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ARTICLE INFO ABSTRACT

Keywords: This study explores the application of the rack method, traditionally used for generating rotor
Rotor profiling profiles in spur gears and twin screw compressors, to rotor profile generation of internally
Gerotor . geared positive displacement machines. The necessary conditions for ensuring continuous
Internally geared screw machine contact in these profiles are examined. An analytical approach is proposed, where a rack profile
Rack method . . . . X
Pdm based on trochoidal curves generates the inner rotor profile, from which the outer rotor profile

is derived. Additionally, a numerical approach is introduced, demonstrating feasibility using
a sine wave rack profile to generate the outer rotor, from which the inner rotor profile is
derived. The methodology could be applied to rotor profiles with a non-zero minimum working
chamber area, as found in gerotor pumps, and modified profiles with a zero minimum area,
as required for internally geared screw machines. This work provides the first demonstration
of general rack-generated rotor profiles for internally geared positive displacement machines.
It establishes a foundation for refining the rack method and developing advanced numerical
techniques for machine design and optimisation.

1. Introduction

Positive displacement machines (PDMs) are mechanical devices in which work is done on or by a fluid contained within a
working chamber via displacement of the chamber boundary. These machines are widely used across various industries, including
fluid transportation, hydraulic systems, refrigeration, and gas compression, due to their ability to maintain a consistent volumetric
flow rate irrespective of pressure fluctuations [1,2]. If the working chamber is always exposed to either a low or high pressure port,
the machine operates as a pump, continuously transporting fluid [3-5]. However, if the porting system is designed to regulate the
timing of fluid intake and discharge, fluid is contained within a working chamber while the volume changes, and the machine can
therefore function as a gas compressor or expander [6-8].

Positive displacement machines can be implemented using a wide range of mechanisms and configurations. Commonly used
rotary PDM configurations incorporate either externally or internally geared intermeshing rotors that form working chambers to
enclose and transport fluid. In externally geared configurations, such as external gear pumps and twin-screw compressors, the
rotors are enclosed within a fixed casing, forming working chambers between the rotor lobes and casing walls. Internally geared
configurations, including gerotor pumps, progressive cavity pumps, and internally geared screw compressors, achieve continuous
contact lines between the inner and outer rotors, creating working chambers contained between the inner and outer rotors, and
stationary end surfaces if present.
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Nomenclature

N, Number of lobes of the main rotor

N, Number of lobes of the gate rotor

Flw Radius of the pitch circle of the main rotor
Fow Radius of the pitch circle of the gate rotor
my; Gearing ratio between the rotors

E Axis distance between the rotors

S Local coordinate system of the main rotor
S, Local coordinate system of the gate rotor
S, Global coordinate system

c General meshing angle

o) Meshing angle of the main rotor

0, Meshing angle of the gate rotor

[ Profile curve parameter

xﬁll), y(,ll) Main rotor Cartesian coordinates in .S,

x(ri)’ y(é) Gate rotor Cartesian coordinates in S,

x(Rf), y(’{) Rack profile Cartesian coordinates in S I
Mt(l) Transition point between the solutions of the meshing condition

Both externally and internally geared configurations can incorporate either straight-cut rotors, as found in external gear and
gerotor pumps, or helical rotors, as used in conventional twin-screw and internally geared screw compressors. The addition of
helical twist can enhance compression efficiency by decreasing port velocities and decreasing pressure differences across leakage
paths [9].

For externally and internally geared PDMs, a critical factor affecting performance is the precise meshing of rotors and tight
manufacturing tolerances, which are essential for minimising leakage and ensuring effective sealing [10,11], while also influencing
the contact mechanics and rotor wear [12,13]. This is particularly true in compression applications where low viscosity of the
gaseous working fluid can lead to high leakage flow velocities [14].

Over the past decades, researchers have focused on understanding the geometry of positive displacement machines [5,15,16]
and developing prediction models using either one-dimensional [14,17,18] or multi-dimensional approaches [11,19,20]. A com-
prehensive understanding of geometry, combined with reliable performance prediction tools, enables the optimisation of machine
configurations for specific application.

