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Abstract

The dynamic stiffness method (DSM) for free vibration analysis of functionally graded
moderately thick plates based on power and sigmoid laws is developed. The functionally
graded plates analysed are identified as P-FG and S-FG plates, describing the power and
sigmoid laws. The effective material properties of the P-FG and S-FG plates are assumed to
vary through the thickness of the plate. First-order shear deformation theory and Hamilton’s
principle are used to derive the governing differential equations of motion. The Levy-type
solution is sought to derive an efficient analytical formulation for plates with simply supported
boundary conditions along two opposite edges. By imposing the boundary conditions for
displacements and forces, the dynamic stiffness matrix is developed. Then the Wittrick—
Williams (W-W) algorithm is applied to compute the natural frequencies and mode shapes of
P-FG and S-FG plates. The influence of the material gradient index, aspect ratio, thickness to
length ratio and boundary conditions on the natural frequencies and mode shapes of P-FG and
S-FG plates are investigated in detail. Comparing these two grading laws i.e. power and
sigmoid grading laws is important, as they yield different stress and stiffness distributions,
which directly impact vibration characteristics, stress concentrations, and manufacturability of
functionally graded components. To establish the accuracy and validity of results from the
present theory, comparative studies utilising existing literature are performed, which show
excellent agreement. The results given, can be used as bench-mark solutions when validating

finite element and other approximate theories.

Keywords: functionally graded plates, dynamic stiffness method, Wittrick-William algorithm,

free vibration analysis, power law, sigmoid law
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1. Introduction

Functionally graded materials (FGMSs) have attracted considerable attention in recent years for
their large-scale application in various engineering fields such as civil, aerospace, shipbuilding,
automobile and nuclear engineering, amongst others. Basically, FGMs are a distinctive class
of composite materials for which physical properties are made to change in specified directions
based on some designated functions. In general, there are basically two phases of FGMs,
namely the metallic and the ceramic and the properties gradually change from one phase to
other. Thus, the volume fraction of FGMs varies in direction, generally through the thickness
and/or along the length, making one side of the material ceramic while the other side metallic.
In this way, the heat-resistant thermal properties of ceramic and the mechanical properties of
metal can be exploited to advantage. Thus, FGMs have wide ranging applications in various
engineering fields such as aerospace, automobile, ship building, amongst others. The
continuous change in the microstructure of FGMs distinguishes them from the conventional
fibre-reinforced laminated composite materials, which have understandably a mismatch in
mechanical properties across the interface of the two discrete materials, i.e., fibres, and resins
that are generally bonded together. As a result, the constituents of the fibre-matrix composites
become prone to debonding, particularly under high thermal loading. Furthermore, in fibrous
composites cracks are likely to occur at the interfaces between fibre and matrix, which may
grow and subsequently reduce the strength and eventually lead to the failure of the structure.
Additional problems in fibrous composite materials are associated with the presence of residual
stresses that are induced due to the differences in coefficients of thermal expansion of the fibre
and the matrix. In FGMs, these problems are circumvented because of the gradual variation in
the volume fraction of the constituent material components, rather than an abrupt change of
properties across the interface, as prevalent in fibrous composites [1-2]. These beneficial
qualities distinguish FGMs from their traditional composite counterparts and thus make them
the ideal choice for applications in optoelectronics, biomedical, chemical, mechanical,
spacecraft and many other essential engineering requirements [3]. Continuous variations of the
volume fraction of two and more materials through the thickness direction of a structure, e.g.,
a plate or a beam, are generally modelled by some power law, such as sigmoidal and/or

exponential law.

Many researchers have utilised power law [4, 5] or exponential law [6-11] through the

thickness direction in order to characterise the variation of material properties in FGMs.
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However, in both power and exponential laws, the stress concentration in FGMs may occur in
one of the interfaces in which the material property variation may be continuous but rapidly
changing [12]. Against this background, Chi and Chung [13] proposed a sigmoid FGM, which
is composed of two power-law functions to define a new volume fraction. They also indicated
that the use of a sigmoid FGM can significantly reduce the stress intensity factors. It should be
noted that P-FG distributions are commonly employed due to their mathematical simplicity
and widespread acceptance while S-FG distributions offer smoother transitions in material
properties, which can help reduce stress concentrations and improve overall structural
performance. Additionally, the inclusion of S-FG models allows one to assess the

computational implications of using more complex grading profiles.

In the context of the current research, it is well known that the neutral surface (NS) of a plate
is characterized by the surface that is free from strain and stress when the plate is subjected to
pure bending. For a homogeneous isotropic or for a symmetrically laminated plate, the neutral
surface and the geometric middle surface are essentially the same whereas the NS of a
functionally graded plate may not coincide with its mid-surface because of the material
property variation through the thickness of the plate [14]. In this respect, the concept of NS
was highlighted by Zhang and Zhou [15], Yin et al. [16], Kim and Lee [17], Lee et al.[18], and
Zhang [19] when deriving the governing equations for a functionally graded (FG) plate. The
introduction of NS in the analysis is advantageous because it eliminates the coupling between
the membrane and the curvature modes. Such a coupling can give rise to enormous difficulties

to formulate the problem.

Free vibration of FGM plates have been studied quite extensively in the literature to understand
the response behaviour of plates, e.g., see [3]. From an engineering point of view, the
importance of this topic cannot be underestimated or overemphasized, especially for its
promising application in aircraft design because the upper and lower surfaces of the wing are
typically idealized by plates or plate assemblies. In recent years, extensive efforts have been
expended to improve the modeling and analysis of free vibration characteristics of functionally
graded (FG) and composite structures. Several researchers have presented novel numerical and
analytical methods to capture the vibrational response of FG plates and similar structural
elements under various boundary and loading conditions. Benadouda et al. [20] conducted a
comprehensive analysis of wave propagation in functionally graded beams with defects,
highlighting the effects of porosity and cracks on dynamic responses. Lakel et al. [21] studied

the free vibration behavior of functionally graded graphene nanoplatelet-reinforced (FG-
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GNPR) nanoplates using a refined plate theory and Eringen’s nonlocal elasticity model. Their
work investigated the influence of GNP distribution, nonlocal effects, and boundary conditions
on natural frequencies, providing valuable insights for nanoscale structural design. Ghalem et
al. [22] analyzed the free vibration of 2D-FG beams with internal cracks on Winkler—Pasternak
foundations using the h-finite element method, highlighting the effects of crack parameters and
material gradation on natural frequencies. Their investigation offered valuable insights into the
dynamic behavior of cracked FG structures. On the other hand, Khayra et al. [23] studied the
free vibration behavior of cracked functionally graded plates considering porosity defects and
various material gradation types, showing that porosity distribution and boundary conditions
significantly affect the natural frequencies. Their findings provided important insights into the
dynamic response of imperfect FGM structures. The application of FGMs thus plays a
significant role to enhance the design of aircraft wings for which the free vibration analysis is

a very important consideration, particularly from a dynamic standpoint.

With the emergence of powerful computational processors, the tendency to use Finite Element
Method (FEM) for structural analysis has increased immensely. The FEM is after all an
approximate numerical method, but the result from FEM generally converges to exact result
with increasing number of elements [24]. It is well-recognised that the accuracy of results from
FEM cannot be always guaranteed. This is particularly true in dynamic analysis at high
frequencies when the FEM may become inaccurate or even unreliable. Nevertheless, the FEM
serves as the most convenient computational method to analyse complex structures with
complex geometries and boundaries. The FEM being a numerical method, by its very nature,
requires considerable computational resources and CPU time, especially when carrying out
optimization studies. The computational effort can, of course be minimized if accurate and
efficient analytical methods are developed, particularly to validate and enhance the
performance of FEM. One such method is the dynamic stiffness method (DSM) [25-31] which
gives exact results that are independent of the number of elements used in the analysis, which
is in sharp contrast to FEM. For instance, one single structural element can be used in the DSM
to compute any number of natural frequencies of a structure to any desired accuracy, which, of
course, is impossible in the FEM. In DSM, once the initial assumptions about the displacement
field have been made leading to the governing differential equations of motion of a structural
element, no additional assumptions are made in the analysis [32]. A literature survey shows that
many remarkable contributions in DSM have been made over the years [33-39] in free vibration
analysis of isotropic and orthotropic plates. By and large, researchers have utilized the Wittrick-
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Williams (W-W) algorithm as solution technique when using the DSM, (see [40-45]) for free
vibration analysis of isotropic and anisotropic beams and plates. Pagani et al. [46] developed the
DSM for computing the eigenvalue of composite beams under different boundary (edge)
conditions whereas Kolarevic et al. [47] employed the superposition and projection method to
formulate the DSM for rectangular plate assemblies.

For FG plate problems, two key issues need to be primarily addressed. These are: the modelling
of the plate using an appropriate plate theory, and the solution procedure. The first issue which
is basically about the choice of plate theories which can be generally classified into three major
categories: thin plate theory based on Kirchhoff-Love plate theory (KLPT), moderately thick
plate theory based on Reissner—Mindlin plate or first-order shear deformation theory (FSDT),
and thick plate theory based on higher order shear deformation theory (HSDT) or third-order
shear deformation theory (TSDT). It is well-known that KLPT being a relatively simple plate
theory can be applied to thin plates reasonably successfully, but for thick plates, KLPT may
give poor results, particularly for higher order natural frequencies and mode shapes because
KLPT does not account for the effect of shear deformation which becomes significant through
the thickness direction of thick plates. There are many researchers who used KLPT to study
the dynamic behaviour of isotropic and FGM plates. For instance, Liessa [48] applied KLPT
to investigate the free vibration behaviour of isotropic thin rectangular plates whereas a
combination of KLPT and Rayleigh-Ritz method was used by Chakraverty et al. [49] to
analyse FGM plates for their free vibration characteristics. On the other hand, Abrate [50]
investigated the free vibration behaviour of FGM plates with simply supported and clamped
boundary (edge) conditions using KLPT. To overcome the limitations of KLPT, the First-order
Shear Deformation Theory (FSDT) which accounts for the effect of shear deformation was
formulated by Reissner [51] and Mindlin [52] who introduced the application of a rather
fictitious shear correction factor to account for the non-uniform shear stress distribution
through the thickness of the plate in an attempt to satisfy the zero-stress condition at the outer
surface of the plate, on an ad-hoc basis. The concept of shear correction factor is an
approximate idea, and it may not be always satisfactory because a change in the material
properties, loading cases and boundary (edge) conditions can cause a change in the value of
the shear correction factor, which may affect the accuracy of results. First-order shear
deformation theory (FSDT) is appropriate for moderately thick plates because it accounts for
transverse shear deformation, rotatory inertia and dispenses with the idea of fictitious shear
correction factor while keeping the formulation fairly simple and computationally efficient. It

