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In this work we present a computation of the averages of conserved charge densities and cur-
rents of (1+1)-dimensional Integrable Quantum Field Theories in Generalised Gibbs Ensem-
bles. Our approach is based on the quasi-particle description provided by the Thermodynamic
Bethe Ansatz combined with the principles of Generalised Hydrodynamics, and we focus on
Non-Equilibrium Steady State averages. When considering the ultraviolet (i.e. high tempera-
ture) limit of such averages, we recover the famous result by Bernard and Doyon (2012) for the
energy current and density in Conformal Field Theories, and we extend it to conserved quanti-
ties with spin s > 1. We show that their averages are proportional to T;*' + T3, with T}, Tx
the temperatures of two asymptotic thermal reservoirs. The same power law is obtained when
considering some non-thermal generalised Gibbs states. In Conformal Field Theory, the power
law is a consequence of the transformation properties of conserved charge operators, while the
proportionality coefficient depends on the spin of the operator and on the central charge of the
theory. We present an exact analytic expression for this coefficient in the case of a massive free
fermion. At equilibrium, proportionality of spin-s density averages to 7°*! can be thought of as
a generalisation of Stefan-Boltzmann’s law, which states that the energy per unit surface area
radiated by a black body scales as T*.
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1 Introduction

The Physics of many-body systems out of thermodynamic equilibrium has drawn an increasing
amount of attention in recent years. The experimental finding that systems with an exten-
sive number of conserved quantities do not display traditional thermalisation properties [/1] has
brought the concept of a Generalised Gibbs Ensemble (GGE) to prominence [2]. A GGE is
a statistical ensemble that can describe the large-time average properties of (1+1)-dimensional
integrable systems. The description of the non-equilibrium dynamics at mesoscopic scale in the
presence of infinitely many conserved quantities (and, therefore, infinitely many currents), in
which the Gibbs states are replaced by GGEs, is captured by the theory of Generalised Hydrody-
namics (GHD) [3| |4]]. The assumption at the basis of GHD is that of local entropy maximisation.
This is the idea that entropy maximisation occurs within fluid cells which contain a macroscopic
number of degrees of freedom but are still small enough so that the variation of all observables



with respect to the coordinates (x, 7) is smooth when moving between neighbouring cells. This
is the scale at which the GHD description is effective (see also the reviews [3} 6]]).

The local entropy maximisation principle makes it possible to move the (x, 7)-dependence
from a local observables O to the Lagrange multipliers 8 = (8,3, . .. ) that describe the state:

(O(x, 1)) = 00, 0))p(x.) = Tr[O(0, 0)pgael, )

where the GGE state is
e” ZSIBS(XJ)QS

Tr [e— zsmx,t)Qs] '

PGGE = (2)
The quantities Q; are the conserved charges of the model, whose associated densities g,(x, ?)
satisfy the continuity equations

0:qs(x, 1) + 0y js(x,1) =0, Qs = / dxq,(x,1), 3)

with ji(x,7) the corresponding currents. The charges are labelled by the value of the spin s,
which is integer for all the local conserved quantities that can be constructed in an Integrable
Quantum Field Theory (IQFT). However, the full description of a GGE requires the inclusion
of quasi-local charges, which are typically associated with fractional spins [[7-10].

In the Euler approximation currents are ballistic and by integrating (3]) over a fluid cell, one
obtains Euler’s equations for the averages:

9K(qs(x, 1)) + 0:(js(x, 1)) = 0. 4)

One of the simplest yet most predictive situations in which the GHD equations can be solved is
the partitioning protocol, the same considered in the original papers [3, 4]. In this setting, the
system is in a homogeneous state almost everywhere: at time ¢ = 0, two thermal reservoirs at
temperatures T and T respectively on the right and left semi-infinite half-lines are joined at
x = 0 and the system is then let evolve. As integrability forbids thermalisation, one observes
ballistic currents and hydrodynamic correlation spreading within a light-cone centered at (x, 1) =
(0,0). The energy current and density in the Non-Equilibrium Steady State (NESS) which is
formed at x = O for large times were computed in [[11-13]] for Conformal Field Theory (CFT).
As the mean energy density in a CFT at finite temperature 7 is h = ”"67 *, where ¢ is the central
charge of the theoryﬂ, the energy current and charge average in the NESS are

G =5 (T2=T3), (a0 =5 (TE+T3). 5)

These formulae were obtained using results from finite size CFT at thermal equilibrium and
have been thereafter verified both numerically and analytically for many situations [14-22].

'If the CFT is not unitary, the central charge is replaced by the effective central charge c. = ¢ — 24A, where A
is the smallest conformal dimension of a primary field of the theory (which could take a negative value).
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The aim of this paper is to study the expectation values of the densities and related currents of
higher-spin charges in IQFTs in the NESS formed after a partitioning protocol. We will use
for this the Thermodynamic Bethe Ansatz (TBA) approach and its generalisation to GGEs [23,
24]]. We show that in the conformal limit the averages of local conserved charges and currents
of generic spin satisfy:

(g5 = (oo o (T3 + T3,

6
G = gy o (T3 = T3, ©

where s is the spin and the signs “+ ” and “-” refer to the parity (even/odd) of the correspond-
ing charge eigenvalues w.r.t. the rapidity variable. The proportionality factors are in general
theory-dependent and non-trivial. From our derivation we recover the correct coefficient 5 in
(3), which corresponds to the case s = 1 in the notation above. For higher spins, the gener-
alisations of this coefficient can be regarded as higher-spin versions of the scaling function of
the finite-temperature QFT [25-27], a dimensionless function obtained from the free energy
density. Moreover, The TBA formalism for interacting theories allows us to extend this result
to the case in which the spectrum of the theory contains several distinct stable particles.

The main advantage of the TBA, however, is that it provides a way to study the partitioning
protocol with different asymptotic boundary conditions, namely when the reservoirs are char-
acterised by GGEs rather than by thermal (Gibbs) states. In particular, we obtain exact results
(in the conformal limit) when the state of the left and right reservoir are of the form

_Tfl s s
PL/R ~ € Trw’@s (7

for some conserved charge of spin s. With this choice of the potential coupled to Q;, the
dependence on the temperatures 7Tz is again given by (6) and the coefficients provide yet
another generalisation of the QFT scaling function.

Although the proportionality coeflicients in (6]), as well as those arising with the choice (7)),
are in general difficult to obtain analytically, there is one specific situation in which they are
exactly proportional to the standard scaling function — that is, they flow to the effective central
charge in the conformal limit. This happens when the time evolution of the system is ruled by
a conserved charge of spin s and we compute the expectation value of the density/current of
the same charge. In doing so, the usual definition of the averages is revised to accommodate
the notion of generalised time, associated to a “generalised Hamiltonian” Q. This is consistent
with the CFT result (3, which correspond to the case of spin s = 1 and where the generator of
time evolution is the Hamiltonian.

This paper is organised as follows. In Section [2| we review the TBA and GHD results
that we will use throughout the rest of the work. We focus on systems at equilibrium and on
the partitioning protocol. In Section [3| we present our main results, that is, the expressions of
NESS averages of conserved charge densities and currents in the conformal limit, considering
different asymptotic conditions. The free fermion case is discussed in Section 4}, where we
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provide exact expressions for all averages for arbitrary mass and temperature. In Section 5| we
test our conformal point predictions numerically for the sinh-Gordon and the Lee-Yang IQFTs.
We conclude in Section[6] In Appendix [A]we prove some bounds which are useful to obtain our
main results for the partitioning protocol. Appendix [B|contains a derivation of a class of spin-
dependent scaling functions and Appendix [C|contains the generalisation of our results to IQFTs
with a simple many-particle spectrum. We leave some details of the free-fermion calculations
to Appendix [D]

2 IQFT in a GGE and the Partitioning Protocol

In this Section we present the TBA equations that constitute the starting point for our deriva-
tion of the current averages. The TBA equations for relativistic IQFTs in thermal states were
famously first derived in [25]], while the generalisation to homogeneous GGEs, that is states of
the form (2)) with constant potentials 3, was introduced in [23| 24]. The equations we present
here are those describing both a thermal state and states of the form (7)), in which there is a
single non-vanishing potential which is a power of the inverse temperature. We call the latter
a spin-s state. Next, we show how the TBA quantities are used to describe expectation values
of charge densities and current densities in GHD [3|]. We also present a useful original rela-
tion between the eigenvalues of a higher-spin conserved charge and the derivative of the TBA
pseudoenergy in a spin-s state. In the final part of this Section we present the solution of the
partitioning protocol.

