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 A B S T R A C T

Short circular holes with turbulent bias flows passing through them can absorb or generate 
acoustic energy. This property is relevant for many industrial applications, such as liners and 
injectors. A recent study suggested that the acoustic response of such perforations could be 
strongly sensitive to small modifications of the geometries of their lips. In this work, we study 
this sensitivity and exploit it to design holes with optimal acoustic properties. To this end, 
we use a numerical approach based on a two-step method, where a steady mean flow is first 
calculated as the solution of the incompressible RANS equations. Small-amplitude acoustic 
perturbations are then superimposed on this mean flow, and their dynamics are obtained 
by solving the linearised Navier–Stokes equations. To validate the approach, the results are 
compared with experiments for a hole with sharp edges, finding an excellent agreement. 
Subsequently, we simulate four holes with modified corners consisting in chamfers or circular 
fillets either of the upstream or downstream corners. The acoustic absorption is found to be 
strongly sensitive to all modifications with the upstream chamfer presenting the strongest 
variations. Finally, we combine the simulations with a Bayesian optimisation algorithm to obtain 
the size of the upstream chamfer that maximises the acoustic absorption. The optimised hole 
goes from exhibiting strong whistling to one which strongly damps acoustic energy.

. Introduction

Circular holes with a turbulent bias flow passing through them can absorb or generate acoustic energy. This property is relevant 
or many industrial applications, such as propellant injectors in rocket engines [1–3] or acoustic liners [4–6] and Helmholtz 
esonators [7,8] in gas turbines. For most of these applications, it is desirable to maximise the acoustic energy absorbed by the 
oles.
The topology of the flow passing through this type of holes is determined by the ratio between the hole’s length (thickness) to 

ts diameter [9]. Regardless of this ratio, the flow separates at the upstream rims of the hole resulting in a low-speed recirculation 
egion close to the internal walls and a high-speed central jet. If the length of the hole is insufficient, the flow remains separated 
long its whole length. This type of holes are called short (thin) holes. On the other hand, if the hole is long enough, the boundary 
ayer is reenergised by turbulence and the flow reattaches inside it. This flow topology corresponds to long (thick) holes. The present 
ork focus on short circular holes.
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The acoustics of short circular holes with turbulent bias flow have been widely investigated experimentally [10–12], theoreti-
cally [13–16] and numerically [17–21]. At low frequencies, acoustic absorption occurs as a result of the transfer of acoustic energy 
to vortical energy (in the form of unsteady vorticity). When incident acoustic waves interact with the shear layers at the rims of a 
hole, unsteady vorticity is shed at the lips. At high Reynolds numbers, this unsteady vorticity is convected through the hole by the 
mean flow and eventually dissipated by turbulence far downstream. Theoretical models of the acoustic response of holes usually 
assume that the vorticity shed at the hole inlet edge is convected downstream by the mean flow to form a thin vortex sheet within 
the mean shear layer [13].

Recent semi-analytical models [15,16] which account for the vortex–sound interactions both after and within the short hole 
revealed the importance of accurately capturing the path of the shed vorticity (or the vortex sheet shape). This path is, in turn, 
strongly sensitive to small modifications to the shape of the lips of the perforation. Combining both effects, Guzman-Inigo et al. [22] 
found that the acoustic response of the perforations is indeed very sensitive to small modifications of the geometry. This sensitivity 
— already well known for the mean flow properties [23–25] (pressure loss across the hole/discharge coefficient) – is significantly 
more pronounced for the acoustics.

In this work, we explore for the first time the sensitivity of the acoustic response of short circular holes with bias flow to small 
modifications of their corner rims using numerical simulations, extending previous studies [22] based on semi-analytical models. The 
numerical approach is a two-step method [26,27] revolving around a frequency-domain implementation of the linearised Navier–
Stokes equations (LNSE) with eddy viscosity. This methodology is highly efficient and is combined in a second step with a Bayesian 
optimisation algorithm to find the geometry that maximises the acoustic energy absorbed by the perforations [28]. Alternatively, 
adjoint-based shape optimisation [29–32] or level-set topological optimisation [33] could be employed.

The effect of the shape on the acoustics of holes has been investigated by many authors. For example, circular holes without 
mean flow have been explored experimentally and numerically by [34,35], respectively. As for holes in the presence of bias flow, as 
considered in this publication, Ji et al. [36,37] determined – using numerical simulations and experiments – that large modifications 
to the edges of such holes (symmetric chamfers and fillets) strongly modify their acoustic response. Similarly, Testud et al. [10] 
performed experiments of a hole with relatively large chamfered edges (either upstream or downstream) and found that the whistling 
potentiality was suppressed in the presence of a downstream chamfer, but not with an upstream one. Finally, Zhao et al. [38] carried 
out experiments of holes with different cross-section shapes (not circular) with similar results.