The performance of positive displacement machines is highly dependent on rotor shape and machine geometry, making rotor
profiling a critical factor in achieving effective designs. In gerotor and progressive cavity pumps, as well as internally geared screw
machines, rotor profiles are predominantly defined using epitrochoidal curves [21,22]. In contrast, rotor profiles in conventional
twin-screw compressors are typically generated using the well-established rack method [9].

The rack method has previously been applied to internal spur gears [23] where the contact mechanics and power transmission
efficiency are the primary concerns. It has not, however, been thoroughly investigated for defining internally geared rotors in positive
displacement machines, where continuous rotor-to-rotor contact lines are critical to ensure effective sealing of working chambers.
The rack method offers advantages by enabling rotor profiles to be constructed from curve sections on the rack, providing greater
control over the type of contact points between the rotors. Since rotor profile geometry directly influences key factors such as working
chamber volume, port areas, contact points, and leakage areas, all of which significantly impact machine efficiency, exploring novel
approaches to rotor profiling is well justified.

The aim of this paper is to establish the theoretical and geometric foundation of a novel approach to rotor profile generation by
extending the rack method for use in internally geared configurations. This is an important contribution as it provides a rigorous
basis for generating the necessary input geometry for optimisation of specific machine configurations and operating conditions.
Integration of this rack generation method with specialist performance analysis tools is beyond the scope of the current paper, but
will be the focus of future work.

2. Review of the profiling methods for meshing rotors

Rotary positive displacement machines consist of meshing rotors that create a series of working chambers. In conventional twin-
screw compressors, the two meshing rotors are referred to as the main and gate rotors. For the internally geared pump or compressor
configuration, the meshing rotors are referred to as the inner and outer. In this study, the inner rotor is considered to be the main
rotor for the internally geared configuration.

To ensure proper meshing of the rotors, the Fundamental Law of Gearing (also known as the meshing condition) must be satisfied.
This law states that for a pair of rotors (gears) to maintain a constant velocity ratio, the normal at the contact point of their tooth
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profiles must always pass through a fixed point on the line of centres, known as the pitch point [24]. The coordinates of the pitch
point, defined in the main rotor’s local coordinate system, are given in Eq. (1), where o, = ¢ represents the rotational position of
the main rotor. The main rotor’s coordinates in its local coordinate system are provided in Eq. (2), where 6 is the general rotor
profile curve parameter. The normal vectors can be determined for each point on the main rotor, as shown in Eq. (3). The general
equation for the meshing condition, as described by Vecchiato, Demenego, Argyris, and Litvin [22], is presented in Eq. (4). The
same condition applies to the gate rotor in its local coordinate system. Eq. (4) is necessary to explore meshing solutions for a rack
profile, as discussed below.

PV (o) = (PM (o), PV (o)) a
R©0) = D), 0y @
N ayV©) dxV o)

Mgy _ |00 T
Ny = [ a6 g " 3
—_ e dxPg) dyD@)
R PD(0.0)x N{(0) = (x00) = PV(0) ) - o+ (100) - PV(0) ) - —— = @

The meshing condition plays a crucial role in both externally and internally geared designs. The externally geared design of rotor
profiles in positive displacement machines has been extensively studied and widely applied, particularly in external spur pumps
and conventional twin-screw machines. The most commonly used method for generating externally geared rotor profiles involves
designing a third rotor of infinite pitch radius, known as the rack rotor, which meshes with both the main and gate rotors. This
approach, referred to as the rack method, is based on the principles of the Envelope Theory [25], originally developed within the
field of differential geometry. The rack method was first introduced by Sakun [26] as a mathematical framework for defining the
meshing condition, which must be satisfied by the meshing curve generated for a given pair of rotors.

Initially, the meshing condition between the rack and each rotor profile was solved analytically, imposing constraints on the
selection of the meshing curve. The curve had to be analytically differentiable, limiting the options to simple geometric shapes
such as circles, lines, and points. However, the advancements introduced by Stosic [9] significantly simplified the design process
by proposing a numerical approach that employs central difference methods to solve the meshing condition and derive the meshing
curve.