strikes a balance between accuracy and complexity, especially compared to higher-order
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theories, which may become complex and computationally intensive. However, experience has
shown that for moderately thick plates, FSDT is expected to give reasonably good results.
Reissner and Mindlin’s original idea [51, 52] of using FSDT was picked up by subsequent
researchers who used FSDT to investigate functionally graded plates. Thai et al. [53] presented
an FSDT approach to carry out the free vibration analysis of functionally graded plates. By
contrast, Meksi et al. [54] developed a new first-order shear deformation (NFSDT) based on
NS position for static bending and free vibration analysis of FG plates supported by an elastic
foundation. Hosseini-Hashemi et al. [55] used an exact analytical solution to investigate the
natural vibration of FGM plates via Reissner—Mindlin plate theory under Levy-type boundary
(edge) conditions. They discussed the effects of aspect ratio, thickness-to-length ratio, material
gradient index and boundary (edge) conditions on results. Thai and Choi [56] developed a
simple first-order shear deformation theory (SFSDT) for the natural vibration analysis of FGM
plates under simply supported boundary (edge) condition using closed-form solutions. It should
be noted from [56] that unlike conventional FSDT, SFSDT contains only four unknowns and
has striking similarities with KLPT in many aspects, for instance, in terms of the governing
differential equations, boundary (edge) conditions, etc. On the other hand, Hosseini-Hashemi
et al. [57] presented an analytical solution for the natural vibration analysis of elastically
supported FGM plates subjected to Levy-type boundary (edge) conditions via FSDT. The
gradation of material properties of the FGM plates obeyed the power law function in their work.
Free vibration analysis of moderately thick rectangular FGM plates with general elastic
boundary (edge) conditions was performed by Li et al. [58] using an accurate solution method
based on Reissner—Mindlin plate theory. Bellifa et al. [59] developed a new FSDT for the
dynamic and static analyses of FGM plates considering a NS. The equation of motion and
boundary condition of the FGM plate were derived by them via FSDT. Fallah et al. [60]
implemented the extended Kantorovich method in FSDT to investigate the natural vibration of
moderately thick FGM plates supported by elastic supports, but with different combinations of
clamped and simply supported boundary (edge) conditions. They discussed the effects of
elastic foundation, geometric parameter, boundary (edge) condition on the eigenvalues of the
plate. Yin et al. [61] carried out free vibration analysis of FGM plates using the concept of
neutral surface (NS) and isogeometric method, which is basically a computational method,
integrating the finite element method (FEM) as a tool. They compared their solutions with
those obtained by KLPT without introducing the concept of NS. They also compared their
results with those obtained from FSDT and exact solutions. Clearly, the introduction of the NS

concept helped these investigators to eliminate the coupling of the mid-plane displacement
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effects on the free vibration analysis. Recent studies have introduced advanced shear
deformation theories to investigate the dynamic behavior of porous and bi-directional FGM
beams and plates, accounting for effects such as stretching, foundation variability, and thermal
loading [62—67]. These works employ quasi-3D, refined, and higher-order shear deformation
theories, offering improved accuracy without using shear correction factors. The present study
builds upon this foundation to enhance analytical efficiency and reliability in vibration analysis
of moderately thick FG plates. There are other contributors who inspired this work, for
examples, Bennai et al. [68] developed a refined hyperbolic shear and normal deformation
theory to analyze the bending, vibration, and buckling behaviour of functionally graded
sandwich beams, accounting for both transverse shear and normal deformations. Their
analytical solutions demonstrated the influence of material gradation, boundary conditions, and
thickness ratios on the structural responses of FG sandwich beams. Notably Dahmane et al.
[69] presented a higher-order shear deformation theory to study the wave propagation in bi-
directional porous functionally graded cantilever beams, considering material gradation in both
thickness and width directions. Their theory and results, obtained using Hamilton’s principle,
revealed significant effects of porosity distribution, wave number, and volume fraction indices
on the dynamic response, with uneven porosity yielding higher natural frequencies. By
contrast, Mellal et al. [70] developed a three-variable higher-order shear deformation theory to
investigate the free vibration and buckling behavior of porous functionally graded beams
resting on variable elastic foundations, incorporating diverse porosity distributions and
foundation stiffness variations, and demonstrated its accuracy and simplicity through analytical
solutions and validation with existing literature. Bennai et al. [71] analyzed the buckling and
free vibration responses of imperfect porous functionally graded beams using a higher-order
shear strain theory, considering both power-law and sigmoid distributions of material
properties through the thickness and introducing a novel porosity distribution to evaluate its
influence on the mechanical behavior with improved accuracy over earlier models. Kehli et al.
[72] developed a four-unknown quasi-3D HSDT for cracked FG beams on viscoelastic
foundations, showing accurate vibration analysis without shear correction factors. Hadji et al.
[73] investigated the free vibration behavior of functionally graded sandwich rectangular plates
using a four-variable refined plate theory (RPT), which eliminates the need for shear correction
factors and ensures parabolic distribution of transverse shear stresses, providing accurate and
efficient closed-form solutions for various sandwich configurations. Zouatnia and Hadji [74]
proposed a simple four-unknown HSDT for analyzing static and vibration responses of FGM

sandwich plates without requiring shear correction factors. Sahan [75] proposed an efficient
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Laplace-based analytical method using FSDT for transient vibration analysis of doubly-curved
laminated shells. The approach was validated against FEM and Newmark solutions, showing
high accuracy. Temel and Noori [76] developed a unified numerical method using FSDT and
Laplace transform to analyze 2D-FG circular and annular plates with variable thickness,
showing excellent accuracy against FEM results. Zairi et al. [77] developed a hybrid finite
element model based on Sanders’ shell theory to study the free vibration and aeroelastic
instability of FG plates, showing excellent accuracy under various boundary conditions. Temel
and Sahan [78] developed a finite element method combined with Laplace transform
techniques to analyze the damped dynamic response of laminated Mindlin plates, effectively
accommodating both elastic and viscoelastic materials. On the other hand, Dhuria et al. [79]
proposed a secant hyperbolic higher-order shear deformation theory to study the bending and
buckling behavior of porous P-FGM and S-FGM plates using a refined finite element approach.

To the best of the authors’ knowledge, the DSM has not yet been applied to investigate the
natural vibration characteristics of moderately thick P-FG and S-FG plates based on power law
controlled and sigmoid law controlled functionally graded materials. Therefore, the authors of
this paper have endeavoured to use the DSM in conjunction with the W-W algorithm to study
the free vibration characteristics of the moderately thick P-FG and S-FG rectangular plates. It
will be shown later that the results of their investigation are very accurate when compared to
those available in the literature. In the analysis put forward the kinematic variables of the plate
are described using the FSDT. To verify the predictable accuracy of results from the proposed
theory for free vibration of FGM plates using DSM and the W-W algorithm, a wide range of
numerical results are presented and a substantial amount of them are validated. The results
from the current analysis may serve as benchmark solutions for those researchers who wish to

validate their own theories and results.

2. Methodology

2.1.  Mathematical modelling

A schematic representation of a plate in a rectangular Cartesian coordinate system (x, y, z) is
shown in Fig.1. The upper part of the plate is made of pure ceramic while the bottom part
consists of pure metal. The continuous variation of the volume fraction of two materials
(ceramic and metal) along the thickness direction of the plate is modelled according to power

law and sigmoidal law functions, as follows.
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The power law function of P-FG plate is defined as [80].

P(zms) = P,V. + P, (1_Vc) (1)
where P(z,,) represents typical properties somewhere in the middle, and B, and P, are the
properties of the upper (ceramic) and lower (metal) surfaces of the plate, respectively, and V,

is the volume fraction of the ceramic, defined as:

k

v =(05+ Z’}’ZS)

)
where k (Note that k >0) represents the material gradient index which controls the volume

fraction of the material in the transverse direction.

With the help of equations (1) and (2), elastic modulus E (z,,s) and density p(z,,;)can be
defined as [80].

st

h )k[Ec(st) - Em(st)]

E(zZms) = Em(Zms) + (0.5 +

©)
Zms\
P(Zms) = Pm(Zms) + (0.5 + T) [0c(Zms) — Pm(Zms)
where the subscripts ¢ and m correspond to ceramic and metal, respectively.

The variation of volume fractions V¢ (z,,s) of the constituents of the S-FG plate through the

thickness direction when given by sigmoid law functions is as follows [12].

1 (h/2 + zps\*
Vfl(zms) = E( —h/Z ms) —h/2<2z,,<0 ”
1 /h/2 = zpg\*
sz(zms)zl_E(Tms) 0<zps<h/2

where, k represents the non-negative sigmoid volume fraction index (material gradient index)

that controls the volume fraction of the material through the thickness direction.

The sigmoid law function of S -FG plate is defined as [12].

Pl(st) = Vfl(zms)Pc + [1 - Vfl(zms)]Pm - h/z S Zms = 0

2 2 ®)
Py (zms) = Vf Gms)Pe +[1 - Vf (Zms)1Bn 0<zps<h/2
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where Pi(zps) and P,(z, ) represent the typical material properties such as Young’s
modulus (E), material density(p) and Poisson’s ratio (v). In equation (5), P.and P, are the

material properties of the ceramic and metal, respectively.

Figure 1 also shows the position of neutral surface and middle surface for an FGM plate which
are separated by a distance ‘a’. The concept of neutral surface was elaborated by Ali et al. [12]
and therefore, no detailed elucidation is needed. As the neutral surface takes a new coordinate

system, where its position can be defined as follows:
Zms — Zns = Q (6)

2.2 First-order shear deformation theory (FSDT)
This section represents the formulation of the natural vibration behavior of moderately thick
P-FG and S-FG plates by using FSDT.

The displacement field for the P-FG or S-FG plate based on neutral surface is given by [12, 80,
81].

U(X,y, Z, t) = uO(x'yl t) - Znsgoy(xlyl t)
v(x,y,z,t) = vo(X, ¥, ) — Zs@x (X, ¥, 1) (7)
w(x,y,z,t) = wo(x,y,t)

z
ky b
x L SS edge

— P\

Mid-surface
w(x,y,z,t)

Neutral surface

Fig.1. Coordinate system and notations for a FGM plate
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where ugand v, are the inplane (membrane) displacements and w, is the transverse
displacement of a point on the mid-plane, ¢,and ¢, are the bending rotations about the x and

y axes, respectively.

The displacement field is carefully chosen to work out the kinetic and potential energies which
will lead to the governing differential equations of motion of the FGM plate when applying
Hamilton's principle. In this way, the three coupled governing partial differential equations

were derived, and they are given by [32].