All the aforementioned studies considered large geometrical modifications of the holes. In this work, instead, we focus on the 
sensitivity to very small modifications. The contributions of the present article are twofold. First, we confirm that short circular holes 
with a bias flow passing through them are indeed strongly sensitive to small modifications of both the upstream or downstream edges, 
being the former particularly strong. This highlights the need to account for this sensitivity when modelling/manufacturing/design-
ing acoustic systems containing them. Second, we extend previous methodologies to design optimal edges (in the acoustic sense) 
for laminar flows [28] to the turbulent regime.

This article is structured as follows. The configuration and the numerical approach are presented in Section 2. The numerical 
results for a straight hole (sharp edges) are compared in Section 3 with experimental measurements to validate the approach. 
In Section 4, the sensitivity of the acoustic response to small modifications (chamfers/fillets) of the hole corners is investigated. 
In Section 5, the numerical solver is combined with an optimisation algorithm to obtain the size of the upstream chamfer that 
maximises acoustic absorption. A summary and conclusions are given in Section 6.

2. Problem formulation

2.1. Configuration

We consider a circular hole of radius 𝑅ℎ and area 𝐴ℎ perforated on a flat plate of thickness 𝐿ℎ that separates two concentric, 
circular ducts as sketched in Fig.  1. A subsonic flow in the streamwise direction is imposed on the left-hand side of the domain. 
The left-hand- and right-hand-side ducts are denoted, respectively, upstream and downstream ducts and all the variables defined 
in them are denoted by the subscripts (⋅)𝑢 and (⋅)𝑑 , respectively. The variables defined inside the hole are denoted by the subscript 
(⋅)ℎ.

The flow at the inlet consists of a uniform component of velocity �̄�𝑢 = �̄�𝑢𝐞𝑥 (with 𝐞𝑥 the unit vector in the axial direction) and 
speed of sound 𝑐𝑢. The mean flow velocity can be normalised by the speed of sound to define the inlet Mach number 𝑀𝑢 = �̄�𝑢∕𝑐𝑢. 
Small-amplitude incoming acoustic waves are superimposed on this mean flow. The flow variables can be decomposed into a steady 
mean, denoted by ̄(⋅), and a perturbation component, denoted by ̃(⋅). The perturbation component is small and, thus, the equations 
governing its evolution can be linearised around the mean flow allowing us to use the harmonic ansatz 

̃(⋅) = ̂(⋅) exp (i𝜔𝑡) , (1)

where 𝜔 = 2𝜋𝑓 is the angular frequency, 𝑡 the time, and i the imaginary unit. The frequency of the perturbations, 𝑓 , can be 
non-dimensionalised to form a Strouhal number as follows: 

𝑆𝑡 =
𝑓𝐿ℎ
�̄�ℎ

, (2)

with �̄�  denoting the bulk velocity in the hole and 𝐿  the thickness of the plate.
ℎ ℎ
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Fig. 1. Schematic of the configuration. The dash-dotted line indicates the axis of revolution. Chamfers defined by 45◦ angles or circular fillets are applied to 
the corners of the hole. The characteristic size of the modifications is denoted 𝛿𝑢 and 𝛿𝑑 for the upstream and downstream corners, respectively.

Far from the area expansion, the acoustic field is composed of plane waves (see Fig.  1) propagating in the same and opposite 
direction to the mean flow and denoted by ̂(⋅)+ and ̂(⋅)−, respectively. The perturbation pressure and axial velocity can be written 
in terms of the plane waves as �̂� = �̂�+ + �̂�− and �̂� =

(

�̂�+ − �̂�−
)

∕ (�̄�𝑐), respectively, where �̄� denotes the mean density.
The working fluid is taken to be a Newtonian, compressible, calorically perfect gas. The flow is determined by two non-

dimensional parameters: the Reynolds number, 𝑅𝑒 = (�̄�ℎ�̄�ℎ𝑅ℎ)∕𝜇, and the bulk Mach number at the perforation, 𝑀ℎ = �̄�ℎ∕𝑐ℎ. 𝜇
is the dynamic viscosity. Heat transfer and body forces are neglected. The Mach number throughout the domain is assumed to be 
small, i.e. 𝑀ℎ ≪ 1, and the Reynolds number is high enough for turbulence to occur.

2.2. Numerical implementation

In this section, we present the numerical methodology employed to characterise the acoustic response of the perforations. We 
solve the governing equations for the mean and perturbation parts separately.

A triple decomposition [39] is introduced in the governing equations following [26,27]. Because of the low-Mach numbers of 
interest, the mean flow is assumed to be incompressible and is governed by the incompressible Reynolds-Averaged Navier–Stokes 
(RANS) equations that are solved using the open-source finite volume solver OpenFOAM (version 4.1) [40]. A steady state solution 
is obtained using the SIMPLE algorithm. The eddy viscosity, 𝜇𝑡, is determined using the 𝑘-omega-SST model [41].