The introduction of numerical techniques to the rack method expanded the flexibility of meshing curve design, allowing for a
broader range of profile shapes. This flexibility enables profile shapes to be defined through sections on the rack, facilitating the
generation of various types of contact points at specific locations.

Although the meshing condition presented in Eq. (4) may have multiple solutions for a single point on the rotor, in external
gearing, such as the rotor profiles used in conventional twin-screw machines, the selection of solutions is straightforward. It can be
deduced that the roots of the equation always lie in the first and fourth quadrants of the rotor’s local coordinate system [9]. The
rack method is widely used to generate involute profiles; however, it has also played a significant role in developing highly efficient
rotor profiles for conventional twin-screw machines [27]. One of its key contributions to twin-screw machines was the introduction
of asymmetric rotor profiles, which improved sealing within working chambers operating under higher pressure differences.

On the other hand, internally geared designs of positive displacement machines have primarily been developed for pumping
applications. The most common configurations include liquid gerotor pumps [28] and progressive cavity pumps [4].

A key difference compared to the externally geared designs is that internally geared positive displacement machines must satisfy
an additional constraint to ensure continuous contact between the rotors throughout rotation, enabling proper sealing of the working
chambers. This constraint further complicates the design process of internally geared positive displacement machines. Another
fundamental requirement for internally geared designs is that the absolute difference between the number of lobes on the main
and gate rotors must be equal to one.

The initial concept of internally geared screw compressor design originates from gerotor pumps and was first introduced by
Read, Smith and Stosic [8]. The key difference in rotor profiles is that internally geared screw compressor profiles must achieve
a zero-minimum working chamber area to limit leakage flows, whereas this constraint is not imperative in straight-cut gerotor
machines.

Various methods based on epitrochoidal curves for generating rotor geometry in gerotor applications have been described in
previous studies [21,22,28]. While these methods are primarily employed to generate rotor profiles in gerotor pumps, alternative
approaches incorporating non-circular pins and deviation functions have also been explored in several studies [29-31]. More recent
studies on gerotor pumps have focused on generating rotor profiles to enhance performance and minimise wear [32,33].

In earlier studies, Read et al. [8] proposed internally geared screw compressor rotor profiles based on combinations of
epicycloid and hypocycloid curves, where the selection of profiles is limited. More recent studies on internally geared screw
compressors [17,34,35] have adopted the method described by Vecchiato et al. [22], commonly referred to as the pin-generation
method.

The method described by Vecchiato et al. [22] provides analytical solutions for generating rotors from predefined circular pins.
By numerically solving the meshing condition, the method can be generalised to allow an arbitrary curve to be used as a pin [36].
Previously described methods focused on producing symmetric profiles predominantly. Asymmetric internally geared rotor profiles
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for positive displacement machines were recently proposed by Read [37] where a combination of circular pins is presented. Another
approach for generating asymmetric rotor profiles was introduced by Genta, Ghigo and Milanese [38], utilising elliptical pins.

While the rack method has significantly advanced rotor design in traditional screw compressors, it has not been extensively
studied for application in internally geared designs. An initial investigation into the application of the rack method to internally
geared designs was introduced by Lacevic, Kovacevic, Stosic and Read [39], where a combination of cycloid and inverted cycloid
curves was used as the rack profile. The condition of continuous contact was naturally satisfied due to the properties of cycloidal
curves.

Since the rack method has provided numerous benefits to externally geared conventional twin-screw compressors, this paper aims
to present a more general approach for applying the rack method to internally geared positive displacement designs, addressing both
pumping and compression applications.

3. Existence of the continuous contact

The meshing condition presented in Eq. (4) can be challenging to solve analytically. However, it can also be effectively addressed
through geometrical analysis, as initially described by Buckingham [40]. To enhance the understanding of continuous contact
between the rotors, this section presents a detailed geometrical analysis of the meshing condition.

Consider a general lobe curve of the main rotor, as illustrated in Fig. 1(a). A representative point C on the main rotor has
coordinates (x(ri)(b?), y(,P(e)) in the rotor’s local coordinate system.