?wl 99y, 0@y 62w°) ?wl
KSGh(axz dx dy + dy? p(Zns)h a 0

(0%, (1—w\0%p, (1+v\0%p, ow® p(Zns)h® 0%,
D<6x2+< 2 )Oyz_( 2 )6y6x)_KSGh<6x +(Py)— 12 0t? =0 >(8)

9?2 1—v\0? 1+ v\ 02 ow° Zno)h3 02
D*< (px_l_( V) @x_( V) (py>+KsGh<l—§0x>—p( ns) §0x=0

dy? 2 ) 0x? 2 /oyox dy 12 ot? J
where G = f((lz—fv)) is the modulus of rigidity or shear modulus, K; is the shear correction factor

h
taken to be 5/6 in accordance with Reissner [51] and D* = fi_aaE(an)znszdan/(l —v?)
2

0 h/2—
f_h/z_az%s E(zns)dzns o / aZ7215 E(zps)dzps

1-v2 1-v?

which is alternatively given by D* = is the flexural

rigidity of the P-FG and S-FG plate for which the Young’s modulus E (z,) vary in accordance
with the power law and sigmoid law functions of the FGM plate and v is the Poisson’s ratio,

which is assumed to be constant.

The natural boundary conditions (BCs) resulting from the Hamiltonian formulation, lead to the
expressions for shear force (Q,), bending moment (Mx) and twisting moment (Myy) as follows
[32].

~

ow® 0
Qx : KsGh W-i—(py ow’,

0Py 09
Mo D (E_”W o0y

Gh3 (0, 0@,
May: = 12 <0y - ox 06, J
Note that the dynamic stiffness matrix developed for the FGM plates is based on the Levy type
solutions of the governing differential equations so that the two opposite sides (parallel to x-

Y

(9)

11
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axis in Fig. 1) are simply supported. Therefore, the expression for the bending moment Myy is
not so relevant in this case and hence not shown in Eg. (9). Equations (8) and (9) are the basic
requirements to develop the DS matrix of the FGM plates using FSDT.

2.3 Formulation of the dynamic stiffness matrix for the FGM plate via FSDT
The solution of Eq. (8) is sought in the traditional Levy form (two opposite edges of the plate

are simply supported at y=0 and y=L). Solutions that meet these conditions can be expressed as
follows [32].

wo(x,y,t) = z W (x)e*t sin(a,,y)
m=1

P30 = )y, (e sin(any) 10)
m=1
DY) = ) 0 (61" cOs(etmy)
m=1 J
where w is the circular or angular frequency and a,, = % m=12..........00),and Lis

the length of the plate.

Substituting Eq. (10) into Eq. (8), the following ordinary differential equation of motion is
obtained:

d*w,, doy.
GhK;—" + (hw?p(2ys) — @*GhK) Wi + aGhK @y, + GRK; djc =0 a
Loy AWy, L 14+vde, 9 s V=1 w2p(zns)h®
D oz GhKSW-FCZD T?+(0{D T—GhKS-l-—lZ )goym—O >(11)
« 1-Vv d2<pxm « 1+v d<pym w?p(zys)h> 2 _
D TW"‘“GthWm— aD = i +( n —a*D GhKS)(pxm_O
~
Equation (11) can be expressed in the following matrix form.
[ H GhK X aGhK,
Y ] W,
—GhK X I aD* ——X|lp | _ 0
2 Ym| =0 (12)
M Pxm 0
aGhKs; aD TX Ji
where
<
H = hw?p(zys) + GhK (X% — a?)
—p*(x2 4+ g2v=1) _ @?p(Ens)h®
I=D"(X? + a?Z2) - GhK, + £ L (13)
1-v wzp(zns)h3
= D*(——X2 - — T _ GhK

12



335  with X being the differential operator %.

336 The 3x3 determinant of Eq. (12) is expanded so that the following GDE, satisfying all the three
337  displacement variables W,, , ¢, and ¢, ,each denoted by ¥is obtained.

(X6+a1X4+a2X2+a3X)'1U=0 (14)
338
339  where
v = {24G?hK? + Gh3 K02 p(Zns) (v — 3) — (36a2D*GKs — 12D* w2 p(Zns)) (v — 1)}
! 12D*GKy(v — 1)
(hwzp(zns)(lzGKs — h?w?p(2ns))(Gh*Ky — 6D (v — 3))
~12a?D" (2462hK? + Gh3Ksw?p(Zys) (v — 3) + 12D" w0?p(2ns) (v — 1)) s 16)
o = +216a*D**GK (v — 1)
2 72D*2GK (v — 1)
{—((120{4D*GKS — (12GhK, + a?(12D* + Gh3K,))w?p(zps) + h3w4p(zns)2))}
e = —(12GhK + h3w?p(zy) + 6a?D*(v — 1)) y,
5 =

(72D**GK(v — 1))

340  Substituting a trial solution e# in Eq. (14) gives the following auxiliary equation.

(A6 + a1/14 + azﬂ.z + a3) =0 (15)

341  The 6" order polynomial equation of Eq. (15) can be reduced to a cubic by replacing A% by u
342 togive

(W +a i’ +au+az) =0 (17)

343  The roots of Eq. (17) are then calculated as follows:
= =3+ [E), ‘
uz=—§Qh+ﬁ£ﬁ%E+ﬁ£ﬁ€E)  (18)
#3:—§(a1+313\/g6+323\/§6>, )

344  where
ivV3-1 V3+1
B ="~ Bo= ——
p = 2a,® —9a,a, + 27a;, l=a,?—-3a, q=p*—4 (19)
345
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The discriminant of the Eq. (17) can be expressed as:

A == 18 a1a2a3 - 4‘a13a3 + alzazz - 46122 - 270,32

- ! (12020 (205) (W02 plzns) — 12GK;)*(576D" G*hK,? + (20)

746496D*0G4K* (v—1)4

(gh*Ks = 12D*)2w?p(2ns) ) (GR*Ks? p(2ns) (1 + V) + 6D w?p(2ps) (v? = 1) —

24G°hK,2)")
Since, discriminant, 4 > 0 which implies that the three roots are real, and therefore there are
only four possible solutions which are as follows:
i.  Allroots are positive.
ii.  One positive and two negative roots.
iii.  Two positive and one negative roots.
iv.  All roots are negative.

Case 1: all roots are positive i.e. uq, uy, usz>0.

Thus for Case 1, all six roots A of Eq. (15) will be real which are, say, ¥,
_'?fl ,Xz ,_'?fz ,'?f3 ,_'X3 Where 7“1 - \/,u_,'?fz - \/Eand 'K'g - \//1_3

Accordingly, the solution of Eq. (14) can be expressed as:

~

Wn(x) = Ay, cosh(?s‘lmx) + 4, sinh(?s'lmx) + A3, cosh(xzmx) +
Ay, sinh(¥;, X) + As, cosh(ws, x) + Ag, sinh(¥3, X)

(pym(x) =By, cosh(rlmx) + B;,, sinh(wlmx) + B3, cosh(?s'zmx) + (21)

By, sinh(xzmx) + Bs,, cosh(?s'3mx) + Bg,, sinh(rgmx) g

Py (X) = Cy,, cOsh(wq,,%) + Cy,, sinh(¥1,,X) + C3,, cosh(,,,x) +

Ca,, sinh(w2, x) + Cs, cosh(w3, x) + Cs, sinh(3,, x)
Case 2: Two positive roots and one negative root i.e. u; ,u,>0 and u;<0.

The roots in this case are ¥;,-%; ¥, ,-¥3 ,i¥3,-¥3 Where ¥, = /iy , ¥, = /i, and ¥3 =
—H3.
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Accordingly, the solution of Eq. (14) can be expressed as:
Wn(x) = A, cosh(xlmx) + 4, sinh(?flmx) + A;,, cosh(wzmx) + )
Asp, sinh(xzmx) + 4s,, cos(Xgmx) + 4e,, sin(x3mx)
(pym(x) =By, cosh(wlmx) + B, sinh(wlmx) + B3, cosh(?fzmx) + (22)
By, sinh(rzmx) + Bs,, cos(?f3mx) + Bs,, sin(?f3mx) g

Oy (X) = Cq cosh(xlmx) + Gy, sinh(?flmx) + G5, cosh(?fzmx) +
Ca,p, sinh(wzmx) + Cs,, cos(?f3mx) + Ce,, Sin('lfng)

Case 3: One positive root and two negative roots i.e. u;>0 and u,, u3<0.

In this case, the roots are ¥, , -¥; , i¥y, -i¥, ,i¥3,-i¥3 Where ¥; = /iy, ¥, =+/—l, and¥; =
—H3.
Accordingly, solution can be expressed as:

~

W (x) = Ay, cosh(¥1,,X) + A, sinh(¥y,,x) + 43, cos(¥7,,x) +
Ay, sin(x2,,x) + As, cos(¥3, x) + Ag, sin(¥3, X)

oy (X) =By, cosh(¥1,,X) + B,,, sinh(¥y,,x) + Bs, cos(¥,,,x) + (23)
By, sin(¥2,,x) + Bs, cos(¥3, x) + Bg, sin(¥3, X)

Y

Py (X) = Cy,, cOsh(wq,, %) + Cy,, sinh(¥1,,X) + C3,, cos(¥7,,X) +
Capy sin(w3,,X) + Cs,, cos(¥3, ) + Cs,, sin(¥3, X)

Case 4: All three roots are negative i.e. puq, Uy, u3<0. Thus, the roots of Eq. (15) are all
imaginary, i.e., ix, ,—i¥y,i%,,—i¥,,i¥3,—i¥3; Where ¥, =/—pu; , ¥, =/—, and¥; =
—H3.

Accordingly, solution can be expressed as:

~

Wi (%) = Ay, cos(¥1,,X) + Az, sin(¥1,x) + A3 cos(¥,,,x) +
Ay, sin(¥, X) + A5, cos(¥3, x) + Ag, sin(¥3, X)

¢y (x) =By, cos(¥1,,X) + By, sin(¥1,,x) + B3, cos(¥,,X) +

By, sin(¥2,,x) + Bs, cos(¥3, x) + Bg, sin(¥3, x) r(24)

Oy () = Cq cos(wlmx) + Gy, sin(wlmx) + G5, cos(Xme) +
Cappy sin(xzmx) + Cs,, cos(xg,mx) + Ce,, Sin('?fng)

The formulation procedure of DSM for Case 1 is shown below. However, for the rest of the

cases, the procedure will be similar, and it is not repeated here for the sake of brevity.

Referring to Case 1, the substitution of Eq. (21) into the governing differential equation

(Eqg.11), gives the following relationship which relates the constants:

15



A, = 51Bzm ) C,,, = —7viBa, A
A, = — 51Blm ) C,,, = — V1B,
Az = — 5zB4m , G5, = — V2B,
Ay, = — 5zB3m , Gy, = —V2B3 >(25)
As = — 53Bem , Cs,, = —V3Bs,
Ag, = — 53Bsm , Cs, = —V3Bs, )
379  where
8 = GK, (12GhK; — h3p(zns)w? — 6D*(—1+ v)(a? — 7))
(26)

67;(2G2hK;* — D*GKsa?(1 +v) + D*(1 + v)p(zns)w? + D*GK (1 + v)ri)’

380

_ (12D*r? —12GhK, + 6D*a?(v — 1) + h®p(2,5) w?) (GKy(a? — 17) — p(zps)w?) — 12G*hK 1}
vi= 6ar;(—2G2hK* + D*(1 + v)(—p(zps)w? + GKs(a? — 12)))

(27)

381 withi=1, 2, 3.