The governing equations for the perturbation are subsequently linearised around this mean flow to obtain, 
𝜕�̃�
𝜕𝑡

+ ∇ ⋅ (�̄��̃� + �̃��̄�) = 0, (3a)
𝜕�̄��̃�
𝜕𝑡

+ (�̄��̃� + �̃��̄�) ⋅ ∇�̄� + ∇ ⋅ (�̄��̄�⊗ �̃�) = −∇�̃� + ∇ ⋅ τ̃tot , (3b)

 where the fluctuation total stress tensor is given by 
τ̃tot = τ̃ −

(

⟨

𝜌𝐮′ ⊗ 𝐮′
⟩

− 𝜌𝐮′ ⊗ 𝐮′
)

, (4a)

with 
τ̃ = 𝜇

[

(

∇�̃� + ∇�̃�⊤
)

− 2
3
(∇ ⋅ �̃�) I

]

. (4b)

(⋅) is the time-average operator, ⟨⋅⟩ the phase-average operator, and I the identity tensor. (⋅)′ denotes turbulent fluctuations. 
Following [39], a closure model for the fluctuations of the Reynolds stress tensor is proposed. This closure assumes that the 
fluctuations are proportional to the fluctuations of the strain-rate tensor as 

−
(

⟨

𝜌𝐮′ ⊗ 𝐮′
⟩

− 𝜌𝐮′ ⊗ 𝐮′
)

= 𝜇𝑡
[

(

∇�̃� + ∇�̃�⊤
)

− 2
3
(∇ ⋅ �̃�) I

]

. (5)

Additionally, we assume that the turbulence is not affected by the acoustic fluctuations which allows the eddy viscosity to be 
considered ‘‘frozen’’ and equal to the value obtained for the mean flow from the RANS simulations.

If we further assume homentropicity, a relation between density and pressure can be obtained by linearising the Gibbs relation. 
The resulting expression is then integrated from a reference state, to obtain 

�̃� = 𝑐2�̃�. (6)

This relation has been widely used in similar numerical implementations for low-Mach-number configurations [26,27,42–44].
The linearised equations are then recast in the frequency domain and solved using a finite element method stabilised with a 

least-squares formulation [45]. The equations are implemented in the open-source computing framework FEniCS [46,47]. After 
discretisation, the resulting linear system is inverted using the sparse direct solver MUMPS [48,49]. The numerical implementation 
has been validated with several canonical test cases [50], including an isentropic nozzle and the acoustic scattering of an area 
expansion.
3 
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At the inlet and outlet of the domain, non-reflecting boundary conditions are imposed. The implementation of the boundary 
conditions is based on the splitting of the flux vector defined at the boundaries (that appears naturally in the formulation after 
integration by parts) into incoming and outgoing waves [9] in a similar way as that of the characteristics method [51]. This method 
allows incoming acoustic waves to be easily imposed at both boundaries while assuring non-reflectivity of the outgoing waves. The 
resulting acoustic field is subsequently post-processed using the multi-microphone method [52,53] to separate the two components 
of the acoustic plane waves.

2.3. Flow characterisation

The mean flow will be characterised using the discharge coefficient, 𝐶𝑑 , defined as the ratio of the actual mass flow rate at the 
hole to that of an ideal nozzle: 

𝐶𝑑 = �̄�ℎ∕�̄�ideal, (7)

where 

�̄�ideal =
√

2𝛥�̄�∕�̄�∕
√

1 −
(

𝑅ℎ∕𝑅𝑢
)4, (8)

and 𝛥�̄� the mean pressure difference across the hole.
The acoustic response of the perforations will be characterised using both the impedance and the scattering matrix [54]. The 

impedance is given here in its normalised form, 

𝑍ℎ = 1
�̄�𝑐

𝛥�̂�ℎ
�̂�ℎ

= 𝑍𝑅 + i𝑍𝐼 , (9)

where 𝛥�̂�ℎ is the difference in acoustic pressure across the orifice and �̂�ℎ is the axial acoustic velocity at the inlet of the orifice. 
Here, �̂�ℎ is obtained indirectly from the acoustic velocity of the plane waves in the upstream duct using the continuity equation at 
the perforation’s inlet, i.e. �̂�𝑢𝐴𝑢 = �̂�ℎ𝐴ℎ. 𝑍𝑅 represents the in-phase component, known as resistance, and 𝑍𝐼  is the out-of-phase 
component, known as reactance.