The normal at point C can be calculated using the first derivative of the rotor profile curve, and the normal angle, y,, is
determined as shown in Eq. (5). The polar coordinates of the rotor in its local coordinate system are given by Eq. (6).

45O
w1(0) = tan o 5)
dyy,(0)

) = tan”! <y 2 © >
@ = e
P1 x(rll)(e)

6)
Py, (0) =/ V(02 + (51)(0))?

The first solution of the meshing condition, denoted by the angle ¢ = ¢, must be determined. Triangle A ABC, illustrated in
Fig. 1(a), can be isolated and analysed, as shown in Fig. 1(b). Using geometric principles, the corresponding angles within A ABC
are defined and expressed in Egs. (7).

®.(0) = w1(0) — @, (6)
y(0) =7 — (y,(0) — o)

@

By applying the sine rule in triangle A ABC (as shown in Eq. (8)) and incorporating the relationships defined in Eq. (7), the
angle of the contact point, ¢, can be calculated. The first solution for the meshing angle of a rotor point is provided in Eq. (9).

This solution of the meshing condition corresponds to the one used in the rack method, which lies in the first or fourth quadrant
of the coordinate system. The second potential solution, which lies in the second or third quadrant, is shown in Eq. (10).

sin(@.(0)) _ sin(y(6))

",y Pp (9
s -1 <pl’1(0) . ) ®
7(0) =sin - sin(¢,.(6))
lw
6(0) = w1(0) —r(0) 9
@) =y (O +rO) -7 (10

The meshing angles ¢ and ¢* alone do not constitute a sufficient condition to ensure continuous contact between the rotors. They
provide an analytical means of defining the potential meshing angles at rotor points. However, to maintain continuous contact, the
transition between the roots of the meshing equation must be smooth. This requires a transition point M, at which both solutions
coincide.

In other words, at the transition point, ¢ = ¢*, or equivalently, solving Egs. (9) and (10) indicates that y = % To ensure
continuous contact, the solutions for the angle y, as described in Eq. (8), must remain continuous across the entire domain.
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Fig. 1. Geometrical interpretation of the meshing condition: (a) a single lobe on the main rotor profile, and (b) a close-up view of triangle A ABC.

4. Generating internally geared profiles using rack method

Since the initial rack method described by Stosic [9] does not account for the second root of the meshing equation, as described
geometrically in Section 3, continuous contact cannot be guaranteed. An initial investigation conducted by Lacevic et al. [39]
incorporated a combination of cycloid and inverted cycloid curves on the rack, resulting in fully valid internally geared rotor
profiles that ensure both continuous contact and a zero-minimum working chamber area. However, the rack described in this initial
investigation most likely represents a special case due to the inherent properties of cycloidal curves. This section presents an extended
approach using the rack method to generate one rotor, which can then be used to derive the corresponding rotor. A special case,
where the rack is based on a trochoidal curve and the meshing condition is solved analytically, is described alongside the general
approach for generating valid internally geared rotors, with or without a zero-minimum working chamber area.
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Fig. 2. Rack profiles generated from trochoid curve.

4.1. Analytical solution for trochoidal racks

The coordinates of the rack, derived from the trochoid curve, in its local coordinate system are defined in Eq. (11), where
b, = a;/4,, k, is an adjustable shape parameter, and g, is the radius of the rolling circle, which must satisfy the gearing ratio
between the rack and the main rotor as g, = r;,,N,. Here, r;,, is the pitch circle radius, and N, is the number of lobes of the main
rotor.

The non-dimensional parameter A, characterises the type of trochoid curve, with this study focusing on curtate trochoid curves
that satisfy the condition 4, > 1 to ensure physically valid rack profiles. Examples of rack profiles generated by trochoid curves for
different values of A, with k, = 0 are illustrated in Fig. 2. The local coordinates of the rack profile are transformed into the global
coordinate system S, by applying the transformation matrix M, , (Eq. (12)) as shown in Eq. (13). A single lobe of the rack profile is
generated for 6 € [0, 2x], where 0 serves as the general profile curve parameter. The rack curve is fully differentiable over its entire
domain.