2.1 TBA in Homogeneous GGEs

The scattering theory of IQFTs in 1+1 space-time dimensions is described by picking a basis
of asymptotic states labelled by the rapidities of the particles #; and their quantum numbers a;,
either in the remote past or in the remote future:

|01a ﬂZ’ ) ﬁn>in/0ut s

a1,a2,...,0,

U <---<v,, outstate
. (8)

% >--->19, instate

These asymptotic states are eigenstates of the charges defined in (3)). If the theory is parity-
invariant, it is possible to combine these charges in such a way that their eigenvalues have
well-defined parity under a rapidity inversion. The action of the even and odd spin-s charges,
denoted respectively by O, and Q_g, s > 0, is given by

Qs 13 iyt = D s @D e 9)

,,,,,
i=1

with:
ha, s(9) = sz,-m}i,- cosh(s?), h, (3 = )(Zimj[_ sinh(s) . (10)
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The quantities m,, are the masses of the particles in the theory and the numbers y,, are deter-
mined using a bootstrap approach [28]]. In the case of a single particle type a, y, = 1. This
is the situation we consider in this paper, leaving the discussion of many-particle theories to
Appendix The s = 1 charges are the Hamiltonian and the momentum, Q, = H, Q_; = P. For
a particle with mass m their eigenvalues are

e(?) = hi(¥) = mcosh(®}), p(?}) = h_1(¥) = msinh(P). (11)

The TBA equations determine the thermodynamics of an IQFT at equilibrium at a finite tem-
perature 7. Let us assume that the spectrum of the IQFT consists of a single fermionic particle
of mass m and that the self-interaction is ruled by a scattering matrix S (). In this case there is
a single TBA equation, a nonlinear integral equation for the pseudoenergy £(1}):

&(®) = Bm cosh(®) — ¢ = L(9), (12)

where 8 = T~! is the inverse temperature,

.0
() = —iz5log S (D), (13)

is the scattering kernel of the theory, the function L(:}) is given by
L) = log (1 + =), (14)

and = indicates convolution which is defined with a prefactor (2r)~!. The TBA equation follows
from the functional minimisation of the free energy subject to a constraint relating the density of

available states p,(17) and the density of occupied states p,(:?) at rapidity © € R. The occupation
pp()

function I’l(’l?) = _5(19) is related to the pseudoenergy by
I’l( ) 1 ea(ﬂ) . ( )

Once the TBA equation is solved, one can compute the finite-temperature ground state energy
of the system as:

1 dd
EPB) = -5 / S e(L(D), (16)
2n | 2rm
and the dimensionless scaling function is given by
6BE 3
c(r)=— BEB) = % /dﬁcosh(ﬂ)L(ﬁ). (17)
Vs Vs

The scaling function depends solely on the dimensionless variable » = mf, the value of which
determines the “position”of the theory along the renormalisation group flow. Indeed, as origi-
nally shown in [25], from the point of view of statistical mechanics a (1+1)-dimensional QFT
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at finite temperature 8! in infinite volume can be seen equivalently as a zero temperature QFT
at finite volume R, with the identification R = 8. Therefore, by defining the correlation length
& = m™!, the equivalence of the two quantisation channels yields

r=mp = g, (18)

from which it is clear that the infrared (IR) corresponds to taking r — oo and the ultraviolet
(UV) limit corresponds to r — 0 (by either keeping m fixed and sending S — 0 or by keeping
the temperature fixed and sending m — 0). In the UV limit, the theory flows toward a CFT and
the scaling function approaches the effective central charge:

ling c(r) = Cefp- (19)

In a GGE of the form p ~ e~ 259 the TBA equation is modified by replacing the driving term
Be(®) in (12)) with a linear combination of the one-particle eigenvalues:

w(®) = > Bihy(®), (20)

so that
() = D B = ¢ L), Ly = log (1 + e, 21

The occupation function n,,(¢}) is defined as in but with &(¢}) replaced by &, (¢}). From
the definition of the one-particle eigenvalues (I0), it follows that the mass dimensions of the
generalised thermodynamic potentials are [5;] = —s. In light of this, in the following we take
all the non-vanishing 3, to be 8, = 5° = T~°. In a spin-s state, only the charge Q; is coupled to
a non-vanishing potential. The corresponding TBA equation is:

£4(9) = B°m* cosh(s?) — ¢ = L,(). (22)

With this notation, the thermal pseudoenergy is £(i}) = &(1#) and analogously L(#}) = L;(?}),
n(®) = ny ().

We now consider the UV limit of the TBA equation. As r — 0, typically the functions n(:%)
and L(1?) display a plateau between —x and +x, with

2
x =log -, (23)
r
and have double-exponential decay when || > x. The same behaviour is found for the func-

tions ny(¢) and Ly(:?), with steeper kinks at +x for larger values of s, as depicted in Figure
Referring to the GGE TBA equation (21)), we define the right- and left-shifted pseudoenergies:

() = g,(9 £ x), (24)
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Figure 1: Occupation functions n,(:}) for different values of spin s and r = 2¢7° in the Lee-Yang
model. The dashed lines are at ¢ = + log % The Lee-Yang kernel is presented in Section

and LE(9), n*(19) are defined analogously. Because as r — 0, 7* cosh(s(} £ x)) = 2571e*? in
the conformal limit the shifted TBA equations for a spin-s state become (up to exponentially
decreasing corrections)

5(9) = 271 — @« LE(9). (25)

In particular, in a thermal state (s = 1) we obtain the familiar equations for the kink pseudoen-
ergy [25]:
e5(9) = e — @ x LX(9). (26)

By using the fact that
L, () = —&,(n,.(9), (27)

where the prime denotes differentiation w.r.t. 9, from (23) we get:
(&) (@) = £52°71e™" + o x (n7(e7))D). (28)

We conclude with an important remark: changing variables to & = @ + x (or equivalently
¢ = ¥ — x), the kink equations (26) coincide with the TBA equations for the left- and right-
mover of a CFT in the BLZ formulation [29]:

e =21~ x L), e = e0u(-), (29)

which describe the properties at temperature 8~ (or at volume ) of a theory of two massless
particles with energies ey () = %eﬂ, erpu() = %e‘ﬂ (see also [30] for the TBA description of
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massless flows). Notice that in a CFT the quantity m refers to a set energy scale of the theory
rather than a mass. The difference between equations (26)) and (29) is that the former is only
valid asymptotically for m — 0, while the latter holds for every finite value of mB. This means
that the expressions that we obtain from an IQFT at the leading order in r when r — 0 coincide
with the exact CFT expressions valid at any value of r.

2.2 Currents and Densities in GHD

The TBA provides a natural quasi-particle picture in which the averages of the conserved quan-
tities are expressed as integrals of the corresponding eigenvalues over the density of occupied
states (sometimes also called spectral density) p,(1}):

q, = (q5) = Trlgspcee] = / ddh,(9)p, (D). (30)

If the theory is interacting, the charge eigenvalues are “dressed” due the presence of scattering.
The dressing of a function A(:) is a map h(}) — h¥(}), where h¥(}) satisfies the integral
equation:

hE (@) = h(9) + ¢ * (nh*)(®), €19

with n(?}) the TBA occupation function. In the following Section we will make extensive use of
two properties of the dressing operation. It is linear:

[af (@) + gD = af"(©®) + g (), (32)

and it is symmetric:
/ dd f(@Hn(g" () = / dd f*(Hn()g(®). (33)

Using the definition of the dressed charge eigenvalues and the Bethe constraint between p,(:})
and n(?) one can rewrite the average g, in a more convenient fashion [3]:

q, = / 92 o) = / 2 eom@n ) %)
20t 2r

and analogously it can be shown for the corresponding current j, = (j) that

i = / L nOHED) = / & @), 35)
T 2

It is possible to write the currents in a way akin to (30) by introducing the effective velocity of
the particles in the theory:

@)@ _ p")
(P e @)

vil(9) = (36)



so that (33) becomes:
is = / A, (W (P)p, (D). (37)

Let us consider the asymptotics of the dressing equation (31)) in the UV limit. By shifting
? = 9+ x, we get:

d
h5(9) = h(9 + x) + / %so(ﬂ + x — Y (y)
d
= h(9 = x) + / %w(ﬁ —Y)nly £ h(y + x)
= (@) + ¢ * (nEh) (). (38)

Since for large x

N

hf(ﬂ) ~ %eis(ﬂ+x) :ﬁ—szs—leisﬂ’ hfs(ﬂ) ~ im?eis(19+x) — iﬂ—szs—leisﬂ’ (39)

by comparing equations (28)) and (38)) we obtain the TBA-dressing relations

+\/ 29
R (9) = B2 e ~ i—(gs) ( ), (40)
: B
asymptotically valid for the even spin-s charge, and
+\/ ,0
h(9) ~ w2 [ o~ S0 L( ! (41)
Ky N

for the odd spin-s charge. These relations are essential for the derivation of our main results in
the next Section.