The quasi-steady resistance, 𝑍𝑅,qs, is related to the discharge coefficient as [20], 

𝑍𝑅,qs =
1
�̄�𝑐

𝜕𝛥�̄�
𝜕�̄�ℎ

=
𝑀ℎ

𝐶2
𝑑

(

1 −
(

𝑅ℎ∕𝑅𝑢
)4
)

. (10)

The scattering matrix [54] summarises the relation between acoustic waves: 
(

�̂�+𝑑
�̂�−𝑢

)

=
(

𝑇 + 𝑅−

𝑅+ 𝑇 −

)(

�̂�+𝑢
�̂�−𝑑

)

. (11)

Finally, we analyse the energy balance of the perforation using the absorption coefficient, 𝛥, of the domain defined as [55–57] 

𝛥 = 1 −
|𝑊 −

𝑢 | + |𝑊 +
𝑑 |

|𝑊 +
𝑢 | + |𝑊 −

𝑑 |

, (12)

where 𝑊 ±
𝑗  (for j = u, d) is the time-averaged surface-averaged acoustic energy flux [58] associated with the wave propagating 

in the positive/negative direction and given by 𝑊 +
𝑗 =

(

1 +𝑀𝑗
)2

|�̂�+𝑗 |
2𝐴𝑗∕(�̄�𝑗𝑐𝑗 ) and 𝑊 −

𝑗 =
(

1 −𝑀𝑗
)2

|�̂�−𝑗 |
2𝐴𝑗∕(�̄�𝑗𝑐𝑗 ). The acoustic 

absorption coefficient compares the average amount of acoustic energy entering and leaving the domain. If there is no outgoing 
acoustic energy on average then 𝛥 = 1. The relative amount of outgoing acoustic energy then increases as the acoustic absorption 
coefficient decreases, until it becomes equal to the amount of incoming acoustic energy for 𝛥 = 0. Finally, there is more acoustic 
energy leaving the control volume than entering it on average for 𝛥 < 0.

3. Validation: Straight hole

To assess the suitability of the numerical approach, we compare the numerical results with the experimental measurements 
of Lacombe et al. [10,18]. The operating condition considered here corresponds to the operating condition number 1 as defined 
in [18]. The flow is determined by the parameters 𝑅𝑒 = 20,000 and 𝑀ℎ = 0.104. The geometry is defined by 𝑅𝑢∕𝑅ℎ = 𝑅𝑑∕𝑅ℎ = 2
and 𝐿ℎ∕𝑅ℎ = 2∕3.

3.1. Mean flow

We now present the details of the mean flow computations. Exploiting the rotational symmetry of the problem, the structured 
mean flow mesh is a 5◦ wedge composed of hexahedral cells with a row of prismatic cells around the axis of revolution. This 
mesh extends only one layer in the circumferential direction with boundary conditions in the two bounding planes that ensure 
axisymmetry of the flow variables. The walls of the ducts and the hole are treated with a non-slip boundary condition �̄� = 0. At 
the walls, the mesh resolves the boundary layer with a dimensionless wall distance of 𝑦+ < 1 to avoid the use of wall functions for 
the turbulence modelling. A fully-developed turbulent flow profile is set at the inlet to yield a mean velocity of �̄�ℎ = 1 inside the 
hole. This profile was obtained from a separate simulation of a long duct. The velocity, turbulent kinetic energy and specific rate 
4 
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Fig. 2. Mean flow velocity magnitude, |�̄�|∕�̄�ℎ, obtained for a straight hole.

of turbulent dissipation (omega) are imposed. Zero gradient is set for the pressure at the inlet. The flow leaves the computational 
domain at prescribed zero relative pressure and the gradients of velocity, specific dissipation rate of turbulent kinetic energy and 
turbulent kinetic energy are set to zero at the outlet. The lengths of the pipes upstream and downstream are 110𝑅ℎ each. The mesh 
is composed of 101,079 cells.

Fig.  2 shows the mean flow obtained using this approach. The flow cannot follow the sharp geometry of the hole at the inlet and 
separates creating a low-speed recirculation region adjacent to the wall. A jet is created in the central zone of the hole. A shear layer 
separates these regions. The thickness of the recirculation zone rapidly increases downstream of the inlet contraction. The velocity 
of the jet increases due to the reduction of the effective flow area produced by the presence of the separation. This increment of 
velocity, however, comes at the expense of a pressure drop. Downstream of the perforation the flow is largely detached.