X0 = 0,6 - (a,/2,)sin

(L) (11
VR () =a, —(a,/A;)cos 0 + k,
1 1 0 ,
-1 1 0 0
Mr=lo o0 1 o 12)
0 0 0 1
.
[P0 5@ 0 1] =m, [$Pe) Ko o 1 .

The coordinates of the rack generated main (inner) rotor can be derived from the rack profile by combining the global rack
coordinates, obtained from Eq. (13), with the solutions to the meshing condition between the rack profile and the main rotor profile,
as described by Stosic [9] and given in Eq. (14). This relationship can be expressed and solved in matrix form, as shown in Eq. (15),
where the matrix M (o,,) defines the transformation from the rack coordinate system to the main rotor’s local coordinate system,
as presented in Eq. (16).

dy(f)(G)
0O = 5, =X O)
0, (0) = — 14)
lw
0 ) 129 29 T
[V@.0,) @0 0 1| =My oM, [<Po) K@) o0 1 (15)
coso, —sino, 0 ry o, sing,
. o
Mg, (0,,) = smoa,] cosoo,] 1 r1,0r COSO, a6)
0 0 0 1

Since the gate (outer) rotor in this approach does not necessarily need to mesh with the rack profile, it is essential to determine the
gearing ratio in terms of the axis distance E between the rack generated main rotor and the corresponding gate rotor that satisfies
the continuous contact condition. The meshing condition for the generated main rotor profile can be established using Eq. (17).

The transition point M,(” = (xEll)(Ht), yﬁll)(et)), introduced in Section 3, can be identified in the main rotor’s local coordinate system
S| as the maximum of the function y(6), as defined in Eq. (18).

0
7(0) = sin™! (p:/‘ (E) sin(%(a))) 17)
1
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— Main rotor
— QGate rotor
Contact points loci (Solution ¢*)

—— Contact points loci (Solution o)
(a) ' (b) '

Fig. 3. Examples of internally geared rotor profiles with (a) 4, = 1.2, k, = —=0.5 and (b) 4, = 1.2, k, = 1, where the main rotor profile is generated using a
trochoid-based rack, and the gate rotor is derived from the corresponding main rotor profile (N, =3, N, =4).

204, -

18
dqa( ) (18

( )
(6;) cos(g,(6,)) + sin(e,.(6; )) )=

P, ©0)

The corresponding axis distance E required to achieve continuous contact between the rotors can be determined with respect to
the identified transition point M,(l) using Eq. (19). The axis distance between the main rotor, generated by a trochoid rack, and the
corresponding gate rotor that ensures continuous contact is directly related to the trochoid parameter b,, given as E = b, = a,/4,.

| 25,8 sin(e(6)))

N, (19)

The axis distance (E) between the main rotor, generated by the trochoid-based rack profile, and the meshing gate rotor can be used
to calculate the pitch circle radii of the rotors as r,,, = N, E and r,,, = N, E, where N, = N, + 1. Additionally, both solutions to the
meshing condition can be determined using Egs. (9), (10), and (17).

By applying the transformation between the main and gate rotor’s local coordinate systems, as given in Eq. (20), along with
the solutions to the meshing condition, the gate rotor profile can be derived as defined in Eq. (21). The meshing condition can be
established for each point on the main rotor profile based on the profile parameter 6.

For 6, < 0 < 2 — 0, (defined here as the addendum section), the main rotor profile coordinates (x(”(e) yﬁ“(e)) will have two
solutions to the meshing condition (Egs. (9) and (10)), representing contact points in all four quadrants For other points on the
main rotor profile (defined here as the dedendum section), only the first solution, defined by Eq. (9), will exist.