382
383  Thus Eq. (21) results in the following expressions in terms of one set of constants Bim to Bem

~

W, (X)=—(B2m 01 cosh(¥1,,X)+B1m 1 sinh(¥4,,X) + Bam 82c0sh(w5,,%)
+ B3, 025inh (¥, %) + B 03€0Sh(¥3,,X)+ Bsy, 03sinh(¥3,,%))
Oym(X)= B1m cOSh(¥11,X)+ By, Sinh(311,X) + B3y, cosh (w2, x) +
By, sSinh(¥5,,%) +Bsy, cosh(¥3:,X) + Bem sinh(¥3,,%) >(28)
@xm(X)=—(Bzm ¥1€0Sh(¥17,X)+ By 1 SINh(¥11,X)+ By ¥ 2 cOsh (w3 x)

+BSmV2 Sinh(Xme)'F B6my3 COSh(XBmX)'F BSmVB Sinh(‘Zf‘3mX))

/

384  The expressions of forces and moments are obtained by substituting Eg. (28) into Eq. (9)
me(x' 3’) = me (x) Sin(amy)
= —GhK(Bim(1 — 81%1m) cosh(¥1y) + Bom (1 — 81%1m) sinh(¥1y)
+ B3 (1 — 83%2m) cosh(¥zy) + Bam (1 — 85%24,) sinh(3,)
+ B (1 — 83%34,) cosh(¥3y) + Bgm (1 — 83%34,) sinh(¥3,)) sin(a,y) (29)
385

16



Mixm (%, y) = My, (X) sin(@pmy) = D*(Bam (¥1m — avyy) cosh(wymx)
+ (Bim (¥1m — avyy) sinh(¥1,,x))
+ (Bym (¥2m — avy,) cosh(¥2:, X)) + (B3m (¥2m — avy,) sinh(¥,,X))
+ (Bem (¥3m — avys) cosh(¥z,x)) (30)
+ (Bsm (¥3m — @vys) sinh(¥3,%))) sin(a,,y)
Myym (X, ) = Myy,, (x) cos(amy)

-1
=17 Gh®(Bym(a@ + ¥1%15m) cOsh(,X)

(31)
+ Bym (@ + ¥1%13m) SINh(¥1X) + B3 (@ + ¥2%21) cOsh(w,%)
+ Bym (@ + ¥2%2m) Sinh(¥2,X) + Bsy (@ + ¥3%35) cosh(¥zmx)
+ Bgm (@ + ¥3%3) sinh(¥3,,%)) cos(ap,y)

386  The boundary (edge) conditions (see Fig. 2) for displacements and rotations are as follows:

At xZO:Wm: Wl) (pym:(pyll (pxm:(pxl
At X = b : Wm = WZ ) prm = (pyz ) wxm = (pxz (32)

387  Similarly, the boundary (edge) conditions for forces and moments are as follows:

At x=0: Qy = —04, M, = —Mix, » My, = —Myy,

(33)
At x =b: Qxpp = 92, Mise, = M, » My, = Myy,

388 By substituting the boundary (edge) conditions of Eq. (32) for displacements and rotations into
389  Eq. (28), gives the following matrix.

Wy [ 0 =& 0 =& 0 =8 1By
o) 1 0 1 0 1 o |,
Px, 0 g 0 Y2 0 —V3 ||B3
Wy |~ [—61Sh, —01Ch, —028h, —082Ch, —03Sh, —85Ch,||B, (34)
¥y, Ch, Shy Ch, Sh, Ch, Sy || Bs
[P, [=viSn, —viCh, —V2Sn, —V2Ch, —V3Sn, —V3Cn,ILBs!

17
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Fig. 2. Boundary (edge) conditions for displacements and forces of a FGM plate

ie.,
8§ =BC (35)
where
Cp, = cosh(¥y,,b), Sp, = sinh(¥yp,b), Cp, = cosh(¥y,b),
Sp, = sinh(¥,mb) Cp, = cosh(¥3,b), Sh, = sinh(¥3mb) (36)

Similarly, by substituting the boundary (edge) conditions of Eq. (33) for forces and moments

into Egs. (29)-(31), the following matrix relationship is obtained.

_ Qxl 1 [ Ll O LZ 0 L3 0 7 _Bl_
Mxx1 0 ‘(Rl 0 fRz 0 R3 B2
Mxyl _ T 0 75 0 T3 0 Bs
O, | = |~£1Cny  —L1Sn, —L2Cn, —LaSw, —LsCn, —L3Sn, ||B, (37)
Mxxz _Rlshl _:Rlchl _:sthz _:RZChz _R3Sh3 _R3 Ch3 BS
| My, ] L=T1Chy  =TiSpn, —ToCh, —T3Sn, —T3Ch, —T3Sp, |LBe

F=SC (38)
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where

1
L; = GhK(8;%;— 1), R;=D"(ay,v— ¥;), T = —Gh? (o +vi¥;)
12 (39)

withi=1,2, 3

Thus, from Egs. (35) and (38) the DS matrix K for an FGM plate using FSDT is obtained as:

F=Kd (40)

where
K=SB! (41)

where, K is the required dynamic stiffness matrix.

The twelve independent terms s,q, Sgm: Sqts faqr fqm: fqtr Smms Smes Set, fmms fme» fee OF the

6%6 symmetric stiffness matrix form the fundamental basis of the analysis as expressed below.

[Sqqa Sqm Sqt faq fam fat T
Sqm Smm Smt _fqm fmm fmt (42)
Sqgt  Smt Stt fqt —fmt [t
K=
faa —fom  fat Sqq  “Sqm  Sqt
ﬁqm fmm _fmt —Sgm Smm —Smt
_fqt fme [t Sqt —Smt Ser

The explicit expressions for each of the terms of the dynamic stiffness matrix K are obtained by
extensive use of symbolic algebra through the application of MATLAB and they are given in
Appendix A. The derivation of these expression might have been impossible without the use
of symbolic computation.

Matrix K in Eq. (42) is defined as dynamic stiffness matrix for an element and is assembled for

whole plate to obtain overall dynamic stiffness matrix.

Assembly procedure of DSM used for FGM plates resembles to that of FEM with the exception
that line nodes instead of point nodes are used. Subsequently, the penalty method is applied to
boundary (edge) conditions to restrain any degree of freedom. This method suppresses the
degree of freedom (DOF) by attaching a very large stiffness to the appropriate leading diagonal

term of the assembled dynamic stiffness matrix.
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The following procedures are used to apply the restraints, i.e., the boundary (edge) conditions
[32].

e Free (F): no penalty is applied.
e Simply supported (SS): transverse displacement (WW;) and bending rotation (¢,;) is
penalized

e Clamped (C): transverse displacement (W;) and bending rotations (¢,) and ((pyl,) are

penalized.

where i the node to be constrained.

2.4 Application of the Wittrick ~Williams (W-W) algorithm

The W-W algorithm is generally employed for systems with infinite number of degrees of
freedom (DOF) involving transcendental function of the frequency as is the case with DSM.
The algorithm takes into consideration the Sturm sequence property of the dynamic stiffness
matrix when computing the eigenvalues, and it guarantees that no eigenvalues of the structure
being analysed, is missed. The W-W algorithm identifies the numbers of natural frequencies
of a structure which falls within the range of arbitrary trial frequencies selected by the user.
Since the method uses consecutive trial frequencies, bisection method is applied to obtain a
high degree of accuracy between the desired ranges of frequencies by establishing the upper
and lower bounds of the natural frequencies of the plate. Figure 3 shows the computational
steps in the form of a flowchart. The W-W algorithm is extensively elaborated in the literature,

see for example Boscolo and Banerjee [32].
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Choose a trial frequency (w”) /

J arbitrarily

\[ Perform Gauss Elimination

v

L Count the negative term in the J
s

To compute the dynamic
stiffness matrix (K)

To convert DS matrix into
upper triangular

Say it sign count as defined by
Wittrick-William

Jo (w”) is the number of eigenvalues of
the individual elements with clamped-
clamped boundary (edge) conditions

leading diagonal of matrix

v

Number of eigenvalues is defined by J]

Jj(@7) = jo (@7) +s[K (@7)]

\ and 1t lies below a trial frequency

( Avoid calculation of j, (w") wherever possible J]
3

by using sufficiently finer mesh

v

The bisection method is used to bracket any natural
frequency between its upper and lower bounds to
any required frequency

Fig. 3. Computational steps in implementing the Wittrick-Williams algorithm

439 3. Results and discussion

440 In order to compute the natural frequencies (eigenvalues) and mode shapes (eigenvectors) of
441  FGM plates using FSDT, a MATLAB program was developed using the above theory and
442  results are presented to demonstrate the significance of the aspect ratio (L/b), material gradient
443  index (Kk), thickness to length ratio and boundary (edge) conditions on the natural frequencies

444  and mode shapes.

445 3.1 Analysis of FGM plates — a comparative study

446  First, attention is focused on the validation of results computed using the present theory. This
447 is accomplished by comparing results for the isotropic and FGM plates with the ones that are
448  available in the literature. The data for the material properties used in the analysis for the FGM
449  plates are E.=380 GPa; E,, = 69 GPa; p, =3980 kg/m®; p,, = 2710 kg/m® and the non-

450  dimensional natural frequency parameter is defined as 2 = (wL?\/p./E.)/h which has been
451  here and hereafter, when presenting the results. The degenerate cases when the plate is fully
452  ceramic (E,,= Ec, pm = pc) or fully metallic (E.=E,, , pc=pm) are investigated in the first

453  instance, for which Hosseini-Hashemi et al. [55] published some results using an exact
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analytical approach for different h/L ratios of a plate with simply-supported boundary (edge)
condition at all edges (SSSS). The results given in Tables 1 and 2 demonstrate the convergence
and stability of the present exact approach. Clearly, when the material gradient index (k)
approaches zero or infinity (see Egs. (1)-(3)), the plate behaves as if it is made of an isotropic
material, being either fully ceramic or fully metallic. Considering that isotropic materials
represent a particular case of FGMs, the first two non-dimensional natural frequencies 2 and
£, computed using the current theory and shown in Tables 1 and 2 are compared with the
solutions reported by Hosseini-Hashemi et al. [55], which are also based on the first-order
deformation theory. The findings of the current research indicate a consistent trend of
monotonic convergence and a very close match with the results of Hosseini-Hashemi et al.
[55].

Table 1 Non-dimensional natural frequency parameter 2 (i = 1, 2) for a fully ceramic

(isotropic) square plate under SSSS boundary (edge) condition.