3.2. Acoustic response

We now turn our attention to the acoustic fluctuations. As for the mean flow computations, the rotational symmetry of 
the problem is exploited in the acoustic simulations. The governing equations are formulated in cylindrical coordinates and an 
unstructured two-dimensional mesh consisting of triangular elements is used. Anechoic acoustic boundary conditions based on a 
flux vector splitting approach are set at the domain inlet and outlet. The walls containing the hole are treated with a non-slip 
boundary condition �̂� = 0. For the acoustics, the walls of the upstream and downstream ducts are modelled using a slip boundary 
condition �̂� ⋅ 𝐧 = 0 to reduce the computational cost associated with solving the acoustic boundary layer (with 𝐧 denoting the 
unitary vector normal to the wall). Comparative studies between simulations using acoustic no-slip and slip boundary conditions 
at the downstream duct wall showed only a minor influence on the results. Additionally, Kierkegaard et al. [59] reported that a 
high resolution of the acoustic boundary layer is not necessary to obtain reliable results. Two sets of simulations were performed to 
obtain the scattering matrix: forcing upstream and downstream separately. Figs.  3 and 4 show the results obtained for the scattering 
matrix. As observed, the agreement between the numerical results and the experimental data is excellent. This agreement is almost 
as good as obtained with high-fidelity LES simulations [18]. This simulation validates the numerical method selected to characterise 
the acoustic response of the perforations.

4. Sensitivity of the acoustic response to edge modifications

In this section, we compare the results obtained for a straight hole with holes with 45◦ chamfered edges and circular fillets. 
The size of the chamfers and fillets are defined by the characteristic length 𝛿 representing the projected chamfer length for the 
chamfers and the fillet radius for the fillets (Fig.  1). We consider modifications either of the upstream or downstream edges (with 
sizes denoted 𝛿𝑢 and 𝛿𝑑 , respectively).

4.1. Mean flow sensitivity

The four modifications are depicted in Fig.  5 for 𝛿∕𝑅ℎ = 5%. We observe that the presence of the chamfers/fillets upstream helps 
the flow pass the inlet edge and a much thinner recirculation zone is obtained than for the straight cases. As a consequence, the 
effective area available for the central flow is larger and, thus, the speed of the central jet is reduced. The modifications downstream, 
on the other hand, only modify the flow locally close to the corner and, thus, the thickness of the recirculation zone and speed of the 
jet remain apparently unmodified. The effect of the modifications can be further quantified by computing the discharge coefficient, 
𝐶𝑑 , of the holes.

Table  1 presents the discharge coefficient for six cases: (i) a straight hole, holes with upstream-chamfered edges defined by (ii) 
𝛿𝑢∕𝑅ℎ = 2.5% and (iii) 𝛿𝑢∕𝑅ℎ = 5%, (iv) a hole with a chamfer at the downstream edge 𝛿𝑑∕𝑅ℎ = 5%, and fillets at the (v) upstream 
and (vi) downstream edges both of size 𝛿∕𝑅 = 5%. The mean pressure drop was measured between 𝑥 = −5 and the backplate at 
ℎ

5 
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Fig. 3. Absolute value of the scattering coefficients: (a) |𝑇 +
|, (b) |𝑅−

|, (c) |𝑅+
|, and (d) |𝑇 −

|. (Black solid line with squares) experimental results [18] and (blue 
solid line) numerical results.

Fig. 4. Phase of the scattering coefficients: (a) ∠𝑇 +, (b) ∠𝑅−, (c) ∠𝑅+, and (d) ∠𝑇 −. (Black solid line with squares) experimental results [18] and (blue solid 
line) numerical results.

𝑥 = 0. We observe that the discharge coefficient of the straight and the downstream-chamfered/rounded holes is virtually identical. 
In contrast, when the modifications are at the upstream edge, the discharge coefficient is strongly increased with increasing values 
of 𝛿𝑢 (larger modifications). This can be attributed to the reduced thickness of the recirculation zone near the wall, resulting from 
the upstream chamfers or fillets (Fig.  5). In addition, note that upstream chamfers have a substantially stronger effect on the flow 
6 
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Fig. 5. Mean flow velocity magnitude, |�̄�|∕�̄�ℎ, obtained for: (a) a straight hole, holes with chamfered (b) upstream and (c) downstream edges, and holes with 
fillets at the (d) upstream and (e) downstream edges. 𝛿∕𝑅ℎ = 5%.

Table 1
Discharge coefficient, 𝐶𝑑 , and quasi-steady resistance, 𝑍𝑅,qs , for the different perforations.
 Straight  
 𝐶𝑑 0.65  
 𝑍𝑅,qs 0.23  
 Chamfer  
 Upstream 2.5% Upstream 5% Downstream 5% 
 𝐶𝑑 0.72 0.78 0.65  
 𝑍𝑅,qs 0.19 0.16 0.23  
 Fillet  
 Upstream 5% Downstream 5% 
 𝐶𝑑 0.74 0.64  
 𝑍𝑅,qs 0.18 0.24  

than upstream fillets. This may occur because, for the chamfers, the local velocity at the point of separation forms a shallower angle 
compared to that of the fillet, leading to a thinner recirculation region.