2.3 Partitioning Protocol

Let us now turn to inhomogeneous GGEs. The space-time dependence of the parameters
Bs(x, 1) implies that in the quasi-particle picture also the particle density, the state density and
the occupation function depend on (x, 1), that is p,(9) = p,(F; x,1), ps(?) = py(P; x,1) and
n(#) — n(?; x, t). All the fundamental GHD equations can be described in terms of the state co-
ordinates n(1J; x, t), and consequently acquire an (x, )-dependence. In particular, the averages of
charge and current densities are now inhomogeneous, and Euler’s equation (#)) can be rewritten
as

An(d; x, 1) + V(9 x, 0n(; x, 1) = 0. 42)

The function n(¥; x, f) thus acquires the meaning of (distribution of) hydrodynamic normal
modes, the modes being transported with velocity v¢(; x, 1) = p¥(3; x, 1) /e (; x, 1).



Within this picture, the partitioning protocol described in the introduction amounts to solv-
ing equation (42)) equipped with the initial condition:

n(@; x,t = 0%) = n ($O(—x) + ng()O(x), (43)

where n; (1) and ng(®}) characterise the reservoirs in the left and right half-lines. This is the
Riemann problem of hydrodynamics. Because both the initial conditions and the Euler equation
are invariant under the scaling (x, ) — (Ax, At), one can reformulate the problem in terms of a
dimensionless ray & = x/t:

(v €) - £) den(®; 6) = 0, “
limn(3; ) = na(),  Jim n(0; ) = nu(9), @
It can be shown that, because of linear degeneracy of the modes in GHD [3-5]], each mode
n(%, €) has a jump discontinuity exactly at the ray & corresponding to its velocity. In most
case’] v is a monotonic function of #. In this situation, the solution to (#4) is:

{ n(9; &) = n (9HOW — 9.(8)) + ng(NOW.(&) — 9), )

VI.(6).8) = &

Observables such as the expectation values of currents and charge densities continuously vary
within the light-cone defined by |£| < 1. The NESS is the state at & = 0.

3 Main Results: NESS Averages of Higher-Spin conserved
charges

In this Section, we derive the main results of this paper: the UV limit of (averages of) conserved
current densities j; and charge densities q, in the NESS arising after a partitioning protocol.
We consider the simple case of a single-particle QFT and two types of asymptotic boundary
conditions for the Riemann problem, corresponding to thermal states (with TBA equation (12]))
and spin-s states (with TBA equation (22))). In both cases, the results display a power law
dependence on the temperatures of the asymptotic states, and we interpret the coefficients as
spin-dependent generalisations of the CFT effective central charge. Finally, we consider the
interesting case in which a higher-spin charge is taken as generator of the time evolution. An
extension of our results to relativistic IQFTs with multi-particle spectra is given in Appendix

2As shown in [31] an interesting example of a non-monotonic effective velocity is Zamolodchikov’s staircase
model [32]], for which the solution li needs to be generalised to allow for multiple discontinuities.
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3.1 Thermal Reservoirs

We start by looking at the simple case of a homogeneous thermal reservoir, described by the
TBA equation (I2). The average of the charge density ¢, is given by (34). The UV limit is
obtained by shifting the rapidity variable and making use of ({#0):

q, = / (zi—ie(ﬂ)n(ﬁ)hfr(ﬂ) 1 / mdﬁe(ﬁ)n(ﬁ)hi‘r(ﬂ)
0

Vs

- % / wdﬁe*(ﬂ)n+(ﬁ)h§r’+(ﬁ)

X
27T 97d
~ g [x dde’n* (9)[e”]". (46)
Here and in the following, the notation =~ means that as » — 0 the relative error goes to zero at
least as fast as O(r*) for some positive @. For s = 1, i.e. when we consider the average energy
density, from [¢”]% = (1) and (27) the well-known CFT result is immediate, after integration
by parts:

TTCeft
q = B 47)
where we used the limit expression of the effective central charge:
. 3r
Cef = lim ) / d¥ cosh(3) L)
r—0 JT
6 [T 6T
= lim = dde"L7(#) = lim = dde L (D). (48)
x—00 JT x X—00 T —00

For s # 1, on the other hand, we can take advantage of the fact that in the limit x — oo the
integral extends over all R and “move” the dressing operation using equation (33)):

2s—1 +00 9 s 25—1 +00 s
~ r + st _ +\/ s
9= /_ a1 e =~ /_ di (LY (D)e
23—1 +o00
el / 4o L* (e’
ﬂ-BAH iy
5257
= WC(S)’ (49)
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where again the second line is obtained integrating by partﬂ The function C(s) provides a
generalisation of the effective central charge in the sense that:

6 )
C(s) = lim — / &9 cosh(s9)L(9)
r—0 2572
. 6 e sO 1+ . 6 ) —sty—
—lim = [ d#e"L' @) = lim = [ dde "L (), (50)
xX—o00 JT _x x—o0 JT oo

normalised in such a way that C(1) = ceq. In Sectiondwe show how an explicit formula for C(s)
in terms of polylogarithms may be obtained for the free fermion, while a numerical evaluation
of this function for different theories is presented in Section [5

The result (7)), first derived in [33] [34]], was identified in [35] as the (1+1)-dimensional
analogue of Stefan-Boltzmann’s law. In the same spirit, we can interpret the equilibrium result
(#@9)) as a generalisation of that law in which the pressure of radiation is not related to the energy
density but to the density of a higher-spin charge Q;. Notice that, for symmetry reasons, at
equilibrium the current averages are j, = 0 and j_; = q,.

Out of equilibrium, in the NESS ¢ = 0, the occupation function n(:}) is (assuming the
monotonicity of v¢T(:3,, 0)):

n(9) = n (O — 9.) + ng(HOW. - 9), +v'(®,,0) =0. (51)

The occupation functions n;z() are defined by (15)) with () — &/z(}), and & /r(F) are in
turn given by (T2) with 8 — B;,z. The only solution to v*f(i%,,0) = 0 is in first approximation
given by ¥, = 0. This is exact at equilibrium, as the numerator p*'(«#) = f~'&’(1#) of the effective
velocity vanishes at the central point of the symmetric plateau. Out of equilibrium, the position
of the discontinuity depends on the two temperatures, but the numerical results show that it
changes extremely slowly as the latter vary, and in Appendix [A]we prove that ¥, is always well

within the plateau:

2
—xp<h <x, xp=In—, xr=In—. (52)
TR ry

Equation (5T)) implies that the expression for the average of the charge density g, in the NESS,
for which we use the same symbol q,, splits into two integrals which correspond to the contri-
butions of quasi-particles coming from the two thermal baths:

9. ”
qs / di e(ng(HhS' () + / g OO )
— 19*

o 2T

Pt2R 9 )
/ 2 ) + / S O @)

N P—x

23_1 R 2sL—l 00
" 2y / A0 el 5 / dd ' nf(@)le" 1" (53)
R - L —XL

3The boundary term, evaluated for large but finite x, gives a subleading correction which is always of order