The locations of the contact points in the global coordinate system .S, can be determined by transforming them from the main
rotor’s local coordinate system using the transformation matrix given in Eq. (22). Examples of valid internally geared rotors with
continuous contact, where main rotor profile is generated using the rack method and gate rotor profile is derived from the main
rotor profile are shown in Fig. 3.

cos(o(1 +my)) sin(c(14+my)) 0 E
M(l)( =" sin (U(é +my;))  cos (6(10+ myy)) (1) 8 20)
0 0 0 1
[ ® e ) M T
©.0) ¥ 0 1 =Mp@|[V@ e o 1 1)
cos o sinc 0 O
(1) —sineg cose 0 O
= 0 0 1 0 (22)
0 0 0 1
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7\

Fig. 4. Examples of rack profiles generated using sinusoidal curves with varying amplitudes and zero vertical offset (k; = 0).

4.2. Numerical solution for general rack curves

A general rack curve can be defined in its local coordinate system as xﬁ?(e), y(RL)(G), where 0 is the general profile curve parameter.
Using the rack method to generate one rotor and subsequently deriving the second rotor while ensuring that the geometrical meshing
condition is satisfied provides a suitable approach for generating valid rotor profiles with continuous contact.

Depending on which rotor is generated from the rack, the width of a single lobe on the rack must satisfy the gearing ratio:
Fidih = 12\/—”r1w if the main rotor meshes with the rack, or r,;;,;, = ,2\,_”’2w if the gate rotor meshes with the rack.

In Section 4.1, the generation of the main (inner) rotor using the rack profile was described, and an analytical solution for the
trochoidal rack was provided. The gate rotor was then derived from the main rotor. To emphasise the feasibility of this approach,
this section describes the procedure for generating the gate (outer) rotor using the general rack profile and deriving the meshing
main rotor with continuous contact.

Rack coordinates can be expressed in the global coordinate system using Eq. (13), while the coordinates of the gate rotor in its
local coordinate system .S, can be determined by applying transformational matrix defined in Eq. (23) as shown in Eq. (24), where

O-rz = mZIO-rl .

cos(myio,,)  —sin(my0,) 0 ry myo, sin(my 0, )
Mg, (0, = sm(mélarz) cos(mélarz) (1) —r2wm216,20cos(m216,2) (23)
0 0 0 1
T
[20.0,) 200, 0 1] =Meo )M, [<D0) yP@ o 1] 24)

The existence of continuous contact between the generated gate rotor and the desired main rotor for a given gearing ratio can
be ensured by numerically solving Eq. (25) for the axis distance E, where 6,, representing the location of the transition point, is
determined from Eq. (18).

(6

p
WFM%NE

Sin(%(é',))) (25)
The main (inner) rotor coordinates in its local coordinate system S, can then be derived using Eq. (26).

[Pe.0 ew 0 1]=M@ 20 e o 1] (26)
To demonstrate the feasibility of the proposed methodology, two distinct rack profiles are used to generate pairs of internally
geared rotors. The first rack profile is constructed using a sinusoidal curve, where the amplitude of the sine wave, denoted as A,
is a controllable parameter. Another parameter influencing the resulting rotor shape is the vertical offset, k,, which can be applied
to the y-coordinate of the rack profile in its local coordinate system. Examples of sinusoidal rack profiles generated for different
amplitudes with zero offset (k, = 0) in its local coordinate system are shown in Fig. 4.

The second rack profile is based on a geometric combination of two circular arcs: one arc defines the dedendum portion of the
profile, while the other defines the addendum. This approach enables greater control over the curvature and overall shape of the
generated profiles.

The geometry of the arc-based rack profile is defined by two non-dimensional shape parameters. The first, «,, represents a
normalised arc angle such that the true arc angle is « = « - ap, with a, € [0,1]. The second parameter, a, defines the normalised
chord length of the central arc, with a, € [0, 1]. Together, these parameters control the angular span and horizontal extent of the arc
segments, respectively, thereby influencing the overall profile geometry. Representation of these non-dimensional shape parameters
and their influence on rack rotor shape are shown in Fig. 5(a). Examples of rack profiles generated using combinations of circular
arcs for various values of the non-dimensional shape parameters a, and «/, are presented in Fig. 5(b).
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Fig. 5. Rack rotor profiles based on geometric combination of two circular arcs: (a) representation of non-dimensional shape parameters a, and a,; (b) rack
profiles constructed using a combination of circular arcs with varying non-dimensional shape parameters a, and a,.