The values of the quasi-steady resistance are also presented in Table  1. Those values indicate that the resistance of the perforation 
at very low frequencies is expected to significantly decrease with upstream small modifications [20] and remain virtually unchanged 
with downstream ones.

4.2. Sensitivity of the acoustic response

Fig.  6 shows the acoustic impedance of the straight hole compared to holes with chamfered upstream edges of sizes 𝛿𝑢∕𝑅ℎ = 2.5%
and 𝛿 ∕𝑅 = 5.0%. We observe that both the resistance and reactance are dramatically affected by the two chamfers. In Fig.  7(a) 
𝑢 ℎ
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Fig. 6. Normalised impedance, 𝑍 = 𝑍𝑅 + i𝑍𝐼 , for holes with chamfered upstream edges. (a) Resistance, 𝑍𝑅, and (b) reactance, 𝑍𝐼 .

Fig. 7. Acoustic absorption, 𝛥, for holes forced by incoming acoustic waves at the inlet. (a) Chamfers at the upstream edge. (b) Chamfers either at the upstream 
or downstream edges of size 𝛿∕𝑅ℎ = 5%.

Fig. 8. Acoustic absorption, 𝛥, for holes forced by incoming acoustic waves at the inlet. (a) Upstream-edge modifications. (b) Downstream-edge modifications. 
The sizes of the four modifications are 𝛿∕𝑅ℎ = 5%.

the absorption coefficient obtained for these three geometries forced by upstream-incoming acoustic waves is depicted. The straight 
hole generates acoustic energy (whistles) at frequencies 0.2 < 𝑆𝑡 < 0.35. This whistling region is displaced to lower frequencies 
with increasing upstream chamfer sizes. This can be explained by the lower bulk velocity in the hole and, therefore, the lower 
convective velocity of the vorticity fluctuations. The peak of energy generation is also greatly affected, going from generating 134% 
more acoustic energy than incident upon it at the peak to 160% and 60% for the chamfers of size 𝛿𝑢∕𝑅ℎ = 2.5% and 𝛿𝑢∕𝑅ℎ = 5.0%, 
respectively. Contrarily, Fig.  7(b) shows that the chamfer at the downstream edge only mildly modifies the acoustic absorption: the 
peak is displaced to slightly higher frequencies and its magnitude increased from 𝛥 = −1.35 to 𝛥 = −1.75.

Fig.  8 compares the absorption coefficient obtained for chamfers and fillets of the same size (𝛿∕𝑅ℎ = 5%). The same trends 
are obtained for the two types of modifications introduced either upstream or downstream. The results for the upstream, however, 
show that the acoustic absorption is substantially less sensitive to upstream fillets than to chamfers. This is in line with the results 
obtained for the mean flow. This lower sensitivity of the mean flow to fillets explains the lower sensitivity of the acoustic response. 
8 
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Fig. 9. Absorption coefficient of the straight and optimised holes at different frequencies. (a) Unconstrained problem, i.e 𝛿max
𝑢 = 𝐿ℎ, and (b) 𝛿max

𝑢 = 0.1𝐿ℎ.

As for downstream modifications, fillets are found to induce larger variations of the acoustic absorption coefficient: the magnitude 
of the peak is increased from 𝛥 = −1.35 to 𝛥 = −1.75 and 𝛥 = −2.0 for chamfers and fillets, respectively.

5. Optimisation of the acoustic response

In this section, we seek to determine the geometry of the corners of the hole that maximises its acoustic absorption. As seen 
in Section 4.2, for the same characteristic length, i.e. 𝛿𝑢, chamfered upstream corners have more prominent effect on the hole’s 
acoustic absorption than any other modifications considered in this paper. Therefore, we optimise the size of upstream chamfers 
(with a constant angle of 45◦). We target to maximise the absorption coefficient, 𝛥, at a given frequency — in this case the frequency 
of maximum energy generation for the straight hole, i.e. 𝑆𝑡 = 0.25.

The optimisation framework is the same introduced by [28] – but extended to turbulent flows – and relies on a Bayesian 
optimisation algorithm [60] which is gradient-free and, thus, straightforward to integrate with existing numerical solvers. Formally, 
the optimisation problem is written as: 

arg max
𝛿𝑢

𝛥(𝛿𝑢), (13)

subject to 𝛿𝑢 ∈ [0, 𝛿max
𝑢 ], where 𝛿max

𝑢  is a parameter selected by the user to constrain the largest possible value of the chamfer. 
Here, we consider two values of this parameter: 𝛿max

𝑢 = 0.1𝐿ℎ and 𝛿max
𝑢 = 𝐿ℎ for constrained and non-constrained optimisation, 

respectively.
The optimisation algorithm is implemented in the open-source library scikit-optimize (see https://scikit-optimize.github.