OB™"). Indeed, ﬁfﬂ [L(ﬁ + x)e‘“?]i =- %e’” =- % (”17[’))J The term at ¢ — oo vanishes because of the double
exponential decay of L at large rapidities.
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As in the equilibrium case, one can now move the dressing from [e*7]% to ¢*” in both the inte-
grals and then repeat the same steps of (#9). There is, however, a subtlety: the functions [e*?]®
and [e*?]% are dressed with the global occupation function (51), but are integrated against
n; (9) and ng () respectively. Therefore, rigorously speaking, the symmetry property (33)) does
not apply. Nonetheless, in the high temperature regime (obtained by taking both xg, x; > 1)
the plateau values of n, (%) and that of ng(9) coincide, which justifies the use of (33)) in the UV
limit. Therefore, after moving the dressing operation we have:

5= 1 XR s—1
q, = > H_] / d’ﬂ[ —19 dr —(ﬂ)e—sﬂ > ﬁH,] /x do [eﬂ]drn (ﬁ)esﬂ
2s 1 /XR s s—1 00 9
= dd (ex) (Dnz (e " + / dd (g7) (D)n; (9)e’
2 ﬁs+l R R 27Tﬁ2+1 y L L
§25~ 1 XR ~ ~ 19 s—1 00 5
2 ﬂ”l / dd Ly()e™* 2 ﬁ”l /x dd L] (9)e’
s2‘ ' 1
= C( ) ( s+1 s+1 ) ' (54)
L R
For the average current density:
o 00
) * dd . dd .
I = / ﬂp(ﬂ)i’ure(ﬁ)hi1 @) + / p pnL (S (9), (55)
—00 D

the calculation proceeds exactly in the same way, the only difference coming from an extra
minus sign in front of the first integral when taking the large temperature limit after the rapidity
shift. Therefore, in the conformal limit:

PR ¢ 1
sl C(S)[ s+l .v+1)' (56)

L R

Js =

For s = 1, the expressions reduce to (3) as expected. A computation of the NESS average
energy current density j, at finite temperatures was already present in [36, 37], where the notion
of dynamical central charge was defined.

The computations for the odd spin-s charges are carried out using the asymptotic relation
(1) and present no differences with respect to the previous case, yielding:

Aoy = Js =4y (57)
For a generic value of the spin, the equation above is exact only in the conformal limit. For
s = 1, however, the relation q_, = j,, which is nothing but the statement that the (average) mo-

mentum density equates the (average) energy current density, is valid at every value of the mass
and temperature. We conclude with a remark: the large (positive/negative) rapidity asymptotics
of (i), that is the functions = e*s? are the charge eigenvalues of the CFT right- (+) and left-
(—) movers. Hence, in the conformal limit the only contribution to the thermal average in the
NESS coming from the left (right) reservoir is that of the right- (left-) movers, in agreement
with the findings of [[11-13].
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3.2 Non-Thermal Reservoirs and Generalised Times

We now discuss the case in which the asymptotic states of the system at x — +oco are GGE:s.
Although one should in principle consider states described by infinitely many thermodynamic
potentials, the situation in which it is possible to extract analytic results from the TBA formalism
is that in which there is a single non-vanishing potential S, = £°, that is, the reservoirs are in
spin-s states.

Let us start again by considering the equilibrium situation, with ny(#) = (1 + e>®)7!, g,

solution of (22). The average q'” of the conserved density ¢, in the UV limit i

-/ " et O I )

X

q = / ge(ﬁ)ns(ﬁ)h‘jf(m

! / mdﬁ e’ nt ()& (F)

= S7T,83+1 .
— 7T ~
= 5o CO) (58)
with
~ . 3r
C(s) = lim ) / d? cosh(F) Ly (1)
r—0 JT
. 6 oo 97+ . 6 * -7 -
= lim — dde"Li () = lim — dde "L (). (59)
X—00 JT —x X—00 JT —oo

The average currents and densities in the NESS are obtained in a straightforward way, by fol-
lowing the procedure outlined in the previous Section, giving:

(S) _ T — 1 1 '(S) _ T — 1 1
s EC(S)[ s+1 + s+1)’ Js' = EC(S)[ s+1 s+l |? (60)

L R

and the odd spin-s averages are similarly given by q**) = j', ) = q\*.

Comparing (49) and (58) we see that the average of a spin-s charge density, in the high
temperature regime, is proportional to 1/8°*! = T5*! both when the system is in a thermal state
or in a spin-s state. In the next Section we show that the same scaling law is obtained for the
free fermion also in the case of a spin-s state and a spin-k conserved charge, with s # k (see
Subsection 4.2). In that case, the scaling still goes with powers of 3,8z where the power is
k + 1, that is, the power law is dictated by the spin of the conserved quantity rather than the
spin of the state, although both are involved non-trivially in the proportionality coefficient. This
dependence on the temperature follows from simple dimensional arguments and is ultimately
due to the specific choice of the thermodynamic potentials 8; = B°. The coefficients, however,

“*In interacting IQFTs, exact asymptotic formulae can be obtained only for the special case when the spin of the
average charge density is the same as that of the state. In Section 4| we provide exact results for the free fermion
also when the two spins are different.
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are generally not the same in the two states. Although it is not immediately evident in the case of
interacting theories, the functions C(s) and C(s) depend on the spin s in rather different ways. In
particular, in a free fermion theory C(s) grows faster than an exponential while C(s) decreases.
Moreover, even though the integrals are normalised in such a way that C(1) = C(1) = cof, for
generic s # 1 they cannot be related to the effective central charge via the standard dilogarithm
identities [25] 27]].

Surprisingly, a physical setup in which c.¢ appears again as a proportionality coefficient
in the UV expression of the steady state currents is that in which the time evolution itself is
governed by a higher-spin charge. Indeed, because there are several conserved charges in invo-
lution, one can take a charge Qy as the generator of the time evolution and define a generalised
time variable 7, through:

9,0 = i[Ok, O], (61)

for any local observable O. If k = 1 the charge is the Hamiltonian and #; = ¢ is the usual time.
But, as discussed in [38]], it is also possible to define generalised current densities j,; through
the operator equation:

atkqs + 0xjs,k =0. (62)

In the hydrodynamic approximation, (62) applies as usual also to the averages g, and j.
While the expectation value of the charge density is not affected by the choice of a different
time parameter, the GHD expression of j,, (which is fixed by the continuity equation up to a
constant) is [38-42]:

dd
Jsk = / A VI (o p()h(9) = / %(h;'c)dr(ﬂ)n(ﬂ)hs(ﬂ), (63)

where the generalised effective velocity is defined by:

()" ()
(P’
so that when A(1%) = e(1), then v*T[e](1}) = +v*T(9). In terms of the occupation function n(:#), the
GHD equation for the flow generated by Q, becomes:

vih](@) = (64)

3, n(®) + VI (90 (). (65)

Because the equation is scale-invariant, it can be recast in terms of a new dimensionless ray
& = i and the Riemann problem has the same form (44]), with the NESS now being the state at
& = 0. The effective central charge emerges in the computation of the NESS average j, ,, that
is, when the charge ruling the time evolution is the same appearing in the continuity equation
through its density. Moreover, suppose that the system is in a spin-s state, so that Q; is also the
only charge in the GGE with a non vanishing generalised potential 8°. Then the NESS average,
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denoted by J(S)

i = / @h;wms(ﬂ)hf%ﬂ)

De4xR do © 49
/ _(h ) (Pn 3R(ﬁ)hdr_(’ﬂ) + / —(h+) (Pn SL(ﬂ)hdr ()
B F—xL

. 2r
s XR =Y (9 s S +Y (9
_ 8 S/ dﬁe‘Sﬂn;R(ﬂ)[—(gs)s( ))+ s S/ 45 e +L(ﬁ)((8s)§ ))
AnBy J - : sBy 4By J- sBy
25 XR s o
= _ dde?(L-.) () — / dde*?(LY,) (9
g | LD O = [ a0 L) @)
2 XR 25 o0
N Y / d9e LY, (0)
AnBy’ J - 4nBy J s,
e | 1 1
= S—— 66
) 0

The fifth line is obtained integrating by parts and in the last line we used the fact that the
generalised spin-s scaling function

S

e(r) = ﬂ / dIL,(F) cosh(sD), (67)

reproduces the effective central charge in the UV limit:

s—1 s—1

21 Sl
lim c,(r) = lim s / doL; (@)e™" = lim 6sﬂ2 / AL D)e™ = cop. (68)

X—00 7'[2 X—00

(o)

A proof of this statement is given in Appendix [B]l Equation (66) displays a dependence on 3;,
Br different from that of (56)) and (60). Intuitively, the physical reason for this is that the time
parameter £, being associated to a higher-spin charge, scales differently than the Hamiltonian
time #; as the fundamental length of the system is varied.