— Main rotor
— QGate rotor
Contact points loci (Solution o*)

--- Truncated gate rotor
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(@)

Fig. 6. Examples of internally geared rotor profiles, where (a) N, =3, N, =4 and (b) N, =4, N, =5, both achieving continuous contact and a non-zero
minimum working chamber area. The profiles are generated using a sinusoidal curve (Fig. 4 where A, =0.2,k, = 0) on the rack profile.

Examples of internally geared rotor profiles generated using sinusoidal rack profile and rack profile produced by a combination
of circular arcs are shown in Fig. 6 and Fig. 7, respectively. The resulting rotors maintain continuous contact and are suitable for
various applications in positive displacement machines. However, they do not necessarily provide a zero-minimum working chamber
area, which is crucial for efficient compression in internally geared screw compressors.

A simple method of reducing the minimum working chamber area is to truncate the gate rotor profile using circular arc sections
sized to achieve contact (or a specified gap) when the tip of the main rotor aligns with the root of the gate rotor, as shown in Figs. 6
and 7. However, if a zero-minimum working chamber area is crucial, this issue was previously addressed and resolved by Vecchiato
et al. [22], and the same approach is applied in this paper. Once the meshing rotors are generated, a portion of the main (inner)
rotor can be used to form the fillet part of the gate (outer) rotor, sealing the gap and ensuring a zero-minimum working chamber
area, as described by Vecchiato et al. [22].

For the rack generated main rotor in Eq. (26), a corresponding fillet part of the gate rotor that ensures both continuous contact
and a zero-minimum working chamber area can be defined by solving the meshing condition for the main rotor using Eq. (9) and
applying Eq. (21) to determine the fillet coordinates.

Examples of fully valid internally geared rotor profiles produced from the sinusoidal curve on the rack profile (based on the
profiles from Fig. 6) with both continuous contact and a zero-minimum working chamber area are shown in Fig. 8. Although this
procedure is demonstrated here using profiles defined by the sinusoidal rack curve, it is equally applicable to any other rack curve
formulation.
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— Main rotor
— GQate rotor
Contact points loci (Solution ¢*)

--- Truncated gate rotor
--- Rack profile

(b)

Fig. 7. Examples of internally geared rotor profiles, where (a) N, =3, N, =4 and (b) N, = 4, N, = 5, both achieving continuous contact and a non-zero
minimum working chamber area. The profiles are generated using a combination of circular arcs (Fig. 5 where a, = 0.25,, =0.3) on the rack profile.

— Main rotor
— Qate rotor

Contact points loci (Solution o*)
—— Contact points loci (Solution o)

AN

(@) (b)

Fig. 8. Examples of the internally geared rotor profiles from Fig. 6, where (a) N, =3, N, =4 and (b) N, =4, N, =5, incorporating a modified fillet on the
gate (outer) rotor to achieve a zero minimum working chamber area.

Various curve types can be applied to different sections of the rack profile, provided they result in smooth and geometrically valid
rack rotor profiles. Determining the optimal combination of such curves would require detailed optimisation studies customised to
specific curve families and specific engineering applications, which is beyond the scope of this paper.

4.3. Preliminary profile shape evaluation

To demonstrate the capability of the proposed methodology in enabling comparative evaluation and geometrical analysis of
generated profiles, a preliminary evaluation metric is defined in terms of the relative swept volume for a gerotor pump application.
For each generated rotor profile, relative swept volume, V;, is defined as the ratio of the total volume swept by the working
chambers during one full rotation to the reference volume enclosed by the outer rotor tip cylinder. It provides a straightforward
non-dimensional basis for comparing different profiles and supports preliminary parameter space exploration within selected families
of rack generated profiles.