io/stable/) and is based on Bayesian optimisation using Gaussian processes [60]. In Bayesian optimisation, the objective function 
(here the absorption coefficient) needs to be evaluated for given inputs (the size of the chamfer). This process is known as sampling. 
Our numerical approach requires to perform the following four steps for each sampling point: first, a mesh is generated for a 
given input (𝛿𝑢

)

; second, a mean flow is computed solving the RANS equations; third, the acoustic field is obtained by solving 
the LNSE and; fourth, the value of the absorption coefficient is determined. The optimisation algorithm works as follows. First, the 
algorithm is initialised by sampling the objective function a prescribed number of times. Then, a Gaussian process which describes 
the objective function is obtained by fitting it to the initial samples. Based on this Gaussian process, an acquisition function is 
defined and the next sample point is determined by minimising it. The next sample is computed, the Gaussian process is updated 
and the acquisition function is minimised again to determine the next sampling point. This process continues until the solution is 
converged or a prescribed number of iterations is reached.

The parameters used for the optimisation are the following: the Gaussian process estimator is a Matern kernel, the acquisition 
function is set to "gp_hedge", and the acquisition optimiser is set to "lbfgs". In our implementation, we assume that the objective 
function is exact (i.e. zero variance) for each sampling point. The algorithm is initialised using five equally-distributed initial points 
laying at 0 ≤ 𝛿𝑢 ≤ 𝛿max

𝑢 . The convergence criteria here is defined as |𝛿𝑛𝑢 − 𝛿𝑛−1𝑢 | ≤ 0.005, where 𝑛 is the current step.
First, we consider the non-constrained problem, i.e 𝛿max

𝑢 = 𝐿ℎ. Convergence is reached after 20 iterations and the optimum value 
of 𝛿𝑢 is found to be equal to the length of the hole 𝐿ℎ. The absorption coefficient of the optimised hole is found to be 𝛥 = 0.26
when optimising for 𝑆𝑡 = 0.25. Compared to the straight hole which generates the maximum acoustic energy at this frequency, the 
optimised hole absorbs acoustic energy. Fig.  9(a) compares the absorption coefficient of the optimised to the straight holes. It can 
be seen that the optimised hole absorbs acoustic energy over the frequency spectrum of 0 ≤ 𝑆𝑡 ≤ 0.6. A linear relationship between 
the absorption coefficient, 𝛥, and the frequency, 𝑆𝑡, is observed with 𝛥 decreasing as 𝑆𝑡 increases.

Fig.  10(a) depicts the mean flow for the optimised hole. It is observed that, for the optimised hole, the separation bubble is fully 
eliminated and the shear layer remains attached along the hole length up to the downstream corner. This increases the discharge 
coefficient of the optimised hole to 𝐶 = 0.7086 compared to 0.65 for the straight hole.
𝑑
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Fig. 10. Mean flow velocity magnitude, |�̄�|∕�̄�ℎ, obtained for the optimised upstream chamfer. (a) Unconstrained problem, i.e 𝛿max
𝑢 = 𝐿ℎ, and (b) 𝛿max

𝑢 = 0.1𝐿ℎ.

This optimal geometry obtained can be compared to the results obtained in [28] for a slightly longer hole (𝐿ℎ∕𝑅ℎ = 1.0) with 
laminar bias flow. While the optimal configuration here is obtained for a large upstream chamfer that suppresses the recirculation 
zone inside the hole, [28] found that the optimal geometry was a large downstream chamfer. In both cases, the flow–acoustic 
interaction inside the holes is suppressed in the optimal configurations, which behave acoustically as very thin holes.

We now turn our attention to the constrained problem, i.e. 𝛿max
𝑢 = 0.1𝐿ℎ, where the upstream chamfer is intentionally restricted 

to be small. The objective is to determine whether the sensitivity of the acoustic response of the perforations can be exploited to 
achieve significant improvements through only minor modifications. The optimal chamfer is found to be 𝛿𝑢 = 0.072𝐿ℎ and the 
acoustic absorption 𝛥 = −0.02, which indicates that whistling at that frequency is nearly suppressed. Figs.  9(b) and 10(b) depict the 
acoustic absorption coefficient and the mean flow, respectively, for the optimal configuration. It is observed that, in this case, the 
peak of maximum acoustic energy generation is not completely suppressed but instead is moved to frequencies far from the target 
frequency.