Sources k o) \ o

h/L=0.05 h/L =0.1 h/L =0.2 h/L=0.05 h/L=0.1 h/L =0.2
Hosseini- 10° 5.9191 5.7728 5.2954 14.611 13.789 11.612
Hashemi et al.
[55]
Present 5.9175 5.7670 5.2782 14.6012 13.7584 11.5412
Hosseini- 10+ 5.9212 5.7748 5.2972 14.616 13.794 11.615
Hashemi et al.
[55]
Present 5.9196 5.7691 5.2799 14.6064 13.7631 11.54496
Hosseini- 10° 5.9214 57751 5.2974 14.616 13.795 11.616
Hashemi et al.
[55]
Present 5.9198 5.7693 5.2801 14.6069 13.7636 11.54533
Hosseini- 10 5.9214 57751 5.2974 14.616 13.795 11.616
Hashemi et al.
[55]
Present 5.9198 5.7693 5.2801 14.6070 13.7636 11.5453
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Table 2 Non-dimensional natural frequency parameter & (i = 1, 2) for a fully metallic

(isotropic) square plate under SSSS boundary (edge) condition.

Sources k e o

h/L=0.05 h/L =0.1 h/L =0.2 h/L=0.05 h/L =0.1 h/L =0.2
Hosseini- 10> 3.1833 3.1002 2.8315 7.8518 7.3875 6.1756
Hashemi et al.
[55]
Present 3.1823 3.0968 2.8217 7.8464 7.3700 6.1363
Hosseini- 10° 3.0329 2.9575 2.7115 7.4858 7.0622 5.9416
Hashemi et al.
[55]
Present 3.0320 2.9544 2.7025 7.4809 7.0464 5.9055
Hosseini- 10* 3.0158 2.9413 2.6978 7.4443 7.0254 5.9152
Hashemi et al.
[55]
Present 3.0150 2.9383 2.6890 7.4394 7.0096 5.8793
Hosseini- 105 3.0139 2.9394 2.6963 7.4396 7.0212 5.9123
Hashemi et al.
[55]
Present 3.0133 2.9366 2.6877 7.4352 7.0059 5.8767

In the second example, the first four non-dimensional frequency parameters 2 (i =1, 2, 3, 4)

of a rectangular P-FG plate under SSSS boundary (edge) condition and for different h/L ratio

and material gradient index k, computed by the present theory are shown in Table 3, together

with the results reported by Hosseini-Hashemi et al. [55]. Clearly, the results obtained from the

present theory are in complete agreement with the results reported in [55].
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Table 3 Non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4) for a rectangular P-FG
plate under SSSS boundary (edge) condition at L/b=2 and for different h/L values

h/L Sources SSSS
k=0 k=0.5 k=1 k=2 k=5 k =8 k=10
0.05 o Hosseini- 3.7123 3.1456 2.8352 25777 2.4425 2.3948 2.3642
Hashemi et al.
[55]
Present 3.7123 3.1456 2.8352 25777 2.4424 2.3947 2.3642
o Hosseini- 5.9198 5.0175 45228 41115 3.8939 3.8170 3.7681
Hashemi et al.
[55]
Present 5.9198 5.0175 45228 41115 3.8939 3.8170 3.7681
X Hosseini- 9.5668 8.1121 7.3132 6.6471 6.2903 6.1639 6.0843
Hashemi et al.
[55]
Present 9.5668 8.1121 7.3132 6.6471 6.2903 6.1639 6.0843
4 Hosseini- 12.4561 10.566 9.5261 8.6572 8.1875 8.0207 7.9166
Hashemi et al.
[55]
Present 12.4561 10.5656 9.5261 8.6573 8.1875 8.0207 7.9165
0.1 ke Hosseini- 3.6518 3.0983 2.7937 25386 2.3998 2.3504 2.3197
Hashemi et al.
[55]
Present 3.6517 3.0983 2.7936 25386 2.3998 2.3504 2.3197
o Hosseini- 5.7693 4.8997 44192 4.0142 3.7881 3.7072 3.6580
Hashemi et al.
[55]
Present 5.7693 4.8997 44192 4.0142 3.7881 3.7072 3.6580
oy Hosseini- 9.1876 7.8145 7.0512 6.4015 6.0247 5.8887 5.8086
Hashemi et al.
[55]
Present 9.1876 7.8145 7.0513 6.4017 6.0249 5.8889 5.8088
4 Hosseini- 11.831 10.074 9.0928 8.2515 7.7505 7.5688 7.4639
Hashemi et al.
[55]
Present 11.8306 10.0737 9.0930 8.2519 7.7511 7.5693 7.4643
0.2 ke Hosseini- 3.4409 2.9322 2.6473 2.4017 2.2528 2.1985 2.1677
Hashemi et al.
[55]
Present 3.4409 2.9322 2.6474 2.4018 2.2530 2.1987 2.1678
o Hosseini- 5.2802 45122 40773 3.6953 3.4492 3.3587 3.3094
Hashemi et al.
[55]
Present 5.2802 45123 40777 3.6959 3.4500 3.3593 3.3099
o} Hosseini- 8.0710 6.9231 6.2636 5.6695 5.2579 5.1045 5.0253
Hashemi et al.
[55]
Present 8.0709 6.9236 6.2648 5.6715 5.2602 5.1063 5.0268
4 Hosseini- 9.7416 8.6926 7.8711 7.1189 6.5749 5.9062 5.7518
Hashemi et al.
[55]
Present 10.1089 8.6934 7.8731 7.1224 6.5788 6.3738 6.2709
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In the third example, the fundamental non-dimensional natural frequency parameter (3) of a

square P-FG plate defined by § = wlhm under SSSS boundary (edge) condition is
computed by the present method for different values of k and thickness to length (h/L) ratio
and the results are shown in Table 4 alongside the results reported by Matsunaga [82], Vel and
Batra [83], Pradyumna and Bandyopadhyay [84] and Hosseini-Hashemi et al. [55, 57] which
are respectively based on HSDT, 3-dimensional elasticity theory via power series method,
FSDT by using FEM, FSDT via analytical solutions and Reissner-Mindlin plate theory via
analytical solutions. The fundamental natural frequency computed by the present method

agrees very well with results available in the literature, as can be seen in Table 4.

Table 4 Non-dimensional fundamental natural frequency parameter f = w;hy/py,/En for a
square P-FG plate for different h/L ratios and material gradient index k, under SSSS boundary
(edge) condition.

Source k=0 k=1 h/L=0.2

h/L=0.316 h/L=0.1 h/L=0.05 h/L=0.1 h/L=0.2 k=2 k=3 k=5
Matsunaga [82] 0.4619 0.0577 0.0162 0.0633 0.2323 0.2325 0.2334 0.2334
Vel and Batra [83] 0.4658 0.0578 0.0157 0.0613 0.2257 0.2237 0.2243 0.2253
Pradyumna and 0.4658 0.0577 0.0158 0.0619 0.2285 0.2264 0.2270 0.2281
Bandyopadhyay [84]
Hosseini-Hashemi et 0.4618 0.0576 0.0158 0.0611 0.2270 0.2249 0.2254 0.2265
al. [57]
Hosseini-Hashemi et 0.4618 0.0577 0.0158 0.0619 0.2276 0.2264 0.2276 0.2291
al. [55]
Present 0.4618 0.0578 0.0158 0.0619 0.2276 0.2264 0.2276 0.2291

3.2 Free vibration analysis of P-FG plates using the proposed DSM based on FSDT

The next set of results was obtained for a square plate with isotropic and P-FG material
properties and with SSSS, SFSS, SFSF, SFSC and SCSC boundary (edge) conditions which
all render to the Levy type of solution. (Note that the letters S, F and C correspond to simple-
support, free and clamped boundary (edge) conditions, respectively at the edge of the plate
written in a sequential clockwise or anticlockwise manner). Tables 5 and 6 show the first six
non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) of the square isotropic and
P-FG plate, respectively by using the present approach. The results for the isotropic plate
(material gradient index k=0) are shown in Table 5 whereas the results for the P-FG plate with
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536

material gradient index k=0.5 are shown in Table 6. When computing the results of both Tables
5 and 6 results, the thickness to length ratio was taken to be h/L=0.2 whereas the value of the
material index k was set to 0 for the isotropic plate and 0.5 for the P-FG plate, respectively. As
expected, the natural frequency parameter for both the isotropic and FGM plates are highest
for SCSC boundary (edge) condition and lowest for SFSF boundary (edge) conditions.

Table 5 First six non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) of a square
isotropic plate under different boundary (edge) conditions at h/L=0.2 and k=0.

BCs O (p)) £ (P! 03 (03

SFSF 3.2038 6.9042 9.8747 13.0359 13.6057 18.3567
SSSF 3.2374 7.0064 9.9002 13.1861 13.7099 18.3798
SCSF 3.4382 7.7936 9.9541 13.5342 14.6775 18.3973
SSSS 5.2801 11.5453  11.5453 16.6891 19.7138 19.7138
SCSS 5.9624 11.7859  12.5425 17.1994 19.8048 20.5585
SCSC 6.7662 12.0599  13.5012 17.7180 19.9030 21.3531

Table 6 First six non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) of square
P-FG plate under different boundary (edge) condition at h/L=0.2 and k=0.5

BCs O O (P, (P (P (03

SFSF 2.7311 5.9117 8.4890 11.2411 11.7189  15.9176
SSSF 2.7585 5.9966 8.5107 11.3701 11.8077  15.9307
SCSF 2.9342 6.7028 8.5597 11.6924 12.7098  19.8448
SSSS 4.5123 9.9449 9.9449 14.4496 17.1128 17.1128
SCSS 5.1190 10.1666  10.8668 14.9328 17.1994  17.9300
SCSC 5.8412 10.4215 11.7613 15.4269 17.2935 18.6998