4 Exact Results for the Massive Free Fermion

In a free fermion theory, the lack of interactions allows one to obtain exact expressions for
the expectation values of any local charge in a partitioning protocol. These results are valid
without any approximation at all values of the temperature or, in other words, when the theory is
genuinely far from the conformal point. By taking the UV limit » — 0 we can then compare the
free fermion expectation values with the more general results derived in the previous Section.
The availability of exact expressions for the massive free fermion is a consequence of the fact
that the dressing of the charge eigenvalues is trivial in this case, /% (1) = h(3), and the effective
velocity:

V() = tanh 9, (69)
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has a zero at 9, = 0. Hence, the NESS occupation function is:
n(?) = np (PO + ng(H)O(-13). (70)

In this Section, we derive the expressions for the free fermion energy, momentum and higher-
spin charge and current averages in the partitioning protocol. As done in the previous Section,
we first consider asymptotic thermal reservoirs and then asymptotic spin-s states. We compute
the coeflicients C(s), Cl (s) and relate these to the effective central charge.

4.1 Inhomogeneous Thermal State

The TBA equations for the two reservoirs are simply

8R/L(79) = m,BR/Lcoshﬂ = rR/Lcoshﬂ, (71)
and becomes:
1 1
I’l(ﬂ) = 1 + e'L cosh ¢ G(ﬁ) T 1 + e'r cosh ¢ ®(_ﬂ) (72)

It follows that the energy and momentum averages are given by

dd m>( [ cosh® ¢ ® cosh? ¢
= [ 5@E@) = | [ db——m + [ d— s ], 73
q; / 27Tn( )e ( ) o0 (/0\ 1 + erzcoshd /0 1+ erRCOShﬁ) ( )

. do m? ( [ cosh®)sinhd ®  coshsinh ¢
9., =) = /Zn(ﬁ)e(ﬂ)l?(ﬂ) = (/ d)— —/ dﬂ—), (74)
0 0

7 1 + erLcosh? 1 + errcoshd
jo = / g—fn(ﬂ)p%ﬂ) = ';i; [ /0 ) dﬁ% + /0 i dﬂ%} (75)
It is useful at this point to introduce the integrals (o, € R, z € R,):
A (760
Iy = /O g2 l(iﬂe)ziilg(ﬂﬁ), 175 = 155, (76b)
Lop(@) = /0 ) dﬂsmhl(iﬁ;i?fﬁ(w)~ (76¢)
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We compute the closed-form analytic expressions of these integrals (where they exist) and their
asymptotic expansions as z — 0 in Appendix [D] Using those results, we obtain:

2
q g[—[fj(ﬁ) + -ZTI(FR)]

5
= DD Kary) + Kotry) + Ka(r) + Ko (77)
n=1

2

. m _ __
o = Z_N[II’I(FL) + Iu(”R))

.
= DD Kanry) — Kolory) + Ka(r) = Kol (78)

2

. m _ _
q-1 =11 = E[Iil(’l) - JTJ(”R)]
3 m_2 [ln(l +e) Lir(—e™®) B In(1 + e7'®) N Liy(—e™'®)
 4n

, 79
rr I’I% rr }"12e ( )

where we used the integral representation of the modified Bessel function of the second kind

K, (z2) = / d cosh (vi#)e 2coh? (80)
0
and )
. 7"
RO 2 @1)
n=1 n

is the dilogarithm function. We stress that expressions (77)), (78), are exact and valid at any
rr, rr > 0. By making use of the asymptotics of the Bessel and dilogarithm functions, in the
conformal limit we obtain:

|
SIS
D48

1
&my+mmJ

qp =jg =
_<> (L. 1
i () 4[@ ﬁ,%]’ 52
. m*( n? o 1 1
w5l ) AlE ) )
where
*® 1)n+l -
EZ = (1 -2""%¢(s), (84)
n=1

is the Dirichlet n function and we used n(2) = % Since the free fermion central charge is ¢ = 1,

2
the CFT results (9) are recovered.
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We now turn to the higher-spin charges in the theory. The local conserved charges of the
free fermion can take all integer values of the spin s. The charge eigenvalues with defined parity
are

hy(9) = m’ cosh(s®), h_y(1) = m’sinh(s?), se€N, (85)

in agreement with (I0). In terms of the integrals introduced in (76), the average charge and
current densities read:

dl? s+1
q, = / Son@)e@h(®) = S—LT500) + L1500 (86)
T T
dﬁ' s+1
@ = [ San @@ @) = "I 00 - 11w, (87)
7y 2
do s+1
i, = / S pDhy() = [Z730rn) = I 5(re)], (88)
7y 2
s+1

. dd _m
I = / ﬂn(ﬁ)l?(ﬁ)h—s(ﬂ) = >

Only the integrals of the type 777 and 7, admit closed-form expressions as series of modified
Bessel functions. These yield:

[£7(ro) + 1y (re)]. (89)

s+1 > s s

4= Z(—l)'m [Km(WL) - —K(nry) + Ky (nrg) — —KS(WR)] , (90)
JT o nry, nrg

) ms+1 o . s s

Js= > Z(—l) ! [_Ks(an) + _Ks(nrR)} , o1
m L nry nrg

with asymptotics:

m* = 1 1 2°sin(s+ 1) 1 1
~7 o~ 25! + = + , 92
qs J-s Ar S Z ((an)s+1 (VU’R)SH) 4 s+1 s+1 ( )

n=1 L R

in the conformal limit r;, rg — 0. We mention that the result (9I) was already derived in
Appendix B of [31], with a slightly different notation. Although the averages q_,, j, do not
have finite-temperature closed-form expressions in terms of Bessel functions, in Appendix [D|
we show that in the conformal limit the expected asymptotics are recovered:

, 2ss!n(s+1)( 1 1 )
q—S z.]x = 4 *
T

s+1 s+1
L R

(93)

4.2 Inhomogeneous GGE

By choosing the generalised thermodynamic potentials as S, = 8, the free fermion TBA equa-
tions for the two asymptotic reservoirs are

Eri (@) = ) Bryihi®) = )y cosh(sd), (94)

N
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and thus the GGE occupation function in the NESS is:

n() = 1 0W) + ] O(-19). (95)

+ 62“ 7} cosh (s) + ez“ 7y cosh (s9)

However, even for the free fermion the computation of expectation values using the full GGE
occupation function is quite hard and does not lead to closed-form expressions. We therefore
consider again the case of asymptotic reservoirs in spin-s states, thus:

esriL(#) = ry;p cosh(sd), se€N, (96)

and

1
ny(9) = 1 + oL cosh(s) OW) + | + o'xcosh(s9) O(-1). O7)

In this GGE we can compute the density and current averages of the charges with one-particle
eigenvalue h.,(1), even when the spin k # s. Indeed, the spin-k average charge density in a
spin-s state is expressed in terms of the integrals by means of a simple change of variable

A %;
dv k+1 d9 9 9 .
q,(f) B / 5 ns(De(@h(D) = = / — ny|—|cosh|—]cosh|{ -9
2n 21s o0t s g 5
mk+1
= s [I?ﬁ () + IZ% (”;)] : (98)
Analogously,
(s) mk+1 - . ; L S .
i mk+1 [ —+ Ky —+ s ]
Jk = s »I%’é(r[‘) - I%’é(rR)_ , (100)
(s) mk+1 o ) B Y i
.]—k = 27rs »I%vé(rL) +I%’§(rR)_ 5 (101)

and in the conformal limit, the small-argument expansion (142)) of the Bessel functions yields

25 (1+k\ (1+k\[ 1 1
) o () o
q, =j, = SMF( g )77( . )[ Fk + ,lfk]’ (102)
, o2 (1+k\ (1+k\([ 1 1
) o () o
Q=) = 87rsr( S )77( S )[ T+ - 11e+k]' (103)

Interestingly, the spin s of the GGE charge appears only in the coefficient: at the leading order,
the temperature power law depends only on the spin k of the charge which is averaged over the
ensemble.