For rack profiles generated using sinusoidal curves (Fig. 4(a)), two shape parameters, amplitude A, and vertical offset k, are
varied. In the case of rack profiles constructed from a combination of circular arcs (Fig. 4(b)), the non-dimensional parameters a,
and a, are varied within their allowable limits. The influence of these parameters on the relative swept volume is illustrated in
Fig. 9(a) and (b) for the sinusoidal and circular-arc-based rack profiles, respectively. In Fig. 9, both cases show distinct regions
where the relative swept volume varies as a function of the shape parameter combinations, demonstrating the influence of these
parameters on the relative swept volume. In both cases, the maximum relative swept volume, ¥, reaches approximately 45%
of the outer rotor tip cylinder volume. The rotor profiles corresponding to the parameter combinations that produce the maximum
relative swept volume for both sinusoidal and circular-arc-based rack configurations are shown in Fig. 10(a) and (b), respectively.
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s
max

=
v

o
¢
Non valid regions

(a) (b)

Fig. 9. Contour plots of the relative swept volume ¥, as a function of rack profile parameters: (a) sinusoidal-based racks with varying amplitude A, and vertical
offset k; (b) circular-arc-based racks with varying non-dimensional parameters a, and «,.

— Main rotor
— Gate rotor

Contact points loci (Solution %)
—— Contact points loci (Solution o)

(a) (b)

Fig. 10. Rotor profiles corresponding to the maximum relative swept volume (Fig. 9) for each rack configuration: (a) sinusoidal-based rack with A; =0.94 and
k, = 0.26 achieving 175"“"‘ =44.7%; (b) circular-arc-based rack with a, =0.18 and «, = 0.78 achieving 17;””" =43.4%.

()
N

Fig. 11. Examples of undercuts that occur on the inner rotor profiles of a sinusoidal rack generated profile for non-valid regions in Fig. 9(a).
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The circular-arc profiles remain valid across the entire parameter space, as evidenced by the continuous validity in Fig. 9(b).
Although the sinusoidal profiles display a generally linear and smooth trend across the explored domain, some parameter
combinations, however, produce undercuts that invalidate the rotor geometry (as it can be seen in Fig. 9(a) non valid region).
Examples of these undercuts on the generated inner rotor profile (occurring for sinusoidal rack parameters within the invalid region)
are shown in Fig. 11. These undercuts highlight limitations on parameter selection imposed by the geometrical constraints and the
nature of the rack curve formulations. Such limitations must be explored in detail for specific curve families, with trends and
allowable parameter bounds defined in future studies. Within this paper, the rack-curve selections serve demonstration purposes
only and were not chosen based on any detailed optimisation or application-specific analysis.

5. Conclusion

This paper provides a detailed review of existing rotor profiling methods commonly used in the design of rotary positive
displacement machines and examines different approaches for externally and internally geared rotor configurations. Although the
rack method, widely used in conventional twin-screw machines, has been extensively applied in externally geared rotary positive
displacement machines and spur gears, it has not been thoroughly investigated for internally geared rotor configurations, where
maintaining continuous contact is imperative.

A geometrical solution to the meshing condition, as described in this paper, provides a sufficient condition for ensuring
continuous contact between the rotors. Based on this condition, an extended approach is introduced, where the conventional rack
method can be applied to generate one of the rotors. The corresponding rotor is then derived from that rotor while ensuring the
continuous contact is maintained.

A special case, where the rack curve is defined as a curtate trochoid, is described in detail, and analytical solutions are presented.

Additionally, a more general approach implementing numerical solutions to the continuous contact condition is presented. This
methodology is demonstrated on profiles derived from two distinct rack rotor formulations where one is based on a sinusoidal curve
and the other is constructed from a combination of circular arcs. The resulting rotor profiles do not necessarily have a zero-minimum
working chamber area, which is crucial for compression applications. However, an additional extension is described that modifies
the gate (outer) rotor fillet, ensuring a zero-minimum working chamber area while maintaining continuous contact. Capability of
the proposed methodology for geometrical analysis and comparative evaluation is illustrated by introducing a preliminary metric
based on the relative swept volume and applying it to both the sinusoidal and circular-arc rack cases.

Future work will focus on understanding the limitations of the general approach and addressing potential issues related to
undercuts that may occur on the rotors. The proposed approach for rotor profile generation will then be integrated with performance
prediction models of real-world applications to allow optimisation of machine geometry and operating conditions.
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