Next, the non-dimensional fundamental frequency parameter 2, of a moderately thick P-FG
plate is presented in Table 7 for different values of b/L (0.5, 1, 1.5, 2, and 2.5) and k (0, 0.5, 1,
2, and 5) under SFSF, SSSF, SCSF, SSSS, SCSS and SCSC boundary (edge) conditions. One
can notice from Table 7 that the fundamental frequency parameter decreases with an increase
in the b/L value, when all other parameters of the plate are taken to be constant. It is also found
that the fundamental frequency parameter of the plate increases as the constraint on the
boundary (edge) of the plate increases (from free F, to simply supported SS and to clamped C).
Table 7 also depicts that the frequency parameter decreases as the value of the material gradient
index increases. This is because, at higher values of k, the P-FG plate contains fewer ceramic

constituents, leading to a reduction in stiffness.
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537  Table 7 Non-dimensional fundamental natural frequency parameter ¢, for a rectangular P-FG
538  plate for different boundary (edge) conditions and different values of b/L and k with h/L=0.1

b/L k Boundary (edge) conditions

SFSF SSSF SCSF SSSS SCSS SCSC

0.5 0 11.0021 11.5858 11.6912 13.7636  14.2543  14.8622
0.5 9.3658  9.8654 9.9573 11.7290 12.1583  12.6933
1 8.4533  8.9048 8.9887  10.5897 10.9820 11.4723
2 76718  8.0807 8.1565 9.6075 9.9625  10.4060
5 7.2093  7.5899 7.6583 9.0120 9.3313 9.7267
1 0 2.8568  3.4416 3.7067  5.7693 6.7751 8.0702
0.5 24232  2.9205 3.1475  4.8997 5.7649 6.8848
1 2.1848  2.6335 2.8390 4.4192 5.2040 6.2223
2 1.9856  2.3929 2.5794  4.0142 4.7261 5.6495
5 1.8779  2.2615 24351  3.7881 4.4463 5.2932
1.5 0 1.2730 1.8088 2.1974 4.2058 5.4524 7.0187
0.5 1.0789 1.5339 1.8650 3.5693 4.6375 5.9866
1 0.9725 1.3829 1.6820 3.2186 4.1860 5.4106
2 0.8841 1.2570 1.5286 2.9244 3.8025 4.9136
5 0.8373 1.1893 1.4444 2.7632 3.5801 4.6057
2 0 0.7154 1.1996 1.6819 3.6517 5.0123 6.6912
0.5 0.6062 1.0171 1.4271 3.0983 4.2626 5.7066
1 0.5463 0.9169 1.2870 2.7936 3.8474 5.1574
2 0.4967 0.8335 1.1697 2.5386 3.4952 4.6841
5 0.4707 0.7889 1.1058 2.3998 3.2918 4.3916
2.5 0 0.4574 0.8950 1.4494 3.3940 4.8147 6.5487
0.5 0.3875 0.7588 1.2295  2.8793 4.0942 5.5846
1 0.3492 0.6841 1.1087  2.5961 3.6953 5.0471
2 0.3175 0.6218 1.0078  2.3592 3.3572 4.5841
5 0.3010 0.5887 0.9530  2.2307 3.1623 4.2985
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549 It would now be instructive to show the influence of the material gradient index on the
550 fundamental natural frequency parameter £ of the plate. Figure 4 shows this effect for the P-
551  FG plate of the above example with SSSS boundary (edge) condition for different h/L ratios.
552 It can be seen from Fig. 4 that £ decreases with increasing values of k. However, when k < 2,
553  the fundamental natural frequency decreases much more rapidly than when k>2. It can also be
554  observed that the material inhomogeneity effect of the material characteristics of the FGM plate
555  on the fundamental natural frequency becomes more pronounced when the thickness of the

556  plate increases.
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558  Fig. 4. The influence of material gradient index (k) on the 2, for square P-FG plate at different
559  h/L ratios under SSSS boundary (edge) condition.
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Figure 5 shows the variation of the non-dimensional fundamental natural frequency 2, of the
square P-FG plate with SSSS boundary (edge) condition with respect to the h/L ratio, for
different values of k. It may be noted that the variation of £2, shows similar trends for all the k
values shown i.e. decrease in the fundamental natural frequency with higher thickness to length

ratio. While the actual natural frequency (w) increases with the increase in thickness (h) due to

increased stiffness, the non-dimensional natural frequency parameter 2 = (wLZ\W/h
decreases because it includes a factor of 1/h in the denominator. In other words, w does not
increase fast enough to offset the consequence of the division by h in Q, and therefore in the
plotted results in Fig. 5, the non-dimensional natural frequency drops with increasing values of
h/L.
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Fig. 5. The influence of thickness to length ratio (h/L) on the £, for square P-FG plate at
different values of k under SSSS boundary (edge) condition.
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The variations of the non-dimensional natural frequency parameter £ (i=1, 2, 3, 4, 5, 6) with
thickness to length ratio h/L for a given L/b=1 and k=0.5 are shown in Fig. 6 for the SSSS
boundary (edge) condition. The figure shows that with the increase in the h/L ratio the non-
dimensional natural frequency parameter (2 decreases. As the thickness-to-length ratio (h/L)
increases, the non-dimensional frequency parameter (£i) decreases due to its inverse
dependence on the thickness (h). While an increase in h enhances the bending stiffness, leading
to a rise in the natural frequency (wi), the effect of h in the denominator of ©Q; is stronger
because 2; = (wiLZ\/W/h. Thus, the increase in wi is not sufficient to compensate for the

division by h in the expression for (2, resulting in an overall decrease in Q as h/L grows.
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Fig. 6. The variation of the first six non-dimensional frequency parameter (2 (i=1, 2, 3, 4, 5,
6) against the thickness to length ratio (h/L) of the square FGM plate for k=0.5 and for SSSS
boundary (edge) condition.
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The effects of material gradient index and boundary (edge) conditions on the fundamental
natural frequency parameter of the square P-FG plate are shown in Fig. 7. As expected, there
IS an increase in the fundamental natural frequency parameter when the constraints at the
boundaries are increased so that the fundamental natural frequency parameter of the SFSF
boundary (edge) condition has the lowest value whereas that of the SCSC case has the highest

value.

Fundamental natural frequency parameter ( 2 P

Material gradient index (k)

Fig. 7. Non-dimensional fundamental natural frequency parameter (2 versus the material
gradient index (k) of the square P-FG plate for h/L = 0.1 under different boundary (edge)
conditions.
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617  The mode shapes of the P-FG square plate for the SSSS boundary (edge) condition using the
618  present theory for L/b=1, h/L=0.05, k=0.5 are illustrated in Fig.8. They follow more or less
619  very similar trends as observed in isotropic plates, but the natural frequencies are markedly
620  different.
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Fig. 8. Natural mode shapes of P-FG square plate under SSSS boundary (edge) condition
for k=0.5 and h/L=0.01 via FSDT.
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3.3 Natural vibration of S-FG plate

Now, some results for the S-FG plates are presented in this section. Table 8 shows the first six
non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) for a square S-FG plate
based on the present approach under Levy-type boundary (edge) conditions (SSSS, SFSS,
SFSF, SFSC, SSSC and SCSC).

Table 8 First six non-dimensional natural frequency parameter £2 (i=1, 2, 3, 4, 5, 6) of square
S-FG plate under different boundary (edge) conditions at h/L=0.2 and k=0.5.

BCs (0] (p)) (P, (P (P (03

SFSF 2.1790 3.4237 7.0869 7.6310 8.7808 12.1190
SSSF 2.5965 5.6337 7.9859 10.6563 11.0662  15.2817
SCSF 2.7606 6.2880 8.0311 10.9521 11.8933  15.7318
SSSS 4.2431 9.3263 9.3263 13.5280 16.0081  16.0081
SCSS 48071 9.5302 10.1739 13.9691 16.0871  16.7498
SCSC 5.4766 9.7641 10.9941 14.4195 16.1726  18.6998

It is obvious from Table 8 that the frequency parameter for S-FG plate under different boundary
(edge) conditions follows more or less a similar trend as observed in P-FG plates (see Table
6), but the values of frequency parameter are markedly different, due to variations in the

material properties.

Tables 9-11 show the first six non-dimensional natural frequency parameters (2 (i=1, 2, 3, 4,
5, 6) for different values of material gradient index (k=0, 0.2, 0.5, 1, 2, 5 and 10) of a S-FG
plate based on the present approach when three different boundary (edge) conditions (SSSS,
SCSC and SFSF) are applied. For all the three boundary (edge) conditions, the plate is assumed
to be square (aspect ratio L/b=1) with three thickness to length ratios of 0.05, 0.1 and 0.2. The

following points can be made from the results shown in Tables 9-11.

(i) Frequency parameters are reduced significantly with the increase in the thickness to
length ratio, irrespective of edge constraints, material gradient index, or mode numbers.
The influence of h/L ratio becomes more substantial for higher modes of vibration. This
behaviour is due to the effect of shear deformation and rotary inertia.

(i) For all three combinations of boundary (edge) conditions, as the values of material
gradient index increases, the frequency parameter decreases, keeping all other

parameters constant.
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650  Table 9 First six non-dimensional natural frequency parameter 2 (i=1, 2, 3, 4, 5, 6) for square
651  S-FG plate for different h/L ratios and k values under SFSF boundary (edge) condition.

h/L Modes Material gradient index (k)
0 0.2 05 1 2 5 10
0.05 O 24106 23854 23159 22130 2.0935 19860 1.9531
e 3.9920 3.9507 3.8367 3.6678 3.4714 32948 3.2406
e 8.9923 8.9000 8.6450 8.2668 7.8267 7.4306 7.3090
(o 9.6177 95190 9.2460 8.8411 8.3698 7.9454 7.8151
(9> 11.452  11.3360 11.0132 10.5340 9.9759 94729 9.3184
(93 17.0782 16.9065 16.4312 15.7249 14.9010 14.1574 13.9288
0.1 O 23767 23523 2.2849 21849 2.0684 19636 1.9314
o 3.8743 3.8354 3.7277 3.5678 3.3812 3.2129 3.1611
[P 8.5243  8.4404 8.2080 7.8620 7.4574 7.0915 6.9789
o 0.1529 9.0645 8.8194 84533 8.0240 7.6345 75144
o> 10.7731 10.6707 10.3863 9.9613 9.4620 9.0083  8.8683
93 15.6455 15.5015 15.1012 14.5010 13.7935 13.1481 12.9485
0.2 o)) 22615 22396 21790 2.0886 1.9825 1.8862 1.8565
o 35482 35152 34238 3.2868 3.1256 2.9788 2.9335
[P 73351 7.2696 7.0870 6.8125 6.4878 6.1907 6.0986
o 78724 78089 76310 7.3607 7.0363 6.7356 6.6416
(93 9.0530 8.9814 g.7808 8.4754 81085 7.7676 7.6610
(93 124770 12.3831 12.1190 11.7151 11.2268 10.7706 10.6275
652
653
654
655
656
657
658
659
660
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Table 10 First six non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) for square
S-FG plate for different h/L ratios and k values under SSSS boundary (edge) condition.

h/L

Modes

Material gradient index (k)

0

0.2

0.5

1

2

5

10

0.05

0.1

0.2

S S I S S S S S R I S SIS EE S EE S SIS S SIS S

4.9249

12.1519
12.1519
19.1985
23.8019

23.8019
4.7996

11.4503
11.4503
17.5708
21.4084
21.4084
4.3927

9.6049

9.6049

13.8841
16.4004
16.4004

4.8737

12.0278
12.0278
19.0055
23.5651

23.5651
47514

11.3418
11.3418
17.4128
21.2220
21.2220
4.3532

9.5318

9.5318

13.7912
16.2984
16.2984

4.7323

11.6844
11.6844
18.4713
22.9093
22.9093
4.6178

11.0405
11.0405
16.9728
20.7017
20.7017
4.2432

9.3263

9.3263

13.5280
16.0082
16.0082

4.5228

11.1747
11.1747
17.6768
21.9330
21.9330
4.4192

10.5898
10.5898
16.3109
19.9167
19.9167
4.0777

9.0120

9.0120

13.1202
15.5551
15.5551

4.2793

10.5811
10.5811
16.7497
20.7921
20.7921
41874

10.0597
10.0597
15.5275
18.9838
18.9838
3.8819

8.6321

8.6321

12.6192
14.9935
14.9935

4.0604
10.0461
10.0462
15.9126
19.7607
19.7607
3.9782
9.5777
9.5777
14.8104
18.1265
18.1265
3.7026
8.2772
8.2772
12.1437
14.4554
14.4554