20



In order to compare the free fermion results with the general expressions obtained in Section
we compute the coeflicients C(s) and C(s). The free fermion function L(:}) can be expanded
in powers of exp(—r cosh ), hence:

/ di cosh(s)L(D) = / d® cosh (s) ln(l " efrcoshﬁ)

[e9)

1)n+1 00 i (_1)n+l
Z / cosh (s)ereosh? = 22 K,nr),  (104)
- n=1 n

n=1

and the coefficient C(s) is:

s X 1\l
C(s) = lim or Z D K (nr) = %F(s)n(s +1). (105)
n b

r_)02S12 —

In a completely analogous way:

/ d cosh(F)Ls() = / d cosh®In (1 +e” °°Sh<sﬁ>)

X 1+l
_2 Z( D™ ki, (106)
S ) n s

and

r—0 S7Z'

n+1
C’(s)—hm— v 1) )—2sil"(l+1) (1-1—%). (107)

By inserting the expression for C(s) in equations (54))-(56), one recovers the free fermion results
(©2)- (©3)), and similarly the results (T02)-(T03) in the special case k = s are recovered by
inserting the free fermion expression for C(s) in (60). As mentioned in the previous Section,
C(s) is monotonically increasing to infinity as s increases, while C(s) decreases to the constant
value 3132,

As a final remark, we show that in the case of a free fermion, it is possible to at least formally
express C(s) as a sum of polylogarithms. Indeed, since in a free theory e’ = () = (%) (),

one can exactly evaluate the shifted integral in (50) by performing a change of variable:

6 [+ 6 [+
el dd e’ L (9) = = /_ ) dd (7 (9))* ' & (L ()
:7% T dee In(l + e ) = —3 3 —(S(j :)p), &y "Liy(—e™), (108)
where gy = £(0) and the polylogarithm function is:
Li,(z) = 2—p (109)

n=1
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The quantity C(s) is obtained by taking the x — oo limit of the previous expression, and because
at large temperatures the free fermion solution of the constant TBA equation [26,[27]] is £(0) = 0,
the previous expression is only formal, as it reduces to (I03). Nonetheless, this calculation
shows in which sense —at least in the case of a free theory— the coefficient of the thermal averages
for spin s > 1 can be considered, in the CFT limit, a generalisation of the effective central
charge, the latter being expressed as a sum of dilogarithms, with arguments given by (constant)
TBA data.

5 Numerical Results

In this Section, we provide a numerical confirmation of our predictions for the average NESS
conserved current densities in the conformal limit of some massive IQFTs. We do so by first
solving the thermal TBA equations (I2)) for the left and right reservoir at dimensionless scales
rr, rg. The numerical solution of a single-particle TBA equation with driving term w(i) is
achieved as standard via successive iterations, starting with an initial function &y(#) = w(#) and
then computing:

&) = w(@) — ¢ * Ly[ei1(8), €N, (110)

until the process converges to the actual pseudoenergy £(1#) = lim;_,, £;(1}). The same process is
applied to solve the dressing equation (31)). Once the occupation functions of the two reservoirs
are known, we obtain the NESS occupation function (51]) by numerically solving the Riemann
problem. The iteration process in this case is slightly different, as there are two coupled equa-
tions that must be considered simultaneously. We start by considering an initial zero 9° of the
effective velocity, through which we find the occupation function n°(:). The latter is used to
compute the effective velocity, that has now a zero at = .. Using this value we construct
n'(¥) and the process is repeated until simultaneous convergence of ¥ and n'(}) to 9, and n(%)
respectively. This usually requires a very small number of iterations. The knowledge of the
off-equilibrium occupation function is sufficient to compute the thermal currents j, for different
values of s and plot them at different temperatures. In performing the UV limit, we keep a fixed
ratio of the temperatures, that is we set r, = org, with o < 1 constant (so that 7, > Tg).

We perform the numerical simulations on three single-particle theories: the free fermion,
which we already considered in the previous Section, the sinh-Gordon model at the self-dual
point and the scaling Lee-Yang model. The latter are interacting theories with scattering kernels
given by:

4 /3 cosh(®)
cosh(®)’ 1 + 2cosh(29)’
The TBA of these models was first studied in [43]] and [25] respectively. The conformal limit of
the sinh-Gordon model is a free boson with ¢ = 1, while the Lee-Yang scaling model flows to
the non-unitary minimal model M, s, with effective central charge c.¢ = % In Figure|2a| we plot

s+15

the scaled thermal currents 3;*'j,, with j, given by (53). As expected, in the conformal limit,
with 2—: fixed, the scaled currents are independent of 5; and reach the s-dependent constant

esng(P) = erym() = - (111)
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Figure 2: Scaled (even) average currents in non-equilibrium thermal and spin-s states for s =
1,2,3,4,5 in the free fermion, sinh-Gordon and scaling Lee-Yang model. The ratio o = :—; is

Jgs). The dashed horizontal lines are at %5 ()(1 = o).

fixedato = £ and x; = In % is varied.
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Figure 3: Coefficients C(s) and E(S) for s = 1,2,3,4,5 in the free fermion, sinh-Gordon and
scaling Lee-Yang model as x = In 2 varies. As expected, plateaux values are reached in the UV

limit x > 1.
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predicted by (56). In figure [2b| we plot the quantities B5*! i, where now j* are the higher-spin
current densities in spin-s states. In this case, we observe that the scaled currents asymptotically
reach the values predicted by (60). Interestingly, deviations from the constant values are very
small also in the sinh-Gordon model, although famously in this theory the TBA functions L(1})
and n(89) do not display a plateau-like structure as the one depicted in Fig.[I] but are bell-shaped
functions of ¢ [43]. This property makes the numerical convergence of the integrals in this
theory significantly worse. It is important to stress that in the Lee-Yang scaling model, the
quantities j, and jg,s) for s = 2, 3,4 do not correspond to conserved physical currents, as the first
higher-spin local conserved charge of the model is at s = 5 [44]. Similarly, in the sinh-Gordon
model there exist only local conserved quantities for odd spins. Nevertheless, the integrals can
formally be computed and allow us to confirm the predicted scaling laws, which are the main
result of this paper.

In Figures [3af and 3b| we plot the coefficients C(s) and C(s), as defined by equations (50)
and (59). The plateaux values at large x are the ones used to compute the asymptotic values in
Fig.[2aland[2b] and in the free fermion case they coincide with the ones computed in the previous
Section. The s = 1 values are precisely the central charges (or effective central charges) of the
UV fixed points, namely C(1) = C(1) = %, 1, % for the free fermion, sinh-Gordon and Lee-Yang
model, respectively. As expected, the plots show the exponential increase of C(s) with larger
values of s and the corresponding decrease of C(s).

6 Conclusions and Outlook

In this paper, we obtained the expressions of average currents and densities of higher-spin local
conserved charges in out-of-equilibrium (1+1)-dimensional CFTs. The non-equilibrium setting
we considered is that of a partitioning protocol, in which the two halves of the system at x > 0
and x < O are initially prepared either in different thermal states or in different generalised
Gibbs states. The averages we computed are those arising at large times in the NESS at x = 0.

Our results were obtained using the quasi-particle description provided by the TBA in con-
junction with the hydrodynamic principles underlying GHD. We computed expectation values
of higher-spin observables in massive IQFTs and derived the corresponding conformal predic-
tions in the UV (or zero mass) limit. In doing so, we reproduced first of all the well-known
CFT results for the scaling of the energy current and charge densities in the NESS: if T, Tg
are the temperatures of the two thermal reservoirs, then the energy density is proportional to
T? + T3 and the energy current is proportional to T7 — Tz, with a coefficient proportional to the
(effective) central charge of the CFT.