To conclude this section, we analyse the results obtained in this paper in light of the physical interpretation of the phenomenon. 
When an incoming acoustic wave interacts with the perforation, vorticity is shed from the leading edge, i.e. acoustic energy is 
transformed into vortical energy. This vorticity is convected by the mean flow along the hole as a convective wave confined to a 
thin layer (see Fig.  11). If the acoustic forcing is harmonic, the vorticity wavelength is 𝜆hyd = 𝑢𝑐

𝑓 , where 𝑢𝑐 denotes the convection 
velocity. Vorticity produces sound as it is convected downstream through the perforation; however, the generated sound remains 
weak and only becomes stronger close to the downstream edge, where the acoustic field is more receptive to acoustic sources due 
to the sharp edge. When the sound generated close to the downstream edge surpasses the acoustic energy damped at the leading 
edge, a net generation of acoustic energy occurs (whistling).

Because sound is generated mainly by the vorticity passing close to the downstream edge, the relative phase between the vorticity 
at the upstream and downstream edges plays a crucial role in the acoustic response. For frequencies where half a wavelength 
or its multiples fit within the perforation length, the relative sign between the vorticity at the upstream and downstream edges 
changes. This results in local minima or maxima in the resistance. These are known as hydrodynamic modes [61] and are located 
approximately at 

𝑆𝑡hyd =
𝑛

4𝐶𝑑
, (14)

with 𝑛 = 1, 2, 3,….
Fig.  6 shows that the first hydrodynamic mode is located at 𝑆𝑡 = 0.28 for the straight hole. This mode corresponds to the 

frequency with the largest acoustic energy generation. In the presence of upstream chamfers, the discharge coefficient increases and 
the frequency of the first mode decreases, as shown in Eq. (14).

Fig.  11 shows the perturbation vorticity for several configurations of interest. It can be seen that for the unconstrained optimal 
chamfer edge, vorticity is shed from the downstream edge and, therefore, the acoustic energy generated by vorticity when passing 
close to the downstream edge is suppressed and, consequently, whistling is eliminated. Additionally, it is observed that while the 
upstream chamfer modifies the vorticity distribution to a large extend when compared to a straight hole, this remains virtually 
unmodified for its downstream counterpart. This observation directly relates to the stronger sensitivities obtained for upstream 
chamfers.
10 
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Fig. 11. Real part of normalised perturbation vorticity at 𝑆𝑡 = 0.25 obtained for: (a) a straight hole, holes with 45◦ chamfers of size 𝛿∕𝑅ℎ = 5% at the (b) 
upstream and (c) downstream edges, and (d) hole with optimal upstream chamfer.

6. Conclusion

In this work, we studied numerically the sensitivity of the acoustic response of short circular holes with bias flows to modifications 
of their upstream and downstream edges. The numerical approach was based on a linearisation of the Navier–Stokes equations 
(LNSE) about a steady, turbulent mean flow. The linearised equations were solved efficiently in the frequency domain and a 
11 
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frozen eddy viscosity approach was used to model the turbulence. The numerical results for a straight hole were compared with 
experimental measurements showing an excellent agreement.

The numerical approach was then used to simulate holes with 45◦ chamfered edges and circular fillets. Four cases were 
considered: holes with upstream chamfer and fillet (sharp downstream) and downstream chamfer and fillet (sharp upstream). It 
was found that the acoustic response and, consequently, the energy absorbed by the holes, was strongly affected by the upstream 
modifications. In contrast, downstream modifications only mildly affected the acoustic response of the holes. When chamfers and 
fillets were compared, the acoustic absorption was significantly more sensitive for the former when the modifications are upstream 
and for the latter when downstream.

The results presented here confirm that the acoustic response of short circular holes with bias flow is strongly sensitive to edge 
modifications as proposed by Guzman-Inigo et al. [22] using a semi-analytical model. This highlights the need to account for this 
sensitivity when modelling/manufacturing/designing acoustic systems containing them. In fact, the sensitivity can be exploited to 
create bespoke geometrical designs of perforations in liners to maximise their energy absorption. Here, we proposed a methodology 
to achieve this for holes with turbulent flows by extending the methodology proposed by [28] for laminar ones. The results showed 
that a hole can be optimised to go from one generating 134% more acoustic energy than incident upon it at a given frequency to 
one that damps 25% of this acoustic energy at that same frequency.
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Appendix. Mesh-independence study

In this section, we present a mesh independence study for the straight hole considered in Section 3. The mean flow is computed 
using the same mesh and the results are interpolated onto three acoustic meshes comprising 41,450 (coarse), 202,386 (medium) 
and 809,544 (fine) triangles. Second-order polynomials are used for the three computations. Fig.  A.12 shows the acoustic absorption 
obtained for the three meshes. For the coarse mesh, we observe that the results are unconverged (in mesh size) close to the frequency 
of strongest generation of acoustic energy. In contrast, the medium and fine meshes are converged across the whole frequency range 
investigated. In this work, we use the medium mesh as the reference mesh.

Data availability

Data will be made available on request.

Fig. A.12. Mesh-independence study.
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