3.9932
9.8819
9.8819
15.6552
19.4433

19.4433
3.9138

9.4288
9.4288
14.5881
17.8601
17.8601
3.6470
8.1658
8.1658
11.9931
14.2841
14.2841
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Table 11 First six non-dimensional natural frequency parameter (2 (i=1, 2, 3, 4, 5, 6) for

square S-FG plate for different h/L ratios and k values under SCSC boundary (edge)

condition.

h/L

Modes

Material gradient index (k)

0

0.2

0.5

1

2

5

10

0.05

0.1

0.2

SRS S S B S I S S R S N S S SIS S S I S S S S

7.1274

13.3648
16.6796
22.5455
24.5236
30.1711
6.7138

12.3642
14.9062
19.8413
21.8631
25.5204
5.6290

10.0329
11.2320
14.7401
16.5578
17.7641

7.0551

13.2304
16.5164
22.3269
24.2818
29.8881
6.6520

12.2522
14.7837
19.6799
21.6766
25.3336
5.5890

9.9625

11.1700
14.6566
16.4576
17.6822

6.8554

12.8583
16.0642
21.7206
23.6118
29.1019
6.4801

11.9404
14.4410
19.2287
21.1559
24.8080
5.4766

9.7641

10.9941
14.4195
16.1727
17.4482

6.5585

12.3050
15.3898
20.8160
22.6135
27.9247
6.2223

11.4723
13.9218
18.5445
20.3690
24.0038
5.3046

9.4594

10.7199
14.0496
15.7275
17.0793

6.2125

11.6596
14.6003
19.7557
21.4459
26.5392
5.9184

10.9193
13.3014
17.7264
19.4321
23.0306
5.0963

9.0890

10.3799
13.5909
15.1747
16.6150

5.9003

11.0768
13.8850
18.7942
20.3891
25.2776
5.6411

10.4139
12.7279
16.9696
18.5694
22.1195
4.9010

8.7408

10.0532
13.1505
14.6444
16.1620

5.8044

10.8977
13.6646
18.4978
20.0637
24.8878
5.5553

10.2574
12.5491
16.7335
18.3011

21.8332
4.8396

8.6310
9.9488
13.0099
14.4752
16.0158
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688  For illustrative purposes, four representative mode shapes of an S-FG square plate based on
689  FSDT, subjected to SFSS boundary (edge) condition for h/L=0.05, k=0.5, are presented in Fig.

690 9. They follow more or less similar trends as observed in isotropic plates, but the natural
691  frequencies are notably different.
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Fig. 9. Mode shapes of S-FG square plate under SFSS boundary (edge) condition for
k=0.5 and h/L=0.01 via FSDT.
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To demonstrate the accuracy and computational efficiency of the proposed Dynamic Stiffness
Method (DSM), the example of a square P-FG plate is chosen. In a consistent set of units, the
plate has the dimensions a = b =1, thickness h=0.01, giving a thickness ratio of h/a=0.01. The
plate is simply supported along all its four edges (SSSS boundary condition). It is made of
aluminium oxide (Al:Os) and aluminium (Al) and graded through the thickness by using
power-law distribution. The accuracy of results for the first five natural frequencies using the
proposed DSM using 80 elements is shown in Table 12 alongside the results using FEM with
20,000 elements and the results using classical (analytical) solution with 30 terms in the series.
The number of elements and terms in the series were chosen in a way so that the results become
directly comparable (the deviation in the results is around 0.05Hz). The superiority of the
proposed DSM over FEM is evident, as can be seen in the table, bearing in mind that the
classical theory which has very limited applicability is always expected to do better.

Table 12 Accuracy comparison for the first five natural frequencies of a P-FG plate with SSSS
boundary condition using DSM, FEM and classical (analytical) methods. (NEL is the number
of elements used, NST is the number of series terms)

Frequency fi = w;/2m (Hz)

N
© DSM (current method) FEM Classical (Analytical)
[ Meth T=

© NEL= 80 NEL=20000 cthod (NST = 30)
1 60.01 60.03 60.00
2 140.02 140.05 140.00
3 240.05 240.10 240.00
4 370.10 370.15 370.00
5 510.12 510.20 510.00

The computational efficiency of the proposed DSM when computing the natural frequencies
of the above P-FG plate was assessed by the estimates of CPU time when compared with FEM
and classical (analytical) method. Figure 10 shows the comparison of CPU time using the three
methods with reference to the computed results shown in Table 12. Although the analytical
method is the fastest (0.35s), but it should be recognised that its applicability is limited and
often restricted to a single plate. The CPU time for DSM follows closely with CPU time of

0.45s, offering a strong balance between speed and general applicability. By contrast, FEM is
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significantly slower with CPU time 1.75s due to its computationally intensive mesh handling
to achieve comparable results. The results of Table 12 and Fig. 10 reveal that the proposed
DSM stands out as a highly efficient and accurate tool for free vibration analysis of moderately
thick FGM plates.

Computation Time Comparison
175 =i

1.50

1.00

0.75

Computation Time (s}

0.25

KL

DSM FEM Analytica

Fig. 10. Comparison of CPU time using DSM, FEM and classical (analytical) method

4. Conclusions

e The free vibration behaviour of moderately thick functionally graded material (FGM)
plates, following power-law (P-FG) and sigmoid-law (S-FG) distributions, has been
investigated using the Dynamic Stiffness Method (DSM) for the first time.

e The DSM is proved to be very effective to analyze moderately thick FGM plates
accurately, for which the finite element method (FEM) can sometimes become
inadequate, particularly at the high frequency range.

e The formulation is based on the First-Order Shear Deformation Theory (FSDT), which
captures transverse shear deformation and rotatory inertia effects essential for
moderately thick plate analysis.

e The dynamic stiffness matrix is solved using the Wittrick—Williams algorithm, ensuring
that all natural frequencies are accurately and efficiently identified.

e The accuracy of the present DSM-based method is validated by comparing results with
those from the literature, showing excellent agreement with existing analytical and

numerical results.
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A comprehensive parametric study was conducted by varying:

(i) Aspect ratio (L/b),
(i) Thickness-to-length ratio (h/L),
(iii)Material gradient index (K),

(iv)Boundary (edge) conditions.

This study highlights the significant influence of above parameters on the free vibration
characteristics of P-FG and S-FG plates.

DSM has shown superior performance, especially for higher modes, where
conventional finite element methods (FEM) may lose accuracy.

The results provided serve as benchmark solutions for future researchers using FEM or
other approximate methods.

Limitations of the current study include:

(i) The FSDT-based model may be less accurate for very thick plates, where
higher-order theories like HSDT or TSDT may be more appropriate.

(it) Additionally, for large values of the material gradient index (k), extreme
material property gradients may affect numerical stability and accuracy.

(iii)Future work may focus on extending the present framework using higher-order
shear deformation theories or refined DSM formulations for better accuracy and

stability in extreme material gradation cases.

The main contribution made in this paper lies in the fact that the DSM has been applied
for the first time in the context of moderately thick FGM plates which follow power
and sigmoid laws in the property distribution through the thickness.

The results presented can be used as an aid to validate finite element and other

approximate methods.
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Appendix-A

Explicit algebraic expressions for the elements of the dynamic stiffness matrix of Eq. (42):

Saq = %{_ (Chg (]/153(3”2]/252 +¥3Y;30; — 2.3,3)/253) + 6 (_ ((le1 *

XZVz)Ygé‘Z) + Vz (lel + 'X3]/3)63) + Shlshz (63 ((3”2)/12 + 'K'3)/2]/3)62 -

7’”3()’12 + Y22)53) + 61 (— ((%’2)/1 + 7”1)/2))/352) + (Tﬂ/zz + T3V1Y3)53))>> +

Chz (61 (_ ((75'1]/1 + XZ)/z)ygé‘Z) + )/2 (lel + '2)’3]/3)63) + ]/162 (ZXZY362 (3’2}’2 +

7”3]/3)53) + S, Sh,y (61 (— ((Tz]’lyz + 7”1)/32)52) + VZ(T3V1 + 7”1)/3)53) +
62 (Xz(ylz + ’)/32 )62 - ('K'3)/12 + X2y2y3)63))) + Chl <2T1y2y3612 —
¥1V1Y30102 — ¥2¥,¥3610, — ¥1¥,¥,0103 — ¥3Y,¥36103 + ¥27,v,0203 +
¥3Y,¥30203 + Sy, Sh3 (Wl()’zz +v,2)8:° + v, (w3, +¥275) 8285 — 81 (w1v,v,6, +
¥ V.20, + ¥y, 20, + ¥ 6)—CC 2% 5,26 (x +

2V3 02 3V, 03 1Y1YV3903 hyUhsg 1Y,V301 1 1Y
7”21’2))’352 + +V2(W1V1 + 7*”3)’3)53) + V1(2x2V3522 - (3”2]/2 + X3)/3)5253 +

27"3)/2532)))} (Al)

Ghk
Sqm =75 {(=(261) + 718) (=1 + ¥385) ((—1 + Cp, Cny ) X Sn, (= (1362) + ¥285) +

Sh, (=¥361) + Sp,Sn3(—=v261) + ¥162) + ¥163 — Cp, Cp, (—(¥361) +v183))) + (-1 +
¥202)(—(¥361) + v163)((—1 + Cp, Cp,) X Sp3(¥362 — ¥203) + Sp, (—(¥261) +v162 —

Ch, Cry (—(¥261) + v¥162) + S, Sna(—(¥361) +v163))) + (=1 +¥161)(—(¥38,) +
¥203)((—1 + Cp, Cp,) X Sp3 (Y361 — ¥163) + Sp, (Y261 — ¥162 + Cp Cp, (—(¥261) +v182) +
Sh,Sna(—(¥362) + ¥262)))} (A2

Sqt = GThk{Chg <)’15253(T252 —¥303) + 7”1512(—()/352) +v,63) =61 (3’2]/3522 -
2 2
2%3Y36,63 + ¥3Y,03 ) — Sk, Shy (V351 (%202 — ¥363) + ¥36203(—(¥362) +v,03) +