Our first original result was to show that these scaling laws naturally generalise to other
(local) conserved charges besides the energy and momentum: for a charge of spin s and thermal
reservoirs, the NESS average charge density and current are proportional to ;%! + T3*!, with a
coefficient C(s), which we can think of as the UV limit of a generalised scaling function of the
massive IQFT.
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In addition to this result, we obtained the same CFT averages for asymptotic reservoirs
which are characterised by a single non-vanishing potential coupled to a higher-spin charge of
spin s in the state. We called this particular type of GGEs, spin-s states. In such a state, the
generalised temperature in the TBA equations is chosen as 5°, with 8 an inverse temperature.
With this choice, we showed that in the partitioning protocol the scaling T;*! + T3*! for the
average density and current associated to a conserved quantity of spin s is preserved, with a dif-
ferent proportionality coefficient C(s). Furthermore, we have shown that the exact dependence
of the CFT expectation values on the effective central charge is restored when the dynamics of
the massive IQFT is ruled by a higher-spin charge Qj, rather than the Hamiltonian, and thus the
continuity equations are defined according to a generalised time ¢, associated to Q.

For a relativistic massive free fermion we obtained exact formulae for the average densities
and currents for generic values of the spin, mass and temperature. In the CFT limit, these results
agree with the general scaling laws obtained for interacting theories. Using the TBA equation of
a massive free fermion we obtained an alternative representation of the coefficient C(s), which
sheds some light on its relation to dilogarithms as are typically found for TBA scaling functions.

Finally, we have numerically verified our results by solving the TBA equations and the par-
titioning protocol for the sinh-Gordon and the Lee-Yang models. In the UV limit, the numerical
results are in excellent agreement with our predictions for the scaling laws in CFTs.

Several research directions can be pursued starting from the results presented in this work.
First, it would be interesting to test the robustness of the temperature power laws that we have
identified for systems which are initially prepared in GGEs with a single non-vanishing gener-
alised potential. Our intuition and current results both suggest that the scaling is dictated only
by the spin of the charge which is averaged, and does not depend on the state, even if the overall
coefficients do. To check this prediction one would need to numerically solve the TBA equation
with a driving term containing several charge eigenvalues, a computationally demanding task.

Second, aside from the temperature dependence of the expectation values, further informa-
tion on the coefficients C(s) and C(s) could be obtained by computing the averages directly
at the CFT point by using finite-size techniques. For instance, higher-spin conserved densi-
ties are obtained by considering the descendants of the stress-energy tensor, which yield non-
vanishing expectation values when mapped to a strip [33, 34]. The algebra of these operators
on a finite-size geometry could reveal the exact dependence of the finite-temperature averages
on the central charge and on the spin, at least for some families of conserved charges.

Third, in this paper, we looked only at the expectation values of the observable in the state at
& = 0, with a focus on the high temperature regime. However, it is known that in the partitioning
protocol, when the temperatures of the two half-lines are small but different, there is a light-cone
broadening effect for systems admitting an effective low-energy description by means of a non-
linear Luttinger liquid [21]], with profiles of the currents showing smooth peaks in & around
the edges of the light-cone. This effect was also observed in the gapless regime of the XXZ
chain [22]]. At least in the case of the relativistic massive free fermion, we have access to closed
analytic expressions for the charge and current profiles at every value of the mass, temperature
and in a partitioning protocol -although we have not presented this result here- also of the ray &.
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Therefore, beside a numerical study which could be performed for integrable theories, the free-
fermion model can be used to analytically check whether these low-temperature phenomena
appear also in relativistic theories and to characterise the transition between the gapped and the
gapless phase.

Fourth, it would be interesting to characterise the full-counting statistics associated to trans-
port phenomena in the partitioning protocol. The generating function of the cumulants for the
energy transfer at large times in CFT was computed in [11] and later in [12,|13]]. The computa-
tion of the cumulants reduce to that of many-point correlation functions of the current densities,
a problem which was solved using GHD techniques within the framework of ballistic fluctua-
tion theory in [45]]. Following the protocol developed therein, a natural extension of this work
would be to compute the large-deviation functions of higher-spin currents in massive theories
and then take the UV limit in order to obtain the full counting statistic of those currents in CFT,
generalising the results of [[11].

Finally, we mention a direction of research we intend to pursue in the very near future: this
is the study of charge densities and currents in gapped theories perturbed by irrelevant opera-
tors. There is a vast literature regarding the effects induced by the irrelevant TT-deformation of
IQFTs (see e.g. [46-48]), and the behaviour of TT-deformed CFTs in off-equilibrium settings
was recently studied in [49, 50]. The formalism and the results derived in the present paper can
be generalised to TT-perturbed IQFTs. This study is the subject of our upcoming work [51].
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A Useful Bounds on the Effective Velocity

It is not difficult to show that the effective velocity of an interacting theory does not deviate
too much from the tanh ¢ function of the free case. This was already observed numerically
for the sinh-Gordon model in [3]. In fact, it is known that the effective velocity satisfies the
self-consistent equation [3]]:

@ — a)p,(a)

eff _qeff
cosh(d) (@) — v (D), (112)

veT(9) = tanh 9 + / da

27



where p,(1}) is the TBA density of occupied states per unit length. This immediately allows us
to write:

p(— G)Pp(d) eff
tanh @ + [ do = 55— (@)

(I-a)pp(a)
1+ fd £ cosh(pﬁ)
_ sinhd + [dap®@ - a)p, () (@) (113)
B cosh? + [da @ — a)p,(@)

Veﬂ(ﬂ')

Since we expect the theory to remain local and causal in the presence of interactions (a claim
which is violated for example by theories in which the TT deformation is present [50, 51]]),
the effective velocity will satisfy the bound —1 < v*T(a) < 1. Substituting this in the above

equation, we get:
sinh — A1) sinh? + A(9)

SIVY = AW) _ eff gy < SOV T AW) 114
coshd+ A =" D= oA (114

Where A(%) = f o — @)p,(a). In general, the kernels of realistic scattering theories are
functions which go to zero exponentially fast at  — +co and have one or more maxima close
to ¢ = 0. Denoting by ¢* the global maximum, we have

A < ¢° /da/pp(a) =¢°N,, (115)

where N, is the number of quasi-particles excitations per unit length, which (at equilibrium) is
fully determined by TBA data. This implies that the effective velocity of a generic theory, at
any value of the scale r, deviates from the hyperbolic tangent characteristic of the free theory
only in a small region around the origin. For instance, we see that the value of ¥, is constrained
to lie in the segment:

—sinh™ ((p N,) <9, < sinh™ (go Np). (116)

This bound could be further refined by noting that, generally, p,(:7) has two well defined peaks
at . ~ log(2/r), while the kernel is peaked around the origin.

B Spin-Dependent Scaling Function

In this appendix we prove that the spin-dependent scaling function reproduces the effective
central charge of the underlying CFT in the UV limit, i.e. we prove equation (68). Our proof
follows the original argument by Zamolodchikov [25] for thermal TBA. In the simplest case of
a theory with a single-particle spectrum, Zamolodchikov’s showed how equation (I9)) follows
from the relation:

6
Cet = —3L(n(0)), (117)
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where n(0) is the plateau value of n(:#), which can be obtained from the solution of the constant
TBA equation:

£0)=NIn(1+e*?), N=- /m dd o(9), (118)
e 2T

and L(x) is Roger’s dilogarithm, which for O < x < 1 has the integral representation:
1 [° In(1 - In
L(x):i/dy ( y)+ y].

y I—-y
Let us consider the TBA equation for a single-particle theory in a spin-s state. In the large x
limit, using the (left-) shifted equations and (28)) we can write

(119)

) 1
9 = (5 (9) + (¢ * LH(®)), (120)
and 1
& % S (e )+ (o # (LI, (121)

Using the second of these equations, the scaling function (67]) can be cast as:

s—1

3 s +00 6 2 +00
i / 9 Ly(®) cosh (s8) = — / 49 L (e

7 ) w2 .
6 +00 6 +0o0
== / dd Ly ()(e;) (@) + — / dd L (@)(¢ * (L) )(®) .
) . ) .
(122)
Changing variables from @ to €7, the first integral in the second line becomes:
6 £7(c0)
= dr In(1 +e™), (123)
JT +
Es (_x)

while the second can be rewritten as follows:
6 [+ 6 [+
=) / dd L (@) (g * (L)) = — / dd (L) (9)(p * L))

