣∣∣∣νz
−ν−1 zρX−1

ρX
− z−ν−1A∗X(tz)/A

∗
X(t)

νz−ν−1

∣∣∣∣∣+ ε

≤ (1 + ε)

∣∣∣∣zρX − 1

ρX
−
A∗X(tz)

νA∗X(t)

∣∣∣∣+ ε

≤ (1 + ε)
zρX − 1

ρX
+ (1 + ε)

A∗X(tz)

νA∗X(t)
+ ε

≤ (1 + ε)
−1

ρX
+

1 + ε

ν
+ ε

:= Cε ∈ (0,∞), (C.13)

where in the second step we used (C.10) and in the last step used the fact that |A∗X(·)| ∈ RVρX .

Note that (C.13) implies

lim
t→∞

sup
z>1

h(z, t) = 0. (C.14)

Using (C.14), (3.4), (C.13), and (C.10), we see that, for large t, the integrand in (C.8) is bounded

above by

(1 + ε)max{
∣∣k+∣∣ , ∣∣k−∣∣}Cλε νz−(ν+1),

which is integrable over z ∈ (1,∞).
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Applying the Dominated Convergence Theorem to (C.8), we have

lim
t→∞

dϕ (PX,t,PY,t)
|AX(t)|λ

= lim
t→∞

|A∗X(t)|
λ

|AX(t)|λ

∫ ∞
1

ϕ (1 + h(z, t))− ah(z, t)

ζ (h(z, t))
ζ

(
h(z, t)∣∣A∗X(t)∣∣

)
tg(zt)

Ḡ(t)
dz

=
νλ

(ν − ρX)λ

∫ ∞
1

lim
t→∞

ϕ (1 + h(z, t))− ah(z, t)

ζ (h(z, t))
ζ

(
h(z, t)∣∣A∗X(t)∣∣

)
tg(zt)

Ḡ(t)
dz

=
νλ

(ν − ρX)λ

∫ ∞
1

ζ

(
lim
t→∞

h(z, t)∣∣A∗X(t)∣∣
)
νz−(ν+1) dz (C.15)

where in the last step we used the continuity of ζ(·). Moreover, it is easy to derive from (C.11)

and (C.10) that, for every fixed z > 1,

h(z, t)

A∗X(t)
→ I(z),

where

I(z) =
zρX − 1

ρX
− zρX

ν
=
ν − ρX
−νρX

(
ν

ν − ρX
− zρX

)
. (C.16)

It follows from (C.15) and (C.16) that

lim
t→∞

dϕ (PX,t,PY,t)
|AX(t)|λ

=
νλ

(ν − ρX)λ

∫ ∞
1

ζ

(
lim
t→∞

h(z, t)∣∣A∗X(t)∣∣
)
νz−(ν+1) dz

=
νλ+1

(ν − ρX)λ

∫ ∞
1

ζ
(
I(z)sgn

(
A∗X(∞−)

))
z−(ν+1) dz

=
ν

(−ρX)λ

∫ ∞
1

ζ

(
sgn

(
A∗X(∞−)

)( ν

ν − ρX
− zρX

))
z−(ν+1) dz

<∞,

where the second last step is due to (C.9). It is not difficult to verify that
∫∞
1 I(z)z−(ν+1) dz = 0,

and hence, by Jensen’s inequality we can show that the constant C(ν, ρX , λ) is non-negative

regardless of the sign of AX . This completes the proof.
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