54 (T1V3522 — (w2v, +¥1v,)8263 + 7’”3}’1532))> — Cp, <Y15253(T252 —¥303) +
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7>’1512(—(V352) +v,03) + 61 (T2V3522 — 2%,7,6203 + 7’”3]/2532) + Sp,Shy <T25353(V352 -
¥,03) + 512(—(3”2)/252) +%37,03) + 81 (T2V1522 — (w3v, +¥1¥5)8203 + T1Y2532))> +

2 2 2 2 2
Cp, (— (T1Y351 52) +¥2Y36162" — ¥1Y,61763 + 2%1Y,616263 — %27 ,6," 83 + 33,6163 —
7>’3)/152532 — Sp,Shy <Y15253(T352 +¥,63) + 7”1512()/252 +7¥,303) — 61 (T1Y1522 +

¥3Y,020, + ¥2750,03 + 7”1]/1532)> + Cp,Ch, (V15253(X252 +¥363) + T1512(V352 +

¥,03) + 61 (T2Y3522 —2(w1y, +¥2¥, +¥375)8205 + T3Y2532)))} (A3)
Simm = %{(—(W3V251) + %2361 + ¥3Y162 — ¥1¥30; — ¥2¥103 + ¥1¥203) (CpySp, Sn, (—(¥261) +
¥102) + S, (Cthh1 (Y301 — ¥103) + Cp, Sp, (—(¥362) + ¥263)))} (A4)

Smt = %{{(—7’”3 + avys) ((—1 + Ch1Ch3)5h252(—(V251) +¥162) — (—1 +

Ch, Ch2)5h3 (—2y3616; + 726103 +v710283) + Sp, (Chz Cny01(¥261 —v162) + 81(=(¥261) +
¥102) = Sp,Sh, (Y3512 +¥38,° — 116185 — Y25253))) + (31 — avyy) ((Shz (52 - Ch1Ch352) +
(=1 + C, Cny Sy 83) (= (r382) + ¥283) + S, (V30162 + 126,85 — 2718,65 +

Ch,Ch, (—(¥36182) — ¥26163 + 2y16,63) — Sp,Sh, (—(r26:6,) + ¥18,% — 36185 + V1532))> -

(w2 — awy2) (=1 + Cp, Ch, ) S, 83 (—(¥381) + ¥1683) + (=1 + Cp, Cn, ) Sh, (= (¥36182) + 226,65 —

¥10263) + Sp, (Chzch361(y361 —¥163) + 61(—=(¥361) + ¥163) — Sp,Sn, (V2512 — Y1616, —

Y36203 + V2532)))} (A5)

3
Ste = %{Chz <—(V1(W2V2 —¥3Y3)8,83) — &4 ((—(Xﬂ/l) +%2¥,)¥362 + ¥, (317, —
2527, +%573)83) = S Shs (%272 = 5373081 (= (1,81) +7,82) + (~(w1v,) +
¥2¥,)V30203 + ¥, (¥1v, — X2)’2)532>> — Cp, (V1 (—=(32v,) +¥3Y3)8203 + 81(¥1y, + %27, —

2%33)82 + (—(31¥1¥,) + ¥3¥3¥3)83) + Su S, (V3 (31v; = 3373)82" + v, (=(317,) +
¥3Y3)0203 + (—(%27,) + ¥3¥3)81(=(¥361) +¥,83))) + Cp, (—(317,¥361682) +
¥2Y,Y30102 — ¥1V,¥,0103 + ¥3Y,¥36163 + 2%1Y,26263 — ¥27,V,0203 — ¥3Y,V30203 +
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ShyShs (Vz(—(xﬂ/l) +%3Y3)8162 + v, (317, — X3)’3)522 + (w1¥; — %2¥,)83(—(¥361) +

¥103)) = Ch, Coy (Vo (—(31¥1) + 2%2¥, — ¥3¥3)8183 + 82 (V5 (—(¥17,) — %27, +

27f3V3) 61 +y,(2%1y, — %21, — T3V3)53)))} (A6)

D
fmm = Z{—(W3V251) + %3301 + ¥3Y162 — ¥1V302 — ¥2¥103 + ¥1¥203) (Sp, Sn, (Y362 — ¥263) +
Sh, (S, (V261 — ¥162) + Sp,(—(¥361) +v,63))} (A7)

fnt = —%{7%1/251 — %2¥381 — ¥3Y, 82 + ¥1¥362 + ¥2¥ 63 — ¥1¥,03) (Chy (—(Sk, 61) +
Sh252) + Ch2(5h151 - Sh353) + Chl(—(5h252) + Sh353)} (A8)

fqm = GAE{— (Ch1 (—(¥362) +v285) (Shz (—=(¥261) + ¥162)(¥161 — ¥3683) +

Sh3 (¥101 — ¥262)(¥30;1 — V153))) + Cp, (—(y360) + V163)(Sh1 (—=(y201) + v162) (%26, —
¥303) + Sp, (= (3161 +¥262) (—(¥362) + ¥283)) + Cry (—(¥261) + ¥162) (Sh, (—(¥287) +

¥303)(—(¥301) +¥103) + Sp, (3161 — ¥363)(—(¥362) + V253))} (A9)

Ghk
qu = T{_(T1Sh25h3)’22512) - 2X1V2V3612 - W1Sh25h3]’32512 + 7”25h15h3)/1)/25152 +

¥1Sh,Sn,¥1Y20102 + ¥1Y1V36102 — %35k, Sn, V136102 + ¥2¥2Y3616, —

¥1Sh,Sn, V23616, + 7>’15hlshz)’325152 + X25f125h3)/325152 - X25h15h3)/12522 -
2%,11736,” — 7r2~5’i115hg}’32522 +¥1¥1V26183 — ¥3Sp, SnyV1V26103 + ¥1Sp, Sp, V228185 +
380, Sh, V226163 + 38k, Sn,V1¥36163 + %150, Sn,¥1V36183 + ¥3Y2¥36103 —

%150, Sn,V2V36103 + %250, Sn, V1% 6283 + ¥3Sn, Sn,¥1%6283 + ¥2¥1Y26,05 —
¥3Sh,ShV1V20203 + ¥3Y1Y3082035 — %251, Sh,V1Y30203 + w350, Sp,V2Y36203 +
X251115}13]’2)’35253 - 7>”35hlSth12532 - 27’”3)’1)’2532 - X3-5}115}12]/22532 +

Chy Ch, (2W1Y2V3512 + ¥1(¥2¥2 + ¥3Y3) 0205 — 81 (¥1Y1V382 + ¥2¥2¥302 + ¥1¥1¥205 +
X3)’2]’353)) - Ch1 (Ch3 (V152 (—2%,¥30; +¥,¥203 + ¥3Y303) + 51((3”1]/1 + %,¥2)¥302 —
Y2(¥1v1 + T3)’3)53)) + Ch2 (V153(T2V252 + ¥3Y30; — 2%3Y,03) + 51(_((T1V1 +

X2)’2)]’352) + V2 (w11 + T3V3)53)))} (A10)

Ghk
fqr = T{—(T25h15h3)/251252) + X15h25h3)/261262 +¥,736,°8; + XZShlshz)@SlZSZ +

X25r115h3]’151522 - X15h25h3V152622 + T2V351522 + 7’”15h15h2)/351522 + X1)/251253 +
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X3Sh15h3]/251253 - X3~S‘1115h2)’351253 + X1Sthh3]’361253 — 2%1y1616,03 —

¥2Sh,Sh, V1016203 — ¥3Sp, Sp, V1616203 — 2%,¥2618283 — ¥1.5p, Sp, V2616203 —

X35h25h3y2615253 — 2%3Y36,0,035 — X1~S‘hl~5‘113)’3(3‘1(3‘263 - X25h25h3y3616263 +

¥,¥108,°85 + X3Sh25h3)/162263 - T3Sh15hzy362263 + T25h15h3]’352253 +

T3Sh15h2]/151532 - X15h25h3y161632 + X3)’251532 + X15h15h3y261632 + X3)/152532 +

X25h25h3]/152532 + X35h15h2y252532 - X2~S‘1115113)’2(3‘2(3‘32 — Cy,Cp, (V16253(7’”252 +

¥303) + %18, 7 (V38; + ¥263) — 51(3’2]/3522 + 2%1y16,63 + 7’”3]’2532)) +

Ch, (= (Ch3 (Y15253(7f252 —¥363) + %18, ° (= (¥362) + v283) + 51(3’2]’3522 — 2%,¥20,03 +
2 2 2

¥3Y203 ))) + Cp, (10205 (326, — ¥383) + %16, (—()/352) +v203) — 51(7&)’352 -

2%3y36,03 + 7”3)/2532)))} (A11)

fee = %hz{_(xzshlshgy22612) + X25h15h2V2V3612 + 7”35hlShg)/2}’3512 - X3Sh15h2y32512 +
¥2Sh, Sh¥1V20102 + ¥1Sn,Sk,V1V26102 + ¥1Y1Y36102 — ¥35h,Sp,V1V36162 +

¥,Y2Y30102 — X3Sh25h3)’2)’35152 - 27’”3)’325152 - 7”1Shzsh3)’12522 + 7”1ShlShz)/1)/3522 +
X3Sh25h3V1V3522 - X3Sh15h2)’32522 + ¥1¥1Y261035 — %28, Sn,¥1Y26165 — 2%,Y,%6:63 +
¥3Sh, Sh,Y1V30103 + ¥1S5n,5n,V1V36103 + ¥3Y2¥38163 — %251, Sk, V2V36103 —

27>’1l’125253 + ¥,¥1Y20263 — X15h15h2y1y26263 + ¥3Y1Y30203 — 3’1Sh15h3V1V35253 +
¥3Sh,Sh,V2V30203 + %28k, Sp,V2V36205 — XIShZSh3YI2632 + 7r1Shlshg]’11’z532 +
W25h25h3]’1]’2532 - X25hlsh3)’22532 + Cp, Ch, (Vz(—(wﬂﬁ) + ¥3Y3)0163 +

52((_@11’1) +%2¥2)¥301 + V1 2wy — ¥2¥2 — 3’3)/3)53)) + Ch1 (Ch2 (V1(X2V2 -
¥3¥3)8283 + 61 (V3 (—(¥1¥1) — ¥2¥2 + 2%3¥3)8, + Y2 (¥1¥1 — ¥3¥3)83)) —

Ch, ()’1(3’21/2 — ¥3Y3)0,03 + 51((—(3’1)/1) + %2¥2)¥302 + V2 (F1¥1 — 2%y, + 7’”3)’3)53)))}

(A12)
A= -2 {(—(V352) + ¥263) ((_1 + Cthhg)Sh2 (201 —v182) + (—1 +
City Chy ) Sty (—(3681) + ¥185) ) + +8p, (2(=(1261) + ¥182) (— (381 + ¥163) —
2Cn, Cy (—(r280) + V182) (= (r381) + ¥185) + S, S, (2% +¥528% + (122 + 52 +
82 = 2y1Y36163 + (112 + ¥22)83° — 2y,8,(y1 8, + )’353)))} (A13)
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