T X

~ zs-l% / mdﬂ(L:)’(ﬂ)esﬁ—% / a0 (LY D),
(124)

where the first equality holds in the limit x — +oco thanks to the symmetry of the scattering
kernel and the second follows from (120)). The first integral in the second line of (124) can be
done by parts, yielding:

6 [* 6521 [+
275 / a9 (L)Y @)~ —== / dd LS (@)e"", (125
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whereas a change of variable in the second integral gives:

6 [t & (e) t
-— d (LY Der @) = —= dr . 126
FZL (LY B)e (@) ﬂz/m_x) — (126)
Putting all the pieces together and noting that £7(—x) = £4(0), £} (c0) = oo, we have:
652571 [
= / Ao Lt (9)e*”
T —X
6 [* 652571 [ 6 [* t
~— dtIn(1+e™) - S2 / dﬂLj(ﬁ)e“?+—2/ dr —, (127)
7 Jey0) S ey 1te
which implies:
6 2s—1 00
lim ¢,(r) = lim i / d9 L (9)e*”
6 (1 [ t 6
=—|= de|In(1+e™)+ = —L(n,(0)). 128
wls [y almar e iig)|-feoon o

The same expression is obtained starting from the right-shifted spin-s TBA equation. The term
in the right-hand side of the last equality is precisely c.g, since ny(0) = n(0). Indeed, the
TBA equations (12) and (22)) have the same constant form, because for every s > 0 the term
r* cosh (s17) is exponentially suppressed in the region —x <« < x as x — oo. This completes
the proof.

C Many-Particle Theories

The TBA formulation extends naturally and without relevant modifications to many-particle
theories in which the scattering is diagonal, namely the S -matrix only has elements of the form
S ZZ(z?l, %) = S (¥ — ). In this situation the spectrum is characterised by a set of particles
labeled by a = 1, ..., N, having masses m, conventionally ordered so that m; is the smallest.
There is a TBA equation for each particle, such that (21)) is modified to:

€u(®) = W) = Y (@ * L)B), Wa®) = Y Bohau(®). (129)
b K

where the definition of the kernels is analogous to the single particle case: ¢, () = —i % In S ().
The presence of interactions leads to coupling of the different equations, introducing further
nonlinearities which make the solution significantly more difficult than in the one-particle case.
Of particular interest are theories where the structure of the TBA equations can be encoded into
the Dynkin diagram of a semi-simple Lie algebra of the ADE type [52, |53]]:

(D) = wa(F) — ¢ Z Ga(Wp — € — Lp)(9). (130)
b
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In the equation above, G is the adjacency matrix of the Dynkin diagram of some semi-simple

Lie algebra, and we introduced the universal kernel ¢ = W’ with g the dual Coxeter number

of the algebra. In this situation each quasi-particle can be associated to a node in the diagram
and the interactions between different nodes correspond to non-zero entries of G.

We now prove that the results obtained in Section [3] naturally generalise to the diagonal
many-particle case. Let us consider the shifted versions of equation (129) for a spin-s state,
w,(9) = m’B* cosh(s}):

e5(9) = M2 let — Z Qup * LE(D), (131)

(£,) (@) 572" e + Z P * (1}, (&) ) (D), (132)

Where for all a, £5(9) = &,(¥ + x), x = ln(%) with r = m 8 and i1, = m,/m;. The dressing is
expressed as:

BEE) = has() + > @ap (D), (133)
b

Hence, as h, () = m] cosh(s?}), the shifted dressing equation is also immediately generalised:
(h:_z—,s)dr — [ﬁll;ﬂ—szs—leisﬁ]dr — 2‘Y_1ﬁ_‘v[ﬁ12€i“9]dr. (134)

Note that the operation (133) is not separately linear in each component, hence for example in
general (m, cosh)¥ # m,(cosh®?)¥. However, the dressing is linear under multiplication of
all the functions h,(1%) by a constant, i.e. for instance (A cosh)¥ = A(cosh®)¥. The average
charge densities are expressed as:

A=), / dzl:fnaw)h;’;(m =D, ma / = cosh(@n (V). (135)

To study the partitioning protocol we introduce the left and right parts and shift the integrals as
done previously:

o oo
a, = Z @ma cosh(Dn, g(MAT (9) + @m(l cosh(P)n, L (NS (9)
) . , a,s ' s a,s

[Se] I*

‘MH

7 +x 00
kdd dd
| Steomaont o+ [ ge;w)n;,L(ﬁ)h;‘f;*(ﬂ)]

- w 27 9 —xy
[ 9s-1 9" +xp ) s—1 )
- Z B / A e ng (P, e "1 + B /9 . dd im.e’n; (e ]

By making use of the same considerations already employed in the single particle case, we can
invert the dressing and use the fact that ()" oc (h¥)" to recast the above as:

2?1

1
-~ C(N)(S)( L _1] (136)

L R
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in the large x limit. The quantity:

C™M(s) = lim — Z My / dd e’ L),

x—00 JT2

(137)

is the natural generalisation of the usual many-particle expression for the central charge (see for
example [27]). A similar procedure can also be performed for the currents, thus confirming that

the results of this work extend to the many-particle case.

D Free Fermion Integrals

We start by considering the integrals 72 (z) and I _;(z) defined in (76). From the expansion

(valid for any z > 0):

1
= Sy,
e

n=1

and the identities:
1
sinh (a?) sinh (B%) = 3 [cosh (@ + B1?) — cosh (at} — B})],

cosh (a?) cosh (819) = %[cosh (a? + 1)) + cosh (a? — B13)],

one gets
T2 = % i —1y! / dd [cosh(a? + B) + cosh(a) — BiF)]e <7,
12 = % 2 y! / d [cosh(a®) + BF) — cosh(a — iF)]e 7,
and thus yields:

50 = 3 D 1 [Kasgn2) £ Ko
n=1

From the small z expansions:

s 1
K@) = =)

O( —S+2) fors > 0 KO = — log (%) - yE + O(Z2)7

we obtain the results (82) and (92) in the UV limit.
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The integrals 7} 5 (2) admit a closed-form expression only for @ = 8 = 1. Indeed, by per-
forming a double mtegratlon by parts:

_ sinh@cosh? < el [ _ coshd
I7i() = /0 dﬁw = ;(—1) i /0 d? cosh ¥ sinh ¥
) 1 o 8
= Z:(—l)wrl -— / dd cosh ¥ — ( —nzcoshiy
nz) Jo 1)

(&) 1 %)
— Z(_ 1)n+] _ [_e—nz _ / d? sinh Ge @ cosh 19]
nz 0

1 [ 0
—p R _ d9 —(e ™ cosh ¢
e+ ey 59 (e )]

Il
1P
~
[E—
=
+
-
—_—
[
+
S
A\
~———
ml
b

e >"—%2 —

n=1

_In(l+e)  Liy(—e™)

143
- = (143)
This gives the free fermion average energy current (79), and the small-z expansion:
In(1 + ) Lix(—e™) n? 1
- = - = +0(2), 144
; Z 2 3 (2) (144)

reproduces the asymptotics (83). The small-z asymptotics of the other 7 5 (2) integrals can be

worked out from elementary manipulations of hyperbolic functions. Let us focus for instance
on the quantity 77 (z). By performing the usual expansion (I38) of the geometric series, we
can limit ourselves to the integral:

J(s,2) = / d9 cosh ¢ sinh(s)e<h?
0
B / di) cosh @ cosh(s)e " - / dd9 cosh e s?-=cosh?, (145)
° 0

for z > 0. Since .
0< / d9 coshde *?2csh? « K(7), (146)
0

the following bounds hold:

Ko@) - EKS(z) “Ki(2) < J(5,2) < Koni(2) - EKS(z), (147)
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and therefore

25711 1 1 25711 1
ﬁ__ <j(S,Z) < &

Zx+1 z ~ Z.&'+ 1

, asz— 0" (148)

This implies that 7 ;“; (z) and J Tf (z) have the same small-z asymptotics, and similar bounds can
be found for all the other functions 1 ;l} (2)-
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